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ABSTRACT 

In this thesis, an opening mode crack in a nonhomogeneous material is stud

ied by assuming a continuously varying shear modulus which characterizes a 

decreasing rigidity near the crack tip. Explicit expressions for the stress and 

displacement fields are derived and numerical results are presented which illus

trate the effects of material softening upon these quantities. It is shown that the 

crack tip stresses are either bounded, asymptotic to r~°',0 < a < ~, or exhibit 

a logarithmic singularity at the crack tip. In all cases the components of stress 

are less than those for the corresponding problem in a homogeneous medium and 

the crack surface displacements are increased as a result of the reduced rigidity. 

IV 



LIST OF TABLES 

1. The zeros of d{s) and the corresponding exponent 
and coefficient 2S 

2. Values of beta and Poisson's ratio for which the stress 
is logarithmically singular 30 

3. Selected values of (Jeoi^i ^)/Po for ^ = 0-01 31 



LIST OF FIGURES 

1. Deformation of a body 2 

2. The stress vector at x acting on the surface S 4 

3. Physical interpretation of the elastic constants 6 

4. The three modes of crack loading 9 

VI 



CHAPTER I 

INTRODUCTION 

In this chapter, a brief review of solid mechanics is given. A more extensive 

discussion may be found in [1] or [2]. 

The physical state of an elastic body is completely characterized by the spec

ification of three quantities. These quantities axe the strain tensor E, the stress 

tensor 5 , and the displacement vector u. If the initial undeformed configura

tion of a body is identified with a region B C R^, then subsequent configu

rations may be characterized by a mapping that carries a point p ^ B into 

a point X = f(p) (see Fig. 1.1). The body has been strained if the rela

tive position of points has changed under this mapping. If the image of two 

points p and p + dp in the initial configuration is given by f{p) and f{p -f dp), 

then the exact distance between these points in the deformed configuration 

is determined by the vector f(p -\- dp) — f{p). With the assumption that / 

is differentiable, the first order approximation of this difference is given by 
~* ~* ~* 

dx = Vf{p)dp = F{p)dp where the matrix F{p) is known as the deformation 
rn r 1 T 

gradient. Therefore, ||c?x||^ — ||<ip||^ = 2dp -{F^F — I) dp approximates the 

change in distance between the two points when the body is deformed. As a 

result, the strain tensor is defined to he E = -{F F — I). If p is some point 

in the undeformed configuration, then the displacement vector is defined to be 

^(p) = f{p) — p = X — p. Thus, Vu(p) = F{p) — / and the strain tensor can 

be written in terms of the displacement vector as E = - Vu -f Vu^ -f- ViT^ Vu] . 

If | |Vu|| = (9(e), then the strain tensor is ^ = - Vu- f Vu^ up to an error of 

order 0{e^). Thus in the case of infinitesimal deformation, the six components 

of the strain tensor are given by e,j = \/2[dui/dpj + duj/dpi]. If i equals j , then 

e,j represents a change in length per unit length of a vector originally parallel to 

the x,-axis. If i does not equal j , then e,j is a measure of the change in the angle 

between two vectors originally parallel to the x, and Xj axes. 



X = f ( p ) 

A 

-^ ' e, 

Fig . 1.1 Deformation of a body 



Before considering what is meant by the stress at some point in the body, 

distinction must be made between the types of forces acting on an element of 

volmne in the body. Body forces are forces proportional to the mziss contziined 

in the volume and surface forces, or tractions, are forces acting on elements of 

area within or on the boundary of the voliune element. Consider a continuous 

medium containing a volume element Av. A surface element As at x with normal 

ft will partition this volimie into components V"*" and V~ (Fig. 1.2). The effect 

of V'^ on V~ is equivalent to the existence of a force AF acting on the surface 
AF 

As. Thus, one defines lim —— = Tft to be the force per unit area at x exerted 
Aa-O As ^ 

by V"̂  on V~ across the surface with normal n. The vector Ta is referred to as 

the stress vector and its value depends on the position x in the body and the 

orientation of the surface element with the normal vector n. Let the vector (TijCj 

be the component of the stress vector acting in the j t h direction on a surface 

perpendicular to the x,-axis. It may be shown that [5'(x)] n = Tji(x) where 

S = 

CTii ai2 ^13 

a"2i <722 <723 

^31 < 3̂2 Cr33 

is defined to be the stress tensor. 

Suppose a body B undergoes a deformation due to various applied forces and, 

after a period of time, achieves a state of equilibrium. The balance of angular 

momentum states that the moment produced by surface and body forces must 

vanish and hence that 

/ (fxfri)ds-f f (fxb)dv = 0. (1.1) 
JdifiB)) ^ ^ JfiB) ^ ^ 

Here b denotes the body forces on f{B) with boundary d{f{B)) and 7 (̂x) denotes 

the position vector corresponding to a point x G f{B). In addition, the equilib

rium of the body requires that the sum of body forces plus the sum of surface 

forces must vanish, 

/ fnds-f [ bdv = 0. (1.2) 
JdifiB)) JfiB) 

From equation (1.1) it can be shown that cr,j = aji and hence that the stress 

tensor is symmetric, S = S^. By an application of the divergence theorem. 



Fig. 1.2 The stress vector at x acting on the surface S 



equation (1.2) leads to 

d i v 5 - F 6 = 0, (1.3) 

whidi is referred to as the equation of equilibriiun. 

The concepts of stress and strain are valid for all materials. One material is 

distinguished from another by its constituitive law, which characterizes the rela

tion between the stressed state of the body and the corresponding deformation. 

A material is said to be linearly elastic if the relationship between stress and 

strain is given by the generalized form of Hooke's Law 

S{x) = [C{x)] E{x) (1.4) 

where C is called the elasticity tensor. When C is independent of position, the 

material is said to be homogeneous. For an isotropic material (one in which 

the elastic properties of the body do not vary with orientation within the body) 

equation (1.4) becomes 

cTij = 2/ie,, + :^^(TrE)6ij. (1.5) 

where fi is the shear modulus, u is called Poisson's ratio and TrE denotes the 

trace of E. The shear modulus relates the ratio of the shearing stress to the 

change in the angle associated with the shearing strain (see Fig. 1.3). Therefore, 

the shear modulus characterizes the rigidity of a material. Poisson's ratio rep

resents the ratio of the extension of a linear element to the contraction of an 

element to which it is perpendicular. 

In summary, the fundamental system of field equations for the time- indepen

dent behavior of a linear elastic body is given by 

E= -[Vu + Vu'^] (1.6) 

S = CIE] (1.7) 

div 5 + 6 = 0. (l.S) 

Additional conditions are imposed on the field quantities as a result of the par

ticular problem under consideration. For instance, if a problem is posed sc^lcly 



A 

- ^ e \ 

(a.) Physical interpretation of the shear modulus 

(^12 « 2e i2 , /X = (Tl2lOi2)-

(b.) Physical interpretation of Poisson's ratio 

^22 
1/ = 

^ 1 1 

Fig. 1.3 Physical interpretation of the elastic constants 



in terms of stresses then from equation (1.7) the components of strain may be 

expressed in terms of stresses SLS E = A'[5], where K is the compliance tensor. 

Once the components of the strain tensor e,j are known, then equation (1.6) 

can be viewed as a system of partial differential equations for the determination 

of the displacements u,-. These equations impose six conditions upon the three 

functions w,- and since these functions are not independent, relations must exist 

between the strain components. These relations may be obtained by eliminating 

the Ui from equation (1.6) which results in what are referred to as the equations 

of compatibihty. 

Curl Curl ^ = 0. (1.9) 

Other auxiliary conditions imposed upon the field quantities are a result of 

the boundary conditions. There are two fundamental boundary-value problems 

in elastostatics. The two problems are distinguished according to whether the 

displacement of points on the surface of the body are prescribed, or the distribu

tion of the forces acting on the surface of the body is known. The first problem 

is referred to as the displacement problem and can be described mathematically 

by 
div C[V{?]-f 6 = 0 in i? 

(1.10) 
u = u on dB. 

By utilizing Hooke's Law for an isotropic material, equation (1.10) may be rewrit

ten as Navier's equation 

//AiT-f ( ^ - -^Wdivu - | -6 = 0. 

The second problem is known as the traction problem and results when the 

equations of equilibrium and compatibility are written in terms of str(^ss. The 

traction problem can be expressed as 

Curl Curl K[S] = 0 in i? 

div 5 + 6 = 0 in i? 

Sn = S on dD. 
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Another class of problems which correspond to prescribing the displacements on 

one part of the boundary and stresses on the remaining part is referred to as 

a mixed boundary-value problems. Finally, what is known as the mixed-mixed 

problem results when various components of the stress tensor and displacement 

vector are given on the boundary. The problem to be investigated in this thesis 

is of the mixed-mixed type and arises from considering what is referred to as a 

crack problem. 

Physically, a crack corresponds to a flat cavity in the body. Mathematically, 

it corresponds to a surface of discontinuity in the displacement field. Crack 

problems are classified as Mode I, Mode II, or Mode III depending on the manner 

in which external forces are applied, and hence the manner in which the crack 

surfaces are displaced. In a Mode I problem the forces axe normal to the plane 

of the crack. In a Mode II problem the forces are tangent to the plane of the 

crack and perpendicular to the leading edge of the crack. In a Mode III problem 

the forces are tangent to the plane of the crack and parallel to the leading edge 

of the crack (see Fig. 1.4). 

In many physically important problems, the state of stress in the body can be 

characterized by the state of stress in a typical cross section of the body. Suppose 

this cross section is chosen parallel to the XiX2-plane. A body is in a state of 

plane strain if the U3 component of the displacement vector is zero and the other 

two components of the displacement vector are functions of only Xi and X2. Plane 

strain arises in the study of deformation of large cylindrical bodies where there 

is no deformation in the direction of the axis of the cylinder. A body is in a state 

of generalized plane stress if the mean values of the stresses cJia, <723, and (733 over 

the thickness of the body are assumed to be zero. This can occur in the study 

of thin plates where there is negligible variation in the stress in the direction of 

the thickness of the plate. Plane strain and generalized plane stress represent 

different states of stress in a body but their governing equations are identical if 

appropriate substitutions are made for the elastic constants that appear in the 

basic field equations. Thus, if the solution for one problem is known, then the 

solution to the other can be easily attained. 



MODE I 
OPENING MODE 

MODE II 
SLIDING MODE 

MODE III 
TEARING MODE 

Fig. 1.4 The three modes of crack loading 



CHAPTER II 

FORMULATION OF THE PROBLEM 

AND ITS SOLUTION 

The specific problem to be studied in this thesis corresponds to a semi-infinite 

opening mode crack in a nonhomogeneous medium. The location of the crack is 

given by the half-plane Xi < 0, X2 = 0 and the body is assumed to be in a state 

of plane strain relative to the XiX2-plane. Consequently the displacement field 

is of the form u = (wi(xi,X2), W2(ari,X2),0) and the nonzero components of the 

strain tensor are given by 

_ dui 
c i i — T.— J 

OXi 

_ 1 (dux du2\ 

'̂' " 2Va^'^a^;' 
and 622 = 

0x2 

From Hooke's Law the nonzero stresses are given by 

<7i2 = 2/i€i2, 

2p.v 
ail = 2//eii + ^ _ ^ ^ ( e i i + €32), 

2p,u 
C722 = 2fl€22 + (en + 622), 

2fii/ 
and (733 = . _ g (€11 + ^22). 

Therefore, in a state of plane strain the equilibrium equations reduce to 

dxi dx2 

d(T2\ ^^22 _ ^ 
dxi dx2 

and a33 = ^{an + <''22)-

10 
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If equal no rma l forces are applied on the uj^i^er and lower crack surfaces, then 

the prob lem is symmet r ic about the plane X2 = 0 and it suffices to solve the 

equat ions of equil ibrium in the upper half p lane subject to the following boundary 

condit ions • 

W2(xi,0) = 0 ,Xi > 0 

<^22(a^i,0) = -p(xi) , x i < 0 

( 7 i 2 ( x i , 0 ) = 0 , —OO < Xi < OO 

T h e first b o u n d a r y condit ion s ta tes t h a t the normal component of displacement 

ahead of the crack t ip is zero while the second boundary condition corresponds 

to the requirement t ha t the stress beh ind the crack tip be equal to the applied 

load. 

T h e type of mater ia l inhomogeneity considered here corresponds to a reduced 

rigidity in the vicinity of the crack t ip . A more detailed motivat ion for this form of 

a modulus will be provided in the final chapter . T h e shear modulus is assumed 

in the form / i ( r ) = / io(r / rc)^ , where ^ is called the inhomogeneity pa ramete r 

(0 < /? < 1) and Tc is a characterist ic distance from the crack tip which also 

serves to nondimensionaHze the quant i ty (r/rc)^. Consequently, this problem 

is most conveniently analyzed in terrns of polar coordinates {r,6) with r = 0 

corresponding to the crack t ip . In polar coordinates, the nonzero s trains are 

given by 
dur 

€j.j. 

1 / du 
'00 = -{^r + ^^] (2.1) 

r 00 

1 / l dUr duQ Uf 

'̂̂  " 2VrW^^~7 
In the case of p lane s t ra in , the components of stress are related to s t ra in hy 

frr = — ^ [ ( 1 - l')(^rr " ^̂ CT t̂f] 

1 + /̂  . , 

eee = —^r~ 1(1 - ^'J^ee - I'crrr] 
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E 

whereas for generalized plane stress 

1 
€j.j. 

eee 

^re 

— 

r = 

— [(Trr - lucres] 

— [cree — ^(^rr] 

l + î  

(2.2) 

E 

Here E is Young's modulus and is related to the shear modulus /i and Poisson's 

ratio î  by E' = 2/i(l + u). The equilibrium equations are 

^^(rarr) -oe + ^ ^ = 0 

0 . . 0 . . ^ 
~^\^ee) + -E~V^re) + ^r^ = 0. 
dO or 

Finally, the boundary conditions become 

ue{r,0) = 0 , r > 0 

<7ee(r,7r) = - p ( r ) , r > 0 (2.3) 

<7rfl(r,0) = (7,.e(r, TT) = 0,r > 0 

The equilibrium equations are satisfied if the stresses are expressed in terms 

of the Airy stress function F according to 

O'rr = 

(^ee = 

c^re = 

1 OF 1 O'F 

r Or r̂  00"^ 

O^F 

Or^ 

0 /1<9F\ 
Or[r 00 ) ' 

(2.1) 
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If the above stresses are substituted into equation (2.2), then the strains are given 

in terms of F by 

c^r — — 
1_ 

'E 
1 OF 1 O^F 

+ ^ 
Oi r or oe^ 1/ 

O^F 

Or^ 

eee = 
1_ 

'E 
O'^F (I OF 1 O^F' 
Or^ 00^ 

(2.5) 

ere = 
(l + i/) 0 flOF^ 

E Or \r 06 

The compatibility condition (2.8) requires that 

lO'^i + 0^ 
Or^ (reee) 

r 

I0\2rere) Oe^r 
= 0. 

r 09^ ' Or^^'^""' r OrOB Or "' ^""^^ 

The following differential equation results when the strains given by equation 

(2.5) are substituted into equation (2.6): 

1 0' 

rOQ' 'E 
\0F I O'^F O'^F + 

r2 06^ 
— 1/ 

Or^ 

+ 0^ 

Or^ 
1^ 
E 

O'^F 

Or^ 

I OF 1 a^F" 
1/ I 1 

r Or r^ 00"^ 

1 a^ r - 2 r ( l + i/) 0 f\OF^ 

r Or OS 1 E Or\r 09 
(2.7) 

O'^F flOF^ 1 a^F' 
ar2 

Or\E 
10£ 1 ^ _ ^ 
r a r "̂  r2 09^ "" Or'' 

= 0. 

It is assumed that u is independent of spatial coordinates and under the previous 

assumption on the shear modulus, Young's modulus is taken in the form F = 

Eor^. In view of these assumptions, equation (2.7) becomes 

El 

1 O^F 1 O^F 
+ -T Or09' 00' 

V 
O'F 

Or'OO' 
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+ r Or^\\E) 
O'^F 
Or^ 

V 
I OF I O'^F' 

+ -T r Or OO'^ 

+ 2(1 + 1/) 0 

r Or .E) Or[rW (2.S) 

^4< 
or 

V 
E. 

0^ 
Or'' 

I OF 1 O^F' 
— u r Or 

+ 
00' 

0_ 
Or .E. 

1 OF 1 O^F O^F 
Ol r Or 00'' Or'' 

When expanded, equation (2.8) takes the form 

E 

1 O^F 1 O^F^ 
r^OrOO^ " ^ ^ a ^ 

1/ 

F 

1 O^F 
' Or'OO'^ 

= 0. 

+ r E 
O^F 

. Or"^ 
u 0^ A a p 1 o^F^ 

Qj,2 \r Or r^ 00'^ 
2E' 0_ 

Or 
O'^F 
Or'' 

\0F 1 a^F" 
v\ - - ^ + a? r or 00^ 

+ (2(F0^ - EE") 
F3 

a^F / l a F 1 o^F^ 
- V I 1 

r Or r' 00' Or' 

+ 2_ 
E 

0^ i_o\ / i a ^ F \ 
"^ rarj Vr 00' ) Or' 

2v 
+ F 

1 a /ia'F\ a' /la'F' 
+ 

r or \r 00'' Or'' \ r 00' 

2(i + i/)F' a / l a ^ F ^ 
F2 Or\r OO' 

+ 2̂  
F 

O^F 
Or^ 

2v_ 

L F J 
0_(\0£ 1 a^F' 

a r V r a r r^ a^^ 

2F^ 
F2 

a^F / l a F 1 o'^F^ 

Or' r Or r' 00' 
+ a_ 

E\ Or 
1 a F 1 O^F 

+ a/ r c/r 00' 

+ 1/ 

LF 
a ^ 
Or^ 

+ F^ 
F2 

1 a F 1 a^F o'^F 

Ol 
+ 

r or 00' — u Or' 
= 0, 

which reduces to 

'2(E'f - EE" 
F3 

O'^F (I OF 1 a^F 

ar2 a; r c r ;• â ^ 
1̂  

VE 
(A^F), 

+ F;; 
F-' 

(-2r)(-AF - ^ — - - — + . — = 0. 
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Therefore, the Airy stress function must satisfy 

.2^ 2 F ' a ^ ^ E' 
A^F T ^ A F 

E Or Er 

\0F 1 a^F O'^F 

r Ol + -7 00' — u Or' 

[2(F0^ - EE"] 

F2 

O'^F 

Or' — u 
10F_ 1 O^F^ 

r Or ^ r' 00' 

(2.9) 

= 0. 

where A^ is the biharmonic operator in polar coordinates. 

In the case of a power-law modulus the partial differential equation above can 

be reduced to an ordinary differential equation by applying the Mellin transform, 

defined by 
too 

yV( [/(r); r - . s] (5) = / j{r)r'-^dr. (2.10) 

The parameter 3 is a complex number 5 = u + zu and for the purposes of the 

subsequent analysis it should be noted that if | /(r) |r"~^ is integrable on (0, co) 

when Ui <u < U2, then equation (2.10) defines an analytic function of .̂  in this 

strip and 
1 /"C-l-ioo 

/("•) = ^ / . ^'^\^V"'^~' (-11) 
ZTTZ Jc—too 

for all c such that ui < c < U2 [3]. If E{r) = E^r^, then equation (2.9) becomes 

2/3 0 P 
A'F-—^AF-+-

r Or 
W' + (3] 

1 OF 1 O'^F O'^F + 
r' 00' 

— V 
Or' 

O'^F 

Or' \r 0 

1 OF 1 O'^F^ 
+ 

00' 

(2.12 

= 0 

where the first term can be expanded as 

1 a 1 â  
A^F = 

Or'' 
+ + 

r Or r' 00'' / V Or' 

O^F I OF 1 a^F' + -^^ + — 
Ol 00' 

O^'F I OF 1 a^F 2 0^F 4 0^F 
1 1 1 

.4 j,3 Qj, 7.2 Qj,2 y Qp3 ,,4 QQ2 
Or 

2 O^F 2 OPE 1 O^F 
+ • r̂  â -* 

(2.13) 

' r^OO'Or'^ r^OO'Or 

If F{s,0) — M.\F{r,0)\r —> 5](6,^), then transforming each term in equation 

(2.12) yields 

M r'A^F{r, 0); r - . .s (s, 0) = s(s + l)(.s + 2)(.s + 3)F(s . 0) 
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-5F(5,9) - 3{s + 1)F(3,0) - 2s{s + l){s + 2)F(s, 0) + 4 ^ F ( ^ - ^) 

+23(5 + 1 ) ^ ^ ^ , 0) + 26 J F ( . , )̂ + ^ F ( 5 , )̂ 

F(5, ^) + (2^2 + 45 + 4 ) ^ F ( 5 , ^) + (s^ + 4s^ + 452)F(.^ ^), â  

M 
2£0_ 
r Or 

A F ; r -^ 5 {s,0) 

= -2p •s\s-f2)F{s,9)-{s + 2)i-F{sJ) 
01 

09' 

M rU- (3 1 OF 1 O^F O^F 
1 1/ 

r Or r' 09'' Or' 
: r —>̂  s {sj) 

= -13 
09'' 

F{s,9) - s[\ + v{s ^ \)]F{s.O) 

and M. 
r\^ + P^) O'^F 

Or' 
\0F 1 O'F' 

Oi r or 00'' ^2 P)Q2 r —^ s (ss) 

/? + /? [s{s + \) + us]F{s,e)-u^^F{s,e) 

The above expressions, when substituted into equation (2.12), lead to the follow-

ing differential equation for F : 

^ F ( . , 0) + ^ F ( . , 0) [2s' + (4 + 2/9). + (4 + ̂ (3 - v) - i.3') } 

+F(6, ^) {̂ -̂  + (4 + 2^)6^ + (4 + (5 + v)^ + /?2) 5̂  

+(l + i/)(2/? + ^2)^j^Q_ 

(2.14) 

If a solution to the above equation is assumed to be in the form F(s.O) = e'̂ ,̂ 

then A must satisfy the characteristic equation 

A-* + 6A2 + c = 0 



where 6 = 26^ + (4 + 20)s + [4 + (3 - u)(3 - uJ-] 

and c = s^-f{4-f 2p)s^ + (4 + (5 + u)l3 + ,3^) 5 ' + (1 + iy)(23 + 3'')s. 

Therefore, the general solution to equation (2.14) is given by 

k=l 

where the four roots of the characteristic polynomial are given by 

his) = J-h^b'-Ac 

The solution can be written as F(5 , 0) = Cic^^^ -\-C2e~^'^^ -fc^e^^^ -fc^e~^^^, or equiv-

alently as F{s, 0) = Ai sinh(Ai^) + Bi cosh(Ai6') + .42 sinh(A2^) + B2 cosh(Ao^). 

The particular solution to equation (2.14) is found by employing the boundary 

conditions (1.4). 

The displacements can be related to the Airy stress function F by substituting 

equation (1.6) into equation (2.1): 

Our 1 
Or 

lOF^ J L ^ ^ 
'̂  '^^00' ~''~0?' r or 

1 ( , Oue\ 1 
rr^ + -a^ =F 

O'^F 
Or' 

1 / 1 Our Oue ue 
2 vr'a^'^'a7~7 

1 OF 1 O'^F^ 
— V I 1 

r Or r' 00'' 

(1 +1/) a / laF' 
F Or\rO0 

(2.15) 

(2.16) 

(2.17) 

Multiply equation (2.15) by r''E{r) = For^+^ to obtain 

E ^ • r' 
Our OF O'^F ,0'F 

= r-z h -TTTT i^r (2.1s) 
Or Or ' OO' Or'' ' 

so that an application of the Mellin transform to both sides of equation (2.IS) 

Its i] results in 

M Eo{r^'-'ur)\r-^s\{s,0) = 

1 \ { O'' 

\ + 3 + 00' 
F{s.O) - F{s,0) (1 + ,/)5 + i/,s-

(2.19) 



IS 

Similarly, multiply equation (2.17) by 2r'E{r) = 2Eor'-^^ so that 

-'-^'^^yi{l'^^=^-''' 1 Our Oue Ue 

r 00 Or r 

and hence 

Fo(2 + ^ + s)M y^^ue', r-^s] {s, 0) = 

0 
^ {EOM [r'+^ur; r - . s] (., 9)} - 2(1 + i/)(l + s)^F{s, 9). 

From equations (2.19) and (2.20) it follows that 

(2.20) 

Eo{l-f/3 + s){2-f 13 + s)J^ r^^^ue\r —>• s {s, e) = 

-2{l + u)(l+s)0. +13-^s) + (s + vs + us^)] ^F(s, d) - ^F{s. 6). 
de^ 

(2.21) 

Equation (2.4) provides the relation 

and thus 

Af 

M 

r (Jee\s 

T (^ee\s 

{s,0) = s{s + \)F{s,9), 

(5,7r) = 5(.. + l )F( .S7r) . (2.22) 

From the second boundary condition in equation (2.3) it follows that 

[ 1 7"°° 

r'(Tee\ s ^ r\(s,7r) = - J r^^'p{r)dr = -g{s). (2.23) 
Equating equations (2.22) and (2.23) results in 

-g{s) 
^ ^ (̂>s + l ) 

Also from equation (2.4), it can be written 

(2.24) 

M r (Tre\ r {s,0) = {s-f\)-F(s.O). 

The third boundary condition in equation (1.4) and the above result yield 

| F ( , S O ) = ^ F ( . . . ) = 0 . (2.25) 



From the first boundary condition in equation (1.4) it follows that 
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Eo{l-f (3-f s){2-f (3-f s)M 

Therefore, from equation (2.21) 

r^'^^ue: r —^ s (^,0) = 0. 

a 
- 2 (1 + i/)(l + 5)(1 +(S-fs) + {s + us + us') —F(5 , 0) 

- ^ F ( . , 0 ) = 0. 

Equations (2.25) and (2.26) imply 

09^ 
F(5,0) = 0. 

(2.26) 

The following equations are obtained from equations (2.24 - 2.26): 

^1 sinh(Ai7r) + Bi cosh(Ai7r) + A2 sinh(A27r) + B2 cosh(A27r) = 

-9{s) 
s{s + l) 

AiAi+A2A2 = 0 

AiXi cosh(Ai7r) + i?iAi sinh(Ai7r) + A2\2 cosh(A27r) + i?2'̂ 2 sinh(A2-) 

(2.27) 

(2.2S) 

= 0 

Ai\\ + A2\l = 0. 

(2.29) 

(2.30) 

Equations (2.28) and (2.30) imply that .4i = ^2 = 0. Consequently, equations 

(2.27) and (2.29) yield 

B, 

and 

-g{s) 
5(5 + l)_ 

A2 sinh(A27r) 

A2 sinh(A27r) cosh(Airr) — Ai cosh(A2~) sinh(Ai-) 

B, g(^^) 
s{s + 1) 

Ai sinh(Ai7r) 

A2 sinh(A27r) cosh(Ai7r) — Aj cosh( AJTT) sinh( A I T ) 
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F 

OF 
00 

and 

O'F 
00" 

\ -9is) ' 
5(3 + l)J 

[ 9{s) 1 
5(5 + l)J 

[ g{s) 1 
_S(5 + 1)J 

A2 sinh(A27r) cosh(Ai^) — Ai sinh(Ai7r) cosh(A2^) 

A2 sinh(A27r) cosh(Ai7r) — Ai cosh(A27r) sinh(Ai7r) 

A1A2 sinh(A27r) sinh(Ai^) — A1A2 sinh(Ai7r) sinh(A2^) 

Ai sinh(Ai7r) cosh(A27r) — A2 cosh(Ai7r) sinh(A27r) 

A1A2 sinh(A27r) cosh(Ai^) — Ai Ao sinh(Ai7r) cosh(A2^) 

Ai sinh(Ai7r) cosh(A27r) — A2 cosh(Ai7r) sinh(A27r) 

If the above expressions are subs t i tu ted into equat ion (2.4) and the inverse Mellin 

t ransform is applied, then the following expressions for the stresses are obtained, 

/•c-f-too 1 rc-f-toc 

<T..(r,e) = - ^ / . 
^7i t Jc—too 

,-(2+» ̂ 9{s) 

\i cosh(A2^) sinh(Ai7r) — A2 cosh(Ai^) sinh(A27r) 

Ai sinh(Ai7r) cosh(A27r) — A2 cosh(Ai7r) sinh(A27r) 
ds, (2.31) 

(^Te{r,9) = 
\ rc-\-ioo 

ZTTI Jc—ioo 

, - ( 2 - h 5 ) 
\i\2g{s) 

and 

sinh(Ai7r) sinh(A2^) - sinh(A27r)sinh(Ai^) 

Ai sinh(Ai7r) cosh(A27r) - A2 cosh(Ai7r) sinh(A27r) 

(Trr{r,9) = 
c-f-t'oo \ yc-f-toc 

27r2 Jc-ioo 

. - (2- f -5) gjs) 

L(̂  + i)J 

ci,S (2.32) 

Ai cosh(A2^) sinh(Ai7r) - A2 cosh(Ai^) sinh(A27r) 

Ai sinh(Ai7r)cosh(A27r) — A2 cosh(Ai7r)sinh(Aj;r) 

+ AiA: Aisinh(A27r)cosh(Ai^) - Ao sinh( AITT) cosh(A2^) 
(/.^.(2.33) 

Ai sinh(Ai7r) cosh(A27r) - Ao cosh(Ai7r) sinh( A2T) 

Similarly, the displacements can be obta ined from equat ions (2.19) and (2.21). 
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The results axe 

g(s)Wds 

{s){l + s){l + /? + 5) [Ai sinh(Ai7r) cosh(A27r) - A2 cosh(Ai7r) sinh(A27r)] 

where 

W = [AIA^ sinh(Ai7r) cosh(A2(9) - AjAj sinh(A27r) cosh(Ai^)] 

+(5 + 1/5 + us') [A2 cosh(Ai^) sinh(A27r) - Ai cosh(A2^) sinh(Ai7r)], 

and 

1 fc+ioo 

En27ri Jc-Eo2m Jc-ioo 3(5 + l ) ( l + ; 5 + s)(2 + ;̂  + 5) 

r-^'^'^'^g{s)Yds 

[Ai sinh(Ai7r) cosh(A27r) - A2 cosh(Ai7r) sinh(A27r)] 

where 

Y=^s-\-us + us'- 2(1 + i/)(l + 5)(1 + ^ + 5)] • 

[AiA2 sinh(A27r) sinh(Ai^) - A1A2 sinh(Ai7r) sinh(A2^)] 

- [AJAZ sinh(A27r) sinh(Ai^) - AiA^ sinh(Ai7r) sinh(A2^)] . 

It can be easily verified that equations (2.31), (2.32), £md (2.35) satisfy the 

appropriate boundary conditions in equation (2.3). 

The zeros of the denominators in the above integrals determine the regions 

of analyticity in which a contour of integration may be located. The particulai* 

choice of a contour must lie in a common strip of analyticity of the integrands 

and be chosen in such a way that the field quantities defined by these integrals 

satisfy the appropriate regularity conditions as r ^ 0 or r —> 00. In particular 

it is known that if the stress field is locally integrable and 0{r~^) for o > 1 as 

r —> 00, then the problem has a unique solution [4]. For the sake of illustration 



OO 

the analysis will be carried out for the special loading 

Po , 0 < r < To 
p(r) = 

0 , r > To 

in which case 

9(.^)=P07r 
I r 

2 + s 
In general, the behavior of the applied load p(r) as r —>• 0 and r —> 0 determines 

the left and right boundaries of the strips of analyticity of g{s). In addition to 

poles that correspond to zeros of the denominators of the integrands, the analytic 

or meromorphic extension of g(s) to the left and right half-plane determines 

whether additional poles must be considered when evaluating the above in\eise 

Mellin transforms. The continuation properties of the Mellin transform as they 

relate to g(s) are discussed in detail in [5]. It may be inferred from these residts 

that for any applied loading p{r) that is bounded and satisfies p(r) = Ĉ ( - ) <'̂s 

r —> OO, the asymptotic behavior of the field quantities will agree with the results 

derived here for the above special loading. 

Due to the complicated nature of the above integrals, the displacenuMits and 

stresses for this problem must be analyzed numerically. The final chapter of 

this thesis will provide a motivation for the quantities of physical int(>rest in 

this problem. Certain properties of these quantities will then be deduced by 

numerically analyzing the relevant field quantities. 



CHAPTER HI 

CONCLUSIONS 

A central issue in fracture mechanics is the development of criteria which 

provide a means of predicting the onset of crack propagation. One fact that has 

emerged from many experimental and analytical studies is that the choice of a 

fracture criterion is very much dependent upon the particular scenario consid

ered. In particular the results to be derived here will indicate that many of the 

conventional fracture theories do not apply when the present model of material 

inhomogeneity is adopted. 

One of the primary motivations for adopting this form of a modulus stems 

from an investigation of fracture in materials in which the concept of a process 

zone and the effects of damage bear upon crack propagation. Though the no

tions of damage and a process zone are familiar ones in fracture mechanics, their 

interpretation and use depend upon the particular scenario under consideration. 

Damage is characterized in a variety of ways but is generally manifested by a 

densely populated region of defects. This region, usually located near the crack 

tip, is commonly referred to as a process zone and is where fracture develops 

through the occurrence of microcracking, void growth and coalescence, slip, and 

bond breaking on the atomic scale. Though classical continuum mechanics ar

guments may not apply in this region, the effects of damage and a process zone 

have been incorporated into the crack model in a variety of ways (see for example 

[6-9]). A principal motivation in introducing the form of material inhomogeneity 

considered in this work is related to the view, as stated in [9], that at the crack 

tip is a process zone in which damage increases until rigidity and strength vanish. 

The beginning of the study of crack behavior in solids is marked by the work 

of A. A. Griffith [10] who, by considering a global energy balance, recognized 

that initiation of crack growth is possible when energy released due to crack 

extension is suflficient to create new crack surface. This theory led to the notion 

of the so-called energy release rate. More precisely, if P represents the total 
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potential energy of a body, then the energy release rate is defined by G = —dP/da 

emd represents the energy released per unit of crack extension da. Griffith's 

fracture criterion for the onset of crack growth is given hy G = Gc where Gc 

is an experimentally determined critical value of the energy release rate. The 

work of Irwin [11] showed that the coefficient of the dominant singular term 

in the expression for the stress field at the crack tip is directly related to the 

energy release rate. This coefficient is referred to as the stress intensity factor. 

For instance in the case of a mode I crack in a homogeneous material it is well 

known that the asymptotic form of the stresses and the displacement of the crack 

surfaces are given by 

V27rr 

ug = ''^ V2r 

where r denotes distance from the crack tip and fij{9) is a function of the angle 

made with the plane of the crack. It can be shown that in general the energy 

release rate is given by 

G = lim -^ f " (70e{r,O)ue{r - 6a,0)dr. (3.1) 
6a-*0 Oa Jo 

Thus, if the above asymptotic expressions for cree and ug are substituted into the 

above integrand, then in the case of a mode I crack in a homogeneous medium 

equation (3.1) becomes 

G= ''' 
2/i(l + i/)* 

A major result of this thesis is that for the crack problem studied here the 

normal component of the stress field ahead of the crack no longer displays a 

square root singularity. Indeed, it will be shown that as the inhomogeneity 

parameter /? increases the asymptotic nature of the stress field changes from a 

power singularity of the form r-°',0 < a < - , to a logarithmic singulaiity, and 

ultimately is bounded. Moreover there is no apparent relationship between the 

coefficient of the dominant term in the asymptotic expansion of the stivss and 

the energy release rate. In fact for large enough ^, corresponding to a V(>IT soft 
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material, the energy release rate vanishes even though the stress field is singular. 

Consequently, the concept of a critical value of the energy release rate does not 

provide a valid fracture criterion for the type of material being considered here. 

Another objective of this analysis is to determine the influence material inho

mogeneity has on the behavior of the stress field. Numerical results will illustrate 

that the effect of a varying shear modulus has a greater influence on the stress 

field than does a change in Poisson's ratio. 

The crucial quantities of interest for this problem are GSQ and UQ. Though 

the details of the subsequent analysis will be carried out for (Jee^ the procedure 

for evaluating the other field quantities is unchanged. For the particular loading 

adopted in chapter 2, equation (2.31) becomes 

Po /''=+*~ 1 
(^ee 

rc+too ^ 

Jc-ioo (2 + s) ^ '"^ 2'Ki Jc-ioo (2 + s) 

Ai sinh(Ai7r) cosh(A2^) — A2 sinh(A27r) cosh(Ai^) 

Ai sinh(Ai7r) cosh(A27r) — A2 sinh(A27r) cosh(Ai7r) 

The integrals in equations (2.32-2.35) are meromorphic functions in the strip 

—2 < Re{s) < — 1. li Si denotes the root in this interval with the largest real 

part , then any value of c such that Re{si) < c < - 1 defines an appropriate path 

of integration for these inverse Mellin transforms. Indeed the correct asymptotic 

behavior of these quantities as r - • 0 and r -> 00 may now be deduced by 

an application of the residue theorem. Recall from chapter 2 that aee must be 

integrable near the crack tip and satisfy the condition aee = 0{r~^),p > 1, as 

r - • OO. Rewrite the integrand in equation (3.2) in the form {n(s)/D{s))(ro/r)''-^' 

where 

D(s) = (2 + 5)[Ai(5)sinh(Ai(6)7r)cosh(A2(5)7r)-

X2(s) sinh(A2(5)7r) cosh(Ai(5)7r)] 

= {2-^s)d(s). 

If ( r / ro) < 1, it follows from Cauchy's theorem that the integral in equation (3.2) 

is evaluated by closing a contour to the right of the path Rc(s) = c. If .«̂ r > - 2 , 



26 

then an application of the residue theorem shows 

and since 2 + 5^ < l^aee is integrable near the crack tip. On the other hand 

if ( r / ro) > 1, then the integral is evaluated by closing a contotir to the right of 

the pa th of integration. In this case if sf denotes the first zero of D{s) with 

Re{sf) > — 1, then from equation (3.3) it is apparent that aee will have the 

proper decay at infinity. 

In the event that 5^ = 2, the stress field is either bounded or may display a 

logarithmic singularity. In particular, if d{—2) = 0 then the integrand has a pole 

of order 2 at 5 = —2 and the residue is given by 

2 l n ( r / r o ) n ( - 2 ) + ^ ( - 2 ) ( 2 / 3 ) n ( - 2 ) g ( - 2 ) 

Thus if d(—2) = 0, then it follows from expression (3.4) that aee displays a 

logarithmic singularity at the crack tip. However, if 5J" = —2 but <i(—2) ^ 0, 

then equation (3.3) shows that aee ~ ^{~2)/-^{—2) as r —> 0, and hence the 
ds 

stresses are bounded. 
In general if Ck denotes the residue at the zero s]^ to the left of c, then the 

normal component of stress is given by 

(^ee = ^Ck(ro/r)'-^'^ + C l n ( r o / r ) , r < ro, 
k 

with a similar expression for r > TQ. The coefficient of the logarithmic term may 

be zero depending on the values of ^ and u. 

The zeros of D{s) were numericzdly calculated for 0 < ^ < 1 and 0 < u < 

- . For various values of 3 and u the roots of the characteristic polynomial 
2 

Xi(s), X2(s) were approximated and then D{s) was evaduated. Numcriccd evidence 

indicates that the poles of D{s) correspond to real values of s. However, an 

analytical proof could not be provided. A search for the poles of D(.s) was carrietl 

out for real values of s by simply observing when D{s) underwent a chaiii;e in 
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sign. Those values of s for which ri{s) = 0, and hence which correspond to 

removable singularities were disregarded. When ^ = 0,n(s)/D{s) = l/cos(.^7r) 

and one recovers the known result for a homogeneous material that aee ~ ^^'/\/^-

If ;5 > 0, it was found that D(s) had only a finite number of roots. 

The zeros of the denominator that result in an algebraically singular field or 

a bounded stress field are displayed in a table 3.1 for various combinations of 

13 and Poisson's ratio, u. For all possible combinations of 3 and u the exponent 

(2 + 5^) < .5 and hence the stress near the crack tip is always less than that for a 

homogeneous medium. Moreover, the effect of varying jS has a much greater effect 

upon the order of the singularity than does any change in Poisson's ratio. The 

values presented in table 3.1 illustrate that in conjunction with the reduced stress 

level that corresponds to increasing values of /3 there is an attendant blunting 

of the crack profile. This phenomena is commonly observed in materials where 

yielding or softening effects are present near the crack tip [12]. Values of 3 and 

u for which d(—2) = 0 and hence values that correspond to a logarithmically 

singular stress field are displayed in table 3.2. 

In contrast to the results for a homogeneous medium, the results of table 

3.1 suggest that no apparent relationship exists between the coefficient of the 

dominant term in the stress field and the energy release rate. Indeed it is a 

straight forward matter to verify that if the stress field is logarithmically singular 

or bounded, then the energy release rate when computed from equation (3.1) 

vanishes. On the other hand, the results of table 3.1 show that the coefficients of 

the algebraically singular term increase with (3. In this regard it should be noted 

that the coefficient of the bounded term in the stress field corresponding to a 

simple pole at 5 = —2 plays a significant role in the calculation of the total stress 

near the crack tip. This is illustrated in table 3.3. In particular when ^5fl(r,0) 

is evaluated at the small distance ahead of the crack, one effect of the bounded 

term is to cancel the contribution from the dominant term in the asymptotic 

expansion. This behavior is very much in contrast to the behavior of ago ft>i Ĵ  

homogeneous medium when all aspects of the stress field near the crack tip are 

governed by the square-root singular term. 



Table 3.1 

The zeros of d{s) and the corresponding 
exponent and coefficient. 

•\N 

Nu = .1 and Beta = 0.1 

^k 

-1.56238 

-2.00000 

-2.02963 

-2.58463 

-3.00763 

-3.60688 

-3.98513 

Nu 

Sk 

-1.83738 

-2.00000 

-2.19012 

-2.98913 

-3.02813 

Nu 

^k 

-2.00000 

-2.14638 

-2.41313 

2 + f̂c 

0.438 

0.000 

-0.030 

-0.585 

-1.008 

-1.607 

-1.985 

Stress coefficient 

1.865 

-1.022 

0.002 

0.856 

-0.001 

-0.073 

0.002 

= 0.1 and Beta = 0.5 

2 + 5,-

0.163 

0.000 

-0.190 

-0.989 

-1.028 

Stress coefficient 

3.475 

-1.971 

-0.006 

1.152 

-0.9G7 

= 0.1 and Beta = 0.9 

2 + S-, 

0.000 

-0.14C 

-0.413 

Stress coefficient 

1.662 

-2.325 

-0.019 
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Nu 

^k 

-1.55863 

-2.00000 

-2.03663 

-2.57363 

-3.02238 

-3.58713 

Nu 

ît" 
-1.81888 

-2.00000 

-2.22137 

-2.89463 

-3.14963 

-3.99063 

Nu 

Sk 

-2.00000 

- -2.11738 

-2.46263 

I = 0.4 and Beta = 0.5 

2 + .^ 
0.441 

0.000 

-0.037 

-0.574 

-1.022 

-1.587 

Stress coefficient 

1.869 

-1.015 

0.007 

0.S75 

0.000 

-0.075 

= 0.4 and Beta = 0.1 

2 + s]; 

0.181 

0.000 

-0.221 

-0.895 

-1.150 

-1.991 

Stress coefficient 

3.380 

-1.694 

-0.001 

0.533 

-0.018 

-0.054 

= 0.4 and Beta = 0.9 

2 + S-, 

0.000 

-0.117 

-0.463 

Stress coefficient 

1.834 

— -3.252 

-0.007 



Table 3.2 

Values of beta and Poisson's 
ratio for which the stress 

is logarithmically 
singular. 
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Beta 

0.7100 

0.7100 

0.7110 

0.7120 

0.7130 

0.7140 

0.7160 

0.7170 

0.7190 

0.7200 

0.7220 

0.7240 

0.7260 

0.7280 

0.7310 

0.7330 

0.7360 

0.7390 

0.7420 

0.7450 

0.7480 

0.7520 

0.7560 

0.7600 

0.7640 

N u 

0.01 

0.03 

0.05 

0.07 

0.09 

0.11 

0.13 

0.15 

0.17 

0.19 

0.21 

0.23 

0.25 

0.27 

0.29 

0.31 

0.33 

0.35 

0.37 

0.39 

0.41 

0.43 

0.45 

0.47 

0.49 



Table 3.3 

Selected values of aeg{6,0)/po 
for 6 = 0.01. 
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Beta 

0.1 

0.6 

0.9 

0.1 

0.6 

0.9 

0.1 

0.6 

0.9 

Nu 

0.1 

0.1 

0.1 

0.3 

0.3 

0.3 

0.5 

0.5 

0.5 

(^ee 

13.03 

5.13 

0.47 

13.22 

5.66 

1.23 

13.40 

5.72 

1.98 



REFERENCES 

[1] Gurtin, M. E., An Introduction to Continuum Mechanics, Chicago: Aca
demic Press, 1981. 

[2] Fung, Y. C , Foundations of Solid Mechanics^ New York: Prentice Hall, 
1965. 

[3] Titchmarsh, E. C , Fourier Integrals. 3rd ed. Chelsea Pubhshing, 1986. 

[4] Calvin, W., Uniqueness theorems for displacement fields with loczdly finite 
energy in linear elastostatics. Journal of Elasticity, Vol. 9, No. 3(1979) pp. 
221-243. 

[5] Bleistein, N. and R. A. Handelman, Asymptotic Expansion of Integrals, 
Dover, Mineola, New York: 1986. 

[6] Aboudi, J., Stiffness reduction of cracked sohds, Engng. Fracture Mech., 

26(1987) pp. 637-650. 

[7] Neimitz, A. and F. Aifantis, On the size and shape of the process zone, 
Engng. Fracture Mech., 26(1987) pp. 491-503. 

[8] Barenblatt, G. I., The mathematical theory of equihbrium cracks in brit
tle fracture. Advances in Applied Mechanics, Vol. VIII, Academic Press 
(1962) pp. 55-129. 

[9] Lemaitre, J., Local approach of fracture, Engng. Fracture Mech., 25(1986) 

pp. 523-537. 

[10] Griffith, A. A., The phenomena of rupture and flow in sohds, Phil. Trans. 
Roy. Soc. of London, A 221(1921) pp. 163-197. 

[11] Irwin, G. R., Analysis of stresses and strains near the end of a crack travers
ing a'plate. Journal of Applied Mechanics, 24(1957) pp. 361-364. 

[12] Sih, G. C. and E. P. Chen, Cracks in Composite Materials, The Hague: 

Mai'tinus Nijhoff, 1981. 

32 



PERMISSION TO COPY 

In presenting this thesis in partial fulfillment of the 

requirements for a master's degree at Texas Tech University, I agree 

that the Library and my major department shall make it freely avail

able for research purposes. Permission to copy this thesis for 

scholarly purposes may be granted by the Director of the Library or 

my major professor. It is understood that any copying or publication 

of this thesis for financial gain shall not be allowed without my 

further written permission and that any user may be liable for copy

right infringement. 

Disagree (Permission not granted) Agree (Permission granted) 

/ 

y'^c-^/f fy_^ J^^y^f^^ 
Student's signature Student's signature 

Date ~~ Date 




