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ABSTRACT 

Of the wide variety of actuation methods that have been developed for micro-

electromechanical systems (MEMS), electrostatic devices are the most common. The 

operation of these devices may be primarily categorized as digital and analog. Al

though the technology in digital operations is quite well developed the analog opera

tions are not as developed due to an inherent nonlinear phenomenon in electrostatic 

actuation commonly known as "snap-through" "or pull-in." The concern of this thesis 

is analog control of electrostatically actuated MEMS devices. A simple 1-D model 

of electrostatic actuation is sufficient to capture the salient nonlinearities of the gen

eral problem. Several analog control schemes for such a model are proposed in the 

literature based on physical intuition. In the first part of the dissertation we show 

how these control schemes can be derived from the application of standard nonlin

ear control theory. Then we employ notions of feedback linearization, passivity and 

nonlinear state estimation to derive much improved control schemes that eliminates 

snap-through, improve performance with respect to low overshoot and faster settling 

times. The second part of the dissertation is concerned with generalizing the ana

log control notions developed for the 1-D model to a 3-D model where the device 

is assumed to freely rotate as well as translate. We first note that the system can 

be perceived as a coupled electromechanical system where the configuration space 

of the mechanical subsystem is the special Euclidian motion group SE{S). Thus we 

approach the problem from the setting of finding intrinsic control strategies for me

chanical systems on general Lie groups. Furthermore, we do it in such a way that no 

coordinates need to be introduced on the Lie group. Thus, apart from the simplicity 

it provides, the tools developed in here may be of great importance to long term 

trajectory planning and optimal control problem on Lie groups and stabilization and 

active vibration absorption of rigid 3-D structures. 
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CHAPTER 1 

INTRODUCTION 

Of the wide variety of actuation methods that have been developed for micro-

electromechanical systems (MEMS) [13], electrostatic devices are the most com

mon. Electrostatic actuation makes use of the coulomb forces that develop between 

capacitively-coupled conductors that differ in voltage. Electrostatic devices are pop

ular because they are relatively simple in structure, flexible in operation, and may 

be fabricated from standard, well-understood, materials. Micromirrors are a class of 

systems that rely on electrostatic actuation. They are increasingly becoming popular 

in the areas of optical switching [2, 6, 19] image projection [10, 20] and in spatial light 

modulators (SLM) that may be used for holographic data storage and image recogni

tion [9]. Examples of commercial devices that use electrostatically actuated MEMS 

mirrors include Texas Instruments (TI) digital micromirror device (DMD) used in 

image projection [10] and the grating light valve (GLV) used in optical switching [2]. 

The operation of the MEMS micromirror devices may be primarily categorized as 

digital and analog. The TI DMD and the GLV are examples of digitally operating 

devices. However in applications such as adaptive optics and SLMs analog operation 

is highly desirable [9]. Some laboratory analog devices are described in [7, 8] for SLMs 

and adaptive optics. Although the technology in digital operations is quite well devel

oped as is evident from the many available commercial devices such as the TI DMD 

and the GLV, the analog operations are not so developed due to an inherent nonlinear 

phenomenon in electrostatic actuation commonly known as "snap-through" "or pull-

in" [26, 28]. The concern of this thesis is analog control of electrostatically actuated 

MEMS devices. A simple 1-D model of electrostatic actuation is suflftcient to capture 

the salient nonlinearities of the general problem [28]. Several analog control schemes 

for such a model are proposed in [21, 26], based on physical intuition. In the flrst 

part of the thesis, we analyze the 1-D model of a typical electrostatically actuated 

MEMS device from a nonlinear controls point of view and derive the physically moti-



vated control laws of [21, 26] from a standard control theoretic approach and thereby 

improve on them using nonlinear control notions of input output linearization, pas

sive based control and nonlinear state estimation. The resulting control laws are 

shown to depend only on the measurement of charge on the device and the voltage 

drop across the device. These results have been either presented [15] or are to be 

presented [16, 17, 18] at the 2003 American Control Conference, the 2003 IMECE 

conference and, the 2003 Computation Decision and Control conference, respectively. 

The second part of the thesis is concerned with generalizing the analog control 

notions developed for the 1-D model to a 3-D model where the device is assumed to 

freely rotate as well as translate. We flrst note that the system can be perceived as 

a coupled electromechanical system where the configuration space of the mechanical 

subsystem is the special Euclidian motion group SE{3). Thus we approach the prob

lem from the setting of finding intrinsic control strategies for mechanical systems on 

general Lie groups. An approach to nonlinear control, that has sparked a wide inter

est, is to exploit specific structural properties of systems. The subset of Mechanical 

systems possess a rich structure and the systematic geometric study of mechanical 

systems has recently received much attention. Geometric notions such as system flat

ness, symmetry, conservation laws and reduction are some of the by products of that 

study. Based on these concepts many researchers have developed successful intrinsic 

control strategies for simple mechanical systems with certain symmetries. However, 

in the absence of such special structural properties the inherent passive nature of 

mechanical systems can be used for stabilization and controller design. In a recent 

paper by Munoz-Lecanda et al. [26] the notion of passivity is generalized for simple 

mechanical system with configuration space being an arbitrary complete Riemannian 

manifold. Typically, the resulting control laws depend on both configuration and 

velocity measurements. Depending on the application, one or the other of these may 

not be directly available, and therefore must be estimated. In some cases the velocity 

measurements may be easily obtained while in others it is the configuration measure

ments. In a recent paper, Aghannan and Rouchon [2] present an intrinsic observer 



that provides estimates of the states of a simple mechanical system on a Riemannian 

manifold, given measurements of the configuration variables. Thus, in the case where 

the configuration variable is measured, we have an intrinsic dynamic output feedback 

approach to the stabilization of simple mechanical systems. The implementation of 

these schemes requires local co-ordinates to be introduced on the configuration man

ifold. In certain cases such as the spherical or planar double pendulum or the rigid 

body problem, there does not exist a single coordinate patch that covers the entire 

manifold. This is undesirable especially for optimal control applications and long 

term trajectory planning problems. In general there is no way around this. However, 

if the conflguration space has the added structure of a Lie group, we show how the 

representations can be greatly simplified and how all these strategies can be explic

itly expressed without having to introduce coordinates on the configuration space. 

Finally, we use these tools developed for Lie groups to stabilize an electrostatically 

actuated 3-D rigid MEMS device. 
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NONLINEAR CONTROL OF AN ELECTROSTATICALLY ACTUATED 1-D 

MEMS 



CHAPTER 2 

INTRODUCTION 

In section 3, we consider a simple 1-D model of a typical electrostatically actuated 

MEMS. The model might represent, for example, a single element of an array of rigid 

micromirrors [7, 8, 10] or an electrostatically actuated microswitch [19]. Other con

figurations, such as deformable membranes [23] or torsional mirrors [5], will display 

similar qualitative behavior to that described by the 1-D model. The model consists 

of a parallel plate capacitor with a movable top plate and flxed bottom plate, with 

the top plate attached to flexible cantilever supports. Some viscous damping, corre

sponding to structural and squeeze film effects, is assumed. While some MEMS may 

have sufficient natural damping [20], others may not [5, 19]. We refer to the space 

between the top and bottom electrodes when no voltage is applied as the zero-voltage 

gap. Apply a bias voltage across the plates. A capacitive force, always attractive 

and proportional to the square of the applied voltage, will act to draw the top plate 

downward. We call the distance between the top plate and the bottom plate the gap. 

With constant voltage control the gap cannot be adjusted arbitrarily. At a critical 

voltage, corresponding to a displacement of the top plate equal to one-third of the 

zero-voltage gap, the top plate suddenly and catastrophically snaps to the bottom 

electrode, instantly reducing the gap to zero. This phenomenon is known as "snap-

through" or "pull-in," and corresponds to a saddle-node bifurcation with respect to 

the applied bias voltage. Some MEMS, particularly digital devices designed to oper

ate in one of two possible configurations, exploit snap-through [6, 19, 20]. In others 

the gap is made at least three times as large as the required range of motion of the 

upper plate. The result is a more difficult fabrication, and higher power requirements. 

When snap-through is the nominal behavior, device lifetimes are often limited by in

cremental surface damage done at each contact [19]. When the device is not explicitly 

designed to tolerate frequent contact, snap-through is particularly deleterious. 

Consider the problem of setpoint control of the one-dimensional micromirror, from 



any point in the gap to any other point between the electrodes with minimal or no 

electrode contact. That is, to stabilize any desired equilibrium gap in such a way that 

the region of attraction contains a given set of initial conditions O (corresponding 

to normal operational conditions) and that for those initial conditions the perfor

mance result in no electrode contact. However we note that for sudden disturbances 

that can be modelled by initial conditions that lie outside the given set O, electrode 

contact may be unavoidable. In the case of electrode contact we assume that upon 

contact the movable electrode instantaneously loses some or all of its kinetic energy 

and that the system dynamics when the electrodes are in contact are governed only 

by the dynamics of the electrical system. An insulating layer is assumed to prevent 

charge loss to the bottom electrode. Further, if and when the spring force exceeds the 

electrostatic forces, the governing dynamics are once again to be those of the uncon

strained system. It is shown in [26] that by placing an appropriately sized capacitor 

in series with the device, every point of the gap can be stabilized. Several difficulties 

of such feedback due to parasitic capacitance are reported in [4]. Improvements to the 

method are also proposed in [4]. Two current drive control strategies are proposed 

in [21] as an alternative to capacitive feedback. These schemes are based on physical 

intuition. In section 4, we show that these control schemes can be derived from a 

standard nonlinear control theoretic approach. Unlike for linear systems, for nonlin

ear systems control strategies are based on some special structure of the system. For 

instance a lower triangular structure is needed for back stepping, an upper triangular 

structure for forward stepping and the zero dynamic normal form is used for feedback 

linearization [11, 14, 27]. Thus as a starting point we seek to explore any special 

existing structures of the system. With device charge as output it is shown in section 

4.1 that the system has uniform relative degree one and asymptotically stable zero 

dynamics that correspond to the dynamics of the mechanical subsystem. The prop

erty of being uniform relative degree implies that the system can be globally input 

output linearized. In general this may not be a robust process and it may cancel out 

helpful nonlinearities. However in this case the input output linearizing control turns 



out to be positive feedback of the voltage drop across the device and is measured. 

Thus input output linearization is quite robust in this instance. It is for the con

siderably simplified input output linearized system that we seek stabilizing controls. 

The asymptotic stability of the zero dynamics implies that any feedback that locally 

stabilizes the linearized dynamics will locally asymptotically stabilize the composite 

dynamics. The issue of global convergence is a little more subtle and depends on 

how the linearized dynamics interact with the zero dynamics [27]. However, in this 

case we show in section 4.1 that by input output linearization, coupled with negative 

charge feedback, it is possible to completely remove the saddle node bifurcation of 

the system. Further, it is also shown that this corresponds to the current drive con

trol methods in [21]. However, the gap dynamics or the unobservable dynamics are 

governed by that of the mechanical system. The gap dynamics play a very important 

role in analog operations of an electrostatically actuated device. For instance almost 

always it is desirable that the electrode settle fast and that the overshoots be minimal 

especially when operating low in the gap. Thus we attempt to flnd controls that may 

inject damping into the system. 

A nonlinear system x = f{x,u), y = h{x) is said to be passive with storage 

function S{x) if there exists a smooth positive semideflnite function S{x) such that 

the inequality S(x{t)) — S{x{0)) < J^ u^y dr holds for all admissible «(•). Our ap

proach to the stabilization problem is to first seek for a suitable storage function with 

respect to which the input output linearized system may be passive and then use 

damping injection for stabilization. In general for physical problems the total energy 

of the system is a good candidate for the storage function, but in this case it is not 

positive semi-definite for all desired equilibria of the system and hence is not suit

able. However based on certain special properties that all mechanical, electrical and 

electro mechanical systems have it may be possible to shape the total energy such 

that it is positive semi-definite or in fact positive definite for all desired equilibria 

of the system. In what follows we briefly explore these possibilities. Energy-based 

frameworks have been well developed for modelling of mechanical, electrical and elec-



tromechanical systems [24, 28, 30]. Typically in these approaches a complex nonlinear 

system is perceived to be built up of simpler lumped parameter physical subsystems. 

Each individual subsystem consisting of energy storage elements, resistive elements 

and ports. The ports of a system model the interaction with the environment while 

the resistive elements capture the dissipation of the system. These subsystems are 

assumed to be interconnected to one another through their ports in a power preserv

ing manner. A comprehensive discussion of this topic may be found, for instance, in 

[24, 30] and the references therein. It is shown in [30] that if the resistive elements 

are linear, these systems have a special Port Controlled Hamiltonian structure with 

Damping (PCHD). A PCHD system model is expressed by means of its Hamiltonian 

(typically the total energy), its internal and external interconnection structures, and 

its damping structure. In section 4.2, we observe that the 1-D mirror model being 

an electromechanical system possesses such a structure both before and after input 

output linearization. The primary advantage of expressing the system in this form 

is that it naturally leads to the passivity-based control framework. In fact, if the 

Hamiltonian function is bounded from below, then PCHD systems may be shown to 

be passive with respect to the storage function given by the Hamiltonian of the sys

tem, and an appropriately defined output [30]. To further illustrate the benefits of the 

PCHD approach, consider the following: Let the Hamiltonian have an isolated local 

minimum at some point in state space, and let the output satisfy certain detectability-

like technical conditions. Then static output feedback control locally asymptotically 

stabilizes that point. This stability result holds globally if the point in question is a 

global minimum of the Hamiltonian, provided the Hamiltonian is globally proper and 

the technical detectability condition is satisfied globally. However, it is usually the 

case that we desire to stabilize the system about some other point, not a global or 

local minimum of the total system energy. Then this may be achieved with output 

feedback control if we can shape the Hamiltonian such that it has a global or local 

minimum at the desired point. It is shown in [22, 30] that a special class of invariant 

quantities, called Casimir functions or Casimirs, are associated with the uncontrolled 

8 



PCHD system. Specifically, these are the invariants of the uncontrolled trajectories 

of the PCHD system for any Hamiltonian. A non-constant Casimir is said to be non-

trivial. It is shown in [22, 30] that if there exist non-trivial Casimirs, then it may be 

possible to shape the closed-loop Hamiltonian in the desired way. Applying damping 

injection then asymptotically stabilizes the desired equilibrium point, again subject 

to certain detectability conditions. 

In section 4.2, we find that the PCHD structure of this MEMS device model does 

not admit non-trivial Casimir functions. Therefore, the passivity-based approach 

would not seem to apply. Input-output linearization of the system will usually destroy 

the PCHD structure, but in this instance it does not do so. Not only does the 

linearized system maintain a PCHD structure, but the new system admits a unique 

class of non-trivial Casimir functions. We show that any function depending only 

on charge is a Casimir function. Thus functions of charge can be effectively used 

to shape the total energy of the system. It further turns out that applying the 

passivity-based damping injection control "undoes" the input-output linearization 

within the feedback loop. As a result, asymptotically stabilizing damping control 

may be implemented directly on the original system using only charge feedback. The 

charge on the electrodes can be either inferred indirectly from the measurements of 

capacitance and voltage across the electrodes or directly by measuring the the voltage 

drop across a flxed serially-connected capacitor. If the Casimir functions satisfy some 

additional requirements then, as shown in [22, 30], the closed-loop system necessarily 

has a PCHD structure with the modifled total energy function as its total energy 

function. 

In section 4, it is also shown that the class of charge feedback controls adds 

damping only in the electrical subsystem and hence that the performance may be 

limited by the natural damping of the mechanical subsystem. Some MEMS may 

have sufficient natural damping [20] while others may not [19, 5]. In the case of 

low damping we investigate, in section 5, several different control strategies that 

improve transient performance. Recall that the 1-D model of the electrostatically 

9 



actuated device is uniform relative degree one and has asymptotically stable zero 

dynamics. This implies that the system is feedback equivalent to a passive system 

[3]. In this second approach we employ passifying feedback control along the lines 

described in [3, 27, 30]. Consider the composite systems as the interconnection of two 

subsystems, the electrical subsystem and the mechanical subsystem. It is known that 

mechanical systems are passive only with respect to velocity as output and actuation 

forces as input. Thus any passivity based scheme that renders the interconnected 

system passive will invariably involve velocity feedback. Unfortunately, while such 

measurements are possible in the laboratory [29], this velocity is extremely difficult 

to sense directly during normal operation of the device. In order to overcome this, 

in section 5.3, we propose a reduced order one dimensional velocity observer with 

exponentially fast error dynamics. The observer is based on measurements of the 

charge on the electrodes and the voltage across the electrodes. Then we combine the 

observer with the state feedback laws developed in section 5.1 and section 5.2 to arrive 

at a dynamic output feedback approach to stabilization of any point of the capacitive 

gap of an electrostatically actuated MEMS based on only the measurement of charge 

on the electrodes and the voltage drop across the electrodes. Simulation results are 

provided to demonstrate the excellent performance of the schemes. 

10 



CHAPTER 3 

MODEL FORMULATION 

A typical one-dimensional model of an electrostatic microactuator is schematically 

represented in the Figure 3.1. The system is actuated by controlling the input voltage 

v{t). The spring and the dashpot in the figure represent the flexibility and damping 

in the support assembly. Let Q{t) be the charge of the device, i{t) be the current 

through the resistor, l{t) be the air gap, v{t) be the input voltage, IQ be the zero 

voltage gap, A be the plate area, and e be the permittivity in the gap. Then, the 

capacitance of the device is equal to eA/l{t), the attractive electrostatic force on the 

top plate is F{t) = ^ ^ , and the current through the input resistance r is 

Thus, the complete equations of motion are [28], 

Figure 3.1: ID model of an electrostatic microactuator. Top plate of the MEMS is 
free to move and the bottom plate is held flxed. 

mi{t) = - bi{t) - k{l{t) - lo) -

Q(t) = -{vit) ^^). 

QHt) 
2eA ' 

(3.1) 

(3.2) 

The state space of the system is Q = {[Q{t),l{t),i{t)]^ e Tl^ \ I > 6o}. Here 5o 

is the thickness of an insulating layer coated on the bottom electrode. In general. 

11 



the input current i{t) and the voltage across the device, Q{t)l{t)/eA , are available 

for measurement. Since they differ only by the control voltage, it suffices to consider 

either one of them. Here we assume voltage is measured. Accurate measurement 

of capacitance across the device, eA/l{t), is also possible [1]. It is clear from the 

above that the charge on the device, Q{t), can be inferred from voltage and capaci

tance measurements. In the remainder of this dissertation, we assume this has been 

done, and treat the electrode voltage and electrode charge as the system outputs. 

However, we make the following observations: (1) From measurement of voltage and 

capacitance, it is also possible to compute the gap between the electrodes, l{t). Al

though it may seem that use of / directly is preferable to use of Q, techniques such as 

energy-shaping require Q [17]. (2) It is possible to measure charge directly without 

using the capacitance by inserting a flxed series capacitor and measuring the voltage 

drop across it. This is essentially how charge feedback is implemented in the case of 

capacitive stabilization. 

Let cr be a positive constant. Performing a normalizing time scale change oir — at 

and a change of variables I = al, v = ra^v, Q = Pq where a = eAra, /3 = eAa^/mra 

and letting the state vector x = [q, I, / ]^ and uj^ = k/m, 2ra;„ = b/m and a; = ^ , the 

control system can be put into the state space form, 

(3.3) 

Xi 

X2 

i s 

2/1 = 

I l2 = 

— 2TUJX3 

= XiX2, 

= X 1) 

- 2 : 1 X 2 

X3 

- oJ^{x2 - IQ) -- An. 
+ 

" 
1 

0 

0 

(3.4) 

(3.5) 

with the state space A' = {[a;i, X2, x^ eH^ \ X2>5} {5Q = a5>0),yi the voltage 

across the device divided by the constant rc7/3, and t/2 the charge on the electrodes 

divided by the constant ^. For a given constant voltage v = ra/3i?, let the equilibrium 

points of (3.3) be x where x = [xi,X2,0]^ and P = ^1^2. For a given X2, Xi is given 

by X? = 2a;2 {IQ - X2). For a given constant bias voltage v the open-loop system (3.3) 

12 



has three equilibria. One of these lies below the bottom plate, and so is outside the 

operating region of the device (that is outside of X). The two remaining, including 

the desired equilibrium, lie within M. 

For the purpose of global and semi-global stability analysis we assume that when 

the electrodes are in contact the system dynamics are governed only by the electrical 

subsystem, and that when the spring force acting on the electrode exceeds the elec

trostatic force the system switches back to its unconstrained form prior to contact. 

Formally, we have the following assumption. 

Assumption 1. The velocity of the moving electrode before and after contact satisfy 

the relation x^ — — /ix^ where 0 < // < 1 and x'^, x^ are the velocities of the moving 

electrode just before and after contact, respectively. When the system is restricted to 

the boundary of X, dX — {[xi,X2,XiY ^ -^ I X2 = 5} and (i) if x\ > 2U?{IQ — 5), 

the system is governed by Xi = —3:1X2 -{-u, ±2 = 0, X3 = 0 , or (ii) if xf < 2oj'^{lo — 6) 

the system switches back to (3.3). 

For the sake of convenience of designing and analyzing the various state feedback 

laws we perform a globally deflned change of variables Ci = 2:1 — xi, C2 = 2:2 — ^2, 

(^^ = Xz, u = V — u, r]i = yi — ^1^2, rj2 = 1/2 — ^1 , so that in the transformed 

system the desired equilibrium is shifted to the origin. The state space in these new 

coordinates is Z = {[Ci,C2,C3]^ e IZ^ I C2 > -^2 + ^} and the boundary of Z is 

dZ = {[Ci, C2, Cs]^ £ "^^ I C2 = -X2 + 5}. Expressing the system (3.3)-(3.5) in these 

new coordinates, we have the control affine system 

C = /(C) + ^(CK v = h{0, (3.6) 

where C = [Ci, C2, Cs]^, V = [m, V2V and 

^(C) 

1 

0 

0 

, h{0 = 
CiC2 + 3:2Ci + 2;iC2, 

Ci 
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From Assumption 1, the vector field /(C) has the form 

/(C) = 
-C1C2 - a:2Ci - Xi(2 

Ca 

-2ra;C3 - 10^2 - ^iCi - C!/2 

iiCidZ 

and 

/(C) = 
-C1C2 - X2CI - X1C2 

0 

0 

if C e dZ. 

The linear approximation of (3.3) about a given desired equilibrium point [xi X2 0]^ 

(in the C coordinates this equilibrium corresponds to the origin) is given by. 

j^5C = ASC + BSu, (3.7) 

where 

A = 

-X2 

0 

-Xl 

-Xi 

0 

-a;2 

0 

1 

2™ 

, B = 

1 

0 

0 

For the origin to be locally stable it is necessary that det{A) < 0. Since det(^) = 

—uj^{3x2 — 21Q), this in turn implies that X2 > 21Q/3. Thus the two equlibrium points 

corresponding to a gap less than two-thirds of the zero voltage gap, IQ, are unstable. 

The total energy function 

^(c) = ^Ci'c2+^i2c?+iiCiC2+\u;'e2 + \ci (3.8) 

is a local Lyapunov function for all X2 > 21Q/3 with the origin as the desired equi

librium. Thus, from a straightforward application of the LaSalle invariance principle 

[30], the origin is locally asymptotically stable if the corresponding equilibrium gap 

is in the upper one-third of the zero-voltage gap. 

If one were to carefully increase the input voltage from 0 to Vpuu = \/8ki^/27eA, 

allowing time for transients to die away, the equilibrium gap would correspondingly 
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decrease from IQ to 2/o/3 while remaining asymptotically stable. However, any further 

increase in v{t) will have the effect of decreasing the gap below the stable region, and 

will thus result in snap-through. From the viewpoint of bifurcation theory, for each 

input voltage below Vpuu there are two equilibrium values of / in the zero-voltage 

gap. A stable one lies in [0,2/o/3) and an unstable one lies in (2/o/3,/o]. The point 

/ = 2/0/3 corresponds to a saddle-node bifurcation at v = Vpuu. 

3.1 Capacitive Stabilization 

In this section, we give a brief overview of a well-known stabilizing scheme that 

eliminates snap-through due to Seeger and Crary [26]. It is shown in [26] that by 

inserting a properly sized capacitor in series with a constant voltage source w locally 

stabilizes every point of the gap provided the capacitance, cy, of the added capacitor 

satisfies cy < Co/2, where CQ = y^. The bias voltage w determines the equilibrium 

position of the gap. For a particular gap X2, the required bias voltage is given by 

xl = 2 U'^{IQ — X2) and w = ra^XiX2 -\- ^xi/cf. The corresponding bias voltage 

required with no capacitive feedback is r0^X2X1. Thus an undesirable consequence of 

capacitive feedback is the substantial increase in the bias voltage. Several other dif

ficulties of capacitive feedback stabilization due to parasitic capacitance are reported 

in [4]. Another disadvantage is that on-chip implementation of a capacitor may re

quire additional footprint. Additionally, sizing a capacitor only to stabilize the gap 

neglects performance considerations. Necessary transient response improvement at 

smaller gap lengths may require that the added capacitor be very small, thus increas

ing bias voltage further. Interpreting the capacitor as a controller, we immediately 

see that the applied input voltage v across the device can be expressed as 

V = Q^w. (3.9) 

Thus the capacitor feedback law is exactly linear feedback of charge with respect 

to the original system as expressed by (3.1)-(3.2). With respect to (4.4)-(4.5) this 
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corresponds to 

u^-T],-kCu (3.10) 

where k = eA/cf. The performance of this scheme is shown in Figure 4.1 by a solid 

line, where the objective was to stabilize a gap length of 40% the zero voltage gap. 

The initial condition corresponds to the system starting at zero voltage gap. The 

damping ratio is r = 0.1, and the gain k = 2.1. 
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CHAPTER 4 

CHARGE FEEDBACK STABILIZATION 

In this section, we will systamatically analyze the 1-D electrostatic actuator from a 

nonlinear control theoritic approach and in the process recover the capacitive feedback 

stabilization method of [26] and the current drive methods of [21] which were originally 

developed from physical considerations. 

Observe the following facts about the system (3.3)-(3.5) described in the C coor

dinates. Let T] = [T]I r/2]^. 

(A l ) The system is locally linearly controllable at the origin for all X2 except IQ. 

(A2) With respect to the output corresponding to the voltage measurement, rji, the 

system is locally linearly observable at the origin for all X2 except 2/0/3 and IQ. 

(A3) With respect to the output corresponding to the gap length, 772 the system is 

locally linearly observable at the origin for all X2 ^/^ IQ. 

(A4) At each of the equilibia of the system the measured output rji is zero. Thus 

the system is not zero-state detectable with respect to rji. 

(A5) The system is zero-state detectable with respect to the outputs 772 and 77. 

Note that the notion of detectability used here is the one defined in Definition 10.7.3 

of [12]. Given any desired equilibrium gap, X2, an obvious and natural question that 

comes to mind is whether there exists a locally stabilizing observer-based controller 

that is based on the linear approximation of the system. Remarks (Al)-(A3) show 

that the answer is yes, provided X2 ^ lo- In fact with the output 77 it is even possible to 

design a first order reduced order observer. However simulations show that the region 

of attraction of the locally stabilized origin is quite small, especially if the stabilized 

gap is small and the control gains are high. Thus we investigate the existence of 

globally or semi-globally stabilizing nonlinear feedback control laws. As a first step 

we look for any particular structure of the system. 
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4.1 The Zero Dynamic Normal Form 

Consider the output y = 7/2 = /i2(C). Then the system has uniform relative degree 

one, and further is naturally in the globally defined zero dynamic form of 

y = Lfh2 -\- Lgh2U, (4.1) 

i = q{z,y), (4.2) 

where z = [C2, Cs]^, Lfh2 = -C1C2 - i2Ci - iiC2 = -r]i{t), ^3^2 = 1 and 

Q{z,y) = 
-2TUJC3 - uj'^C.2 - xiy - 7/V2 

iiC^dZ and q{z, y) = [0 0]^ if C G dZ. 

Consider the radially unbounded quadratic positive definite function W{z) = 

up'(,2!'^ + Cll'^- In the case when y = 0 note that for any 5 < X2 < IQ, X\ = 

x\ = 2ci;̂ (/o — X2) < 2UI'^{IQ — 5), and thus from assumption 1 we have that W{z) 

is a common Lyapunov function for the switched system (4.2). Therefore the zero 

dynamics of the system z = q{z, 0) are globally asymptotically stable. Note, however, 

that the dynamics of (4.2) are exactly those of the mechanical subsystem. 

Since the system given by (4.1)-(4.2) with output y = /12(C) = Ci has uniform 

relative degree one, the feedback control law defined by 

u = -[Lgh2]-'{Lfh2-u) (4.3) 

is globally smooth. Substituting the smooth feedback law (4.3) in (4.1)-(4.2) we 

obtain the following input-output linearized system 

y = u, (4.4) 

z = q{z,y). (4.5) 

Since Lfh2 = -?7i(i) is a measurable quantity, it is possible to robustly linearize the 

original system. It is with respect to the input output linearized system that we 

seek to flnd stabilizing controls. We note that the system given by (4.4)-(4.5) can 
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Figure 4.1: Charge feedback with respect to the input output linearized sytem (solid 
line), capacitive feedback with linear (dotted light line) and cubic (dotted dark line) 
charge feedback, stabilizing a gap length of 40% of the zero voltage gap. Units are 
non-dimensional, corresponding to (3.3)-(3.5). 

be considered as the interconnection of two subsystems. Note that q{y, z) takes the 

form q{y, z) = p{z) -\- s{y) and that y = Ci,^ = [C2 Ca]̂ - Since the origin of the zero 

dynamic subsystem given by i = q{z, 0) = p{z) is globally assymptotically stable and 

W{z) = uP- C2/2 + C3/2 satisfies L^W <0, Theorem 4.7 (page 129) of [27] guarantees 

that any feedback u = ip{y) that globally assymptotically and locally exponentially 

stabiUzes the origin of (4.4), globally asymptotically stabilizes the origin of (4.4)-(4.5). 

Thus 

u = r]i-\-ip{y). (4.6) 

globally asymptotically stabilizes the origin of (4.1) - (4.2). However observe that the 

gap dynamics include the zero dynamics corresponding to the mechanical subsystem 

and hence these charge feedback schemes suffer from very long settling times and 

large over shoots if the natural damping is low, and suffer from slow rise times if the 

natural damping is high. Note that the current drive method proposed in [21] is also 

equivalent to control with respect to the input output linearized system (4.4)-(4.5). 
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This follows from the following observation. The effect of a current source in the 

electrical circuit amounts to changing (3.2) to Q = / . Thus in the ^ coordinates 

the governing equations are the same as (4.4)-(4.5). One obvious choice for ip is 

V'(Ci) = -k Ci. 

Next we attempt to find a suitable storage function with respect to which the 

linearized system is passive and thereby use damping injection to stabilize the system. 

In the next section we use the the PCHD structure of the system to do so. 

4.2 The Port Controlled Hamiltonian Structure 

The system (3.6) as well as the input output linearized system (4.4) - (4.5) has a 

PCHD structure. That is, they can be expressed as 

C = [J{0-RiC)]^ + 9{0u, (4.7) 

(4.8) 

where J{Q is the skew symmetric matrix that captures the internal interconnection 

structure, g{Q captures the external interconnection with the environment and P(C) 

is the positive semi-definite matrix that captures the damping structure of the system. 

The input u and the output yd are called the power port variables and their product 

has the units of power. The function H{() is the total energy or Hamiltonian function 

given by (3.8) Here ^ is the column vector consisting of the partial derivatives oi H. 

Usually the process of input output linearization destroys the PCHD property. 

However in this case we flnd that it is not so. With respect to the input output 

linearized system (4.4) - (4.5) 

J 

0 

0 

0 

0 0 

0 1 

- 1 0 

, R = 

0 0 0 

0 0 0 

0 0 2TU 

and with respect to the non input output linearized system (3.6), J is the same as 
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above but R is given by 

1 0 0 

R = Rn= 0 0 0 

0 0 2ra; 

The derivative of H{() along the flow of (4.7) is given by 

^ _ dH"^ OH dH^ 

Consider the augmented Hamiltonian /fc(C) = H{C,) + Ha{C>- The derivative of H^{C,) 

along the flow of (4.7) is given by 

Hc = 
dH^ dH dHj j,.dH dH^ 

Therefore if there exists a smooth function Ha{C) that satisfies the condition 

-^ [J-R]^-Q 

and such that J^c(C) is positive definite in some neighborhood of the origin then the 

damping control u = -g'^ ^ locally asymptotically stabilizes the origin of (4.7) 

provided the system with the output g'^ ^ is zero state detectable [30]. Finding a 

HaiO so as to shape the Hamiltonian H{C,) to take a desired form i/c(C) turns out 

to be quite a difficult task and often involves a trial and error procedure. However 

as shown in [22, 30] this process can be made more systematic by looking for the 

functions Cj(C) that satisfy ^ [J — P] — 0. These are the Casimir functions of 

the port controlled Hamiltonian structure with damping. They are the invariant 

quantities of the uncontrolled trajectories of the PCHD system for any Hamiltonian. 

If nontrivial Casimir functions Ci(C), for z = 1,2,3, • • • ,m exists then any function of 

the form Ha{Ci{C,), C2(C), • • • , Cm{0) satisfies ^ ^ [ J - P ] | f = 0. Thus functions 

of the form 

Ha{Ci{0,C2{0:---^Cm{0) 

can be used to shape the Hamiltonian HdC) such that it is positive definite in some 

neighborhood of the origin. Once this has been achieved the damping control u = -y^ 
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locally asymptotically stabilizes the origin of (4.7) provided the system with the 

output y^ = g'^ ^ = 771 (i) -|- | ^ satisfles a detectability condition. 

It is seen that the PCHD structure of (3.6) does not admit any non-trivial Casimir 

functions. In the case of the input output linearized system (4.4) - (4.5) it is straight 

forward to see that the only non trivial Casimir functions of the PCHD are of the 

form Cj(Ci). Thus the shaping of the Hamiltonian will have to be achieved only with 

functions Ha{C) of the form Ha{Ci). In fact, it is precisely this direction in the total 

energy function H{Q that needs to be shaped. Interestingly, for all such controls that 

result from the appropriate choices of //a(Ci) the original system prior to input output 

linearization is recovered. Therefore with respect to (3.6) the feedback u = —^7^ 

locally (globally) asymptotically stabilizes the origin if ifc(C) = -^^(0 + Ha{Ci) is 

positive deflnite locally (globally) proper and the system (4.7) is zero state detectable 

with respect to the output yc = Viit) + ^h- It can be shown that a necessary and 

sufficient condition for i/c(C) to be positive definite in some neighborhood U of the 

origin, for any 6 < X2 < k, is that ^ - ( 0 ) > 2/o - 35. A necessary and sufficient 

condition for the detectability condition is that the only solution, in U, of the set of 

equations 

Cs = 0 (4.9) 
BH 

ClC2 + ^2Cl+SlC2 + ^ ( C l ) = 0 (4.10) 

Ci'-h 2xiCi + 2a;2C2 = 0 (4.11) 

be the origin. Thus if it is possible to find ifa(Ci) satisfying these conditions then the 

control 

u = -Vi- ^ , (4.12) 

locally asymptotically stabilizes the origin of (4.4)-(4.5). In the case where He is 

positive definite, radially unbounded and the system is zero state detectable with 

output yd then the control law globally asymptotically stabilizes the origin. Observe 

that with respect to (4.1)-(4.2) this amounts to M = - ^ and hence it is nothing 
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but charge feedback with respect to the system prior to input output linearization. 

If Ha{Ci) = kQl2 then for the positive deflniteness of He it is necessary and 

sufficient that k > 2lo - 36. Consider the set V = H~^{[0 c]) for some constant 

c. Given any compact set of initial conditions O it can be shown that there exists 

a sufficiently large k such that the following conditions are satisfied for all desired 

equilibrium gaps 6 < X2 < IQ. The set O C V for some c with V compact, the only 

solution in V to the set of equations given by (4.9)-(4.11) is the origin and when the 

electrodes are in contact (that is when ^ G dZ) He reduce along the trajectories of the 

system and eventually the spring force exceeds that of the capacitive forces. Therefore 

damping injection u = —771 — k(^i semi-globally assymptotically stabilizes the origin of 

(4.4)-(4.5). This semi-globally stabilizing control law is equivalent to the capacitive 

feedback law of [26] given by (3.10). Thus we have shown that capacitive feedback is 

voltage control with charge feedback and that it can be derived by applying standard 

passivity based techniques with respect to the input output linearized system. Further 

we have also shown that the scheme semi-globally stabilizes any given equilibrium gap. 

We would also like to point that by selecting Ha{Ci) = ki C,l/2 + k2 Ci/4 and A;2 7̂  0 

it is possible to globally stabilize the origin in this manner if ki = 72(^0 - 35), 7 > 1 

and k2 > i^^r^. The performance of the system with both linear (dotted line) and 

cubic charge (dashed line) terms is shown in Figure 4.1. The desired equilibrium gap 

length was set to be 40% of the zero voltage gap. The damping ratio of the system r, 

was set to 0.1, the gains ki and k2 were set to 2.1 and 100, respectively. The initial 

conditions correspond to the system starting at zero voltage gap with zero charge and 

zero velocity. 

The Casimir functions Ci(Ci) of the PCHD system also satisfiy the additional 

condition that ^ J = 0 and ^ P = 0. In such a case it is straightforward to show as 

shown in [22, 30] that the closed-loop system is also a PCHD system with Hamiltonian 

i/c(C), interconnection matrix J and damping matrix R-\-gg'^. Note that in this case 

the only non zero element oi g g'^ is the first diagonal element. Thus this scheme adds 

damping only in the electrical part of the system. 
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CHAPTER 5 

DYNAMIC OUTPUT FEEDBACK STABILIZATION 

It was pointed out in the previous chapter that charge feedback control adds 

damping only in the electrical subsystem. Thus the gap dynamics are governed by 

the natural damping inherent in the mechanical subsystem. In the case where the 

mechanical damping is very low, we seek passifying controls that adds damping in 

the mechanical subsystem as well. 

5.1 Passivity-Based Controller 

Consider the system (4.4)-(4.5) as the interconnection of two subsystems. System 

(4.4) is passive with storage function Si{y) = y^/2 and output y. System (4.5) can 

also be expressed as i = q{z,0) -\- r{y)y, where r{y) = [0 - {xi -\- y/2)]^. Further 

if S2{z) = uj^zf/2 + zl/2 then ^q{z,0) < 0. In such a case Theorem 5.2.1 of [30] 

shows that the control u — -^r{y) -\- v renders (4.4)-(4.5) passive with storage 

function S{y,z) = Si{y) -F 52(2;), output y and input v. The function S{y,z) is 

globally proper and positive definite in Z. Assume that when the electrodes are in 

contact the system dynamics are governed only by that of the electrical system and 

that when the spring force acting on the electrode exceeds the electrostatic force 

the system switches back to its original form. That is the system (4.4)-(4.5) when 

restricted to the set {(Ci C2 Cs) G 2̂  | C2 = —X2 + 5} is governed hy y = u, z = 0 and 

while in contact if and when 2UJ^{IQ — X2) > xl the system switches back to (4.4)-(4.5). 

Further assume that the velocity of the the moving electrode before and after contact 

satisfy the relation C3 = ~ f^Cs where 0 < // < 1 and C3", C3 are the velocities of the 

moving electrode just before and after contact respectively. The closed-loop system is 

zero state detectable with the output y{= Ci); thus damping control v = -ky {k > 0) 

guarantees that S{y, z) strictly reduce along the trajectories of (4.4)-(4.5). Therefore 

u = (̂ 3(̂ 1 -I- Ci/2) - A;Ci globally asymptotically stabilizes the origin of (4.4)-(4.5). In 
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terms of the coordinates x = [xi X2 x^Y, 

^ = <Pi (2/1,^2,3:3) = yi + -X3 {xi-\-y2) - ky2 + kxi (5.1) 

globally asymptotically stabilizes the point x = [xi X2 Of of (3.3) with for a given 

X2, Xl is given by xl = 2UJ'^{IQ - X2). 

5.2 Linear State Feedback Controller 

Observe that the system (4.4)-(4.5) is linearly controllable. Thus it is possible 

to find an F such that the linear feedback control u = F( locally asymptotically 

StabiUzes the origin of (4.4)-(4.5) with arbitrarily fast dynamics close to the origin. 

For a generic F = [/i /2 /s], it is seen that the system has two equilibria. Thus 

this scheme can not globally stabilize the system. However, with /2 = 0, the origin 

is the only equilibrium of the system and the Routh-Hurwitz test shows that all the 

eigenvalues of the linearized system lie in the strict left half complex plane for all 

/ i < 0 and /s > 0 (the characteristic polynomial of the linearized system matrix is 

Â  4- {2TUJ — /i)A^ -t- (o;̂  — 2/ira; -|- K)X — fiuP where K = ^1/3). Setting / i = —7, for 

some fixed positive 7, and with the aid of the root locus with respect to the gain K it is 

possible to select the feedback gain f^ such that good transients are achieved for low 

damping. Note that setting /s = 0 yields the globally stable linear charge feedback 

law whose transient response depends on the damping of the mechanical system [15]. 

Thus in the case of low damping in order to obtain improved transient performance it 

is necessary that /s be nonzero. For a suitably designed 7 and /s simulations indicate 

that the system has good transient performance as well as a large region of attraction. 

In terms of the coordinates x = [xi X2 x^Y this control law is expressed by 

K 

y = ¥'2(2/1,2/2, X3) = 2/1 - 72/2 + —X3 + 7 ^ 1 , (5.2) 
X\ 

and locally asymptotically stabilizes the point x = [xi X2 OY of (3.3) where for a given 

X2, Xl is given by xl = 2a;^(/o - X2). Although both these control laws exhibit good 

performance and stability properties, a serious drawback is that their implementation 
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requires the measurement of the velocity variable x^. To overcome this obstacle, we 

construct a reduced-order state observer that estimates the velocity variable x^ with 

arbitrary fast error dynamics. The construction of this observer is discussed in the 

next section. 

5.3 Reduced-Order Observer with Arbitrary Linear Error Dynamics 

Observe that the system (4.4) - (4.5) is linear up to output injection with output 

;̂  \^T y = [{y2-xi) (£-^2)] 

where 

A = 

X = Ax-\- r{y) -\- Bu 

y = Cx. 

0 0 0 

0 0 1 

0 -a;2 -2TU 

, r(y) 

(5.3) 

(5.4) 

- t / i -f- 3;iX2 

0 

i{y2 - xi)^ - xi{y2 - Xl) 

1 

0 

0 
, c = 

1 0 0 

0 1 0 
B = 

For a system of the form (5.3)-(5.4), it is known that a full-order observer with 

linear error dynamics can be designed, [11]. Further since ( C , i ) is observable these 

dynamics can be even made to be arbitrarily fast. Based on this concept, we design 

a reduced-order observer with linear error dynamics 

z = Tz-hVKy + Vr{y)-\-VBu, 

y 
X Q -1 

(5.5) 

(5.6) 

where z G 71 and x is the estimated state. The reduced-order observer parameters 

T, K and V are selected such that Q = [C^ V^Y is invertible, V{A- KG) = TV 
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and the spectrum of T is pre-assigned [31] (that is T < 0). Setting e = {Vx - z), a 

straightforward calculation shows that 

e = Te, (5.7) 

X = x-Q-^De, (5.8) 

where D = [0 0 1]^. Note that Q'^D is of the form [0 0 ^Y for some constant ^. 

Thus the velocity estimate is of the form x^ = x^ — -de. Note that this observer design 

does not depend on the desired equilibrium point. 

Implementing (5.1) with v = (/'i(2/1 > 2/2, ^3) and the observer (5.5) - (5.6), we have 

the closed-loop system 

X = Ax-\-r{y)-\-B(pi{yi,y2,X3)-Bi9exi, (5.9) 

e = Te. (5.10) 

Theorem 4.7 of [27] guarantees that the equilibrium point [̂ 1 X2 0 0]^ of (5.9) - (5.10) 

is globally asymptotically stable. Figures (5.1) - (5.2) show the performance of this 

scheme for T = — 5 and A; = 1 and a damping ratio of r = 0.1. 

Implementing (5.2) with u = ^2{yi,V2,xz) and the observer (5.5) - (5.6), we have 

the closed-loop system 

K 

X = Ax-\-r{y)-\-B(p2{yuy2,X3)-B^—e, (5.11) 
Xl 

e = Te. (5.12) 

Thus the equilibrium point [xi X2 0 0]^ of (5.11) - (5.12) is locally asymptotically 

stable. Simulations show that with T = -0.2, 7 = 5 and K = 6.89 for any given X2 

and initial conditions in O the system response has virtually no overshoot and fast 

settling time even for a damping ratio of r = 0.1. Figures (5.1) - (5.2) show the 

response. 
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Figure 5.1: Stabilizing a gap length of 10% of the zero voltage gap. Units are non-
dimensional, corresponding to (3.3). Initially the movable electrode is at the equilib
rium point (0 1 0). The solid curve corresponds to the linear feedback law (5.2), the 
solid dotted curve corresponds to the passive based control law (5.1) and the dashed 
dotted curve corresponds to charge feedback. 

15 
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Figure 5.2: Stabilizing a gap length of 80% of the zero voltage gap. Units are non-
dimensional, corresponding to (3.3). Initially the movable electrode is at the equilib
rium point (0.6325 0.1 0). The solid curve corresponds to the linear feedback law 
(5.2) the solid dotted curve corresponds to the passive based control law (5.1) and 
the dotted curve corresponds to charge feedback. 
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CHAPTER 6 

CONCLUSION 

The area of microelectromechanical systems offer novel challenges to control the

orists. An important challenge, treated in this first part of the thesis, is how to to 

control an electrostatically-actuated MEMS so that (a) the device range of motion 

is the entire capacitive gap, (b) supply voltages may be kept as low as possible, and 

(c) contact between electrodes may be minimized. In this regard, nonlinear feedback 

control can plays a significant role. First, we have shown that charge feedback can 

be used to globally stabilize any point of the gap and that this approach generalizes 

several existing physically motivated stabilizing schemes. Further we have also shown 

that in the case of lightly damped devices, charge feedback control suffers from poor 

performance. As a remedy we have proposed two state feedback controllers, and 

implement them using a reduced order one dimensional nonlinear observer. One of 

the two controls laws is shown to have a global region of attraction, but relatively 

slow convergence near the setpoint for low damping conditions, and the other can be 

designed to have relatively fast convergence—but only locally. 
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CHAPTER 7 

INTRODUCTION 

The traditional approach to nonlinear control has been to extend the well de

veloped and extremely successful concepts of linear systems to nonlinear systems. 

Though this approach has been successful to some extent it has proven to be limited 

in many cases due to the vast richness of nonlinear phenomena. Another approach 

to nonlinear control, that has sparked a wide interest, is to exploit specific structural 

properties of systems. The subset of Mechanical systems possess a rich structure. 

Furthermore certain nonlinear optimal control problems naturally result in systems 

that have the structure of a mechanical system. A survey of the connections and 

differences between optimal control and mechanics is provided in the essays by Bloch 

and Crouch [8] and by Jurdjevic [19]. Therefore the systematic geometric study of 

mechanical control systems has recently received much attention. 

Formally a holonomic simple mechanical system consists of (i) a smooth manifold, 

which corresponds to the configuration space of the system, (ii) a smooth Lagrangian 

corresponding to kinetic energy minus potential energy and (iii) a set of forces (or 

one-forms) [1]. When some of these forces may be used for control, we refer to 

a simple mechanical control system [6]. The study of mechanical systems from a 

modern geometric point of view can be found in the excellent texts of Abraham and 

Marsden [1], Arnold [5] and Marsden and Ratiu [24] among the many others. Two 

main branches of mechanics exist. The Lagrangian formulation of mechanics relies on 

the Riemannian structure induced on the configuration space by the kinetic energy 

of the system and results in a second order dynamical system on the tangent bundle 

to the configuration space. In the Hamiltonian formulation, the natural symplectic 

structure of the cotangent bundle is utilized and the resulting dynamical system is a 

second order dynamical system on the cotangent bundle to the configuration manifold. 

In [6], a systematic treatment of second order control systems is carried out where 

the notion of system "flatness" is used to transform second order systems into a form 
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that essentially corresponds to a set of double integrators and thereby allow simpli

fied control designs. Lewis and Murray [21] provide controllability and accessibility 

conditions for simple mechanical systems. These conditions are developed in terms of 

the Levi-Civita connection associated with the kinetic energy metric of the system. 

Some of the key ideas highlighted in [1, 24] for mechanical systems are symmetries, 

conservation laws and reduction. The extension of these concepts to control systems 

via mechanical systems are given by Bloch and Leonard [9, 11], Bloch [12] and the 

references therein. These extensions give rise to the notion of controlled Lagrangian 

systems where the stabilizing control laws for Lagrangian systems are devised such 

that the closed loop system retains a Lagrangian structure [9, 11]. Symmetry preserv

ing kinetic energy shaping and damping injection is systematically used to achieve 

this objective. The paper [10] extends these results to the case where there does not 

exist any underlying symmetry of the uncontrolled mechanical system. A parallel 

development in the Hamiltonian side is the Port Controlled Hamiltonian approach 

presented in [27, 28, 34]. A port controlled Hamiltonian system is a generalization 

of the notion of a Hamiltonian control system on symplectic manifold to that of a 

general Poisson setting. The main ingredients in this framework are passivity, the 

poisson structure of the phase space and the Hamiltonian function of the system. The 

existence of nontrivial functions, called "Casimirs," that Poisson commute with any 

other function plays a central role in this method and in some sense is the analog 

to the existence of certain symmetries in the controlled Lagrangian approach. The 

equivalence of these two approaches is shown in [15]. Thus both these approaches 

to controller synthesis rely on additional structural properties of mechanical systems 

or on the modification of structural properties such as the Riemannian metric or 

the Poisson structure of the system. The inherent passive nature of mechanical sys

tems can also be used for stabilization and controller design. In a recent paper by 

Munoz-Lecanda et al. [26], the notion of passivity is generalized for simple mechanical 

systems with configuration space being an arbitrary complete Riemannian manifold. 

The main tool in this setting is the generalization of the La Salle's invariance theorem 
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to complete Riemannian manifolds [26]. 

The stabilization control approaches discussed in the previous paragraph typically 

result in control laws that depend on both configuration and velocity measurements. 

Depending on the application, one or the other of these may not be directly available, 

and therefore must be estimated. In some cases, the velocity measurements may 

be easily obtained [4, 25, 30] while in others only configuration measurements are 

available [3, 33, 31]. In a recent paper, Aghannan and Rouchon present an intrinsic 

observer that provides estimates of the states of a simple mechanical system on a Rie

mannian manifold, given measurements of the configuration variables [2]. Aghannan 

and Rouchon use a reformulation of the Luenberger observer, where the observation 

error is intrinsically defined by the geodesic distance between the actual and estimated 

configuration variables. This quantity is well-defined, provided the estimate and the 

true value are sufficiently close. They also show that an additional curvature term 

should be added to ensure local convergence. Thus in the case where the configura

tion variable is measured, combining this observer with the state feedback laws, that 

may be derived using for instance passivity or the controlled Lagrangian/Hamiltonian 

methods, we have an intrinsic dynamic output feedback approach to the stabilization 

of simple mechanical systems. 

The expression of these schemes require local co-ordinates to be introduced on the 

configuration manifold. In certain cases such as the spherical pendulum or the rigid 

body problem there may not exist a single coordinate patch that covers the entire 

manifold. This is undesirable especially for optimal control applications and long term 

trajectory planning problems. In general there is no way around this. However if the 

configuration space has the added structure of a Lie group the representations can be 

greatly simplified and all these strategies may be explicitly expressed without having 

to introduce coordinates on the conflguration space. Apart from the formulation 

being explicit, intuitive and elegant this also allows the control designer to relegate 

to the end the selection of the most suitable coordinate system. The choice of which 

can solely made on the basis implementation issues. 
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Simple mechanical control systems on Lie groups provide a rich source of control 

problems. Some examples include underwater vehicles, satellites, surface vessels, 

airships, hovercrafts, and robots [13, 35, 36, 11, 3, 4]. Simple mechanical systems on 

Lie groups are also interesting as subsets of more complex interconnected systems. As 

an example, consider an electrostatically actuated MEMS device. The device can be 

thought of as the interconnection of two subsystems, an electrical system evolving on a 

smooth manifold Q and a simple mechanical system with the special Euclidian motion 

group SE{3) being the configuration space. This model is described in Chapter 13. 

The advantage of the additional Lie group structure of the configuration space is the 

great uniformity it provides. Namely, any neighborhood can be left translated back 

to a neighborhood of the identity. Thus properties of the neighborhood of the identity 

uniquely defines the structure of the conflguration manifold. For instance a choice of 

coordinates for the tangent space to the identity (the Lie algebra of the Lie group) is 

sufficient to prescribe a choice of coordinates for tangent spaces at all points (all Lie 

groups are parallelizable). A consequence of this is that both the tangent bundle and 

the cotangent bundle of a Lie group can be expressed as a product manifold. If the 

Lagrangian of the system is invariant under the left action of the group on itself, and 

the external force 1-forms acting on the system are left invariant, then a reduction 

of dynamics to the Lie algebra of the Lie group is immediate [11, 13, 24]. Thus to 

express the system and control strategies, no coordinates need to be introduced on the 

Lie group. In such instances it is shown in [13] that the configuration controllability 

tests of [21] turn out to be simple algebraic tests on the Lie algebra. Based on these 

observations open-loop motion planning algorithms are developed for underactuated 

systems using small amplitude forcing in [13] without having to introduce coordinates 

on the Lie group. 

A wide class of mechanical systems on Lie groups exist where non-left invariant 

forces and dissipative forces act on the system. Examples of such systems are robot 

manipulators, land vehicles, general three-dimensional motion in a gravitational field 

with viscous or Coulomb damping and electro mechanical actuators such as rigid 
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MEMS mirrors. One of the main contributions of this work is to show how, even 

m this general setting, we can explicitly write down passive based control strategies 

combined with velocity estimation without introducing coordinates on the Lie group. 

In section 10.1 we employ standard passivity based notions on a general complete 

Riemannian manifold [26] to arrive at a passive based control strategy for simple 

mechanical systems on Lie groups. As a flrst step towards using the results of [26] 

we show in section 8 that any Lie group is topologically complete. In section 10.2 

we consider a more general case where passifying control is employed to stabilize a 

coupled mechanical system where the configuration space of the mechanical part of 

the system is a Lie group. Inherently these control laws require both conflguration 

and velocity measurements. In cases where it is relatively easier to measure the 

conflguration variable, compared to the velocity variable we propose the use of the 

intrinsic observer of Aghannan and Rouchon [2]. 

However, while the observer itself is intrinsic, it must be specified in each coordi

nate patch. That is, to explicitly write the equations of the observer, the configuration 

and velocity variables, as well as the connection coefficients, must be expressed in co

ordinates. We show in section 11 that for simple mechanical systems on a Lie group 

equipped with a left invariant kinetic energy, the formulation of the observer can be 

expressed without introducing coordinates on the Lie group. This is made possible by 

the fact that a Lie group is parallelizable, and that the metric induced by the kinetic 

energy of the system is left invariant. One consequence of the metric being left invari

ant is that the connection coefficients turn out to be constants. The key steps in the 

derivation of the observer in [2] are, the computations of the Levi-Civita connection, 

the Riemannian curvature, the associated distance function, and an approximation 

to parallel transport on the manifold. In section 8 we show how these quantities 

specialize from Riemannian geometry to Lie groups. Furthermore, the results in sec

tion 8 may be helpful in their own right in optimal control and long term trajectory 

planning for control systems on Lie groups. In section 11 we use these to explicitly 

formulate the intrinsic observer of [2] for Lie groups with left invariant kinetic energy 
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metric. The observer is calculated in section 12 for two examples, one on 50(3) and 

the other on SE{3). Section 12.1.1 shows a simulation example on 50(3) in which 

the angular velocities of a heavy top are estimated. Some of these results have been 

submitted for review for the 2004 American Control Conference [23]. 

In Chapter 13, we use these tools developed for Lie groups to stabilize an electro

statically actuated 3-D rigid MEMS device. The device is modelled in section 13.1 

as a coupled mechanical system and use input output linearization coupled with the 

passifying control law of section 10.2 to eliminate snap-through. The resulting control 

laws depend on both conflguration and velocity measurements. The measurement of 

the velocity of the device is infeasible at the moment, and hence we use the explicit 

observer of section 12.2 to estimate the velocities and combine them in implementing 

the passifying control. Simulation results show excellent performance. Part of these 

results are to appear at the 2003 Computation Decision and Control conference [22]. 
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CHAPTER 8 

THE RIEMANNIAN STRUCTURE ON LIE GROUPS 

Let O be a Lie group and let Q ~ TgO be its Lie algebra. The left translation of 

C G ^ to TgG will be denoted by g • ( = Dig (. The Jacobi Lie bracket of any two 

vector fields X,y on G will be denoted by [X, Y] while the Lie bracket on Q for any 

two CrjeG will be denoted by [(, r]]g = ad^ 77 and the dual of the ad operator will be 

denoted by ad*. Note that any smooth vector field X{g) on G has the form g • Cig) 

for some smooth ({g) eQ. Let I : g \-^ Q* be an isomorphism such that the relation 

« C, r] »g=< IC,, 7] > iox C,,r] £ Q defines an inner product on Q. Here < •, • > 

denotes the usual pairing between a vector and a co-vector. Identifying Q* and Q 

with ??.", let lij and P^ be the matrix representation of / and I"^ respectively. Note 

that I is symmetric and positive definite. Such an / induces a unique left invariant 

metric on G by the relation « g • Q, g • r] »=< IC,, ri > and further it also follows 

that every left invariant metric has such an associated isomorphism. Thus by a choice 

of / the Lie group G can be endowed with the structure of a Riemannian manifold 

(G, < < •, • >>) . Let {e^} be any basis for the Lie algebra Q and let {Ei{g) = g-Ci) 

be the associated left invariant basis vector field on G. The left invariant 1-form field 

dual to {Ei) will be denoted by {cr'} (that is o\Ej) = (5]). Now [ei,ej]g — C^jCk, 

where C^, are the structure constants of the Lie algebra g (note that C^j = —Cjj), 

then [Ei, Ej] — C^ijEk. Henceforth we will identify Q with the space of left invariant 

vector fields on G. The left invariant vector field corresponding to the Lie algebra 

element 77 G ̂  will be denoted by 770 (^), or 77̂  for brevity, that is ^ • 77 = 770. 

In what follows we will specialize the notions of a Levi-Civita connection, Rie

mannian curvature and the notion of a distance function to Lie groups equipped with 

a left invariant metric. 
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8.1 The Levi-Civita Connection 

On any Riemannian manifold it is known that there exists a unique connection 

that is metric and torsion free [5, 16, 18, 29]. That is, for the vector locally defined 

smooth vector fields X,Y, Z on G the following conditions are satisfied, 

Cz«X,Y» = «VzX,Y »-^«X,VzY», (8.1) 

[AMI = VXY-VYX, (8.2) 

where £ represents the Lie derivative. This connection is referred to as the Rieman

nian or Levi-Civita connection. Condition (8.1) says that the connection is metric 

and the condition (8.2) says that the metric is torsion free. Combining these two 

conditions, the Levi-Civita connection is uniquely given by the Koszul formula [29], 

2 « V A ' 1 ' , Z » = Cx «Y,Z» -\-CY «Z,X» -Cz«X,Y» 

+ «[X,Y],Z»-«[Y,Z],X»-\-«[Z,X],Y» . 

(8.3) 

We first compute the connection on left invariant vector fields on G. For C,^, ̂  ^ ^, 

let CG, VG and ^Q be the corresponding left invariant vector fields on G. Then (8.3) 

yields, 

2 « V^c 77G , ^G » = J^Ca « VG, ^G » +^r,G « ^G, CG » 

-£^o « CG, VG » + « [CG, VG] , ^G » -

« [VG,^G] , CG » + « [̂ G,CG] , VG » , 

= C^^<IV,(>+^VG<IC,^>-^iG<IC^V> 

+ < I[C, v]g,^>-< K ^ C , e > - < adllr}, ^ >, 

= < I[C,v]g,^ >-< K ^ C , ^ > - < adlIr],C> . 

Note that « VcaVG,^G »=< I (^"' " "^^OVG) ,^ >• Hence, the Levi-Civita 

connection on left invariant vector fields on G is given by 

Vcĉ G = ^ {[Cvh - r\adllv + ad;i0}a- (8-4) 
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Let 

V c ^ = 2 {[C.^le- r^(ad^/77 + ad;/C)}. (8.5) 

Then the Levi-Civita connection on left invariant vector fields on G is given by 

VCG ^G = ^ • V^ 77 = (Vc 77)G. 

Using this expression and [e^,ej\g = Ojcfc, where Cj- are the structure constants 

of the Lie algebra Q, we have that, 

Ve; e, = - |[ei, ej\g - r\adlJej + ad^./eO} , 

- ^ (<^§- / '^ ( / i rO; , - f / , .C; , ) )e , . (8.6) 

Therefore, the connection coefficients u^j are given by 

4 = I (Cfi - ^'^(/irO;, + I^rCD) . (8.7) 

For any vectors v,w a.t g e G and locally defined smooth vector field X = $j'{g)Ek 

where (̂ '̂ (̂ ) G C°°{G) and a smooth function / G C°° the conditions, 

V„+^X = V„X + V^X, (8.8) 

V„/X - ( C / ) X + /V„X, (8.9) 

defines the Levi-Civita or Riemannian connection on G as, 

V,X = {de{v) + u1/e)E'. (8.10) 

Let ^{g) = g-^ • X, 77 = i?~^ • v and V„^(5) be defined by, 

v,e(^) = rfe'(^)e' 
+ ^ ([^, C(^)]e - ^-^ K ^^(9)) + ad\^,) Iv)) • (8.11) 

Then from (8.6), (8.7) and (8.10) VyX = g-Vr,^{g) defines the Levi-Civita connection 

on the Lie group G. 

The Jacobi Lie-bracket of two vector fields X = ^''{g)Ek, Y = v''{g)Ek on 0 will 

also be given by (8.2) and (8.11) as follows, 

[X, Y] = {dv'iO - d^iv)} Ek + g- [^{g),v{g)]Q- (8.12) 
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8.1.1 The Symmetric Product 

The symmetric product is defined by [21] to analyze controllability and accessi

bility properties of mechanical systems. The symmetric product between two vector 

fields X = ^''{g)Ek, Y = r]''{g)Ek on G is defined to be, 

<X:Y>= V x F + VyX. (8.13) 

Which from (8.11) results in, 

< A' : r > = Vxl '+VyX = {d77'=(X)+d^'=(F)} Ek 

-gl-'{adl^g)lrj{g) + ad;^^^iag)) . (8.14) 

Note that in the case of X and Y being left invariant vector fields on G, the first term 

in the right hand side of expression (8.14) vanishes and we have a purely algebraic 

operation on g. 

8.2 Curvature 

Let u,v,w be tangent vectors to O at ^ and let the vector fields X, Y, Z be their 

arbitrary smooth extensions in a neighborhood of g. Then the curvature tensor on G 

is defined by [5, 16, 18, 29], 

R{u, v)w = VxVyZ - VYVXZ - V[x,y].^. (8.15) 

The curvature also satisfies the following easily verifiable properties for any given 

vector flelds X, F, Z, ly [18], 

R{X,Y)Z = -R{Y,X)Z, (8.16) 

R{X,Y)Z + R{Y,Z)X + R{Z,X)Y = 0, (8.17) 

«R{X,Y)Z,W» = -«R{X,Y)W,Z», (8.18) 

«R{X,Y)Z,W» = «R{Z,W)X,Y», (8.19) 

In general (8.16) is true for any connection, (8.17) is true for any torsion free connec

tion, (8.18) is true for any connection that is metric and (8.19) is true if the connection 
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is both metric and torsion free. The condition (8.17) is referred to as the flrst Bianchi 

identity. 

The sectional curvature of two vectors u, v is deflned by, 

T^f \ « R(u,v)v, u » /„ „^s 
K{u,v)^ ^ ' ^ ' -. 8.20 

< < lt,7i > > < < ^;,i; > > - < < M,t; > > 2 

This quantity measures the infinitesimal rotation of any vector resulting from the 

parallel transport of the vector along an infinitesimally small parallelogram spanned 

by the vectors u,v [5]. Condition (8.19) gives that K{u,v) = K{v,u). The entire 

curvature tensor is determined by the sectional curvature ([18], Lemma 3.3.3). 

8.3 Cartan's Formulation 

We reformulate the Levi-Civita connection and the curvature on G by means of 

the notion of vector valued forms. A general vector valued p-form is deflned as o; = 

Ek <S> a'', where all a'' are p-forms on G. Note that VxEj = u'^^X^Ek = u)ija^{X)Ek. 

Thus VEj can be considered as the vector valued 1-form given by, 

VEj = Ek®uj';, (8.21) 

where uij are the connection 1-forms given by 

u^ = ul/ (8.22) 

and LOi^ is given by (8.7). Now it follows from (8.9) that, 

V r = VY^Ej ^Ek® [dY'' + OJIJG'Y^). (8.23) 

8.3.1 Covariant Differentiation of Vector Valued Forms 

A vector field Y can be thought of as a vector valued function. Then the vector 

valued 1-form V F given by (8.23) can be thought of as the covariant derivative of 

Y. Generalizing this notion a general covariant differentiation operation that takes 

a vector valued p-form to a vector valued p + 1-form is defined as follows (see [16] 
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for details). For a vector valued p-form a = Ek ® a'' the covariant derivative Va is 

defined by requiring a Liebniz rule as follows. 

Va^Ek® da'' + VEk OA a^ , (8.24) 

where 0^ is defined as VEk (8)A a'' = {Er ®ujl)®^a'':=Er®ujlAa''. Thus 

Va = Ek® da'' + Ek® UJ^ A a^, (8.25) 

8.3.1.1 Curvature Two Forms 

The vector valued curvature 2-form VVPj can now be defined as the covariant 

derivative of the connection 1-form VEj. Explicitly we have 

VVEj = Ek® {doj'; + uj^ A u'j). (8.26) 

Therefore, the curvature 2-forms 6'- are given by 

9'; = dLu';-^-uj^,Auj'j. (8.27) 

Using (8.23) and (8.25), we also have that 

VVZ = VVZ^Ej = Ek® e';Z^ . (8.28) 

Note that VVZ is linear in Z. Now let us compute the curvature 2-forms ^J. Before 

we do this we recall the Maurer-Cartan structure equations 

da' = - l c ' > " A a ^ (8.29) 

Recalling that the connection coefficients wj given by (8.7) are constants we have 

that, 

duj^ = wt/a' = -\4Ci,a'^ A a", (8.30) 

and 

;f A UJ] = w'^y A wl/ = u'^Ay A a^ (8.31) 
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Thus the curvature 2-forms are given by, 

^ ' = ^^ ' a6^" Aa" = {-\u^'rf:, + ^lMi)<y''^o\ (8.32) 

where the curvature coefficients P*'̂ ^ are given by, 

RU = i-'^rflb + 2a;„^a;,^). (8.33) 

Therefore, at ^ G 0 if C, ?7, ^ G ^ are fixed, and X, Y, Z are arbitrary smooth vector 

fields defined in some neighborhood of g such that they take values g • C,,g • V-,9 • ^, 

respectively, at g then from (8.15) we have 

R{X{g),Y[g))Z{g) = 2E''®e){X,Y)Z^-Vyx,Y\Z, 

= £;'= (g) {2^J(x,r)z^-dz'=([x,r])-w*=([x,r])z^} (8.34) 

Note that since the extensions are arbitrary we could very well have picked them to 

be left invariant and then we have that, 

R{g-C,,g-v)9-i^E''® {2d';{g -Cg- 77)^ - uj^{g • [C, 77]^)^}. (8.35) 

Hence the pull back of the curvature to g by left translation is given by, 

p(C,77)̂  = e''®{2e^{c,v)e-^j{[C,vh)^'}, 

= e'lR'j^.eiC V' - C V") - oJ^AbC V' e } , (8.36) 

where now 9'- and u^ are understood to be the pull back of the curvature and con

nection forms to g under left translation. 
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CHAPTER 9 

GEODESICS AND DISTANCES ON A LIE GROUP 

Let 7(i) be a smooth curve on G. A vector field Y defined along 7(^) is said to be 

parallely transported field along ^{t) if V.̂ ^ = 0- Any smooth vector field Y along 

7(i) has the form Y{t) = 7(f) . ri{t) for some smooth function r}{t) G g. Thus, from 

(8.11), Y{t) = 7(t) • 77(̂ ) is parallely transported along j{t) if 77(i) satisfies, 

V = - \ {[g-' •i,v]-r' [adl-r.^)Iv + ad; (ig-' • 7 ) ) ) . (9.1) 

This is a linear time dependent ODE and it is known that for any given 77(0) = 770 

there exists a unique solution, defined for all t for which j{t) is defined. Thus we 

know that there exists a unique parallely transported vector field 7(i) • r]{t) along 7(i) 

with initial condition 770. 

A smooth curve 7(i) on O is a geodesic on G if 7(t) is parallely transported along 

7(i) or in other words if V.y'j = 0. Noting that ^{t) = 7(i) • C{t), where C(̂ ) is a 

smooth curve in TgG ~ g, this results in the following ODE, 

C = rW^/C. (9.2) 

Thus geodesies on G are given by the solutions of the system of ODE's, 

7 = 7-C, (9.3) 

C = r'adllC (9.4) 

Local existence and uniqueness theorems for ODE's guarantee that given any go E G 

and Co e ^ there exists a unique geodesic ^{t) : (-e, e) i-> 0 such that 7(0) = go 

and 7(t) = ^0 • Co for some e > 0. It also follows from these theorems that if 7(t) : 

(-e,e) M- O is a geodesic on G with 7(0) = g and 7(0) = g-v then there exists a 

unique geodesic through any g sufficiently close to g with any initial velocity g • fj 

sufficiently close to g • v and defined at least on (-e,e). In addition on a Lie group 

we have the property that the geodesies are defined for all time. That is, a Lie group 

is geodesically complete. In what follows we provide a proof of this. 
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Note that for a geodesic curve j{t) the condition that the connection is metric 

yields, 

d 

dt 
< < 7 , 7 > > = 2 << V.y7, 7 > > = 0. 

Hence | |7 | | = \ / < /C,C > = \//C • C is a constant along a geodesic curve 'y{t). If 

II7II = 1 then the curve is said to be parameterized by arc length. Since /C • C is a 

constant along the trajectory of (9.4) and since /C • C is a positive definite quadratic 

form in C then a trajectory of (9.4) through C(0) at i = 0 lies entirely in the compact 

level set of /(• • C through ({0) and hence we know that the solution is deflned for 

all t E TZ. For a matrix Lie group this, in a straightforward sense, implies that 

the solutions of (9.3) - (9.4) are defined for all t E TZ. Thus matrix Lie groups are 

geodesically complete. Before we proceed to show this in general for any Lie group, 

we state and prove the following theorem. 

Theorem 1. If ^(t) fort G (—e, e) is a geodesic through the identity element e of the 

Lie group G with 7(0) = Co for some e elZ, then g^{t) is the geodesic through g with 

initial velocity g • Co-

Proof of Theorem 1. Let j{t) = 7(i)-C(t) for some smooth curve ({t) G g with C(0) = 

Co. By hypothesis j{t) is the geodesic through the identity e in G with initial velocity 

Co. Hence 7(i) is the solution of (9.3) - (9.4) with 7(0) = e and C(0) = Co- Consider 

h{t) = g^{t) where h{0) = g andh{0) = g-^Q. Note that h{t) = gi(t)-C{t) = h{t)-C{t). 

Thus h{t) is also a solution of (9.3) - (9.4) with h{0) = g and C(0) = Co and hence 

is the unique geodesic through g with initial velocity g • Co-

Using this theorem we can prove the following. 

Theorem 2. Any geodesic j{t) through the identity is defined for all t G U. Thus a 

Lie group G equipped with a left invariant metric is geodesically complete. 

Proof of Theorem 2. Pro7n the existence and uniqueness of ODE's, given any Co ̂  ^ 

there exists a unique geodesic ^(t), defined on some maximal interval {a, p) with 
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^ < oo, and passing through the identity with initial velocity Co- Let U = {C e 

l̂-^C • C — -̂ Co • Co}. The set U is compact. For any C ^ U the existence and 

uniqueness theorems in ODE's imply that there exists some ê  > 0 and some UQ open 

in U such that there exists a unique geodesic through the identity of G defined at 

least on [-e^,€^] with initial velocity Co G U^- The sets U^ for all C e U form an 

open covering of U. Since U is compact there exists a finite subcover U^ of U. Let 

e be the minimum of the e^. Let T = P - e/2. Consider the geodesic 5{t) passing 

through the identity with initial velocity 7(r)~^ • 7(r). From Theorem 1 we have that 

the geodesic passing through 7(r) with initial velocity 7(r) is 'y{T)S{t). However from 

the uniqueness of the solutions this should coincide with 7(t) in the interval [r, /?) and 

hence by concatenating j{t) with 6{t) in the interval [r, /3 + e/2) we have extended the 

domain of definition of j{t) by e/2 thus contradicting the maximality of the domain 

of definition. Therefore the geodesic 'y{t) is defined for all t Elt. 

Note that if C is such that ad*^I C = 0 then {j{t), C) = (7(0) exp (tC), C) is a solution 

of (9.3) - (9.4) with initial conditions (7(0), C). Thus ^{t) = 7(0)-exp (tC) is a geodesic 

on G through 7(0) with initial velocity 7(0) • C. At the identity they correspond to a 

1-parameter subgroup of G and are a special class of geodesies among the very many. 

Also note that if the Lie group is abelian then the geodesies through the identity are 

exactly the 1-parameter sub groups of the Lie group. 

9.1 The Local Distance Function on a Lie Group 

On a Riemannian manifold, there exists the notion of a length of vectors at a 

point. Therefore, it is also possible to define the length of a piece wise smooth curve 

7(t) starting at i = a at ^1 and ending at g2 att = b as the integral of the magnitude 

of the velocity vector of the curve. If ^(7) is the length of the curve, it will be explicitly 

given by, 

fb 
l{j)= / « 7 , 7 » 2 d t (9.5) 

Ja 
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Note that the value of this integral is independent of the parameterization of the 

curve. Given any two points gi and c/2 on a Riemannian manifold (O, < < •, • >>) 

define the set of curves, 

A(i/i,P2) = {7 : [0 1] i-> 0 I 7 is piece wise smooth and 7(0) = ^1,7(1) = 52}. (9.6) 

Then the distance between gi and g2 is defined as, 

d{gug2) = inf{/(7) : 7 G A(^i, ^2)}, (9.7) 

and defines a metric on the Riemannian manifold (O, < < ., • >>) [18, 29]. If a curve 

7 ^ ^(^1,^2) exists such that d{gi,g2) = ^(7) then it is referred to as a segment. 

It is known that segments are always geodesies. It is also known that the topology 

obtained from this metric is the same as the manifold topology (Theorem 3.4 of [29]). 

If the Riemannian manifold (G, < < , >>) equipped with the metric defined by 

(9.7) is complete as a metric space, then any two points on G can be joined by at 

least one segment. The Hopf-Rinow theorem (Theorem 7.1 of [29]) says that geodesic 

completeness and metric completeness are equivalent. Thus from Theorem 2 it also 

follows that any two points on a Lie group G can be joined by at least one segment. 

If the two points are sufficiently close then they are connected by a unique segment. 

A function f : U C G ^ IZ, with U open, is a distance function if ||^rac?/|| = 1. 

Integral curves oi gradf are known to be segments (Lemma 3.6 of [29]). Furthermore 

any two points in U will be joined by an integral curve of gradf. For two sufficiently 

close points g and g, there exists a unique Ce E g such that 

expCe = ^^"' . (9.8) 

Let t/ C G be an open set containing g E G such that there exists a unique Ce 

satisfying (9.8) for any g E U. For a fixed g E G define the function 

f{9)^\\Ce\\G- (9.9) 

Theorem 3. The function f{g) defined by equation (9.9) is a local distance function 

on a Lie group. 
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Proof of Theorem 3. The gradient of f{g) evaluated at g and denoted by gradf (g), 

is uniquely given by the relationship 

«gradf{g), ~g • rj »^< df , 5 • 77 > = - ^ = | = = < - ^ ^ = , 7 7 >, (9.10) 

for any 77 G ^. Thus explicitly 

gradf{~g)^~g-{^^=). (9.11) 

V-'Ce • Ce 

Observe that Wgrad f{g)\\ = 1. Hence f is a local distance function on G. 

From Lemma 3.6 of [29], we thus have that 

dCg,9) = f{g) = \\Ce\\g, (9.12) 

where d{g, g) is the geodesic distance between g and g. 
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CHAPTER 10 

SIMPLE MECHANICAL CONTROL SYSTEMS ON LIE GROUPS 

A simple mechanical control system evolving on a Lie group G equipped with a 

left invariant metric < < •, • > > is defined as a system with kinetic energy, E{g), 

given by, 

E{g) = ^«g,g», (10.1) 

and a Lagrangian L{g, g) = E{g) — U{g) for some smooth function U{g) on G, [13, 26]. 

Let / : ^ 1-̂  ^* be the associated isomorphism where now « g • C, g • V »— ^C ' V 

for C, ^ E g. Then the Euler-Lagrange equations of motion of the system are given 

by, 

^ = ^ - C , (10.2) 

v^^ = g-r'lf%g) + f%,c) + f2''^r{g,C)]=g-s{g,C), (lo.s) 

where f^{g), f'^{g,C), P{g,C) ^ Q* and Ui E TI. The conservative force term ^[g) 

and the damping force f'^{g, C) satisfy the conditions < dU , g-^>= - < fig) , C > 

and < f^{g, 0 , ^ > < 0 for any C G ̂ . Furthermore the damping force term f^ig, C) 

is also linear in the second argument C. Here / ' denote the control directions and 

are assumed to be linearly independent. The Ui are the magnitude of the forces and 

are the controls of the system. If 7?̂  < dim{G), then the system is said to be under 

actuated and ii m = dim{G) the system is said to be fully actuated. 

Note that (10.2) are the kinematic conditions and (10.3) are the Euler-Lagrange 

equations of the system. Combined they define a dynamical system on TG. Using 

(8.11), these equations can also be expressed by, 

g = g-C, (10-4) 

C = /-^fad*/C + /%) + /%C) + E«^f(^,C)), (10.5) 
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where now (10.4) - (10.5) defines a dynamical system on T(G x g) the tangent 

bundle to the left trivialization of TG. Using the identification of g and g* by the 

isomorphism defined by /x = /C, we can also express (10.2) - (10.3) as a dynamical 

system on T{G x g*) given by, 

g = 9-r'fi, (10.6) 
771 

fi = adlfi + f%g) + f'{g,I-'fi) + Y,Uif{g,r'fi). (10.7) 
i 

Note that all these formulations do not require coordinates on the Lie group G and 

that in the case where the forcing terms do not depend on the configuration variable 

g we have a complete reduction of dynamics on to g or g*. 

10.1 Passive-Based Control for Simple Mechanical Systems 

The uncontrolled equilibrium points of the system are of the form {g, 0) where g is 

given by f^ig) = 0 or by the critical points of U{g). Assume that {g, 0) is an isolated 

local minimum of U{g). We now wish to address the problem of finding the controls 

Ui that locally asymptotically stabifizes the desired equilibrium (^,0). 

Consider the function H{g,n), 

H{g,ii) = \r'ti-iJi^U{g). (10.8) 

H = <dt/, p-C> + <ad^/^,C> + </''(5,C), C> + </'(5),C> 
771 

+5;;«i<r(5,c),c>, 
i 

m jn 

= < f\gX), C> + E " ^ < f'^9,C), C >< E^^ < ̂ '^9.0, C > .(10.9) 
i i 

Thus (10.6) - (10.7) is passive with storage function H and output yt = < fig, C)X>-

Consider the damping control 

Ui = -y^ = -<f'{g,C),C>• (10-10) 
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Recall that in section 9 we showed that Lie groups are complete spaces. Thus using 

this control the generalized La Salle's invariance theorem of [26] guarantees that the 

trajectories of (10.6) - (10.7) converge to the largest invariant set of (10.6) - (10.7) 

contained in the set S — {{g,pi) \ H = 0}. 

If the span of f^{g, C) and all the f^{g, C) have dimension equal to the dimension 

of G at every g E G, then S = {{g,/j.) \ ^ — 0} and the largest invariant set 

contained in S consists of only the equilibrium points of the system. Recall that the 

equilibrium points of the system are given by the critical points of the potential energy 

function U{g) and we assume that the desired equilibrium {g, 0) is a local minimum of 

U{g). Then the damping control (10.10) locally asymptotically stabilizes (^,0). This 

gives us the following two results. First, that if the system is fully actuated, that 

is m = dim{G), then (10.10) locally asymptotically stabilizes (^,0) and second, if 

77T, = dim{G) — 1 but yet the span of / ' ' (^, C) and all the ./*(p, C) have dimension equal 

to the dimension of G at every g E G, then (10.10) locally asymptotically stabilizes 

(^,0). This second result tells us that the systems natural damping compensates 

for the lack of output injected damping. However if the span of f^ig, C) and all the 

f'{g,C) have dimension less than the dimension of G, then the largest invariant set 

contained in S may be more complicated. In this case, we may have several different 

possibilities. 

10.2 Passive-Based Control for Coupled Simple Mechanical Systems 

Consider the product space M = Qx TG* for some smooth manifold Q and the 

class of systems on M of the form, 

771 

q = s\q,g,tJi) + Y.''^9.g.lAu„ (10.11) 

g = g-I-'n, ^"' (10.12) 
771 

/i = ad]-,^ii + f%g)-^ f\g,r'ti)^Y.^'^9J-'l^.y)yu (10.13) 
1 = 7 7 1 

yi = hi{q) for i = l,2,---m, (10.14) 
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where q E Q and s' : M ^ TQ are smooth maps such that TTQ o s' = TTM where 

TTQ : TQ !->• Q is the projection of TQ onto Q and TTM • M ̂  Q is the projection of 

M on to Q. Furthermore let 2/ = [yi 2/2 • • • ymY = h = [hi h2 • • • hmY ̂  ^"^ and 

s = [5! §2 . . . _g77ij î g gyp]̂  ĵ̂ ĝ ^ D /i is onto at every q E Q and dz77x(spa7z{s'}^ J = m 

uniformly. If the matrix Lgh = {Lsthj) ior i,j = 1,2,3- • - ,m is nonsingular for all 

q E Q,gEG,fiEg* then the interconnected system (10.11) - (10.14) has uniform 

relative degree {1,1, • . . 1} with respect to the outputs T/J. The uniform relative degree 

of the system implies that the feedback law 

u^-[L,h]-\L,oh-u), (10.15) 

is globally smooth. Thus (10.15) input output linearizes the system. Since Dh is full 

rank at each q E Q the set h~^{y) C Q is a smooth embedded submanifold of Q for 

each y E K^. Introducing local coordinates {y,z) on Q the system (10.11) - (10.14) 

together with the control (10.15) can be expressed as, 

y = u, (10.16) 

g = g-r'n, (10.17) 
771 

ii = adU^iJi^ f'{g) + f\g,I-'ii)^Y.f'^9J-'l^,y)yu (10.18) 
i=77l 

z = N{y,z,g,fi,u). (10.19) 

The zero dynamics of the system are given by, 

g = g-r'ii, (10.20) 

/i = adU^ti + f''{g) + f\gJ-'li), (10.21) 

i = N{0,z,g,^l,0). (10.22) 

Consider the following candidate storage function for the input output linearized 

system (10.16) - (10.18) 

1 1 "" 

V{y, g, /.) = J/-V • /̂  + U{g) + ^ E ^ '̂' ^^^'^^^ 2 . = i 
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where U{g) > 0 and is the potential energy of the mechanical system. Then special

izing the results of [14, 32, 34] on passivity of interconnected subsystems it can be 

shown that the control 

^i = - <f{g,C,y),C>+Wi, (10.24) 

renders the input output linearized system (10.16) - (10.18) passive with respect to 

the input output pair {w,y) and storage function V. This follows from the fact that 

r = <dU , g-C> + <adli^,C> + <f''{g,C),C> + <f%9),C> 
771 771 

+ Y.y'<f'(9X,y),C>+Y^y''^^, 
i i 

771 

= <f\g,C).C>+Y.y^^<f'^9X.y).C>+y^)• (10.25) 
i 

Thus if 0̂ is an nondegenerate local (global) minimum of U{g) then the control 

w — —y locally (globally) asymptotically stabilizes the equilibrium (0,^0,0) of the 

input output linearized system (10.16) - (10.18). Further if the origin of (10.22) is 

locally (globally) stable, then the equilibrium (0,^o,0) of (10.11) - (10.13) is locally 

(globally) asymptotically stable. 
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CHAPTER 11 

INTRINSIC OBSERVER FOR VELOCITY ESTIMATION 

Note that the controls (10.10) and (10.24) involves the measurement of both the 

configuration variable g and the velocity variable C. In the case where the conflgura

tion variable is available for measurement and the measurement of velocity is costly 

we propose an intrinsic observer to estimate the velocity variable. This is based on 

the work done in [2]. Their work is presented for a general Riemannian manifold 

and is expressed in coordinates. We specialize these results to a Lie group equipped 

with a left invariant metric. Note that our formulation avoids the need to introduce 

co-ordinates on the Lie group. 

Consider (10.2) - (10.3) but with S{g) a function of g only. That is consider the 

system given by, 

g = g-C (11-1) 

V^^ = g-S{g). (11.2) 

Let g be the estimated value of g. It is shown in [2] that the following observer for 

(11.1) - (11.2) converges locally for any a,P >0. 

t = g-C-2agradF{~g), (11.3) 

VaP-C = ~g-r{S,Ce) + ~g-R{C,Ce)C-^gradF{g), (11.4) 
9 

where. 

r{s,Ce) = {s'{g)-'^i,sxi)e', (11.5) 

and F{g) = \d{~g,g)'^. In section 9.1 we have shown that d{g,g) = \/ICeCe where 

Ce G ̂  satisfles, exp (Ce) = 'gg'^ for ~g and g sufficiently close together. Thus the 

function F is given by 

F{g) = \d{hg)' = \Ke<e. (11-6) 

57 



The gradient of F{g), denoted by gradF{g), is uniquely given by the relationship 

< < gradF{g) , g - r] »=< dF , g - j] >= ICe • V, (11.7) 

for any 77 G ̂ . Hence explicitly gradF{g) = g • Ce-

Thus the observer (11.3) - (11.4) can be expressed as 

t = g-{C-2aCe), (11.8) 

V^g-C = ~g-r{S,Ce) + g-R{C,Ce)C-rg-Ce- (ii.9) 

Using (8.11) and expanding (11.9) we thus have the observer explicitly given by, 

•g = ~g-{C-2aCe), (11-10) 

C = r' {adl IC - a{adl IC + ad^ IQ) + a[ Ce , C ]e 

+ r ( 5 , C e ) + i i ( C , C e ) C - ^ C e . ( H - H ) 
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CHAPTER 12 

EXAMPLES 

In this section we demonstrate the constructions presented in here for the two 

cases where the conflguration space of the simple mechanical systems are the Lie 

groups 50(3) and SE{3). In the process we also compute the Riemannian connection, 

Riemannian curvature and the local distance functions of the Lie groups 50(3) and 

SE{3). The effectiveness of the observer is demonstrated in section 12.1.1 for the 

heavy top problem. 

12.1 The Rotation Group 50(3) 

The rotation group, 50(3), is the group of matrices P G GL{3,Tl) that satisfy the 

conditions RR^ = R^ R = I and det{R) = 1. This is a three dimensional Lie group. 

However 50(3) can not be covered by a single chart. Thus any parameterization of 

50(3) by three parameters, such as the Euler angles, will be singular at some point. 

Furthermore, the Lie group SU{2) is a two-to-one covering group of 50(3) (proposi

tion 9.2.19 of [24]). Explicitly this covering is given by the Lie group homeomorphism 

TT : SU{2) ^ 50(3) defined by. 

{•K{A)X) •a = A{x-a)A*, (12.1) 

where x = {xi,X2,X3) ETZ^ and 

X • a = Xl 
0 1 

1 0 
-l-a;2 

0 

i 

—i 

0 
+ X3 

1 

0 

0 

- 1 

The ker{7r) = {±1}, hence Tr{A) = 7r(P) if and only ii A = ±B. The unit quater

nions S^ = {x = (a;o,2;i,a;2,X3) G 71^ | ||a;|| = 1} form a group under quaternion 

multiplication which is isomorphic to SU{2) via the isomorphism defined by. 

X ES^ ^ 
XQ — iX3 —X2 — IXi 

X2 — ixi XQ -\- iX3 

E SU{2). (12.2) 
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Therefore, using (12.1) - (12.2), the two to one Euler-Rodrigues parametrization of 

50(3) by the unit quaternions, is given explicitly by, 

X = {XQ, X^) = (xo, Xl, a;2, X3) E S^ ^ {2x1 - 1)^ + '^XQX^ + 2a;„ ® Xy E 50(3), 

(12.3) 

where x„ = (a;i,X2,a:3), (for additional details and proofs see [24]). The advantage of 

this parametrization is that it is globally non-singular unlike the Euler angle parame-

terizations. Euler's theorem states that any given P G 50(3) is a rotation about some 

axis n by an angle •0, that is, P = exp {%l)h), hence from XQ = cos | , x„ = (sin ^)n 

and (12.3) we also have that. 

xph — ^ 
-{R-R^), (12.4) 

2sin'0 

where, costp = {tr{R) — l ) /2, for 1-01 < TT. 

The Lie algebra so(3) of 50(3) is the set of traceless skew symmetric three by 

three matrices. Note that so{3) ~ U^ where the isomorphism is defined by. 

^ETl^^i^ 
0 -e e 
e 0 -e 
-e e 0 

G so(3), (12.5) 

where ^ = [̂ ^ ^^ ^^j"^. From here on we will use both ^ and i to mean the same 

element of so{3) and identify so{3) with 11^ via the isomorphism (12.5). 

Now let us investigate the Riemannian structure of 50(3). Define the isomorphism 

/ : so(3) ~ 71^ i-> so{3)* ~ U^ by the positive deflnite matrix / . This induces a left 

invariant metric on 50(3) by the relation, 

«R-^,R-ip » = « C, ^ »so(3)= I^ • ^, (12.6) 

for any two elements R-^R-i^ E TRS0{3). The Lie bracket on so{3) is given by. 

[e,V'].o(3) = O0!c^ = ^ X ^ -
(12.7) 
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and the dual of the ad operator is given by, 

ad* n = n X e, (12.8) 

where U E so{3)* ~ 71^. 

In the case where I = diag{I^,Iy,I^) the non zero structure constants Oj on 

so(3) ~ 7^̂  are calculated using (12.7), 

^ 1 2 = 1 , C^13 = ~ 1 , ^"23 = 1 , 

Using equations (8.7) and (8.33) the connection coefficients cjf̂  and the coefficiens of 

the curvature tensor P*̂ ^̂  are calculated as well. The nonzero connection coefficients 

are: 

- ' i -'j/ "r -'2 1 -'x •'3/ "I" -'2 2 I •'j/ •'z 2 -'x ~r Jj/ Jz 
^^23 — TT? ' ^ 3 2 - TT? , ^^13 - ; T 7 ' ^^31 2/x ' ^̂  2 4 ' " 2Iy ' - ^ ^ 2Iy , 

3 ^x > ^y 'T~ ^z 3 J-x ' ^y -'2 

^̂ 12 = 27^ ' ^̂ ^̂  " 27^ • 

The nonzero curvature coefficients are too many to be listed here. 

From (10.4) - (10.5), a simple control system on 50(3) takes the form, 

R = R-C. (12-9) 

c = r' iic X c+r(7?) + /'(7?,c) + E«ir(^,c)J • (12.10) 

The passifying control (10.10) takes the form, 

u, = - < r ( P , C ) , C > . (12-11) 

The intrinsic observer (11.10) - (11.11) takes the form, 

k = P- (C-2«Ce) , (12-12) 

C = r l (7C X C - Oc{IC X Ce + 7Ce X O ) + aCe X C 

-Hr(5,Ce)+7?c(C,Ce)C-/?Ce, (12-13) 
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where Ce satisfies exp(Ce) = RR^ and is given by (12.4) as, 

Ce = ^ ( P P ^ - P P ^ ) , (12.14) 
2 sin -0 

where, cos'0 = {tr{RR'^) - l ) /2, for \^\ < n. The parallel transport term r(P,C) 

is calculated from (11.5) where 5(P,C) = f'{R) + /'^(P,C) + T^T^iPiR^) ^nd the 

curvature term Pc(C, Ce)C is calculated from (8.36). 

12.1.1 Simulation Results 

In this section we demonstrate the effectiveness of the observer (12.12)-(12.13) by 

means of simulation. Consider the classical problem of a heavy top in a gravitational 

field. Let P = {Pi,P2,P3} be an inertial frame fixed at the fixed point of the top 

and let e = {ci, 62, 63} be a body fixed orthonormal frame with the origin coinciding 

with that of P. At t = 0, the two frames coincide. Then let the coordinates of a 

point p in the inertial frame P be given by x and in the body frame e be given by X. 

They are related by x{t) = R{t)X where R{t) G 50(3). Let -P3 be the direction of 

gravity and let I be the inertia matrix of the heavy top about the fixed point. The 

kinetic energy of the top is K ^ IC • C/2, where C is the body angular velocity and 

the potential energy is U{R) = vfiglRcz • P3. Here m is the mass of the top, g is 

the gravitational constant, / is the distance along the 63 axis to the center of mass. 

Note that for simplicity we assume the top to be symmetric about the 63 axis. The 

generalized potential forces /^(P) in the body frame will be given by the relation 

< r ( P ) , C >= - < dU,R-C>= -mglRCe3 • P3 for any C e so{3), which yields 

that /^(P) = mgl P^P3 x 63. Note that the metric induced on 50(3) by the kinetic 

energy is left invariant and the system is a simple mechanical system on 50(3). Thus 

the equations of motion on 50(3) x so{3) are given by 

P = P - C , (12.15) 

C = / - ' (7C X C + mgl R^P3 x 63). (12-16) 

Since in this example it is assumed that the top is symmetric about the eg axis the 

inertia matrix is diagonal with h = h, that is, 7 = diagih, luh)-
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Time 

Figure 12.1: Angular velocity estimates versus true values in heavy top simulation. 
The true values are the solid lines while the dotted lines are the estimated values 

With a = ^ = 1 Implementing the observer (12.12) - (12.14) we estimate the 

angular velocities of the heavy top. The rotation matrix P is parameterized by 

the unit quaternions (Euler parameters) described in section 12.1 and integrated as 

described in [17]. The simulation results are shown in Figure 12.1 where /i = /j = 

1, /a = 2, mgl = 1. The initial body angular velocities of the heavy top are [.7 - .5 .2] 

and the initial observer angular velocities are all zero while the initial configuration 

of the heavy top corresponds to a .ITT radian rotation about the P2 = [0 1 0]^ axis 

and the initial observer configuration corresponds to a 0.097r radian rotation about 

the direction [0.3 1 0]^. 

12.2 The Special Eucledian Motion Group 5£^(3) 

The special Eucledian motion group 5^(3) is the semi direct product 50(3) x^T^ .̂ 

As a matrix group, an elment A E SE{3) can be represented by, 

A = 
R b 

0 1 
(12.17) 
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where P G 50(3) and b E TZ\ Then 

,_i [P^ -R^b 
A ^ = 

0 1 

The Lie algebra of 5^(3), denoted by se{3), is the set of matrices. 

(12.18) 

C = 
0 a 

(12.19) 

where i E so{3) and v E n\ Then se{3) ^U^xTi^ by identifying C G se(3) with 

{^,v)E'R^xn\ 

In order to investigate the Riemannian structure define the inner product on se(3), 

< < •, • »se{3) between the two elements {i,v), {il;,u) E se{3) as follows: 

< < (C, v), {ip, u) »se(3)= Ib^-^p-\-Mv u, (12.20) 

where h is a positive definite matrix. This inner product on se(3) defines a left 

invariant metric on SE{3) the usual way. The Lie bracket on se(3) is given by 

[(C, v),{'il), u)]se{3) = ad^^^y){ip, u) = {^xi;,^xu-ip xv). (12.21) 

and the dual of the ad operator is given by 

K ,̂̂ ^) (12.22) 
n U X ^-\- fx X V 

/̂  J [ /^x ^ 
where (H, /x) G se{3)* c^Tl^ x Tl^. 

In the case where 7̂  = diag{Ix, Iy,Iz) and M is a positive scalar the isomorphism 

I: se{3) ~ 71^ !->• se{3)* ~ K^ is given by the diagonal matrix 7 = diag{Ix, ly, h, M, M, M). 

In this case, (12.21) gives the nonzero structure constants C^j on se{3) ~ 72.̂  as: 

0*12 = 1, 0^3 = — 1 , Ois = 1, Oig = — 1 , O23 = 1, O24 = — 1 , C26 = 1, O34 = 1, C35 = —1 

Using equations (8.7) and (8.33), the connection coefficients UJ^J and the coefficients of 

the curvature tensor P̂ ^̂ j, are calculated as well. The nonzero connection coefficients 

are: 

^^23 -
ly+Iz 

2L 
,^^32 — 

-7^ -ly+l 
2h 

z 2 -'x • ' j / -'2 ,2 

27„ , ^31 = 
-'i "r ly iz 

2I 
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^12 = 
-7x + 7̂  + 7, 

27. ' ^21 -
•'x < ly -'2 

2P 

, ,b 4 , ,5 1 , ,5 , ,6 , ,4 1 
'^IS - ^26 - ^^34 = 1 , '̂ l̂e = ^^24 = '^35 - " 1 -

The nonzero curvature coefficients are too many to be listed here. 

From (10.4) - (10.5), a simple mechanical control system on 5£^(3) takes the form 

P b 

0 0 

V 

R b 

0 1 0 0 

rM 
76^X^ 

Mvx^ 

The passifying control (10.10) takes the form 

Ui = -<r{R,b,Cv), {^,v)>. 

The intrinsic observer (11.10)-(11.11) takes the form. 

(12.23) 

+ r ( P , b)+f'{R, b,C v)+J2^ir{R, b,e,v)\ .(12.24) 

(12.25) 

P b 

0 0 

V 

R b l-2a^e v-2ave 

0 1 0 0 

7,-^ (7h| X i-a{h^ X ^e + h^e X 0)+a^e X e 

T; X I — 2Q; i; x ê 

+ r ( 5 , C e ) + 7 ? c ( C , C e ) C - ^ C e , 

(12.26) 

where Ce = (6 , V,) satisfies exp(Ce) = AA'^ and is explicitly given by 

6 = ^ 

2 sin Ip 
V, = RR^b-b, 

( P P ^ - P P ^ ) , 

(12.27) 

(12.28) 

(12.29) 

where cos V = ( t r ( P P ^ ) - l ) / 2 , for |V| < r̂. The parallel transport term r (5 , Ce) is cal

culated from (11.5) where S{R, b, ^ v) = f^iR, b) + f'{R. b, ^ v) + ET «./H7?, b, ^ v) 

and the curvature term Pc(C,Ce)C is calculated from (8.36). 

This observer is used in Chapter 13 to stabilize an electrostatically actuated 

MEMS device. Simulations showing convergence of the observer are included therein. 
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CHAPTER 13 

STABILIZATION OF AN ELECTRO STATICALLY ACTUATED 3-D 

MICRO-MIRROR 

13.1 Model Formulation 

///y 

Figure 13.1: Schematic diagram of a Rigid 3D microactuator. 

The governing equations of motion of a 3D electrostatically actuated Micro-Mirror 

will be developed in here. We approach the problem from a geometric viewpoint. The 

device consists of a fixed bottom plate and a rigid thin top plate that is free to rotate 

as well as translate with the constraint that each side is connected to a fixed wall 

through flexible cantilevers. The bottom plate is segmented into four electrodes. 

The system is actuated by providing a voltage difference between each electrode and 

the top plate which is considered to be grounded. The resultant coulomb forces are 

deduced ignoring the fringing effects and are in the direction perpendicular to the 

top plate. A schematic of the movable plate is shown in Figure 13.1. The points 

p = 1, 2, 3,4 denotes the points where the external spring forces and damping forces 
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act on the system. 

The device can be thought of as a mechanical system coupled with a electrical 

system via the electro static actuation forces. The configuration space of the mechan

ical system is the group of three dimensional euclidian motions given by 5P(3) which 

also can be considered as the semidirect product of 50(3) x Ti^. Let e = (61,62,63) 

be a body fixed orthonormal co-ordinate frame centered at the center of mass of 

the top plate and let P = (Pi,P2,P3) be an inertially fixed orthonormal coordinate 

frame coinciding with E when the system is in equilibrium with no actuation. If 

at time t the coordinates of a point p have the representations x{t) and q{t) in the 

inertial and body fixed coordinates, respectively, then x{t) = R{t) q{t) + b{t) for 

some {R{t),b{t)) E 50(3) x Tl^. The orientation of the top plate with respect to the 

inertial frame is given by R{t) while the displacement of the center of mass of the top 

plate with respect to the inertial frame is given by b{t). The body angular velocity 

C(t) of the top plate will be given by | = FC^R where C E so{3) ~ 'R? being the usual 

skew symmetric identification with ^ E TZ}. The velocity of the center of mass of 

the top plate in the inertial co-ordinates will be given by i = R{t)v{t), where v{t) is 

the velocity of the center of mass in the body frame. The following notations will be 

adopted in developing the model. 

d = The non actuated equilibrium gap between the center of mass of the top plate 

and the bottom plate. 

Tp = The resistance in the p"" capacitor circuit, 

e = The permitivity of the dialectic medium between the electrodes. 

A = Area of an electrode (all electrodes are assumed to be of the same area). 

Qp{t) = The charge stored in the p*'* capacitor. 

Up{t) = The supplied voltage control to the p*'' capacitor. 

qp - Position vector in the body fixed co-ordinates of the p*'* point. 
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7 - Moments of Inertia matrix of the movable top plate. 

m = Total Mass of the movable top plate. 

n = Body angular momentum (H = 7,̂ ). 

ti = Linea momentum of the center of mass in the body frame (/x = mv). 

Let i = (1,0,0), ;• = (0,1,0), A; = (0,0,1) be the usual fixed unit normal directions. 

The external forces Fp acting at points p = 1,2,3,4 are the mechanical spring and 

damping forces given by Fp = F^ -f F^, where 

7f(P,6) Kp 0 

0 0 
( 

[ 
R b 

0 1 

Qp 

1 

Qp 

1 

Cp 0 

0 0 
( 

[ 
R b 

0 1 

1 V 

0 0 

Qp 

1 

Fp^{R,b,Cv) 

0 

The 3 x 3 positive semideflnite matrices Kp and Cp are the stiffness and damping 

coefficient matrices of the cantilever tip at the point p. Note that 

jp 

are elements in se(3)* ~ 7Z^. 

QpR^F; 

R^F^ 
Jn 

QpR^F^ 

R^F^ 

The damping forces fp satisfy the conditions that < /f, (^, f) > < 0 and 

fp{R, 6 , 0 , 0 ) = 0 for all p, where < •,• > denotes the usual pairing between a 

co-vector and a vector. Let 

U{R, b) = ^{RQP + b - qp)^Kp{Rqp + b -
p=i 

(13.1) 

be the potential energy stored in the springs. Then the conservative spring forces 

satisfy 

(13.2) 
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where L(H,6) is the left multiplication on SE{3). Implicitly < f^,{^ , v) >= - < 

ijK ' f̂ )> ^7.(H,6)(e , v) >= -^ . qpR^KpiRqp + b - qp) - v • R^Kp{Rqp + b - qp). 

The Coulomb force Fg, expressed in the inertial frame and acting perpendicular 

to the top plate, is given by 

' Ql =-Y:^,Rk=2R 
p=i 

2eA 
63t t^3 . (13.3) 

The torque T^ in the inertial frame due to the coulomb forces is given by. 

Te = -ly Rei wi - l-c Re2 W2, (13.4) 

where 

Wi 

W2 

W3 

1 
AeA 

1 - 1 - 1 1 

- 1 - 1 1 1 

- 1 - 1 - 1 - 1 

Ql 

Ql 

Ql 

(13.5) 

Thus Euler's rigid body equations for the mechanical system are: 

R b 

0 0 

P b 

0 1 

1 V 

0 0 
(13.6) 

li = - | 7 ^ + E9p7?^7^p(7?,&,^,^^)-^2/ei u ; i - /xe2 tî 2, (13.7) 
p=i 

4 

mv = "^R^Fp{R,b,Cv)-miv + 2e3W3. (13.8) 
p=i 

Expressing these equations in the body angular and body linear momenta we have 

(13.9) 7? b 

0 0 

P b 

0 1 

1 V 

0 0 

4 

n = - 7 - i n n -\- E ^ P 7?^7^P(7?, b, n , p) - ly ei wi - Ix 62 W2, (13.10) 
p = l 

4 

fi = - 7 - i n p + E R^EpiR, b, n, ^) + 263 W3. (13.11) 
p=l 
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These equations describe a dynamical system on T*SE{3) ~ SE{3) x 5e(3)*. The ad 

operator on se{3) ~ 7̂ 3 is given by 

(^d{(,v){ip ,u) = {^xilj,^xu-ipxv). 

The dual of the ad operator is given by 

«^«,.) 
n 

Using this we can express (13.9) - (13.11) 

R b 

0 0 

n 
= 0 

p b 

0 1 

'4,^^) 
n 

e v' 
0 0 

4 

+E 
p=i 

n X ̂ -f yu X T; 

as 

^^(i^,o)(e,^) (13.12) 

+E/ ; ( ^ , ft)+E -̂p (^' '̂ n, /^)+5 (̂<9)- (13.13) 
p=i 

where, 

-ly I I'X J ^ 

0 0 2k 

The electrical system is given by 

1 

, w{Q) = 

wiiQ) 

MQ) 
W3{Q) 

Q 

Ql 

Q2 

Q3 

QA 

Qp = {Vd,-up) for p = 1,2,3,4, (13.14) 

where Vd^ is the voltage drop across the p capacitor. It is assumed that this quantity 

is measurable and that it is given by 

T/ ^ ^ D\ Qp (^ + <RQP + b, k>) 1 O Q /I n Q 1 t ; ^ 

yp = VdpiQp,R) ^-^ f for p = 1,2,3,4. (13.15) 
6pA 

13.2 Stabilization 

Deflne the output y = Q. With respect to the output y, the control 

Ur. -yp-\-rpVp, for p = l , 2 , 3 , 4 . (13.16) 
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input output linearizes the system given by (13.14) and (13.12) - (13.13). Then the 

the electrical subsystem can be expressed as 

Q = i^, (13.17) 

where u = [ui , 1^2 , 1^3 , J^iY- For control purposes we consider the coupled mechanical 

system (13.12) - (13.13) together with the linearized electrical subsystem (13.17). 

With respect to the output y = Q the system has relative degree {1,1,1,1} and 

stable zero dynamics. 

For a given Q, the corresponding equilibrium points of (13.12) - (13.13) are given 

by ^ = 0, V = 0 and 

0 = J2fpiR^b) + Bw{Q). 
P=i 

(13.18) 

Explicitly, 

0 = -ly ei wiiQ) - k 62 ^2(0) - E ^ P R^Kp{R qp + b- qp) (13.19) 
p = i 

1 

0 = 2e3W3{Q)-^FfKp{Rqp + b-qp). (13.20) 
p = i 

Setting Q = Q -\-5Q, vfe have w{Q) = w{Q) + 6w{5Q,Q). The coupled electri

cal subsystem (13.17) and the mechanical subsystem (13.12) - (13.13) can now be 

expressed as 

SQ = u, 

R b 

0 0 

n 
= ad 

R b 

0 1 

C V 

0 0 
DL(R,b){L y) 

(13.21) 

(13.22) 

n 
/̂  

-{•B5w{5Q, Q) 

p=i p=i 

(13.23) 

With 6W = 0 the equifibrium points of (13.22) - (13.23) are (P, b, 0, 0), where for 

the given W{Q) the equifibrium conflgurations. (P, b) are given by (13.18). From 
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(13.19) - (13.20) the feasible equifibrium conflgurations must satisfy 

° = ^UiZ^P^'^^piRQp + b-qp)] (13.24) 

0 = ^Ui2R''KiRQp + b-qp)] (13.25) 

0 = ^2{i2^^^piR<lp + b-Qp)y (13.26) 

From (13.24), it can be shown that equilibrium rotations that correspond to a rota

tion about the inertial axis 63 can not be realized. For a given feasible equilibrium 

configuration satisfying (13.24) - (13.26), the required W{Q) = W = [wi, W2, W3Y is 

given by 

= ^enE^p-^^^p(^^p + ft-9p)) (13.27) 

" r ^ M ^ ^̂  ^^7srp(P Qp + b-qp)\ (13.28) 

= \ej\f2R^Kp{Rqp + b-qp)y (13.29) 

Note from (13.5) that for any given W there exists some [Qj, Q\, Q\, Qp-^. However 

all of the Ql may not be positive. Thus the feasible equilibrium configurations are 

further restricted by the condition that all Ql of the solution of the equation (13.5) 

with w = w required to be positive. Let us now turn to the problem of stabilizing a 

given feasible, physically realizable, conflguration (P, b). 

13.2.1 Charge Feedback Control 

For a given feasible configuration (P, b), let Q be the required steady state charge. 

Let U{g) be a function on SE{3) such that (P, b) is a local (global) nondegenerate 

minimum and 

fp{R,b)-f;{R,b)^-Ll^^,M, ^ ) . (13.30) 

Wl 

W2 

W3 

'5R' Sb 
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If such a function exists then the equilibrium point (P, b, 0, 0) of (13.22)-(13.23) 

is locally asymptotically stable with 6w = 0. Thus (13.21) - (13.23) has locally 

(globally) asymptotically stable zero dynamics with respect to the output y = 5Q ^ 

Q-Q. Thus any feedback u = a{5Q) that globally asymptotically stabilizes the origin 

of (13.21) locally (globally) asymptotically stabilizes the equilibrium (0, P, b, 0, 0) 

of (13.21) - (13.23). Simulation results are shown in Figure 13.2 and Figure 13.3. 

However the gap dynamics are governed by the zero dynamics which correspond to 

the mechanical subsystem. Therefore in cases where the mechanical system is very 

lightly damped, the gap dynamics will persist for considerably longer than desired. 

F\irther it may also cause the upper movable electrode to repeatedly come into contact 

with the bottom electrode thus shortening the device life time. With this in mind we 

investigate the possibility of injecting damping by means of controls. 

13.2.2 Passive-Based Damping Control 

Consider the coupled mechanical plus electrical system given by (13.21) - (13.23). 

If there exists a function U{g) that has a local (global) minimum at (P, b) and (13.30) 

is satisfied, then from section 10.2 the feedback law 

{lyCi-lx^2 + 2v3){Qi + Qi)/4eA 

{-ly^l-lx^2 + 2V3)iQ2 + Q2)/^eA 

{-ly^l+lx^2 + 2V3){Q3 + Q3)/'^eA 

{ly^l-\-U2 + 2V3)iQA + QA)/^eA 

renders the electrical plus mechanical system (13.21) - (13.23) passive with output 

y = SQ = [{Qi-Qi), (Qi-Qi), ( Q i - O i ) , ( Q i - O i ) ] ^ and storage function P , . 

Note that in some neighborhood of the equilibrium the system is detectable with y. 

Therefore the additional damping control 

u -hP (13.31) 

D = -a{Q-Q), (13.32) 

with a > 0 locally asymptotically stabilizes the corresponding given equilibrium 

{0,Q,R,b,0,0). 
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13.2.3 Angular and Linear Velocity Estimation 

Note that the control (13.31) involves angular and linear velocity measurements. 

The measurement of these quantities are very costly. Thus assuming that the config

uration variables (P, b) are available for measurements we estimate the angular and 

linear velocities of the mirror in the body frame using the intrinsic observer of section 

12.2. This observer is explicitly given by 

p b 

0 0 

i 
V 

R b 

0 1 

• 7-1 ( 7 | 

^ - 2Q; ê i) - 2Q; We 

0 0 

X I - a ( 7 | X ee + ICe X I)) + a^e X i 

(13.33) 

v X C -2av X Ce 

+ r ( 5 , C e ) + P c ( C , C e ) C - / 5 C e , 

where Ce = [Cl V^Y satisfies exp(Ce) = AA^ and is explicitly given by 

(13.34) 

^e = 
i; 

2sin'0 

Ve = RR^b-b 

{RR" -Rif), (13.35) 

(13.36) 

where cos^' = {tr{RR^) - l ) /2, for |V'| < TT. The parallel transport term r(5,Ce) is 

calculated from (11.5) where S{R,b,C,v) = fc{R,b) + fd{R,b,C,v) + Uifi{R,b,C,v) 

and the curvature term Pc(C, Ce)C is calculated from (8.36). 

13.3 Simulation Results 

We simulate the rigid body dynamics using the Euler-Rodrigues parametrization. 

This parameterization is described in section 12.1. 
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position of cm 

15 
Normalized time 

Figure 13.2: In the case of charge feedback the position of the center of mass of 
the movable electrode. The solid curve corresponds to the P3 direction, the dashed 
dotted curve corresponds to the Pi direction and the dashed curve corresponds to the 
P2 direction. 

Direction coeines of the unit nomial 

Figure 13.3: In the case of charge feedback the direction cosines of the unit normal 
63 to the movable electrode. The solid curve corresponds to the angle with the P3 
direction, the dashed dotted curve corresponds to the angle with the Pi direction and 
the dashed curve corresponds to the angle with the P2 direction. 
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position of cm 

4 5 6 7 
Normalized time 

Figure 13.4: In the case of passive based control the position of the center of mass of 
the movable electrode. The solid curve corresponds to the P3 direction, the dashed 
dotted curve corresponds to the Pi direction and the dashed curve corresponds to the 
P2 direction. 

Direction cosines of the unit nomial 

Normalized time 

Figure 13.5: In the case of passive based control the direction cosines of the unit 
normal 63 to the movable electrode. The solid curve corresponds to the angle with the 
P3 direction, the dashed dotted curve corresponds to the angle with the Pi direction 
and the dashed curve corresponds to the angle with the P2 direction. 
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CHAPTER 14 

CONCLUSION 

In this second part of the thesis we have presented an intrinsic observer based 

approach for the control of a class of simple mechanical control systems on a Lie group. 

The class that we have considered is the class of systems where the kinetic energy is 

[eft invariant and the configuration variable is measured. The result is a specialization 

3f two general concepts on arbitrary Riemannian manifolds, to a Lie group equipped 

with a left invariant metric. The first result being passivity-based control, while the 

second result being intrinsic velocity estimation. In particular, the passivity-based 

:ontrol and the observer may be written explicitly without the reference to any special 

coordinate choice on the Lie group. This allows the investigation of the pros and cons 

of different coordinate choices without having to reformulate the control synthesis 

from scratch. Furthermore, some of the results and computations carried out in this 

second part of the thesis may be of significant interest in their own right for instance 

in optimal control and long term trajectory planning on Lie groups as well as general 

3-D rigid body control. The observer is explicitly computed for two special cases 

of practical significance: the rotation group 50(3) and the Euclidian motion group 

5£'(3). Then finally these results are applied to the stabilization of an electrostatically 

actuated 3D rigid MEMS device. Simulations show excellent performance. 
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