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CHAPTER 1 

INTRODUCTION 

The study of the response of an armor plate when subjected to 

impact by a high velocity kinetic energy penetrator has been the study 

of many scientists and engineers for several decades (1,2,3,4,5). This 

is a wery important problem in the field of terminal ballistics because 

of its military significance. Due to the complex mechanism of the 

stress waves produced by the impact, the penetrator or the missile 

creates a crater on the impact side, while on the rear side of the 

armor, the materials are torn and become separated from the main plate, 

and fly off. The fragments disperse in the form of a cloud from the 

rear side of the armor, and sometimes this is called " the spall 

cloud". The phenomena is also referred to as spallation. Several 

analytical and experimental efforts have been devoted to this problem, 

and with the aid of computers, researchers have been able to simulate 

the phenomena by mathematical modelling. 

Two main types of methodology used to solve this problem are the 

finite difference method and the finite element method. Both methods 

are extensively used; however, spallation phenomena has not been 

previously modelled effectively by the finite element method. Spalla

tion has been modelled by the finite difference method to some extent, 

but the computations are extremely time consuming and expensive. 



Considerable research has been done in the Civil Engineering 

Department at Texas Tech University on this problem. The main 

objective of this thesis is to develop a one-dimensional finite 

element model to represent spallation behind the armor plate due to 

impact. Such an undertaking requires fundamental studies of one-

dimensional wave propagation. Chapter 2 presents an introduction 

to the theory of stress wave propagation caused by an impact between 

two linearly elastic longitudinal bars. A simple finite element 

model to simulate the wave propagation phenomena is described in 

Chapter 3. Nonlinear material properties, such as elastic-plastic 

and Hugoniot curves, etc., are discussed in Chapter 4. Chapter 5 

deals with a discussion of numerical integration schemes available 

for the integration of the dynamic equation of motion involved in 

the stress wave propagation phenomena. In this report, an explicit 

step-by-step integration method is used for reasons that are 

discussed in a Chapter 5. 

The one-dimensional finite element spall model is presented in 

Chapter 6. A compressive stress wave is reflected by a free surface 

as a tensile stress wave and depending on the magnitude of the 

reflected tensile stress wave a tensile fracture can occur. To 

represent this fracture and the separation of the finite elements, 

an additional node is added into the finite element discretization 



at the node where fracture occurs. The separated finite element 

cluster thus flies off with their own velocity. The details of 

this model with some examples are given in this chapter. Chapter 7 

contains conclusions and some suggestions for future research. 



CHAPTER 2 

THE PROPAGATION OF STRESS WAVES IN BARS 

2.1 Introduction 

This chapter deals with a brief introduction to the propagation 

of stress waves in prismatic bars. When a sudden load or a sudden 

displacement is applied at one end of a prismatic bar, the regions 

immediately affected are not in equilibrium. Because of the material 

properties of the body, a finite time is required for this non-

equilibrium state to be felt by other parts of the body. The lack of 

local equilibrium manifests itself by specific particles moving and 

adjusting themselves to the instantaneous stress distribution and 

this ability to adjust is propagated and takes place at certain 

definite velocities (characteristic velocities of wave propagation). 

In this Phenomenon, particle velocity and wave velocity are not 

identical quantities. 

2.2 Characteristics of Stress Waves 

There are two basic kinds of elastic stress waves, or pulses, 

which are propagated through a long prismatic bar (6). 

1) longitudinal waves, and 

2) torsional waves 

When stress waves in the first category are transmitted through 

a long stationary bar, there will be longitudinal compressive waves 



and longitudinal tensile waves. If we consider a stationary bar, then, 

for longitudinal compressive waves, the individual particles of the 

bar are displaced, or move, in the same direction as the wave travels; 

and in the case of longitudinal tensile waves the particles move op

posite the direction of the wave. 

In the case of torsional waves, the second category, the individual 

particles of the solid are displaced, move, or oscillate, entirely in 

a plane which is transverse or at right angles to the direction of 

propagation of the wave. 

The investigation of the propagation of waves in an elastic bar is 

the subject of the following discussion. A simple problem of the 

propagation of longitudinal waves in a long linearly elastic, isotropic 

and homogeneous prismatic bar is discussed first. 

2.3 Longitudinal Waves in a Prismatic Bar 

Taking the axis of the bar as the x axis (Fig. 2.1) and assuming 

that the cross sections of the bar remain plane during deformation, 

the elongation per unit length at any cross section m-n, due to a 

longitudinal displacement u, is equal to 3u/3x and the corresponding 

tensile force F in the bar is A E (3u/3x), where A is the cross 

sectional area and E is the Young's modulus of elasticity of the 

material. Considering an element of the bar between the two adjacent 

cross sections, ra-n and m-n, and using differential calculus, the 

difference of forces acting on the side m-n and m-n of this differential 

element dx is 



u 

m 

n 

^ = A E f 

m 
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dx 

F.dF = A E ( | ^ . 3u dx) 

FIGURE 2.1 FORCES ACTING ON A DIFFERENTIAL ELEMENT OF BAR 



dF = A E ( 3U 

3X 

in 
3X 

3U 
- d x ) - A E - | y - = A E 

3x^ 
dx (2.1) 

This unbalanced force is dynamically equilibrated by the inertia fo irce 

of the differential element dx, equal to A dx p - ^ - , where p is the 
3t 

mass density of the bar. Thus, the equation of motion of the element 

is 

A p dx - ^ = A E 
3t' 

3"u 

3x2 
dx (2.2) 

or 

3t2 
= c A 

3x2 
(2.3) 

where 

Eq. (2.3) is a linear hyperbolic partial differential equation 

and represents wave phenomena in classical mathematical physics (7) 

The cofficient c is the velocity of the wave represented by the 

equation. The general solution of Eq. (2.3) can be represented in 

the form (7) 

u = F̂  ( X - ct) + F^ ( X + ct) (2.4) 
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where F̂  and F^ are arbitrary functions depending on the initial 

conditions. The function F, corresponds to a wave traveling in the 

direction of increasing x with a constant velocity c given by Eq. (2.4), 

while the function Fp corresponds to a wave traveling in the opposite 

direction with the same velocity c. Physically, the phenomena can be 

explained as follows: assume that a uniformly distributed compressive 

stress is suddenly applied to the left end of a prismatic bar as 

shown in Fig. 2.2. It will produce at first instant a uniform 

compression of an infinitely thin layer at the end of the bar. This 

compression will be transmitted to the adjacent layer, and so on. A 

wave of compression begins to travel along the bar with a certain 

velocity c, and, after a time interval t, a portion of the bar of 

length ct will be compressed and the remaining portion will be still 

at rest in an unstressed condition. 

The velocity of wave propagation c should be distinguished from 

the velocity v, given to the particles in the compressed zone of the 

bar. The particle velocity v can be found by taking into account 

the fact that the compressed zone (shaded in Fig. 2.2) shortens due 

to compression by the amount (a/E) ct. Hence the velocity of the 

left end of the bar, equal to the particle velocity in the compressed 

zone, is 

v = -£^2-



^ 

c t 

FIGURE 2.2 SUDDENLY APPLIED COMPRESSIVE STRESS 
AT ONE END OF A PRISMATIC BAR 
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or 

V = -=^= (2.5) 

If, instead of compression, a tension force is suddenly applied 

at the end of the bar, a tension is propagated along the bar with the 

same velocity c. The particle velocity again is given by Eq. (2.5), 

but the direction of this velocity will be opposite the direction 

of the X axis. Thus in a compressive wave the particle velocity v 

is in the same direction as the velocity of wave propagation, but 

in a tensile wave the particle velocity v is in the opposite direction 

from the wave movement. 

2.4 Effect of Boundary Conditions on the Waves 

Eq. (2.3), governing the wave propagation, is linear. The 

general solution has two parts, F, and F«, as given in Eq. (2.4), each 

part satisfying the equation independently, and their sum will also be 

a solution of the equation. From this it follows that in discussing 

waves travelling along a bar,one may use the method of superposition. 

Assume that a tension wave is moving along a uniform bar in the 

X direction and that we wish to know what happens when it is reflected 

at its free end A B. Introduce a hypothetical compression wave of 

the same length and with the same magnitude of stress moving in 

the opposite direction (Fig. 2.3a). When the waves come together, 

tension and compression annul each other and in the portion of the 
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bar where the waves coincide, the velocity of each particle in this 

portion of the bar is doubled and equal to 2v. After passing, the 

waves return to their initial shape, as shown in Fig. 2.3d. At A B 

there will be zero stress at all times, which is the same as the 

boundary condition of a free end of the bar. As far as the bar is 

concerned, the wave moving from the right after it has crossed A B 

may be viewed simply as the front part of the original rightward 

moving wave reflected from the end. Then comparing Fig. 2.3b and 

Fig. 2.3c it can be concluded that in the case of a free end a 

compressive wave is reflected as a tension wave equal magnitude 

and vice versa. 

In a similar way, if two identical waves moving toward one 

another (Fig. 2.4a), come together, there will be zero velocity 

and zero displacement in the portion of the bar in which the waves 

superpose. At m-n, this section will remain immovable during 

passage of the waves and this condition is the same as that of a 

fixed end of a bar. Then comparing Fig. 2.4a and Fig. 2.4d it can 

be concluded that a wave reflected from the fixed end of a bar is 

entirely unchanged in shape or intensity. 

2.5 Longitudinal Impact of Two Bars 

If two identical bars of the same material and length L strike 

each other longitudinally with the same velocity V in opposite 

directions (Fig. 2.5), the plane of constant m-n will not move during 



13 

V 
C 

BAR 

PARTICLE VELOCITY 
REDUCED TO ZERO 

INCIDENT WAVE 

REFLECTED 
WAVE 

k- I 
n 

V 
C 

+a 

V 

C 

(A) 

PULDRD 
OVERLAP 

(B) 

NET PARTICLE VELOCITY 

NET STRESS 

(C) 

C 

V 

+a 

FIGURE 2.4 REFLECTION OF WAVES AT A FIXED BOUNDARY 



14 

m 

FOR ( t < 0 ) 

FOR ( 0 < t < L/C ) 

FOR ( L/C < t < 2L/C ) 
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m 
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FIGURE 2 5 NORMAL IMPACT OF TWO BARS OF IDENTICAL MATERIAL 
AND OF EQUAL LENGTH MOVING AT EQUAL VELOCITIES 
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the impact and two identical compressive waves will start to travel 

along both bars with equal velocity c. The velocities of the particles 

in the waves, superposed on th£ initial velocities of the bar, bring 

the zone of the waves to rest, and at the instant the waves reach the 

free ends of the bars at time t = L/c, both bars will be uniformly 

compressed and at rest. Then the compressive waves will be reflected 

from the free ends as tension waves which will travel back toward the 

cross section of contact m-n. Then the bars will separate with a 

velocity equal to their initial velocity V . The duration of impact 

in this case is equal to 2L/c and the compressive stress is equal to 



CHAPTER 3 

THE FINITE ELEMENT METHOD 

3.1 Concept and Motivation 

The concept of the finite element method is the idealization of 

a continuous medium by an assemblage of discretized structural systems 

to which the matrix method of structural analysis is directly applicable 

The method has been successfully applied to solve many complex static 

and dynamic problems in continuum mechanics (8,9,10). 

There are three approaches associated with development of the 

system equations for the finite element method: 

1) The displacement finite element method assumes the dis

placements of the nodes of the discrete element as the unknowns of 

the problem. In this approach the compatibility conditions between 

elements are initially staisfied. 

2) The force finite element method assumes the internal forces 

as the unknowns of the problem. 

3) The mixed finite element method assumes both nodal dis

placements and internal forces as the unknowns of the problem. 

The difference between the force and displacement finite element 

methods lies in the selection of the unknowns of the analysis and the 

variations in the matrix quantities associated with their formulation. 

Experience has shown that the displacement finite element method is 

more desirable since its formulation is simpler for the majority of 

static structural analysis problems. Since dynamic problems contain 

16 
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inertia forces which are proportional to the second time derviatives 

of displacements, the displacement finite element method is the obvious 

choice. Therefore, in this research the displacement finite element 

method is used, and a computer program was developed specifically for 

solving longitudinal stress wave propagation problems. 

3.2 General Steps in the Displacement Finite Element Method 

The following are the steps in the displacement method: 

1) Idealization of the structural system. This requires the 

selection of the types and sizes of the finite elements and a suitable 

displacement function in terms of the nodal displacements. 

2) Generation of the stiffness and mass matrices for a discrete 

element. The stiffness matrix can be derived using the minimum 

potential energy theorem and the mass matrix can be found using a 

lumped parameter concept, or by Hamilton's principle (11). 

3) Generation of the global equations of motion. This is 

achieved by the superposition of the stiffness and mass matrices of 

all the elements to form the global stiffness and the global mass 

matrices, along with the superposition of all nodal forces to form 

global force vector. 

4) Modification of the equations to prescribe the displacement 

boundary conditions. The displacement boundary conditions are in

corporated into the global equations of motion, and the resulting 

global equations become 

[M] {u} + [K] {u} = {F} 
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where M and K are the global mass and stiffness matrices, u is the 

global displacement vector, and F is the global force vector. 

5) Determination of the unknown nodal displacements, velocities, 

and accelerations of the problem by using a numerical time integration 

scheme. 

6) Computation of all other required values, such as stress 

and strain in the element associated with the particular time of motion. 

Usually the accuracy and effectiveness of the finite element method 

will depend on the type and number of elements used in the mesh 

generation. The decision on the type of elements to be selected 

depends on the geometry and nature of the problem. For longitudinal 

wave propagation along a bar, a simple finite element model with two 

degrees of freedom for each element is selected. The derivation of 

stiffness and mass matrices for one element is shown below. 

3.3 Stiffness Matrix for a Bar Element 

A typical prismatic bar element is shown in Fig. 3.1, For the 

arbitrary element it is necessary to choose a mathmatical expression 

to represent the primary unknown of the problem, which in this instance 

is the displacement u(x) at any point x. A polynomial represents the 

simplest form of the approximating displacement function. Certain 

requirements must be satisfied by the chosen function, and they are: 

1) The number of terms in the polynomial selected must, at least, 

equal the number of degrees of freedom associated with the element, 

which in this instance is two. 

2) The chosen function should represent at least the constant 
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FIGURE 3.1 A TYPICAL PRISMATIC BAR ELEMENT 
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strain condition and all rigid-body nodes. These conditions are the 

minimum requirements for the selection of a displacement function (12). 

For example, assume a set of successive finite element solutions is based 

on letting the number of elements increase. In the limit, it is to 

be expected that the strain within a given element approaches a constant. 

With respect to the rigid-body nodes, this condition states that there 

should exist combinations of values of the generalized coordinates that 

cause all points on the element to experience the same displacement. 

On such combination should occur for each of the possible rigid body 

translations and rotations. For this element, there is only one rigid-

body node to be considered. 

3) The chosen function should provide compatibility across element 

interfaces. For the bar this simply means the displacements at the 

common nodes are the same. 

The typical element for the bar shown in Fig. 3.1 is one-dimensional 

and is assumed to be completely characterized by the axial displacement 

u. Since the element has two degrees of freedom (u. and ^ • ) * o"^ choose 

two adjustable parameters A^ and Â  . Such that 

u(x) = A + A X t3.1) 
0 1 
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writing u at each node (x = 0 at node i and x = L at node j) gives 

"i 

<̂  > 

u. 

^0 

(3.2) 

"1 

solving for AQ, A^ and substituting into Eq. (3 .1) gives u(x) in 

terms of nodal displacements: 

ii(x) = _x_ 
L ( 1 — r ~ ) IJ-- ••• "T— u.. _x_ 

L 
(3 .3) 

The second step is to write the strain in terms of nodal displacements 

3u 
3x 

1 
L (u. - u.). (3.4) 

Finally, the stress-strain or constitutive relation needs to be 

specified. For a l inearly elastic isotropic and homogeneous material, 

the stress is related to strain by 

G = E e„ 
X X 

_E_ 
L 

(Uj - u.). (3 .5 ) 

From the minimum potential energy theorem (12), the total potential 

energy $ is 
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$ = U + V (3.6) 

where U is the total strain energy in the system and V is the potential 

energy of the applied loads. To be more precise, V is the negative of 

the inner product of the external loads and the displacement. For a 

linearly elastic material: 

U = 2 
/ a e dv 
V X X 

(3.7) 

where dv is a differential volume. For a prismatic bar element, the 

total volume is 

V = A L 

where A is the area of the cross section and L is the length. For the 

bar element considered, with two degrees of freedom, V can be written 

as: 

1 

V = -

F. 
J 

> < > 

u 
J 

(3.8) 
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where F̂ ., F̂ . are the equivalent nodal forces (including inertia forces) 

and û ., û . are nodal displacements. Substituting Equs. (3.4), (3.5), 

(3.7) and (3.8) in Eq. (3.6), then 

$ = 0 + V 

/ \ 

1 
2 ^v ''x "̂ x dv - < 

t / , 
u. 

1 

> < 

F . u 

= j [ f (Uj - u.)] [ l ( U j - u.)] A L -

I f - ("j - " i '^ - N "i - '̂ j "j 

/ \ 
F. 

1 
< 

F. 
J 

•v / 

t 
/ \ 

U-
1 

1 1 ^ u. 
J 

k / 

Mi inimizing with respect to u. and u. , one has 

3$ 
3Un 

E A , X 

- ^ (u. - u.) F. = 0 

3$ E A 
3u. L ("j - ^-^ " ""j = ° 



these can be written in matrix form as 
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E A 
1 -1 

-1 

u. 
1 

F. 
1 

or 

[K] {U} {F} (3.9) 

where K is the element stiffness matrix and F is the equivalent nodal 

force vector. 

3.4 Mass Matrix for a Bar Element 

To calculate the mass matrix of the element, a method called the 

lumped mass method (11) is used here. In the lumped mass method, 

it is assumed that the entire mass of the bar is concentrated at a 

series of discrete points at which the displacements, velocities and 

accelerations are defined. The lumped mass idealization provides a 

simple means of limiting the number of degrees of freedom that must 

be considered in the analysis of problems in structural dynamics. 
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The lumped mass matrix for the present element with two degrees 

of freedom can be calculated by dividing the total mass into two equal 

parts. Thus, the equivalent mass at each node of the element (Fig. 3.2) 

can be written as M. = M. = 0.5 A L. The mass matrix of the single 

element can thus be described as 

^ • 

M 

(3.10) 

where A is the area of cross section and P is the mass density. 

3.5 Dynamic Equations of Motion 

Now the dynamic equations of motion for the element can be written 

combiing the applied nodal forces F., F. and the nodal inertia forces, 

using D'Alembert's principle (11). Writing the inertia forces in matrix 

form and subrtacting them from the right-hand side applied forces in 

Eq. ( 3 . 9 ) , 

E A 
1 -1 

-1 

"i F. 
1 

>= < 

. \ 

>- s 

. ^ . 

F. 

F. 
J 

M. 0 
1 

0 M. 

i' •• 

u. 
1 

^j 

(3.11) 
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FIGURE 3.2 LUMPED MASSES OF AN ELEMENT 
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which can be rewritten as 

[M]e {u}g + [K]^ {u}g = [F]^ (3.12) 

where the subscript 'e' stands for the element. 

By using the method of superposition for the entire assemblage of 

elements, the global equations of motion are obtained as 

[M] {ii} + [K] {u} = [F] (3.13) 

where M and K are global mass and stiffness matrices, u and u are global 

displacement and acceleration vectors, and F is the global force vector. 

Since a lumped mass system is used for the analysis here, the total 

mass concentrated at any node of the structure is the sum of the nodal 

contributions from all the elements attached to that node. The global 

mass matrix has only diagonal elements M.., which for convenience, will 

be called M.. In this one dimensional model (Fig. 3.3), there are 

two elements contributing to each node, except for the first and last 

nodes. If all the elements are of the same length, then 

M2 = M3 = M^ = Mg = A p L 

(3.14) 

M, = M_ = 0.5 A p L 
I 5 
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FIGURE 3.3 DISTRIBUTION OF MASSES FOR A LONG PRISMATIC BAR 



Similar i ly. the global stiffness matrix can be assembled in 

the following form for the discretization shown in Fig. 3.3. 
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[K] = E A 

1 

1 

-1 

2 

-1 

-1 

2 

-1 

-1 

2 

-1 

-1 

2 

-1 

-1 

1 

The solutions of these equations of motion are achieved by 

means of a numerical integration scheme. The scheme employed in 

this investigation is presented in Chapter 4. 



CHAPTER 4 

NUMERICAL TIME INTEGRATION SCHEME 

4.1 Introduction 

In Chapter 3 the equations of dynamic equilibrium for a finite 

element system in motino were derived as 

[M] {[]} + [K] {u} = [F] • (4.1) 

Mathematically, Eq. (4.1) represents a system of linear differential 

equations of second order. There are many standard procedures for 

obtaining the solutions to these equations 0 3 ) . If matrix K and matrix 

M are constant, i.e., for linear systems, we have the well-known normal 

node method, which is essentially an eigenvalue type solution (9). 

However, this method can become wery expensive if the order of the matrices 

is large. The other technique often employed by structural engineers is 

known as the direct integration method (9). 

In the direct integration method, the equations 4,1 are integrated 

using a numerical step-by-step procedure. The term "direct" means that 

prior to the numerical integration, no transformation of the equations 

is carried out. In essence, direct numerical integration is based on 

two ideas. First, instead of trying to satisfy Eq, (4.1) at any time t̂  

it is aimed to satisfy Eq. (4.1) only at discrete time intervals At 

apart. The second idea on which a dircet integration method is based 

is that particular types of variations of displacements, velocities, and 

30 
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accelerations within each time interval At are assumed. 

In finite element analysis, we are interested in using an 

effective and economic method of solution. There are basically two types 

of direct numerical integration techniques for solving Eq. (4.1), explict 

and implicit. In the explicit method, the displacement parameters are 

calculated from the known parameters of the previous time step, and the 

solution of the displacement function at any new time step does not 

involve the solution of a large set of simultaneous equations. By 

contrast, in the implicit method, the computation of the new displacement 

vector involves the solution of a large set of simultaneous equations. 

For these reasons, implicit methods require more computational effort per 

time step, while explicit methods require more time steps in all. It 

should be noted, however, that for the explicit method to be called 

explicit, the global mass matrix has to be diagonal. In this investi

gation a step-by-step explicit integration scheme is used. 

Obtaining accuracy in a numerical integration procedure is strongly 

based on the physical behavior of the model, the choice of integration 

method, and the choice of time step. Some methods become unstable for 

certain systems and time steps, meaning that truncation and or round

off errors can grow without bound as the integration proceeds. Trun

cation errors are due to the effects of the spatial and time discreti

zations used in the analysis. Roundoff errors are due to the effects 

of the finite arithmetic used in the computer. Both truncation and 
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roundoff errors occur at every time step, and if the method is unstable, 

then as the number of time steps increases, the results obtained will 

be erroneous. 

4.2 Step-By-Step Explicit Time Integration Scheme 

If at any time t the values of displacement, velocity, acceleration, 

strain, stress, and nodal force have been determined, then the calcu

lation of corresponding values at the end of the next time step. At, 

starts with the calculation of the accelerations u at node i using 

the nodal displacements at time t in Eq. (4.1). Then the following 

equations are used to determine the velocities ii and displacements u 

of node i at time t+At, from the corresponding values at time t. 

" i . t+ . t = " i . t * " i . t (̂ )̂ ^'-2^ 

"i.t+.t = "i,t * "i.t.At ("*) (*-̂ ) 

From the nodal displacements at time t+^t, the strains within 

the elements are calculated as follow: 

"i+l,t+At • "i,t+At 

^i,t+^t 

where L is the element length. If the material is linear and elastic. 
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the corresponding stresses within the elements are obtained using 

^•,t+At " ^ ^•,t+At 

Nodal forces at time t+At are obtained from the stresses and 

external forces, if any. Nodal accelerations at t+̂ t̂ are obtained 

by using the equilibrium equations at the nodes. The integration 

loop is then repeated until the response is calculated for a known 

or given time interval. 

4.3 Evaluation of Time Step At 

For a linear material and with equal lengths of the finite 

elements, if the time step is equal to At which is the time required 

for stress wave to travel from one node to the next, then the results 

obtained by using the above step-by-step integration scheme are exact. 

If a time step At larger than At is used in the above example, then 

it can be shown that the solutions obtained become unstable. At the 

same time, if the time step At is less that At , then the solutions 
cr 

contain some spurious oscillations. If the travelling wave front 

contains a shock, then with At < At̂  , the shock front slowly disperses 
cr ^ r 

into the continuum, and as the number of time steps becomes large, the 

quality of the shock is destroyed. This phenomenon of dispersion of 

shock waves in the numerical models exists in all numerical integration 

schemes. This behavior in numerical solutions is a characteristic of 

the differential equations which fall into the category of the 

"hyperbolic type". 
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Von Newmann and Richtmeyer (13) developed a technique to reduce 

these spurious oscillations in the numerical solutions, by introducing 

an artificial viscosity into the system. They developed a linear 

viscosity concept, while later researchers introduced a quadratic 

viscosity term in addition to the linear term (14). The amount of 

the viscosity term added is based on several numerical experiments. 

This artificial '-'iscosity is added only when the volumetric strain rate 

is negative, and is given by 

Q = CL C3 h £^ + C^2 p ^2 (.̂ j2 

Q = 0 

for e < 0 
V 

for e > 0 

where C- and p are the sound velocity and density of the material, 

2 
h is the minimum length of all the finite elements, and C, and C 

are the linear and quadratic adjustable viscosity coefficients. 

Usually C. and C are equal to 0.05 and 1.2 respectively (15). 

Because of the addition of the artificial viscosity terms and 

changes in length of finite elements during deformation, a new 

formula has to be used to determine the time step At. 

t = C. 

g + C5 
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This equation is used to maintain stability of the numerical solution. 

The constant C must be less than unity. In this investigation 

C^ is set equal to 0.75. Since the element length changes due to 

nodal displacements, the density will also be changing with respect to 

time. The value for C is equal to •^, , where K is the bulk 
p(t) 

modulus of the material, or precisely K, the slope of the Hugoniot 

curve for the particular value of the volumetric strain in the 

element at that time. 



CHAPTER 5 

WAVE PROPAGATION IN NONLINEAR MEDIA 

5.1 Introduct ion 

So far the development of the equations of motion has been for 

l i n e a r l y e las t i c mater ia ls. To incorporate nonlinear material 

propert ies such as e las t i c -p las t i c and nonlinear hydrodynamic behaviors 

in to the wave propagation model, we need to formulate the equations of 

state of the mater ia l . The equations represent 

1) e l as t i c -p l as t i c behavior 

2) appropriate y ie ld c r i t e r i a 

3) hydrodynamic s t ress /s t ra in equations. 

Once the proper equations of state (sometimes cal led "const i tu t ive 

re la t ions" ) are establ ished, the proper implementation of these re

la t ions is rather straight- forward in the step-by-step integrat ion 

procedure. 

5.2 E las t i c -P las t i c Behavior 

When the material undergoes small elastic strain, the material 

behavior is characterized by Hooke's law (16) with two parameters X 

and G, if the material is isotropic and homogeneous. The stress-strain 

equations of state are 

36 
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<J = ^ e + 2 G e 
X x 

^„ = ^ e + 2 G e 
y y 

^2 = ^ e + 2 G e 

T 

xy 
T 

yz 
T 

xz 

G 

G 

G 

Y 
xy 

Y 
yz 

Y 
xz 

( 5 . 1 ) 

where ^ , ̂  , ^̂  are normal components of stress parallel to the X, Y, 
A y z 

Z axes, respectively, and ^ , ̂  , ̂  are unit elongations in these 
X y z 

direction. "̂  , "̂  , "̂  are shearing-stress components in rectangular 

coordinates, and y . y , y are shearing-strain components in 
/vjr y ^ X Z 

rectangular coordinates. The parameters x and G are called "Lamp's 

parameters" in continuum mechanics (15). 

Also 

e = e + e + E (5.2) 
X y z 

where e is the volumetric strain in the material. 

The stress-strain behavior of a material can be thought of as 

being composed of a behavior associated with a uniform stress called 

"spherical stress", or "hydrostatic pressure" (all three normal 

stresses equal) plus a behavior associated with remaining stress 

components which represent a resistance of the material to angular 
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distortion. The latter stress components are called deviatoric 

stress components. The stress a can thus be decomposed into a 

spherical stress component P and deviatoric stress component S , 

where -P is the mean of three stresses, a , a , and a . 
X y z 

a = -P + S X "̂x 

a -P + S C5.3) 
y y 

-z = -P + h 

Using the above definitions we may now rewrite Hooke's law as 

X "y "z r, p 
-P = 3 = ( X + - ^ ) e (5.4) 

= K e 

where K is called the "bulk modulus" of the material. Natually, 

it follows that 

S^ + Sy + S^ = 0 (5.5) 

For linear materials, a set of components called 

deviatoric strains e , e , and e can be defined similar to the 
X y z 

deviatoric stress components: 

e = e - —5— e 
X X 3 
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y ^y 3 Sw = £.. - ^ e 

(5.6) 

"z ^z 3 6, = £, - -:r- e 

Thus, from Equns. (5.3) 

S, = 2 G e 
X X 

Up to this point, the equations are derived for linearly elastic 

materials. For examining materials undergoing plastic strains, the 

constitutive relations are developed from a theory of failure or 

plastic flow. There are several plastic flow theories in the literature 

(17) which are concerned with the behavior of a solid loaded beyond a 

yield stress, for which a yielding hypothesis is required. For ductile 

or semiductile metals, the experimentally determined yield stress is 

reasonably predicted by conditions based on the critical values of 

either the maximum shear stress or the maximum octahedral shear stress 

(16). Therefore, plasticity theories often employ a yield hypothesis 

based on either a maximum shear stress condition, called the " Tresca 

criteria", or a maximum octahedral shear stress condition, call the " 

Von Mises criteria". Here the maximum octahedral shear stress is used 
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as the yield criteria. This is equivalent to the assumption that 

yielding first begins when density of the strain energy of distortion 

attains a critical value. This is the energy density remaining after 

discarding the portion of the total strain energy density associated 

with the spherical stress components. The total strain energy density 

may be expressed in terms of principal stress components, a., a^, 

and ^^ 
3 : 

. ( 1̂ - ^2 ) ' " ( 2̂ - 3̂ ) ' ^ t ^3 - 1̂ )' 
d̂ - T T G •" 

2 
V 1 + 2 +3j_ (5.7) 

18 K 

After subtracting the hydrostatic stress effect, the strain energy 

density for distortion is 

( a c, )2^ ( 2̂ - 3̂ '^+ ( ^ - ""l Ĵ  
U, - - J '- r^V-^ '- '— (5.8) 

For a uniaxial stress case, o^ ^ ^^<^^ = â  = 0, and Eq . (5.8) 

yields 2 

If the specimen yields whena= Y, the strain energy density for 

distortion at the yield is 
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V = -Tl- (5.10) 

Accordingly, by Eq. (5.8) and Eq. (5.10) , the yield condition is 

taken as 

1 r/ ^ x2. , .2 , ,2 Ŷ  
li ^^ - o^) + { a^ - a^ ) + { 0^ - c^ f] = 

( â  - a2 )^+ ( ^2 • ^3 ^̂ "̂  ^ ^3 " 1̂ ^̂ = ^ ^ -̂ '^'''^^ 

The octahedral shear stress from continuum mechanics (17) is 

1 rf \2x f 2̂x ^ ^2-,l/2 
V t ==3 '^(^l - ^2^ "• '^2 • ^3^ ^ ^ 3̂ • ^ l ' ] . 

(5.12) 
From Eq. (5.11) and Eq. (5 .12) , then 

T ^ = 0.471 Y . 
oct 

In other words, the energy of distortion yield criterion is the same as 

the maximum octahedral shear stress yield criterion and is the criterion 

used in this research. Using Eq. (5.2) and Eq. (5.5), Eq. (5.11) may be 

rewritten as : 

Ŝ 2 + S2^ + 83^ = ^ Ŷ  (5.13) 
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and so, the material yields or starts flow plastically when the sum 

of the left hand side of this expression reaches a limiting value 

( -|- Y^), and this value will remain constant during the plastic flow, 

For the behavior of the material beyond the elastic limit, there 

are several theories postulated to describe the plastic flow. 

Generally,it is assumed that the increment of the deviatoric stress 

is proportional to the incremental deviatoric strain such that 

^^x 

dSy 

•^^z 

— 

= 

=: 

2 G d e ^ 

2 G d e y 

2 G de^ 

(5.14) 

If an incremental change in strain results in an incremental 

change in stress such that the total stress level violates the 

condition of inequality (5.13), then the principal deviatoric 

stress components S^, S^. S3 have to be adjusted proportionally 

(16). Also, in this research, the material is assumed to behave as 

if perfectly plastic (i.e., without any workhardening). 

5,3 Hydrodynamic Stress/Strain Equations 

When a shock wave travels through a continumm, experiments 

have shown that the spherical stress component is nonlinearly 

related to the volumetric strain. The relationship is usually 

written for volumetric strain calculated from a unstressed condition 
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such that the volumetric strain parameter i 

- 1 (5.15) 

where V^ is the original volume, and V is the current volume. Usually, 

the equation of state is written as 

= a C + b C ^ + c ? * ^ (5.16) 

where a,b,c are constants developed from experiments. The relation

ship is shown by a typical curve in Fig. 5.1. The curve is also a " 

Hugoniot curve". For the general behavior of the material, the 

elastic plastic behavior due to deviatoric stress components is 

combined with the Hugoniot relations. 

FIGURE 5.1 HUGONIOT CURVE 
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5-^ Example of a One-Dimensional Nonlinear Impact Problem 

To give an example of a nonlinear hydrodynamic and elastic-plastic 

impact problem, researchers have used the case of the impact between 

two large plates, which will create one-dimensional shock waves in both 

plates. For one-dimensional waves. 

and 

'y - ẑ = V = V - y.z - ' ^'-''^ 

e = e^ (5.18) 

Since e is a principal strain, it is convenient to denote e 
X X 

(5.19) 

as e^. Hence the deviatoric stress components are 

^x " 1̂ " ~~3~ ^ ^] 

'y - h -'-^ ' ^^ 

and now the yield criteria becomes 

ŝ  = -Y- ^' (5-20) 

The stress-strain relation can be well represented by the 

curve shown in Figs. 5.2, 
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- S, (COMPRESSIVE) 

2/3 Y 

1 

2/3 Y 

J 
SLOPE = 4/3 G 

(A) DEVIATORIC STRESS VS 

i 
(TENSILE) 1/3 Y 

T 
(B) PRESSURE VS. ê  

OR P 

T 

1 

i 
1/3 Y 

T 
SLOPE = A + 2 G 

(C) PRINCIPAL STRESS VS. ê  

FIGURE 5.2 STRESS-STRAIN RELATION FOR ONE 
DIMENSIONAL NONLINEAR MATERIALS 
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Suppose the material is first loaded elastically from the origin 

0 up to the yield stress at point A with linear behavior and a slope 

of 4/3 G, then the loading is continued so that the material flows 

plastically to point B, as shown in Fig. 5.2a. Upon unloading from B, 

it is found experimentally that the elastic portion of the strain is 

recoverable and the slope of the unloading curve is approximately the 

same as the initial slope of the elastic loading curve. Thus, the 

slope of line BC is approximately the same as that of line OA. 

Eventually, under the idealized model behavior, the load will decrease 

to zero and a permanent strain OC will remain in the material. In a 

plastic response, the correspondence of stress and strain upon unloading 

is different from the correspondence during loading. Specifically, in 

a plastic response a given value of stress (or strain) may correspond 

to two values of strain (or stress), and the uniqueness of relation 

between stress and strain is lost. 

The relationship between hydrostatic pressure and strain may be 

idealized as indicated in Fig. 5.2b, the "Hugoniot curve". In the 

negative pressure region (tensile stress condition), the pressure is 

limited to P = - i - Y or a limitation tensile stress at fracture, and 

this postulate is in relation to a simple tension test. The initial 
2 

slope of the Hugoniot curve is equal to A+ — j - G, which is the bulk 

modulus of the material. The relation between strain and stress for 

the sum of hydrostatic pressure P and deviatoric stress S-. is shown 
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in Fig. 5.2c. The initial slope of the combined curve will natually 

be equal to A + 2 G. 



CHAPTER 6 

ONE-DIMENSIONAL FINITE ELEMENT SPALL MODEL 

6.1 Introduction 

When two bodies impact, compressive stress waves are generated in 

both bodies, and as these waves reach free surfaces, they are reflected 

fully as tensile waves. If the magnitude of these tensile waves are 

sufficiently large, a tensile fracture can occur, and the material 

separates into two pieces at the place where the tensile stress becomes 

critical. The primary aim of this research is to develop a one-

dimensional finite element model which has the capability to allow 

separation of the continuum due to a tensile fracture state. The 

separated piece will travel with its own velocity, and will not have 

any connection with its parent continuum. Such a model is called a 

"spall model" in this research. 

6.2 Spall Model 

The concept of the spall model was developed by Dr. Vallabhan in 

the Civil Engineering Department at Texas Tech University. From a 

practical point of view, the separation of the material is limited to 

occuring at the discrete nodes of the finite element only. The feature 

of separation of the finite elements is accomplished by the introduction 

of an additional node at the node where the separation should occur. 

To avoid any renumbering of the discretization, the new node is 

identified by a number in sequence with the highest nodal number of 

48 
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the system. This procedure increases the half band width of the 

global stiffness matrix. But, using the method introduced here for 

integration, the global stiffness matrix is not developed and the 

increase in the half band width of the matrix does not introduce 

any programming problem which otherwise would have occured if an 

implicit integration technique had been used instead. 

In the one dimensional model, stresses are computed within 

the element and they are constants at any time. (i.e. they have 

one value from one node to the other). If the tensile stress in an 

element reaches a critical value, the decision to select the node 

for separation is not possible because of having two nodes for the 

element. Hence the average stress at the node is calculated and 

used in the fracture criterion. If the average nodal stress exceeds 

the dynamic tensile stress limit at the node, then the finite 

element system separates into two clusters at that node. For 

example, in Fig. 6.1, the fracture occurs at node 4, and a new 

node 7 is added to the system, which separates the original bar 

into two pieces. 

In order to distribute the strain energy in the finite elements 

associated with the node in question, during a fracture or separation, 

a simple momentum impulse concept is used. The impulse of the 

internal force acting on the node during the time increment is 

calculated. The total nodal mass at the node where fracture occurs 
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FIGURE 6.1 A FRACTURE MODEL 
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is divided by 2 and allocated to the nodes on each side. Half of 

the impulse at that node during that time increment is converted 

into momentum increments, which added vectorially (in opposite 

directions) to produce velocity changes at the fracture nodes. 

The corresponding displacement changes are also calculated and 

added vectorially. By doing this, some of the strain energy in the 

elements involved in separation is converted into kinetic energy, 

with increments of nodal velocities in opposite directions. The 

separated pieces may have some internal residual strain energies 

which will be propagated internally. Both nodes at fracture now 

represent free surfaces. 

This method is first applied to simple example problems Involving 

impact of elastic longitudinal bars and impulse loading on a 

stationary bar. Then the concept of impact between bars is extended 

to the impact between two large plates so as to create a one 

dimensional wave propagation condition. In this problem elastic-

plastic nonlinear material properties of the plate are introduced. 

In this chapter, three example problems are shown to illustrate 

the potential of the spall model. 

6.3 Example 1 

In this example, the impact of two bars with the same area of 

cross section and material properties are considered. One bar is 

stationary and the other impacts it with a known initial velocity. 



n r»v. 

as shown in Fig. 6 .2 . Linear elastic material properties are 

considered, with a l imit ing dynamic tensile stress prescribed, 

beyond which the material fractures. The detailed dimensions of 

the bars are as follow: 

^1 t^ 

\ — - I 
FIGURE 6.2 LONGITUDINAL IMPACT OF TWO BARS 
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L̂  = 2 .0 in 

L2 = 5.0 in 

V, = 1000 in/sec 

. 2 

2 , . 4 

A (area of cross section) = 2 in 

a (maximum dynamic tensile stress) = 60000 psi 

p (rr̂ ass density of the material ) = 0.00075 Ib-sec'^/in" 

E (Young's modulus) = 30000000 psi 

For this linear problem, the system was divided into 7 elements 

of the same length and the nodal masses are computed as follow: 

2 M, = Mo = Mo = M, = M. = M. = M, = 2 Mj. = A p L 8 

= 0.0015 I b - s e c ^ / i n 
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where L is the length of a single element and the critical value of 

^^cr ^^" ^̂  calculated as 

At 
cr c 

For this bar. 

c = 
_E_ 
p 

>8 0.3 X 10 « in5 . / :^ = 2 x 1 0 in/sec 
0.75 X 10"^ 

therefore. 

At^^ = -L. = 5 X 10"^ sec 

This time interval is the time required for the stress wave to travel 

from one node to the next. In this analysis, the time step t is set 

equal to At . This problem has been analyzed by the computer program 

and some of results are shown in Fig. 6.3. 

From Fig. 5.3 it can be observed that the average nodal stress at 

node 6 exceeds the dynamic stress limit when the time is equal to 

0.00003 sec. The material separates at that node, i.e., an additional 

node is introduced into the finite element mesh, and two elements fly 

off from the parent system with their own velocity. Since the material 

is assume to be elastic, the first 5 elements become stationary and the 

last two elements fly off with a velocity equal to 1000 in/sec. 
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V^ = 1000 in/sec 

V 

/ 

STATIONARY BAR 

IMPACTING BAR 

TIME = 0. sec 

FRACTURE OCCURS 

I r 
5 6; 8 

i I i^ r 

TIME = 0.00003 sec 

V = 1000 in/sec 

I I I I I I 

t •FRACTURE PIECE 

TIME = 0.000035 sec 

V = 1000 in/sec 

TIME = 0.00005 sec 

FIGURE 6.3 SPALL MODELLING IN A BAR DUE TO LONGITUDINAL IMPACT 
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6.4 Example 2 

This example is shown here to i l lustrate multiple spallation 

during impact. Since the material is l inearly e last ic , a variable 

forcing function is used at end of the bar so as to create a triangular 

stress pulse in the bar. The force-time data are given in Fig. 6.4. 

The bar is assumed to have the same material properties as the bar in 

the f i r s t example, but a low maximum dynamic tensile stress. The 

detailed dimensions of the bars are as follow: 

m 

0.00005 sec 

FIGURE 6.4 A BAR SUBJECTED TO AN IMPULSE AT ONE END 

L (length of the bar) = 14 in 

. 2 
A (area of cross section) = 2 in 

a (maximum dynamic tensile stress) = 19000 psi 

p (mass density of the material ) 

E (Young's modulus) = 30000000 psi 

0.00075 Ib-sec^/in^ 



COMPRESSION STRESS 
WAVE DUE TO F(t) 

^ 
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TIME = 0.000006 sec 

TIME = 0.000008 sec 

(B) 

FIRST FRACTURE 

TIME = 0.000009 sec 

(C) 

SECOND FRACTURE 

FISRT SPALL 

TIME = 0.00001 sec L ^ 

(D) 

SECOND '—^ FIRST 
SPALL SPALL 

FIGURE 6.5 SPALL BEHAVIOR DUE TO BAR SUBJECTED TO END LOADING 
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This bar is divided equally into 14 elements. Since the material 

properties and element lengths of this problem are the same as those 

of the first problem, the nodal masses and At are the same as before. 
cr 

Fig. 6.5a shows the stress wave in the bar at t = 6 x 10"^ sec. 

Fig. 6.5b shows the distribution of the stress after part of the com

pression wave has been refected at t = 8 x 10' sec. We can see that 

the average nodal stress at node 13 exceeds the dynamic stress limit at 

this time. The material separates at that node, i.e., and additional 

node is introduced into the finite element mesh. A free boundary is 

created at node 13, which causes the rest of the compression stress 

wave to be reflected back as a tension wave. When the time is 
-fi 

increased to 9 x lO' sec, the average stress at node 11 becomes 

greater than the dynamic tension stress and a fracuure occurs at 

that node. Note that two pieces fly off from the parent system with 

their own velocities. 

6.5 Example 3 

The problem presented here is an impact between two large plates. 

This problem is an ideal problem, and the properties are set to create 

a one-dimensional nonlinear stress wave propagation problem. The 

problem and the material properties are taken from an example by 

Wilkin (15). The problem consists of an aluminum plate of thickness 

equal to 12.5 cm, striking a stationary aluminum plate 62.5 cm thick at 

a velocity of 800 m/sec. 



For illustration purposes, only a unit square inch of 

the plate is shown in the Fig. 6.6. The input data for the 

problem are as follow: 
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E 
K 

FIGURE 6.6 IMPACT BETWEEN TWO LARGE PLATES 

L, = 12.5 cm 

L2 = 62.5 cm 

V, = 800 m/sec 

X (Lame's constant) = 0.554 x 10 bars 
g 

G (shear modulus) = 0.248 x 10 bars 
4 

a (tensile yielding stress) = 0.298 x 10 bars 
3 

p (mass density of the material) =2.7 gm/cm 

P = 0.73 U) + 1.72 (c)^ + 0.4 U)^ 

where ^ is the volumetric strain parameter defined as 

C = 
V o - V 

and V is the current volume, V is the initial yolurae 
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For this problem, the system was divided into 60 elements of the 

same length. In the beginning, compression stress waves are produced 

and propagated in both plates in opposite directions, as shown in 

Fig. 6.7. When the compression waves hit the free surface they are 

reflected as tension waves and the reflected waves travel with a 

slightly higher velocity than the compression waves. The reason for 

this difference is the difference in slope in the loading and un

loading conditions. The shapes of the stress waves at different times 

are as shown in Figs. 6.8 through 6.12. 

When the compression waves reach the free surfaces, they are 

reflected as tension waves. These tension waves then nullify the 

oncoming compression waves for some small interval of time. After 

that they appear as tension waves. When the magnitude of the tension 

stress reaches beyond a limiting value, a fracture occurs which creates 

a small piece containing finite elements which fly off from the 

parent material. Figure 6.13 shows several such pieces broken 

off from the parent plate and these plates are flying off with 

their own velocities. 
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FIGURE 6.13 SPALL BEHAVIOR DUE TO PLATE TO PLATE IMPACT 



CHAPTER 7 

CONCLUSIONS AND RECOMMENDATIONS 

A finite element model to represent the stress wave propagation 

in linear or nonlinear one dimensional systems due to impact has been 

developed and presented here. The primary objective in the research 

was to create a spall mechanism in the system caused by a reflected 

high tensile stress. This was accomplished by the introduction of an 

additional node in the system, so that the spalled cluster of elements 

can separate and fly off. To make the calculations efficient, two 

"techniques were employed: one, the masses of the finite elements are 

lumped at the nodes, and two, an explicit step-by-step integration 

technique is used. This way, the global mass matrix is diagonal, and 

the global stiffness matrix is not required to be developed. To 

accomplish stability in the numerical solution, the time step used 

in the integration scheme was kept below a critical time step, which is 

essentially the minimum-time required for sound to travel from one node 

to the next. To reduce errors that tend to creep into the analysis, 

due to the time increment, variations in element properties, etc., 

an artificial viscosity containing linear and quadratic terms is used. 

The computer code developed to accomplish all these features is 

very efficient, and the CPU time required to solve the nonlinear 

problem shown in the example 3 was only 1.76 seconds on the ITEL AS/6 

computer at Texas Tech University. It is concluded that the above 

technique can be efficiently used to predict spallation behind a 
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longitudinal rod, if the rod is subjected to impact or a force. It is 

the first time to the author's knowledge that such a model is developed 

to create spallation due to fracture which is induced by reflected 

waves. It is also concluded that a similar technique can be 

developed and implemented for producing spallation in two or three 

dimensional problems. The following are the recommendations for future 

research: 

1) Research on an efficient time increment for use in the explicit 

step-by-step integration is necessary. 

2) The method can be extended to model the normal impact of a 

missile on a plate and thus develop a simple model to 

simulate the spallation behind the plate. The Key in the 

formulation of this model lies in the ability to discretize 

the plate into a one dimensional mass system based on the 

impact velocity and the level of the hydrodynamic effects 

in the plate. 
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