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ABSTRACT 

Modeling the dynamics of a structure interacting with a fluid having a free 

surface is addressed. In the context of this work a structure means either a single 

rigid container or a rigid container coupled to a complex multibody system where 

each body is either rigid or flexible. The main objective of this work is to take 

into account the nonlinearities inherent in the dynamics of the structure and the 

nonlinearities due to the field and boundary conditions for the fluid model. 

The end result of the methodology presented herein is a set of implicit first-order 

differential equations for the motion of both the structure and the fluid. Emphasis is 

placed on the point that the motion of the structure is not prescribed but is found as 

part of the solution procedure. Although the set of coupled equations for the fluid-

structure system is implicit, it can be put into explicit form after discretizing the 

fluid phase and solving for the instantaneous interaction pressure. Several numerical 

integration procedures can be implemented. 

Two models to handle the fluid are described. The first model assumes an in

compressible viscous fluid, the second utilizes potential flow with Rayleigh damping. 

Full nonlinear sloshing effects are considered and no simplifications are made on the 

field equations and other boundary conditions. 

Several numerical examples are presented. Validation problems comparing re

sults with other work in the literature are shown initially. A simple true interaction 

solution for which approximate solutions exist is presented later. Detailed informa

tion on the numerical solution of a single rigid pendulum structure interacting with 

a potential flow, with experimental results justifying the approach, are also pre

sented. As a final example, numerical results of a flexible double pendulum coupled 

with a rigid container carrying a sloshing fluid are presented. 
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CHAPTER I 

INTRODUCTION 

1.1 Bax;kground 

Fluid-structure interaction problems are important in studying the dynamic be

havior of offshore structures, marine structures, dams, road and railroad containers 

partially filled with a fluid, spinning spacecraft with liquid fuel, damping devices 

involving fluid as the damping material, robots carrying nuclear waste, floating bod

ies, ship motion, oil tankers (here a floating body interacts with two fluid domains), 

submarines, missiles, aircraft, satellites, etc. 

This class of problems - a structure interacting with a fluid - may be partitioned 

into two main groups, those which involve a free surface and those which do not. 

Problems involving a free surface may further be classified according to: (a) the 

analyst's treatment of the sloshing effects (linear or nonlinear sloshing effects), (b) 

the model used for the structure (rigid or flexible), and (c) the nature of the inter

action (the motion of the structure is prescribed or it is found during the numerical 

integration of the equations of motion). 

Concerning the problem of a rigid or flexible structure interacting with a fluid 

in which the sloshing effects are linearized, a vast amount of research has been 

documented. This class of problems will not be considered in this dissertation 

because one of the main interests of this research is to model full nonlinear slosh

ing effects. Nevertheless, a review of the literature including this type of problem 

is worth presentation because the more advanced solutions have similarities with 

these approaches. It has been found that linearized conditions on the free surface 

are excellent approximations when the wavelengths of the sloshing fluid are small 

compared to the dimensions of the interacting structure; a typical example is the 

motion of a dam excited by an earthquake. 

On the other hand, fluid-structure interaction in which sloshing effects are not 

simplified may also be classified into the following: 

1. Rigid containers. This is the case of a single rigid container or a rigid container 

coupled to a multibody system. A typical example is a robot manipulating 

nuclear waste. 

2. Rigid floating bodies. A typical example is a ship in motion in an open sea. 



3. Submerged rigid bodies. This is the case of a submerged rigid body moving 

close to a free surface. 

4. Other cases. This includes all of the above in which the structure in contact 

with the fluid is flexible. 

However, in the majority of solutions, the problem is handled dealing with a 

known prescribed motion for the container or moving body. Regarding the fluid, 

several models have been implemented: If the fluid is modeled with the Navier-

Stokes equations, numerous strategies have as their primary numerical tool either 

Finite Differences [21, 55, 58, 87, 100, 122], the FEM^ [2], or the BEM^ [19, 18]. 

If the fluid is modeled with Potential Flow theory a handful of investigators used 

the FEM [7, 92, 105] while many preferred using the BEM with standard numerical 

integration procedures [24, 25, 31, 37, 48, 63, 64, 74, 76, 77, 90, 91, 93, 104]. 

In contrast to the above, there is little published information on the true fluid-

structure interaction problem, where true interaction is defined as interax^tion in 

which both the motion of the structure and the motion of the fluid are found in 

the numerical procedure. For example, Lui and Lou [82] present a true interaction 

solution for a one-degree-of-freedom structure, but the sloshing effects are linearized 

and the structure must have linear behavior; the solution is expedited via Laplace 

transforms. A method of limited applicability (for the case of a rigid floating body) 

was developed by Cointe et al. [24] in which a second boundary problem is devised 

for finding the rate of change of the velocity potential. Working a similar problem. 

Sen et al. [108] used a backward finite difference for computing the rate of change 

of the velocity potential leading to an equation for the interaction pressure. Finally, 

an approximate approach for the dynamics of a flexible rocket interacting with its 

fuel can be found in chapters 7 and 9 of Abramson [1]. 

1.2 Research objectives 

Based on the state of the art of fluid-structure interaction and the current needs 

in the industry, the main objectives of this work were the following: 

^Finite Element Method. 
^Boundary Element Method. 
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1. First, a methodology to model true fluid-structure interaction was devised. In 

the context of this dissertation, a structure means either a single rigid con

tainer or a rigid container coupled to a complex multibody system where each 

body is either rigid or flexible. Also, all nonlinearities inherent in the dynam

ics of the structure were taken into account with no simplifications made on 

its behavior; material and geometric nonlinearities in the flexible bodies were 

considered. Two models were described to handle the fluid domain - the incom

pressible Navier-Stokes equations and the potential flow theory with Rayleigh 

damping. All nonlinearities due to boundary conditions or sloshing effects are 

to be considered. The end result of the methodology will be a set of first-order 

differential equations for the motion of both the structure and the fluid. 

2. The second objective was to prepare a code implementing the above methodol

ogy. The code was written using the C+-|- language using standard C features 

in order to make it portable to other platforms and facilitate translation to 

other languages if the need arises. A set of verification problems were per

formed in order to gain confidence with the performance of the program. 

3. Next, in order to justify the approach, an experimental setup was built to 

study the motion of a rigid pendulum carrying a rigid container with a fluid. 

Numerical results obtained with the code above and experimental results from 

a related experiment were compared. The comparison was more qualitative 

than quantitative; no error analysis was performed. 

4. Finally, a numerical simulation of a flexible multibody system coupled to a 

rigid container carrying a fluid was performed. 

1.3 Plan of action 

Objectives of this research were met by completing the four topical areas de

scribed below. 

1. Overview of the state of the art. A comprehensive literature review was per

formed. State-of-the-art techniques of current fluid-structure problems were 

discussed. 

2. Development of the methodology. Based on recent work in the literature, a 

methodology was developed to handle the motion of both the fluid and the 



structure including nonlinear sloshing effects. The objective in this stage was to 

find an underlying theory supporting a practical method suitable for numerical 

implementation. 

3. Elaboration of the code. Elaboration of the code was a major step in this re

search due to involvement of complex data structures and coordination between 

two different problems - the BEM solution for the pressure and velocity po

tential (in the case of potential flow), and the equations describing the motion 

of the flexible multibody system. 

4. Test of the code. Once the code was readied, a set of problems was tested in 

order to acquire confidence in the results before proceeding to the experimental 

part of the research. 

5. Verification of code. A set of numerical examples was devised in order to 

compare solutions with the results of other programs and gain confidence in 

the code. 

6. Experimental verification. A test of a rigid pendulum carrying a rigid container 

was prepared in order to verify results of the methodology. 

1.4 Outline of the dissertation 

The contents of the chapters of this dissertation are briefly described below. 

Chapter I includes the introduction, presenting an overview of the problem and 

defining objectives of this work. Chapter II deals with the literature review in 

which the need for a new methodology is established. 

Chapter III is devoted to the mathematical development of the methodology. 

Two models for handling the fluid are presented: The first sections deal with the 

Navier-Stokes equations for an incompressible fluid and the related derivations and 

numerical problems found. The final sections deal with the case of potential flow 

with Rayleigh damping. For both fluid models, detailed derivations are made for 

the boundary conditions. Chapter IV deals with the description of the numerical 

implementation and the code. Only the code in which a potential flow model is 

used is described. The code handling the incompressible Navier-Stokes equations 

has many identical subroutines and is less complicated. 



The experimental procedure and corresponding numerical results are presented 

in Chapter V, which starts with a set of verification problems, then continues with 

the experimental setup and numerical simulations. Finally, a flexible multibody 

example is detailed. Conclusions of this research, along with a discussion on future 

work, are presented in Chapter VI. 



CHAPTER II 

LITERATURE REVIEW 

Most of the literature review in this chapter is concerned with solutions for 

fluid motion involving a free surface. Nevertheless, reviews are presented on flexible 

multibody dynamics, water waves, numerical problems, approximate fluid-structure 

calculations, corner problems and variational principles. 

The first section presents a brief compilation of references relative to building 

the equations of motion for flexible multibody systems. The next section is an 

introduction to the fluid problem with a review of Water Wave theory and numerical 

calculations. The third section is concerned with attempts to describe the fluid and 

structure motion after making linearization to the boundary conditions in the fluid 

description. The fourth section deals with recent developments in handling the 

nonlinear equations for the fluid phase. The next two sections present approximate 

methods, related problems on fluid-structure and miscellaneous information needed 

for building the methodology of this dissertation. 

2.1 Flexible multibody dynamics 

There is a vast amount of literature concerning the dynamics of multibody sys

tems. A standard approach for the case of a rigid multibody system can be found 

in Kane and Levinson [67], Huston [61], and Ortiz [96] in which Kane's approach is 

used to readily form the equations of motion of the system. 

A general and exact method to obtain equations of motion for flexible multi-

body systems, is shown in Barhorst [8, 10]. The methodology in these papers has 

the advantage of offering a minimum set of coupled ordinary and partial differen

tial equations - with corresponding boundary conditions - without using Lagrange 

multipliers. In addition, this methodology has the appealing characteristic that it 

can be implemented in symbolic manipulators like Mathematica. Other relevant 

information on the dynamics of flexible multibody systems can be found in Spanos 

and Tsuha [111], Sharan et al. [109], Buffinton [16], Hablani [50], and also in Kim 

and Haug [69]. 

After the literature review on flexible multibody dynamics, the decision was 

made to implement an already working approach, and in this respect the method

ology described in Barhorst [8, 10] was implemented. This decision was supported 

by the fact that the purpose of this dissertation is not to make a contribution in the 
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field of flexible multibody dynamics but to divise a methodology for coupling those 

equations with a fluid phase including nonlinear sloshing. 

2.2 Water waves 

A first step in building a fluid-structure interaction methodology is to review 

solutions for the pure fluid mechanics problem. In this respect a review of water 

wave theory was performed. 

Most of the work described in the rest of this chapter is based on the pioneering 

work of Longuett-Higgins and Cokelet [81]. A numerical solution for water wave mo

tion - based on a boundary integral approach - was presented therein. Potential flow 

theory was used to model the fluid and no simplifications were made for the highly 

nonlinear behavior of a free surface in an infinitely deep water domain. Calculations 

were carried out until the state of breaking waves was attained. Longuett-Higgins 

and Cokelet were the first investigators to report numerical instabilities of the free 

surface position for which a smoothing technique was recommended; it was found 

that the nature of the instability is independent of the integration time step. This 

approach to sloshing and wave propagation problems with free surfaces was limited 

to spatially periodic domains. 

Later, Liu [75] also studied nonlinear surface flows using Boundary Elements and 

potential flow theory to model the fluid. The numerical implementation handled 

the resulting nonlinear sloshing due to atmospheric pressure fluctuations or ground 

motion (tsunamis). He reported good agreement between numerical results and 

experimentation. 

Betts and Hall [14] considered a train of finite amplitude waves in an infinite 

fluid domain. Their work presented a Finite Element analysis based on a large-

displacements variational principle in terms of the stream function. The authors 

had knowledge of the limitations of previous work (e.g., Longuett-Higgins [81]); 

accordingly, they experimented with Finite Elements in order to deal with problems 

of shallow water and a wider range of wavelengths. However, their approach resulted 

in nonlinear equations; therefore, iterative techniques such as the Newton-Raphson 

method in each time step, had to be implemented. 

The problems of steep unsteady water waves were also studied by Dold and 

Peregrine [29]. They modeled the fluid as a potential fluid and used the boundary 
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integral approach to build the numerical solution. They also reported instabilities 

of the free surface that could be controlled either by reducing the time step or 

by using a smoothing technique as suggested by Longuett-Higgins [81]. The main 

characteristic of their method is the solution of the potential and its derivatives -

up to third order - in building an explicit Taylor expansion to be used for the time 

integration. 

2.3 Fluid-structure interaction with linear sloshing 

This section presents the review of solutions in which either a linear sloshing 

assumption or other linearizations were made in order to build the flow or fluid-

structure interaction equations. Two cases are distinguished: the case of rigid 

bodies or containers and the case of flexible coupled structures. 

2.3.1 Linear Sloshing-Rigid structures 

There is an assortment of variations and types of simplifications used to handle 

the fluid-structure interaction problem. In early work, Housner [59] used a mechan

ical model in which the fluid mass was treated like two rigid masses, one fixed with 

the container (water tank) and the other coupled to the container through an elastic 

spring. Equations were presented in order to obtain parameters for the simplified 

mechanical model. Surprisingly, the proposed method gives good results even in 

the case of nonlinear motion of the free surface as discussed later in this disser

tation. Following Housner's ideas, Haroun and Ellaithy [53] extended the concept 

of equivalent mechanical systems in order to include flexibility of the tank in an 

approximate manner. 

Lui and Lou [82] used an interesting approach to analyze a rigid container 

mounted on flexible springs interacting with a perfect fluid including sloshing effects. 

A boundary-value problem was constructed for the fluid and stream functions, and 

Laplace transforms were employed to find the resulting motion of the system. Al

though this is a true interaction problem in which both the motion of the container 

and fluid are found in the numerical solution, sloshing effects were linearized. 

Another approach, based on mechanical models that deal with fluid-structure 

interaction, was performed by Hill and Baumgarten [54]. In this case, a spherical 

pendulum was taken into account in order to design a control law for a spin-stabilized 
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spacecraft partially loaded with sloshing fluid. A linearization was performed by 

including only the first mode of fluid oscillation. Their main limitation was the 

assumption that the rocket motor had burned out; therefore, the inertia of the 

spacecraft and the mass of fluid were constant. 

EI-Raheb and Wagner studied the forced vibrations of a liquid in a partially 

filled spinning spherical tank [32]. The motion of the rigid tank was prescribed 

and the fluid was considered non-viscous but rotational. It was assumed that the 

vorticity was spatially homogeneous. Finite Elements were used for the numerical 

solution, and the free surface boundary conditions were also linearized. 

Another effort utilizing linearized sloshing effects was the work by Ru-De [105] 

who used an axisymmetric rigid tank with prescribed motion (lateral excitation); 

the fluid was assumed inviscid and irrotational. A variational principle and Finite 

Elements were used to find the resulting motion of the fluid, showing good agreement 

between experiments and numerical results. 

An approximate solution to the dam-fluid interaction problem was analyzed by 

Aviles and Sanchez-Sesma [6] in which the dam was taken as a rigid body with 

prescribed motion at its base due to an earthquake; again, a perfect fluid was 

assumed not to have sloshing. The numerical solutions were performed with the 

Trefftz-Mikhlin method. 

Hwang et al. [63] made a three-dimensional analysis of a dynamically excited 

rigid tank carrying a perfect fluid with linearized sloshing. The panel method was 

used while the fluid was modeled as potential flow. The Adams-Bashforth-Moulton 

method was employed for the numerical integration. In a related work by Hwang 

et al. [64], a semi-Lagrangian time-stepping method was used in order to study the 

large amplitude-forced heaving motion of a circular cylinder. However, in order to 

find the interaction forces, linearized conditions were again used. 

The problem of deep water with linear time-harmonic wave-body-interaction 

in two dimensions was studied by Nestegard and Sclavounos [94]. The procedure 

used a linearized boundary condition on the free surface and is applicable for both 

the submerged and surface-piercing bodies problems. The fluid model was potential 

flow. The main feature of their approach was to define two fluid regions, one of which 

was analyzed using boundary elements, and the other - outer region - was handled in 

closed form with matching conditions in the interface, namely, continuity of normal 
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velocities and pressure. Comparisons with other methods prove the accuracy of this 

method. 

Solutions using the panel method in connection with surface-wave radiation, 

diffraction, and flows around moving ships, were presented in the work by Sclavounos 

[106]. Potential flow was used, but linearized boundary conditions on the free sur

face were used. A main feature of the method presented in this work is the discus

sion of irregular frequencies generated by the boundary integral equations and the 

corrective approach proposed. 

The two-dimensional sloshing of a fluid in a cylindrical container and the three-

dimensional sloshing in a spherical container were studied by Mclver [84]. Potential 

flow with a linearized free-surface boundary condition was again used. 

2.3.2 Linear Sloshing-Flexible structures 

Diverse solutions have been devised for the case in which the sloshing effects 

were thought to be unimportant enough to be described accurately. In this section 

an assortment of solutions dealing with a flexible structure interacting with a fluid 

are presented. 

A first example in which a linear sloshing approach was used is the complex 

analysis performed by Fenves and Vargas-Loli [38] where a flexible concrete dam, 

modeled with small deformations theory and material nonlinearities, interacted with 

a nonlinear fluid. The fluid was taken as inviscid, irrotational and compressible; the 

compressibility was modeled by a homentropic (pressure as a function of density 

only [12]) bilinear relation to take cavitation into account. However, sloshing effects 

were linearized. Finite Elements were used in the numerical calculations. 

Dommguez and Maeso [30] also dealt with a flexible dam. In this case, the 

dam was coupled with a linear viscoelastic soil and a fluid which was assumed to 

be compressible. As for the majority of dam-fluid structure interaction problems, 

sloshing effects were considered unimportant. The boundary element method was 

used for the numerical solution. 

A problem involving a flexible offshore tank which may be translating or rocking 

was analyzed by Chakrabarti [20]. The tank interacts with two fluid domains: the 

ocean and the interior liquid. The fluid was modeled as potential flow but the 
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sloshing effects and the interaction were simplified. Closed-form solutions were 

obtained for cylindrical tanks. 

Hwang and Ting [62] used a mixed formulation of Boundary Elements and Fi

nite Elements in studying an elastic tank containing a perfect fluid. However, the 

sloshing effects were simplified in the fluid domain in order to couple the equations 

for the fluid with the equations of motion of the elastic structure. The fluid was 

modeled as potential flow with small displacements. 

Another complex fluid-interaction problem was presented by Seeber et al. [107] 

who solved for the dynamics of a flexible circular cylindrical tank partially filled 

with a fluid interacting with a flexible foundation. The tank was assumed to be 

linear elastic, the soil was treated as a layered elastic half-space and the fluid was 

assumed to be represented as potential flow. However, boundary conditions on the 

free surface were linearized. The solution procedure was carried out using Fourier 

and Fourier-Bessel series. 

Liu and Ma [79] analyzed a flexible elastic structure coupled with an inviscid, 

acoustic fluid having an isothermal process. Boundary conditions in the free surface 

were also linearized; in this way, a coupled set of equations of motion for the fluid 

and the structure were obtained and solved using the Finite Element Method. The 

Newmark method was used in the numerical solution. 

2.4 Fluid-structure interaction with nonlinear sloshing 

This section reviews solution methods in which full nonlinear sloshing effects 

were considered. The first set deals with the case in which the motion of the 

container or the floating body is known in advance (prescribed). The second section 

presents true fluid-structure interaction problems in which both the motion of the 

structure and the fluid are found in the numerical solution. 

2.4.1 Prescribed motion of the structure 

When the motion of the structure (container or floating body) is prescribed, the 

problem requires a pure fluid mechanics solution. Most of the literature deals with 

either the Navier-Stokes equations or potential flow theory. 
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2.4.1.1 Navier-Stokes models 

Most of the work done with the incompressible Navier-Stokes equations was 

handled by Finite Difference methods. Few papers present Finite Element solutions 

and there is growing interest in research using boundary integral approaches for this 

fluid model. 

Excellent research was conducted by Popov et al. [100, 101] who analyzed a rigid 

container with prescribed motion. The fluid was modeled with the incompressible 

Navier-Stokes equations and full sloshing effects were considered without simplifi

cation. Finite Differences in primitive variables were used with a modified Marker 

and Cell method introduced by Harlow and Welch [52] (later improved by Hirt and 

Shannon [57], and by Nichols and Hirt [95].) Unfortunately, no true interaction 

method can be devised based on this work. 

Chen and Fletcher [21] dealt with a three-dimensional problem involving a rigid 

spherical tank with prescribed motion. The fluid was also modeled with the incom

pressible Navier-Stokes equations using an artificial viscosity; full nonlinear sloshing 

effects were taken into account. Finite Differences in connection with a strongly im

plicit algorithm were used in the numerical solution. The motion of the tank was 

prescribed. 

An application of Finite Differences including an incompressible viscous fluid 

and a ship moving at a high Reynolds number was analyzed by Hino [55]. A two-

layer algebraic turbulence model - introduced in an earlier work - was used in 

his research; also, a logarithmic wall function was chosen in order to reduce the 

computational time. The sloshing effects and kinematic boundary conditions on 

the free surface were not simplified. 

The moving ship problem was also studied by Miyata et al. [87] using Finite 

Differences with a viscous fluid introducing a sub-grid-scale turbulence model to 

achieve several computations at high Reynolds numbers. An interesting comment 

was presented about instabilities in the computation of the position of the free 

surface; the procedure suggested by Longuett-Higgins [81] was used satisfactorily. 

Zhu et al. [122] introduced a new differencing scheme in their Finite Differences 

approach for the viscous flow around an advancing ship in deep water. A zonal 

method was used for the boundary-fitted coordinate system in order to resolve the 

boundary layer appropriately. Different turbulence models were examined and a 



13 

subgrid-scale turbulence model was used in the reported examples. While this is 

another example of the flow calculations around a moving structure, it lacks an 

approach for building the coupled equations of motion for the fluid-structure system. 

The flow prediction of the steady incompressible flow around the stern of a towed 

ship in still water was studied by Hoekstra [58] who implemented Finite Differences 

to solve for the Reynolds-averaged Navier-Stokes equations on a boundary-fitted 

curvilinear grid. Main features of this work were the choice of velocity variables 

in the points with grid singularities (due to the coordinate transformation), the 

implementation of boundary conditions, and the relaxation scheme used to compute 

the pressure. 

A viscous fluid with a boundary layer and sloshing effects partially filling a rigid 

tank in a spacecraft was analyzed by Agrawal [2]. The fluid motion was obtained 

solving three problems: a Boundary layer, a potential flow, and a viscous correction 

procedure. However, the motion of the rocket was prescribed. Finite elements were 

used in the solution process. 

Casciola and Piva [18, 19] and Casciola et al. [17] attacked the problem of free-

surface flows in connection with the Navier-Stokes equations using a boundary in

tegral technique. Their approach is appealing because of the use of a reduced set 

of equations and the avoidance of modeling the interior of the fluid domain. Also, 

their presentation had as a limiting state the case of an inviscid fluid. Unfortu

nately, these approaches did not include interaction with a structure in closed form 

because the motion of the bodies interacting with the fluid had prescribed motion. 

2.4.1.2 Potential flow models 

For the case of modeling the fluid as potential flow, another pioneering effort was 

performed by Abramson [1] who presented closed form solutions for the case of a 

laterally-excited rectangular tank. For the case of rotational excitation, Abramson 

showed that there is no closed-form solution for the potential that describes the 

fluid motion. However, his analysis was limited to a few practical cases. 

Faltinsen [37] worked the problem of the horizontally accelerating rectangular 

container with potential flow. He used the Boundary Element Method for the 

solution of Laplace's equation and introduced the concept of Rayleigh damping in 

the equation of motion for the fluid, which affected the form of Bernoulli's equation 
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and boundary conditions. Unfortunately, there is a minor flaw in the way the 

damping term works, as described later in this work; the damping term should be 

proportional to the local velocity instead of the global velocity of the fluid particle. 

No instabilities in the numerical solution were reported. 

After the work by Faltinsen, similar solutions were devised with several im

provements. New numerical techniques were constructed in order to solve for the 

potential flow equations using Boundary Elements. Liu and Liggett [77, 76], for ex

ample, introduced an iterative technique for the time integration and a second order 

numerical differentiation for calculating the velocity field in water wave problems. 

No instabilities on the free surface were reported. 

The problem of a horizontally moving wall was studied by Lin [73] and by Lin 

et al. [74] who reported a singularity occurring at the point of contact between the 

free surface and the walls. Using potential flow theory, Lin reported the existence 

of a thin upward jet, and it was also reported that the singularity can be controlled 

implementing complex variables in the numerical solution (both the potential and 

the stream function were used). Unfortunately, his solution was limited to two-

dimensional problems; also no possible true fluid-structure interaction methodology 

can be built based on that work. 

The problem with the point of contact between a surface-piercing body and a 

free surface was studied by Roberts [102], who treated the problem analytically for 

simple flows. Power-law horizontal displacements of a vertical wall and the resulting 

motion on the free surface were studied. It was also shown that for this kind of 

motion there is a numerical singularity at the point of contact but, by linearizing 

the problem, the instability could be controlled. 

Cointe et al. [25] also reported instabilities in the free surface, but successful 

integrations using the technique described by Longuett-Higgins [81], were obtained. 

They also worked with the rectangular tank moving with prescribed motion; po

tential flow, asymptotic techniques, and boundary integrals were employed. Later, 

Cointe [23] implemented another numerical technique to deal with the corner prob

lem between the free surface and the walls based on a weakly nonlinear regime for 

the fluid potential. 

An excellent survey of the current techniques to handle the problem of a con

tainer with prescribed motion and a Potential fluid was made by Grilli and Svendsen 
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[48]. In their work, a secondary boundary-value problem, used to find the interac

tion pressure, was introduced. Several reviews of alternatives that solve the corner 

problem studied above by Lin were also presented. In another work [45], the same 

authors introduced a quasi-spline boundary element in order to handle the free 

surface, and a "transparent" wave generation to handle the problem of radiation 

boundary conditions. Further work by Grilli and Svendsen [46, 47] and Grilli et 

al. [44] dealt with the general problem of waves and the interaction with marine 

structures. Boundary elements were used in all these contributions. 

Nakayama and Washizu [93] studied the sloshing of a potential fluid in a tank. 

Using Boundary Elements, they reworked a problem solved earlier in which they 

used Finite Elements [92]. Although there was no written statement, this work 

showed that Boundary Elements offer the same results with minor computational 

cost. A novel correcting term similar to the one introduced by the MAC method 

[52, 56] was used in the integration procedure. Examples and comparison with 

solutions obtained with the Finite Element method are presented. Later, Nakayama 

[90] extended the numerical solution to problems involving water waves generated 

by tsunamis and the motion of vertical walls. 

Nakayama and Tanaka [91] also considered the problem of a circular cylindri

cal container and nonlinear sloshing with large displacements. The domain was 

discretized using boundary elements; timewise, a forward-time Taylor series expan

sion was used, which proved to be a very stable integration procedure. Rayleigh 

damping was used as introduced by Faltinsen above. The solution procedure was 

particularized for horizontal motion of the containers only. 

Tosaka et al. [114] used a Lagrangian approach to handle the position of the 

free surface in a two-dimensional container with prescribed motion. The fluid was 

modeled as potential flow, and Boundary Elements were used to solve Laplace's 

equation. Examples of motion in rectangular and cylindrical containers were pre

sented. Tosaka and Sugino [113], working on the same problem, reported instabili

ties in the free surface which were controlled by the smoothing technique suggested 

by Longuett. They also presented results of sloshing in elliptical containers. 

Recently, Romero and Ingber [104] solved the problem of a container with pre

scribed horizontal acceleration using an improved method to handle the Rayleigh 

damping approach with a perfect fluid. Their work does not report instabilities 
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occurring during the numerical integration. A complete study of different methods 

to handle the kinematic boundary condition on the free surface is also presented 

in Romero [103], where different tests are made in order to compare the benefits 

of Lagrangian, Eulerian, and other approaches to handle the position of the free 

surface. 

Peregrine [98, 99] made a compilation of the available Boundary Elements codes 

that could handle breaking waves interacting with a structure. 

Dommermuth and Yue [31] worked three-dimensional axisymmetric flows includ

ing nonlinear sloshing, modeling the fluid with potential flow theory. For the case 

of the singularity in the intersection of the free surface with a rigid boundary, they 

used an approach similar to the one described by Lin [73]. The numerical solution 

was carried out using boundary elements. 

A numerical model for the three-dimensional fluid-interaction with nonlinear 

sloshing was prepared by Skourup et al. [110]. Potential flow theory and Boundary 

Elements were used in this approach in which they had a structure floating in deep 

or shallow water. One of the boundaries of the fluid domain corresponded to the 

wave generation in which they prescribed the Stokes second-order expression for the 

horizontal velocity. For the radiation boundary condition, an expression previously 

reported in the literature was used. 

Suzuki [112] studied the motion of water waves around fixed structures in two 

dimensions, using potential flow and nonlinear sloshing with the Boundary Elements 

method. He used a complex potential to handle the fluid and the Hamming's 

predictor-corrector integration scheme. 

The motion of a fluid subjected to pitching motion was studied by Nakayama and 

Washizu [92]. The analysis was carried out using Finite Elements in connection with 

a pseudo-variational principle. While large displacements and nonlinear boundary 

conditions were taken into account, the integration procedure consisted of an incre

mental method due to the strong nonlinearities taken into account. Examples and 

comparisons were presented. 

Bai et al. [7] used a variational principle in order to solve for the nonlinear 

sloshing in a fluid interacting with a ship with prescribed horizontal motion. Finite 

Elements were used to solve Laplace's equation with no damping. An interesting 
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feature used to avoid instabilities in the free surface was the use of a Petrov-Galerkin 

treatment of the boundary conditions. 

Choi et al. [22] investigated two numerical approaches for the nonlinear sloshing 

generated by a moving ship at transcritical speed. The first was an asymptotic 

technique and the second was based on Hamilton's principle with finite elements 

implemented for the numerical solution. The fluid model was a potential flow and 

the velocity of the ship was taken as constant; therefore no interaction was possible 

in this formulation. 

2.4.2 True fluid-structure interaction 

There is almost no literature available on the true fluid-structure interaction 

including nonlinear sloshing. Nevertheless, Abramson [1] presented (Chapters VII 

and IX) an approximate way to handle the interaction between a rocket and its fuel. 

The analysis was carried out by use of Lagrange's equations by assuming the rocket 

is a flexible beam and using a mechanical analogy for the fluid. 

The impact of a flat-bottomed two-dimensional body falling vertically on the 

water was studied by Falch [35]. He took into consideration the compressibility of 

air and modeled the fluid with potential flow theory using full nonlinear boundary 

conditions. The solution process incorporated boundary elements based on the work 

by Lin et al. [74] with a minor modification in handling of the singularity at the 

point of contact of the free surface with the body; the calculation of the interaction 

force followed the work in the paper by Faltinsen [36]. 

Barron and Chng [11] took into account full sloshing effects in a rigid cylindri

cal tank supported by elastic springs. The model for the fluid was potential flow 

theory and the method of asymptotic expansion was used as the numerical tool. 

The formulation was limited to translational motion of the container and only the 

first antisymmetric sloshing modes were taken into consideration for coupling the 

equations of motion. 

Another true fluid-structure interaction problem related to a floating body was 

performed by Cointe et al. [24] in which they used boundary elements and modeled 

the fluid as potential flow including all nonlinearities of the free surface. The method 

was based on finding a boundary-value problem for the rate of change of the velocity 

potential and later building an expression for the interaction pressure based on 
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Bernoulli's equation. However, the solution procedure was limited to simple cases 

of motion of the structure, and only linearized solutions were presented for the true 

fluid-structure interaction problem. 

A similar approach was employed by Faltinsen [36], who obtained an exact ex

pression for the interaction force as a function of the rate of change of the potential. 

Unfortunately, there were no details on how to find the rate of change of the potential 

which was used to build the equations of motion of the coupled system. 

Sen et al. [108] studied the large motion of floating bodies including nonlinear 

sloshing and potential flow theory. A distinctive feature of their work is that they 

avoided the second boundary problem for the rate of change of the potential by 

making a backward difference scheme for finding that value prior to using Bernoulli's 

equation to find the interaction pressure. This way, they build and approximate true 

fluid-structure interaction set of equations of motion for the coupled problem. They 

also used Boundary Elements with standard integration techniques. 

2.5 Miscellaneous fluid-structure interaction problems 

This section presents some true fluid-structure problems with either simplified or 

more elaborate fluid models. Some of them do not involve a free surface. However, 

they provide insight into the problem solved in this dissertation. 

Guruswamy [49] worked a challenging problem in which a flexible aircraft inter

acted with air in the transonic regime. The structure was modeled using the Finite 

Element Method while the fluid was modeled using the transonic small perturbation 

flow equations. A similar problem was treated by Kamemoto and Suzuki [66] who 

used a vortex method to deal with the boundary layers around airfoils. 

Veletsos and Shivakumar studied the problem of the sloshing response of a set of 

layered liquids under horizontal excitation of the container [115]. Both cylindrical 

and rectangular tanks were studied; the objective was to look for natural modes and 

frequencies induced by the base shaking due to an earthquake. Laplace's equation 

was used to model each layer. 

Evans and Linton [33] found frequencies of oscillation in different forms of con

tainers by using potential flow theory; however, linear sloshing was used. The 

solution was obtained as a linear combination of harmonic functions. 
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Muttin et al. [89] developed a Lagrangian approach for a viscous fluid with a 

free surface. The Finite Element Method in primitive variables with an automatic 

remeshing technique, with applications to the metal casting industry, were used. 

The incompressible Navier-Stokes equations were complemented with a penalty 

function to deal with the incompressibihty, and calculation of the convective terms 

were avoided. The main feature of this approach is the remeshing technique which 

necessitates a criterion for remeshing and a remeshing algorithm. 

Three different Finite Element techniques for fluid-structure interaction were 

presented by Wilson and Khalvati [121]. The first was labeled "added mass approx

imations" in which a fraction of the fluid mass was added to the structure evaluating 

the amount of added mass using the assumptions of incompressibihty. The second 

Eulerian approach consisted of controlling the pressure with a pressure potential re

sulting in a description of the fluid behavior in terms of analytic functions for finite 

element discretization. In the third Lagrangian approach, the fluid was expressed 

in terms of displacements at the finite element nodes. Results were presented for 

the sloshing in a rectangular tank using the third approach. These methods did not 

consider the possibility of a true fluid-structure interaction. 

Welt and Modi [118, 119] used potential flow theory and a boundary layer cor

rection to model the fluid in a torus-shaped container. Their numerical approach 

was based on perturbations using a Taylor series expansion which led to a solution in 

Fourier-Bessel terms. Both nonresonant and resonant cases were studied taking into 

account nonlinear boundary conditions of the free surface. Unfortunately, no de

tails were given on how the rate of change of potential was calculated in Bernoulli's 

equations in order to perform the pressure calculations. No available methodology 

for the interaction is possible based on this approach. 

A pressure-impulse theory was developed by Cooker and Peregrine [26] for fluid 

impact problems. The analysis considered an incompressible fluid interacting with 

a solid surface or another fluid domain. A boundary-value problem for the in

stantaneous pressure during the impact was obtained and its solution allowed for 

determination of the velocity distribution after the impact. Solutions for simple 

cases were presented. Although this work does not deal with the motion in the fluid 

domain after and before the impact, there is a similarity with the methodology 

presented in this dissertation; both deal with a pressure solution. 
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Fung [41] presented an unorthodox point of view introducing the concept of an 

acceleration potential for the inviscid, homogeneous, piezotropic fluid. Although his 

approach did not consider fluid-structure interaction, the solution for the accelera

tion potential has similarities with the solution for the pressure equation presented 

in this dissertation, namely for the case of Stokes flows. 

2.6 Related information 

1. Numerical problems. The present work deals with a novel method to handle the 

fluid-structure interaction problem. Accordingly, there was a need to review 

literature related to other topics such as numerical integration and numerical 

calculation of the boundary integral coefficients. For example, Alarcon et al. [4] 

presented an efficient transformation in order to handle the boundary integral 

needed to find coefficients in the matrix equations. 

With respect to the instability on the free surface calculations reported by 

many authors, some smoothing techniques have been recommended and the 

possibility of using a Petrov-Galerkin approach was also studied in this disser

tation. Wait and Parsaei [116] reported the use of Petrov-Galerkin approaches 

with Finite Element analysis of two-dimensional flows; in their work they re

ported previous findings about secondary spurious wave motion in quadratic 

elements. 

Some numerical smoothing techniques were also analyzed by Lee and Gresho 

[71] for the Navier-Stokes solutions using Finite Elements for two-dimensional 

problems. They considered two categories: The first dealt with linear extrap

olations and averaging algorithms; the other dealt with global schemes like 

the use of least squares. After comparing the results of four algorithms, their 

conclusion was that no single scheme is significantly more accurate than the 

others. 

An excellent source on fundamental principles for handling the instability of 

equations like the one describing the position of the free surface can be found 

in Finlayson [39]. Comparisons of the error and stability for different numerical 

techniques in convective, advective and diffusive equations were presented. 
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Variational principles for fluid-structure interaction. One of the first varia

tional approaches for modeling the dynamics of fluids was made by Luke [83]. 

His variational principle handled a fluid (modeled as potential flow) with a free 

surface. However, no structure interaction was present. Following the same 

pattern, Miles [86] and Milder [85] used Hamilton's principle in order to build 

a more general principle. 

Debongnie [28] obtained a purely Lagrangian variational principle for the 

fluid-structure interaction problem starting with Hamilton's principle and an 

isentropic fluid. However, constitutive equations for the fluid were linearized, 

making the method suitable for small deformations only. 

A variational approach to the fluid-structure interaction problem including 

sloshing effects was made by Liu and Uras [80]. The principle is based on the 

use of a velocity potential and the acoustic pressure. 

Other variational principles for fluid-structure interaction can be found in 

Hamdi et al. [51] in which no free surface is involved. Linearized conditions 

were used by Jeans and Mathews [65] in modeling elasto-acoustic problems with 

finite elements. Finally, Zienkiewicz and Bettess [123] presented two other Fi

nite Elements approaches for the fluid-structure problem - one Lagrangian and 

the other Eulerian; both approaches make simplifications in the fluid behavior 

or boundary conditions. 

Comer problems. In addition to the treatment presented by Grilli and Svend

sen [48], other work dealt with corner problems associated with solutions for 

potential problems using Boundary Elements. Walker and Fenner [117] con

tributed to the field of study with a set of recommendations used to handle 

diverse corner problems, but they failed to analyze the type of singularity oc

curring at the point of contact between a fluid free surface and a rigid boundary. 

Lesnic et al. [72] presented a modified Boundary Element method in order 

to deal with corner singularities using potential flow theory. Their main in

terest was on the flow past an obstacle, which they divided into two regions 

separated by an artificial boundary with approximations to the exact boundary 

conditions. The solution did not include a free surface but is a good example 

of removable singularities. 
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For the case of solutions to potential problems using Finite Elements, 

Akin [3] studied two sets of approaches in order to handle the case of sin

gularities. The first consists of introducing special interpolation functions; this 

method is problem-dependent and works better if there is some knowledge of 

behavior of the singularity. The second approach consists of either handling 

the Jacobian of the transformation that defines the element, or using distorted 

elements. 

4. Integration methods. Several integration procedures were reviewed for the code 

implementation in this dissertation. Among them are the methods described 

by Gear [42]; Hughes et al. [60]; Bathe and Wilson [13]; and also in Wilson 

et al. [120]. A review of different integration approaches for fluid-structure 

interaction can be found in Liu and Chang [78]. 

5. Other references. More information on fluid-structure interaction can be 

found in Morand and Ohayon [88], Everstine and Au-Yang [34], Crolet and 

Ohayon [27], and in the report in [5]. 

2.7 Conclusions after the literature review 

The first conclusion that can be drawn based on the literature review is that 

sloshing effects are not important when the interacting structure and fluid are large 

compared to wavelengths of the sloshing fluids. A typical example is the dynamics 

of a flexible dam interacting with a reservoir under the action of an earthquake; for 

those cases, linearized sloshing motion is perfectly acceptable. However, there is a 

class of problems in which sloshing effects are very important and should not be 

simplified for an accurate description of the position of the structure. This is the 

case of ship motion, road containers, and spacecraft interacting with their cargo or 

fuel in which simplification of the sloshing motion may give poor results. 

Unfortunately, the review of the literature shows almost no closed-form treat

ment of the coupled equation for the fluid and structure considering full nonlinear 

sloshing effects. Also, it has been found that there is no reference to the problem 

of a multibody system interacting with a fluid. This kind of problem is especially 

important for the analysis of a robot arm carrying a container with nuclear waste, 

a multibody road container (tractor and trailer) with a tank, and finally, a space 

station formed by a set of interconnected structures interacting with its fuel. 
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There are only two efforts, mentioned above, in which there is a rigorous analysis 

of the coupled nonlinear problem. The first one was performed by Cointe et al. [24]; 

however, linearizations were made for simple cases of floating bodies. The second 

work is the research by Sen et al. [108], but it is Hmited to a single floating body, 

and the calculation of the interaction pressure was approximate. 

In this work, a rigorous coupling of the equations of motion of a flexible multi-

body system coupled to a rigid container carrying a sloshing fluid is developed. 

The derivations take into account all nonlinearities inherent in the dynamics of the 

structure; full nonlinear sloshing effects in the fluid are considered without simpli

fications. The motion of the structure is not prescribed but found as part of the 

solution procedure developed herein. The proposed methodology has wide appli

cability allowing the implementation of several fluid models and different types of 

structures. Nevertheless, the objective of this work is not to make a contribution in 

the field of dynamics nor in the field of fluid mechanics, but to find a path for rig

orously solving a coupled problem involving a structure and a fluid with nonlinear 

sloshing. 
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CHAPTER III 

MATHEMATICAL MODEL 

Without loss of generality, description of the proposed methodology will be 

conducted in connection with the 2-D problem shown in Figure 3.1 (a). Regardless 

of the fluid model selected, there are two primary objectives: The first is to find 

the equations of motion for the structure as functions of the pressure field (see 

Figure 3.2), the second is to find an equation for the pressure as a function of 

the acceleration of the reference frame attached to the fluid container. The final 

objective is to build a set of equations describing the coupled system. No details 

will be given in obtaining the equations of motion for the structure as functions 

of the pressure. Those can be found by any suitable methodology like Newton's 

method, Lagrange's method, Hamilton's principle, Kane's approach [67, 68] or the 

methodology presented by Barhorst [10]. The first fluid model to be considered is 

the incompressible viscous flow. 

3.1 Incompressible viscous fluid 

3.1.1 Equations of motion of the structure 

The methodology's first step consists of obtaining the equations of motion for 

the structure as functions of the pressure field (see a free body diagram of the 

structure in Figure 3.2.) In the most general case, a set of coupled ordinary and 

partial differential equations are obtained, which after discretization (FEM, BEM, 

hybrid parameters, etc.) have the following form: 

[Ml,AUs}n.i = {R{Us.Qs,p)h.v (3-1) 

{O.lnxl = [Cl.n{Us}n.V (3-2) 

It has been assumed that the equations are in terms of the minimum set of inde

pendent coordinates; therefore, no constraint equations are present. The Us's are 

generalized speeds corresponding to n independent generalized coordinates Qs 's de

scribing the configuration of the structure. [M] and [C] are the mass and kinematic 

matrices while {R(Us,Qs,p)} is a load vector which depends on the pressure field 

p yet unknown. 
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Figure 3.1: Some fluid-structure interaction problems 

3.1.2 Field equation for the pressure 

Navier-Stokes equations and the incompressibihty condition in the fluid domain 

Vf are (see fluid nomenclature in Figure 3.3): 

p ( ^ + F V F ) = _Vp- f / ? / -h pz/VV mVf, 

V - V = 0 mVi / • 

(3.3) 

(3.4) 

Here V is the absolute velocity of a fluid particle as observed in the Newtonian 

frame N. p is the density, / is the body force per unit mass and u is the kinematic 

viscosity. Assuming p is constant and V • / = 0, the combination of the expressions 

above yields [40]: 

V^p r= -pV • (VVV) in Vf. (3.5) 

This is a Poisson's equation for the instantaneous pressure in the fluid domain. 

The case in which divergence of / is not zero can be handled with no additional 

difliculty with regard to the present methodology. Its only effect would be the 

inclusion of an extra load-type term in the right-hand side of the equation. 

Observe that the field equation for pressure depends only on kinematic values of 

the fluid which are known at the beginning of any time step; in other words, the 
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Figure 3.2: Structure free-body diagram showing the interaction pressure 

field equation for the pressure does not show a dependence of the pressure on the 

acceleration of the structure coupled to the container. The said dependence will 

be seen in the boundary conditions. 

3.1.3 Boundary conditions for the 
pressure-Flat-container walls 

On the free surface 5/ the following dynamic boundary condition holds: 

p = 0 on S / • (3.6) 

Actually, the pressure on 5/ is equal to the atmospheric pressure; it can be set 

to zero, however, without affecting the dynamics of the system. Although surface 

tension effects can be considered with additional labor, they are not considered in 

this work. 

On the wet surface 5^, a kinematic condition requiring that fluid particles cannot 

pass through the walls, results in the following condition. 

V-n = Vn,-n on Syj, (3.7) 
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Figure 3.3: Nomenclature for a 2-D fluid domain 

where 

V = w + tZ-hH X 5, 

VL = £/ + f2 X 5. 

(3.8) 

(3.9) 

In the above equations, V^ is the velocity of the point on the wall being touched 

by the fluid particle, u is the local fluid velocity (as seen in the moving frame F ) , 

n is the normal to the surface. Also, V and $7 are the velocity and angular velocity 

of the frame F attached to the container, and s is the local position vector (see 

Figure 3.3). 

Substitution of Equations 3.8 and 3.9 into Equation 3.7 yields: 

u-n — O on S,,,. w (3.10) 

Components of both u and n are referred to the moving frame, so differentiation of 

this equation results in: 

(ir -f- n X w) • n -h w • (^ X n) = 0. (3.11) 
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In the above expression it has been assumed that the container has flat walls; a 

more refined analysis for the case of curved walls can be found in the next section. 

Simplifying terms, the following expression is obtained: 

U-n = 0 on 5^, (3.12) 

which states that the local acceleration (as measured by an observer attached to the 

moving frame F) is also normal to the walls. The local acceleration would not be 

normal to the wall if the walls were not flat. At this point an important comment 

has to be made with respect to the term u appearing in Equations 3.11 to 3.12: This 

term stands for the total acceleration as seen in the moving frame F if an Eulerian 

description is used. In other words, it is the total local acceleration: 

du 
u = —-[-uVu. (3.13) 

In order to obtain the boundary condition for the pressure on 5^,, Equation 3.12 

needs to be combined with the equation of motion for the fluid. Rewriting the 

Navier-Stokes equation (Equation 3.3), the following equation is obtained: 

p(u-\-it-\-2fi xu-\-dxs-\-nx(nxs)) = -Vp^- pf + pvv'^u, (3.14) 

where the absolute acceleration of the fluid particles has been replaced by an equiv-

alent kinematic expression in terms of the local acceleration. Also V'^V has been 

replaced by the equivalent expression V^w obtained by making use of the kinematic 

relation for the velocities (Equation 3.8) and the invariance of the Laplace operator. 

An important remark needs to be made: Equation 3.14, valid in the fluid domain 

Vf, is also valid for fluid particles moving on the surface boundaries; therefore, it is 

valid to combine it with the kinematic result shown in Equation 3.12. In this regard, 

dotting Equation 3.14 with n, then using Equations 3.12 and 3.10 and simplifying, 

a boundary condition for the pressure is obtained: 

^ = p(f- U-2ftxu-axs-nx(nxs})'n on 5^, (3.15) 
dn 

All terms on the right-hand side are known except for the acceleration U and the 

angular acceleration a of the moving frame F attached to the container. It should 

be mentioned that other paths may be followed in arriving at the result in Equa

tion 3.15. 
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3.1.4 Curved container walls 

Details on constructing the boundary conditions for the pressure on S^, for the 

case of curved container walls are given in this section. Starting point is the time 

derivative of Equation 3.10 which is rewritten as follows (see Figure 3.4): 

(ii + n X u) •n-\-U' {ft' X n) = 0 , (3.16) 

where H' is the total angular velocity of frame G attached to a fluid particle and 

sliding with it on a curved wall as shown in Figure 3.4. Auxiliary frame G will be 

used to find vector Q'. Between times t and t -\- dt the displacement ds (not shown 

in the figure) of the fluid particle along the wall is given by: 

ds = dOR = u dt, (3.17) 

where dO is a differential rotation, R is the radius of curvature (arbitrarily taken as 

positive if the center of rotation is on the side of the fluid), and u is the modulus of 

u — u(t) at time t. From Equation 3.17 the angular velocity of frame G relative to 

frame F at time t is: 

and the total angular velocity of G at time t results in: 

(T' = rl -I- ^ J, (3.19) 
R 

where fc is a unit vector normal to the page. Combining the expression above with 

Equation 3.16 and simplifying yields: 

U-n-\-U'(^kxn) = 0. (3.20) 
R 

Noticing that u = u t (where t is SL unit vector parallel to the velocity of the fluid 

particle) and that k x n = t, the equation above transforms to: 

U'n = —— on Sw. (3.21) 

Finally, combining this result with Equation 3.14 as done in the previous section, 

the end result is: 

^ = pif-tj -2Vt xu-axs-Clx[^xs))-n^'p^ on 5^ . (3.22) 
dn R 
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Â  

Newtonian frame N 

moving frame 
(attached to container) 

vector normal to the page 

fluid particle 

n(t + dt) 

n(t + dt) 

container wall 

Figure 3.4: Nomenclature for curved container walls 

Again, all terms on the right-hand side are known except for the acceleration U and 

angular acceleration a of the moving frame F. 

3.1.5 Solution for the instantaneous pressure 

Derivation of the methodology will continue for the case of boundary conditions 

assuming flat container walls. First, a rearrangement of Equation 3.15 is to be 

performed. In Equation 3.15, both U and a are linear functions of the Us's used 

for describing the configuration of the coupled structure; therefore, the boundary 

condition for the pressure on S^ can be rewritten as: 

dp 

dn = ^ + [ ^ ] l x n R } n x P (3.23) 

where 6 and the row matrix [E] are functions of the Qs's, the Us's, the fluid prop

erties, and the kinematics of the moving frame. As before, n is the number of 

generalized coordinates describing the structure. AH these parameters are known at 

the beginning of any time step. The boundary-value problem for the instantaneous 

pressure is therefore given by Equations 3.5, 3.6 and 3.23. At this point, observing 
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these equations, a crucial fact should be noticed: The pressure is a linear field of 

the Us, therefore p can be found as a function of the accelerations of the structure. 

However, in order to build a numerical solution for the pressure as function of the 

Us the following lemma has to be utilized. 

Lemma I I I . l Given a domain D with boundary S = 5i U52, and functions fo, fi, 

f2, • ., fr such that in D they are the solution of: 

VVo = ^0, 

VVi = 0 (z = l , 2 , . . . , r ) , 

with boundary conditions on Si equal to: 

and on S2: 

fo = 0, 

/, = 0 

dfo 
^ = Co, 

on 
dfi 

[I — 1, z , . . . , r j . 

yl ^ i , z , . . . , r j . 

Then, the function / = /o + fiai -\- f20i2 + • • • + /r«r is a solution of the boundary 

problem.: 

V^/ = ^0 onD, 

f = 0 on Si, 

df 
-— = Co -I- ciQfi -I- C2a2 - I - . . . -f- Crar on b2. 
on 

Proof of this lemma is elementary and states that a solution for the function / 

above can be found by solving r -j- 1 boundary-value problems for the functions 

f fj / 2 , . . . , /r- Fortunately, regardless of the numerical method used, the r -|- 1 

problems share the same matrix of coefficients (multiplying the unknowns). There

fore, the problem of finding / can be accomplished by building only one boundary 

problem with r -I-1 load cases. Observing the boundary value for the pressure: 

V^p = -pV'(VVV) inV>, 
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p = 0 on Sf, 
dv 

and using the result of the lemma above, it is concluded that only one boundary-

value problem for the pressure with n 4- 1 load cases needs to be constructed. 

Choosing for example the FEM, the problem transforms into the algebraic system 

of equations: 

m™xn.{^Lxi = {G}„xi + [BL..m^.v (3-24) 

where column matrix {P} stores m nodal values of the pressure in the fluid do

main. Matrices [K], {G} and [B] appear naturally in the discretization process. 

For instance, column matrix {G} is due to the term b appearing in the boundary 

conditions on Su, and due to the right-hand side in the field equation. Solving for 

{P} yields: 

{P}m.l = [̂ ];x™{G}„xl + [KL\jB]m.nm„.V {3-25) 

where [K] has to be assembled at each time step during the numerical integration, 

but computations are carried out solving for: 

[K].n.JPo}„.r ={G}™xi. {3-26) 

[KL.JPiL.n =[S]n.x„. (3-27) 

using a standard solver with n + 1 load cases; this avoids inverting matrix [K]. The 

pressure is then: 

{P}m.l = {^oLxl + [PlL.niU.h.V (3.28) 

an expression that can now be used to build the instantaneous interaction forces 

as functions of the accelerations of the system. Column {PQ} can be interpreted 

as the pressure field if the container is moving with constant speed, and the i*^ 

column of matrix [Pi] can be interpreted as the pressure due to unit value of the 

acceleration f/,. For the case of prescribed motion of the container, the Ug 's are 

known and numerical values can be found for the column {P}. For the case of a 

true fluid-interaction problem, the Ug's are to be found after coupling the equations 

for p with the equations of motion of the structure. 
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3.1.6 Coupling the equations of structure and fluid 

Building the equations of motion for the coupled structure and fluid involves 

coupling Equation 3.28 with the equations of motion for the structure which are 

rewritten below: 

WUnW.}n,, = {R{U.,Q.,p)}„,„ (3.29) 

{QsUi = [C]„,„{C/,}„,,. (3.30) 

Vector {R} may be split into one column involving the forcing terms not caused by 

the pressure p and another term including the force and moment produced by the 

pressure. Accordingly, Equation 3.29 transforms to: 

[Ml.AU,}„,i = {Jh.i + [Dl x3 ^ y 
(3.31) 

3x1 

where F^, Fy and M^ are components of the interaction force and moment acting on 

the rigid container due to the pressure. In the context of Kane [67, 68] and Barhorst 

[10], matrix [D] would involve components of partial velocities; if other methods 

are used to build the equations of motion of the structure, then the components 

of matrix [D] would have a different interpretation. In vector and scalar form, 

respectively, the interaction force and moment due to the pressure are given by the 

following equations: 

(F^Fy) = f pndS, (3.32) 

M. = k / 5 X pndS. (3.33) 

Equations 3.32 and 3.33 can be evaluated using the nodal values for the pressure 

(from Equation 3.28) with the same interpolation functions used in solving the 

boundary-value problem for the pressure (Equation 3.24), or some other approach 

like a smoothed solution if low-order elements were used in flnding p. In matrix 

form, the expressions above transform to: 

F 

M. 

> = 

3x1 

W 3 x l + [i/]3x„{t^»}„xr (3.34) 
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Combining this last equation with Equation 3.31, the following is obtained: 

M„x„{ f> .}„x l = {-^Inxl + [^]„x3{^}3xl + [£>]„x3[^l3x„{f>Jnx.. (3-35) 

and rearranging this equation yields: 

[M'Unm„.i = {J'h.v (3-36) 

where the new terms are: 

[M'Un = [A^Lxn - [^]„x3[-f^l3x„ (3-37) 

{•^'}„xl = {>^}nxl + [0]„x3{n3xl . (3.38) 

Equation 3.36 and Equation 3.2 are the desired equations for the coupled system, 

and can be used with an assortment of integration schemes. However, the solution 

of this set of equations allows updating the conflguration of the structure only. 

Expressions for updating the configuration of the fluid (velocities and position of 

the free surface) are also needed. Updating the velocity field can be accomplished 

using different approaches. One consists of using the values of Us's already obtained 

to find the instantaneous value of the pressure (using Equation 3.28), and putting 

it into the Navier-Stokes equations in order to find the fluid accelerations which 

are then used to update the velocities. Another approach consists of discarding the 

pressure solution and solving another boundary problem for the stream function 

and updating the velocities with that new information. In the following section, the 

alternative of reusing the pressure information will be discussed. 

3.1.7 Updating the velocity field 

Solving for the Us's (Equation 3.36) allows finding the pressure field using Equa

tion 3.28. With the calculated instantaneous pressure, the accelerations of the fluid 

particles can be found by reusing the Navier-Stokes equations (other alternatives 

are possible as mentioned above). Dealing with absolute velocities, the most general 

expression for updating the velocity field is: 

^ = ( - V p + pf + puV^V)/p -(V- c)WV. (3.39) 

In this equation, c is the given absolute velocity of the computational node. If 

c = V, then the node moves with the fluid particle and the right-hand side of 
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Equation 3.39 furnishes the total acceleration (local change plus convective part.) 

If c = 0, then the local rate of change of the velocity is obtained. However, instead 

of using Equation 3.39, it was preferred to build an expression in terms of the rate 

of change of the local velocity u. The starting point is Equation 3.14: 

p(U -\-u-\-2Ctxu-\-axs-^nx{nxs}) = -Vp -\- pf-\- pvV'^u. 

Introducing Equation 3.13 into the expression above and rearranging, the following 

equation is obtained: 

du 
U + — -\-uVu-\-2nxu-\-ax s-^nx{Qxs) = -Vp/p-\-f -{-uV^u. (3.40) 

Using this result, the final expression for the rate of change of local velocity for a 

point moving with prescribed local velocity c can be written as: 

- ^ = -Vp/p-\-f + uV'^u-U-{u-c)Vu-2nxu-axs-fix (Q x s) (3.41) 

where the local velocity c depends on the choice, made by the analyst, of where to 

find the updated velocity. For example if c = 0, the local change of the local 

velocity is retrieved (that is the case for a fixed computational node located on the 

bottom of a container). If the particle moves with the fluid (carried by the fluid) 

then c = u and the total change of local velocity is retrieved (local plus convective) 

which is the case for a computational node moving with the fluid particle (as in 

the Lagrangian updating of the free surface position). If one used Eulerian 

updating of the free surface, c will have only one nonzero component for nodes on 

the free surface. 

3.1.8 Updating the position of the free surface 

There are many approaches for handling the motion of the free surface. The most 

popular are the Lagrangian [81, 37] and Eulerian [104] methods. A thorough study 

of these and other approaches can be found in Romero [103], who presents numerical 

comparisons of diverse methods to handle the motion of the free surface using 

potential flow theory. Undoubtedly, a Lagrangian approach is most convenient for 

the case of modeling the motion of the free surface until the point of breaking waves; 

modeling the fluid with boundary elements or finite elements makes handling of the 
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breaking waves motion impractical unless complex algorithms are implemented like 

the one in Muttin et al. [89]. 

The conclusion after reviewing the work by Romero [103] is that either method 

for handling the motion of the free surface could be used, provided the objective is 

not to model breaking waves. It was decided to use the Eulerian approach for two 

reasons: In the Eulerian approach there is a smaller number of configuration pa

rameters, and simpler smoothing techniques could be implemented by maintaining 

a fixed horizontally, equally spaced distribution of computational nodes on the free 

surface. 

For an observer attached to a Newtonian frame, the position of the free surface 

is described by a function of the type: 

H{x, y, t) =0 on 5 / , (3.42) 

where x, and y are global coordinates of points on the free surface. Existence of 

such an equation guarantees existence of a function H describing the position of 

the free surface in local coordinates (as seen by an observer attached to the moving 

frame F): 

H(x, y, t)=0 on 5 / , (3.43) 

Given H, H can be found by a simple change of variables. H must remain zero at 

all times, therefore its differential is zero and the following expression is obtained: 

dH 
-— + VH'U = 0. (3.44) 
dt ^ ^ 

Matching the objective that no breaking waves will be modeled, H is assumed to 

be of the form: 

H{x, y,t)=y- ({x, t) = 0. (3.45) 

Putting Equation 3.45 into Equation 3.44 transforms the latter into: 

^^=uy-u.y^, (3.46) 

where u = {ux, Uy). Equation 3.46 is the kinematic relation used to update the 

position of the free surface in this work. 

With the derived expression for updating the fluid configuration (velocity field 

and free surface position), we are able to present a resume of the methodology. 
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3.1.9 Recapitulation 

Letting Y = {Us,Qs,V,0'^ be the configuration of the structure and fluid, the 

implicit set of first-order equations of motion for the coupled system is: 

Y = F{Y,p), (3.47) 

where Y and F(Y,p) are: 

Y = 

'Us ^ 

Qs 
DV 
Dt 

. ^ , 
\ d t / 

, FiY,p) = 

' [M]-'{R(Us,Qs,p)} 

[C]{Us} 

(-Vp + p / + puV'^V)lp -(V - c)VV 

\ 

, (3.48) 

/ 

and p is the solution of the boundary-value problem: 

v^p = _pv. (yvy) iny< / ' 

p = 0 on Sf, 

^ = b+[E],^„m„,, on 5/ . 

Equation 3.47 (made up from Equations 3.1, 3.2, 3.39, and 3.46) is implicit 

because the field p is a function of the (Jg 's. The explicit form of its first row is 

given by Equation 3.36; solving for C/s's, the third row can be evaluated for updating 

the velocity field. The second and fourth rows are kinematic equations independent 

of the Us 's. Setting initial conditions for Y poses no difficulties. 

3.1.10 Commentaries 

Implementation of this approach in a computer code gave good results for the 

slow motion of the horizontally accelerated container problem reported in the lit

erature [37, 104]. As soon as the motion grew larger, however, instabilities were 

observed in the free surface starting at the corner where the free surface touches 

the walls (point A in Figure 3.5 (a)). The threshold appears to be a = 90° ± 15° 

where a is the angle between the normal to the wall and the normal to the free 

surface at the point of contact. It is believed there are two main reasons for this 

observed instability - namely a singularity in the pressure solution coupled with 
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Singularity in calculated - ^ 

(|) = calculated 

0 = prescribed 

• ^ = prescribed 

Fluid in container 

(a) 

Comer singularity in velocity potential 

(b) 

Figure 3.5: Corner problems 

an instability of the free surface position. A singularity in the pressure exists at 

corners where the free surface touches the walls of the container. This singularity 

is similar to the one reported using Potential Flow theory - see, for example, Lin 

[73], Lin et al. [74], Roberts [102], and Grilli and Svendsen [48]. Figure 3.5 (b) 

illustrates the singularity in the potential flow calculations at the said corner. By 

comparing the field and boundary equations for the pressure and for the velocity 

potential, a strong similarity can be observed. The singularity occurs in the normal 

derivative of the pressure on the free surface side of the corner making Vp singular. 

Observing Equations 3.39 and 3.41, it can be seen that calculations for the velocity 

field are corrupted by Vp which destroys the zero-divergence condition near the 

corner; as the integration continues, the problem of nonzero divergence propagates 

to the surroundings. The next section presents details of six different approaches 

to controlling the singularity in the corner. 

The other instability is related to the nature of the free surface's motion which 

couples with the singularity of the pressure at the corners. This unstable behavior 

has also been reported in research dealing with Potential flow, as per Longuett-

Higgins and Cokelet [81]. It can be observed that the kinematic relationship for 

updating the free surface is the same regardless of the fluid model used. A proper 

handling of the convective equation describing the free surface position has to be 
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implemented using Petrov-Galerkin techniques [39, 116] or using smoothing tech

niques. 

With respect to the implementation of the pressure solution, a modiflcation 

was introduced in this work. Instead of implementing Equation 3.23, the following 

equivalent boundary condition is used in the 2-D case: 

/ \ 

| = '' + [^]:x3^ 

V, 

Uy 

a 

(3.49) 

3x1 

where Ux, Uy, and a are components of the acceleration and angular acceleration 

of the frame F. This approach has two advantages. The first is that only four 

load cases have to be assembled for any 2-D problem regardless of the number of 

Qs's (seven load cases for the 3-D case). The other is that separate independent 

code modules can be built. The original approach of using Equation 3.23 makes 

the solution for p structure dependent; this last approach places a manageable 

complication in building the equation of motion of the structure but allows building 

independent subroutines. However, the rest of the derivations in this dissertation 

will continue as if using the first approach. 

3.2 Singularity in the pressure solution 

Six different approaches were tested in order to handle the singularity found 

in the pressure solution at the corner where the free surface meets the wall: (a) 

modification of the field equation including an error-correcting term, (b) mesh re

finement, (c) modeling the singularity using special interpolation functions at the 

element level, (d) extrapolation techniques, (e) use of compatibility equations, and 

(f) modeling the geometry of the meniscus. Each approach is discussed below. 

The BEM was selected for the pressure solution. All derivations are presented in 

relation to corner A in Figure 3.5 (a); the treatment of the other corner is analogous 

to the treatment specified above. 
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Figure 3.6: Mesh refinements 

3.2.1 Modification of the field equation 

The field equation for the pressure was modified by the introduction of an error-

correcting term D (see Harlow and Welch [52], Hirt and Shannon [57], Nakayama 

and Washizu [93], and Fletcher [40]) in the following form: 

dD 
V^p = - p V . (VVV) - p-

dt inVf, (3.50) 

where D stands for the nonzero divergence of the velocity due to round-off errors 

and errors caused by the singularity in the pressure. A first-order approximation of 

the rate of change of D is: 
dD Df-Do , , 

where Do and Df are the divergence at the beginning and the end of the time step 

respectively. According to the incompressibihty condition, Df is set to zero; using 

this result the field equation for the pressure is: 

D. 
V'p = -pV • (VVV) + p 

At 
inVf. (3.52) 

The objective of this approach is not to cancel the singularity but to control the 

growth of the divergence caused by it. Unfortunately, it fails in controlling the global 

instability of the solution. The introduction of the error-correcting term does not 

change the boundary conditions for the pressure. 
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Figure 3.7: Special interpolation functions 

3.2.2 Mesh refinement 

The simplest method in trying to control the singular value in the pressure was 

to use a refined mesh (see Figure 3.6). This alternative also failed in controlling the 

singularity - the observed behavior was that bigger and bigger values were found 

for the normal derivative when refining the mesh. Mesh refinement was also used 

in the wall side in combination with the refinement of the free surface; the pressure 

on the wall remained stable and small, and quickly approached limiting values. 

3.2.3 Modeling the singularity with special functions 

Three types of interpolation functions for modeling the singularity were tried. 

The objective of these approaches was to remove the singularity. The first method 

was based on the method suggested by Paris et al. [97]. Letting q be the normal 

derivative of the pressure, the following model was tested: 

Q = [01 ^ F T (l>: 
L2 h 1 

x/r' y/r" y/r' 

( \ 

Q2 (3.53) 

where the (/){ are the usual second-order interpolation functions used for compatible 

quadratic boundary elements. In the equation above, 3̂ is not a nodal value at the 

singular point but an intensity parameter controlling behavior of the singularity. 

Li and L2 are the distance from node 3 to nodes 1 and 2 respectively. Parameter 

r' is the distances from the singularity point to the point of evaluation of q (see 
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Figure 3.7 (a)). Removal of the singularity is accomplished by using the value 3̂ as 

the normal derivative in the velocity calculations. 

The second type of special interpolation function consisted of assuming a linear 

variation of q along the element plus a singular function times a scale parameter. 

The approach is built by using the regular quadratic shape functions and adding an 

extra term ^4^4 as follows: 

q = [(f)i 4)2 (/>3] 

V 9 3 y 

+ <t>i<li, (3.54) 

where node 3 corresponds to the singularity point. Figure 3.7 (b) depicts the shape 

function 04 which arbitrarily was selected to be: 

(̂ 4 = 
^fl^ 

J_ 
72' 

(3.55) 

However, this approach introduces an extra variable, therefore an arbitrary linear 

assumption is made for the first term in Equation 3.54 by making: 

92 = 2 (91+93) , (3.56) 

and the desired result is: 

q = Wi ^3] 
q\ 

qs 
+ <^494, (3.57) 

where the (p'- are linear interpolation functions. Removal of the singularity using 

this approach is accomplished by simply discarding the value of 4̂ in the velocity 

calculations for the element by using only qi and ^3. 

The third type of special interpolation functions used is shown in Figure 3.8 (a). 

The idea is to have a constant high value of 9 in a small region A specified by the 

user; this can be seen as a special case of Equation 3.54 in which the function (/)4 is: 

(/,4(e) = 0, - l < e < l - A , 

(/)4(e) = 1, 1 - A < e < l . 

(3.58) 

(3.59) 
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Figure 3.8: Special interpolation functions and extrapolations 

The problem of having four variables is solved by using Equation 3.56 in order 

to have only three variables in the element. Again, the objective is to discard the 

calculated value for 4̂ in the velocity calculations. 

None of these approaches for modeling the singularity gave satisfactory results. 

The value ^3 in Equations 3.53, 3.58 and 3.59 was sometimes negative or not propor

tional to the values of the other qi. A similar problem was found in Equation 3.57. 

In addition to these three approaches, two other concepts were tested by modeling 

the pressure on the wall using similar expressions to the ones used for modeling q 

on the free surface; no success was achieved in controlling the instabilities. 

3.2.4 Extrapolation 

The extrapolation technique was also investigated (see Figure 3.8 (b)). Unfor

tunately, it failed to control the instability, proving to be problem-dependent. The 

major flaw of this approach is the fact that the user has to select the size of the 

elements and pick the position where the interpolation should begin. No research 

was conducted combining this approach with a smoothing technique to handle the 

position of the free surface or the other alternatives presented in this section. 
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Figure 3.9: Compatibility conditions 

3.2.5 Compatibility conditions 

Seven main approaches for building compatibility conditions were tested in order 

to control the singularity in the corner. Case 1 is based on forcing compatibility of 

q in the normal direction to the free surface (see Figure 3.9 (a)): 

qj = qcosO — —-smt^, 
ds 

(3.60) 

where q is the prescribed q at the corner in the wall side and ^ is the derivative 

along the wall at the corner (positive downward). ^ is a function of the nodal 

values of the pressure, therefore the equation above transforms to: 

qj = qcosO -\- Bpj+i -\- Cpj+2, (3.61) 

where coefficients B and C can easily be calculated and p, is the nodal value at 

node i on the wall; notice that pj = 0. Equation 3.61 is used instead of the j * ^ 

equation obtained by placing the fundamental solution at node j . 

Case 2 consists of assuming a variation of p, along a small element on the free 

surface, from zero to a value pj at the corner, see Figure 3.9 (b). The value of pj_i 

is set to: 

Pj-i = Pil^. (3.62) 
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which reduces to one the number of new variables and sets a smooth transition of 

p at node j — 2; equation above guarantees a zero slope of p along the arc if using 

quadratic shape functions. Finally, a compatibility condition for q similar to that 

in Case 1 is used. In this case pj is not zero, then: 

qj = qcos6 -\- Apj -\- Bpj+i -\- Cpj+2- (3.63) 

This approach adds the new variable pj . Accordingly, Equation 3.63 is added to the 

system of boundary equations. The facts driving this approach (having a non-zero 

pressure on a small free surface element) are: No surface tension effects are being 

modeled, and the geometry of the meniscus is not being taken into account. The 

objective of this approach is to cancel the singularity. 

Case 3 is based on the idea of letting the value of q (prescribed normal derivative 

at the corner in the wall side) be an unknown. Referring to Figure 3.9 (a), it 

can be observed that by forcing compatibility in the normal direction to the free 

surface. Equation 3.61 is obtained again. The difference with Case 1 is that now an 

additional variable q is introduced to the system; therefore Equation 3.61 is added 

to the system. Observe that pj = 0 in this approach. 

Case 4 is based on the same idea as in Case 1, the difference being that now 

only compatibility in the y direction is enforced. This way the prescribed normal 

derivative on the wall does not enter into play. The compatibility condition is (see 

Figure 3.9 (a)): 

qjsine = -^^, (3.64) 

once more, |^ is the derivative of p along the arc on the wall side at the corner. 

Noting that pj = 0, Equation 3.63 above transforms to: 

qj = Bpj+i -h Cpj+2, (3.65) 

which replaces the original f^ equation of the BEM equations. 

Case 5 is a variation of Case 4, the idea being (see Figure 3.9 (c)) to force the 

compatibility of q in the y direction but use the value of gj_i instead of qj. The 

final result is: 

qj_i = Bpj+i -h Cpj+2- (3.66) 

The sixth approach of using compatibility equations (Case 6) is based on the 

assumption that a discontinuity in the pressure exists at the corner node (see Fig

ure 3.9 (d)). Pressure remains zero at the free surface side of the corner while it 
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Figure 3.10: Modeling the meniscus 

has a value pj at the wall side. Due to the introduction of a new variable, an extra 

equation is needed; this was obtained by reusing the compatibility of q in the y 

direction as done in Case 4. The final result is then: 

qj = Apj + Bpj+i -\- Cpj+2, (3.67) 

which is added to the original system of equations. 

Case 7 is based on a combination of Case 4 and the third modeling alternative 

in section 3.2.3 above: 

q = [<t>i h h] 

( \ 

q\ 

92 

V 9 3 y 

+ <^494, (3.68) 

where 04 is given by Equations 3.58 and 3.59, and the </>, are the usual quadratic 

functions (see Figure 3.8 (a)). The extra variable 4̂ is kept this time and the 

corresponding additional equation is built using the compatibility condition used in 

Case 4, yielding: 

qj = Bpj+i + Cpj+2, (3.69) 

where qj stands for q^ in Equation 3.69. 
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These seven compatibility conditions worked well for the case of small motion 

but failed to control the instabilities in moderate motion of the free surface. Be

sides these main approaches in building compatibility conditions, other ideas - and 

combinations of two of the cases above - were also used without success. 

3.2.6 Modeling the geometry of the meniscus 

Another set of alternatives to control the singularity in the corner was based on 

modeling the geometry of the meniscus. Three approaches were tested, all based 

on the scheme shown in Figure 3.10 (a). In each case the positions of the nodes 

were arranged in order to have a smooth curve by matching the Jacobians of the 

mapping functions at the interelement nodes. The first approach consisted of having 

a parabolic variation of p along the first free surface element with the following 

conditions: 

Pj-2 = 0, (3.70) 

qj = q, (3.71) 

p,_i = p , /4 . (3.72) 

The condition Pj_i = pj/4 guarantees a smooth transition of the pressure from the 

wall to the free surface. The condition qj = q, where g is a prescribed value, makes 

Pj a variable. All of the unknowns are as follows: 

(3.73) 

(3.74) 

(3.75) 

Observe that there is no need to use additional compatibility equations. 

Similarly, the second approach consisted of modeling the pressure along two 

consecutive free surface elements. An additional equation was obtained by forcing 

compatibility of derivatives of p along the arc. The third approach made use of 

matching derivatives of q along the arc in order to get more equations for the 

newly-introduced pressure unknowns. None of these approaches that model the 

meniscus were successful. In fact, they did not work even for the case of small motion 

giving the worst result among all the alternatives mentioned above (compatibility 

equations, extrapolation, mesh refinement, etc.). 

at node j — 2: 

at node j — I: 

at node j : 

qj-2 

qj-i 

Pj. 
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3.2.7 Discussion 

The unsatisfactory results of trying to control the problems due to the singularity 

of the pressure solution led to further analysis of the basic assumptions for the 

boundary conditions for p. While the singularity in the solution for the velocity 

potential has no physical interpretation, the singularity in the pressure solution can 

be explained based on the kinematic condition leading to the boundary conditions 

on the wall. 

The boundary condition on the free surface is p = 0 while on the wall it is given 

by Equation 3.15. The first one is based on the dynamics of the phase in contact 

with the fluid on the free surface, and it is reasonably exact. On the other hand. 

Equation 3.15 is based on the kinematic condition: 

U'n = 0, (3.76) 

which states that a fluid particle touching the wall moves tangent to the wall. This 

is the case for the fluid particle labeled 1 in Figure 3.10(b). We believe that this 

condition - while true on the walls away from the corner A - is not necessarily 

always true at the corner. This proposition is based on the fact that the particle 

labeled 2 in Figure 3.10 (b) may impact the wall violating the kinematic condition 

above. 

More insight into this problem was obtained by studying the paper by Gresho 

and Sani [43]. Based on their results it can be stated that the boundary problem 

for the pressure, as presented in this work, is not well posed. Specifically, the 

problem resides in the Dirichlet-type condition used on the free surface. The ill-

conditioned nature of the pressure solution can be observed in Figure 3.11 where 

two different problems (a) and (b) are shown. The reader can see that those two 

problems share exactly the same boundary conditions for the pressure. Moreover, 

the observed numerical results obtained for (a) show that the model actually solves 

for the problem in (b); the singularity in the normal derivative of p results in high 

velocities at the corner simulating spilling fluid. The ill-posedness of the pressure 

problem can also be understood by the fact that the a posteriori condition that the 

fluid at the corner must move along the wall is not present in the field equations. 

In other words, the field equations have no information about the shape of the wall 

beyond the corner. This explains why the alternatives for modeling the meniscus 
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Figure 3.11: Two different problems and a meniscus solution 

(see Figure 3.10 (a)) gave the worst solutions among all the others; the numerical 

results obtained therein corresponded to a corner as shown in Figure 3.11 (c), in 

which there is a violent spillage of the fluid associated with a high value of q. 

Although the problem is ill-posed, it had been found that there is no reason 

to discard the numerical values obtained for the pressure and the resulting coupled 

equations of motion for the fluid-structure system. The singularity is a local problem 

and occurs only in the values of q on the free surface close to the corner. The 

values of p remain stable all over the domain; moreover, the values of p remain 

small near the singularities and have little influence in the overall solution for the 

interaction forces. The conclusion at this point of the research was that the velocity 

field would not be updated making use of the pressure solution; accordingly, other 

approaches should be constructed. In this regard two alternatives were tested: 

building a boundary-value problem for the stream function, and building a potential 

flow approach. 

3.3 Stream function approach 

Based on the unsuccessful results from using the pressure solution (see the sec

tion above) in order to find the accelerations of the fluid, it was decided to update 

the velocity field by other means. The first one consisted of building a boundary-

value problem for the stream function. Only the expression for the 2-D case will be 

derived. 
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3.3.1 Preliminaries 

In order to build equations for the stream function, the starting point is Navier-

Stokes equation (see nomenclature in Figure 3.3): 

p(U + — -{-^^11-^2^ xu-\-axs-\-Qx(nxs)) = -Vp-^ pf-\-pi^V'^u, (3.77) 

where V^F has been replaced by its equivalent value V^w. Next we define the local 

rotational w in the following form: 

w = V xu, (3.78) 

and 
duy dux 

where the derivatives are with respect to the local frame F and w is the only nonzero 

component of w (normal to the page). Applying this local rotational operator to 

Equation 3.77 and simplifying yields: 

- ^ = V X (« X «;) -I- i/V^w; - V x (a x 5), (3.80) 

and after simplification yields: 

- ^ = -Vw • u + vV'^w - 2a, (3.81) 

where Ux and Uy are the local components of the local velocity u. In developing 

Equation 3.81, use has been made of the conditions V - { ? = 0 , V x / = 0, and the 

identity: 

uVu = V ^ -ux{V xu). (3.82) 

Equation 3.81 is the 2-D vorticity transport equation for the case of moving frames. 

3.3.2 Field equation for the rate of change of the stream 
function 

Based on V • w = 0, there exists a local function ^ = ^ (x , y) such that: 

d^ , X 

Ux = - - ^ , (3.83) 

d^ 
- y = ^ - (3.84) 
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Putting these two expression into Equation 3.79 results in Poisson's equation for ^ : 

V^^ = w. (3.85) 

Unfortunately, this equation was not useful because there was not a reliable known 

boundary condition for ^ on the free surface. Definitely, "^ is not constant on the 

free surface because the free surface is not a streamline. On the other hand, it was 

possible to build a boundary condition for the rate of change of ^ ; therefore, the 

field equation used was obtained by differentiating Equation 3.85 and combining 

this result with the vorticity transport equation to obtain: 

V ^ ^ = -Vw ' u -f i/V'^w - 2a on Vf. (3.86) 

3.3.3 Boundary conditions for the rate of change of the 
stream function 

On the wet boundary (S^,) there is the kinematic condition that particles move 

tangent to the walls, therefore: 

^ = constant on Sy^. (3.87) 

By taking the time derivative, the first boundary condition is obtained: 

^ = 0 on Sy,. (3.88) 

On the free surface (Sf), the boundary condition is built starting from the 

following identity: 

^ = V ^ • n. (3.89) 
dn 

From Equations 3.83 and 3.84, and from n = (n^, n^), the above expression trans

forms to: 

dil ,duy dux. . . (^^^s 
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where t is the tangent unit vector on the free surface and the term | j • T above can 

be found by dotting Equation 3.77 with f yielding the desired boundary condition 

on Sf'. 

— = (f-\-uV^u-u-uVu-2nxu-dxs-nx {nxs))'t. (3.93) 

Notice that the term Vp • t cancels because Vp is normal to the free surface. 

3.3.4 Solution algorithm 

The solution algorithm when implementing the stream function approach is as 

follows: 

1. Enter with initial nodal values of ^*, w\ and coordinates x' and y\ Here we 

assume that some of the t/*'s take into account the position of the free surface. 

For the structure, the initial values are Q^ and C/̂ . 

2. With the current values of ^*, find the local velocities (u) by numerical differ

entiation (Equations 3.83 and 3.84). 

3. Assemble and solve the boundary-value problem for the interaction pressure 

(Equation 3.47) and then form and solve the coupled equations for the fluid-

structure system to get the f/g's of the coupled system. Solve also for the Qs's 

of the structure. 

4. With the values of the f/^'s, find the accelerations U and a which are needed 

to assemble the boundary conditions for ^ (see Equation 3.93). Assemble and 

solve the above boundary-value problem for ^ . Solve also for w by using the 

vorticity transport equation. 

5. Find the U^'^^ and Q^'^^ of the structure with the solution of the coupled equa

tions. Find the ^'"'•^ and w;'"*"̂  of the fluid with the solution in step 4. Update 

also the x'"'"^ and y*"*"̂  with the velocities found in step 2. 

3.3.5 Commentaries 

Velocity c of the computational nodes was taken into account when updating 

the vorticity field; the equation used in step 4 above was: 

dw 

dt 
= -Vw •(u-c}+ vV^w - 2a. (3.94) 
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It can be observed that using the stream function approach, the zero divergence 

condition is only violated by errors occurring in the numerical differentiation of ̂  

and does not propagate in time. Unfortunately, the boundary-value for the rate 

of change of the stream function also has a singularity in corner A (see Figure 3.5 

(a)); in this case, the singularity is in the value of ^ at corner A on the free surface 

side leading to peak velocities. Although instabilities were again observed, the 

implementation worked well for the case of small motions. 

Nevertheless, we believe that the stream function approach may be a promising 

alternative provided care is taken for the convective equation used to update the free 

surface position. The instabilities observed with this approach may be controlled 

using Petrov-Galerkin methods or smoothing techniques; no research has yet been 

conducted in this respect. Arriving at this point during this work, it was decided 

to implement the potential flow theory in order to update the fluid configuration. 

This decision was motivated by the successful results reported in the literature of 

using compatibility equations and smoothing techniques. 

The approach of using the stream function carries the extra burden of solving a 

second boundary-value problem. 

3.4 Potential flow 

This section is devoted to presenting the derivations for the coupled problem 

when using potential flow theory. The same 2-D problem studied at the beginning of 

this chapter will be used for the derivations; the nomenclature is given in Figure 3.3. 

The main steps are to build the equations of motion of the structure as a function of 

the pressure, to build an equation for the interaction pressure, and finally, to build 

the coupled equations for the fluid-structure system. 

3.4.1 Equations of motion for the structure 

When modeling the fluid as potential flow, the first step is to find the equations 

of motion of the structure exactly as for the Navier-Stokes model: 

[MLx„{C>,}„x: = {RiU„Qs,p)}„^„ (3.95) 

{QsUi = [Cl,AUs}„^v (3.96) 

where all terms have already been introduced and discussed in Section 3.1. 
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3.4.2 Solving for the velocity potential 

An intermediate step is needed before building the field equation for the interac

tion pressure, namely to solve for the velocity potential (j) describing the fluid phase. 

The well-known boundary-value problem is (see nomenclature in Figure 3.3): 

V V = 0 inVf, (3.97) 

(j) = prescribed on 5/ , (3.98) 
d(b 
-^ = (U-]-nxs)-n on 5^, (3.99) 

where (j) and the absolute velocity V of fluid particles are related by the equation 

V = V(f). The remaining terms have been defined earlier. 

An assortment of methods may be used to solve for (/>. Using the BEM, for 

example, the discrete equations can be written as: 

[^Lx™{*Lxi = {'4}„xi. (3100) 

where the array {$} stores both nodal values of the potential (j) on the wet surface 

(Syj) and nodal values of the normal derivative of the potential on the free surface 

(Sf). Although the solution for the velocity potential is independent of the tJs 's, 

it must be performed beforehand because the field and boundary equations for the 

interaction pressure need the current values of the velocities. Velocities are to be 

found by numerically differentiating the values of 0. 

3.4.3 Field equation for the pressure 

With the values of the velocity field obtained, a boundary-value problem for 

the pressure can be built. The starting point is Euler's equation of motion with 

Rayleigh damping [37, 104]: 
—• 

p ( ^ + \V{V')) = - Vp + pf- pnu in Vf, (3.101) 

where V is the modulus of V, yu is a Rayleigh damping coefficient, and the rest of 

the terms have already been introduced. Notice the use of u instead of V for the 

damping term. The discussion of including such a term will be presented later. V 

and u are related by: 

V = u-\-U-{-nxs. (3.102) 
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Taking the divergence of Equation 3.101 and noticing the zero divergence of u, the 

following expression is obtained: 

V2p = - _ p V 2 ( y 2 ) -j^ y^ ^3 -̂ Q3) 

This is the field equation to be used for finding the interaction pressure. This is 

Poisson's equation in p which can be further transformed into Laplace's equation for 

a variable h defined as /i = p-f- p ^ ; standard BEM solvers can be used in this case. 

However, it is possible to implement another BEM alternative for solving Equa

tion 3.103. This alternative consists of making slight modifications to a Poisson's 

solver in order to transform all domain integrals into surface integrals during eval

uation of the load vector. In deriving Equation 3.103, p and /have been assumed 

constant. 

3.4.4 Boundary conditions for the pressure 

On the free surface 5 / the following dynamic boundary condition holds: 

p = 0 on Sf. (3.104) 

The pressure is arbitrarily set to zero without affecting the dynamics. Surface 

tension effects are not considered in the present work. On the wet surface S^, the 

physical condition stating that fluid particles cannot pass through the walls results 

in the following two kinematic conditions already obtained in section 3.1: 

w-n = 0 on 5u,, (3.105) 

and 

ii-n = 0 on 5^, (3.106) 

for the case of flat container walls. The case for curved container walls has been 

described in detail in section 3.1 and the corresponding equation can be obtained 

in a similar fashion. Without loss of generality, the derivation will continue for the 

case of flat walls. 

Equation 3.106 is now to be combined with the equation of motion for the fluid 

(Equation 3.101) in order to find boundary conditions for the pressure on Sy^. The 
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starting point is Euler's equation without simplifications due to the irrotational 

nature of the fluid: 

DV dV ^ ^ 

which after introducing the kinematic relation between absolute acceleration and 

the local rate of change of u transforms to: 

p(U ^'u^2Vt xu + dxs + 9.x(nxs)) = -Vp-\-pf-ppu. (3.108) 

Equation 3.108 is valid in the fluid domain Vf and is also valid for fluid particles 

moving on the surface boundaries; therefore, it is valid to combine it with the 

kinematic result shown in Equation 3.106. In this regard, dotting Equation 3.108 

with n, using Equation 3.106, and simplifying, a boundary condition for the pressure 

is obtained: 

dp 
dn 

= p{f-U-2nxu-dxs-nx(nxs))'n on 5^. (3.109) 

All terms on the right-hand side are known except for the acceleration U and the 

angular acceleration a of the moving frame F. Also notice that in Equation 3.15 

both U and a are linear functions of the Us 's used for describing the configuration 

of the coupled structure. The boundary condition for the pressure on Sy, can be 

rewritten as: 

^ = b + [E],,„{Us}r,.v (3.110) 

where b and the row matrix [E] are functions of the Qs's, the Us's, the fluid prop

erties, and the kinematics of the moving frame. As before, n is the number of 

generalized coordinates describing the structure. All these parameters are known 

at the beginning of any time step. 

3.4.5 Coupling the equations for the fluid-structure 
system 

The boundary-value problem for the instantaneous pressure is given by Equa

tions 3.103, 3.104 and 3.110: 

V^;. = -\pV'(V') inV;, 

p = 0 on 5/ , 
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It can be observed that a result similar to the Navier-Stokes model (section 3.1) is 

obtained: The pressure is a /inear field of the Lfs, therefore p can be found as a func

tion of the accelerations of the structure. Also, only one boundary-value problem 

for the pressure with n -\- 1 load cases needs to be constructed. Although finding 

p formally involves a second boundary problem, considerable savings in computer 

time are possible by noticing the similarity between the boundary-value problems 

for (f) and p. They share the same operator, therefore the matrix of coefficients is 

also the same and only the load cases need to be built for the pressure solution; 

the factorized matrix [K] from Equation 3.100 can be reused. Using the BEM, the 

discretized equations for p are: 

[^Lx^{^}^xl = {G}m.l + [BL.n{U.}n,l, (3.111) 

where column matrix {P} stores m nodal values of the pressure in the fluid bound

aries and the rest of the terms have similar interpretations as given in section 3.1. 

The remaining steps in solving for the pressure as a function of the Us's and build

ing the coupled equations of motion for the fluid-structure system are exactly the 

same as for the Navier-Stokes model and will not be repeated here. The end result 

is: 

[M'UnWsh.i = {J'}n.v (3.112) 

where all terms have similar meanings as in section 3.1. 

3.4.6 Updating the configuration of the free surface 

Solution of the set of equations for the couple system (Equations 3.112 and 3.96) 

will allow updating the configuration of the structure only. Expressions for updating 

the configuration of the fluid (velocity potential and position of the free surface) 

are also needed. It was decided to use the Eulerian approach for the same reasons 

presented in section 3.1. The resulting expression is: 

- = uy-ux-, (3.113) 

where all terms have been defined. The same result as for the Navier-Stokes model 

is obtained due to the kinematic nature of this relationship. 
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3.4.7 Updating the velocity potential 

While updating the velocity potential on the free surface is independent of the 

solution for the Us 's, it is dependent in the method selected to update the position 

of the free surface (Equation 3.113). The first step in constructing the expression 

for updating the velocity potential is the introduction of a potential L such that 

VL = u. This result is used in Euler's equation (Equation 3.101), which yields: 

Using V = V0 and noticing that / can be written as / = V(fxX + fyy), a modified 

Bernoulli's equation is obtained after removing the V- operator and setting p = 0: 

^ + ^|V0P - fxx - fyy -\-pL = 0, (3.115) 

where fx and fy are the components of the body force per unit mass / in global 

coordinates, x and y are global coordinates of the free surface. 

In the most general case, the rate of change of the velocity potential of a com-
—• 

putational node moving with absolute velocity Kn is: 

^ = f . V , . ^ „ , (3.116) 

Given that the computational nodes on the free surface move with a local velocity 

equal to (0, |^) (see Equation 3.113), then: 

K „ - f 7 - h n x 5 + (0 , | ^ ) . (3.117) 

Combining the equation above and Equation 3.115 with Equation 3.116, the follow

ing expression is obtained after simplifications: 

where Ux is the x component of the local velocity u found from V0 = U-\-u + Q,xs, 

and L is a potential defined earlier. Equation 3.118 is the expression for updating 

the potential and is valid for any arbitrary motion (translation and rotation) of the 

container. 
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3.4.8 Recapitulation 

Letting Y = (Ug,Qs,(f>,^)'^ be the configuration of the fluid and structure, the 

implicit set of equations of motion for true fluid-structure interaction is: 

Y = F(Y,p), (3.119) 

where Y and F{Y,p) are: 

Y = 

^Us^ 

Qs 
D± 
Dt 

\dt J 

( 

, nY.v) = 

[M]-'{R(Us,Qs,p)} 

[C]{Us} 

Uifx)' + (gn - ^x(t + fyB + A^ + fyy - /̂ ^ 

\ 

u — u ^ 

(3.120) 

and p and (f) are the solutions of the boundary-value problems: 

1 
V^p = -^pV\V') inVf, 

p = 0 on Sf, 
dp 

V'^cf) = 0 inV/, 

(p = prescribed on 5/ , 
d^ 
dn 

= (U-\-nxs}-n on S. W ' 

Also, the potential L has to be found such that VL = u. Notice that only the 

first row in Equation 3.119 is implicit; the explicit form of this row is given by 

Equation 3.112. Initial conditions for Y may require solving for (f) if the initial V 

is not zero. 

3.4.9 Commentaries 

Observing Equation 3.119, it is clear that two boundary problems would have to 

be performed in order to evaluate its right-hand side (one for p and the other for (/>). 

But, as mentioned above, only one matrix of coefficients needs to be assembled and 

factorized. However, introduction of the potential L (Equation 3.118) forces the 

construction of a second boundary problem per time step. The potential L is a con

sequence of the damping term ppu (instead of pfiV) introduced in Equation 3.101. 
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• Kemel position 

fi ^ - / 

i^4 

(a) Away from the wall (b) Near the wall (c) At the wall 

Figure 3.12: Position and nomenclature for smoothing kernels 

L may be replaced by </> if the motion of the container is small. Calculation of L 

can be avoided only for the special case of no angular velocity of the container for 

which L is given exactly by: 

L = (j)- UxX - Uyy, (3.121) 

where Ux and Uy are the components of the absolute velocity of frame F in local 

components. The boundary-value problem for finding L is: 

V^L = 
dL 

dn 

0 in Vf, 

= {V4> -U -Qx s)-n on SfUSy,, 

(3.122) 

(3.123) 

where L has to be arbitrarily fixed at one point. Notice the right-hand side of 

Equation 3.123 is identically zero on the wet surface. It is the experience of the 

author via this research that the use of L instead of (j) guarantees no spurious 

forces in the solution procedure. The drawback of the original Rayleigh damping 

term (ppV) can be observed for the case of a real container moving with constant 

speed and no sloshing; for this case the original approach introduces a nonexistent 

damping force (V ^ 0) while the approach in this work does not (u = 0). 

The numerical solution for the velocity potential faces two acquainted problems: 

the singularity existing in the corner where the free surface meets the walls [73] 

and instability of the free surface position [81]. To deal with the first problem, the 

recommendations in Grilli [48] were followed; for the second, a smoothing kernel as 

suggested in Longuett-Higgins[81] was used. Furthermore, values of the kernel for 
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nodes close to the walls were derived in this work to avoid symmetry assumptions. 

Taking Figure 3.12 as reference, the smoothing kernels are: 

(a) Away from the wall [81]. 

fi = (-/ ,_2 + 4/,_i -h 10/,- -h 4/,+i - /,+2)/16. 

(b) Near the wall. 

fi = (3/,_i -\- 8fi -h 6/,+i - /.•+3)/16. 

(c) At the wall. 

fi = (Ufi + 1 2 / H I - 6fi+2 - 4/i+3 + 3/.+4)/16. 

In deriving the field equation for the pressure (Equation 3.103), it has been 

assumed that the density and body forces are constant. For variable body forces 
—• 

it would be necessary to find a potential 0 such that / = V 0 and rebuild Equa

tion 3.118 accordingly. An interesting consequence of solving Equation 3.103 (or 

its equivalent Laplace's form) is the need to evaluate normal derivatives of y ^ / 2 . 

This proved to be cumbersome and influenced greatly the accuracy of the overall 

solution. 

Another feasible approach for building the coupled equations of motion is to 

replace the boundary-value problem for the pressure by a boundary-value problem 

for the rate of change of the potential </>t [48], obtaining </)t as a function of the 

accelerations of the container. The pressure could be retrieved using Bernoulli's 

equation [24]. Other approximate alternatives deal with a gross approximation for 

(pt or are based on trial and error iterations for obtaining the pressure. 

3.5 Research path 

A brief overview of the research path is presented in this section. The first step, 

after conceiving the methodology, was to implement the incompressible Navier-

Stokes equations; unfortunately, as mentioned above, the numerical model was not 

able to control the instabilities caused by the singularity in the corners where the 

free surface meets the walls. Six different approaches were implemented in order to 

control this singularity; while giving good results for small motions, they all failed 

to give good results when the motion grew larger. 
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Maintaining the goal of building a useful model for describing highly nonlinear 

behavior, two more attempts were made: implementing the stream function ap

proach, and implementing the potential flow model. Only the second one gave suc

cessful results reaching the goal of accurately describing highly nonlinear motions; 

in this regard, the next chapters present details of the implementation, examples, 

experimental verifications and simulations using the potential flow model only. 

However, it is believed that implementation of the Navier-Stokes model may 

give successful results if the analyst controls both the singularity in the corner and 

the instability in the free surface position. In the present work, no attempts were 

made to control the instability of the free surface when using the Navier-Stokes 

model. This was a consequence of the lack of experience doing research in this area 

and of the lack of information on this novel approach of modeling fluid-structure 

interaction. 



CHAPTER IV 

IMPLEMENTATION DETAILS AND CODE 

DEVELOPMENT 

Implementation details not covered previously - algorithms, and a concise de

scription of the main data structures of the program - are the subject of this chapter. 

Code and derivations presented here correspond to the potential flow model only; 

the case of other fluid models can be handle analogously. Nomenclature and ter

minology are the same as used in previous chapters. All boundary-value problems 

were solved using standard BEM codes (see Brebbia et al. [15]). 

4.1 Data structures 

The code was written in plain C and was organized around four independent 

data structures (called "records" in other languages). For each of these data 

structures, a set of functions (or "methods," in the context of object-oriented 

programming) was developed mimicking C-I--I-; these functions allow the analyst 

to manage the contents of the data structures with ease. A brief description of the 

data structures and their corresponding functions is presented below. Descriptions 

are conducted using reduced versions of the original code; the complete version 

including flags, user options, and more details can be built without difficulty. 

4.1.1 Data structure InputOutput 

The simplest data structure in the code is InputOutput, which stores pointers 

to the data file, output file (for printing), and to a second output file containing 

data to be used by an animation program. This data structure is as follows: 

typedef s t r u c t { 

FILE *fp; / * Input f i l e */ 

FILE *fd; / * Output f i l e */ 

FILE *fq; / * Output f i l e for animation */ 

} InputOutput ; 

and is managed by two functions only. I O _ i n i t i a l i z e ( ) initializes the record by 

asking the user for file names, and I0_free( ) , closes all files. 

63 
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typedef struct { 

int n, ne; /* Number of nodes, elements */ 
int nf, nb, nr, nl /* Elements in Sf, walls */ 
int ngp; /* Gauss integration points */ 
double rho, mu, fx, fy; /* Fluid properties */ 
double *Fx, *Fy, *Mz; /* Interaction forces */ 
double *Fi; /* Velocity potential */ 
double *Hi; /* L potential */ 
double *Fid; /* Rate of change of Fi */ 
double *x, *y; /* Coordinates of nodes */ 
double *Tan; /* Slopes in Sf */ 
double *u, *V; /* Local, global velocities */ 
double *ed; /* Velocities of nodes in Sf */ 
double *q; /* Normal derivatives */ 
double *K; /* Matrix of coefficients */ 
double *p; /* Pressure, solution vector */ 

/* .... etc. */ 
} FluidData; 

Figure 4.1: Data structure FluidDat a 

4.1.2 Data structure FluidDat a 

Data structure FluidData stores the fluid domain information related to the 

BEM solution for the pressure, velocity potential, and the local-velocity potential L 

(section 3.4.7). Quadratic elements were tested during early stages of this research, 

but the flnal version of the code handles only linear compatible elements. The 

change of element type was based on reports suggesting that quadratic elements are 

prone to develop instabilities due to their anisotropic nature; it can be found that 

using quadratic elements with equally spaced nodes generates non-uniform matrix 

coefficients. The main variables of a FluidData record are shown in Figure 4.1 

where flags, printing and plotting data, pointers to the other data structures, and 

other secondary information have been removed. 

In Figure 4.1, nf stands for the total number of elements on the free surface; 

nb, nr, n l are the number of elements in the bottom, right wall and left wall, 

respectively. Parameter ngp is the number of Gauss integration points. Arrays 

pointed to by *Fx, *Fy and *Mz store the values of the interaction forces as a 

function of the accelerations of the moving frame F; according to Equation 3.49, 
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Table 4.1: Basic functions for managing FluidData 
Function 

F D _ i n i t i a l i z e ( ) 
FD_printData() 
FD_formQ_Fi() 
FD_formMatrices_Fi() 
FD_findVeloci t ies() 
FD_formQ_p() 
FD_formMatrices_p() 
FD_findForces() 
FD_findBottomRows() 
FD-smoothing0 
FD_updateState() 
FD_notFinalTime() 
FD_notReadyToPrint() 
FD_printResul ts() 

Commentary 
Initializes arrays, reads data 
Prints data 
Forms boundary conditions for <p 
Forms BEM equations for (f) 
Finds velocities differentiating cf) 
Forms boundary conditions for p 
Forms BEM equations for p 
Finds interaction forces using p 
Forms ^ and f 
Smooths free surface position 
Updates configuration of fluid 
Finds out if integration is over 
Finds out if it's time to print results 
Prints results for animation 

each array is of dimension four. Array *Fi stores the current values of the velocity 

potential. Array *Hi stores the values of potential L. Array *ed stores the values 

of 1^. Array *q is of size ne*2*4 and stores the values of the prescribed values of 

q (normal derivative of p). The size of *q stands for 2 values per element per load 

case; the 4 stands for four load cases when solving for the pressure. The product 

2*ne stands for an approach consisting of storing a value of q per node per element, 

as in Figure 4.2. Observe that at corner A, q[2*i+2]7^q[2*i+l] while at node B 

q[2* i ] = q [ 2 * i - l ] . It is shown in section 4.3.5 that using this approach avoids the 

use of double nodes at corners. The extra memory used is a small percentage of 

the current hardware's available memory. The BEM equations are assembled in an 

array *K of size n*n, and the load vector (with four load cases) is assembled in *p. 

FluidData responds to many functions. FD_ in i t i a l i z e ( ) and FD_printData() 

read and print the data respectively. FD_printResults() prepares data used by an 

animation program according to user data not shown in the record above. Functions 

FD_formQ_Fi(), FD_formMatrices_Fi() and GU_solve3() are in charge of building 

and solving the boundary-value problem for the velocity potential. FD_f ormQ_Fi() 

evaluates the prescribed boundary conditions on the walls (the values of | ^ ac

cording to Equation 3.99) and stores them in array *q (in this case only one load 

case is formed). This function obtains the current kinematics of the moving frame 
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q [ 2 * i ] q [ 2 * i - l ] 

q [ 2 * i + l ] 

q[2* i+2] 

Figure 4.2: Array *q 

F by accessing the record StructureData , which is described in the next subsec

tion. Function FD_formMatrices_Fi() forms and puts the matrix of coefficients 

[K] (see Equation 3.100) into array *K, and stores the load vector into array *p 

by using the contents of array *q and array *Fi (which has the current values of 

the velocity potential 0 on the free surface). Actual solution of the system is car

ried out with function GU_solve3() which belongs to a pack of routines labeled 

"Gauss utilities." Function FD_f i n d V e l o c i t i e s O numerically differentiates the ve

locity potential </> to find the current velocity field following the recommendations 

in Liu and Liggett [77]. 

Functions FD_formQ_p(), FD_formMatrices_p(), and GU_solve4() are in charge 

of building and solving the boundary problem for the pressure p. FD_formQ_p() 

forms four columns of boundary conditions on the walls using Equation 3.49 (instead 

of using Equation 3.110) and stores the values into array *q. In this case, the matrix 

of coefficients [K] is not assembled again; FD_f ormMatrices_p() only forms the four 

BEM load vectors into array *p by using array *q and the fact that p = 0 on the free 

surface. The utility GU_solve4() reuses the already factorized matrix [K] in solving 

for the pressures. Once the pressures are found, function FD_f indForcesO builds 

the contents of arrays *Fx, *Fy and *Mz making use of Equations 3.32 and 3.33 with 

the values of p given by an equation similar to Equation 3.28. 

Function FD_f indBottomRowsO evaluates the two bottom rows of Equa

tion 3.119; this function is also in charge of solving for the potential L unless the 
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typedef s t r u c t { 
i n t nq, nu; 
double *q, *u; 
double *qd, *ud; 
double *M, *C; 
double a l , a2 , a l f a ; 
double u l , u2, omega; 
double q l , q2, t h e t a ; 

} S t ruc tu reDa ta ; 

/ * Number coo rd ina t e s , speeds */ 
/ * Coordinates , speeds */ 
/ * Speeds, a c c e l e r a t i o n s */ 
/ * Mass, kinematic mat r i ces */ 
/ * Acce le ra t ions of ves se l */ 
/ * V e l o c i t i e s of ves se l */ 
/ * Pos i t i on of ves se l */ 
/ * . . . . e t c . */ 

Figure 4.3: Data structure St ruc tureData 

angular velocity Q is small. The values of |^ are stored in array *Tan and its con

tents are found numerically, differentiating the position of the free surface. The 

nodal values of - ^ on the free surface are stored in array *Fid while the values 

of -^ are stored in array *ed. After evaluating the two bottom rows, function 

FD_updateState() is in charge of updating the configuration of the fluid. 

Other utilities include FD_notFinalTime(), used to test if the time integration is 

finished or not; FD_readyToPrint () tests if it is time to print the partial results, and 

FD_smoothing() is in charge of smoothing the position of the free surface according 

to recommendations at the end of the last chapter. Table 4.1 shows a resume of the 

functions used for managing a FluidData record. 

4.1.3 Data structure St ruc tureData 

S t r u c t u r e D a t a O stores all the data related to the structure coupled to the 

rigid container. This data structure, and its corresponding functions, forms an in

dependent code module. Moreover, a subset of these functions is always the same 

regardless of the type of structure being studied; this is a consequence of implement

ing the pressure boundary condition on the wet surface according to Equation 3.49. 

The main variables of a S t ruc tureData record are shown in Figure 4.3 

Parameters nq and nu stand for the number of independent coordinates and 

generalized speeds respectively; as shown in Kane et al. [68], nq and nu may be 

different if, for example, rotations are handled using Euler parameters. Arrays *q 

and *u store the current values of the coordinates (Qs 's) and generalized speeds 

(Us's) correspondingly, arrays *qd and *ud store the solutions of the coupled system 
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Table 4.2: Basic functions for managing S t ruc tureData 
Function 

S D _ i n i t i a l i z e ( ) 
SD_printData() 
SD_formEquations() 
SD_solveForMotion() 
SD_getVesselMotion() 
SD.updateStateO 
SD_printResul ts() 

Commentary 
Initializes arrays, reads data 
Prints data 
Forms coupled equations (Equation 3.112) 
Solves coupled equations of motion 
Gets kinematics of moving frame 
Updates configuration of structure 
Prints results for animation 

(Equations 3.112 and 3.96). The mass and kinematic matrices ([M] and [C]) are 

stored in arrays *M and *C. Important information StructureData passes to the 

other data structures is the kinematics of the moving frame. Variables al , a2, alfa, 

ul , u2, etc., store that information which is used in building the BEM equations for 

the velocity potential or in finding the magnitude of the interaction forces. In this 

regard, function SD_getVesselMotion() is in charge of evaluating current values 

of the kinematics of frame F. SD_getVesselMotion() is structure-dependent and, 

along with other structure dependent functions, is grouped in a separate file; this 

arrangement allows keeping the fluid-related code encapsulated. Additionally, a 

typical StructureData record includes a set of structure-dependent variables not 

shown here. 

Functions SD_ini t ia l ize() , SD_printResults(), and SD_printData are in 

charge of reading and printing the input data, and preparing results. Assemblage 

of Equation 3.112 is performed by function SD_formEquations() using the values 

in *Fx, *Fy and *Mz prepared by FD_f indForcesO. Solution for the coupled equa

tions of motion of the system (Equation 3.112) and the kinematic equation (Equa

tion 3.96) is carried out by function SD_solveForMotion(), as mentioned above; 

results are stored in *ud and *qd. Function SD_updateState() updates the config

uration of the structure. Table 4.2 shows a resume of the functions for managing a 

StructureData record. 

4.1.4 Data structure Numlntegrat 

Data for handling the numerical integration is stored in record Numlntegrat. 

Three different integration methods were implemented: (a) Euler method, used 
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Table 4.3: Basic functions for managing Numlntegrat 
Function 

N I _ i n i t i a l i z e ( ) 
NI_printData() 
NI_step() 
NI_f indSta te( ) 
NI_stepRK4() 
NI_stepRKI5() 
NI_stepEuler() 

Commentary 
Initializes arrays, reads data 
Prints input data 
Steps the coupled system one time step 
Finds state of coupled system (Equation 3.119) 
Steps system with explicit Runge-Kutta method 
Steps system with implicit Runge-Kutta method 
Steps system with Euler method 

in order to get quick and not accurate results during testing, (b) Explicit fourth-

order Runge-Kutta method (see Gear [42]) with fixed time steps, and (c) Implicit 

fifth-order Runge-Kutta with variable time step. Besides these approaches, an im

plementation was made using a library of functions; the Adams-Bashforth and Gear 

methods were used in this implementation. The variable method is a flag indicating 

the method selected by the user, nq, nu, nQ and nU store the number of general

ized coordinates and speeds in both the fluid and the structure. Arrays *kl, *k2, 

etc., are work arrays. The main variables in this record are as follows: 

typedef s t r u c t { 

i n t method; 

i n t nq, nu, nQ, nU; 

double t , h; 

double t i , t f ; 

double * k l , *k2, *k3; 

} Numlntegrat; 

/ * I n t e g r a t i o n method */ 

/ * Number of s t a t e v a r i a b l e s */ 

/ * Current t ime, time s t e p */ 

/ * I n i t i a l , f i n a l t imes */ 

/ * work a r rays */ 

/ * . . . . e t c . */ 

other variables - not shown above - store flags, tolerances and pointers to the 

other data structures. Function N I _ i n i t i a l i z e ( ) initializes variables of the record 

with the user's selected integration method, time step, tolerances, etc. Pointers 

to other data structures are also initialized. Function NI_step() is in charge of 

stepping the coupled system one time step according to the user's choice. For 

example, if the fourth-order Runga-Kutta method is selected, then NI_stepRK4() 

is called. Function NI_f i n d S t a t e O is in charge of building the right-hand side of 
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/ * * * * * J | c * * * * 5 | c * * * * * * * * * * * 3 j c * * * * * * * 3 | e * * 5 | c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * / 

void mainO { 
/****************^*:^j,C:^:^3^;^j|t:^5|j^j,tj,jj,tj^j^j^^^3^^^3^^^^^^^^^^^jjj^j^^^j^j3|j^^^j^j^^j^jy 

InputOutput files; 
FluidData fluid; 
StructureData system; 
Numlntegrat solver; 

/* Initializes data structures, prints data */ 
lO.initialize ( &files ); 
FD.initialize ( &fluid, fefiles ); 
SD.initialize ( &system, fefluid, fefiles ); 
Nl.initialize ( fesolver, fesystem, fefluid, fefiles ); 

/* Time integration begins */ 
while( FD_notFinalTime( fefluid ) ) { 

NI_step( fesolver, fefluid, fesystem ); 
if( FD_readyToPrint( fefluid ) ) 

SD_printResults( fesystem, fefiles ); 

} 
}; 

Figure 4.4: Listing of function mainO 

Equation 3.119; a listing of this function is shown in the next section. Table 4.3 

shows the main functions for Numlntegrat. 

4.2 Solution algorithm 

Figure 4.4 shows a reduced version of the function mainO with implementation 

of the methodology. Observe function NI_step() which is in charge of stepping the 

configuration of the system according to the numerical method selected by the user. 

Regardless of the integration method selected, NI_step() will make calls to the 

function NI_f indSta teO in order to build the right-hand side of Equation 3.119. 

Results are printed according to the user's directions. 

Figure 4.5 depicts function NI_f indStateO which is the heart of the solution 

algorithm of this methodology. Notice the flag f lu id->interact ion; this flag al

lows handling the case of prescribed motion of the container. The velocity potential 
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/ * * * * * * * * * * ; | t * j , C ^ ^ ^ j , C j , j ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ j ^ j | j ^ j ^ j ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ 

void NI_findState( FluidData *fluid, StructureData *system ) { 
/ * * * * * * * * * * * * * * j , c : ^ ^ : , t ^ ^ , U ^ , , s ^ ^ ^ „ j ^ , ^ ^ ^ ^ ^ ^ ^ ^ ^ j ^ ^ ^ j | ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ 

/* SOLVES for VELOCITY POTENTIAL */ 
SD_getVesselMotion( system ) ; /* 1 */ 
FD_formQ_Fi( f lu id , system ) ; /* 2 */ 
FD_formMatrices_Fi( f lu id , system ) ; /* 3 */ 
GU_solveGauss3( f luid->n, f luid->g, 1, fluid->f ) ; /* 4 */ 
FD_findVelocities( f lu id , system ) ; /* 5 */ 

/* SOLVES for PRESSURE (only if t rue in terac t ion problem) */ 
i f ( f lu id -> in te rac t ion ) { 

FD_formQ_p( f lu id , system ) ; /* 6 */ 
FD_formMatrices_p( f lu id , system ) ; /* 7 */ 
GU_solveGauss4( fluid->n, f luid->g, 4, fluid->f ) ; /* 8 */ 

/* SOLVES for ACCELERATIONS of coupled system-fluid */ 
FD_findForces( f lu id ) ; /* 9 */ 
SD_formEquations( system ) ; /* 10 */ 
SD_solveForMotion( system ) ; /* 11 */ 

} 
FD_findBottomRowsC f lu id , system ) ; /* 12 */ 

} 

Figure 4.5: Listing of function NI_f indStateO 

is found in step /* 4 */ shown in Figure 4.5; in step /* 8 */ the matrix of co

efficients is reused in solving for the pressure, while in step /* 7 */ only the load 

cases are assembled. Potential L is calculated in step /* 12 */ only if the angular 

velocity of the container is not zero. Function Nljf indStateO is complemented 

by a function NI_updateState() which calls other functions in order to update the 

configuration of the fluid and the structure. 

4.3 Special problems 

This section presents several implementation problems that have not been de

tailed in the previous chapters. Among them, details of the numerical solution for 

the pressure, correction procedures, and corner treatment are addressed. 
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4.3.1 Solving the boundary problem for the pressure 

When modeling the fluid with potential flow, the boundary-value problem for 

the pressure is formally a Poisson's equation. Nevertheless, substantial savings can 

be obtained by either transforming the field equation into a Laplace's equation, 

or by transforming domain integrals into boundary integrals (if using BEM). The 

transformation into a Laplace's equation is accomplished by defining h = p -\- p-2-

and rearranging Equation 3.103 to obtain: 

V^/i = 0 in Vf. (4.1) 

The boundary condition for h on 5/ is found by adding p^ to both sides of the 

boundary condition for p on Sf (Equation 3.104) obtaining: 

h = /9— on 5/ , (4.2) 

which poses no special problems with respect to evaluation. On the other hand, on 

the wet surface Sy, the boundary condition for h is obtained by adding the term 

p ^ ( ^ ) to both sides of Equation 3.110 (boundary condition for p), yielding: 

1^ = 6' + [EUnWsUi on 5„, (4.3) 

where 

6' = (, + . ^ ( - ^ ) . (4.4) 

After solving Laplace's equation for h, the pressure can be retrieved by subtracting 

the term p^ from h. This approach has a strong similarity with the boundary-value 

problem for the term (f)t constructed by Grilli and Svendsen [48], and by Cointe et 

al. [24] where the dependence of (pt on the accelerations of the structure can be 

identified. 

The other alternative for dealing with Poisson's equation consists of transforming 

domain integrals into boundary integrals. Before discretization, a typical BEM 

equation for Poissson's equation is: 

CiPi + I q*pdS = j ^ u*qdS - J^ V^ ( y )«*dV>, (4.5) 
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Figure 4.6: Numerical calculation of ^ ( ^ ) 

where u* is the fundamental solution appUed at node z, g* = ^ , ^ = |£ , and 

S = SfU Syj. The last term in the equation above can be transformed as follows: 

i v^(^)«vy, = l^ V^u^^Wr + 1 A(^)«V5 - 1 ^ , * . 5 , (4.6) 

r o V^ V^ f d V^ r V"^ 

j V^(-)u^,V, = -c.(-) + /̂  - ( - ) « V 5 - X .̂*<i5, (4.7) 

which finally transforms to: 

V'( 

given that V^w* = —(5(x —£,), where 5(x — Xi) is the delta function applied at point 

Xi. Notice that either using this alternative or solving for h above, the analyst faces 

the problem of numerically evaluating the term: 

d V^ 
dn^ 2 ^' 

(4.8) 

Letting ^ — \- (see nomenclature in Figure 4.6 (a)), the normal derivative of /? is 

approximated by a second-order approximation of the type: 

d^ 1 
•(4^,-3A-^A:), (4.9) 

dn 2A 

where A is specified by the analyst. The derivatives of (\) along the arc (|^) are 

evaluated following Liu and Liggett [77]; the normal derivative ^ is either known 

or found when solving the BEM equations, then ft can be evaluated with: 

'•-%-¥i}'<f^- (4,10) 
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Evaluation of /3j and /3k calls for the evaluation of §^ and | ^ at nodes j and A:; in 

this regard, the method selected in this work is to use the following expressions: 

d(l) f du* _ f da* , , 

where (for the 2-D case) 

du* 1 r • I 

dx 27r r^ ' 
du* _ I r-j 

dy 27r r 2 

(4.13) 

(4.14) 

da* I f . ? 
a 7 = - 2 ^ { 2 ^ ; . n - „ - . i } / ^ ^ (4.15) 

^ = - ^ { 2 ^ ^ - • » - « • J } A ^ (4.16) 

f = f - f i , (4.17) 

r is the modulus of f, and vectors i, j are the unit vectors of frame F. There are 

three problems associated with this approach. The first is illustrated in Figure 4.6 

(b), where A has to be specified small enough to have nodes j and k inside the fluid 

domain Vf, yet far enough away from the boundary Sf. The second is that A has to 

be specified large enough to obtain accurate results when evaluating Equations 4.15 

and 4.16. This requirement is necessary because the kernels in those equations vary 

as l / r^ making the result very sensitive to the value of A and the number of Gauss 

integration points used. The third problem is related to the application of this 

approach at corner A in Figure 4.6 (b). Notice that for the free surface configuration 

shown there, a different approach has to be implemented for the calculation of 

4-{^) both on the wall side and on the free surface side of the corner. Fortunately, 

a practical approach to solve this problem provided satisfactory results; that is, the 

value of ^ ( • ^ ) was assumed constant along the corner elements. 

Figure 4.6 (c) illustrates a different approach for finding the term ^ ( ^ ) , not 

tested in this work. In this case seven evaluations of (j) are required at the points 

shown in the figure; the values of | ^ and | ^ are approximated by second-order dif

ferences. This approach consists of seven evaluations of <t> instead of two evaluations 

of 1^ and two evaluations of | ^ at each node. 
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Figure 4.7: Nomenclature for area correction 

4.3.2 Volume correction 

A correction of the free surface position is made at the end of every time step. 

After updating the position of the free surface and before applying the correction, 

the current area At under the free surface may differ from the initial area AQ. For 

rectangular containers (see Figure 4.7), the following applies: 

I C(x, t)dx = At^ Ao, 
Jo 

(4.18) 

where the integral is evaluated with the recently-updated position of nodes on the 

free surface. The approach selected in this work was to displace all nodes on the 

free surface an equal amount c obtained by solving: 

I (^(x, t) -f c)dx = Ao, 
Jo 

resulting in: 

c = 
Ao-At 

(4.19) 

(4.20) 

which is added to all nodes on the free surface. 

4.3.3 Node rearrangement on the walls 

An interesting fact about using the potential flow approach is that there is no 

need to keep a record of the values of the velocity field on the wet surface; therefore, 

the position of nodes could be arbitrarily changed from time step to time step. 

Moreover, the number of elements on the walls could be changed without affecting 

the current values of the velocity potential on the free surface. The approach taken 

in this work was to have equally spaced nodes on the walls. The rearrangement was 

performed at the beginning of each evaluation of Equation 3.119. 
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4.3.4 Compatibility correction for velocity potential 

An additional compatibility correction was performed on the velocity potential. 

Based on the field equation V^0 = 0 the following requirement holds: 

/ V20dV> = / ^dS = 0. (4.21) 
JVf Js dn 

In general, the numerical results will yield a result as follows: 

The compatibility is forced by finding a c such that: 

X ( S + -)'i5 = 0, (4.23) 

which after solving for c results in: 

The value c is added to all values ^ over the entire boundary of the fluid domain. 

This correction was performed immediately after each solution for (f) was obtained. 

Observe that this correction does not affect calculations of the velocity field. 

4.3.5 Corner treatment of BEM equations 

Regarding the solution of potential problems using BEM, a popular discretiza

tion makes use of the double node alternative at corners. The end result of that 

approach is having an extra variable and an extra redundant equation which is 

usually replaced by a compatibility condition. An equivalent approach providing 

the same results, but avoiding the double node approach, was used in this work; 

only one node is used in the corners. This single-corner-node approach forces the 

programmer to store the normal derivatives of the unknown field at the element 

level. In this work, for example, the following approach was selected: For element 

i, q[2*i] and q[2*i+l] store the normal derivative at the first and second nodes 

respectively. This approach is in contrast with storage at the node level; that is 

the case in which q [ i ] stores the normal derivative at node i. The equivalence 

of using either the double or single node approach will be presented based on the 
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Figure 4.8: Nomenclature for double-corner and single-corner approaches 

nomenclature shown in Figure 4.8. A typical boundary element equation has the 

following format: 

CiUi -\- I q*udS = f u*qdS, (4.25) 

where u* is the fundamental function applied at a point labeled i. Assuming a linear 

variation of both u and q along the length of each element, the integrals in these 

equations are transformed into: 

/ q*udS = Y,f q*udS = Yllai^ 4'̂ ] 
JS g JSc e 

/ u*qdS = J2f ^*<ldS = EiM'' 4"] 

(e) 
Ul ' 

uy 

ql 
(e) 

92 

(4.26) 

(4.27) 

where Wj is the first node of element e. In Figure 4.8 (a), for example, Ui is u,_i, 

and ^2 is ^i- Applying the fundamental solution at node i of Figure 4.8 (a), the 

following is obtained: 

c,u, + . . . + [«(-) 4-)] I ^'-1 I • r.(-+i) J-+i)i f "̂  -h [a^'"'^ a^r^'^] + ••• = 
Ui Uj^l 
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• . .+[b^r^ b^^^] I ^*-' I -H [b^r^'^ b^r^'^] I ^̂ ' ) + • • • . (4.28) 
\qi ) \ 9i+i J 

Similarly, applying the fundamental solution at node j (Figure 4.8 (a)) the resulting 

equation is: 

CjUj-\-"- -\-[a\ ' a'2 ']\ + [fli 4 ] ! + • • • = 
\Ui J \ Wj4-1 

... + [b^r^ b^r^] I '̂-' I + [b^r^'^ bt"-'^] I '̂' I + . . •. (4.29) 
\qi ) \ qj+i 

It can be seen that matrix coefficients a's and b 's are the same in both Equation 4.28 

and 4.29, therefore Ci = Cj. Moreover, if Ui = Uj, which is the case of the corner 

where the free surface touches the walls, then the equations are identical. See Grilli 

and Svendsen [48] for additional details. 

On the other hand, collocation of the fundamental solution at the corner node 

i in the single node alternative shown in Figure 4.8 (b) yields: 

, r (m) (m) i I ^ « - l I , r ( m + 1 ) ( m + l ) - | ( ^« ) , 

CiUi -^•••-{-[a\ ' a^2 ] \ + [«! «2 ] + • • • = 

• • •+[b^r^ 6^^] f '̂"̂  ] + [b^r'^ b^r^'^] I '̂"̂ ^̂  "l + •. •. (4.30) 
\ q2m+l J \ 92m+3 / 

It can be observed that Equation 4.30 is identical to Equation 4.28 and the compati

bility condition of the potential is automatically satisfied. The single node approach 

has been tested for the Dirichlet-Neumann and Neumann-Neumann cases, obtain

ing equal results when using the double node approach. Care should be taken in 

passing the values from the solution vector back to the array *q. 



CHAPTER V 

NUMERICAL EXAMPLES AND EXPERIMENTAL 

VERIFICATION 

Three test examples, one experimental verification and one numerical simulation 

of a flexible multi-body system interacting with a rigid container, are presented 

in this chapter. All problems were solved using the code with the potential flow 

implementation. 

5.1 Test examples. Prescribed motion 

The first two tests deal with a prescribed motion of the container; they were im

plemented for comparisons with similar work found in the literature. As mentioned 

in section 4.2, a flag in the code allows handling the case of prescribed motion of 

the container; this flag allows skipping the calculation of the interaction pressure. 

5.1.1 Horizontally prescribed motion 

The flrst test corresponds to a container with prescribed harmonic horizontal ac

celeration; this problem was studied by Faltinsen [37] and recently by Romero [103]. 

The nomenclature is shown in Figure 5.1 and the position of the container was 

arbitrarily given as: 
27r 

qi = AsiTi(—t). (5.1) 
-Lp 

Matching the data used in references cited above, the following-was used: A = 0.025 

m, Tp = 1.6 s, 6 = 1.0 m (width of container) and /i = 0.5 m (undisturbed liquid 

height). The fluid data used was: p = 1000 Kg/m^ / = (0,-9.8) m/s^, and 

following Faltinsen [37], the Rayleigh damping coefficient was taken p = -Obpcrit 

(5% of critical damping). PcHt is given by the expression: 

//cH. = 2 y ' y t a n h ( y ) . (5.2) 

The fluid boundary was discretized with 60 elements on the free surface, 30 on 

the bottom and 20 on each wall. An explicit fourth-order Runge-Kutta integration 

method was used; the time step was 0.05 s. Initial conditions were set to ^(x, 0) = .5 

and zero initial local velocities for the fluid. According to Equation 5.1, the initial 

container position was qi(0) = 0.0 m, while the initial velocity was qi(0) = ui = 

79 
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Figure 5.1: Nomenclature for prescribed horizontal motion 
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Figure 5.2: Results for prescribed horizontal motion 
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2A7r/Tp m/s. Given that local velocities in the fluid were zero, the resulting motion 

was impulsive. 

Figure 5.2 shows the plot of the surface elevation at 0.05 m from the left wall 

versus time. Observe the rising of the free surface for 0 < t < 0.2 s. Comparing 

this result with that obtained by Romero [103], small discrepancies can be observed; 

these discrepancies may be a consequence of the different approach used for handling 

the damping. As mentioned in previous chapters, the damping term used in this 

work was assumed proportional to the local velocity; this is in contrast to the 

formal approach of using the absolute velocity. Nevertheless, qualitatively and 

quantitatively, both results are in good agreement. Bigger differences can be noticed 

comparing the results herein with the results shown in Faltinsen [37]. For this case, 

those differences may be explained by both the different type of elements used and 

by the different damping approaches. 

5.1.2 Rotational prescribed motion 

The second test dealt with a prescribed rotational motion of the container as 

described in the work by Nakayama and Washizu [92], and Nakayama [93]. The 

objective of this run was to test some of the rotational terms appearing in the 

system of Equations 3.119 which were not tested in the first test problem. This 

problem consists of having the container suffer a harmonic pitching motion around 

point O (see nomenclature in Figure 5.3). Angle 0, according to the references 

above, is given by: 

e = ecos(wt). (5.3) 

The motion and geometry data used in the run was 0 = 0.8 degrees, w = 

5.5 rad/sec, e = 0.0 m, h = 0.60 m and b = 0.45 m. The fluid data was p = 

1000. Kg/m^, / = (0,-9.8) m/s^ and no Rayleigh damping was used. An expHcit 

fourth-order Runge-Kutta integration, using a 0.01 s time step, was employed. The 

boundary discretization consisted of 30 equal elements on the free surface, 20 on the 

bottom and 15 on each wall. The initial conditions, following Equation 5.3, were 

9 — 0.0139626 rad and ^ = 0.0 rad/s; the free surface was still and horizontal. 

Figure 5.4 shows the plot of the free surface elevation at the right wall. Excellent 

agreement can be observed with both the work in Nakayama and Washizu [92], who 

used FEM, and with the results in Nakayama [93], who used BEM. These results 
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Figure 5.3: Nomenclature for prescribed pitching motion 
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proved that for this class of problems, BEM approaches are as accurate as FEM 

approaches; nevertheless, the computational burden is highly reduced using BEM. 

Due to the modularity of the code written in this work, building this second 

test problem required only a few fines of code to be modified in the prescribed 

horizontal motion problem introduced above. Any other type of prescribed motion 

can be implemented by modifying the function SD_getVesselMotionO which must 

contain the prescribed expressions defining the kinematics of the container. For the 

interaction case, this function must contain the expression defining the kinematics of 

the container based on the generalized coordinates and generalized speeds describing 

the structure. 

5.2 Test example. True interaction 

The third test run consisted of a mass-spring-damper system in rectilinear hori

zontal motion shown in Figure 5.5. This is probably the simplest true structure-fluid 

interaction problem. For this case there is only one (n = I) generalized coordinate 

qi, yet it is a clarifying example of the methodology presented in this work. 

The equations of motion for the structure (Equations 3.95 and 3.96) are: 

Mill = -Cui - Kqi -\- Fp, (5.4) 

qi = Ul, (5.5) 

where M is the mass of the container (without the fluid), C is a viscous damping 

coefficient, K is the spring's stiffness and Fp is the interaction force due to the 

pressure. Solving the boundary values for (f) and p (see Equation 3.119) leads to 

(Equation 3.28): 

{ n „ x l = { ^ 0 L x l + {^l}mxl«l- (5.6) 

and using {PQ} and {Pi} in Equation 3.34 (only the x component is needed in this 

problem) it can be found that the interaction force is: 

Fp = Fo-\-FiUi. (5.7) 

Combining Equation 5.4 with Equation 5.7, the coupled equations of motion for the 

system are: 

(M - Fi)ui = -Cui - Kqi -h FQ. (5.8) 
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Figure 5.5: Nomenclature for Container-Spring-Damper-Fluid problem 
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Figure 5.6: Container-Spring-Damper-Fluid problem, qi versus time 
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Data used for the container was M = 356 Kg, K = 20000 N/m, C = 266.83 N-s/m 

(5% of critical damping 2y/KM), the width of container was b = 1.0 m and the 

width perpendicular to the paper was E = 1.0 m. Data for the fluid was p = 1000 

Kg/m^, / = (0, —9.8) m/s^ and p = .Obpcrit- Initial conditions were set to qi = 0.10 

m, Ul = 0 m/s, ^(x, 0) = .5 m (/i = 0.50 m) and zero initial fluid local velocities. 

Figure 5.6 shows the plot for qi versus time; Figure 5.7, built with an animation 

program, depicts the configuration of the system at selected times - observe the 

highly nonlinear behavior of the free surface. The arrows on these pictures are the 

local velocity vectors at the nodal points, for clarity the vectors on the walls and 

bottom of the container have been rotated 90° counterclockwise. 

In order to compare the result shown in Figure 5.6, this same interaction problem 

was solved using the approximate method given by Housner [59]. Following the 

directions in that work, the fluid is replaced by two masses, one attached to the 

container (Ma) and other (M/) connected to the container through a horizontal 

spring with constant Km, as in Figure 5.8 (a). Values for the new masses are (using 

the charts in the reference): 

M„ = M ; - ^ ^ , (5.9) 

M„ = M ; - ^ ^ , (5.10) 

where M/ = 500 Kg (mass of fluid). Using this value, the masses are given as: 

Ma = 275.12 ^268 .0 Kg,, (5.11) 

Mm = 239.05 ^ 232.0 Kg,, (5.12) 

where values of Ma and Mm were proportionally adjusted in order to sum up to 500 

Kg. The value of Km is given by: 

Km = 3 ^ ^ ^ = 6330.0 N/m. (5.13) 

With this information, the original problem transforms into the one in Figure 5.8 

(b). Here, Mi =:: 624.0 Kg, M2 = 232.0 Kg, Ki = 20,000.0 N/m, K2 = 6330.0 N/m, 

Ci = 266.83 N-s/m, and C2 is zero. Solving this problem with equivalent initial 

conditions, the result shown in Figure 5.9 is obtained for qi(t). Observe that only 

during the first second do the approximate results and the results in this dissertation 
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Figure 5.8: Nomenclature for Housner approach 

match. However, similar plots can be found by introducing damping in mass M2; 

arbitrarily, C2 was assumed to be: 

C2 = 0.05 X 2V6330 x 232 N-s/m, (5.14) 

which corresponds to a 5% damping if mass M2 were a single mass in the system. 

Solving again the approximate problem with this new value for C2, the result shown 

in Figure 5.10 is obtained. Comparing the plot in Figure 5.10 with the one in 

Figure 5.6, a remarkable agreement may be observed. The agreement of these two 

different approaches could be explained by the fact that the approximate method in 

Housner is based on linear solutions of the velocity potential for the fluid. However, 

observing Figure 5.7, a highly nonlinear shape of the free surface is observed and still 

good agreement is apparent. This interesting result could be explained by arguing 

that the nonlinear shape of the free surface has little effect on the global value of 

the interaction force caused by the pressure; in fact, the pressure has small values 

close to the free surface. 
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Figure 5.9: Motion of first mass. No damping in second mass 
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Figure 5.10: Motion of first mass. 5% damping in second mass 
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The spring-mass-damper-fluid true interaction problem was also studied by Lui 

and Lou [82] using a linearized approach. Their paper, however, does not mention 

values of the damping coefficient C used in the presented numerical results; no 

comparisons were made with that work. 

5.3 Experimental verification 

A verification of the methodology was performed by comparing experimental 

results of a rigid pendulum (coupled to a rigid container), with the results obtained 

using a numerical solution for the code implemented in this work. Properties of the 

pendulum were directly measured or identified by numerical simulations. Properties 

of the fluid were known except for the the damping coefficient which was grossly 

estimated; however, excellent results were obtained comparing the video of the 

experiment versus the animation obtained with the output data of the numerical 

simulation. 

5.3.1 Problem statement 

A rigid pendulum-container was selected for the experimental verification of the 

methodology. Figure 5.11 (a) depicts the problem and Figure 5.11 (b) shows its 

nomenclature. The equations of motion for the coupled pendulum-fluid system are: 

/wi = —Cui — gMdsiu(qi) — M^' — Mp, (5.15) 

^1 = Ul. (5.16) 

/ and M are the inertia and mass of the pendulum respectively (without including 

the fluid). Parameter C is a viscous type damping coefficient, g is the acceleration 

of gravity and d is the position of the center of mass. Moment Mf^> is a Coulomb-

friction moment due to the friction force on the support pin and Mp is the moment 

due to the interaction pressure. Moment M^i is modeled as: 

M,, = fd'(y^A, S = p:w, (5.17) 

where p' is a Coulomb friction coefficient (see Figure 5.11 (c)), d' is the radius of 

the support pin and W is either the weight Mg (if the pendulum has no fluid) or 

(M -I- Mi)g (if the pendulum has fluid). Mi is the total mass of fluid. 
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(a) Pendulum problem 

(b) Nomenclature 

Figure 5.11: Pendulum problem 
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Figure 5.12: Experimental setup 
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5.3.2 Parameter identification 

Directly measured data for the pendulum was: / = 0.4 Kg-m^, M = 1.95 Kg, 

d = 0.4 m, d' = 0.0125 m, b = 0.098 m, ^ = 0.098 m (container's width normal 

to page), g = 9.8 m/s^ and / = 0.543 m. This left only C and p' for experimental 

identification which was performed with the setup shown in Figure 5.12, by letting 

the pendulum oscillate (with no fluid) while measuring the angular position qi versus 

time. No video recording was done at this stage. 

Details on measuring C and p' are as follows: Output of the potentiometer 

shown in Figure 5.12 is a linear function of the angular position of the pendulum, 

therefore qi is a linear function of the ratio of the output voltage Vo to the input 

voltage Vi. Accordingly, qi can be written as: 

qi=Ar-j-B rad, (5.18) 

where r = Vo/Vi and A and B are to be found. Measuring diverse values of r for 

two known angular positions, the constants A and B were found to be: 

A = -63.05886, (5.19) 

B = 31.62654. (5.20) 

After obtaining A and B, a set of runs was performed to read qi as function of time. 

In those runs, qi was set to an arbitrary initial value and then the pendulum was 

released till it came to rest. A plot of qi versus time for a typical run is shown in 

Figure 5.13. At this point, instead of performing a least-squares solution to find 

C and p' based on those results, a practical approach was employed; given the 

small size of the problem. Equations 5.15 and 5.16 were solved (setting Mp = 0) 

for different values of C and p' until matching curves between the numerical and 

measured angular positions were obtained. The best pair of values was found to be 

C = 0.01 N-m-s and p' = 0.40. Figure 5.14 shows a plot of qi obtained by solving 

for the motion of the pendulum using these values. Figures 5.14 and 5.13 are shifted 

by a small amount equal to the time between triggering of the acquisition board 

and releasing of the pendulum. 

For the fluid, the known parameters were p = 1000 kg/m^ (water with red ink), 

/ = (0, —9.8) m/s^, and the height of undisturbed fluid was set to h = 0.049 m. 

The Rayleigh damping coefficient p was estimated to be 15% of pcrit- This value 
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Figure 5.13: qi versus time. Experimental 

0.6 

0.4 

0.2 

0.0 

-0.2 

-0.4 

-0.6 

q (t) rad 

6 8 
time t (s) 

10 12 14 

Figure 5.14: qi versus time. Numerical simulation with C = 0.01 and p' = 0.40 
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Figure 5.15: Initial conditions for estimation of Rayleigh coefficient p 

was found by first solving the problem of a fixed container (relative to a Newtonian 

frame) with a linear initial free surface having a difference in height of 1.0 cm 

between end points, as shown in Figure 5.15. Numerical solutions for different values 

of p were obtained, and for each value, the number of visible oscillations before the 

fluid came to rest, was recorded. Finally, the actual container (not coupled to the 

pendulum) was put into motion and stopped when the shape of the fluid was more 

or less equal to the one used in the numerical simulations; this was repeated several 

times, and for each case, the number of oscillations was recorded. The p used in the 

numerical solution that matched the number of observed oscillations was selected. 

5.3.3 Numerical simulation and experimental 
verification 

After measuring or identifying all parameters for the pendulum-fluid system, 

a numerical simulation was performed. Initial conditions were set to qi = —26°, 

m = 0.0, and zero initial fluid local velocities. Results of the simulation were used 

by an animation program plotting the position and configuration of the free surface 

for different times. Figures 5.16 to 5.31 show a comparison between graphs prepared 

by the animation code along with snapshots taken from the experiment itself. The 

experiment was performed with the same initial conditions (see Figure 5.12), and a 

video recording of the motion of the system was performed. Besides the highly non

linear behavior, good agreement can be observed. Beyond time t = 7.5 s, measured 

and calculated motion for the fluid and pendulum are also in good agreement. An 
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interesting fact is that at approximately t = 4.0 s, the fluid is almost completely 

damped and the coupled system behaves as a rigid body. 

5.4 Flexible multibody system-fluid interaction 

The flnal numerical example presented in this work consists of a flexible multi-

body system coupled to a rigid rectangular container. A description of the problem 

and numerical results follows. 

5.4.1 Multibody description 

The flexible multibody system to be studied and its basic nomenclature are 

shown in Figure 5.32. This is a two-flexible-Hnk pendulum coupled to a rigid con

tainer. Each link is a beam modeled with small displacement linear theory discard

ing axial deformation and shear effects. The methodology in Barhorst [9] (see also 

Barhorst and Everett [10]) was employed to obtain the coupled partial differential 

equations - and corresponding boundary conditions - for the fields describing the 

deformation of the bodies and the ordinary differential equations for the position 

and orientation of the relative frames. For the holonomic case, any method men

tioned earlier would work; the advantage of the method used comes in when non-

holonomic constraints are involved. Using that approach, the equations of motion 

of the structure were built using Mathematica and pasted into the code; although 

the discretized set of equations has only 6 equations, they are too lengthy to be 

presented here. A weak formulation was used to discretize the field equations of 

motion, and two approaches were tested for modeling the damping. A viscous-type 

damping was used in modeling the damping in the hinges. 

As a first step, after deriving the equations of motion of the structure, an aux

iliary code was developed for performing test runs without fluid interaction. In this 

respect, the interaction forces were set to zero and different properties (lengths, 

inertia, etc.) and initial conditions were employed. Figure 5.33 shows a test out

put in which superimposed frames help in observing dynamics of the structure; 

note flexibility of the beams. Stable results were obtained even for cases of violent 

motion. 
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Figure 5.16: Numerical and experimental results, t=0.000 to t=0.280 
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t-0.420 

Figure 5.17: Numerical and experimental results, t=0.320 to t=0.575 
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Figure 5.18: Numerical and experimental results, t=0.595 to t=0.840 
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Figure 5.19: Numerical and experimental results, t=0.880 to t=1.060 
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Figure 5.20: Numerical and experimental results, t=1.080 to t=1.415 
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Figure 5.21: Numerical and experimental results, t=1.440 to t=1.655 



101 

t-1.790 

Figure 5.22: Numerical and experimental results, t=1.690 to t=1.885 
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Figure 5.23: Numerical and experimental results, t=1.905 to t=2.235 
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t=^2.380 

Figure 5.24: Numerical and experimental results, t=2.280 to t=2.430 
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Figure 5.25: Numerical and experimental results, t=2.465 to t=2.700 
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Figure 5.26: Numerical and experimental results, t=2.780 to t=3.065 
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Figure 5.27: Numerical and experimental results, t=3.075 to t=3.305 
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t-3.465 

Figure 5.28: Numerical and experimental results, t=3.325 to t=3.720 
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Figure 5.29: Numerical and experimental results, t=3.825 to t=4.605 
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Figure 5.30: Numerical and experimental results, t=4.695 to t=6.080 
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Figure 5.31: Numerical and experimental results, t=6.280 to t=7.485 



I l l 

fixed hinge 

rigid container ^ 

Newtonian frame N 

Figure 5.32: Flexible multibody nomenclature 

After the satisfactory results using the derived equations for the flexible multi-

body system, the equations were pasted into the main code (handling the fluid-

interaction.) Data selected for the main test is described as follows (a subindex 

refers to beam number): Li = L2 = 0.61 m (lengths of the beams), pi = p2 = 84.6 

Kg/m (mass per unit length), Ii = I2 = 2.93 x 10~^ m"̂  (inertia of beams), 

Ei= E2 = 7.108 X 10^° N/m^ (Young's modulus), 71 = 72 = 0.05 (viscous damping 

coefficient for the field equations), g = 9.8 m/s^ (acceleration of gravity), M = 0.2 

Kg (mass of container), J = 0.004 Kg-m^ (rotational inertia of container), and 

d = 0.13 m (position of container's center of mass). Additional data not shown 

here is necessary in order to prepare the output used for plotting and generating 

animations. 
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Figure 5.33: Flexible multibody in motion (time between frames is 0.02 s) 

5.4.2 Fluid model 

Fluid properties used were p — 1000 Kg/m^; body forces were due to gravity 

only (g — 9.8 m/s^), and the Rayleigh damping coefficient was taken as 15% of the 

critical value. Also h — 0.049 m (height of fluid in container), w — 0.098 m (width 

of container), and E = 0.098 m (width perpendicular to the page). The container's 

geometry is shown in Figure 5.34 (a). The fluid domain was modeled with linear 

elements - 30 in the free surface, 15 in the bottom, and 10 in each wall. 

5.4.3 Numerical results 

Initial conditions for the structure were zero for all velocities and qi = 

-1.483529864 rad (-85°), 94 = -0.087266463 rad (-5°); all the rest of the g,-'s 

were set to zero. The fluid was assumed at rest. Figure 5.34 (b) shows the initial 

conditions used in the model and the applied torques to the structure. Values of 
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Figure 5.34: Initial conditions and applied torques 

the torques were set according to a simple control law in order to perform a simple 

maneuver of the container: 

Ti = Diqi-\-Ki(qi-ei), 

T2 = D2q4 + K2(q4-e^), 

(5.21) 

(5.22) 

where Di = 20.37 N-m-s and D2 = 13.58 N-m-s are viscous damping coefficients, 

Ki = 54.32 N-m and K2 = 40.74 N-m are spring constants, and 61 = -1.8326 rad 

and 02 = 0.2618 rad are commanded angles. Figures 5.35, 5.36 and 5.37 show the 

position of the container and configuration of the fluid from ^ = 0. to t = 1.76 

seconds. In lieu of a control law to keep the fluid from breaking waves, a simple 

low-energy maneuver was utilized, so the technique could be exercised. Work is 

ongoing in the implementation of a control law that will allow large maneuvers 

without breaking waves. 
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Figure 5.35: Animation of numerical example-Part 1/3 
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Figure 5.36: Animation of numerical example-Part 2/3 
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Figure 5.37: Animation of numerical example-Part 3/3 
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5.5 Interaction study of a simple system 

This section presents an interaction study of the simple system shown in Fig

ure 5.5. The objective was to observe the response of the coupled system under 

different conditions, and identify the cases in which the dynamics of the system 

was most influenced by the fluid. In this regard, two independent dimensionless 

parameters were studied: 

7. = ^ , (5.23) 

72 = ^ . (5.24) 

In these expressions, Mf is the mass of fluid and M^ is the mass of the rigid container. 

Parameter Uf is the fundamental frequency of the fluid (assuming a linearized be

havior.) After Lamb [70], this frequency is given by: 

CJ/ = w^f—tanh(—/i). (5.25) 

Also, parameter ujc is the natural frequency of the empty container-spring-damper 

system (without fluid) and it is given by: 

c.. = y ^ , (5.26) 

where K is the stiffness of the spring. Finally, a dependent parameter /?i - involving 

the frequency of the equivalent rigid-cargo system - was also studied. Parameter 

/?i is defined as: 

A = ^ , (5.27) 

where cjc/ is the frequency of the equivalent rigid-cargo system (no sloshing of the 

fluid), and it was defined as: 

^c/ = WTT TT- (5-28) 
^ \Mc^-Mf ^ ^ 

5.5.1 Properties of the system 

Several runs were performed for different values of 71 and 72; in all runs, the 

mass of the container was kept constant and equal to: 

Mc = 500 Kg. (5.29) 
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The following parameters were also taken as constant: The density of the fluid 

p = 1000 Kg/m^ (water), the width of the container b = l.O m, and the height of 

the fluid /i = 0.5 m. Using the values of b and h, the frequency ujf was found to be: 

Uf = 5.3138 rad/s. (5.30) 

It can be shown that by fixing the value of b, the frequency Uf suffers minor vari

ations as a function of the ratio h/b. Therefore, the value above can be seen as 

representative for containers with b = 1.0 m. Keeping b and h fixed, the mass 

of fluid Mf was varied by changing the value of parameter E - the width of the 

container perpendicular to the page. 

Rayleigh damping coefficient for the fluid was set to 5% of pcrit\ damping C 

in the container-spring-damper system was set to 5% of 2y/KMc. The rest of the 

properties were obtained by arbitrarily selecting values for 71 and 72. After setting 

the value of 71, Mf was obtained using Equation 5.23, which in turn was used 

for finding E. Setting 72, ujc was obtained using Equation 5.24; utilizing LJC and 

Equation 5.26 allowed K to be found. 

5.5.2 Results and conclusion 

Figures 5.38 shows the container's horizontal position qi(t) as a function of 

time for 72 = 2.0 and 71 = 2.0, 1.0, 0.5 and 0.05. For all of the cases shown 

in Figure 5.38, initial conditions for the container were zero velocity and qi{0) = 

0.10 m; the fluid was assumed at rest. For all cases, the plots show that the 

system's behavior resembled a rigid-cargo system. This behavior can be observed 

by comparing the plot for the case in which 72 = 2.0 and 71 = 1.0 (Figure 5.38 

(b)), to the plot obtained for the equivalent rigid-cargo system. This comparison is 

shown in Figure 5.39. A small increase in both the period and amplitude of motion 

can be observed. 

Figures 5.40 shows the container's horizontal position qi(t) as a function of time 

for 72 = 1.0 and 71 = 2.0, 1.0, 0.5 and 0.05. As for the cases above, the initial 

velocity of the container was zero, ^i(O) = 0.10 m and the fluid was assumed at rest. 

Plots for these cases show again that the system behaved as a rigid-cargo system. 

Figures 5.41 shows results for 72 = 0.5 and 71 = 2.0, 1.0, 0.5 and 0.05. In 

these cases, the initial conditions were: Zero velocity, qi(0) = 0.05 m with the fluid 

at rest. Larger initial displacement of the container caused violent motion of the 
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free surface resulting in unstable solutions. Observe that for the case 72 = 0.5 and 

7i = 1.0 (Figure 5.41 (b)), the system behaves as a two degree of freedom system, 

showing sharp differences in frequencies and amplitude of motion as compared to 

the equivalent rigid-cargo system. Figure 5.41 (b) is also shown in Figure 5.42 for 

a detailed comparison of this case with the motion of the equivalent rigid-cargo 

system. An active exchange of energy, between the fluid and the container can be 

observed. 

Observing figures 5.38 to 5.42 permits a qualitative comparison of the results in 

this work to the results in Lui and Lou [82]. The case shown in Figure 2 (a) in that 

work, approximates either Figure 5.41 (a) or Figure 5.38 (c) in this work; similarly, 

the case shown in Figure 2 (b) in that work, compares well with Figure 5.38 (a) 

in this work. Unfortunately, Lui and Lou did not report mass ratios nor damping 

values, hampering a detailed comparison. 

Conclusion of this study is that in general, both the frequency ratio (72) and 

the mass ratio (71), are needed to characterize the behavior of the coupled system. 

Systems in which 72 = 2.0, appear to behave like the equivalent rigid-cargo system, 

regardless of the mass ratio (see Figure 5.38). On the other hand, for a frequency 

ratios given by 72 = 0.5 the mass ratio strongly characterizes the response of the 

system. For example, if the mass of the fluid is negligible compared to the mass of 

the container (71 = 0.05), the response approaches that of the rigid-cargo system, 

as seen in Figure 5.41 (d). If the mass of the fluid is comparable to the mass of the 

container (71 = 1.0, 2.0), a strong exchange of energy between fluid and container 

is observed (see Figure 5.41 (a) and (b)). Observe that Figures 5.41 (a), (b), (c) 

and (d) show the response of the same structure (same container, same spring and 

same damper), the only variable being the mass of the fluid which was controlled 

by the container's width perpendicular to the page. 
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Figure 5.38: Position of container as function of time, 72 = 2.0 
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Figure 5.40: Position of container as function of time, 72 = 1.0 
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CHAPTER VI 

CONCLUSIONS AND RECOMMENDATIONS 

6.1 Conclusions 

The first conclusion of this dissertation is that a new methodology for modeling 

a broad class of fluid-structure interaction problems has been presented. The main 

contribution of this methodology is the approach used to model the dynamics of 

fluid-structure systems, expedited by building a boundary-value problem for the 

interaction pressure. The crucial result of this approach is the linearity of the 

pressure with respect to the accelerations of the moving frame attached to the fluid 

domain. Therefore, the interaction forces can be evaluated as linear functions of 

accelerations of the structure; this fact expedites the construction of equations of 

motion for the fluid-structure system. The main characteristics of the methodology 

presented in this work are the following: 

1. In the context of this work, a structure means either a single rigid container or a 

rigid container coupled to a complex multibody system. The multibody system 

may include both rigid and flexible bodies. This general characteristic allows 

the analyst to model a broad class of dynamics problems - road containers, 

robots, aircraft, offshore structures, ship motion, etc. 

2. Inherent geometric nonlinearities, due to motion of the moving frames attached 

to the bodies, are automatically taken into account. Material and geometric 

nonlinear effects in the field equations describing the flexible bodies can be 

implemented as long as the final set of equations of motion for the structure 

(with the pressure acting as an external force) can be written in the standard 

form of a set of first-order differential equations. 

3. The problem solved in this work is a true fluid-structure interaction problem; 

in other words, motion of the structure is not prescribed but found in the 

numerical procedure. The case of a prescribed motion can be handled as a 

special case. 

4. The container coupled to the structure is rigid and can have any shape. Nev

ertheless, only the case of rectangular containers has been implemented in the 

code prepared for this work. 

125 
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5. Two fluid models were implemented; the first is an incompressible viscous 

fluid, the second is potential flow. No extra simpliflcations have been made 

in the boundary conditions or field equations describing the fluid domain; all 

nonlinear effects were taken into account. Other fluid models can be used. 

6. Full nonlinear sloshing effects on a free surface are taken into account. An 

Eulerian approach was used to handle motion of the free surface. Other ap

proaches could be introduced analogously. Moreover, the methodology in this 

work can be tailored for the case of fluid domains without a free surface. 

7. A modified Rayleigh damping approach in the potential flow model was in

troduced in this work. This novel damping approach consists of making the 

damping term proportional to the local velocity. The usual approach consists 

of making the damping term proportional to the absolute velocity. 

8. The end result of the methodology is an implicit set of first-order differential 

equations for motion of the coupled fluid-structure system. The set is implicit 

in the sense described in Section 3.1.9. Diverse integration approaches can be 

implemented. 

9. The methodology can be used for vibration and autoparametric studies of 

structures coupled with fluids. Only one simple example of parameter based 

interaction studies was presented. 

10. A flag in the code allows for handling the case of prescribed motion of a con

tainer. 

The second conclusion of this dissertation is that the methodology presented 

herein can be seen as a first step in modeling maneuverability of floating structures 

and moving structures in the interior of incompressible fluid domains. While the 

methodology was derived taking as a reference a 2-D robotics problem, the deriva

tions are equally valid for the case of a floating ship (involving a free surface) or a 

moving submarine in deep sea (no free surface.) For these problems, the methodol

ogy facilitates determination of the structures' trajectory when moving through the 

fluid medium. However, analysis of these types of problems was not implemented 

in the computer code prepared for this research. 
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6.2 Recommendations 

A set of recommendations based on current limitations of the code, and exten

sions for future research, is presented below: 

1. No implementation has been carried out for the case in which equations of 

motion of the structure are complemented by a set of constraint equations. 

2. While only two fluid models have been considered, the analyst may implement 

other incompressible fluid models in a similar fashion. Also, a dual formulation 

for the fluid is possible; this consists of solving for the interaction pressure 

using one model for the fluid, and updating the configuration of the fluid with 

another model. 

3. This work is limited to the case of no breaking waves. Accordingly, an Eule

rian approach was used for handling motion of the free surface. However, a 

Lagrangian or mixed approach could be implemented with additional effort. If 

breaking waves or complicated free-surface configurations are to be modeled, 

finite differences (as in the MAC or SMAC methods [52]) could be invoked. 

Notice that integral approaches (BEM, FEM, etc.) are limited, from a practi

cal point of view, to problems without breaking waves. See Muttin et al. [89] 

for a solution procedure employing tessellation techniques using FEM in a case 

with dramatic changes of the free surface configuration. 

4. Multistep and both explicit and implicit one-step [42] integration schemes have 

been used with success in this work. However, no research was done imple

menting integration schemes such as the Wilson 6 method, Newmark method, 

Houbolt method or that of Hughes [60], which may require less computational 

time if material and geometric nonlinearities are to be considered in a flex

ible structure. Multistep methods are not recommended if they require the 

Jacobian of the system to be built. While most of the runs required reason

able time steps, numerical results for the flexible multibody system presented 

here have the drawback of requiring too small a time step using a fourth-order 

Runge-Kutta explicit integration method. 
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5. Further research is also needed in order to improve calculation of the term 

-Q^iy'^12). As mentioned in Chapter IV, both the parameter A (see Sec

tion 4.3.1) and the number of integration points must be carefully chosen to 

avoid numerical problems. 

6. A natural extension of this work would involve flexible containers (or flexible 

floating bodies); while the problem is basically the same, boundary conditions 

for the pressure become more complex. Other extensions consist of modeling 

interaction of a rigid structure with two separate fluid domains. 

7. No research has yet been done for the case of implementing this methodology 

using a compressible fluid. Nevertheless, simple compressible models can be 

implemented. 

8. Additional research is to be done concerning the Navier-Stokes model studied 

in Chapter III. While an effort was made to control numerical problems gen

erated by singularity in the corners, no effort was made to control instability 

of the free surface when using this model. 

It should be pointed out that the methodology built in this work is not a contri

bution in the field of computational fluid dynamics, nor a contribution in the field 

of dynamics of multibody systems, but a step toward obtaining coupled equations 

of motion of a fluid-structure system. In this regard, the methodology inherits the 

applicability and limitations of both the fluid and structure modeling methods. 
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