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CHAPTER I 

INTRODUCTION 

1.1 Definitions 

In order to understand the historical section of this chapter, it is necessary to 

be familiar with the following definitions. Let x and y be two points and A and B 

be two compact subsets of the metric space Y. Then the distance between A and 

P , denoted by d(A,B), will be defined by inf{d(x,y) : x e A and y e B}, where 

d(x,y) denotes the distance between the points x and y. The distance d{{x},A) 

will be abbreviated by d{x,A). The Hausdorff distance between A and B is denoted 

by M{A,B) and is defined to be mi{e > 0 : A C Ne(P) and B C Ne{A)}, where 

N£(A) = {x : d{x, A) < e}. Figure 1.1 illustrates the concept of Hausdorff distance. 

The following definitions can be found in [4]. A decomposition G of a space Y 

is a collection of disjoint subsets of y , whose union covers Y. This thesis will deal 

with decompositions of the plane with the standard metric, where each member of 

the decomposition is compact. This will allow for the following definitions of upper 

semi-continuous and lower semi-continuous decompositions. 

Definition 1.1.1. If G is a decomposition of E^ and g E G is compact, then G is 

upper semi-continuous at g if and only if for every e > 0, there is a ^ > 0 such that 

if g' eG and d{g',g) < 5, then g' C N,(g). 

Definition 1.1.2. If G is a decomposition of E^ and p 6 G is compact, then G is 

lower semi-continuous at g if and only if for every e > 0, there is a (5 > 0 such that if 

g' eG and d{g',g) < S, then g C Ne{g'). 

A decomposition G of the plane is continuous if it is both upper semi-continuous 

and lower semi-continuous at every g e G. Using the definitions of upper semi-

continuous and lower semi-continuous, this definition can be paraphraised, as in [10]. 

A decomposition is continuous if when two members of the decomposition are close 



together with respect to the standard distance, then they are also close together with 

respect to the Hausdorff distance. 

For an example that deals with all three forms of continuity, consider the de

composition of the plane into points and {^} x [0,1], for n G Z" .̂ This example is 

illustrated in Figure 1.2. The decomposition is upper semi-continuous, but not lower 

semi-continuous, at each of the arcs given by {^} x [0,1], for n G Z" ,̂ and it is lower 

semi-continuous, but not upper semi-continuous, at each point of {0} x [0,1]. The 

decomposition is continuous at the points, which are not contained in either of the 

previously mentioned cases. 

The next set of definitions can be found in [9]. A continuum is a non-degenerate, 

compact, connected metric space. A continuum, in the plane, is considered acyclic 

if it does not separate the plane. The arc, in the plane, is an example of an acyclic 

continuum, whereas a simple closed curve is not. A subcontinuum is a continuum, 

which is a subset of a space. Let F be a continuum and let A C Y. Then Y is 

irreducible about A if no proper subcontinuum of Y contains A. A continuum Y is 

said to be irreducible if Y is irreducible about {p, q} for some p and qinY. A stan

dard example of an irreducible continuum is the arc. The arc is irreducible about its 

endpoints. A continuum is said to be indecomposable if it cannot be written as the 

union of two proper subcontinua. A continuum is said to be hereditarily indecompos

able if each of its subcontinua is indecomposable. An example of a continuum that is 

indecomposable, but not hereditarily indecomposable, is the B-J-K continuum. This 

continuum is described in detail in example 1, on page 204 of [5]. The pseudo-arc is 

an example of a hereditarily indecomposable continuum. It can be characterized as 

a non-degenerate, hereditarily indecomposable, chainable continuum [6]. 

1.2 Historical results 

In the early 1950s, R. D. Anderson [2] constructed a continuous decomposition 

of the plane into non-degenerate acyclic continua and [1] announced the existence of 

a continuous decomposition of the plane into pseudo-arcs. In 1978, W. Lewis and 



J. Walsh [7] were able to verify Anderson's claim. They used a geometric approach 

to construct a continuous decomposition of the plane into pseudo-arcs. 

Using results from E. Dyer [3] and W. S. Mahavier [8], M. Smith [12] was able 

to prove that any continuous decomposition of the plane into acyclic continua must 

contain elements that are indecomposable. This 1976 result caused C. R. Seaquist 

[11] to wonder if any continuous decomposition of the plane into acyclic continua must 

contain a hereditarily indecomposable element. In 2000, C. R. Seaquist [11] developed 

a continuous decomposition of the plane into acyclic continua using techniques of 

Lewis and Walsh [7]. He was able to show that every element of the continuous 

decomposition resulting from his construction contains a straight line segment of a 

given length. Thus, his construction provided a negative answer to his question. 

With his original question answered, Seaquist asked if a continuous decomposition 

of the plane into acyclic continua must have an element that contains a hereditarily 

indecomposable continuum [11]. He made two conjectures about the decomposition 

resulting from his construction. The first conjecture is: for every point in the plane, 

there is a sequence of arcs (each arc in a decomposition element, but not necessarily 

in the same decomposition element), whose limit contains that point. The second 

conjecture is even stronger and states that, for every point in the plane, there is an 

arc A and a decomposition element g such that the point is contained in A, which is 

a subset of g. 

The original goal of this thesis was to prove or disprove Seaquist's second, stronger 

conjecture. This thesis uses the decomposition of the plane, resulting from Seaquist's 

construction. However, the result shown here is, for every point in the plane, there 

is an increasing sequence of nested arcs contained in the same decomposition ele

ment, whose closure contains the point. This result is stronger than Seaquist's first 

conjecture, but it does not prove or disprove his second conjecture. Although the 

consequences of the result contained in this thesis have not been completely explored, 

the techniques of Chapters III and IV may be useful, in the future, for proving or 

disproving Seaquist's second conjecture. 



1.3 Outline of thesis 

Chapter II introduces some notation that will be used in subsequent chapters. It 

also contains an altered version of the Lewis and Walsh construction lemma, which 

primarily follows the revisions made by Seaquist. Then it presents the Seaquist con

struction, which will be used in Chapters III and IV. Chapter III states a lemma 

given by Seaquist about the elements of the decomposition, resulting from his con

struction. Its proof is included with the hope that the terminology and techniques 

used therein will be helpful in understanding the proof of the main theorem. Two 

additional lemmas are included in the proof of this chapter, which will also be used 

in the proof of Chapter IV. Chapter IV contains the main theorem of the thesis. It 

gives a detailed proof of the theorem, which uses techniques similar to those of the 

previous chapter. Chapter V gives an overall summary of Chapters I through IV and 

gives some suggestions for possible future work in this area. 
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Figure 1.1: Hausdorff distance versus standard distance 
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CHAPTER II 

PRELIMINARY MATERIAL 

2.1 Notation 

In order to make the following theory comprehensible, it is necessary to introduce 

some notation. Let p be a set and let P be a collection of sets. Then the following 

notation will be used throughout the paper: 

pep 

2. sti(p,P) = { p ' G P : p ' n p ^ 0 } ; 

3. inductively, st'^^{p,P) = sti(st^(p,P)*, P); 

4. st(p, P) will be used to denote st^(p, P) and will be referred to as the star of p 

relative to P. 

It is important to understand the difference between st(p, P) and st(p, P)*. The 

first expression (without the asterisk) refers to the collection of sets that intersect p. 

The second expression (with the asterisk) refers to the collection of points contained 

in the sets that intersect p. Thus, st(p, P) is a collection of sets, whereas st(p, P)* 

is a collection of points. The distinction between st(p, P) and st(p, P)* is illustrated 

with a sample collection of sets, P , in Figure 2.1. In this case, 

St(p,P) = {p,Pl,P2,P3,P4,P5,P6,P7,P8} 

and 

St (p, P )* = p U pi U P2 U P3 U P4 U Ps U P6 U P7 U P8• 

The definition of the st'(p, P)'s will be important in understanding the construc

tion lemma, which is discussed in the next section. By the inductive definition given 

in 3 of the above notation, st^(p, P) is st(st(p, P)*, P). So, to find st^(p, P) . it is 

necessary to find the star of st(p, P)*. In other words, st^(p, P) is the collection of all 
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sets that intersect st(p, P)*. Figure 2.2 illustrates this concept, using the previous ex

ample of P . In this case, st^(p, P ) is the collection of sets {p,pi,P2, • • • ,^22,^23,^24}-

Now, st^(p, P ) is the collection of sets that intersect st^(p, P)* and, following the same 

inductive definition, st'+^(p, P ) is the collection of all sets in P intersecting sf{p, P)*. 

2.2 Lewis and Walsh construction lemma 

In 1978, W. Lewis and J. Walsh [7] developed a lemma that detailed a process 

for constructing a continuous decomposition of a metric space. It listed four criteria 

sufficient for constructing a sequence of partitions of the space, which could then be 

used to create the continuous decomposition. Lemma 2.2.1 is a revised version of the 

Lewis and Walsh construction lemma, as found in Seaquist's paper [11]. 

Lemma 2.2.1. Let X be a locally compact metric space and { P n } ^ i be a sequence 

so that the following are satisfied for each n G Z"*".' 

1. the collection Pn is a locally finite family of non-empty compact subsets of X 

with Pn* = X, with the elements of Pn having pairwise disjoint interiors, and 

with Cl(Int(p„)) = Pn for each pn G Pnl 

2. for eachpn G P„, st^(p„, P^+i)* C st(pn,P„)*; 

3. there is a positive number L such that for each pair pn,Pn G Pn with Pn^p'n / ^, 

Pn CN , {p'J; 
w 

4. there is a positive number K such that for each Pn+\ G Pn+i, there is a Pn G Pn 

with pn+i npn / 0 and pn C N K^(p„+i). 

00 00 

Let G be defined by g e G if g = Q st(pn, Pn)* where p j p„ 7̂  0; then G is a 
n = l n = l 

continuous decomposition of X. 

A formal proof of this lemma follows in the style of proofs contained in [7] and 

[10]. However, t o understand the lemma, it is helpful to know the purpose of each 
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criterion. The first two criteria guarantee that G is a decomposition and that G 

is upper semi-continuous. Criteria 1, 3, and 4 guarantee that the decomposition is 

lower semi-continous. Since G is a decomposition that is both upper semi-continuous 

and lower semi-continuous, it is a continuous decomposition. In the last two criteria, 

appropriate choices for L and K ensure that decomposition elements of G are close 

to each other. Proper choice of these values also prevents the elements from being 

degenerate. 

2.3 Seaquist construction 

Lewis and Walsh [7] created their construction lemma as a tool for building a 

continuous decomposition of the plane with pseudo-arcs for elements. The Seaquist 

construction [11] has a different objective. Its purpose is to construct a continuous 

decomposition of the plane so that its elements are far from being pseudo-arcs or from 

being hereditarily indecomposable. In other words, the Seaquist construction aims 

to create a decomposition, each element of which contains a straight line segment. 

Although the end result of the two constructions is different, the Seaquist construc

tion follows the methods used in the Lewis and Walsh paper. Thus, the Seaquist 

construction begins with a sequence of partitions, {Pn}?Li, which satisfies the crite

ria of Lemma 2.2.1. Since the cells of P„+i are diflacult to define directly, the cells 

of Qn+i will be defined first. Then a composition of homeomorphisms, i/„+i, will 

be applied to the cells of Qn+i to obtain the cells of P„+i. The partition Qn+i, the 

homeomorphism Hn+i, and the partition P„+i will all be defined using induction. 

The definition of Qi begins with Pi , a partition of the plane into congruent vertical 

strips of infinite length. Given appropriate values of ai, 6i, Ci, and 6i, Pi is refined 

by dividing each strip into finer strips of width Oi and of infinite length. This new 

partition is called Pi and is illustrated, along with Pi , in Figure 2.3. To obtain Qi, 

each strip of Pi is divided into "vertical cells," creating a partition of the plane into 

a collection of cells with disjoint interiors. All the vertical cells of Qi are identical 

with width ai, transverse height bi, and height 6i -t- Ci. The entire collection of cells, 



Qi, partitions the original vertical strips, as well as the plane. Figure 2.4 illustrates 

Qi and Figure 2.5 shows a vertical cell, 91, which is contained in Qi. 

2.3.1 Terminology 

Before continuing the inductive definition of Qn+i, some terminology needs to be 

introduced. The following discussion will refer to vertical cells, but the same concepts 

may be applied to horizontal cells to obtain respective definitions. A horizontal cell 

will be formed from horizontal strips and will look like a vertical cell, which has been 

rotated 90° clockwise. A horizontal cell is illustrated in Figure 2.6. 

A vertical cell has four congruent parts. In order to see this, notice that each 

vertical cell is symmetric with respect to a vertical line through the middle of the 

cell. Separating the cell along this line results in two identical pieces, which will be 

called chevrons. Each chevron is an inverted V and is also symmetric with respect 

to a vertical line through its center. Two symmetric halves result from separating a 

chevron along this line. These halves will be called half-chevrons. Each half-chevron 

is a parallelogram, whose vertical sides will be referred to as its side boundaries. Thus, 

a cell consists of two chevrons or, equivalently, four half-chevrons. 

To continue the discussion on terminology, notice that the two half-chevrons in the 

middle of a cell create a V shape. This will be referred to as an inverted chevron. Thus, 

a cell can also be thought of as a half-chevron joined with an inverted chevron and 

then with another half-chevron. Figure 2.7 demonstrates the methods for obtaining a 

chevron and an inverted chevron of a cell. Figures 2.8 and 2.9 illustrate the concept 

of chevrons, inverted chevrons, half-chevrons, and side boundaries for a vertical and 

horizontal cell, respectively. 

Now that some terminology has been discussed, a homeomorphism hi :R^ —>• E^ 

can be defined so that its inverse /ij"^ straightens the cells in Qi. The homeomorphism 

hi will map all vertical lines onto themselves. In particular, it will map five evenly 

spaced lines in the following way: it will apply the identity map onto lines 1, 3, and 5 

and it will shift lines 2 and 4 up by a distance of Ci. This distance, referred to earlier 
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as part of the height of a vertical cell, can be thought of as a vertical displacement. 

Between these vertical lines, h is extended linearly. The homeomorphism, hi, will be 

used later in the definitions of Hn+i and Pn+i-

Next, it is necessary to understand the efltects of the inverse mapping, /i]"\ which 

will be used in the second step of the induction. The inverse mapping applies the 

identity map onto lines 1, 3, and 5 and it shifts lines 2 and 4 down by a distance of 

Ci. In other words, the inverse mapping removes the vertical displacement, Ci, and 

straightens the cells of Qi. Thus, the image of a cell, qi, under h^^ will be a rectangle 

with width ai and height bi. Figure 2.10 illustrates the placement of the five lines 

and demonstrates the homeomorphisms hi and /i^^ Note that both of these maps 

are uniformly continuous and piecewise linear. 

In order to get Q2 from Qi, appropriate values need to be chosen for S2, 02, 62 

and C2. Once this is done, a horizontal partition can be created by applying /if ^ to 

Qi. This will result in rectangular cells with width ai and height bi. To get P2, take 

the horizontal strips of height 61 and of infinite length that each contain an infinite 

row of the rectangular cells. Figure 2.11 illustrates the method for creating P2. The 

strips of P2 are refined by thinner strips of height 02 and of infinite length to obtain 

the partition P2. Next, P2 is divided into horizontal cells, ^2, of width 02, transverse 

height 62 and height 62 + C2. This collection of horizontal cell is Q2. Figure 2.12 shows 

both P2 and Q2- Notice that the width of each 92 ^ Q2 is actually a vertical distance, 

whereas the various heights of each 92 ^ Q2 are horizontal distances. This is due to 

the fact that a horizontal cell is rotated 90° clockwise. 

Now, /i2 : E^ —)• E^ needs to be defined so that Q3 can be created from Q2. 

The homeomorphism is defined in a manner similar to that of /ii, i.e., its inverse 

straightens the cells 92- The rest of the definitions follow by induction. Given Q„ and 

values oiSn+i, fln+i, ^n+i, and c„+i, the construction continues by inductively defining 

P„+i, Pn+i, Qn-fi and hn+i. The partitions Pn+i and Pn+i alternate between vertical 

and horizontal strips, and Qn+i alternates between vertical and horizontal cells. 

11 



2.3.2 Choosing appropriate values for the contants and Hn+i 

In order to complete the definition of Qn-i-i, appropriate values for ^„+i. On+i, 

bn+i, Cn+i, and Hn+i need to be selected. These values should result in a sequence 

of partitions that satisfies the Lewis and Walsh construction lemma. The following 

selection of parameters results in the decomposition defined in [11]: 

1. choose 5n+i > 0 such that 

\X - x'\ < 6n+l =^ \Hn+l{x) - Hn+l{x')\ < ^ ^ ^ 

for all X, x' G E^ where Hn+i = HnO hn', 

2. l e t Cn+i = 4^715 

3. choose On+i < |^n+i such that a^+i divides evenly into ̂ bn] 

4. let bn+i = |a„+i; 

5. define hn+i so that h~li "straightens" the cells qn+i G Q„+i defined by a„+i, 

bn+i, and Cn+i. 

With the definition of Qn+i complete, P„+i can be defined. To do this, let Hn+i 

denote the composition of the /in+i's, i.e., 

P n + l = HnOhn = hiO---ohn, 

and define Pn+i so that 

P „ + l = {Hn+l{qn-\-l) '• Qn+l € Qn+l}-

By this definition. Pi = {Pi(gi) : ^i € Qi}- In the case where Hi is the identity 

map. Pi = Qi. Now, P2 = {^2(^2) : Q2 ^ Q2} where H2 = h. To obtain P2, hi shifts 

each 92 along lines 2 and 4 and maps them inside of a gi. Figure 2.13 illustrates this 

concept with an individual 92- Similarly, P3 = 1̂ :̂ 3(93) • Q3 ^ Q3} where "̂3 = hioh2. 

So, /i2 shifts each qs along the horizontal lines 2 and 4 to map it into a 92- Then hi 
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shifts each h2{q3) along the vertical lines 2 and 4 to map it into a qi. Figure 2.14 

demonstrates the first shift and Figure 2.15 illustrates the second shift. The result of 

both of these shifts, ps, is shown in Figure 2.16. 
oo oo 

The decomposition elements are defined by ^ = | | st(p„,Pn)* where \\Pn ^ 0-
n = l n = l 

Notice that g is the intersection of the st(pn,P„)*'s and not just of the p„'s. So, to 

obtain g, Figure 2.16 would have to be modified to show 

st(pi , Pi)* D st(p2, P2)* D st(p3, P3)* D • • • . 

13 
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Figure 2.1: The diflference between st(p, P) and st(p, P)* 
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Figure 2.2: Defining stars inductively, st^(p, P) = {p,Pi,P2, • • • , P22, P23, P24} 
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Figure 2.3: The partition, Pi , and its refinement, Pi 

16 



Figure 2.4: A partition of the plane into vertical strips, Qi 
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Figure 2.5: A vertical cell, ^i G Qi 

18 



- b . 

Figure 2.6: A horizontal cell 

19 



Method 1 Method 2 

Chevron 1 Chevron 2 

Figure 2.7: Obtaining a chevron and an inverted chevron of a cell 
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Figure 2.8: Parts of a vertical cell 
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Figure 2.9: Parts of a horizontal cell 
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Figure 2.13: Obtaining p2 from 92 
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Figure 2.14: First step in obtaining p3 
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Figure 2.15: Second step in obtaining p3 
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CHAPTER III 

SEAQUIST LEMMA 

3.1 Lemma 

Seaquist showed that each element of a decomposition of the plane resulting from 

his construction contains a straight line segment of arbitrary length [11]. His result 

is stated more formally in Lemma 3.1.1. 

Lemma 3.1.1. Given s > 0, there exists a continuous decomposition G of the plane 

into acyclic continua so that for each g £ G there exists a straight line segment A so 

that A C g and length{A) > e. 

The remainder of this chapter will prove that, by appropriately choosing the a„'s, 6„'s, 

c„'s, and /i„'s, the construction described in Chapter II results in a decomposition G 

that satisfies Lemma 3.1.1. This proof is included with the hope that it will provide 

some insight into the proof of the main theorem discussed in the next chapter. In 

order to understand either of these proofs, it is necessary to introduce some extended 

definitions and a new term. 

3.2 Terminology 

Before continuing, some of the definitions regarding cells need to be extended 

so that they apply to the stars of cells, i.e., the definitions regarding g„ need to be 

extended to st(g„, Qn)*- Each st(gn,Qn)* will consist of nine cells in Qn- Figure 3.1 

shows an illustration of st(g„,Q„)* and its nine cells. A chevron of st[qn,QnY and 

an inverted chevron of st(gn, Qn)* will each consist of three cell chevrons and a half-

chevron of st(g„, Qn)* will be comprised of three cell half-chevrons. Thus, st{qn, Qn)* 

has six chevrons and twelve half-chevrons total. Figure 3.2 illustrates a chevron and 

an inverted chevron of st(g„, Qn)*- Figure 3.3 depicts two half-chevrons of st(gn, Qn)*-

Observe that the side boundaries of a half-chevron of st(g„, Qn)* are three times longer 

than those of a cell half-chevron. 
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With this extended terminology, the notion of crossing can now be defined. The 

star, st(^„+i,Q„+i)*, crosses a half-chevron of st{qn,Qn)* (this half-chevron will be 

referred to as qP) when st(hniqn+i),hn{Qn+i))* intersects qP and extends beyond 

both side boundaries of qP by a distance of at least 3fe„+i. The distance of at least 

3bn+i is chosen to ensure that the intersection of qP and st(/i„(gn+i), ^n(Qn+i))* is 

a parallelogram. This fact will be needed in the proof of Lemma 3.1.1. Figure 3.4 

shows the half-chevron qP C st{qn,Qn)* being crossed by st(g„+i, Q„+i)*. 

3.3 Proof 
oo oo 

Given e > 0, let g e G, i.e., g = P|st(p„,P„)* such that Q p„ / 0. For 
n = l n = l 

n G Z+, let qn = H'^Pn) and Qn = H-\Pn)- For each n G Z+, /in(g„+i) Hg^ ^ 0. It 

is necessary to show that, for every n G'L'^, there exists a half-chevron of st(g„, Qn)* 

that is crossed by st(q'„+i, Q^+i)*. Assume, without loss of generality, that qn is a 

vertical cell. A half-chevron of st(9„,Q„)* has the same horizontal distance, from left 

to right, as a half-chevron of an individual cell, qn- In both cases, this distance is given 

by \an. So, to show that a half-chevron of st(g„,Q„)* is crossed by st(g„+i,Q„+i)*, 

it is sufficient to show that si{hn[qn+i)•> hn{Qn+i))* has a horizontal distance of more 

than IOn. 

The homeomorphism /i„ shifts points vertically and not horizontally. This means 

that the horizontal distance, from left to right, oisi[hn{qn+i),hn[Qn+i))* is the same 

as that of st(9„+i, Qn+i)*• Now, the height of st(9n+i, Qn+i)* is c„+i -{- 36„+i. Notice 

that this height will actually be a horizontal distance since si{qn+i,Qn+i)* is the 

star of a horizontal cell, which is the star of a vertical cell rotated 90° clockwise. 

Therefore, to show that st(/in(g'n+i), ^n(Qn+i))* extends beyond both side boundaries 

of a half-chevron of st(g„, Qn)* by at least 36„+i, it is sufl[icient to show that 

(cn+i + 36„-i.i) - 36„+i - 2,bn+i > -an, 

i.e., it is sufficient to show that 

C„+i - 36n+i > -On- (3.1) 
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By the choice of c„+i, it is known that c„+i = |a„ . Substituting this into Equation 

3.1 yields 

Thus, it is sufllicient to show 

3 ^^ 1 
-an - 30„+i > -On-

36n+l < Tfln- (3.2) 

Since bn+i = |an+i and a„+i divides evenly into |6n, 

But bn = hon implies 

oOn+l — o^n+1 S ^On — —an-
2 8 16 

Thus, 
3 1 

30n+l < — ^ n < T^n 
16 4 

satisfies Equation 3.2 and the first part of the proof is complete. 

Next, for every n G Z"*", let gj denote the half-chevron of st(g„,Q„)* that is 

crossed by st(g'n,+i, Q^^-i)*. The definition of crossing guarantees that if a half-chevron, 

qP^, of st{qn,Qn)* is crossed by st{qn+i,Qn+i)*, then for any half-chevron, g^+i, of 

st(9n+i, Qn+i)*, hn(qn+i) ^ ^J is a parallelogram that intersects both side boundaries 

of gj. This is demonstrated in Figure 3.4. For n £ Z'^, let Rn,n denote ĝ  and 

for /c G {1 ,2 , . . . , n} , inductively define Pjt.n+i so that Rk,n+i = hk{Rk+i,n+i) H gjj. 

For example, Pe.e = gf and so P5,6 = /i5(^6,6) H gf = ^5(^6) "̂  ̂ s- Thus, R^^e is gg 

mapped back into st(g5, Q5)* and "trimmed" by q^. Figure 3.5 illustrates this process. 

So, Rk,n+i can be thought of as q^^i being mapped from st(g„+i, Q„+i)* back into 

st{qk,Qk)* and being "trimmed" by the appropriate f̂. A: < 2 < n + 1, at each step 

of the way. Using these definitions, the previous result becomes 

Rn,n-}-l = hn[Rn+l,n+l) ^ Rn,n 

is a parallelogram that intersects both side boundaries of Pin,n-
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Let Dn = ql and D^+i = g^^^. Then notice that if P C P>n+i is a parallelogram 

that intersects both side boundaries of Dn+i, then the definitions of hn and of crossing 

ensure that P ' = hn[R) D P>„ is a parallelogram that intersects both side boundaries 

of Dn- See Figure 3.6. This observation implies that since Pn,n+i is a parallelogram 

that intersects both side boundaries of Rn,n, 

Rn-l,n+l = hn-i{Rn,n+l) H P „ _ i , „ _ i 

is a parallelogram that intersects both side boundaries of P„_i,n-i- By induction, 

Ri,n+i = ^i(P2,n+i) n Pi^i is a parallelogram that intersects both side boundaries of 

Pi,i. By definition, Rn,n D Pn,n+i and so 

Rk,n = hk{Rk+l,n) n Pjt̂ A: ^ hk{Rk+l,n+l) H Rk,k = Rk,n+l-

Therefore, 

Ri,i ^ Ri,2 D • • • D Ri,n D • • • • 

Thus, the Pi,„'s are nested parallelograms that intersect both side boundaries of Pi^i. 

The next thing to be proven is that the length of the transverse heights of the 

parallelograms approaches 0 as n goes to infinity. The length of the non-vertical sides 

of the parallelograms is fixed by the width of q^ and can be made to have arbitrary 

length by appropriately changing oi. Thus, if the length of the vertical sides of the 

parallelograms, i.e., their transverse heights, goes to 0, then the intersection of these 
oo 

parallelograms will be a straight line segment A = | | Pi^„ of length greater than e. 
n=l 

Let j G Z"̂  and let TH{Ilij) denote the transverse height of Rij. The first step 

in proving that TH{Rij) —)• 0 as j —)• oo is to show that bj —>• 0 as j —)• oo. To do 

this, recall that bj = ^aj. So, if aj -> 0 as j -> oo, then so does bj. It is given that 

aj+i divides \bj = | a j , which implies that a^+i < | a j . Thus, by induction, it follows 

that . . . < aj+2 < 8^i+i ^ ^ ^ i ^ • • •, which implies that â  -^ 0 as j —>• oo. 

Since it was just shown that 6j —>• 0 as j -> oo, it is sufficient to show that 

TH{Rij) < Sbj. The following argument will be conducted using induction. The 

base case will be proven in Lemma 3.3.1. 
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Lemma 3.3.1. For all j G Z+, TH{Rjj) < 3bj. 

Proof: Notice that there are two possibilities for the base case: either j is odd or j is 

even. To begin with, assume that j is odd. Then Rjj is a half-chevron of the star of 

a vertical cell and TH{Rjj) is the same as the length of the side boundaries of Rjj. 

Thus, TH(Rjj) = 3bj < Sbj. Now, let j be even. Then Rjj is a half-chevron of the 

star of a horizontal cell. Let /i denote a non-horizontal side of Rjj. The slope of li 

can be written as the vertical distance of the half-chevron divided by the horizontal 

displacement of the half-chevron, or as ^ . The same slope can also be calculated by 

the transverse height of the half-chevron divided by the length of its side boundary, 

i.e., as —Ib-̂ ' • Figure 3.7 depicts the two methods for obtaining the slope of li. 

Equating these two quantities and solving for TH{Rjj) yields TH{Rjj) = -^^-

To show that TH{Rjj) < 36 ,̂ it is suflScient to show that ^ | j ^ < 36 ,̂ i.e., that 

^ < 1, i.e., that \aj < Cj. Recall that Oj divides evenly into \bj-i = | a j - i and that 

Cj = |a j_i . These statements imply that ^Oj < ^flj-i < jO'j-i = Cj, i.e., \aj < Cj. 
3aib Thus, TH{Rjj) = ™ - < Sbj. Therefore, regardless of whether j is odd or even, it 

has been shown for the base case that TH{Rjj) < 3bj. • 

Next, let i G Z"̂  so that 1 <i < i-\- 1 < j . By the induction hypothesis, assume 

that TH{Ri+ij) < 3bj. Lemma 3.3.2 will prove the inductive step. 

Lemma 3.3.2. Let i £l^ so that I < i < i + 1 < j . IfTH{Ri+ij) < 3bj, then 

TH{R.,j) < 3bj. 

Proof: Recall that Rij = hi{Ri+ij) n gf. As in the base case, there are two cases 

to consider: when i is odd and when i is even. First, let i be odd. Then gf is a 

half-chevron of the star of a vertical cell and hi will shift points of Pi+ij vertically 

by a distance of ĉ . Since hi translates vertical lines onto themselves, TP"(Pi+ij) will 

be preserved by hi. Therefore, TH(Ri,j) = TH{Ri+i,j) < 3bj. See Figure 3.8. 

To conclude the proof of Lemma 3.3.2 and the induction, it is necessary to 

show that if i is even and TH(Ri+ij) < 3bj, then TH(Rij) < 3bj. If i is even, 

then qf is a half-chevron of the star of a horizontal cell and it can be shown that 
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TH(Ptij) < TH{Ri+ij). To see this, let I2 denote a non-horizontal side of the paral

lelogram Rij and let slope{l2) denote the slope of I2. The slope of I2 can be written 

as the transverse height of Rij divided by the transverse width of Rij (call this width 

Ax), i.e., 

slopeik) = ^ ^ M . 

The same slope can also be written as the height of gf divided by the horizontal 

displacement of/2, call this displacement Ci-6x (exactly what Sx denotes will become 

clear in the next paragraph). In other words, 

slope(l2) = 
4(ci - 6x)' 

Equating the two expressions for the slope of I2 and solving for TH{Rij) results in 

The two methods for computing the slope of I2 are demonstrated in Figure 3.9. 

Now, hi shifts points of Ri+ij horizontally and, since it translates horizontal lines 

onto themselves, it will preserve the horizontal distances Sx and Ax. So, looking 

at h~^{q^), gf^i, and Pi+ij , values can be obtained for 6x and Ax. Let 3̂ denote 

a non-vertical side of Ri+ij- The worst case would occur when the slope of I3 is 

negative and Ri+i,j intersects gf^i along both of the horizontal sides of Pi+i j in such 

a way that /3 coincides with the shorter of the two diagonals of gf^i. This case cannot 

actually occur, but it will provide a lower bound on the absolute value of the slope 

of /3 and establish an upper bound on the length of TH{Rij). Let slope(l3) denote 

the slope of ^3. This slope can be written as the negative of the transverse height of 

Ri+i,j divided by the transverse width of Pf+ij, i.e., it can be written as 

-TP'(Pi+ij) 
slope{ls) = 

Ax 

Solving for Ax yields 

Ax = = ^ ^ ^ ^ - (3.4) 
slope{ls) 
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The slope of /3 can also be thought of as the negative of the height of h~^(qf) divided 

by the horizontal displacement of 3̂ in /i~^(gf), call this displacement 6x. Notice that 

this 6x is the same as the Sx used in the horizontal displacement of I2, mentioned in 

the previous paragraph. Thus, the slope of /3 can be written £is 

Solving this equation for Sx results in 

Sx = ~^' (3.5) 

4s/ope(/3) 

The two methods for finding the slope of 3̂ in order to get values for Ax and Sx are 

shown in Figure 3.10. 

The values of Ax and Sx, found in Equations 3.4 and 3.5, can be substituted into 

Equation 3.3. This yields 
-TH{Ri+ij) 

Multiplying the numerator and denominator by slope{ls) results in 

Thus, in order to show that TH{Rij) < TH{Ri+ij), it is suflacient to show 

—ai 
,, , < 1. (3.6) 

Acislope{l3) 4- ai 

To do this, a third method for computing the slope of /3 is needed. The slope of h 

can be thought of as the vertical displacement of qf^i minus the length of one of its 

side boundaries divided by the width of gf+i, i.e., the slope of /3 can be written as 
-4 (c i+ i - 3bi+i) 

slopeyis) = 

To see the third method for computing the slope of ^3, look at Figure 3.11. Now, 

substituting this expression for slopeih) into Equation 3.6, it is sufficient to show 

—a. 

4ci 
-4(ci+i-36i4-i) 
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i.e., it is sufficient to show 

—a,-
< 1. I6ci{ci+i-3bi+i) . 

This is the same as showing 

a,: 
I6ci{ci+i-3bi+i) _ — ^ '̂  

If 
16ci(ci+i - 36i+i) 

O'i+l 

i.e., if 

16c^(c^+i - 36^+1) 

O'i+l 

i.e., if 

- flt > 0 , 

> CLi: 

16ci(ci+i - 36i+i) > ttitti+i (3.8) 

(since a^+i > 0), then both sides of the inequality in Equation 3.7 can be multiplied 

by the denominator to simplify the inequality. Note that the condition for simplifying 

the inequality, in Equation 3.8, holds as long as 

Ci+i - 3bi+i > Oi+i (3.9) 

and 

1 6 Q > ai. (3.10) 

It will be shown during the course of this argument that these two conditions are 

satisfied. 

Now, multiplying both sides of the inequality in Equation 3.7 by the denominator 

shows that it is sufficient to prove 

16ci{ci+i - 3bi+i) 
Oi < ai, 
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i.e., it is sufficient to prove 

2^. ^ lQci{ci+i - 36i+i) 

Dividing by 2 yields 

ai < 
8c^(cj+i - 3bi+i) 

O'i+l 

Since a^+i > 0, this is the same as showing 

afflj+i < 8ci(ci+i - 3bi+i). 

This inequality (along with the two conditions given in Equations 3.9 and 3.10) will 

hold if 

Ci+i - 36i+i > Oi+i (3.11) 

and if 

Ci > Oi. (3.12) 

To show that Equation 3.11 holds, recall that c^+i = | a i and that bi^i = ^ai^i. Then 

Q + i ~ "jOi+i — -ai — - f l i + i -

However, a^+i < | a i , which implies that 

3 3 3 3 / l \ 3 3 9 
—ai avj-i > --ai — - -ai = --ai — —rai = —rai. 
4 2 ^ 4 2 V8 7 4 16 16 

Now, ai > Stti+i and so 
9 9 

ID 2 

Therefore, 

Ci+i — 36i-(.i > Oi+i. 

The inequality in Equation 3.12 follows from Equation 3.11. Since 6̂ +1 > 0, 

Ci+i > Ci+i - 3bi+i > ai+i. 
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Since the a„'s, 6„'s, and c„'s are all defined inductively, it follows that Ci > ai. Thus, 

it has been shown that TH{Rij) < TH{Ri+ij). This implies that TH{Rij) < 36̂  

and completes the induction. • 

The last thing needed to complete the proof of Lemma 3.1.1 is an explana-
oo 

tion of why A is contained in g. By definition, ^ = Q Pi „. For all n G Z" ,̂ 
n=l 

Rn,n = Qn C st{qn,Qn)*- Rccall that Pi,„ can be thought of as gj brought from 

st(9n,Qn) all the way back to st{qi,Qi)* and intersected by the appropriate qi, 

i < i <n. Thus, iJ~^(Pi^„) c st(g„,Q„)* implies that 

Rl,n C Hn{st{qn,Qn)*) = St{Hn{qn), Hn{Qn))* = S t ( p „ , P n ) * . 

This implies that 
oo oo 

A=f] Pi,„ c f] st(p„, Pn)* = g, 
n=l n=l 

i.e., A C g. This means that A C g is a. straight line segment of length greater than 

e. 
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Figure 3.1: Nine individual cells contained in st{qn,Qn)* 
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Chevron of st{qn, QnY Inverted chevron of st(g„, QnY 

Figure 3.2: A chevron and an inverted chevron oist(qn,Qn)* 
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Figure 3.3: Two half-chevrons of st(gn,Q„)* 
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Figure 3.4: The half-chevron gj C st(9„,0„)* being crossed by st(g„+i, Q^+i)* 
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hr 

Figure 3.5: "Trimming" g? by q^ to get R^fi = h^iq^) H gf 
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hn{Dn+l) 

Figure 3.6: The parallelogram, R! = hn{R) H Dn 
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Ri,j = /^^(P^+l, ,)n^ 

h-\q^) 

Figure 3.8: Transverse height of P^j is the same as that of Pi^.l^ 
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—Sx-

Figure 3.9: Two methods for computing the slope of I2 to obtain TH[R,j) 

48 



I 

1^ 
4« i 

I 
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Figure 3.10; Two methods for calculating the slope of (3 to get A i and 6x 
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Figure 3.11: Third method for calculating the slope of /3 
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CHAPTER IV 

MAIN THEOREM 

4.1 Theorem 

The following theorem holds for the continuous decomposition G of the plane 

resulting from the Seaquist construction. 

Theorem 4.1.1. For every 2: G M̂  , there is a sequence of arcs, {Am}m=i} ^*^^ 
00 

Am C Am+i, and there is a g E G such that x G Cl( M Am) C g. 
7 7 1 = 1 

4.2 Proof 

4.2.1 Construction of the ^m's 

Let j ; G M̂  . For any continuous decomposition G of the plane obtained by 

the Seaquist construction, there exists a decomposition element g E G such that 
00 00 

xeg= f]st{pn,Pn)* where P | p „ ^ 0 . For n G Z+, let qn = H-\pn) and 
n—l n=l 

Qn = H~^{Pn). This means that for every n G Z"*", 

X G S t ( p „ , Pn)* = St{Hn{qn), Hn{Qn))* = Hn{st{qn. Qn)*). 

i.e., X G Hn{st{qn,Qn)*)- This implies that H-\x) G st{qn,Qn)*- Now, since 

H-^{x) G st{qn,Qn)*, H-^{x) must be in some half-chevron of st((7„,Qn)*- Let D^ 

denote this half-chevron. If two such half-chevrons exist, then choose L>J in the 

following way. 

1. If exactly one of the half-chevrons is crossed by st(gn+i, Qn+i)% then let DJ be 

the crossed half-chevron. 

2. If both of the half-chevrons are crossed by st(gn+i,Qn+i)*, then arbitrarily 

choose one of them to be D^. 

3. If neither of the half-chevrons are crossed by st(g„+i, Q„+i)*, then find a chevron 

or inverted chevron, which contains one of these half-chevrons and a crossed half-
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chevron. Let D^ be the half-chevron (contained in this chevron) that contains 

X. 

The following illustrates an example of choosing D^ by 3 of the above. In Figure 4.1, 

H~^{x) lies on the side boundary of the first and second half-chevrons. Neither one 

is crossed. So, it is necessary to look at the chevrons containing either of them. 

Looking at the first chevron, neither of its half-chevrons is crossed. The middle 

inverted chevron contains the second and third half-chevrons. The third half-chevron 

is crossed, so the second half-chevron will be chosen as D^. 

Now that D^ has been selected, it is necessary to explain the selection of Sn- Since 

st(/in(9n+i), hn(Qn+i))* is c^+i + 36„+i widc, i.e., it is fan + 36„+i wide, either D^ is 

crossed by st{qn+i,Qn+i)* or a half-chevron oi st{qn,Qn)* adjacent to D^ is crossed 

by st{qn+i,Qn+i)*- If -Ĉn is crossed, then let Sn = D^. Otherwise, let Sn be the 

adjacent half-chevron of D^. In Figure 4.1, notice that Sn is the third half-chevron. 

Next, for all j G Z^, let Rjj = Sj and, for m G {1, 2 , . . . , j } , inductively define 

Rmj+i to be hm{Rm+i,j+i) H Sm- TMs is similar to the definition of Pj,„+i given in 

the previous chapter. Thus, Pmj+i can be thought of as Sj+i being mapped from 

st{qj+i,Qj+i)* back into st{qm,Qm)* and being "trimmed" by the appropriate Si, 

m <i < j + l,ait each step of the way. With the definition of Pr^j+i in place, the A^'s 
oo 

can defined. Let Am = Hm{ f] Rm,j)- For example, A5 = H^{R^,^ Pi Ps.e H R^j H . . . ) 

where Ps^s = ^5, Ps.e is S^, "trimmed" by S^, R^j is S7 "trimmed" by Se and then 

by 55, and so forth. 

Each Am is an arc in st{qi,Qi)* = st(pi,Pi)*. To see this, let 5^ and Sj+i be 

defined, as above. Recall from the proof of Lemma 3.1.1 that if P C Sj+i is a 

parallelogram that intersects both side boundaries of Sj+i, then P ' = hj(R) n Sj is 

a parallelogram that intersects both side boundaries of Sj. See Figure 3.6. Now, 

Rj+ij+i = Sj+i is a parallelogram that intersects the side boundaries of Sj+i. So, 

Rjj^i = hj{Rj+ij+i) n Sj C st{qj,Qj)* is a parallelogram that intersects both side 

boundaries of Sj. By induction, assume that Rm+ij+i is a parallelogram that inter-
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sects both side boundaries of 5^+i. Then Rmj+i = hm{Rm+i,j+i)nSm C st{qm^Qm)* 

is a parallelogram that intersects both side boundaries of Sm- Next, observe that 

Rm,j — hm{Rm+l,j) ^ ^m ^ hm{Rm+l,j+l) ^ Sm = Rm,j+l-

So, in general, Rmj D Rm,j+i: which implies 

Thus, for j > m, the Rm/s are a set of nested parallelograms that each intersect the 

side boundaries of Sm-

Now, the long sides of the parallelograms are at least ^Om and the short sides of 

the parallelograms are determined by the transverse height of Pmj, where j > m. It 

is necessary to show that the transverse height of Rmj goes to 0 as j goes to infinity. 

To do this, let m G Z"̂  and let TH{Rm,j) denote the transverse height of Rm,j- Since 

it was shown in the previous chapter that 6̂  -^ 0 as j —>• oo, it is sufficient to show 

that TH{Rm,j) < 3bj. The following argument will be conducted using induction. 

The base case follows from Lemma 3.3.1, in the previous chapter. This lemma says 

that, for all j G Z+, TH{Rjj) < 3bj. Next, let m G Z+ so that l < m < m + l < j . 

Assume, by the induction hypothesis, that TH{Rm+i,j) < 3bj. Then, by Lemma 3.3.2 

of the previous chapter, this implies that TH[Rm,j) < 3bj. Thus, the induction is 

complete and TH{Rm,j) -> 0 as j -> oo. 

It has been shown that the Pmj's are nested parallelograms, which all intersect 

the side boundaries of Sm- The length of the long sides of the parallelograms is at 

least \am and the length of the short sides of the parallelograms approaches 0 as 

j goes to infinity. Along with the fact that Fim^m C st{qm,Qm)*, this implies that 
oo 

n Fimj is a Une segment in st{qm,Qm)* that intersects both side boundaries of Sm-
j=m 

This is illustrated in Figure 4.2. Since Hm is a homeomorphism, which maps line 
oo 

segments onto arcs, Am = Hm{ p | Rm,j) is an arc in st{qi,Qi)* = st(pi, Pi)*. 
j=m. 

It can also be shown that the ^^ ' s are nested. To see that Am C Am+i, recall 
oo 

the definitions Am = i^m(p| Rm,j) and P^j+i = hm{Rm+i,j+i) H Sm- By the first 
3=m 
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definition. 

Am = Hm[Rm,m H Pm,m+1 H Pm,m+2 H Rm,m-\-3 H • • • ) 

and, by the second definition, 

Hm\Am) = Smn{hm{Sm+l)nSm)n{hm{Rm+i,m+2)nSm)n{hm{Rm+l,m+3)nSm)n- • • . 

However, this is the same as 

HmH^m) = Smn hm{Sm+l) H /lm(Pm+l,m+2) H /lm(i^+l,m+3) H • • • . (4.1) 

oo 

Now, Am+i = i/m+i( P I Rm+i,j)- By the definition of i/^+i, 
j = 7 7 1 + 1 

OO OO 

A^+1 = i J ^ ( / i ^ ( f l Rm+l,j)) = Hm{ f l /l77i(P7n+l,,)), 
J = 7 7 l + 1 J =771 + 1 

but that is the same as 

^771+1 = Hm{hm(Rm+l,m+l) H /i77i(P77i+1,771+2) H /l77i(P77i+l,77i+3) n • • • ) . 

This means that 

-^771 ( ^ 7 7 l + l ) = ^ 7 7 l ( ' 5 ' m + l ) n ^ 7 n ( P 7 n + l , 7 7 l + 2 ) n / i 7 7 l ( P 7 7 l + 1 , 7 7 1 + 3 ) H • ' • . ( 4 . 2 ) 

Notice in Equations 4.1 and 4.2 that ^"^^771) = Sm n i/-^(A^+i). Thus, 

H^^{Am) C H^^{Am+i) and, by applying Hm to both sides of the subset. Am C Am+i-

Therefore, the Am^s are nested arcs. 

The sequence of arcs, {Am}m=i^ ^as been constructed and it has been shown that 

7̂71 C Am+i- So, the first part of Theorem 4.1.1 has been proven. Now, it is time to 

address the second half of the theorem. It is necessary to show that there is a, g £ G 
0 0 

such that X G Cl( 1 ) Am) C g. To do this, two cases must be considered. The first 
771=1 

case is if there is a finite number of Sm 7̂  D^, and the second case is if there are 
0 0 

infinitely many Sm / F>m- ^^ the first case, it will be shown that a; G M Am- Since 
771=1 

0 0 0 0 0 0 

1 ) Am C C l ( ( ^ ^77i), this implies a; G Cl( 1 ) Am)- In the second case, it will be 
7 1 = 1 771 = 1 

0 0 

shown that x G Cl( 1 ) Am). 

771=1 771 = 1 7n = l 
0 0 

771=1 
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4.2.2 Case 1: All but finitely many of the Sm's are D^'s 

Since there are only finitely many Sm 7^ D^, there exists a A: G Z+ such that 

Sm = D^, for all m > k. Let m > k. Then H-\x) e D^ = Sm and, for all 

j > m, i/~H^) € ^77i,j, which is the homeomorphic image of Sj "trimmed" by 
00 

Sj-i, 5j_2, . . . ,Sm- This implies H'^ix) G f] Rmj- Therefore, 

0 0 

X e Hmif] Rm,j) = A, ni 

j=m 
00 

and so a: G I J Am-
771=1 

4.2.3 Case 2: There are infinitely many 5m's that are not D^'s 
00 

Let m G Z+. Recall that H-\x) G D^ and f] Rmj C Sm- li Sm = D^, then 

3=m 
00 

H^{x) and | | P ^ j are in the same half-chevron. Otherwise, they are in adjacent 

3=rn 
00 

half-chevrons. In either case, | | P ^ j intersects both side boundaries of 5 ^ and 

0 0 

an upper bound can be found for the distance between H^[x) and O Pr7i,j- In 

Figure 4.3, notice that if P~^(a:) is between the two dashed lines, the distance is less 

than that of the transverse height plus the width of the two half-chevrons. If it is 

above the dashed lines, the distance will get even smaller. Therefore, 
00 ^ 

d ( P ~ ^ ( x ) , P I Rm,j) < -am + ^bm-

j=m 

By the method of its choice, 7̂71 = ^̂ 771 and so 2' 

00 
1 3 

d{H-^{x), P I Rmj) < -am + -̂ 771 = 2a 
j=77l 

Since am was chosen to be less than ^Sm, 

^{H-\x), p P^,,) < Sm-

m-
J =771 

0 0 
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By the choice of Sm, this implies that 

oo 

d{Hm{H-\x)),Hm{f]R^j))<—, 

j=m 

i.e., 

d{x,Am) < —-
oo 

Thus, N_i_{x) n Am 7̂  0 and since 2^—>Oasm—>-oo, xG Cl( [^ Am)-
771=1 

0 0 

To conclude the proof, it is necessary to show that Cl( ( J Am) C g. Let m G Z 
771=1 

0 0 

It was proven earlier that O Rm,j C st(qm,Qm)*- Now, 
j=77l 

00 00 00 

j=77l j—m j=771+1 

but this is the same as 
00 

/>-^(S„)n/»-'( f l R.„j). 
j =771+1 

0 0 

Now, /i ; ;^ n ^ ' > ) ^ st(9,„+i,gm+i)*- Thus, 
j =771+1 

0 0 

hm(Sm) n C ( P Rmd) ^ ^^iQm+uQm+lY 
j = 7 7 1 + 1 

and so 
0 0 

/^m^P ^ , j ) ^ St(g^+i,Qm+l)*-

j = 7 U 

Applying //m+i to both sides of the subset yields 

00 

i^77i+l(/im ( P ^ j ) ) C Hm+l{st{qm+uQm+l)*)-

However, this is the same as 

0 0 

[hiO---ohmO h^)[ P Rm^j) C St(pr7i+1, Pm+lY 
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I.e., 
oo 

(/ll O . . . O hm-l){f] Rmj) C St{pm+l,Pm+l)*-
j=m 

By the definition of Hm, this becomes 

oo 

^ 7 7 i ( P Rm,j) C St(p^+i ,P^+i)% 
j=m 

i.e., 

Am C St(Pm+l, P77i+l) • 

A similar argument can be used to show that 

Am C St(p^+2, -P771+2)*, 7̂71 C St(p^+3, Pm+3)*, • • • • 

Now, this, combined with the fact that the st(pj, Pj)*'s are nested, i.e., 

St{Pm+U Pm+l)* C St(p^, Pm)* C • • • C St(pi, Pi)*, 

00 

shows that Am C st{pj, Pj)*, for all j G Z+. Therefore, A^ C P st(pj, Pj)* = g and 

00 00 00 

so Q A^ C g. Since g is closed, Cl( | J Am) C C\{g) = g, i.e., Cl( | J Am) C g. 
771=1 " ^ = 1 " 1 = 1 
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< 36n+l | 

Figure 4.1: Choosing DJ in case 3 
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Figure 4.2: The line segment, P Pimj 
j=m 
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Figure 4.3: Distance between the point H^[x) and the line segment P P„i j 
J=77l 
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CHAPTER V 

CONCLUSION 

As was mentioned in the introduction, Seaquist asked if a continuous decom

position of the plane into acyclic continua must have an element that contains a 

hereditarily indecomposable continuum. In an attempt to answer this question, he 

made two conjectures for the decomposition resulting from his construction. The 

first was the weaker of the two conjectures. It stated that, for every a: G M̂  , there 

is a sequence of arcs (each arc in a decomposition element, but not necessarily in 

the same decomposition element), whose limit contains x. The main theorem of this 

paper is a stronger result than this first conjecture. It states that there is an increas

ing sequence of nested arcs, all contained in the same decomposition element, whose 

closure contains x. 

The stronger of Seaquist's two conjectures stated, for every point in the plane, 

there is an arc A and a decomposition element g such that the point is contained 

in A, which is a subset of g. While the main theorem of this thesis cannot be used 

to directly prove or contradict this conjecture, the techniques used in its proof may 

provide some insight into another result that can. The consequences of the result 

contained in this thesis need to be explored further. For example, only two general 

cases were discussed in Chapter IV: if all but finitely many of the Sj are DJ and if 

there are infinitely many Sj 7̂  P>J. However, within this second case there are two 

subcases that can be investigated. It would be interesting to see what happens if 

there are an infinite number of Sj 7̂  D^'j and an infinite number of Sj = D^. Another 

interesting point of investigation would be to see what happens when there are an 

infinite number of Sj / D^ and a finite number of Sj = D^. For a different perspective 
00 

on this last subcase, is it possible that x e[jAj guarantees that 5„ = DJ for every 
j = i 

T^^ J-> where n G Z"^? 
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There are other questions that can be asked about the construction of the Aj's in 

the proof of Chapter IV. It might be of interest to determine what C1((J .4,) is. Is 

oo J = l 

It an arc or does | J Ai limit to some continuum, like sin ^ limits to an arc? W^hat 
i=l 

if the D f s and the 5 / s are chosen in a different manner? How will this affect the 
oo 

construction of the Aj's and the resulting C1( | J^ , )? Is there a way to choose DJ 
j=i 

and Sj that will guarantee that the resulting arcs always contain x? 

There are other, more general, questions about the decomposition resulting from 

the Seaquist construction that might also shed light on Seaquist's unanswered ques

tion. The following questions were posed by Seaquist: 

1. Given aS>0 andx GR^ , does there exist a B-J-K continuum K amd a g e G 

so that K C g and K C Ns{x)? 

2. If ^ G G and C is a subcontinuum of g, i.e., C C g, can C be a pseudo-arc? 

3. Given any g e G and a continuum K C g, does there exist an arc A so that 

AcK eg? 

All three of these questions might provide further insight into Seaquist's original 

question about the subcontinua of the decomposition elements resulting from his 

construction. 

This thesis does not investigate whether or not the decomposition elements of G 

are homeomorphic to each other. It is suspected that this is not the case. However, 

this might be another direction to research. If all of the decomposition elements of 

this particular decomposition of the plane are homeomorphic to each other, what 

might this imply about the subcontinua of the decomposition elements? Is there 

some generalization that can be made about any continuous decomposition of the 

plane into homeomorphic elements? More specifically, if all members of a continu

ous decomposition of the plane are homeomorphic, do they have to be hereditarily 

indecomposable? 
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