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ABSTRACT 

This research concerns numerical solution of stochastic differential equations 

and is divided into two different and independent approaches. In the first ap

proach, a class of Runge-Kutta methods is developed, analyzed and numerically 

tested. It is shown that these methods are of second-order accuracy in the weak 

sense for estimating expectations of functions of the solution for scalar as well as 

for systems of stochastic differential equations. It is also shown that in these meth

ods, variance reduction techniques can be applied to reduce the stochastic error 

involved in estimating the expectations of functions of the solution. These second-

order explicit methods are unique in the sense that they do not involve derivatives 

of the drift and diffusion coefficients and they can be easily programmed and im

plemented. 

In the second approach, it is shown that probability distributions of approx

imate sample paths of the solution satisfy a recursive integral equation. These 

probability distributions can then be approximated by numerically solving the in

tegral equation. The advantage of this approach is the avoidance of computing 

thousands of sample paths as is generally the case in most standard numerical 

methods. This approach is shown to be useful for numerical solution of first-

passage time problems. 
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CHAPTER I 

INTRODUCTION 

1.1 Stochastic Differential Equations: A Brief Theoretical Review 

Many problems in physics, biology, and engineering involve rates of change de

pendent on the interaction of the basic elements - particles, populations, changes, 

etc... Generally, such interactions are expressed in terms of deterministic differen

tial equations of the form 

f = /(«,^). (1-1) 

Equation (1.1), together with the initial value x{to) = XQ is called the initial value 

problem, whose solution represents the state of the system described at time t > to. 

Recent studies, however, show that many physical systems can be better mod

eled by including random effects. Such inclusions lead to one of the two following 

classes of differential equations: 

(1) Differential equations that have random coefficients with random initial 

values. Such equations are called random differential equations and are solved 

by considering a set of sample paths and by treating them as normal differential 

equations. One nice property of this type of equation is that the sample paths of 

the solution processes are differentiable functions [47]. 

(2) Differential equations that are driven by an irregular stochastic process such 

as Gaussian white noise. These are called stochastic differential equations and are 

interpreted as Ito or Stratonovich equations. The difficulty in dealing with this 

class of equations arises from the nondifferentiability of sample paths that come 

as a result of the white noise. 



The present investigation is focused on the second class. Therefore, when irreg

ular random effects are to be considered, ordinary differential equations are con

verted into stochastic differential equations. The stochastic counterpart of (1.1) 

is 
dx 
— = f(t,x)-\-g{t,x)r]{t) (1.2) 

where 77(̂ ) is a Gaussian white noise process. 

Why consider Gaussian white noise? In a lot of physical phenomena, the effect 

of the superposition of a large number of small random disturbances is encoun

tered and Gaussian white noise approximates such an effect. At the end of this 

chapter, some examples are given that illustrate how some physical systems can 

be interpreted or modeled via stochastic differential equations. 

The integral form of (1.2) is 

x{t) = x{to) + / / ( s , x(s))ds + / g{s, x{s))ri{s)ds. (1.3) 
•.'to "̂ to 

The first integral of (1.3) above is just a Riemann-Stieltjes integral, while the 

second integral is not as easily interpreted. 

Let 

W{t)=rj{t) (1.4) 

Then 

dW(t) = W{t)dt = r){t)dt (1.5) 

will allow us to write the second integral of (1.3) in the form 

Jg{s,x{s))dW(s) (1.6) 

where W is the Wiener process. In particular, 

W{b)-W{a) eN{0,b-a). 



Since sample paths of the Wiener process are not of bounded variation^ on any 

finite time interval, the integration in (1.6) cannot be interpreted as a Stieltjes 

integral along sample paths. By considering 

/ W{t)dW{t) (1.7) 
Ja 

where W{t), t G [0, CXD) is a standard 1-dimensional Wiener process, it can be seen 

that the Wiener process is not of bounded variation on every time interval and, 

hence, the natural way of defining (1.7) as 

J:W{T.)IW{U)-W(U.,)] 

cannot be used. Furthermore, a formula for (1.7) can be found. 

Let 

0 < a = t̂ ") < ... < 4") = b 

denote a sequence of partitions of the interval [a, 6], 

A 4 " ) = 4"' - t ^ , n̂ = max A 4 " ) and AW^^ = Wif) - « / ( « « ) . 
K 

It is not hard to establish that in the mean square sense, 

hmf:(AW'i"')' = 6-a (1.8) 
" k=l 

Furthermore, if E^n < oo, then (1.8) holds with probability 1. 

^A function f{x) on a real interval [a,b] is said to be of bounded variation if there exists a 

constant A: such that for a partition a = XQ < xi < ... < Xn~i < Xn = b oi (a, b), 



Note that if W{t) is an m-dimensional Wiener process then (1.8) has the form 

Jim t (Awi")) (AW<»)f = (6 - a ) / (1.9) 

where / is the mxm identity matrix. Taking the trace of both sides in (1.9) gives 

lim Y.l^^k'^ =m{b-a). 

Now, if XI n̂ < CO and the partition is uniform, then 

n 

E h ;̂ (n) 2 

A;=l 
< max 
~ A; fc=i 

(1.10) 

As 72 -^ OO, the left hand side of (1.10) approaches m{b — a). The uniformity of 

the partitions and the continuity of the sample paths imply that 

max 
k 

AW, (n) 0. 

Hence, from (1.10) we obtain 

n 

EK^^^ 
(n) 

k=l 
-̂  OO as n —> oo. 

This proves that the sample paths of Wiener process are not of bounded variation 

on every finite time interval with probability 1. 

Now let 

,{n) (n) X An) .(n) Kit) = xwitD + (1 - A)i^(Ci) C i < t < tr. 

Then it is evident that 

lim ± c^'MAWt^ = l[W\b) - W\a)] + ( > - ! ) ( & - a) 
"• k=l 



where the limit is taken in the mean square sense. The random step function 

approximation ^^{t) of W(t) for which 

f'^'MdW(t) = ±^',(t,_,)AWi''^ 
•^° fc=i 

implies 

f' W(t)dW{t) = \[W'{b) - W'{a)\ + (A - i ) (6 - a). 

When A = 0, the Ito stochastic integral results and when A = | , the Stratonovich 

stochastic integral results. 

In applications, Ito's approach is used more often than Stratonovich's. One 

important reason behind this frequent usage is that Ito's approach deals with the 

probability laws of Wiener process in a more natural way. For example, the Wiener 

process has the following two properties: 

E{W{b)-W{a)) = 0 

E\W(b)-W{a)\^ = b-a. 

Furthermore, it can be shown that the stochastic integral 

fg(t)dW{t) 
Ja 

of Ito satisfies 

E 

E I g{t)dW{t) = 0 

f\(t)dW(t) 
Ja 

E\g{t)\'dt. 

For the remainder of this dissertation, stochastic integral equations interpreted 

in the Ito sense will be considered. A very useful consequence of Ito's integral is 



6 

Ito's formula. Here, only the statement of the theorem is given. The proof can be 

found in many references, see for example [2, 14]. 

Theorem 1.1 Consider the Ito stochastic differential equation 

dx{t) = f{t, x)dt + g{t, x)dW{t). (1.11) 

Let F{t,x) be a real valued function defined for all t E [a, 6], x G M; with contin-
. , , . . OF dF d^F ^ 

uous partial derivatives ^;^, -;;—, -7^—;^, then 

dF{t,x{t)) = 

dt^dx^ dx"^ 

OF dF + 
dt dx 

f 
Id^F 
2~d^-

(t, x)dt 

+ dF 
dx 

{t,x)dW{t). (1.12) 

Modeling a physical phenomenon mathematically as an ordinary differential 

equation or as a stochastic differential equation may be straightforward. However, 

once such a model is obtained, the following questions arise: 

(1) Can such a model have an exact solution? 

(2) If a solution is obtained, is it unique? 

In the case of deterministic differential equations, sufficient conditions on func

tion f{t,x) so that the initial value problem (1.1) has a unique solution are well-

known. In the case of stochastic integral equations, a solution of (1.11) is a process 

x{t) that satisfies the integral equation 

X {t) = Xo-\- f f{s,x{s))ds^ f g{s,x{s))dW{s) 
Jo Jo 

(1.13) 

for every t G [0, T] along with initial condition x{0) = XQ. The natural question is 

when does such a process exist? The following theorem is useful in this regard. 
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Theorem 1.2 Consider the scalar stochastic integral equation 

x{t) =xo+ f / ( s , x{s))ds + r ^(5, x(s))dW{s) (1.14) 
Jo Jo 

where XQ is a specified initial value x{0). Suppose that 

(1) f{t,x) and g{t,x) are measurable in {t,x) where t G [0, T] and x G M; 

(2) f{t,x) and g{t,x) satisfy Lipschitz condition in the second variable. 

(3) fit^x) and g{t,x) exhibit linear growth, that is, 3k > 0 such that 

\fit,x)\' + \g{t,x)\'<e{l + \x\') (1.15) 

for every t G [0,T] and x, 2/, G M 

(4) XQ is independent ofW{t) and E(xl) < 00 

Then there is a solution x{t) of (1-14) on [0,T]. 

See [14] for proof and for how such conditions can be weakened. 

The following theorem characterizes the nature of the solution of (1.14). 

Theorem 1.3 The solution x{t) obtained in Theorem 1.2 has the following prop

erties: 

(1) It is continuous with probability 1, and it satisfies 

8\ipEx^{t) < 00. 
[o,r] 

(2) It is pathwise unique. That is, if x and y are two solutions of (1.12) then 

prob(sup|a;(^)-?/(0| = 0) = 1 
[0,T] 

(1.16) 
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The solution of (1.14), if it exists, is a Markov process on [0, T] with the tran

sition probabilities of 

p(s, X, t, (5) = p{x{t) G (3\x{s) = x) (1.17) 

where 0<s<t<T,x G i? and /? is a Borel subset of M [26]. A Markov process 

x{t) with continuous sample paths with probabihty 1 is called a diffusion process 

if the following three limits exist for every e > 0, s > 0 and x G M: 

lim- / p{s,x,t,y)dy = 0 (1.18) 
tis t — S J\y-x\>e 

lim-
tis t 

— - / , iy-x)p{s,x,t,y)dy = f{s,x) (1.19) 
S J\Y—X\<€ 

and 

lim- / {y- xfp{s, x, t, y)dy = / ( s , x) (1.20) 
tis t — S J{y-x)<€ 

where / and g are well-defined functions. 

Condition (1.18) implies that the process changes not by jumps but by contin

uous motions. The functions / ( s , x) and g(s, x) are referred to as the drift and the 

diffusion coefficients at time s and position x, respectively. In general, then, the 

solutions of the stochastic differential equation (1.14) are diffusion processes with 

transition probabilities satisfying (1.18)-(1.20). For proof, see [14]. 

Notice that the above theorems can be modified for existence and uniqueness 

for systems of stochastic differential equations. For a theoretical discussion see 

[2, 13, 14, 15]. 
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1.2 Numerical Solution of Stochastic Differential Equations 

In practical problems, a stochastic differential equation often models a phys

ical phenomenon. Exact solutions to the stochastic differential equation for the 

practical problem may be impossible to find and thus approximate methods are 

required. The numerical techniques to be used have to attain a certain degree 

of efficiency. The efficiency of a numerical method depends upon the method's 

accuracy as well as the ease of implementation of the method. Higher accuracy 

implies better convergence of the numerical scheme. 

Two kinds of convergence are usually considered when solving stochastic dif

ferential equations numerically, one of which is referred to as strong convergence 

or mean square convergence and is measured by the mean square error 

E j ; ( t ) -x ( t )p l (1.21) 

where x{t) and x{t) are the exact and the approximate solutions, respectively. The 

other kind of convergence is called convergence in the weak sense and is measured 

by 

E[F(x(t))-F{xm (1-22) 

where F is a smooth function. 

Strong convergence is generally more desired since strong convergence implies 

weak convergence as well as convergence of the approximate trajectories to the 

exact trajectories. However, satisfaction of strong convergence often involves com

plicated analyses and may never be achieved. Such difficulties and complications 

may not be encountered when only convergence in the weak sense is required. 

In addition, generally it is not necessary to find the mean square approximation. 
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In many problems of mathematical physics, it is only necessary to estabhsh the 

approximation in the weak sense [30]. 

There are many additional applications of weak convergence. For example, 

weak approximation for stochastic differential equations provides a tool for solving 

second order partial differential equations. In other words, it can be shown that 

the Feynman-Kac formula 

u{t,x) = E f{T, WT) exp ij^ y(5, Ws)d^ \Wt = 

where W = {Ws,s > t} is an m-dimensional Wiener process starting at a; = 

{x^,x'^, ...,x^) G M"^ at time t, and the expectation, with respect to the probability 

measure of the Wiener process, is a solution of the parabolic equation 

for 0 < t < T and x G M"^ with final time condition 

u{T,x)=:f{T,x), 

where V and / are given functions. Some other applications of weak convergence 

are approximations of invariant measures and approximation of Lyapunov Expo

nents [23]. 

1.3 Some Applications of Stochastic Differential Equations 

In the previous section, important applications of weak approximations of 

stochastic differential equations were pointed out. In this section, some more 

apphcations are presented. Only a brief discussion is presented and the reader is 

referred to the references for more details. 
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1.3.1 A Population Dynamics Model 

The simplest deterministic model of population growth has the form 

dx 
- = ax (1.23) 

where a is the growth rate and, hence, is a positive constant. If a changes randomly 

via the relation a + [5r]{t) where a and /? are constants and r]{t) is white noise, 

then the deterministic model (1.23) takes on the stochastic form 

dx(t) = ax{t)dt-\-^x{t)dW{t) (1.24) 

X{0) = XQ. 

If we interpret (1.24) as an Ito equation then the exact solution is 

x{t) = xoexp ({a - ^^^)t + ^W{t)\ . (1.25) 

One major undesirable feature of the models (1.23) as well as (1.24) is their ad

mission of unbounded growth. However, in the latter model, the noise intensity 

restricts such growth. To avoid unbounded growth, the use of carrying capacity 

k becomes necessary. For the deterministic model (1.23), this can be done by 

replacing a by r f 1 - - j , which will give the logistic model 

dx / , x\ . ^. 

This exhibits the solution behavior 

x{t) -^ k as ^ ^ oo \i xo > 0. 

Several stochastic analogues of (1.26) can be obtained. One way to do so is to 

replace r hy p-\- crrj{t). In this case, we obtain the stochastic equation 

dx = px(l- ^) dt + ax(l- ^) dW. (1.27) 
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Another stochastic counterpart of (1.26) is obtained by replacing - by - + aT]{t). 
k k 

This gives the stochastic equation 

dx = rx(l-j\dt-ar x^dW. (1.28) 

The carrying capacity k as an upper bound for a population is preserved in (1.27) 

but destroyed in (1.28) [14]. 

1.3.2 Stochastic Approach to Deterministic Boundary Value Problems 

This application involves the concept of exit time which will be discussed in 

Chapter III. Let D be a given domain in R Let / be a continuous function on the 

boundary of D, dD. We need to find a function / on the closure oi D,D such that 

(1) / = / on dD. 

(2) / is harmonic in D, that is 

^f = Eg^-0 in D. 

This is clearly a Dirichlet problem. It was proven by Kakutani in 1944 that 

the solution f{x) is the expected value of / at the first exit point from D for the 

Brownian motion starting a.t x E D [35]. 

1.3.3 Biological Waste Treatment 

C J . Harris [17] proposed a model for an anaerobic digester of sewage sludge 

based on a perfect mixing model of a continuously stirred tank reactor with noisy 

fluctuations in the concentrations and feed rates, and with flow equalization prior 

to reaction being used to stabiUze the process. He considered the following five 

state variables: 
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xi = The variance of the equahzation tank. 

X2 = The incoming sludge fiow rate. 

xs = The incoming pollutant concentration. 

X4 = The substrate concentration leaving the equalization tank for the reactor 

tank. 

X5 = The substrate concentration leaving the reactor tank. 

The following system was obtained: 

X2{t) 
dx2{t) = {a, + l-(3i^\dt+.2j,^dW,(t) (1.29) 

V ^i(^)/ \ Mi) 

002it) 

d,,^t) = ^i±l:z,^p^dt + 272 ^ dW2{t) (1.30) 
xi{t) \ '' x,{t) 

dx,{t) = i^^±}:. - X2{t)\ dt (1.31) 

dx,{t) = {xs{t)-x,{t))^dt (1.32) 

dxs{t) = {a-\-b{x^(t)-X5(t)))dt (1.33) 

The stochastic differential equations (1.29) and (1.30) are used to model the turbu

lent fiow and concentration pattern. Here, a's, /?'s and 7's are positive parameters 

to characterize the noisy fiuctuations. The ordinary differential equations (1.31) 

and (1.32) were obtained for the equalization tank volume and the substrate con

centration leaving the equalization tank and finally, the ordinary differential equa

tion (1.33) was obtained for the substrate concentration leaving the reactor tank. 

In (1.33) a and b are factors depending on the growth rate of the micro-organism. 

Harris presented a numerical method for the system and used it to plot the time 

evolution of the expected gain in concentration of biological oxygen demanding 

states [17, 23]. 
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1.3.4 Charged Particle Transport 

Let fn{t, f, v) be the distribution of ions of kind n. Then 

ot m„ \ dt 
(1.34) 

where 

dfn 
dt d 

d 1 ^2 

v. 2 dvidvj 
(1.35) 

where Ai and Bu are drift and diffusion coefficients, and 'ij 

VV(^,^) = -E^ fc / fk{t,x,v)dv 
u JR^ 

E{t,x) = -V^(/)(^,f). 

Equation (1.34) is a Fokker-Planck equation and can be solved numerically using 

the random particle method. The particle trajectories satisfy 

dSlit) = ^{t)dt 

d^^it) 
•"n 

rn. 
E{t,x-J + A"(t,x"„,vl)\dt 

n 
+D-(t,x-^,v^)dW(t) 

(1.36) 

where 
M 

h{t,x,v)«5:™^^(f-x^(t))5(i?-«t(t)), (1.37) 

See [1] for details. 

More apphcations of stochastic differential equations can be found in [14, 23, 

35]. 



CHAPTER II 

A CLASS OF SECOND-ORDER RUNGE-KUTTA METHODS 

FOR NUMERICAL SOLUTION OF 

STOCHASTIC DIFFERENTIAL EQUATIONS 

2.1 Introduction 

Considered in this chapter are stochastic differential equations of the form 

dm = / ( t , y{t))dt + g{t, y{t))dW{t) (2.1) 

or, more precisely, the Ito stochastic integral equation 

rp rp 

m=yo-^ I f{tj{t))dt+ f g{t,y{t))dW{t) t G [0,T] (2.2) 
Jo Jo 

where y{t) is a stochastic process in R ^, f{t,y(t)) is an m-vector, W{t) is an 

72-dimensional standard Weiner process, and g{t, y{t)) is an ?7i x n matrix. To 

insure the existence and uniqueness of a solution to (2.2), we assume that the 

conditions stated in Theorem 1.1 (with absolute value changed to a matrix norm) 

are satisfied. 

Ito integral equations are becoming increasingly important in many fields of 

application. However, the difficulty of obtaining exact solutions to such equations 

makes the need for numerical solutions a necessity. There have been many interest

ing numerical methods developed for approximately solving stochastic differential 

equations. See, for example, the papers by Milshtein [29, 30, 31], Klauder and 

Peterson [21], Riimelin [45] and Talay [48, 49]. Also, Kloeden and Platen [22] 

and Talay [51] present reviews of this area. However, for some problems such as 

15 
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those considered by Allen and Victory [1], which involve large systems of stochastic 

differential equations involving complicated drift and diffusion coefficients, many 

of the higher-order numerical schemes are difficult to apply due to the need for 

computing derivatives of the coefficients. 

In this investigation, a class of explicit Runge-Kutta methods is proposed for 

numerically solving stochastic differential equations. These methods do not require 

computing derivatives of the drift and diffusion coefficients. In addition, it is proved 

that these methods are of second-order accuracy in the weak sense for scalar as 

well as for systems of stochastic differential equations. (There does not appear 

to be any other explicit Runge-Kutta method of second-order accuracy that does 

not require computation of the derivatives of the drift and diffusion coefficients.) 

It is also shown that a variance reduction method proposed by Chang [7] can be 

modified for these methods. Numerical examples are presented that support the 

theoretical results. 

2.2 Proposed Method and Analysis 

Consider first the scalar stochastic differential equation 

dy{t) = f{y{t))dt + g{y{t))dW{t) (2.3) 

2/(0) = yo-

Remark 2.1 In equation (2.3), we wrote f{y{t)) and g{y{t)) instead of f(t,y{t)) 

and g{t,y{t)) respectively for simplicity and convenience. 

Let yi+i be the approximation to y{ti+i), and define for step length h 

Ki = yi + l^hf{y^) + ^ff^h g{yi)r]i (2.4) 
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K2 = yi + j^hfiyi) + ^/jji g{yi)r]i (2.5) 

and 

Vi+i = yi + lihf{yi) + ^fnhg(yi)rji 

+ l2hf{Ki) + .fi2hr]2g{K{) 

+ 74hf{K2) + ^V39{K2) (2.6) 

for i = 0,1,2, . . . where r]i,ri2,rjs are normally distributed random variables with 

zero mean and unit variance, and 71,72,73,74,75 are constants. Equations (2.4) -

(2.6) define the proposed class of Runge-Kutta numerical methods considered in 

the present investigation. The next theorem gives conditions on the parameters 

71)72,73574? and 75 to ensure second-order accuracy in the weak sense. 

Theorem 2.1 The method proposed in (2.4)-(2.6) is of second-order accuracy in 

the weak sense provided that the coefficients 71,72,73,74,75 satisfy the nonlinear 

system 

71+72 + 74 ^ ^ ] 

7273 + 7475 "^ 2 f " ^^''^^ 
x/7r(72y73 + 74v^) = i J 

That is, for a smooth function F, ify{t) and y{t) are the exact and the approx

imate solutions respectively, then 

E[F{m)-F{ym = o{h'). 
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Before proving the theorem, the following lemma is required, which is similar 

to a result presented by Talay [50]. 

Lemma 2.1 Let yp{t) = yp{t,tp. y^) satisfy (2.3); that is for t > tp, 

dyp{t) = f{yp{t))dt + 9{yp{t))dW{t) 

yp{tp) = yp. 

If 

EF{yp^,{T)) = EF{yp{T)) + 0{h^^') (2.8) 

then for p* = ^, 

EF{yp.{T)) = EF{y{T)) + 0(/i"). (2.9) 

Proof: First notice that 

y{T) = UTM.yo) (2.10) 

and for p* = f 

yp^{T) = yp^{T, tp^, yp^). (2.11) 

From (2.8), it follows that 

EF{yp^^{T)) = EF{yp_^{T)) + 0(/."+^) + 0{h-^'). 

Continuing in this manner, we have 

EF(y,UT)) = EFiUT)) + 0(h'') 
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and hence for any ;?*, 

EF{yp,{T)) = EF{yo{T)) + 0{h-). 

Using (2.10) and (2.11), the required result is obtained. 

In view of the above lemma, to obtain second-order accuracy, it suffices to 

establish the relation 

EF{yp^,{T)) = EF{yp{T)) + 0{h'). (2.12) 

Notice that 

yp{t^ tp, yp) = yp+i{t, tp+i, y*+i) (2.13) 

provided that 2/*+i(t) satisfies 

dy;+M = f{y;+i{t))dt-^g{y;^,{t))dW{t) tp<t<tp^, (2.14) 

2/p+ife) = yp-

Proof of Theorem 2.1: We start by introducing the following notation 

F{yp{T)) = H(tp,yp). (2.15) 

Substituting (2.13) and (2.14) in (2.12), it is sufficient to show that 

EH{tp+i,yp+i) - EH{tp+i,y;^,) = 0(h'). (2.16) 

By expanding if in a Taylor series about {tp,yp), the left hand side of (2.16) 

becomes 
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E 

1 
+ 2 ^ 

+ 6 ^ 
+ .... 

dy ^ dtdy ^ 2^ dt^ 

d^H 

i{yp+i - yp) - {yl+i - yp)) 

,.d^H 1 d'^H \ 
dy^ ^ ""dtdy^ ^ r Wdf] ((^^+1 - y^^ - iyl+i -

dy^ ^^dtf),,^^7^ ^7^:^Hta dtdy^ 2 dt^dy^ 

yp)') 

'p+i - ypf - (y;+i - ypf) 

(2.17) 

So, from (2.16), it is sufficient to show that 

E[{yp+i - yp)^\ = E[{y;_^, - y^Y] + 0{h') n = 1, 2, 

Consider E{yl^^ - yp)^. From (2.14) one obtains 

d{y;+i - yp) = f{y;+i)dt + g{y*,)dW{t), 

(2.18) 

(2.19) 

and by using Ito's formula. 

d iyp+i - yp) n = K?/;+i - yp)"-V(2/;+i) 

+ \n{n-l){y;^,-yp)-~'g\y;^^)]dt 

+ +^(2/;+i - yp)''-'9{y;+i)dW{t). (2.20) 

Taking the expectation of (2.20) gives. 

dE (yUiifi)-yp) n = E niy^i - ?/.)"-V(2/;+i) 

+ o^(^-i)(?/;+i-2/p)^-V(2/:+i) dt. (2.21) 

Expanding / and g in (2.21) in Taylor series about yp impHes that 
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dE (y*p+i{t) - yp) n = E <yl+i - yp) fiyp) 

+^(?/;+i - yp)"'f\yp) 

n 
+ i T ( y ; + i - % r V " ( y p ) 

n +-AvU^-y,r'r{v,) 
6 

+ 

n +T(«-i)(y;+i-%r(s'fe))" 
n +^{n-i){yU,-y,T^\9'{y,)) 

+ 

lit 

(2.22) 

Let Mn{t) = E [(2/;+i - 2/p)"l, n = 1,2,..., then (2.22) takes on the form 

dM{t) 

dt 
= AM{t) + b 

where 

M{t) = [Mi{t) M2{t) Ms{t) ...f 

and 

b=[f g' 0 ...f, 

and A is the matrix 
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A = 

r 2J 

2/ + (ff7 2/'+ 1(97' f + W)'" 

33= 

0 

3 / + 3(3^)' 3 / ' + Wy 

63' 2\l 4/ + (6p2) 

Notice that in A and b all functions are evaluated at yp. Expanding M{t) in a 

Taylor series about t = tp, gives 

M(Wi) = M(t,) + h^itp) + i/.^ ^ ^ ^ ( t , ) + 0{h% (2.23) 

But 

M(tp) 

dMjtp) 
Jt 

d'^Mjtp) 
dt^ 

= 0 

—* 

= b 

Thus, (2.23) becomes 

M{tp+i) = hb+ -h'^Ab + 0{h^) 
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or, in matrix form. 

M{tp+i) = h 

f 

9' 

0 
+ /î  

|//' + i/V 

P + f99'-^f'9'-^l9'9'+h'i9r 

^f9' + ^9^9' 

^9' 

0 

+ 0( / i ' ) . 

This expression gives the moments Mi(tp+i), M2(tp+i), M^(tp+i) and M4(tp+i) 

to 0(h^). Notice that M„(tp+i) for n = 5, 6, 7 , . . . are 0{h^) for smooth functions 

/ and g. (See also Milshtein [29] for another derivation of these moments.) So 

from (2.18), it is sufficient to require the approximate moments E{yp+i — yp) to 

agree with these to 0{h^). Thus, we find values for 7 1 , . . . , 75, so that 

E [{yp+i - yp)] 

E 

E 

E 

iVp+i -

iVp+i -

{yp+1 -

- ypT] 

- ypf] 

- ypf 

hf + lh\ff'^\f"g')^0{h') 

hg' + h'if + fgg' + f'g' + ^gV + ^g^gT) 

-i-Oih') 

h\Zfg' + Zg'g') + 0{h') 

Sh'g^ + 0{h') 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

where / and g are computed at yp. 
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In (2.6), expand / and ^ in a Taylor Series about yp to obtain 

yp+i-yp = 7 i ^ / + \ / V i ^ m + 72/i/ + 7273/iV/' 

+72x/7^ h^f'9Vi + ^l2l3h^f"9'vl + y/l2h V29 

3 I 3 

+\/72 Ish^g'fm + x/7273 hr]2r]ig'g + - ^ 73^27^1^772/̂ ^ 

+V/7273 h'^l3V2Vi9'9f + 74/i/ + lAl^h^ff 

3 1 / 
+74\/75 / ^V^m + ^lAlsh^f'g^vl + V74/i 773̂  

3 

+\/74 75^27^3^7 + /^^ / ^ hrisrjig'g 
I 3 

+ 2 V ^ I5vlv3h-^g"g'^ + V T I T ^ h^l5V3Vi9"9f + C>(/i^). 

Direct computation of (2/p+i — y^)^, (l/p+i — yp)^ and (t/p+i — 2/p)̂  and invoking 

the expected value yields the following moments 

E[yp+i-yp] = /i/(7i + 72+74) + /iV/'(7273 + 7475) 

+h'f"g'{\7273 + ^7475) + 0{h') (2.28) 

^[(2/p+i - 2/p)'] = V ( 7 i + 7 2 + 7 4 ) + / i ' / ' ( 7 i + 7 2 + 7 4 ' 

+/iV^^(272V^wr + 274x /7^) 

+h^ fgg'{2^273 + 27475) + h^ 9'^ {g'f {12I3 + 7475) 

+ / i ' ^ ' / (7273 + 7475) + 0{h^) (2.29) 

^[(2/p+i - ?/p)'] = / i W ( 3 ( 7 i + 7 2 + 7 4 ) ' ) 

+ /^ ' / ^ ' (6v^ (72x /7^ + 74 v ^ ) ) + 0{h^) (2.30) 
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E[{yp+i-ypf] = / iV(3(7i+72 + 74)') + 0(/i^). (2.31) 

By comparing (2.24)-(2.27) with (2.28)-(2.31), the theorem is proved. 

This theorem can be readily extended to a d-dimensional system of stochastic 

differential equations. For a system, equations (2.24)-(2.27) need to be modified. 

D. Talay [51] has shown that for a system, the moments (2.24)-(2.27) should be 

replaced with the following moments: 

E (^\i y) 
i l 

= ft/" + ft^ 

+0(h') 

\s%P + -/.y'^dtmr 

(2.32) 

E [A'i^.yf [l^U^yf] = <fi^h + h' [rf" + - d^g^dW^gfgToe 

+\gfd,gff + IgfdkgTf 

+\9;'dMgfg'ngi+]gfdu9fg'na n 

+0{h') (2.33) 

E (A,\, ,)" (A,\.y)" {^i,^y) 
13 

= h pg'/gf + PgTgf + PgfgT 

+^gfdi,9Tgfgl + Igfd.gfgYg^ 1 
2 

+\gfd,gfgfg' + \gi'dkg?gT9^ 

+\97d,9Tgfg^ + \gTdkgfgf9^ 

+0{h') (2.34) 
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E (A^ ?/V^ (A^ 7/V^ — /)2 [/̂ l̂n^2 J s J 4 I J l J3^ i2 J 4 _|_ ^ i l^U J2„ i3 
y^p+iy) ••• \^p+iy) — ri ^gj g^ g^ g^ + g^ g^ g^ g^ + gj g^ g^ g^ 

+0(/i3). (2.35) 

Direct computation of these moments (as in (2.28)-(2.31)), when applied to the 

numerical scheme of the present investigation, reveal that a sufficient condition for 

second order accuracy is that the nonlinear system (2.7) holds. That is, if (2.7) is 

satisfied, the Runge-Kutta scheme (2.4)-(2.6) is of weak second-order accuracy for 

scalar stochastic differential equations as well as for systems. 

For the nonlinear system (2.7), there are an infinite number of solutions. All 

solutions are of the following forms. 

One set of solutions is: 

71 = 

72 — 

73 = 

74 -

b' 

1 + 26̂  - 262 
2b{2b^a'^ - 2ba^ + 2a - 6) 

a' 

Uab^ + ia'^b^ - Sa^b"^ + Aa^b'' -iab + 1 
\ 2b{2b^a^ - 2ba^ + 2a-b) 

(a - b)' 
^^ (2ab^ - 2ab -f 1)^ 

where a, 6 are arbitrary constants. 

Another set of solutions is 

.2 
7i = a 

72 = -a'^ -\-l 

1 
^^ " 4a2(a-l)2(a + l)2 

74 = 0 

75 = b' 
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where a^ = | ± |z and b is an arbitrary constant. 

Remark 2.2 Notice that for this class of methods there are no solutions exist 

such that 72 and 74 are simultaneously nonnegative. Thus, when computationally 

implementing these methods, complex arithmetic must be used. 

2.3 A Variance Reduction Technique 

The variance reduction technique described by Chang [7], can be modified to 

the proposed scheme to generally reduce the stochastic error involved in estimations 

of expectations. For this scheme, a modified Chang's variance reduction method 

takes the following form. 

Let i = 0, then the method (2.4) - (2.6) for 2/1 is 

2/1 = yo-^jihfiyo) + \pihg{yo)vi 

+-i2hf{Ki) + ^fnhg{Kl)T]2 

+74/1/(7^:2) + \liAhg{K2)r]2 

where 

Ki = yo'^73hf{yo) + \fl3hg{yo)vi 

K2 = yo + 75hf{yo) + \/l5h9{yo)Vi-

Consider F(yi). Expanding F(yi) in a Taylor series about 0̂ gives 

F[y^) = F{yo)^-F'{yo)[lihf{yo)-V\[lJi9{yo)Tli+l2hf{ki) 

+ \fl2h9{h)ri2 + lAhf{k2) + \llAhg{k2)ri^\ + ... 
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Define F*(?/i) by 

F%yi) = F{yo) + {F{y,)-F{yo) 

-F'{yo)ly7ihg{yo)m + \[l2hg{Ki)r]2 

-^yfuhg{K2)r]i]}. 

Notice that EF*{yi) = EF{yi) but by the subtraction of stochastic terms of 0(/i2), 

it is likely that Var{F*{yi)) < Var{F{yi)). 

In general, for the kth step. 

F*{yk+i) = F\yu) + {F{yM)-F{yk) 

-F'{yk)l\fnh9{yk)vi 

+\[l2hg{Ki)r]2 + \llAhg{K2)r]^]} 

where 

Ki = yk + l3hf{yk) + \[l3hg{yk)rii 

K2 = yk-^l5hf{yk) + \/l5hg{yk)vi-

It is evident that EF*(yk+i) = EF{yk+i) and because of the subtraction of the 

stochastic terms at each step, it is likely that Var {F*{yk+i)) < Var {F*{yk+i)). 

2.4 Numerical Examples 

In this section, numerical examples are presented to illustrate the method and 

support the theoretical results. For the sake of simple comparison, the results 

obtained using the Euler Method are compared to the results obtained by the pro

posed method. Approximate solutions, which are obtained by the Euler method. 
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are denoted by y and those obtained by the proposed method are denoted y. The 

two particular solutions of the nonUnear system (2.7) that are used here are 

7i = 73 = 1, 72 = - 7 4 = - , 75 = 0 

and 

1 1 . 1 1 
7i = 73 = - + -«, 72 = - - -«, 74 = 75 = 0. 

The first set of values are used in Examples 2.1 and 2.3 and the second set 

are used in Examples 2.2 and 2.4. (Similar results are obtained if both sets are 

applied to the same problem.) Notice that the proposed method is significantly 

more accurate than Euler's method for the problems considered. 

Example 2.1: Consider the linear stochastic differential equation 

dy{t) = {l + y{t))dt + {l^y{t))dW{t) 

2/(0) = 1. 

Using Ito's formula, it can be shown that E{y(t)) = 2e* - 1 and thus the 

exact value of E{y(l)) = 4.43656. With 50,000 independent trials, E{y{l)) was 

estimated using Euler's method and the proposed method. The results are sum

marized in Table 2.1. 
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Table 2.1: Comparison Between the Proposed Method and Euler Method for the 

Computation of £;(^(1)) of the Linear Stochastic Differential Equation of Example 

2.1 

Euler Method 

h 
1 
2 
1 
4 
1 
8 
1 

16 

^(^(1)) 

3.48106 

3.88481 

4.18125 

4.30264 

E{y(l)-y{l)) 
0.9555 

0.55175 

0.25531 

0.13392 

Proposed Method 

^(^-(1)) 

4.31300 

4.41673 

4.43269 

4.43801 

E{y{l)-m) 
0.12356 

0.01983 

0.00387 

0.00145 

Example 2.2: Consider the nonlinear stochastic differential equation 

dy{t) 

2/(0) 

= l-y^-\-6y^]dt-^y^dW{t) 

= 1. 

Using Ito's formula, it can be shown that 

E{y\t)) = 6At^ + ̂ t^ + -^t^^ 
656 . 2660 . 49145 o 665 o , 41 

r + — r + —t -t-1 
243 9 3 

and thus the exact value of E{y^(l)) = 869.0206. E{y\l)) was estimated using 

Euler's method and the proposed method. The results are summarized in Table 

2.2. 

Example 2.3: Consider the nonlinear system 

dy,{t) = -dWi{t) + yl{t)dW2{t) 

dy2{t) = .^y2{t)dW,(t) 

2/1 (0) = 2/2(0) = 1. 
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Table 2.2: Comparison Between the Proposed Method and Euler Method for the 
Computation of E{y'^(l)) for the NonUnear Stochastic Differential Equation of 
Example 2.2 

Euler Method 

h 
1 
2 
1 
4 
1 
8 
1 

16 
1 

32 

E{f{l)) 
154.303 

328.385 

518.406 

666.846 

757.314 

E[y\l)-f(l)] 

714.903 

540.821 

350.800 

202.36 

111.892 

Proposed Method 

Emi)) 
529.062 

734.396 

825.905 

857.376 

866.982 

E[y'(l)-f{l)] 

340.144 

134.810 

43.301 

11.830 

2.224 

Table 2.3: Comparison Between the Proposed Method and Euler Method for the 

Computation oi E(y^{l)) for the Nonlinear System of Example 2.3 

Euler Method 

h 
1 
2 
1 
4 
1 
8 

E{yKi)) 
2.39079 

2.75605 

3.00963 

Ely'M - yKi)] 
0.930336 

0.565076 

0.311496 

Proposed Method 

E{yKi)) 

3.13550 

3.27299 

3.33286 

ElyKi)-yl{l)] 
0.185626 

0.048136 

0.011734 

Using Ito's formula, it can be shown that E(y\{t)) = fet* -F t - | and thus the 

exact value oi E{yl{l)) = 3.321126. Applying Euler and the proposed methods 

for the estimation oi E{yl{l)), the following results are obtained. See Table 2.3. 
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Example 2.4: Consider the equation given in Example 2.2, above. E(f(l)) was 

computed along with the variances involved in this estimate. When applying the 

modified Chang's reduction method, a significant reduction of the variances was 

observed. See Table 2.4. 

Table 2.4: Variance Reduction Method Apphed to the NonUnear Equation of Ex
ample 2.2 

No Variance Reduction 

h 
1 
2 
1 
4 
1 
8 
1 

16 
1 

32 

^(^-'(1)) 

529.062 

734.396 

825.905 

857.376 

866.982 

Computed Variance 

0.840165 X 10^ 

0.207047 X 10^ 

0.288426 X 10^ 

0.324906 X 10^ 

0.331204 X 10^ 

Modified Chang's Variance Reduction 

E{f{l)) 
529.025 

733.571 

825.462 

856.255 

865.125 

Computed Variance 

0.617704 X 10^ 

0.135788 X 10^ 

0.186812 X 10^ 

0.201052 X 10^ 

0.20465 X 10^ 



CHAPTER III 

A RECURSIVE DISTRIBUTION NUMERICAL METHOD 

FOR APPROXIMATE SOLUTION OF 

STOCHASTIC DIFFERENTIAL EQUATIONS 

3.1 Introduction 

In Chapter II, a numerical scheme for solution of stochastic differential equa

tions was developed. In that approach, as well as most standard numerical schemes 

for approximate solution of stochastic differential equations, the computation of 

many approximate paths of the solution was required. Expectations of functions of 

the solution can then be estimated using the sample paths. Generally, thousands 

of sample paths are required in order to obtain approximations with low variation. 

In this chapter, a new numerical approach for solving stochastic differential 

equations is developed, analyzed and numerically tested. In this approach, prob

ability distributions of the sample paths at successive time steps in a numerical 

procedure are shown to satisfy a recursive integral equation. These probability 

distributions are approximated by solving the integral equation numerically. The 

advantage of this approach is the elimination of the need of computing sample 

paths of the solutions. This approach will also be used to approximate the solu

tion of the difficult first-passage problem. 

3.2 Formulation of the Method 

Consider the scalar stochastic differential equation 

dy{t) = f{y{t))-^g{y(t))dW{t). (3.1) 

33 
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Approximately solving (3.1), using Euler's method, on [0,At] at t = 0, gives the 

equation 

y{At) -yo- f(yo)At 
gl/^^^ = W{At) - W{0). (3.2) 

But W{t) is normally distributed and satisfies 

E{W{t-s)) = 0 

E{W'^{t-s)) = t-s. 

These facts imply that the left-hand side of (3.2) is normally distributed with mean 

0 and variance At. This can be expressed by writing 

y{At) - [yo + f(yo)At] 

9{yo) 

or equivalently [19], 

y{At) - [yo + f{yo)At] 

N{0, At) 

iV(0,l). 
giyo)VAi 

Hence, at time At, y is a random variable which is normally distributed with mean 

l_i = yo-\-f{yo)At and standard deviation a = g{yo)\/~Ai. Therefore, the probability 

density function of y is expressed by the relation 

Now consider the time step 2At for Euler's method approximation to (3.1). 

Letting 

where ii{z) = z-\- f{z)At and a(z) = g(z)VAi, it is straightforward to show that 

/

oo 
Po{z)N{y,z)dz 

-oo 
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where Pi{y) is the probability distribution of Euler's method approximation to the 

exact distribution at time 2At. In general, then. 

/

oo 
Pn-i{z)N{y,z)dz (3.5) 

-oo 

is the probabiUty distribution of Euler's method approximation to the exact dis

tribution at time (n + 1)At. 

So, as stated above, it is concluded that the probability distribution of the 

approximate sample paths at successive time steps satisfies the integral equation 

(3.5). A numerical treatment of this equation can be employed. In section 3.4, 

closed Newton-Cotes formulas are used for numerical solution of (3.5). 

By construction, then, Pniy) is the probability distribution associated with 

Euler's approximation to (3.1). This leads to the following: 

Theorem 3.1 Let the exact probability distribution of (3.1) at time step tn be 

P{y,tn). Then Pn{y) as defined by (3.5) converges to P{y,tn) in distribution with 

order h. 

Proof: For Euler's method, it is known that the mean square error is of order h. 

That is, 

E{\yitn)-yn{tn)\')=0{h). (3.6) 

By Chebyshev's inequality, we have 

prob {\yn - 2/1 > e) = prob {\yn - 2/P > e^) 

< 4 ^ (|2/n - 2/1') • (3.7) 
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Substituting (3.6) in (3.7), we have 

P r o b ( | ^ , - y | > e ) < - ^ . (3.8) 

So, mean square convergence impUes convergence in probabiUty. 

Now, 

prob(?/^ < a) < prob(|y„ - 2/1 > e and ?/ < a + e). 

Hence, 

prob(?/^ < a)< prob(||/„ - ?/| > e) + prob(?/ < a -f- e) 

which implies 

prob(y^ < a) < -A1 + prob(?/ < a + e). (3.9) 

Similarly, 

prob(?/ < a - e) < — ^ + prob(?/^ < a). (3.10) 

As e is arbitrary, inequalities (3.9) and (3.10) imply 0{K) convergence in distribu

tion. Also, note that it can be shown that local error in distribution is 0{h?). 

3.3 First-Passage Time 

3.3.1 Introduction 

In many apphcations, it is required for a random process y{t) to stay within a 

prescribed safe region for a given time interval with sufficiently high probability. 

For example, in structural engineering the displacement of the system is often used 

as a critical response parameter. If the excitation is a stochastic process, then so is 

the displacement and hence failure may occur when the displacement process exits 

the safe region [27]. The time T to the first exist of the safe region is called the 

first-passage time and is considered as a measure of the lifetime of the structure. 
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Exact values of the statistics of T are unfortunately not available even for the 

simplest dynamic systems. Hence, numerical methods are needed. CardnaU [8] 

discusses methods for computing first passage time statistics in the case where the 

process y{t) is the response to stationary white noise excitation of a Unear single-

degree-of-freedom vibratory system with Ught damping. Roberts [43] discusses the 

apphcation of a particular class of methods that can yield exact statistics for T 

when employing Markov process theory. Finite element methods are also used, 

see for example [5]. Langtangen [27] discusses the behavior of different numerical 

strategies in some model problems such as in the effect of filtered white noise 

excitation. 

In this section, a new formulation for approximating the first-passage time is 

discussed in the light of the theory developed in section 3.2. This formulation is 

analyzed and numerically tested. First, it is known that ii P{x, t) is the non-exiting 

probability density for position x and time t for safe region a < x <b, then 

-b 

s{t) = f P{x,t)dx 
Ja 

is the probabiUty of no exit from [a, b] at time t and 

h(t) = --r f P{x,t)dx 
dt Ja 

is the frequency function for the first-passage time [3]. 

3.3.2 Approximate Formula for the First-Passage Time 

On the interval [a, b], define for each n 

P f ) = / ^ -~~^ -1 W ^ ( ^ ' ' ^ ^ ' ^ ^<y<b 
^^y^ I 0, elsewhere 



38 

where N(y,z) is given by (3.4). Then, 

"6 

^-^y^ = J^ Pn-i{z)N{y,z)dz. (3.11) 

If we define ô to be the approximate probabiUty of exiting the interval [a, b] at 

time to, then 

fb . 
90 = 1- J^ Po{y)dy (3.12) 

where PQ is as defined in (3.3) and hence, the approximate probability of exiting 

the interval [a, b] at time t„ is given by 

9n= f Pn(y)dy- f Pn+i{y)dy 
Ja Ja 

or 

^- = / [Pn{y) - Pn+i{y)) dy (3.13) 

where Pn-i(y) = P{tn-i,y). Based on the above discussion, a new formula for 

approximate mean first-passage time is obtained. 

Let T be the mean of the first-passage time. Then 

oo 

T ~ 2^ tnqn 
n=0 

where qn is given in (3.13). 

To justify this approximation, consider the following argument. The distribu

tion of the first-passage time to the boundaries can be obtained by noting that 

as time proceeds, part of the total probability is lost at the boundaries. Let the 

frequency function of the first-passage time to the boundaries be h{t). Then 

/ h{t)dt^qn. (3.14) 
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This gives, 

h(tn)At ^ qn (3.15) 

where At = t„ — t„_i. 

If we let T be the mean of the first-passage time, then we have 

fOO 

T = / th{t)dt 
Jo 
oo 

~ J2Ktn)tnAt 
n=0 

oo 

~ Yl^nqn (3.16) 

which is the required result. It is shown in Corollary 3.1 that this approximation 

is of order h. 

The following Theorem gives several formulas for the first-passage time. 

Theorem 3.2 Let 
rb 

s{t) = / P{x,t)dt. 
Ja 

where P{x,t) is the non-exiting probability density for position x at time t. Then 

the mean of the first passage time, T, is given by 

/•oo /-oo rb fOO d ( [^ \ 

^ = L (̂*)'* = i jj(^.t)dxdt = -l t^^l^lp(x,i)dxjdt. 

Proof: Let h{z) be the frequency function of the first-passage time to the boundaries. 

Consider 

s{t) = l- fh{z)dz. (3.17) 
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The probabiUty of the first-passage time on the interval [t, t + At] is given by 

s ( t ) - s ( t + At). So, 

oo 

s{0) = l = J2[s{tj)-s{tj + At)] (3.18) 
3=0 

where tj = jAt and j = 0,1, 2,.. 

Also, 
oo 

'E = Y.tj[s{tj)-s{tj + At)] for At^ 0. (3.19) 
3=0 

As At ^ 0 in (3.19), we have 

T = to[s(to)-s(ti)]+ti[s(ti)-s(t2)] + ... 

= to5( to) + ( t i - t o ) s ( t i ) -f (t2 - t i ) s ( t 2 ) + 

oo 

3=0 

Thus, 
"OO 

T 
/•oo 

= / s{t)dt (3.20) 
io 

or. 
-oo rb /•oo /.o 

T = / / P{x,t)dxdt (3.21) 

or. 
T = - r t—if P{x, t)dx] dt. (3.22) 

In particular, note that (3.11), (3.16) and (3.21) imply that 

oo oo »5 

T^Y,tng„=J2h P„{y)dy. (3.23) 
„=0 n=0 •'" 
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Example 3.1: Let p(.r,t) satisfy 

Mx^ ^ d^p(x, t) 1 1 

dt dx^ ' ~2^''^2 

p(x,0) = 6{x). 

Then, 
oo 

p{x, t) = Yl 2e-(2"+^) '̂̂ ^^cos(2n + l)7rx. 
n=Q 

Now. 

[ p{x,t)dx = f 4e-^(n+i)V. £!!^(2r^^l)l 
•̂ ^ ^0 (2n -H l)7r 

°° 4p-(2n+l)2 

S . (2^ + 1)^ 

and hence. 

'OO rb /•oo rO 

^ ~ p{x,t)dxdt 
Jo Ja 

4(-l)" 
'o J a 
oo 

5 (2n + 1)%̂  

On the other hand. 

"oo r^ dp{x,t) /•oo rd 

T = - t "''\'"'dxdt 
Jo Jo ot 
oo oo 

*dt 
/•oo ^^ „ 

/ E ( - l ) "^ ' (4 ) (2n + l)7rte-(2"+i)^" 

(-l)"(4)(2n + l)7r 

k=0 
oo 

= E 
n=0 
oo 

(2re + l)%< 

^ 4 ( - l ) " 

„fo (2n + 1)%! 

The following lemma is needed for the proof of the next theorem. 
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Lemma 3.1 Let C be the elliptic operator associated with the transition probability 

(1.18), that is 

C = -a{t,y)l + \b{t,y)-^ (3.24) 

where a and b are the drift and diffusion coefficients such that corresponding func

tions f and g satisfy conditions in Theorem 1.2. Suppose that P{t,y) satisfies 

Kolmogorov's equation 

dPit,y) ^ , , 
^^ =jrp{t,y), tn<t<tn+i, a<y<b (3.25) 

with boundary conditions 

P{t,a) =P{t,b) = 0 

and initial condition 

P{tn,y) given ^y G (a, 6). 

Also, define P{t,y) = 0 for y > b or y < a. Assume that Q{t^y) satisfies (3.25), 

that is 
dQjt, y) 

dt 

with initial condition 

= CQ{t, y), tn <t < tn+i, -oo <y < oo (3.26) 

Q(t ) = i ^(^"'^)' ^<y<^ 
I 0, otherwise. 

Then, 

t P{tn + At, y)dy - f Q{tn + At, y)dy = 0{h') (3.27) 
Ja Ja 

where h = At. 

Notice that P(t, y) for t^ = 0 is the exact exiting probabiUty for a specified P(0, y). 



Proof: By (3.25) and (3.26), 

Cn+l "' 3P(«,2/), , , / ' 
tn Ja 

and 

fln+l r ()U(t,y) ftn + l rb 

Thus, 

and 
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(3.28) 

(3.29) 

/ P{tn+i, y)dy = f P{tn, y)dy + At / ' CP{tn, y)dy + 0(At2) (3.30) 
Ja Ja Ja 

I Q{tn+uy)dy= f P{tn,y)dy + At I CP(tn,y)dy + 0[At^). (3.31) 
Ja Ja Ja 

Subtracting (3.31) from (3.30) yields (3.27). 

Now we prove that the difference between the approximate exit probabilities 

given by Euler's distribution Pn+i and the exact exit probabilities given by distri

bution P of (3.25) is of order h. 

Theorem 3.3 Let 

Pn+liy)= I Pn{z)N(y,z)dz 
Ja 

with Pn+i{y) = Ofory<aory>b and 

Pn+iiy)= I Pn{z)N{y,z)dz 

(3.32) 

(3.33) 

with Pn{y) = P{tn, y) defined in Lemma 3.1. 

Then 

I [Pn+i(2/)-^(Wi,2/)]^2/ 
J a 

= 0{h). (3.34) 
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Proof: Consider 

{Pn+i{y)~P{tn+i,y)) = [Pn+i{y) - Pn+i(y) 

+ Pn+i{y) - Q{tn+uy) + {Q{tn+uy) - P{tn+uy)) 

with Q(tn+i,y) defined in Lemma 3.1. 

Integrating over (a, 6) and using (3.32) and (3.33), 

-6 rb 
I {Pn+i{y) - P{tn+uy)) dy = j ^ j^ {Pn{z) - P(tn. z)) N{y, z)dzdy 

+ J^ [Pn+i{y) - Q{tn+i,y)j dy 
rb 

+ / {Q{tn+i,y) - P{tn+uy))dy. 
Ja 

Using Theorem 3.1, Lemma 3.1, and taking absolute values. 

{Pn+l(y) - P{tn+1, y)) dy < J' I ' [Pn{z) - P{tn. z)) N{y, z)d 

+0(/i')-fO(/i'). 

dy 

Thus, 

b 

I (Pn+i{y) 
Ja 

Pitn+l,y)) dy < I J 5 f ^ , ^ ( 2 / , Z) ^ {Pn{z) - P{tn, z)) dz 

+0{h'). 

dy 

But 

/ 
Ja 

max N{y,z)dy < 1. 
a a<z<b 

Thus, letting 

Cn+l — 

-oo 

'oo 

{Pn+i{y)-P{tn+i.y))dy 

gives 

en+i<en + 0(/i ') . 
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Thus, ioin = N where Nh is a fixed quantity, 

CN = 0{h) 

as required. 

Corollary 3.1 Let Tg be the exact mean of the first-passage time and Ta be the 

approximate mean of the first-passage time of (3.23) for position x and time t for 

the safe region a < x < b. Then 

\Te-Ta\=0{h) 

Proof: Let Nh = r where r is chosen sufficiently large so that 

/•oo rb 

/ / P{x,t)dxdt 
JT Ja 

is negligible, then from (3.21) and (3.23) we obtain 

Te-Ta = r f P{x, t)dxdt -Y.^ I Pn{x)d: 
Jo Ja m—f\ Ja n=0 
N 

= Eh 
n-0 

ro ro ^ 
j P(x,nh)dx — / Pn(x)dx 

J a Ja 

+ 0(/i). 

By taking absolute values and using Theorem 3.3, the required result is obtained. 

3.4 n-Dimensional Case 

Consider the system 

?z+i =m + hfiyi) + Vh G(yi)m (3.35) 

where / is a real valued n-dimensional vector, fji is an n-dimensional standard 

Wiener process and G is an n x n matrix. 
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Equation (3.35) can be written as 

Si = BS (3.36) 

where 

Si = yi+i -yi- hf{yi) 

and 

B, = VhG{yi). 

Since ?7i,... 77n are independent normally distributed random variables, then 

P{rf) = P{vi)P{r]2)---P{Vn) 

1 M ^ 2 
(27r)2 V ^i=i 

Hence, 

^ ( ^ ^ ) = ( ^ ' " K 4 ^ " ^ i 
So, 

P{fj)dff= — - | : exp [-^fvj dfj. 

In order to determine P{S)dS where S = Bi], we consider the foUowing two 

cases: 

Case I: B is nonsingular. 

In this case, 

fi=B-'S 

and 

df!=\B-^\dS. 



where 

\B-^\ = det(B) 

Thus, 

Hence, 

where 

p„+i(j?) = / • • • / Pnimiy, ^dz 

H(y,^ = • — exp (-'^-S^B-'YB-^S) \ B ' \ 

and 

S = y- z-hf{z) 

B = VhG{z). 

As an example, consider the system 

2/.-+1 = y f + hfM) + VA Sn(2/l))7f' + Vh gn{y.)vf^ 

y|? = y'i'^ + hhiyd + ^ gnifdv?-''+ Vh g22{y-i)v?''• 

Suppose that 

G{yl) = 
9n 9i2 

921 922 

is nonsingular for each yi. That is 

A = c/11̂ 22 - 1̂25̂22 / 0 for each yi 

47 

P{S)dS= - ~ exp (^-l5^T(5-i)T . ^ - 1 ^ ^ \B-'\dS. (3.37) 

(3.38) 

(3.39) 

(3.40) 

(3.41) 

Then 

>-i B-' = V^A 
— ̂ 22 ^12 

5^21 - ^ 1 1 



and. 

where B'^ = B-\z). 

Case II: B is singular. 

In this case, a form like (3.37) cannot be obtained. Instead one uses 
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X exp (^-i [y- z- hf{z)Y {B-')""B'' [y - z- hf{z))^ dz,dz2 

P{S)dS - P{Si)dSixP{S2\Si)dS2xP{S3\Si,S2)dS3X 

xP[Sn\Sn-l, ..., Si)dSn- (3.42) 

As an example, consider the following system 

2/ffi = yl'^ + hfM) + y^ 9n{yl)rj' 

yl% = y? + hf2{yi) + Vh g2M)v'• 

(3.43) 

(3.44) 

Here, 

is singular. Let 

G{yi) = 
9ii 0 

2̂1 0 

^1 

S2 

y\'^i - y\'^ - hfiiyl) = Vh gn{yi)vi 

2/£\ - 2/f ̂  - hf2{y-l) = V^ 92i{yi)Vi 

(3.45) 

(3.46) 

Then, 

^ ( ^ i ) = -rr 27r \/h gu 
exp 

1 s! 
2 hgl. 

(3.47) 



49 

Notice that 

^2 ^ S, 

Vhg2i{y) VhgniyY ^ '̂̂ ^^ 
Thus, 

P(5.|50 = 5(5.-|p5.). (3.49) P21 
J. v ^ 2 | ^ i ; - V \ 0 2 -

But, 

P{SuS2) = P(S,)dSiP{S2\Si)dS2. 

Hence, 

1 f ^ sf 
P{Si,S2)dSidS2 = ——j= exp 

27rVhgn{y) "^ \ 2 hg^y) 

x6(s2- ^ ^ S,] dS,dS2. (3.50) 

Thus, 

R > f-^ ffr..-^. 1 f l ( ^ ^ ^ W l ) - / . / i ( i ' ) ) ' 
Ui(2/) = / / Pn{z)^== — exp -- ^ — ^ 

J J V2Trhgn{z) 1 2 hgn{z) 

xS [y^'^ - z^'^ - hf2{z) - | l | | (y(^) - .(^) - hf,{z))^ dz,dz2. 

(3.51) 

Suppose that 

,p) - . p ) V ( i ) - ^ ( , « - . w - ftA(f)) 

can be written as 

/'^G - H 

where 
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Then (3.51) has the form 

P„+i(f) = jP„{z('\F) 
2T:Vhgn(z(»,F)G 

1 y'-»-zW-hf(z('\F)\ 

where 

As a particular example, consider the special case where in (3.45) and (3.46) 

fM) = 2/?̂  + 2/?\ f2(m) = y?^ 

9n(yi) = 1, 921 = {yi) = yf^^-

In this case (3.51) becomes, 

Pn^M ^ JIPniz)^=^^exp^--^- L^ 

X6 (2/(2) _ ^(2) _ hz(') _ ^(1) (^(1) _ ^(1) _ / . ^ l ) _ / ,^(2))) 

X(iz(i)rfz(2). 

Notice that 

S (3/(2) - (̂2) _ h/^) - ^W (yd) - zW - ft^d) - hz'-'^)) 

= ^ (y(2) _ ^(2)(1 + /,) - ^(Dj/d) + ^d)^ + hz^'^' + hz'-'h'-'^) 

= 6 (yp' + z^'\-l -h + h/'l) - z^'¥''> + ^" ' ' (1 + h)) 

^ S (^(2)(_i _ A + h/^)) + yp) - ^Wyd) + 2("'(1 + /i)) . 

Let 
^ m rn m\ -j/P) + z " V " - ^'"^(1 + fe) 



51 

then 

"\y ) I -i-h+hzm^^^^'^^y 2 h j'^' 

3.5 Numerical Examples 

Example 3.2: Consider the stochastic differential equation 

dy{t) = -y{t)dt^dW(t) 

2/(0) = 1. 

Using Ito's formula, it can be shown that E(y{t)) = e"* and E{y'^{t)) = | ( l + e~2*). 

In Table 3.1, we used the proposed recursive distribution method to approximate 

E{y{t)) using h = .01 and various values of t. Notice how the results were improved 

by extrapolation using h = .01 and h = .02. In Table 3.2, the same study was done, 

but for E{y'^{t)). Note that it is reasonable to apply a Richardson extrapolation 

to increase the accuracy of the approximate values as D. Talay [49] showed that 

extrapolation can increase the accuracy of Euler's method apphed to stochastic 

differential equations. 

Example 3.3: Consider the nonlinear stochastic differential equation 

dy(t) = a{y)dW{t) 

2/(0) = 1 

where 
f V ^ 0 < ^ < 1 

'^y^ = \ ^ i ^ ^ ) l<2/<2. 

For 0 < 2/ < 2 the exact first-passage time is 1.00. Using the approximate methods 

proposed by this chapter, the following results are obtained (Table 3.3). 
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Table 3.1: Recursive Distribution Method With and Without Extrapolation for 

Estimation of E{y(t)) for the Stochastic Differential Equation of Example 3.2. 

u 
.06 

.12 

.18 

.24 

.30 

Exact Value 

E{ym 
.941765 

.886920 

.835270 

.786628 

.740818 

No Extrapolation {h = .01) 

E{ym 
.932063 

.877519 

.826166 

.777818 

.732300 

E{y{U)) - Eiy{t,))\ 

.00970 

.00940 

.00910 

.00881 

.00852 

With Extrapolation {h = .01, .02) 

EiyiU)) 
.941759 

.886914 

.83526 

.786613 

.740803 

E{yit,)) - E(y{tM 

.000006 

.000006 

.00001 

.000015 

.000015 

Table 3.2: Recursive Distribution Method With and Without Extrapolation for 

Estimation of E{y'^{t)) for the Stochastic Differential Equation of Example 3.2. 

ti 

.06 

.12 

.18 

.24 

.30 

Exact Value 

E{ym 
.943460 

.893314 

.848838 

.809392 

.774406 

No Extrapolation {h = .01) 

E{yl) 
.934700 

.885596 

.842072 

.803492 

.769296 

E{yh-E{m 
.00876 

.00772 

.00677 

.00590 

.00511 

With Extrapolation {h = .01, .02) 

Em 
.943266 

.893128 

.848662 

.809222 

.774246 

E{yh-E{y^)\ 

.000194 

.000186 

.000176 

.000170 

.000160 
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Table 3.3: Approximation of First-Passage Time for the NonUnear Stochastic Dif

ferential Equation of Example 3.3. 

Interval Width [h) 

.02 

.01 

Approximate First-Passage Time 

.986311 

.994068 

Notice that if Richardson extrapolation is applied, the results obtained are 

improved. In particular, for h = .01 and h = .02, the extrapolated value of the 

approximate first-passage time is 1.001825 which is very close to the exact value. 

Examples similar to the foUowing were studied by Langtangen [27] and Toland 

and Yang [52]. 

Example 3.4: Consider a single degree-of-freedom osciUator excited by a white 

noise load with constant spectral density SQ. Assuming that the restoring force 

is a general function of the displacement z and the damping force is linear, the 

governing equation can be written as 

z + 2^woi + f{z) = \l2^oN2{t) (3.53) 

where ^ is the damping ratio wo is the natural frequency and A 2̂(̂ ) is a white noise 

process. 

Suppose that the solution of (3.51) is the Markov process vector {x,,X2f with 

X, = z and X2 = ±1, then (3.51) takes on the form 

dxi{t) = X2{t)dt (3.54) 
dx2{t) = -2^w,X2 - f{xi) + V 2 ^ dW2{t) 

The special case with / ( : . , ) = rr,, ^ = -L '"o = 1 ^"^^ 5o = i will be considered to 
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determine an approximation of the first-passage time of the safe region - 1 < x, < 1 

and -oo < X2 < oo. These values together with the assumption that the initial 

value of X, and X2 at t = 0 is 0 yields the following system 

dxi(t) = X2(t)dt 

dX2{t) = (-.2X2 - Xi)dt + V2 dW2{t) 
xi{0) = 0 

X2(0) = 0. 

Case II of Section 3.4 reveals that 

P2{xi,X2) = r f 6{zi)-^exp( 
J-ooJ~i Vi-Jrh \ 

(3.55) 

Z£2 
4/1 

S{xi - zi- hz2) 
( 

47rh^ exp 4/i3 

V47r/i 

exp 

exp 
\ 

{x2-Z2{\-^^^hz^ 
4h 

\ 

J 
( 

\ 

- (^2-f ( i - i )y 
4/1 

dz\dz2 

(3.56) 

and in general. 

Pn{Xx,X2) 
roo rl 2 

/ / Pn-l{zi, Z2)S{xi - Zi- hZ2) . 
J-00 J-i \/47rh 

(-{002-Z2{l-l)+hz,y 
xexp 

\ 
4h 

dzidz2 

/_^Pn-l(^l, 
Xi- Zi 

xexp 

h J \/4:7rh^ 

-(^2-(^(l-t)+/^.l)^ 
4/1 

dzi. (3.57) 

Equation (3.57) was numerically solved using a composite sixth-order closed Newton-

Cotes Method. (The form of (3.57) requires equally spaced quadrature points for 

computational efficiency.) The results obtained by the proposed methods for the 

approximation of the first-passage times are summarized in Table 3.4 for h = .25 
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Table 3.4: Approximation of the First-Passage Time for the System of Stochastic 

Differential Equations of Example 3.4. 

Interval Width {h) 

.25 

.125 

Approximate First-Passage Time 

2.2687 

2.3457 

and h = .125. Monte Carlo calculations appUed to problem (3.55) yielded an esti

mated exit time of 2.4209. Thus, the deterministic methods' calculated values are 

very reasonable. 

Remark 3.1 /t appears that Richardson extrapolation can be applied to improve 

the results obtained by the proposed method. In particular, with h = .25 and 

h = .125, the approximate first-passage time using Richardson extrapolation is 

2.4227 which agrees very closely with Monte Carlo results. 
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