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ABSTRACT 

This study is about the asymptotic distribution of the least squares estimator in 

nonstationary first-order autoregressive processes. These processes are commonly 

used to model economic time series and the desired distribution is important in 

finding the size of the so-called unit root tests. 

Our approach is based on the asymptotic characterization of the distribution 

in terms of a functional of the standard Wiener process. We use the Karhunen-

Loeve expansion for the Wiener process and obtain the solution using characteristic 

functions and the Fourier inversion theorem. As compared to the previous studies, 

our method provides a conceptually simple framework in which one can investigate 

more complicated models. 

IV 



CHAPTER I 

INTRODUCTION 

1.1 Overview 

In this study we consider the nonstationary first-order autoregressive process. 

Our main interest is the asymptotic distribution of the least squares estimator 

(LSE) in such processes. The rest of this section provides an overview of the model 

considered and introduces the notation, whereas Section 1.2 has some remarks 

about the importance of the problem. Section 1.3 contains a brief literature review 

of the topic. 

A collection of random variables Yt, t € T, defined on the same probability 

space {Q,,A,P), is called a stochastic process. In its utmost generality, T can be 

any abstract set; however, in practice, it generally refers to a time scale over which 

measurements are taken, so it is customary to refer to t as the time index. As such, 

T is generally taken as an appropriate subset of the real line. If T is countable, Yt 

is called a discrete tim,e stochastic process, whereas if T is an interval, it is called 

a continuous time stochastic process. Note that K is a function of both t and LJ 

and the complete notation is Y{t,u}), but as it is customary to do so with other 

random variables, the dependence on UJ is suppressed. When CJ is fixed, we have a 

collection of real numbers that correspond to the particular outcome represented 

by fixed UJ. This collection is actually a real-valued function of t, which we will call 

a sample path. Throughout this study, we will use Yt and Y{t) interchangeably, to 

refer to the same thing. 

We will exclusively consider the class of stochastic processes that can be written 

in the following form: 

Yt = cl)Yt.i-^ et, teN, (1.1) 

where N denotes the set of natural numbers, et is a sequence of independent and 

identically distributed {iid) random variables with mean 0 and and variance a^ < 

oo. This process is known as an autoregressive process of first order, or simply 

AR{1). It has a single parameter 0. It is well-known that this process is stationary 

(stable) if and only if |(/)| < 1. However, it can also be shown (see, for example, 



Brockwell and Davis [8]) that every AR{1) process with parameter |0| > 1 (such 

processes are called explosive) can be written as an AR{1) process with parameter 

|</>~̂ | < 1, of course with a different white noise process. Therefore, for purposes of 

analysis, stationary and explosive processes can be converted to one another. The 

only case excluded is when |(/>|=1, which is called unstable or nonstationary (also 

called as random walk, especially in econometrics). 

In this context, least squares methodology has been commonly used to find an 

estimator for </>. This leads to the following estimator: 

2^k=l ^k 

Our major concern is the asymptotic distribution of 4> in the unstable case 

employing a different technique than Rao [29], who seems to be first to provide an 

answer to this problem. 

The organization of this manuscript is as follows: The rest of this chapter is 

concerned about the importance of the problem and literature review. Chapter 2 

is devoted to the main tools from probability theory that will be exploited here, 

viz. weak convergence of the partial sum process to the Wiener process and the 

Karhunen-Loeve expansion for second order processes. In Chapter 3, we first 

establish that the asymptotic distribution of 0 is the same as that of a functional 

of the standard Wiener process, using weak convergence of partial sum processes. 

This results appears in the related literature with regularity (White [36], Rao [29]), 

yet no one seems to have provided a proof in print. We will, then, expand the 

functional using the Karhunen-Loeve expansion for the standard Wiener process 

to get an expression in terms of standard normal random variables. Finally, we 

will derive the asymptotic density using characteristic functions and employing the 

Fourier inversion theorem. We provide two alternative approaches to the problem 

which can be applied within our framework in Chapter 4. Chapter 5 contains our 

conclusions and directions for future research. In the appendix, we prove a result 

concerning the integral of a complex-valued function of a real variable which we 

rely on heavily in Chapter 3. 



1.2 Importance of the Problem 

It may seem artificial to consider the distribution of 0 when we know that 

the true value of 0 is 1. To motivate the problem recall that the process is 

nonstationary when 0 = 1. In a lot of practical problems (for example, economic 

time series) it is of interest to see whether the observed process is stationary or 

not. This is conveniently hypothesized as HQ : (j) = 1 against Hi : (p ^ 1. HQ is 

commonly called unit root hypothesis and the corresponding hypothesis tests are 

known as unit root tests. The corresponding test statistic is generally taken to be 

(f). In order to find the size of the test one must be able to find the distribution 

of the test statistic under HQ. Since exact small-sample distributions are usually 

intractable, it is customary to work with the asymptotic distribution. 

Economic literature abounds with examples of unit root studies According to 

Hamilton [22], deciding whether a process is stationary or not severely effects the 

decision process that follows, especially in the macroeconomic contexts. Greene [21] 

argues that most of the macroeconomic flows and stocks that relate to population 

size, such as output and employment, are best represented via an autoregressive 

process with at least one unit root. Bhargava [4] offers the following perspective: 

An important aspect of modeling economic time series is the testing 
of the null hypothesis that the observations available on a variable or 
their deviations from some appropriate constants follow a random walk. 
This is partly due to the fact that the non-rejection of the unit root 
hypothesis is consistent with many economic theories such as some 
alternative macroeconomic formulations, stochastic models of income 
dynamics, some models that postulate the maximization of expected 
utility, the unlikelihood of a long-term relationship between economic 
variables, the non-existence of bubbles in foreign exchange markets etc. 
[p. 369] 

Similar notes have also been made about the importance of random walk models 

and unit roots by Evans and Savin [18] and Phillips [28]. The findings of Nelson 

and Plosser [27] support autoregressive representations with unit roots for all but 

one of the historical time series for the U.S. considered in their study. 

Evans and Savin [17] provide numerical strategies to calculate the percentiles 

of the asymptotic distribution and note that in most economic applications 0 turns 

out be close to 1 which justifies the attention unit root tests have received in the 



econometric literature. They also remark the success of random walk models in 

explaining most of the economic processes. Diebold and Nerlove [14] provide a 

survey of the unit roots in economic time series which provides both a historical 

perspective and an account of current research. Recent reviews relating unit roots 

to several different econometric models can be found in Maddala and Kim [25] and 

Charemza [11]. 

1.3 Literature Review 

The asymptotic behavior of <̂  has been a matter of concern for many researchers. 

One of the first studies in this area is by Mann and Wald [26], who have exclusively 

considered the stationary case and established the consistency of ^. They have also 

showed that 0 is asymptotically normal when |0| < 1, the error process is iid and 

has finite moments of all order. Later Rubin [32] showed that 0 is weakly consistent 

even if\(f)\ > 1, but his work did not concern the asymptotic distribution. 

White [36] extended the results of Mann and Wald to the explosive case and 

established the asymptotic distribution as Cauchy. He also makes the additional 

assumption that the error process is Gaussian. He also mentions, for the first 

time in the literature, the asymptotic connection with the Wiener process which 

has been a standard starting point for several other researchers such as Rao [29]. 

Anderson [1] shows that the asymptotic distribution for the random walk is not 

normal nor even symmetric. He is also the first one to establish the minimum 

conditions (namely iid error process) for the validity of the results of Mann and 

Wald [26]. 

Thus, by the 1960's most of the asymptotic theory for stationary and explosive 

cases had been worked out. Random walk models have been ignored by and large, 

mostly due to the fact that their applications have not been developed. However, 

the development of the Box-Jenkins methodology in the 1970's (see Box, Jenkins 

and Reinsel [7]) brought an emphasis on the nonstationary processes. They have 

introduced the idea of "integrated" processes. An integrated process of order p, 

by definition, can be converted into a stationary process by taking p subsequent 

differences. It follows that a random walk is integrated of order 1. The Box-Jenkins 

methodology has been widely accepted by the statistical community and served to 

rekindle interest in nonstationary processes. 



The first successful attempt, in the context of the non-stationary processes, to 

derive the asymptotic distribution has been reported by Rao [29] (a correction to 

his first paper has later appeared, see Rao [30]). His derivation involves complicated 

special functions and his result has been deemed to be "not very useful in practice" 

by Diebold and Nerlove [14]. Indeed, practicing econometricians have shown much 

more interest in the results of Dickey and Fuller [13] who have shown that 0 and 

a functional of normal random variables have the same asymptotic distribution. 

Although their result does not give a form for the density, it lends itself to easy 

numerical evaluation. This has paved the way to the well-known class of Dickey-

Fuller tests for unit roots. Fuller [20] provides a survey treatment of the literature 

on the cLsymptotic distribution of LSE in autoregressive processes. 

In the 1980's the literature has seen an explosion of unit root studies, most of 

which are concerned with the simulation of test statistics and their applications to 

random walk models in economic time series, as noted in Section 1.2. A notable 

contribution is the work of Chan [9], where he establishes important connections 

with the Ornstein-Uhlenbeck process. 

We feel that the lack of attention to an analytic expression for the asymptotic 

density has a lot to do with the complicated tools that have been used in previous 

studies. In this study we attempt to provide an alternative derivation which is 

conceptually simpler and easy to generalize to more complicated models. We work 

with the random walk model (1.1) exclusively and to provide as much generality 

as possible we only assume an iid error process. 



CHAPTER II 

MATHEMATICAL BACKGROUND 

2.1 Weak Convergence 

It is well-known that the convergence of finite dimensional distributions of a 

stochastic process does not imply the convergence of every functional of the process. 

The so-called weak convergence provides conditions beyond convergence of finite 

dimensional distributions so that we have a convergence condition that involves 

all time points simultaneously, which allows us to draw stronger conclusions (see 

Result 3). The innocent-looking definition below has led to very powerful results 

when applied on appropriate spaces and those results will enable us to explore the 

asymptotic distribution of ^. 

Definition 1 Let S he a separable and complete metric space and let B denote the 

a-algebra generated by the open sets in S which we will call Borel sets. Let Pn, 

n G N, and P be probability measures defined on {S, B). If, for all continuous and 

bounded real-valued functions f on S, 

lim ffdPn= ffdP, 
n^oo J J 

then we will say that Pn converges to P weakly and write Pn ^ P. Lf X,Xi,X2,... 

are random variables with induced measures P, Pi, P2,... such that Pn => P, we 

also say that Xn converges weakly to X and write Xn => X. 

We will be interested in the weak convergence of probability measures on the 

space C = C[0,1], of continuous functions defined on the closed unit interval. We 

will equip C with the uniform topology by defining the distance between two points 

X and y by 

p{x,y) =sup\x{t) -y{t)\. 
t 

It is well-known that, under this topology, C is complete and separable (see, for 

example, Taylor [35]), so we can talk about weak convergence in C. 



2.2 Partial Sum Processes 

Partial sum processes will play an important role in this study theory due to 

the weak convergence properties they possess. The development of the partial sum 

process in C that we will present here follows that of Billingsley [5]. Let ^i, ̂ 2, • • • be 

a sequence of random variables defined on the probability space {Q, A, P) . Define 

^n = Zir=i^i5 with So = 0. {5j}J^ î is called the sequence of partial sums. We 

construct a random process Xn on C as follows: For points i/n G [0,1], set 

X „ ( - , a ; ) = -y=Si{uj). . 

For the remaining points in C, define X„(t, a;) by linear interpolation on the 

points that have already been defined. So, if ^ G \{i — V)/n, i/n), then 

v u ^ ( « / ^ ) - ^ v . / ^ « - l \ t-{i-l)/n^ fi 
Xn{t,u) = ^-^ Xn[ ,L0] + \ '' Xn[-,UJ 

l/n \ n J 1/n \n ^ 

which, using the the fact that Si — Si-i + ^i and the definition of Si, reduces to 

Xn{t,uj) = —=Si-i{uj)-\-n\t ]-j=^i{uj). 
y/n \ n J y/n 

Letting [nt] denote the integer part of nt (the greatest integer less than or equal 

to nt), Xn can be defined on all of [0,1] as 

Xn{t,Lj) = -^S[nt]{uj) + {nt - [nt])—=^[nt]+i{^)- (2.1) 
y/n •\/n 

As with other random variables, the dependence on u is usually suppressed and 

we write Xn{t). It is important to note that Xn{t) is a well-defined, continuous 

stochastic process on the unit interval. With this, we mean that sample paths are 

continuous on the unit interval everywhere. From now on, we will refer to Xn{t) 

as a partial sum process. 
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2.3 Second-Order Processes and Karhunen-Loeve Expansion 

In this study, we will be working on L^[0,1], the space of square-integrable 

functions on the unit interval, with respect to Lebesgue measure. For / , ^ G 

L^[0,1], we define the inner product as< f,g >= JQ f{t)g{t) dt. This inner product 

induces the following norm in the usual way: | | / | | = y/< f,f >. Then L^[0,1], 

along with the inner product < .,. > is a Hilbert space (see Taylor [35]). Hilbert 

spaces are used in probability and statistics commonly, an account of the basic 

results can be found in Small and McLeish [34]. 

In the sequel E will denote the expectation operator. A random variable Y is 

called second order if E | y p < oo. Now consider a stochastic process Yt{ij). If, 

for every fixed t, Yt{uj) is a second-order random variable, then we say that Yt 

is a second-order stochastic process. We define EY^ = A*(0 as the mean function 

and R{t,s) = 'E[Yt — /z(i)][Ys — //(s)] as the covariance function. A treatment of 

second-order processes from a standpoint of applications is given by Wong and 

Hajek [37]. 

We first introduce a special class of second-order processes which will play an 

important role in the construction of the Wiener process. 

Definition 2 A stochastic process Yt, t E T is said to be a Gaussian process if for 

each ti,... ,tn E T, the vector {Yt^,... ,Yt^) has a multivariate normal distribution 

for n = 1,2. . . . 

We now provide precise definitions of the concepts of convergence and continuity 

in quadratic mean which arise naturally in the study of second-order processes. 

Definition 3 A sequence of random variables Yn is said to converge to Y in 

quadratic mean, written as q.m. lim„_ ĉ» ^n = ^ ; if 

lim EiYn - r r = 0. 
n->oo 

Definition 4 If a second-order process Yt satisfies 

iimE|y,+,,-y,p = o, yter 

then it is said to be continuous in quadratic mean (q.m. continuous). 



For reasons that will become obvious in a moment, we will be interested in 

integral equations of the following type 

/ . 

b 

R{t, s)(p{s)ds = X(p{t). 

lfR{., .) (which is called the kernel of the of the integral equation) is a compact and 

strictly positive Hermitian operator, it is known that there exist eigenvalues Xk and 

eigenfunctions (pk{.) that satisfy the integral equation, such that Ai > A2 > • • • i 0 

and the sequence of eigenfunctions form an orthonormal basis for L^[0,1]. 

A property of Hilbert space theory is the existence of inner products which allow 

us to define orthogonality. Recall that, orthogonality and uncorrelatedness are the 

same for random variables. This property extends to the possibility of developing 

expansions in terms of a sequence of orthonormal basis functions. We will now 

introduce one such expansion which is widely used for second-order processes. A 

more general version of the following result, which is known as the Karhunen-Loeve 

expansion, can be found in Loeve [24]. At this point, let us note that we reserve 

the term "result" for the facts stated without proof. These are either well-known 

or their proofs are involved and do not enhance the understanding of the material. 

The terms "theorem" and "lemma" will be used in agreement with their traditional 

usage, and their proofs will be provided. 

Result 1 Let Y{t) be a second-order process defined on the closed unit interval 

with zero mean and continuous covariance function R{t, s). Let Xk and (pk{t) denote 

the eigenpairs of the integral equation corresponding to R{t,s), where the (pk{t) 

necessarily form an orthonormal basis for L^[0,1]. Then we may write 

00 

^ W = E \l>^kZk^k[t), t G [0,1] (2.2) 
fc=0 

where Zk are orthogonal (uncorrelated) random variables with zero mean and unit 

variance. 

In the definition of the Karhunen-Loeve expansion, the equality means the q.m. 

limit of the partial sum. 
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For a Gaussian process, it is well-known that (see Ash [2]) Zk are normally 

distributed. This also implies that they are independent, a property which we 

will be important for our work. For this reason, Karhunen-Loeve expansions are 

commonly used in conjunction with Gaussian processes. A detailed discussion of 

second-order processes and the related expansion theory can be found in Loeve [24]. 

2.4 Wiener Process 

Our introduction of the Wiener process will be based on the Karhunen-Loeve 

expansion, following Ash and Gardner [3]. This differs from the more commonly 

used method of introducing the Wiener process by defining the Wiener measure 

first and studying the collection of random variables induced by the measure, 

such as in Billingsley [6]. However we feel that our approach is more natural in 

the context of this study, since it exploits the underlying connection between the 

Wiener process and Karhunen-Loeve expansion. 

We start our construction of the Wiener process by defining, for s,t G [0,1], 

R{s,t) = sAt. (2.3) 

Now consider, for / G Z/^[0,1], the corresponding integral equation 

{Rf){s)= C R{s,t)f{t)dt (2.4) 

To find the eigenpairs of this integral equation, we must solve 

Xip{s)= f R{s,t)ip{t)dt (2.5) 
Jo 

which can be rewritten as 

/ t(p{t)dt^s f ip{t)dt = Xip{t). (2.6) 

First let A 7̂  0. Then (p{.) is continuous and we may differentiate (2.6) with 

respect to s twice to obtain 
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-^{s) = Xip"{s) (2.7) 

By the same token we realize that A = 0 cannot be an eigenvalue for it leads to 

(f{t) = 0 almost everywhere. We now solve the differential equation in (2.7) to get 

^k= [{k^^)n]~\ k = 0,1,2,..., (2.8) 

and 

(Pk{t) = V2sm{k-^-)7rt, 0<t<l, k = 0,1,2,.... (2.9) 

Now consider a Gaussian process W{t) which is defined as follows, using the 

theory developed in the previous section: 

oo 

w{t) = J2\/^kZkMt), o<t<i, (2.10) 
k=0 

where Zk are independent random variables with zero mean and unit variance. 

The functions (fkit) are given by (2.9). The process W(i) is called the standard 

Wiener process. We also observe, for later purposes, that 

oo 

W{l) = V2j2.JXk{-l)'Zk. (2.11) 
k=0 

and 

oo 

W'{t)dt = J2XkZl (2.12) 

Ash and Gardner [3] show that there exists a null set T> such that if a; 0 X>, 

then 

E y/hZkioj)^k{t) 
)fc=0 
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converges as n -> oo, to a process, say X{t,Lj), uniformly for t G [0,1]. This 

implies that, for u ^V, X{t,uj) is continuous in t. Now, if we define X{t,uj) = 0 

for all t if UJ ^ V, then X{t,u) is continuous in t for all u. This shows that the 

sample paths of a Wiener process is continuous everywhere. 

It can now be shown that W{t), defined by (2.10) has the following properties: 

(i) Wt has a normal distribution with mean 0 and variance t. 

(ii) {Wt : 0 < t < 1} has independent increments, that is if ti is a sequence 

of real numbers such that 0 < ti < 2̂ < • • • < )̂fc < 1 then the random variables 

Wt, - Wt^, Wt^-Wt,,..., Wt^ - Wt,_, are independent. 

Furthermore, the mapping VF : fi —> C induces a probability measure called 

Wiener mezisure, which is denoted by W. 

The classical method of introducing the standard Wiener process is to start with 

Wiener measure and show that properties (i) and (ii) are satisfied for the random 

variables induced by the measure. Within this classical framework, one still has 

to solve the integral equation (2.5) to obtain the Karhunen-Loeve expansion. 

One of the important results that we will use is a result by Donsker [15] 

that establishes the asymptotic connection between partial sum processes and the 

Wiener process: 

Result 2 Let ^i, ^2, ••-, ^n be a sequence of iid random variables defined on 

the probability space (17, >t, P) , with mean zero and variance one. Let Xn be the 

corresponding partial sum process. Then Xn => W. 

Intuitively, if we have a process that has independent displacements over a large 

number of very small time intervals, we will see a sample path that is very close to 

a sample path from a Wiener process. So in the limit, the original distribution of 

the displacements do not make a difference. For this reason Donsker's result was 

originally called the invariance principle. 

The following corollary of Result 2 will be of importance to our work. 

Result 3 Let f be a real-valued mapping on {C,A,yV) that is continuous W-

almost everywhere. If Xn => W, then f{Xn) => f{W). 



CHAPTER III 

ASYMPTOTIC DISTRIBUTION of n(0 - 1) 

Our main purpose in this study is to establish the asymptotic distribution of 

(f), given in (1.2), for the unstable case. We will do this in three steps: 

1. In Section 3.1 we will write the solution to the difference equation (1.1) which 

will, in effect, define the AR{1) process as a partial sum. Then we will show that 

the corresponding partial sum process converges to a functional of the standard 

Wiener process. 

2. Then, in Section 3.2 we will use the Karhunen-Loeve expansion given in 

(2.10) and get a ratio in nci standard random variables. 

3. Finally, in Section 3.3., we will find an expression for the characteristic 

function of the ratio and derive its density using the Fourier inversion theorem. 

The subsequent sections in this chapter are concerned with these steps in order 

mentioned above. 

3.1 Connection with the Standard Wiener Process 

We have the first-order autoregressive process, as mentioned in (1.1) 

Yt = (l>Yt.i + et, 

where t is a non-negative integer and Ct are independent and identically distributed 

random variables with mean 0 and common variance cr̂  < oo. It was mentioned 

in (1.2) that the LSE of cf) is given by 

7 _ i]":^! yjYt-i 

Before proceeding further, we would like to point out that 0 is a scale invariant 

estimator and as such a^ is not a relevant parameter in our problem. To make this 

clear, we divide both sides of (1.1) by cr to get 

^ = ^ ! i z i + !i , j e N , (3.1) 

13 
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so that the new error process has unit variance. Now we find 0 for (3.1) by simply 

substituting Yt/a for Yt in (1.2): 

En Yt yt-\ 1 v^n V V 

^ „ y 2 1 ^^n -1^2 ' 

which is the same as (1.2). Hence, for the purposes of least squares estimation, we 

may assume that our error process has unit variance without any loss of generality. 

We first prove the following theorem which provides a form of 4> that is suitably 

standardized to study the asymptotics. In the statement of the theorem, we do not 

cancel out the n's, because we will use the numerator and denominator separately 

in consequent theorems, exactly in the way they are expressed here. 

Theorem 1 

n(̂  - 1) = \^l=: 'fi'. (3.2) 

Proof: Treating (1.1) as a difference equation, we can get the solution by 

successive substitutions. First we write the difference equation for t — 1: 

Yt^i = (l>Yt-2^et-i, teN, (3.3) 

then we substitute (3.3) in (1.1) to get 

Yt = (p{(l)Yt.2 + et-i) ^ et 

= (t>''Yt-2 + (t>et-i + et, tGN. (3.4) 

Specializing (3.4) for 0 = 1 and FQ = 0 we get the solution 

fc=0 
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Define 

St = Y.^k. teN, 
k=0 

SO that the solution of the difference equation is a partial sum. Substituting Yt 

(jjYt-i -{- et in the numerator for Ft in (1.2) one gets 

ct> = 
ci>Y.Uyli + Yrt=ietYt-i 

= ct> + zr=i ^tYt-i 

Substituting (j) = 1 (since we are interested in the unstable case) and multiplying 

both sides by n, one obtains 

n((/> - 1) = ^ . 

Multiplying the numerator and denominator of right-hand side by l /n and using 

St instead of Yt, we end up with 

/7 T>, n^t=\^tSt-\ 
n{(f) - 1) = "i 2 

„2 2^t-\ '-'t-1 

which completes the proof. • 

Now introduce the partial sum process 

Xn{t) = 
y/n 

Sk-i + nek{t-
k-1 

n 

k-1 k 
< ^ < - , 

n n 

where k = 1,... ,n and So = 0, by definition. At this point let us observe that 

Xn => W, based on the discussion in Section 2.3. 

Now we prove the following lemma which expresses the numerator of (3.2) in 

terms of a partial sum process. 
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Lemma 1 

as n —^ oo. 

Proof: We first provide two different characterizations of JQ Xn{t)dXn{t). The 

first one is obtained by substituting the definition of Xn{t) and performing the 

integration term by term: 

f Xn{t)dXn{t) 
Jo 

" /"n 1 

n .k 

= ,̂ £ k-l 
n 

E 
k^l 

n 

E 
A ; = l 

1 " 
-E 

5jt_i -\-nekit-

Sk-iek -\-nel\t-

k-1 
n 

k-l 

y/nek dt 

-Sk-iek + nel 

Sk-l^k + l^^k 

IL{-
n \ 

n 
k-l 

n 

dt 

dt 

Sk-i^k + 7:^k 

2n 

I 
— I 

2 
(3.5) 

The second characterization of JQ̂  Xn{t)dXn{t) makes use of the fact that Xn{t) 

is continuous and of bounded variation on [0,1]: 

f XMdXM = \ [X'„{t)]l = I ('x^(l) - X (̂0)) = \xl{l). (3.6) 

Now by (3.5), (3.6) and a strong law due to Kolmogorov (see Shiryaev [33, p. 364]), 

it follows that 

i f : 5 . . ie , = i x ^ ( l ) - i + op(l), 
" ; S 2 2 

(3.7) 

and the proof is complete. D 

file://-/-nekit
file://-/-nel/t
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Remark 1 Our knowledge of stochastic calculus reminds us that | l^^( l ) - | is 

precisely the ltd integral of JQ W{t)dyV{t). Note that, since the function inducing 

the measure is not of bounded variation, this integral cannot be interpreted as a 

Lebesgue-Stieltjes integral. 

Next lemma is concerned with the denominator of (3.2). 

Lemma 2 

hilsu^ fxl(t)dt + or(\), 
"' k=\ -^^ 

as n -^ oo. 

Proof: We first note that 

fxl{t)dt = ±fl^Xl(t)dt 
k=\''~!r 

k 
Iv i \ ^ . , O O / . rt̂  - ^ ^ 9 

= n^lL 'l-^ + 2n.,(t - ^ ) 5 . _ , + n\l(t - ^ ) 
- i n o n - i n 

= ẑ  E'^^-i + r̂  E ^̂ "̂̂ -̂1 + ̂ zi E ̂  

dt 

2 
„ 2 Z^ ""k-l ^ ^2 Z^ r.ckUk-1 - r ^ cfc. 

It now remains to show that the last two terms are indeed op(l). The second 

term has mean zero, so it suffices to show that its variance converges to zero. 

For the third term we will use Kolmogorov's strong law again. We start with the 

second term. 

Mi t *̂5*-i) = ^Var(i: e,S,.,) (3.8) 
'* A ; = l "^ k = l 

We now look at the term Var^^^it f̂c'̂ jfc-i) attentively. 

n n 
VaiY^ekSk-i = E[Y.ekSk-i)' 

k=l k=l 
oo oo 

= 2^EeKj5*_,5,_i + ^Ee^5L, (3.9) 
k<j k 
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Now consider (3.9) term by term. For k < j , we realize that ej is independent of 

Cjt because of the iid assumption for the error process. Also, ej is independent of 

Sj-i and Sk-i because Sj-i is a function of e i , . . . , ej_i only and Sk-i is a function 

of e i , . . . , ek-i, with k < j . Hence 

Eefc6j5fc_i5j_i = 'EejFi{ekSk-iSj-i) — 0, 

and it follows that the first term in (3.9) is 0. We reason as follows for the second 

term. 

Y,EelSl_i = 5ZEe^E5^-i (cfc is independent of 5fc_i) 
k k 

= E E ^ L i (Eê  = l) 

^= 

:= 

k 
n - 1 

EVar 
A ; = l 

n - l 

E('=-
Jfc=i 

n^. - n 

{Sk-

1) 

- i ) 

2 

as n —>• oo. Now, looking back to (3.8), we can conclude that the second term is 

Op(l). 

For the third term, we will use the strong law of Kolmogorov as mentioned. 

Since 

^ E E e ^ < ^ 

we conclude that 

^E4-^0'a.s., 
^ ' it 

and the third term is also op(l), which completes the proof. • 

Let Co = {/ ^ ^ • / ^ 0}. To establish the convergence of the ratio, let us 

define the following functional: 
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In order to apply Result 3 to ^(.) , we need the following lemma. 

Lemma 3 The functional ^(.) defined by (3.10) is continuous almost everywhere 

with respect to the Wiener measure. 

Proof: Let / , / i , /2 . . . be members of Co such that ||/„ - /||oo -^ 0. We want 

to show that ^( /„) -^ ^ ( / ) . It is immediate that 

Now, since | /„ | < | / | -h M for some M, we can apply Lebesgue's Dominated 

Convergence Theorem to get 

So we can state that 

Wmf Slit) dt= f p(t)dt. 

" ' ' /o P{t)dt 
Finally we note that Co has Wiener measure 1 and this completes the proof . • 

We summarize the results of this section in the following theorem: 

Theorem 2 

n{(t>-l)^ 7i o.x , • (3-11) 
^^ ' 2f^W^{t)dt ^ ' 

Proof: By using Result 3, we get 

^{Xn) => ^(W). 

By Lemmas 1 and 2 we conclude that 

n{(l) -l) = ^{Xn) => ri i. . •" ^̂  ^ ^ ^ 2JiW^{t)dt 
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3.2 Using Karhunen-Loeve Expansion 

Formally, (3.11) establishes the asymptotic distribution of the LSE of the first-

order autoregressive parameter in terms of a functional of the Wiener process. 

This result appears in White [36] and Rao [29] without proof. It is not a complete 

solution to the problem however. If one wants to tabulate this distribution, for 

example, simulation of a Wiener process and the related functional is necessary. 

However, we can take a further step and use the Karhunen-Loeve expansion for the 

Wiener process. This is a different method than that of Rao [29], who establishes 

the distribution by using a method attributed to Erdos and Kac [16]. Their method 

uses the fact that the asymptotic distribution is unaffected by the distribution 

of e's, so they advocate the use of a distribution that lends itself to analytical 

manipulation. Rao [29] chooses a normal distribution and proceeds from there. 

We will first mention a result from elementary probability theory. Recall that, 

if ^ is an independent normal random variable with mean zero then ^ and —̂  has 

the same distribution. The following result is a generalization of this statement to 

an infinite number of random variables. The notation = is used in the sequel to 

mean "has the same distribution as." 

Result 4 Let Zi,Z2,.-. be the sequence o/iid normal random variables with zero 

mean. Then 

{Zi,Z2,...) = {c7iZi,a2Z2,...), (3.12) 

where Oj = ±1 for all j . 

We now prove the following theorem which gives us another expression for the 

asymptotic distribution. 

Theorem 3 

2(ZT-o ^kZkf -I 
n{<f> - 1) ^ ^ ;"° , i • (3-13) 
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Proof: We start with substituting (2.11) in (3.11), we get 

,;^ .̂ 2(Er=ov^(-i)'^.)'-i 
9VOO \ 72 ' (3-14) 

where, in the denominator, we have used (2.12). Applying Result 4 for notational 
convenience yields at once 

oo — oo 

A;=0 k=0 

Using (3.15) in (3.14), we get 

<<t> - 1) => 9^oo 3, L ' 

which completes the proof. D 

The relative ease of the way we have proved Theorem 3 is a manifestation of 

the conceptual and operational simplicity of our approach. Dickey and Fuller [13] 

establish the same result using techniques that are similar to regression analysis 

which involve working with quadratic forms and necessitates to find the eigenpairs 

of a complicated matrix. 

3.3 Asymptotic Distribution 

In the preceding section we have shown that a certain functional of iid standard 

normal random variables has the same asymptotic distribution as n{^ — I). Now, 

in this section, we will derive the characteristic function of the functional in (3.13). 

Let U = \/2Y.k y/^Zk and V̂  = 2 ^ ^ ^IZl- Then we can rewrite (3.13) as 

n((/)- l)=> . (3.16) 

We now pursue the joint characteristic function of U and V. Following result 

entails at once because of the independence of Zk's. 
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Lemma 4 Let Tuy{s,t) denote the characteristic function of{U,V). Then 

oo 

k=0 

The advantage of this representation becomes clear in the next theorem where 
we find a convenient way to express 'Ee^^^^^^'^'^^^''^^). 

Lemma 5 

£gZ(sV2ArZfc+2tAfcZ2) ^ ^ r f c M ^ - i ^ ^ ( l _^ jg^2;^2j-1/4^ 

where fik = isyj2Xk/{l - 4itXk) and Tk = ^ - 2itXk. 

Proof: We will omit the index k for simplicity of notation and write A, Z, fi, 

T instead of Xk, Zk, i^k, Tk-

1 /"°° i{s\/2Xz+2t\z^)~z^/2 g i(sv/2AZ+2az2) _ 1 f 

s/2^ J-oo 
l\S\/^AZ->rS.tAZ- ) — z-1 J. J 

v / 2 ^ J-oo ' 

We note that the integral in (3.18) is of "normal" type, that is its integrand 

can be converted to the kernel of a normal distribution by algebraic manipulations. 

We now rearrange the terms of (3.18), so that we can exploit the special properties 

of normal type integrals. 

Letting T = \ — 2itX and 77 = is\/2X, we see that the term in the exponent of 

(3.18) can be rewritten as -TZ^ -\-rjz = -T{Z^ - ^z). Completing the squares, we 

get 

/ 2 ^ N / 2 ^ ^ ^^ ^ \ 

( _ 2.]^ - jf-
V̂  2T) 4r2 

(3.19) 
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Now let fi = r]/2T and substitute (3.19) in (3.18) to get 

^^^isV2XZ,+2tXZ^) ^ 1 ^ ^ / - ^_,(,_^)2 ^^ ^̂  ̂ Q) 
\/27r J-oo 

We recognize the integrand in (3.20) as the kernel of a normal distribution with 

mean ji and variance l /2r . It would have been trivial to evaluate the integral if 

/i and T were real numbers (with r > 0). When r and /JL are complex numbers, 

the integral in (3.20) requires complex contour integration and use of Cauchy's 

theorem. It is shown in the Appendix that, for Re(T) > 0, we have 

r e - ( - ' ' ) ^ < i z = e - ^ ^ , / ^ , (3.21) 

where 

arg(r) = tan-'(-4tA), (3.22) 

and 

1 
\T\ = -Vl + 16̂ 2 A2. (3.23) 

Note that, when Im(r) = 0, (3.21) reduces to a normal type integral with real 

coefficients. Since Im(T) = 0 implies arg(r) = 0, the result of (3.21) is consistent 

with the real coefficients case, as it should be. 

Combining (3.20), (3.21), (3.22) and (3.23), we get the desired result 

Tk[s,t) = e'^^l-'^^^{l + m^Xl)-^l\ (3.24) 

where it is useful to remember that p. and r are complex numbers. • 

The next lemma provides a formal expression for the density using Lemma 5. 

Lemma 6 The joint density of U and V is given by 
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\ roo roo I roo roo 

fuy{u, v) = 7r / e-'̂ "^+^*).Ff/,v(5, t) ds dt. (3.25) 
ZTT J—ooJ—oo 

where 

Tuy{s,t) = n e " ^ ^ ^ " ^ ^ ^ ^ ' ' " ' ^ ' ^ ^ > ' ( l + l6t'Xl)-'/\ 

*=° (3.26) 

Proof: To arrive at the density as given by (3.25), we need !Fuy to be 

integrable, in which case the density is obtained by Fourier inversion (Shiryaev [33]). 

The expression of the joint characteristic function in (3.26) follows by substitution 

of /i and r in (3.24). To check the integrability observe that 

\^uy{s,t)\ < n Ie ^+^^^(1 -h l6t^Xl)-'/^\ (3.27) 
k=0 

since we are multiplying a decreasing sequence of positive numbers. Now we will 

integrate over s first. 

K Afc^^ 

/

oo r o o •** _K_ / n^ ^^^^^{i^i6t'xi)-'/usdt 
-°°-^-°°A:=0 

/ e ^'^^"^'^^^(is n ( l - h 16^2A^)-i/4dt (3.28) 
-oo ^J-OO ;t=0 

Since the Â  is a decreasing sequence, we have 

oo - s 2 ^ ^ ^k • /-oo - s 2 V ^ ^K ^ 
^ ^ l^k=0 1 + I6t^xi J „ ^ / ^ ^ f e = 0 1 + 1672x2 

J — OO J — oo 

< , / ^ ( l + 16«̂ Ag)'/̂  

Substituting this back in (3.28) we get 



25 

< 

/

oo roo ^ ^k' 

/ n^ ^^^^{i-^m^xl)-'/Usdt 
-OoJ-OOf^^Q 

< J^K + l)xJl^^ + 16<^A„)'/̂ (1 + m'Xl)-^'<^'yUt. (3.29) 

For large \t\ the integrand in (3.29) is the same order as t~^^~^^/^ and the integral 

exists if (i<r - l ) /2 > 1, or equivalently for K > 3. D 

Remark 2 Without proof we assume that fuy is strictly positive on the upper half 

plane. 

Remark 3 Had the product in (3.17) contained a single factor instead of infinitely 

many, our proof of integrability of the characteristic function would have broken 

down. This is corroborated by the fact that the random vector {\/2XoZo, 2XOZQ) is 

degenerate in W'. 

Now we are in a position to explore the distribution of (C/2 — lyy using the 

joint density of (3.25). This distribution given in the next theorem is also the 

asymptotic distribution of n((/> — 1). 

Lemma 7 Let X and Y be defined by 

C/2-1 
X = — ^ (3.30) 

Y = V. (3.31) 

Then the marginal distribution of X is given by 

ft X ) So fx,Y{x,y)dy ifx>0 
f{x) = \ i/^ -f ^ (^ v3-32) 

So fxy{x,y)dy if x < 0 
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where 

•̂ '"'''̂ "''̂ ^ " VTT^ [/t̂ -V'C-V'l + 2xy, y) 4- fuy{yjl + 2xy, y)] 
(3.33) 

Proof: We will employ the well-known method of finding the distribution func

tions of transformed random variables based on the Jacobian of the inverse trans

formation, outlined by Hogg and Craig [23, p. 190]. To ensure that the mappings 

are one-to-one, we will investigate Ui = (-oo,0) and U2 = (0, 00) seperately. 

Consider Ui first. The inverse transformations corresponding to (3.31) is given 

by 

ui{x,y) = -y/l -\-xy, l-\-xy>0, 

M^^y) = y-

Then Jacobian of the inverse transformation is given by 

(3.34) 

Ji = 
dui 
dx 
dvi 
dx 

dui 
dy 

dvi 
dy 

y (3.35) 
\/l-\-xy' 

Now consider U2. The inverse transformations corresponding to (3.31) is given 

by 

U2{x,y) = yjl + xy, l + xy>0 

V2{x,y) = y-

Then Jacobian of the inverse transformation is given by 

(3.36) 

J7 = 

^ U 2 

dx 

dx 

dy 
dV2 

dy 

y 

VI +^2/ 
(3.37) 
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Note that |Ji | = |J2|. Now we can get the joint density of X and Y by 
combining (3.34), (3.35), (3.36) and (3.37): 

Sxy{x,y) = \Ji\fuy{ui{x,y),vi{x,y)) + \J2\fuy(u2(x,y),V2{x,y)) 

= y f ^ [/f/,v(-^1 + xy, y) -h fuy{^l + xy, y)]. (3.38) 

Finding the joint distribution of X is a matter of integration over y in (3.38). 

However we have to be careful in specifying the region of integration. Since we are 

restricted by I -^ xy > 0, this translates to ?/ > - l / x for x > 0 (which is not a 

binding condition, since y > 0) and y < -l/x for x < 0. So the density is given 

by 

ff^\ ^ ) io°° fxyix, y)dy if x > 0 
/o"^^'' fxyix, y)dy if x < 0 

which completes the proof. • 

Summarizing, we have obtained the following result. 

Theorem 4 The asymptotic density of the test statistic n(0 — 1) under the null 

hypothesis is given by f in (3.32). 

The following result is that of Rao [29], given here in his original notation, for 

purposes of comparison. 

Result 5 The asymptotic distribution function of n{(j) — I) is given by 

/

o o 'X 

p(x,t)[r{x,t)\-"^cos(5(x,t) - -0{x,t)) 
-OO ^ 

IXR2^{X, t) -h XRli-x, -t)]{tx)''/^ dt. 

Here p, r, 6, 9 are defined by the following expressions: 

[r(x, 0 ] ' = sinh2(2^x)^/2 + ^{sinh\2tx)'/^ -h sin\2tx)'^'') 

-\-{a/2){t/x)'/^{sin{8tx)'/^ - sinh{8tx)'/^), 
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9{x,t) = tan"^ 
1 - (a/2)(Vx)V2(coth(2tx)i/2 -f-cot(2tx)i/2) 

1 - (a/2)(t/x)i/2(tanh(2tx)V2 + tan(2tx)i/2) 

tan(2tx)^/2tanh(2tx)^/2 

p(x, t)2 = 2(1 - a(8x2)-V2)2(sinh2(2ix)^/2 -h sin\2tx)'/'') 
-h(t/x)(sinh2(2tx)^/2 _̂  cos2(2ix)i/2) 

-a( t /x) i /2( l - a(8x2)-i/2)(sin(8ix)^/2 + sinh{8tx)'/^), 

_, . _i/CcosQ;t\/2 — Dsina^v^ ' 
d{x,t) = tan ' C sin at\/2 — D cos at\/2)' 

C = (1 - a(8x2)-V2)(sinh(8tx)^/2^os(8tx)i/2 _ cosh(8^x)'/2gijj(8^^)i/2) 

+a{tlxYl'' sinh(2tx)^/2 sin(tx)^/2^ 

L) = (1 - a(8x2)-i/2)(sinh(8ix)^/2 cos(8^x)^/2 ^ cosh(8tx)^/2 sin(8^x)'/2) 

-a(t/x)^/2 sinh(2ix)^/2 sin(tx)^/2 

Even Rao himself accepts that this is a "formidable expression" and its statement 

in such detailed terms is provided only " . . . in the hope that it could be used for a 

numerical evaluation in some problems." Indeed, Evans and Savin [17] have later 

attempted such a numerical evaluation. On the other hand, our final result is more 

promising in several aspects. Aside from conceptual and operational simplicity, it 

is likely to lend itself to easy numerical evaluation. 

3.4 An Alternative Approach 

In this section, we will give a sketch of an alternative method of finding the 

asymptotic density of n{i - 1). According to a result of Cramer [12, p. 317] 



29 

/ W = ^ / ( ^ . ^ t ; ^ - i . v ( s , « ) ) ds (3.39) 
\ / t=-SX 

is the desired density, provided that the integral converges uniformly in x, where 

•^c/2_i,v(s, t) is the joint characteristic function ofU^-l and V which is given by 

/ e^(^"+2^'')/f/y(u,?;)d?/rft;, (3.40) 
-oo ^0 

where fuv(u, v) is given by (3.25). Interchanging the order of partial differentiation 

and integration one gets 

1 roo roo roo „ 

f{x) = — / / ve''^'''-^''-'^fuv{u,v)dudvds. (3.41) 
ZTT J-oo Jo J-oo 

This approach constitutes the essence of Rao's proof [29] and his methods of 

partial differentiation are rather involved. We present this alternative for future 

reference.as a reminder of the existing routes that could have been taken. 



CHAPTER IV 

CONCLUSIONS AND FUTURE RESEARCH 

In this study, we have presented an alternative derivation for the asymptotic 

distribution of the least squares estimator in the nonstationary AR{1) process. 

This is an important problem, as noted in Section 1.2, with several immediate 
applications. 

There are two seminal works in the literature related to this problem. One of 

them is due to Dickey and Fuller [13] in which they characterize the same asymp

totic distribution. They represent the test statistic itself as a quotient where the 

numerator and the denominator involve infinitely many independent normal ran

dom variables. Although they obtain a weak limit out of it, they do not pursue a 

specification of the limiting density. On the other hand, we arrive at a represen

tation of the weak limit in terms of infinitely many independent normal random 

variables that we obtain from the Karhunen-Loeve expansion of the Wiener process, 

a functional of which represents the weak limit. Moreover, we further elaborate on 

this expression and obtain an explicit form of the limiting density using Fourier 

techniques. To arrive at this explicit form, the fact that exponential functions sim

ilar to normal densities but with complex "mean" and "variance" can be handled 

in much the same way as in the real case (provided only that the complex variance 

has strictly positive real part) turns out to be instrumental. 

The other work in this area is that of Rao [29] who was able to obtain an analytic 

expression for the asymptotic density by using specialized functions and series 

expansions. In fact, our expression to the limiting density looks quite different 

from that of Rao. Numerical implementation of Rao's result was carried out by 

Evans and Savin [17], but found to be not as suitable as the simulation performed 

by Dickey and Fuller. It remains an open question whether our expression will 

lend itself to numerical evaluation. 

In the process of obtaining the weak limit, we have used a result mentioned 

first by White [36] and has appeared with regularity in the subsequent literature. 

While it has gained a place in the statistical folklore, no one seems to have provided 

a proof in print. 
Our methodology based on the Karhunen-Loeve expansion is conceptually and 

30 
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operationally simple and easy to generalize. A direction of future research in 

which this generalization can be exploited is the study of nearly nonstationary 

processes (where |0| is close to 1) that has received some attention in the literature. 

Asymptotic distribution of 4> in such processes can be derived by using a result 

of Chan and Wei [10], which is essentially a generalization of Theorem 4. This 

will enable the researchers to calculate the power of unit root tests against local 

alternatives. Another possibility is to investigate processes where T is multi

dimensional, such as ARMA fields. 
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This appendix is devoted to prove a generalization of the normal type integrals 

frequently encountered in the context of real variables. Let r = a-\-ib and /.i be 

two complex numbers. Specifically, we will prove that, for a,be^ with a > 0, the 

following holds: 

J-OO Y r I 

where 9 = arg(T). 

First consider the case when /x = 0. Then we want to show that 

(A.l) 

7-00 \s/a^-¥b^) 

Note that, when 6 = 0, we have ^ = 0 and (A.2) reduces to 

1/2 

(A.2) 

ly-'-f.- (A.3) 

Figure A.l: Contour in the complex domain 
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which is easily verified by using the kernel of a normal distribution with mean 0 
and variance l /2a . 

In order to prove (A.2), we will use complex contour integration and Cauchy's 

theorem. Consider the contour (clockwise or counterclockwise depending on the 

sign of b) in the figure in complex domain. Since e-("+^'')^' (where z is the complex 

variable) is analytic everywhere in this contour, we have, by Cauchy's theorem 

/ e-^"-^^") '̂ dx= f e-^-^^'>' dz+ I e-(-+^'')^^ dz^ ( e'^^^''^'" dz = 0. 
Jc JoA JAB JBO 

7, • • Z • • Z ' (A.4) 

Now, on OA, z = X (from x = 0 to i?); on AB, z = Re'"' (from a = 0 to 

Oi = -9/2) and on BO, z = re"^^/2 (fj.Qjjj ^ ^ ^ ^^ ^ ^ 0). Hence the integrals in 

(A.4) become 

/ i = / e-(«+^ft) '̂ dx (A.5) 
Jo 

= f K-^^+''^^''''''iRe'-da (A.6) 

/3= [\-(-+''y--''e-''/Ur. (A.7) 
JR 

The proof will consist of two main parts. In the first part we will show that 

/2 —> 0 as i? -> oo. In the second part we will calculate I^ and then argue that 

1 = 2 MmR^oo I\ = -2 lim/j^oo ^3-

Let us first assume 6 > 0, so that ^ G (0, | ) . Our first task will be to show that 

I2 converges to 0. Using (A.6), we observe that 

I/2I = \iR n e-^^^''^'''^''\'^ da 
\ Jo 

/

o 
I -fi2(a-|-i6)(cos2Q-|-isin2Q)i ^ ^ 

-f 
/•O -R^\/a^+h'^{ ° c o s 2 a - , j* sin2Q) , 

= R i e \V^^^ V^^T^ J da. (A.8) 
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We now realize that, in the exponent of (A.8), - ^ ^ = cos9 and ^^^ = sin(9. 
Hence 

/

o 
g-i?2v'a2+62(cos0cos2a-sindsin2a) J 

-f 
= i? r e-^'^/^'+^^««(^+2a)^^ (A 9) 

"^~2 

Letting ^ = ̂  -h 2a leads to 

I/2I < - /%-«^v^^"^cos^^^ 
2 70 

< - f\-R'V^^TS^cose ^^ 
2 Jo 

= ^_Jl^-R^Va^ cose (A^O) 

where we have used the fact that 0 < ̂  < ̂  in the second inequality above. So I2 

is bounded above by (A. 10) which converges to 0 and this completes the first part 

of our proof. This, together with (A.4), implies I = Ii -\-1^ = 0. 

Now we turn to the task of calculating I3 by using (A.7) 

/3 = e-^ /̂2 / ' e-^''^''^'"'"' dr. 
JR 

,0 (a-Kb)(a-ib) 2 
= e-̂ /̂2 / e v^JT^ dr 

JR 

= _e-^/2 [''e-'"'^^^^dr (A.ll) 
Jo 

Taking the limit of (A.ll) as i? ^ 00 we get 

lim h = -e-"l' Urn l" e-'^^^ dr 
l-^oo R-^OO JO 

= _ie-^/2y^(a2_^^2)-l/4 (^-^2) 
/?-)• 

where we have used standard methods of evaluating normal integrals with real 

coefficients. 
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Finally, we argue that the real and imaginary parts of g-^^^ '̂') '̂ are both even 
functions. This implies 

/ = 2 lim /i 
il—>oo 

= - 2 lim h 
R—^oo 

= e-̂ /̂2 /__ (A;L3) 

where we have used the fact that \T\ = yjo? -\-b^. Hence we have established (A.2) 
for 6 > 0. 

The same steps can be traced for 6 < 0 in which case the contour is in the first 

quadrant and counter clockwise. Using the symmetry of the problem we see that 

(A. 13) obtains for 6 < 0 as well establishing (A.2) for all b. 

In order to prove (A.l) we employ the transformation z = z — \i. The resulting 

integral is equivalent to (A.2) and can be evaluated using (A. 13). 
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