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CHAPTER I 

INTRODUCTION 

General 

All engineering designs involve uncertainties to some degree. Such 

uncertainties may arise due to incomplete or inconsistent input information or 

non-representative analysis procedures used in the design. The input information 

typically includes design parameters such as material properties and applied 

loads. Uncertainties in the estimation of material properties can result from 

material variability or deficiencies in the test procedures used to determine them. 

Similarly, uncertainties in the determination of the design loads can result from 

their random variability. The approach which has been traditionally used in 

engineering designs to incorporate such uncertainties involve the use of "Factors 

of Safety". In this approach, no attempt is made to quantify the variabilities or 

uncertainties involved. Instead, the choice of an appropriate factor of safety is 

made subjectively depending on the degree of uncertainties involved. In other 

words, the greater the uncertainties in design input information, the larger the 

selected factor of safety will be. 

An alternative and a more rational approach to incorporate uncertainties in 

engineering design involve the concepts of reliability. Reliability is defined as 

the probability that the structure will not fail during its intended service life. The 

concept of reliability has been widely used in the fields of aerospace engineering, 

industrial engineering and mechanical engineering over several decades. Its 

advent to the geotechnical engineering is more recent. However, it is apparent 

that in the last two decades geotechnical engineers have developed an interest in 

the use of probabilistic and statistical approach to solve problems in soil 

mechanics. Within geotechnical engineering the probabilistic concepts have been 

used to investigate a variety of problems: slope stability by Christian et al. (1992) 

and Vanmarcke (1977), pile foundation design and mudslope failure potential by 



Lee et al. (1992) and most recently to compacted soil liners for hazardous waste 

containing facilities by Bogardi and Kelly (1990) and Benson (1994). 

A review of pertinent technical literature reveals that a number of different 

methods are available for the probabilistic analysis of geotechnical engineering 

systems to determine their reliability. A comprehensive review of such methods 

can be found in a textbook written by Milton E. Harr entitled Reliability Based 

Design in Civil Engineering marr 1987). Harr (1987) broadly classifies these 

methods into two categories: (i) exact methods and (ii) approximate methods. 

The so-called exact methods include techniques such as numerical integration 

methods and Monte Carlo methods. The advantage of these methods is that the 

complete probability distributions of the dependent random variables are 

obtained. The disadvantages are that the output may be no better that the 

assumed input and, most importantly, that they require considerable computer 

time. The second category includes the approximate method known as first-order 

second- moment (FOSM) analysis. This method simplifies the functional 

relationship by truncating its Taylor series expansion. This simplification allows 

greater efficiency in solution. A third category called point estimation method is 

also described and recommended by Harr (1987). A fourth method of reliability 

analysis which has gained popularity in the more recent times is based on fuzzy 

set theory (Juang et al.,1992; Lee et al.,1992). A detailed review of the available 

methodology for reliability analyses is presented in Chapter II of this thesis. The 

subsequent chapters then describe the application of the first-order second-

moment approach to a selected geotechnical engineering problem. The results 

obtained from FOSM analysis are then compared against those available in 

literature where more exact analysis have been performed. The problem which 

has been used for this comparison involves the estimation of transit time (or travel 

time) of leachate through compacted soil liners. A general introduction to the use 

of compacted clay liners in waste containment and the transit time as a design 

criterion for such liners is presented below. 
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Given, the vast amounts of waste generated, landfills have become a 

necessary evil. Technically, a landfill is a place where waste is disposed and 

adequate care is taken during its construction, operation and closure to minimize 

and prevent pollution that could endanger life, health or environment. A typical 

landfill is shown in Figure (1.1) (USEPA,1989). An Environmental Protection 

Agency (EPA) draft guidance issued in July 1985 discusses three types of liners 

listed below: (1) Flexible membrane liners, (2) Compacted clay liners, and 

(3) Composite liner systems (FML overlying compacted clay liners). The 

minimum technology guidance and regulations concerning the design, 

construction, operation and post closure care of new hazardous waste landfills 

have been issued by the U.S.EPA(1989). According to these the minimum 

performance criteria for the design guidelines of the clay component in 

hazardous waste liners are as follows. 

1. The compacted clay liner should maintain an in-situ hydraulic 

conductivity of less than or equal to 1 x lo'' cm / sec. 

2. The compacted clay liner should maintain sufficient strength to support 

all potential overlying loads. 

Additionally, the soil component in the clay liner must be capable of 

delaying the breakthrough of waste constituents prior to the post-closure care 

period. It is seen that by developing the performance criteria, the EPA effectively 

categorized the performance of the liner vis-a-vis contamination into two 

categories. 

1. The allowable discharge. The maximum saturated hydraulic conductivity 

ensures that no more than 50,000 gals/Acre/year of discharge is 

generated. 



2. The time of leakage: The liner should be capable of ensuring a minimum 

transit time, in order to prevent constituent breakthrough prior to post 

closure period. 

The first requirement listed above has been satisfied by specifying a 

maximum acceptable saturated hydraulic conductivity (i.e., 1 x 10^ cm/sec) for 

the compacted clay component of the liner. In other words, design guidelines are 

already in place to ensure that any eventual steady state release of leachate is 

within acceptable limits. However, there is no equivalent design specifications 

which address the second requirement. To ensure a minimum transit time, the 

liner material should have (1) low permeability, (2) high adsorption capacity and 

(3) resistance to chemical, biological and mechanical breakdown. Additionally, 

the transit time can be controlled by specifying a minimum acceptable thickness 

of the liner. Although, the current guidelines include specifications for minimum 

acceptable thickness of the compacted clay liner, those specifications have not 

been developed based on transit time considerations. Instead, their objective is to 

ensure that the liner will have a sufficient number of compacted clay lifts 

overlying one another so that the probability of having overlapping high hydraulic 

conductivity zones is minimized. In other words, once again the current 

minimum thickness guidelines attempt to control the rate of eventual, steady state 

release of leachate. The incorporation of a transit time criterion in the design, 

requires a reliable methodology for transit time prediction. Such a methodology 

should also be capable of accommodating the random spatial variability of the 

hydraulic conductivity of the liner. This research has investigated the 

applicability of a simple and efficient analysis procedure, namely FOSM method, 

to estimate the reliability of transit time prediction. 

Research Objectives 

The specific objectives of this research are: 

1. To review existing methodology for investigating the reliability of 

geotechnical engineering systems. 



2. To review existing methodology for prediction transit times through 

a compacted clay liner. 

3. Identify a simple and practical means of determining reliability of transit 

time prediction. 

4. Comparison of resuUs obtained from the simplified analysis with those 

from literature where more rigorous analysis have been used and hence 

check the validity of the simplified procedure. 

Organization of the Thesis 

Chapter II of thesis presents a review of the existing models for transit 

time prediction. Both continuum and discrete types of models are included in the 

above review. Although a large number of transit time prediction models are 

found, only the vast majority of them use a deterministic approach. Only a few 

models have attempted to incorporate the variability of hydraulic conductivity of 

the clay. Several methods which account for the variability of hydraulic 

conductivity were reviewed. First- Order Second- Moment ( F.O.S.M ) approach 

was selected as the method to use in further analysis because of its underlying 

simplicity. 

Chapter III discusses the theoretical background and the application of 

reliability theory. A simple One-Dimensional Continuum model is presented and 

used to demonstrate the applicability of the F.O.S.M approach. The chapter also 

discusses the applicability of the method to more complicated models which 

allow preferential flow. 

Chapter IV presents and discusses the results obtained by using the FOSM 

method for transit time prediction. The program BETA.FOR which was modified 

to suit the needs of the research was used in this analysis. The results obtained 

from the above analysis are shown in the form of reverse S-shaped reliability 

curves. A sensitivity test and comparison with existing approaches were 

performed to check whether the results were consistent with the anticipated 

trends. 



Chapter V is a summary of conclusions and recommendations that stem 

out of the present research. 

Additional results in the form of reverse S-shaped curves and the 

sensitivity analysis results are included in Appendix A. Appendix B contains a 

copy of program BETA.FOR . 



CHAPTER II 

LITERATURE REVIEW 

This chapter presents the findings from the literature survey which was 

conducted as a part of this research study. The chapter begins with a description 

of the application of reliability analysis to geotechnical engineering systems. A 

brief review of the different methodology used in reliability analysis is provided 

in this section. The second part of the chapter reviews leachate transit time 

through compacted clay liners and the existing models for transit time prediction. 

Reliability of Geotechnical Engineering Systems 

Unlike in many other engineering disciplines which involve processed, 

manufactured or man-made materials, the geotechnical engineering designs 

involve natural subsurface materials. The variability in the properties of such 

material is much higher in comparison to processed materials. This is evident 

from the information which has been summarized in Table 2.1, which presents the 

coefficient of variation (CV) corresponding to various soil properties. The 

coefficient of variation is a statistical parameter which serves as a measure of 

variability. It is obtained by dividing the standard deviation of the variable 

concemed by its statistical mean. Moreover, in geotechnical engineering designs 

the subsurface conditions are usually inferred from information available from a 

limited number of boreholes. This also contributes to the uncertainties involved. 

As explained previously in Chapter I, the traditional methods to achieve the 

desired reliability in geotechnical engineering designs have been to use high 

factors of safety or to consider worst case conditions. However, in the more 

recent times, geotechnical engineers have resorted to more rational approach to 

handle uncertainty which utilize probabilistic analysis. Review of pertinent 

literature reveals that a number of distinctly different methods are available for 

such reliability analyses. 

8 



Table 2.1 Variability of Engineering Parameters 

Parameter 

Porosity 

Specific gravity 

Water content 

Silty clay 

Clay 

Degree of saturation 

Unit weight 

Coefficient of permeability 

Compressibility pressure 

PreconsoUdation pressure 

Compression index 

Sandy clay 

Clay 

Standard penetration test 

Standard cone test 

Fraction angle (p 

Gravel 

Sand 

c, strength parameter (cohesion) 

Dead load 

Live load 

Snow load 

Wind load 

Earthquake load 

Coefficient of Variation, % 

10 

2 

20 

13 

10 

3 

(240 at 80% to 90 at 100% saturation) 

16 

19 

26 

30 

26 

37 

7 

12 

40 

Structural Loads, 50-Years Maximum 

10 

25 

26 

37 

>100 



These include: 

(i) Numerical Integration Methods, 

(ii) Monte Carlo Methods, 

(iii) Point Estimation Methods, 

(iv) First-Order Second Moment Approach. 

Numerical Integration Method 

The Numerical Integration Method involves the transformation of a 

deterministic implied functional relationship into a probabilistic relationship. This 

is accomplished by incorporating the statistical distributions of the variables that 

describe the performance variables, into the functional relationship. The 

probability density function can be either determined by performing the 

integration shown above or by using the Fourier Convolution Theorem along with 

Fourier transformation of the integral's argument. 

This method was used by Benson (1994) to establish an analytical 

procedure to describe the flow through a clay liner in a one-dimensional plug-

flow situation. 

The method is computationally inefficient especially because the 

integration cannot be performed directly for distributions like Lognormal and 

Beta type. Numerical schemes and techniques need to be applied, making the 

process more complicated. 

The stability of such numerical schemes need to be first established before 

they can be employed. Benson (1994) compared this method with Monte Carlo 

Simulation and obtained good agreement between the results of the two methods. 

Another drawback of this method is that it cannot be applied to models 

where the functional relationship is not direct. For example the method cannot be 

employed in order to describe a three dimensional flow through preferential flow 

paths. Benson recognizes the problem and employs the Monte Carlo Simulation 

to analyze the latter problem. 

10 



Monte Carlo Simulation Method 

The Monte Carlo Simulation method is a process of simulating large 

numbers of uniformly or otherwise distributed random numbers representing the 

variable in question . The present day applications involve the generation of 

random numbers using a computer program. The most widely used technique to 

generate random values of the distributions makes use of the cumulative 

probability distribution function (CPF). This method always poses the problem of 

determining how many simulations are needed for a given accuracy. Harr (1987) 

notes that, if it is said that we desire the simulation to agree with an estimated 

value by more than 1% and there is only one random parameter involved, then 

16,641 trials would be needed. 

It is thus, seen that the simulation process requires a lot of computer time. 

In models involving a rigorous mathematical treatment this is not a widely 

recommended procedure. However, some of the stochastic approaches used in 

geotechnical engineering problems are based on the above simulation procedure. 

They are given by researchers like Benson (1989), Layang et al. (1991) and 

others. Benson's model has been discussed in previous sections. 

The following points are noted as a drawback in employing this model for 

reliability analysis. 

1. It involves a large number of iterative type calculations which may not be 

computer efficient. 

2. The output consists of a big mass of numbers which making the 

interpretation of parametric effects very difficult. 

3. This method requires that the entire probability distribution of each 

independent random variable be known. This is not the case with most of 

the engineering problems. 

Point Estimate Method 

The Point Estimate Method is a method that can be used when the implied 

functional relationship is complex. For example, this method can be used when 

11 



the relationship of the variate and the outcome is a finite element or finite 

difference solution. 

The method draws an analogy between a probability distribution and an 

applied distributed vertical load on a horizontal rigid bean. The expected value is 

analogous to the point of application of the resultant or the center of loading. The 

standard deviation is analogous to the radius of gyration. By considering two 

reactions P_ and P acting at x = X and x = X on the horizontal rigid beam, the 

reactions P and P are called the two point estimates. Four moments can be 

written using statics and they can be equated to the probability variations (best 

estimate and standard deviation) as follows: 

P . P = 1 (2.1) 

Px . Px = E[f(x)] = X (2.2) 

P (x-x Y . P (x -X f -o[f(x)f - o^x) (2.3) 

P ( x - x f . P ( x - x f = P( l )aMx) (2.4) 

Thus, knowing x , x , P and P̂  one can determine the two estimates of the 

variate 

y = y (x) written as y_ , y ̂  then 

E[y] Py Py. (2.5) 

12 



E(y')= Py . ' . P y ' (2.6) 

This approach involves interpolating a surface of the performance variable 

(conductivity, porosity, density, etc.) through values computed for a discrete set 

of values for the variables. A modified point estimate method is used to estimate 

the distribution of a function of several skewed and correlated random variables. 

The discrete set of values selected would usually be the mean plus and minus one 

standard deviation. If the variables are independent (uncorelated) and can be 

scaled down to have zero mean and unit standard deviation then, a simple 

procedure can be used to compute the statistics of the resulting function. 

However, this result is an approximation of the original result and has to be used 

with a certain amount of caution. 

The First-Order Second-Moment Approach 

The first-order, second-moment approach simplifies the implied functional 

relationship by truncating its Taylor series expansion. The derivation of the 

relevant equations are as shown below. 

Taylor series expansion of a function f(x), about a point 

x = x', can be written as follows : 

f(x).f(^).f(x)(x-^).£^(x-,^)^ ,£j^:!i^(x-xT-Mv (2.7) 

where f̂*"̂  (x ') is the mth derivative and evaluated at x = x' and R^ is the 

remainder which may or may not be equal to zero. 

If this series is truncated after the quadratic term and the expected value is 

taken on both sides of the equation and if E[x] = x', then the equation becomes 

E[f(x)]^ E | f (x ' ) ^ f ' ( x ) (x -x ' ) . L ^ ( x - x ' ) 2 | . (2.8) 

13 



For a continuous bivariate distribution 

E[g(x,y)]= //g(x,y)f(x,y)dxdy (2.9) 

E[a-bx.cy] = j j (a+bx+cy )f(x,y )dxdy (2.10) 

= a j / f (x ,y)dxdy . bjj{(x,y)dxdy . c f ff (x,y )dxdy (2.11) 

= a . bE[x] . cE[y] . (2.12) 

Using this equation in conjunction with equation (2.8) gives: 

E[f(x)].f(x'). ^ V [ x ] (2.13) 

In a similar fashion, the second order approximation can be worked out to be the 

variance as 

V[f(x)] = [ f ( x ' ) P v [ x ] . i[f"(x')PV^[x]|p(2)-
f w 1 (2.14) 

. P ( ] ) a ^ [ x ] | r ( x ' ) } | f " ( x ' ) | 

where P(l) and P(2) are coefficients of skewness and Kurtoisis. If f(x) is 

symmetrical and recalling from the principle of maximum entropy (Harr) that the 

normal distribution is assumed if only the first moments are known P(l) will be 

14 



equal to 0 and P(2) = 3. The above equation will reduce to 

E[f(x)]=f(x ' ) . ^ V [ x ] (2.15) 

V[f(x)] . [ r ( x ' ) f v [ x ] . ^ [ f ' ( x ' ) fV^[x ] . (2.16) 

However, when the function consists of two variables then the Multivariate 

Taylor series must be used. The first-order approximation of this series will be as 

follows 

F(x,y) = F(x',y-) . ^ ( x - x ' ) ^ !^ (y -y ' ) • (2.17) 
ox dy 

If all the derivatives are evaluated at the values x = x' and y = y' where x' 

and y' are the expected values of the variables x and y, respectively, and noting 

the relationships given below 

E[a . bx . cy] = a ^ bE[x] . cE[y] (2.18) 

V[a .bx cy] = b^V[x] . c^Vfy]. 2bcCov[x,y] (2.19) 

where Cov [x,y] is the covariance term that accounts for the interdependence of 

the variables by which the variance of F(x,y) can be simplified. Thus using a 

Multivariate Taylor Series, the variance of the dependent variable can be written 

as: 

15 



The derivatives are all evaluated at the expected values of the variates. It 

is also true if the approximation is valid for the variable under evaluation. 

E[F(x,y)] = F(x',y) . (2.21) 

This method has many advantages over the Monte Carlo Simulation approach. It 

does not necessarily require prior knowledge of the complete mathematical 

distributions of the independent variables. The method does not involve rigorous 

and time consuming computational effort. However the disadvantages could be 

that the simple mathematics need not be elementary and the results could not be 

called exact in the literal terms. It also demands that the moments of distribution 

be known (variance and standard deviation). 

Ladd (1992) and Briaud et al. (1985) have used this method for predicting 

the reliability of factor of safety for slope stability in embankments and open pit 

mines, respectively. 

Models for the Prediction of Transit Times 

Homogeneous Soil Matrix Approach Models 

Mathematical modeling of the leakage through clay liners has been 

attempted in many different ways. The transit time is the time taken by the waste 

liquid to move through the thickness of the liner. The present design specification 

use the controlled hydraulic conductivity approach in order to minimize the 

amount of steady seepage flux for a given liquid head as the primary design 

criterion. However, a performance criterion based on the transit time can be used 

as basis for the determination of necessary liner thickness. 

Several models are available to predict transit times. All of these methods 

are based on general flow equation. 

16 



* ^ = | . K . M f - . ) l (2.22) 

where 

z = vertical coordinate, expressed as positive downward distance. 

Kg = saturated hydraulic conductivity, 

H = relative hydraulic conductivity with respect to K^, 

Y = pressure head, 

(}) = porosity, 

S^ = fractional saturation and is equal to 1 for saturated media, 

t = time. 

Some of the models integrate the transport of soluble chemicals in the leachate by 

using the solute transport equation. 

|<Rc|>s^C) - ^ D ^ ) - A(vC) (2.23) 
dt oz oz oz 

where D = dispersion coefficient that includes both molecular diffusion and 

mechanical dispersion, 

C = solute concentration in liquid phase, 

z = vertical coordinate, expressed as positive downward distance, 

V = Darcian velocity in z direction, 

R = retardation factor to account for attenuation capacity of the clay or 

soil. 

All the methods require the knowledge of saturated hydraulic conductivity K^ and 

effective porosity 4) of the various layers of the clay liners. Methods to predict 

transit times using the unsaturated fluid dynamics in the clay liner use the term 

"saturation moisture content" instead of porosity of medium. Laboratory 

methods are used to determine the above mentioned parameters. 

17 



It is also to be noted that clay has an attenuation capacity and will 

temporarily immobilize contaminants thus leading to a slower leachate migration. 

Retardation factor R represents the attenuation capacity of the soil medium and 

needs to be determined experimentally. Attenuation capacity in negligible when 

the soil matrix tends towards saturated conditions. The solute transport equation 

also considers the dispersive mode of transport for solute transfer through the 

axial dispersion coefficient (D), it represents hydrodynamic dispersion as well as 

molecular diffusion. Hydrodynamic dispersion is caused by mixing due to 

variations in fluid velocities associated with distance from pore walls. Diffusion 

occurs in response to concentration gradients by random thermal motion. 

Thus, the general flow equation and the solute transport equation can be 

solved with various assumptions and boundary conditions, to provide the different 

methods in the prediction of transit times. A report of USEPA (1984) reviews 

and discusses the various methods available in the prediction of transit times. The 

approaches, as has been noted in the above discussion differ in their assumptions 

of saturation and their treatment of various other parameters to the effective 

porosity, moisture suction potential, relative hydraulic conductivity and the solute 

transport coefficients. Table 2.2 shows a comparison of the methods which 

predict transit times by treating the porous media as homogeneous. 

The assumption of saturated homogeneous media means that suction is 

absent because gravitational forces dominate the capillary attraction forces. 

A limiting assumption in a simplified approach is that molecular diffusion 

or dispersion is not significant compared to convective flux. In view of the low 

permeability of clays an the corresponding low fluid velocity, the molecular 

diffusion process may be a significant factor. Diffusion may allow the dissolved 

chemicals to migrate faster in a liner compared to advective flow and will thus 

reduce the transit time of the chemical species. 

18 
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Preferential Flow Approach Modek 

The early researchers adopted the view that clay behaved as a 

homogeneous mass. It was however found that the discrepancy between the 

laboratory measured and field determined values of hydraulic conductivity was 

significant. It was measured that the field leakage rates were 10 to 10,000 times 

larger than the rates that were measured in the laboratory (Daniel, 1984; Boynton 

and Daniel, 1985). The difference was attributed to the presence of macropores in 

the clay. 

A macro pore can be defined as a void space in a soil mass that is larger 

than that formed by the individual soil placed side by side in a soil matrix (Miller 

and Mishra, 1989). This concept of macropore flow has been studied and applied 

in the fields of petroleum and agricultural engineering. The same feature is now 

being adopted in the field of landfill liner design modeling. 

Though a number of models that predict the transit times are available in 

literature, a vast majority of these models assume homogeneous conditions with 

uniform hydraulic properties (U.S. EPA, 1983; U.S. EPA, 1984). The models that 

were reviewed in this section however are more recent and are based on the 

macro-pore flow theory. The models, however, differ in their approaches and 

each model has certain strengths and some specific assumptions. 

"Unifying Model" by Anderson etal.. U.S. E.P.A. 1991 

Anderson et al. (U.S. EPA, 1991) presented an early model to predict the 

transit time through clay liners using the concept of preferential flow paths. The 

authors use the term "unifying model" in order to imply the symbiosis of a 

previously described channel-centered model and its physical basis. In this 

model, each lift of compacted clay is represented as a slab with a population of 

evenly spaced, vertical, straight-sided cylindrical channels all of which have the 

same radius. The system described above is simply an idealized model which 

will have the same permeability as the actual system. The slab, itself has a K̂  

permeability, which corresponds to the permeability of the matrix. Thus, the 
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overall permeability of the compacted clay layer consists of two separate 

components; the matrix permeability, K̂  and macro-pore permeability. They are 

related as follows: 

(2.24) 

The model assumes that for the pore size distributions typically found in clay 

liners, the matrix permeability is small when compared to the macro-pore 

conductivity. The matrix permeability term is therefore neglected. The user 

should provide the hydraulic conductivity and the channel radius. The above 

equation is then used to calculate the number of channels per unit area that will 

yield the specified hydraulic conductivity. 

The model also deals with the problem of interlift flow. Interlift flow as 

the name suggests is the flow of leachate that occurs in the lateral direction once 

the wetting front reaches the zone between the two lifts of the clay liner. The 

model interprets the interlift flow as the radial spread of the liquid as it reaches 

the interlift plane at the bottom of the cylindrical channel. The radius of the 

wetted area, ER at any time, t after the liquid had arrived at the bottom of the 

channel is given by the following equation. 

IR = yj tK^H . (2.25) 

The radius of the wetted area will gradually increase as a function of time, 

t the interlift hydraulic conductivity, K̂  and the applied head, H. At any time a 

defect is found within this interlift flow radius, continuity is established between 

the two lifts and vertical downward flow toward the next interface will begin. 

The time taken to establish this continuity for a given pair of channels, obviously, 

depends on the offset distance between two channels. A computer program is 

developed to assign this distance. The program generates connections between 

channels in adjacent lifts, the model can be used for the prediction of transit time 

through a liner consisting of a specified number of lifts. The program has to be 
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run several times and the results are recorded. Since the positions of the channels 

are determined randomly every time, each computation is an independent 

stochastic experiment. The horizontal area of the liner used in the computations 

is 25 sq ft (5ft x 5ft). The model essentially provides the user with a computer 

simulation of the actual leakage phenomenon. The major disadvantages of the 

model are summarized as follow: 

1. The study was experimental but the authors did not collect the data that 

would have validated the analytical model. 

2. The assumption of the model that the vertical downward flow through the 

channels, is instantaneous contradicts the later observations of the 

researchers that the rate of horizontal flow at interlifts far exceeds that of 

vertical flow within a lift. 

3. The model uses 25 sq ft (5ft x 5ft) as liner area for computation purposes. 

This is an arbitrary selection. It is to be recognized that as the area 

increases, the probability of establishing a flow path in a short time 

increases. Thus, the results for a larger area will be different and 

economically not viable. 

4. The final result of the model is sensitive to the assumed channel radius. 

This is not desirable. 

5. The model does not provide adequate guidance on the selection of suitable 

value for the horizontal permeability K̂  of the interlift flow zone. This 

restricts the applicability of the model for actual liner design. 

Stochastic Model (Benson 1990) 

The model developed by Benson ( U.S. EPA, 1994 ) uses a similar 

approach as the "unifying model" in predicting the transit times. The defects 

found within a lift are modeled as a collection of vertical straight sided cylinders. 

The interlift zone is modeled as a confined aquifer. The defects in the lift directly 

above the interface are treated like a series of wells that draw liquid out of the 
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aquifer. Although the two models are similar in their approach, they differ in 

their fundamental assumptions. For example, in the unifying model, the macro 

channels are empty at the beginning defined as the time at which the liquid first 

arrives at the base of the liner after a known liquid head is established. In the 

macropore model steady seepage conditions are assumed at time t = 0. The transit 

time therefore is the time taken by the liquid to arrive at the base under these 

steady state conditions. The models also differ in their idealizations of the 

macropore system in a given lift. The unifying model assumes the radius of the 

pores and the spacing between them as constant. The macropore model on the 

other hand deals with these parameters as random variables distributed about a 

mean value. The appropriate values of the parameter can be generated by the 

computer if the distribution is specified. 

Initially, the parameters which define the macropore system within an 

individual lift are to be determined. In order to do this, the following procedure is 

adopted. The total liner area is divided into a number of square partitions each 

with an area equal to S .̂ Thenumberof channels per partition, Ts{̂  is assumed to 

have a Poisson Distribution. Then the number of channels corresponding to a 

given partition can be randomly generated with an assumed or known mean. 

Once this is accomplished, the mean pore radius can be determined by equating 

the total pore volume to the measured effective porosity as given by: 

N^TTr^L . n^S^L . (2.26) 

After the mean radius, r has been determined from the equation (2.26), the 

radius of each individual macropore can be generated by a computer. The 

distribution of pore radii is assumed to be a normal distribution with a small 

standard deviation. Next, based on the observed hydraulic conductivity of the lift, 

a parameter known as the flow coefficient, J is calculated. J is assumed to be the 

same for all the pores. 
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The interlift zone is modeled as a confined aquifer with a series of 

recharge wells representing macropores in the upper lift and discharge wells in 

the lower lift. The interlift zone is characterized by its transmissivity, T. Theim 

equation is used to determine the hydraulic head at any point, K in the interlift 

zone, J. 

The author incorporates the effect of planar flow into Thiem's equation by 

deriving it through the integration of Laplace equation. The boundary conditions 

are taken to be corresponding to laminar flow in a cylindrical control volume with 

a point source at its center. 

The equations for hydraulic head at any point, i in the interlift zone J and 

the equation of continuity written for each interlift layer in a set of linear system 

of equations which can be solved to obtain the hydraulic heads, i\^^rid Hj,̂ at the 

top and bottom of each channel. The transit times can then be calculated with the 

information obtained. Liquid may take many different pathways when it travels 

through the thickness of the liner. The pathway with the least time of travel 

provides the transit time. Each pathway will involve vertical movement from the 

top to the bottom of cylindrical channels as well as lateral movement within 

interlift layers. The time of travel in the vertical direction is given as follows: 

^u ^ T . ^ . X. ^ (2.27) Ju ( H.H ) 

The time of travel in the lateral direction between channels k and 1 is 

calculated using the following approximate formula. 

t,, = (2.28) 
^' T/b (Hj^ Hj) 

The equations (2.27) and (2.28) are used to calculate the total travel time 

through any given pathway. Monte Carlo Simulation is used to generate the set 

of parameters which define a selected pathway. The process is interactive in 
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nature (1000 times) and the travel time corresponding to each random pathway is 

computed. By nature of definition the minimum of the travel times gives the 

transit time for the specific liner. 

The following observations are made based on the macropore model. 

1. The assumption of an already saturated liner with steady state flow 

conditions, is not truly representative of the transient flow situation that 

results from an initial impoundment of a liner which is at compaction 

water content. 

2. The model is not validated with either test or with actual data. 

3. The rigorous mathematical approach of this model represents the 

variability of parameters to a convincing extent. However, it is 

computationally inefficient to analyze a situation of flow through the 

entire liner. 

4. The guidelines for the selection of appropriate values for the parameters 

like transmissivity of the interlift zone, the average number of macro 

channels per partition, effective porosity, etc, are not given. This reduces 

the use of the model in practical applications. 

"Model Macroflow" Jayawickrama (1990); Jayawickrama 
and Pulapaka (1994). 

The third model reviewed for the purpose of this chapter was presented by 

Jayawickrama (1990) and later extended by Jayawickrama and Pulapaka (1994). 

The model was developed from a study conducted at Texas A&M University. 

This research study consisted of two separate phases; the first phase involved a 

series of large scale tests and the second theoretical developments. 

The model MACROFLOW considers transient flow through two separate 

systems: macro-pore system and micro-pore system. The model differs from the 

other two models in that it treats the macropore system as a single continuum and 

not as cylinders. This eliminates the need to have information about size, 

variability and spatial distribution of macropores. Instead the model, on the other 
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hand, requires global parameters to represent the entire network of macropores. 

These parameters are the hydraulic conductivity, K, and the macroporosity, 0^̂ . 

The macropore network serves as the primary mechanism for flow through the 

liner. According to this model, the wetting front will begin to move through the 

liner, lateral infiltration takes place from the macropore system into the 

surrounding clay matrix. Additionally, flow takes place through the intact soil 

matrix by direct infiltration from the top. However, liquid transfer through the 

intact clay will occur at a slower rate. The goveming equations for the macro

pore and micro-pore systems are given below. 

" f ^ \ ^ X X 

^ e . . d ^ •Ae„-J/Q(t-t ,)drds 
0 OS 

(2.29) 

mi 

dt 

d_ 

dz 
K(8 .) — 

^ "" dz 
^ S.. (2.30) 

The transit time is computed by solving these two goveming equations. 

The model adopts a numerical technique based on the finite difference method 

and has certain additional capabilities that can accommodate the variation of 

hydraulic conductivity within the depth of a single lift. This variation occurs due 

to the dissipation of compaction energy mostly near the top. Another capability 

of the model is that it can incorporate the time variation of hydraulic conductivity. 

The change in macropore-conductivity with degree of saturation in the 

intact matrix is given by the following equation. 

— = 1 . a 
K 

s« - s, 
a ° (2.31) 

The author reports that the model prediction compared very well with the 

actual measurements of transit times. The maximum error is given to be less than 

10%. The model was later extended to incorporate interlift flow. The model 
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assumes that as soon as the wetting front reaches the interface of the bottom of a 

single lift, it begins to spread laterally saturating a thin layer of material at the 

interface. The lateral flow will take place until a finite area is saturated within 

this interlift zone. Once this predetermined area is saturated, the necessary 

continuity is assumed to have been established and the wetting front will continue 

to move downwards. 

The authors introduced a term called interlift transmissivity "T". This 

term is a combination of different variables. It is directly proportional to the 

hydraulic conductivity of the horizontal interlift K̂ , and the gap width between 

upper and lower lifts t^. The transmissivity is also considered as inversely 

proportional to the thickness of the intact clay saturated by the leachate while 

flowing laterally. The magnitude of this parameter can be determined from the 

boreholes tests conducted on multi lift liners (Jayawickrama and Pulapaka, 1994). 

The following observations can be made regarding the applicability of the 

MACROFLOW model. 

1. The author provides a technique called the system identification method to 

determine the global parameters required to characterize the entire macro

pore network as a single continuum. The parameters can be determined 

from large scale infiltration test data. 

2. The model has been demonstrated for single lift flows. Any attempt to 

extend the model to incorporate multiple lift capability must be preceded 

by better guidance on the selection of parameters that guide the interlift 

flow. 

3. The model described above is a deterministic model which is applicable to 

a liner area which is typical of the area that is covered by a large-scale 

infiltration test. The macropore hydraulic conductivity and the spatial 

averages over this large area. The variability that is found on a larger 

scale, such as the differences in hydraulic conductivity measured from 

different infiltrometers is not incorporated. 
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The relative points that were observed during the review of these three transit 

time models are summarized in Table 2.3. 

It is therefore noted that there are two distinct approaches in modeling 

preferential flow. The first of these approaches attempt to model liquid 

movement through discrete channels. Reasonable assumptions are made 

regarding the spatial distribution of channels and transit time is calculated through 

a simulation process where relevant parameters are generated through the use of a 

random number generator. The process is interactive in nature in order to 

simulate the infinite number of possible pathways. The second method uses a 

continuum approach where the entire macro-pore network is treated as a 

continuum. It does not attempt to represent the actual size and spatial distribution 

of the macro-channels within the compacted clay. Instead it makes use of the 

global parameters that were earlier mentioned to characterize the entire 

macropore system. The model MACROFLOW apparently possesses additional 

capabilities to handle variation of hydraulic conductivity, lateral flow into the 

micorpores etc. The model therefore has certain advantages if the aforementioned 

shortcomings are rectified. 

It is also noted that the deterministic nature of the MACROFLOW model 

limits the reportability of its results. The model therefore has to be modified 

further in order to make it a comprehensive application in the design practice. 

The numerical model described in this section uses a dual porosity 

approach to analyze the preferential flow process that takes place through 

compacted clay barriers systems. In this model, the system of preferential flow 

paths and the intact clay matrix are treated as two interacting continua. The 

primary flow mechanism will be through the network of preferential flow paths. 

As the leachate moves through this system of large pores, lateral absorption will 

take place into the intact clay. Furthermore, the model has the capability to 

accommodate changes in the hydraulic properties of the preferential flow path 
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system with time and depth. In this analysis, it is assumed that when the leachate 

front reaches the interface between the two lifts, the vertical flow will be 

interrupted due to lack of direct hydraulic connection between the two adjacent 

lifts. The leachate will then flow laterally along the interface between the two 

adjacent lifts. The leachate will then flow laterally along the interface between 

lifts until the necessary hydraulic connection is established. The results obtained 

from the model demonstrate that the delay time which occurs at the interface 

between lifts has significant influence on the total transit time through the liner. 

These results, however, are considered preliminary and because the interlift flow 

has not been investigated in sufficient detail in this study (Jayawickrama and 

Pulapaka, 1994). 

Models that describe the process of flow through compacted clay are used 

to predict one of the two performance criterion 

1. The flux or amount of leachate that breakthroughs the liner. 

2. The time of the leachate to breakthrough. 

In analyzing for these criteria, it is necessary to input a number of 

parameters like hydraulic conductivity, water content porosity, etc. These 

properties of soil, needless to say are highly variable. Among the soil properties 

the hydraulic conductivity or permeability is the most variable. Hydraulic 

conductivity has been found to vary by as much as one to two orders of 

magnitude (Olsen and Daniel, 1991). In order to use the value of hydraulic 

conductivity as an input parameter, it is not appropriate to use an average value 

or the worst case because the values may not be representative. 

Several methods were used to describe the variability of hydraulic 

conductivity with reference to compacted clay liner performance. Bogardi and 

Kelly (1990) used geostatistics to transfer test fill information to full scale liner 

permeability/reliability estimates. They use a relationship to determine the 

number of samples (measurements) needed to attain a reliable estimate of 

hydraulic conductivity. 
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Rogowski (1990) provides a comprehensive report on the spatial 

variability of hydraulic conductivity. He established evidence of preferential flow 

paths and proves that the incorporation of the randomness of hydraulic 

conductivity is essential in evaluating the performance of a landfill. 
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CHAPTER III 

THEORETICAL DEVELOPMENT 

This chapter includes a detailed description of the theoretical 

developments related to this research. To investigate the applicability of first 

order second moment analysis, a simple one-dimensional continuum model for 

transit time prediction was chosen. A similar model has been used previously by 

other researchers (Benson, 1994) to estimate the reliability of transit time 

prediction using Monte Carlo Method. Thus, by using the above simple, one-

dimensional transit time model, it was possible to make a comparison between the 

results from the two approaches and hence check the validity of the FOSM 

method. In this chapter, the various steps involved in the derivation of the above 

one-dimensional model are presented. Subsequently, the theoretical 

developments related to the application of FOSM method for transit time 

prediction are presented. 

One-Dimensional. Continuum Model for Transit Time Prediction 

The data available from a number of experimental research studies 

indicate that the movement of leachate through the thickness of the liner does not 

occur in a uniform fashion. Instead, the flow tends to take place through a 

number of preferential pathways that exist within the compacted clay mass. This 

flow process is illustrated in Figure 3.1. The reasons for the existence of such 

preferential flow paths have been identified as follows. 

1. Poorly compacted zones which may occur as a result of the use of 

improper type or the weight of the compaction machinery, presence of 

large clods in the clay prior to compaction, insufficient water content 

during compaction and large lift thickness. 
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Macropores with Leachate 

Macropores without Leachate 

Figure 3.1. Preferential Flow in Compacted Clay Liners 



2 Presence of foreign material in the clay. 

3. Shrinkage cracks which occur due to exposure of the clay after 

compaction. 

However, for the purpose of this investigation a simple model which 

assumes that the compacted clay mass behaves as a single, homogeneous 

continuum is developed. Secondly, it is also evident from the Figure 3.1 that the 

leachate movement does not occur entirely in one direction. Instead, the flow 

tends to move vertically through a network of preferential pathways and they, 

once it reaches the interface between the lifts it tends spreads horizontally before 

proceeding further. Modeling such a flow process is quite difficult. Therefore, in 

the model that is used in the present analysis it is assumed that the flow takes 

place one-dimensionally from the top to bottom. 

Accordingly the model assumptions can be listed as follows: 

1. Each lift of the compacted clay liner behaves as a single, homogeneous 

continuous medium which is characterized by its saturated hydraulic 

conductivity and effective porosity. Thus, the hydraulic conductivity is 

assumed to be a constant within each lift but will vary from one lift to 

the next. 

2. The entire clay liner is 100 percent saturated. 

3. The movement of the waste liquid through the liner occurs by advection 

only. Other processes such as diffusion and retardation of waste within 

the clay mass are neglected. 

4. The flow process is steady and is governed by Darcy's Law. 

5. The head of liquid at the top of the liner remains constant with time. 

6. Suction at the base of the liner is zero. 

Figure 3.2 depicts a vertical section of a clay liner covered with leachate 

of depth H . The liner consists N number of individual lifts. The thickness of i ^^ 

lift and its saturated hydraulic conductivity are denoted by B, and K,, 
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respectively. K̂  is a spatially variable random variable in each lift. The entire 

soil Imer would consist of a number of such vertical cross sections. Figure 3.2 , 

therefore represents only a single vertical profile that one might encounter 

randomly. 

If the head loss that occurs in lift i is represented by H ,̂ then by applying 

Darcy's law, the flux q̂  through that lift can be written as follows 

q = K (3.1) 

Since flux q̂  is common for all lifts as well as for the entire liner. 

^ 1 = ^ 2 Q N = q (3.2) 

Therefore 

H 
B 

V ^ . / 
(3.3) 

Since total head loss for the entire liner H is the summation of individual loss 

components. 

H = Hj ^ H 2 . H 
N • (3.4) 

Therefore, 

H =q - q 

/ \ 

(3.5) 
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Figure 3.2. Vertical Random Profile of Compacted Clay Liner 
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A B. 
i = 1 K • 

(3.6) 

Applying Darcy's law to the full liner 

H= q 

!:B, 
i . 1 (3.7) 

Equating equations (3.6) and (3.7), 

^-±^- 1̂ '̂ 
a ;^^ K. K 

(3.8) 

IN 

EB, 
K i = 1 

E ^ 
i . 1 rL; 

(3.9) 

Hydraulic Gradient i 
Total Head Loss 

Thickness 

HL^ E B , 
N 

y 
= 1 

N 

EB. 
= 1 

(3.10) 

Applying Darcy's law, the flux, F under a liquid head of H^ is as follows: 

IN 

F ^ K 

N 

y 
= 1 

eq N (3.11) 
EB, 

1 = 1 

Substituting for K^ from equation (3.9) 
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NB 
N 

1 = 1 K ;̂ 

H L NB 

N B (3.12) 

Simplifying, 

H^ + NB 

B 

N 

i = 1 iv 
(3.13) 

' / 

The seepage velocity through the liner can be written as follows 

e (3.14) 

where 'e' is the effective porosity. Effective porosity is that component of total 

porosity which is capable of transmitting fluid flow. It can be defined as volume 

of voids effective in transmitting the flow divided by total volume of soil. The 

effective porosity therefore does not include "dead-end pores." 

Knowing the seepage velocity, V̂  and thickness of the liner (assumed to 

compose of N equal lifts of thickness B), we can write the equation for time of 

travel or transit time, in the following manner. 

T = 
NB NB^e 

V H . NB 

N 

E 
i = 1 K. 

(3.15) 

The equation demonstrates that the transit time is a function of several 

variables, which are spatially variable. In this analysis, however, variability of 

hydraulic conductivity is considered. The other variables are assumed to be 

deterministic. Such an assumption is reasonable, because of the large variations 

found in the hydraulic conductivity measurements. These variations are 

sometimes, many orders greater than the variations for other parameters. The 

reported typical coefficients of variations of these parameters were presented in 

Table 2.1. 
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First-Order-Second-Moment-Approach 

In order to obtain the distribution of a function of a random variable, 

several methods can be employed. As already explained in Chapter II, some of 

the methods are rigorous and involve complicated mathematical processes. The 

numerical integration method and the Monte Carlo Simulation method belong to 

this category. These methods are often time consuming, and tedious. Large 

amounts of computer time and memory are required to use these methods. The 

method used here is an approximate method. It simplifies the functional 

relationship by truncation of its Taylor series expansion. The method requires 

that the expected value and standard deviation of the random variable be known 

in order to determine the distribution of the variable involving the random 

variable. This distribution is given in terms of the expected value and the 

standard deviation. The First-Order Second-Moment method is explained below. 

Taylor's expansion for a function f(x,y) about the point (a,b) can be 

expressed as 

(x,y) ^ f ( a , b ) . f (a,b) (x - a) . f ( a , b ) ( y - b ) . (3.16) 

i [ f ^ J a , b ) (x-af . 2f^y(a,b) (x-a) (y-b) . f^^,(a,b) (ybf 

X X 
dx' 

yy 
ay dy / 

(3.17) 

If a and b are taken as the means of x and y, the equation can obtained from the 

above equation taking the expectation on both sides. When all terms higher than 

the second order are neglected, the following relation is obtained: 

[f(x,y)] ^ f(a,b) ^ i {f«.{a,b)V [x] . Cov[x,y] . f > , b ) V [ y ] } (3.1 8) 
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II glx^ ,^2'^3' '̂ „) is a function of n random variables .x, and \i is the mean 

value for each of these random variables, then the second-order Taylor series 

approximation to the expected value of g is 

E \f(a,b)(x'a)]=f^(a,b) \Elx]-a}- 0 because E[x]= a. (3.19) 

, N N 2 

E[g]= BM — E E -—^ Cov[x„x 1 (3.20) 
2 i , 1 i = 1 ox-dx- L J J ^ >' 

in which ^ is the set of mean values for x. If x and x are independent, then 

Cov[xi,)^] = V[xi]andCov[xj,)^] = 0 . (3 21) 

Equation (3.20) becomes 

E [ g ] ^ g ( * . ) . f i : % h ] . (3.22) 

Neglecting the second-order terms 

E[g]=g(^). (3.23) 

Equation indicates that the mean value of g can be obtained simply by 

substituting the mean value of each random variable into the function. The first-

order approximation for the variance of f(x,y) can be determined from the Taylors 

series expansion by recognizing that 

V[x . y] - V[x] . V[y] . (3.24) 

This can be expressed as 

V[f (x ,y ) ]^ {f.(a,b)f V [ x ] . {f^(a,b)fv[y] (3.25) 

. 2{f (a,b)}{f(a,b)}Cov[x,y] 
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Equation can be extended to g(x,,x2,x„ ;t\ by 

v[g] 
N N 

EE 
i - 1 j = 1 

\ 

\ dx , , ax , 
V J / 

Cov •^I'^j] (3.26) 

If (xj ,̂ ^2'̂ 3' ^„) are independent, there are no cross product terms and 

Equation (3.26) becomes: 

v[g]= E 
N_ / -, \ 

5g_ 
i - 1 

h] (3.27) 

The field measurements of hydraulic conductivity collected by Rogowski 

and others have been found to be described by an assumption of lognormal 

distribution. A lognormal distribution has the density function: 

y/2-KOk 
exp 

Ink-^i 
(3.28) 

Thus if X is a normal variate, and x = In k or k= e'' then k is said to have a 

lognormal distribution. If E(k) and V(k) are the expected value and coefficient of 

variation of the lognormal variate (k). The corresponding normal variate x will 

have the expected value and standard deviation as shown below-

[a(x)]=ln(l.[V(k)P) (3.29) 

E ( x ) = I n E ( k ) o{xY j l (3.30) 

But assigning 

C = 
NB^e 

H^ - NB 
(3.31) 

41 



Equation (3.15) can be written in a simplified form as 

N 

T= C E r 
1 k; 

(3.32) 

let k = ê  

T=C E - = C E e ^ ' . 
i = 1 e 

N 

I 
i = 1 

(3.33) 

Considering the vertical cross section of a stacked up system of lifts, each lift will 

have its random variable k described by a lognormal distribution. Evaluating the 

partial derivation for each lift. 

ffT 
dx. ax. ax, 

e ^ + 
ax. ax. 

(3.34) 

^^ -Ce''^ 
dx 

(3.35) 

From the expression for variance derived before 

Var N Var ( x j ) . (3.36) 

Similarly 

Var ( T, ) = 
^ a r ^ ^ Var(x2) (3.37) 
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Var( T, ) aT ^̂  

V ^ ^ 3 / 
Var 1^2) and so on (3.38) 

However, if all the derivatives are evaluated at the expected values of x = (In k) 

Then x^ - x^ - x^ - E(x) 

Var( T ) = Var( Tj ) . ( VarT^ ) . Var( T3 ) . Var( T„ ) (3.39) 

Var( T ) = C^e ' ^ ' . C^e"""^ . C^e^'^ . . C^e 2^-2Xn (3.40) 

Var( T ) = C^ [e'^^i^). Q'^^i-) . . ^^H-)] (3.41) 

Var( T ) = C^ N e ' ^ W Var(x) (3.42) 

With E(T) and Var(T) known, the type of distribution needs to be assumed to 

describe the variability of T completely. 

A type I beta distribution, with limiting cases of uniform and exponential 

distributions is assumed. This distribution was fit to four parameters E(T), 

coefficient of variation of T and minimum and maximum values. A maximum 

value of 3 X (a) can be assigned for realistic values. 

The distribution is defined over the range [a,b] by 

f ( x ) = c (x a)« {h-xf (3.43) 

a > - l , P>-1 
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(g ^ p . l ) ! 

A computer program which was originally developed and presented by 

Harr(1987) was modified for VAX environment and used to determine the 

probabilities. 

The probability distribution curves were plotted and the results are 

discussed in the Chapter IV. The transit time distribution is fitted into a beta 

distribution. A beta distribution is assumed for the following reasons. 

1. The beta distribution is a bounded distribution, unlike the normal of 

lognormal distributions. 

2. The skewness of the distribution, reflects Monte Carlo Simulation 

skewness. 

3. Since the Beta distribution is bounded the possibility of time taking 

negative values is eliminated. 

4. The assignment of a maximum value (3 x Standard deviation), makes sure 

that unreasonably high values do not cause a long tail, which may be 

practically inconsequential. 

5. The Beta distribution is fast becoming the most widely used in civil 

engineering applications. It has uniform, normal and exponential 

distributions as its limiting special cases. 
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CHAPTER IV 

RELIABILITY ANALYSIS AND RESULTS 

Discussion of Analysis 

The formulations derived in Chapter III allow the expected value and 

variance of the transit time (i.e., E (T) and Var (T)) to be determined once the 

statistical distribufion of the independent variable (i.e., saturated hydraulic 

conductivity, K) is known. In the following analysis it is assumed that the 

hydraulic conductivity is log normally distributed. As explained in Chapter II this 

assumption is supported by actual field data. In other words, distribution of ln(k) 

or X will follow a normal distribution. Typical coefficients of variation of K, 

based on field data are in the range of 100-400. Therefore in this analysis, 

computations were carried out for three different values of coefficients of 

variation, 100, 150, 200. Similariy, three different mean values of the saturated 

hydraulic conductivity distributions (i.e., K) were considered in the analysis; 1 x 

10 ''cm/sec, 5 X 10 "̂  cm/sec, and 5 x 10^ cm/sec. 

The development of the reverse S-shaped reliability curves for the various 

parameter combinations can be best explained by using an example. In this 

example the following input parameters will be used. E(K) = 1 x 10^ cm/sec or 

3.15 cm/year and Coefficient of Variation (CV) =150. 

The corresponding values of the distribution of x can be determined from 

equations (3.29) and (3.30) as E(x) = -16.8 and Var(x) = 1.4 

The probability density functions of the variables x and K are shown in 

Figures 4.1(a) and 4.1(b). 

Now it is further assumed that the compacted liner in question has 4 lifts, 

each of 15 cm thickness that there is a 30 cm of leachate above the liner, and that 

the effective porosity is 0.4. Thus N=4, B = 15 cm, Ĥ  =30 cms, and e = 0.4 

Recalling the transit time equations (3.31) and (3.32) and assuming all the 

lifts to be identical with respect to their hydraulic conductivity distributions, T 

can be written as: 
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Figure 4.1 Probability Distributions for K and Ln (K) 
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T = C N e '̂  (4.1) 

Now according to equation (3.23), E(T) can be obtained as follows, 

E(T) = C N e^('') (4.2) 

E(T) = 9.2 yrs 

From equation (3.42) Var(T) = 12.9 years (all units are taken in terms of 

cms/year) 

As explained in Chapter III, in the next step, a type I beta distribution is 

assumed for the transit time T. The value of the lower limit of the distribution a is 

taken as one year and that of the upper value b is taken as 3 x Standard deviation 

in accordance with normal statistical practice. The other values are inferred from 

the assumed and given parameters. Since reliability is the probability P[T>t], it 

represents the area under the probability density function. Therefore once the 

probability density function for the variable is established, the reliability curve 

can be determined from the integration of the distribution function. The program 

BETA.FOR attached in Appendix B gives the reliability by performing the above 

noted integration. The reliability curve thus established is shown in Figure 4.2. 

Comparison with Other Methods 

In order to compare the results of First Order Second Moment approach; 

the Monte-Carlo Simulation for the one-dimensional continuum model was used. 

Data for the simulation was taken from Benson (1994). The parameters used 

were E(x) = -17, V(x) = 1.0, N= 6, B = 15 cms, Ĥ  = 30 cms and e = 0.4. The 

comparison is shown in Figure 4.3. The methods showed good agreement. It is 

to be noted at this point that in order to generate the reliability curve of the Figure 

4.3 the MonteCarlo simulation takes about ten times the computational time as the 

FOSM approach. The reliability curves in the shape of reverse S were selected 

for the purpose of comparison. With the model validated by comparison with 
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Figure 4.2 Reliability Curve for Solved Example 
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Figure 4.3 Comparison with Monte Cario Simulation 
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other existing methods (though limited for this area), the reliability ft-ends for 

different situations are plotted and presented in the following sections. 

The one dimensional continuum model was implemented in order to find 

the reliability estimates of transit time. The reverse S-shaped reliability curves 

were selected as the best means to represent the data. The curves obtained show a 

plot of Time (in years) on the x-axis and the reliability on y-axis. Reliability of a 

liner is defined as the probability that the transit time exceeds a given time P (T > 

t). Different thicknesses of the liners were selected and various possible 

hydraulic conductivity distributions were considered. Each distribution would be 

represented by its own mean and standard deviation. The coefficients of variation 

of K were taken as 100, 150 and 200. These coefficients of variation are 

representative of the actual coefficients of variation in the field. 

A sensitivity analysis of the model was performed by attempting to treat 

the porosity as a distributed function. This analysis showed that the variation of 

porosity was indeed small compared to the variation of hydraulic conductivity. 

Reliability Trends of Different K' Values. 

In order to determine the effect of hydraulic conductivity on the reliability 

estimate of transit time prediction, three distributions of hydraulic conductivity 

were assumed as input parameters. The distributions were represented by 

different K' (mean hydraulic conductivity of a distribution) but similar 

coefficients of variation. Figures 4.4, 4.5 , and 4.6 represent the reliability 

estimates of time for K' = i x 10 ̂ , 7 x 10* and 5 x la* cm / sec with a coefficient of 

variation of 150. The analysis was performed for liners of 60 cms, 90 cms and 

120 cms thick (N = 4,6, 8). 
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Figure 4.4 Reliability of 60cms thick liner for CV=150 and different K' Values 
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The results show that a decrease in mean K and a constant coefficient of variation, 

provide a more reliable estimate of transit times. This is seen by noting that the 

steepness of the reverse S-curve decreases with decreasing K'. The results show 

that a small K' value is responsible for a time distribution characterized by a 

higher mean. 

Similar analysis was performed for the same set of data for CV = 100 and 

CV = 200. The resuUs were similar to the set described above and included in 

the Appendix A. 

The graphs indicate that lower mean hydraulic conductivities cause a 

longer transit time and wider dispersion in the transit time distribution. 

Reliabilitv Trends Corresponding to Different Liner Thickness 

Figures 4.7 , 4.8 and 4.9 show reliability curves for distribution 

represented by K' = 1 x lo'' cm/sec and coefficient of variation of 100, 150 and 

200 respectively. The curves are plotted for liners with thickness of 60 cms, 90 

cms, 120 cms. The curves indicate that thicker liners correspond to longer transit 

times and a more scattered distribution. The transit time distribution becomes 

wider with increasing thickness. The analysis was also performed for 

distributions represented by K' = 7 x 10^ as well as for 5 x 10^ cm / sec for 

coefficient of variations of 100, 150 and 200. The curves are included in 

Appendix A. 

The result of this analysis proves that a thicker liner would result in a 

longer and more dispersed transit time distribution. The effect of increasing the 

thickness of a liner on transit times is same as the effect of lowering of hydraulic 

conductivity within each individual lift. 
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Figure 4.7 Reliability of liners with different thickness K'=lE-7cms/sec and 
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Figure 4.8 Reliability of liners with different thickness K'=lE-7cms/sec and 
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Figure 4.9 Reliability of liners with different thickness K'=lE-7cms/sec and 
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Reliabilitv Trends Corresponding to Different Coefficients 
of Variation 

The resuh of different coefficients of variation on transit time reliability 

was verified by comparing three coefficients of variation 100,150 and 200 for 

K' = 1 X l(f cm/sec for a given thickness shown in Figures 4.10,4.11, and 

4.12. Additional figures for other cases are given in the Appendix A 

The figures show that for liners with high reliability a lower CV gives 

longer transit times. At lower reliability, however it is seen that higher CV 

corresponds to longer transit times. The increase is more prominent for liners 

when thickness is increased to 4 lifts (60 cm). The transit time increase is 

counter-intuitive because higher CVs increase the dispersion of K' and one would 

expect transit times to be decreased. 

However, this counter-intuitive trend was also noticed by Benson (1994) 

and was explained to be occurring because of the positive skew in the 

distribution of hydraulic conductivity. Because of this the fraction of lifts with 

conductivity less than the mean is greater that the fraction of lifts greater the 

mean. Thus, with an increase of CV for thicker liners, lifts of high hydraulic 

conductivity become less significant. Because low hydraulic conductivity causes 

higher transit times, as discussed previously, the graphs show an increase in 

transit time. 

However if the hydraulic conductivity has a negative skew distribution, the 

situation would be reversed. The increase in transit times is caused by a decrease 

in K', which is based on the skewness of conductivity distribution only. The 

figures show that this occurrence is true at high reliability. 
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Figure 4.10 Reliability of 60cms thick liner with various CV values and K'=l .0 
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Figure 4.11 Reliability of 90cms thick liner with various CV values and K'=l .0 
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Figure 4.12 Reliability of 120cms thick liner with various CV values and K'-l.0 
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CHAPTER V 

CONCLUSIONS AND RECOMMENDATIONS 

Conclusions 

The following conclusions are made: 

I The transit time of a liquid passing through a soil liner increases with an 

increase in the thickness of the liner. There is no optimum thickness 

recommendation, but the graphs can be used as a guideline for deciding the 

thickness of a liner that could correspond to a high reliability in achieving 

the probability that the transit time is greater than the time required. 

2. The analyses show that more variability in hydraulic conductivity results in 

higher transit time provided the mean hydraulic conductivity of the lifts 

does not change. This is valid for high reliability in liners thicker than 60 

cms Thus, when a soil liner is constructed, emphasis should be placed on 

lowering the mean hydraulic conductivity of a lift K' rather than 

minimizing scatter in hydraulic conductivity within a lift. In reality, 

however sound construction practices that minimize K' probably also tend 

to minimize scatter in K. 

3. Reliability curves indicate that after a certain thickness of the liner 6 lifts 

or 90 cm there is no significant increase in reliability or probability of 

achieving a lower hydraulic conductivity. The transit times achieved for 

liners 4, 6 lifts 60 cm, 90 cm should suffice for a number of designs. 

Thicker liners can be used for specific purposes. 

Recommendations for Further Research. 

The following recommendations are made for future research 

1 The continuum process represents only a well constructed liner, where 

prefential pathways do not exist. Conversely, the discrete 3-D model 
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represents a poorly built liner with macropores. In actuality the flow 

through a liner falls in betweenthe two processes. The Macroflow model 

by Jayawickrama attempts to model the situation. Incorporation of 

reliability into this model would make it a comprehensive model. 

2. The First-Order Second-Moment approach is successfully demonsttated 

for the One-Dimensional continuum process. This approach is suggested 

as the best method to be used for the model described in the first 

recommendation. 

3. Adequate care must be taken in the construction and testing phases of a 

landfill to lower the mean K value. The lowering of the value would 

reduce the scatter and provide for higher and more reliable transit times. 
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APPENDIX A 

ADDITIONAL RELIABILITY CURVES 
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Figure A. 1 Reliability of 60cms thick liner for CV=100 and different K' values 

67 



0.8 -

h 0.6 

HJ 
0.4 -

0.2 -

10 15 20 25 30 35 
TRANSIT TIME IN YEARS 

40 45 50 

K' = 1 .OE-07 _._ K' = 7.0E-08 _ ^ K' = 5.0E-08 

Figure A.2 Reliability of 90cms thick liner for CV=100 and different K' values 
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Figure A.4 Reliability of 60cms thick liner for CV=200 and different K' values 
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Figure A. 11 Reliability of liners with different thickness, K'=7.0 E-8cms/sec and 
CV=150 

77 



0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100 

TRANSIT TIME IN YEARS 

60cms _,_ 90cms 120cms 

Figure A. 12 Reliability of liners with different thickness, K'=7.0 E-8cms/sec and 
CV = 200 
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Figure A. 14 Reliability of 90cms thick liner with various CV values and K' = 
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Figure A. 15 Reliability of 120cms thick liner with various CV values and 
K' = 5.0E-8cms/sec 

81 



0.8 -

H 0.6 
I—I 

J 0.4 -

0.2 -

10 15 20 25 30 35 
TRANSIT TIME IN YEARS 

40 

CV=100 _^CV=150 CV = 200 

45 50 

Figure A. 16 Reliability of 60cms thick liner with various CV values and K' 
= 7.0E-8cms/sec 
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Figure A. 17 Reliability of 90cms thick liner with various CV values and K' 
= 7.0E-8cms/sec 
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Figure A. 18 Reliability of 120cms thick liner with various CV values and 
K' = 7.0E-8cms/sec 
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APPENDIX B 

PROGRAM BETA.FOR 
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C*********** PROGRAM BETA.FOR TO CALCULATE PROBABILITY * 
Q****************** DISTRIBUTIONS OF BETA FUNCTIONS******** 

CHARACTER * 10 TEST 
13 WRITE (6,10) 
10 FORMAT ('ENTER MEAN, COEF OF VAR(DECIMAL), 

MIN, MAX',/) 
C 

READ (5,*) CBAR,VC,C1,C2 
SX = VC*CBAR 

XT = (CBAR-C1)/(C2-C1) 
VT = (SX/(C2-C1))**2 
C3 =XT*XT*(1.0-XT)AVT-(1.0+XT) 
C4 = (C3+1.0)/XT-(C3+2.0) 

C C3 = ALPHA; C4 = BETA 
PRINT*,'' 

IF(C3.LT.O.AND.C4.LT.O) THEN 
PRINT*,'WARNING BATHTUB DISTRIBUTION...' 
PRINT*,'' 

GO TO 19 
END IF 

C 
XX1=C3+1 

XX2 = C4 + 1 
XX3 = C3+C4+3 
XX4 = C3+C4+4 
B1=((2*(C4-C3))/XX4)*SQRT(XX3/(XX1*XX2)) 
B2=(3*XX3*(2*(C3-C4)**2+(XX1*XX2*XX4))) 

B3= (XXl*XX2*XX4*(C3+C4+5)) 
B2=B2/B3 

C 
C B1=BETA1;B2=BETA2 

AMP2 = 1 
CALL BETA(AMP2,C3,C4,SUM) 

SUM2=SUM 
15 WRITE(6,20) 

20 FORMATCENTER VALUE OF VARIATE, X, FOR 
WmCH P[x<X]=?',/) 

READ(5,*)VAL 
AMP1=(VAL-C1)/(C2-C1) 

CALL BETA(AMP1,C3,C4,SUM1) 
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XK = SUM1/SUM2 
WRITE(6,41) CB AR, VC,C 1 ,C2,C3 ,C43132, VAL,XK 

41 FORMAT(/,'MEAN,COEF OF VAR....',2F15.5/ 
+' MINIMUM,MAXIMUM ',2F15.5/ 
+' ALPHA, BETA ',2F15,5/ 
+' BETA13ETA2 ',2F15.5/ 
+• ',// 

+' P[',F8.3,'<VARIATE] = ',F8.6,//) 
PRINTCDO YOU WANT ANOTHER VALUE..(Y/N)?")' 
READ(*,'(A)') TEST 
IF(TEST.EQ.'Y'.OR.TEST.EQ.'Y') THEN 
GO TO 15 

END IF 
19 PRINT'C'DO YOU WANT ANOTHER DATA 

SET..(Y/N)?")' 
READ(*,'(A)')TEST 
IF(TEST.EQ.'Y.OR.TEST.EQ.'Y) THEN 

GOTO 13 
END IF 

STOP 
END 

SUBROUTINE BETA(AMP,C3,C4,SUM) 
SUM=0 
DO 1001=1,199 

XJ=AMP*I/200 
S1=XJ**C3 
S2=(1-XJ)**C4 
S3=S1*S2*AMP*.005 
SUM=SUM+S3 

100 CONTINUE 
RETURN 
END 
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