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This investigation was concerned v/it.i the fitting of Hougen and 

Watson type catalytic reaction rate equations to adiabatic data. A 

particular equation correspondinc^ to the case in \vhich the surface re

action is the rate controlling step was clLOScn, and data were math

ematically generated therefrom. Steepest descent methods were used to 

fit the equation (in the least-squares sense) to the data. 

It was found that tiic sum-of-squares response surface for this 

particular equation is quite rough. The steepest descent search for 

the correct set of parameters led to a nirT;ber of sets depending on 

the starting point, A paramc'cer perturbation search ŵ as proposed which 

aided the steepest descent: search. 

Even though error free dara were used, it was found that this 

combined search procedure is not robust enough to accurately determine 

parameter values wi-chout considerable previous knowledge of their 

values. It can be used to obtain a data fir over a relatively wide 

range of experrj.cntal conditions such that the avera.^e error in the 

calculated rates is about fifty percent. 

The combined search was also applied to a set of data from the 

literature. The classical linearization technique used by the original 

experimenters provided a solution which resulted in an average error of 

thirty-five percent. From a starting point corresponding to the final 

linearized solurion the combined search teciinicuc: was used to reduce 

the average error to nineteen percent. V/hen othc;: starting points 

were used, it let to solutions such that the error was about the same 
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as that obtained by the linearization procedure. 
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CHAPTER 1 

IhTTRODUCTION 

With the tremendous growth of the chemical industry during the 

last few years has com.e a greatly increased .ieed for accurate kinetic 

information. Of particular interest at pres:.'nt are those reactions 

which proceed in the presence of heterogeneous catalysts. Although 

it was not until 1900 that catalysis was defined in modem terms, by 

1957 catalytic processes in the chemical industry lead to products 

v;ith an annual value in excess of 10 billion dollars. At present, 

the future of catalytic processes appears almost unlimited. (29) 

VJhile theoretical developments have made great strides in the 

search for an understanding of how and why chemical reactions take 

placey the quantitative evaluation of the rate of reaction still re

quires an experimental investigation. This investigation may be 

broken into two distinct parts. 

The first part is concerned with ob-caining reliable experimental 

data. In the accomplishment of this goal many methods have been an-

ployed, but none of them are wliolly satisfactory. Nev\r ones are con

tinuously being proposed and evaluated. 

Tlie differential reactor has generally b3en considered to be the 

most versatile apparatus for obtaining kinetic data. The principal 

limitation of the differential reactor method is the inherent difficulty 

of analysis, Tl\e small differences in concentration between inlet and 

exit streams dem.and highly accurate chemical analysis. 
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Tills problem can be overcome through the use of the integral 

isothermal reactor. Here, however, the large conversion may make 

truly isothermal operation quite difficult. Often, because of high 

heat of reaction, high reaction rate, or a combination of both, it 

is not possible to operate even a small reactor at constant temper

ature conditions. 

The use of recirculation reactors is an attempt to overcome both 

of the above limitations. In tliis apparatus, overall conversion is 

large, but conversion per pass is small. Problems, arise, however, 

in connection with the recirculating pump and because of the recycle 

of reaction products. 

The adiabatic reactor appears to have many of the advantages 

of the recirculation-type isothermal reactor, but without these 

attendant difficulties. It appears, however, that such reactors have 

been seldom used. The first concern of this work, then, will be the . 

determination of the general usefulness of adiabatic methods when 

applied to catalytic reaction kinetics. If a search of the literature 

reveals that such methods are useful and have been reasonably well 

developed, the primary purpose will be a study of phase two of the 

experimental investigation. 

Phase two is the proper analysis of the phase one data. This 

analysis has most frequently been perfomed ty fitting a family of 

mathematical models to the data and selecting as correct that one 

wliich "fits" best, 

IVith respect to heterogeneous catalytic reactions, the Hougen 



and Watson family of models (51, 52)-has been most frequently used. 

There has been however, as evidenced by teller (96) and Boudart (11), 

some discussion as to the need for such zomolDx equations. It has 

been proposed (and often used) tliat many heterogeneous reactions can 

be just as well represented by the mucJi simpler equations used to des

cribe homogeneous reactions. 

The conventional fitting procedure has been presented by Hougen 

and Watson (52), V/alas (94), and many others. It consists of a linear

ization procedure to be more fully described in the next chapter, 

followed by a linear least-squares analysis. Various criteria are 

employed along with this procedure for the rejection of models. 

Several objections have been raised concerning the statistical 

correctness of this approach to da.za analysis (9, 25, 98), These 

objections have been centered on both the linearization procedure and 

the rejection criteria. Some of the basic assumptions of linear least-

squares theory are not satisfied by the linearized Hougen and Watson 

equations. Also, the data must be treated in isothermal sets. Temp

erature variations must be either ignored or corrected for. If the 

parameters are desired in temperature independent form, a second 

ficting (Arrhenius plot) m.ust be perfoi-med c]i the results of the first. 

Any of these effects may lead to significant error in the analysis. 

Among others, Chou (25) has pointed out the inadequacy of the rejection 

criteria commonly used. It thus appears quite possible tliat this 

classical method of analysis is not sufficiently robust to accurately 

« 

serve the purpose for which it has been widely used. 



In recent years, a number of algoritims and computer techniques 

have made it possible to fit the heterogeneous equations in their 

original nonlinear form. The advantages of such a procedure have 

been given by Box (16), Blakemore and Hoerl (9), and Peterson (72). 

In general, at least two important advartages are evident. First, 

the sum of squares of residual rates can oe minimized directly. Second, 

little addi-cional difficulty is encountered if the parameters are re-

quired to possess an exponential temperature dependence. 

At present, the usefulness of these methods in the reaction 

kinetic field is not well known. Apart from a very few studies (9, 

71, 55, 58), little effort has been expended in this direction. There

fore, tiie object of this work will be to investigate the aDplicability 

of one type of nonlinear procedure (steepest descent) to the analysis 

of adiabatic, heterogeneous reaction rate data. That is, we hope to 

answer the following questions: 

(1) How regular is the sui-of-squares response surface of complex 

rate equations? 

(2) Are nonlinear steepest descent fitting methods a real improvement 

over linear methods in reaction kinetic studies? 

(3) How well suited are adiabatic data to reaction kinetic studies? 

In order to answer these questions, we will select a typical 

Hougen and V'.itson type equation and study in letail the fitting of 

this equation to adiabatic data. This data \̂ ill be generated, and 

will thus contain no experimental error. The modified steepest descent 

method of Marquardt (61) will then be used tc fit the equation to the 



generated data. For comparative purposes, the method will also be 

applied to data selected from the literature. 

The study will thus entail no actual la3orator>' experimentation, 

but will consist mainly of computer calculations. All of the compu

tations are performed by the I,B.M. 1620 Modjl II computer. 



CL\PTER 2 

LITEPxATUPE SUR̂ /EY 

TIiHÎ .4AL METHODS OF KINETIC MEASUREIENT 

1, INTI^ODUCTION 

At present, it is almost impossible -.o overestimate the importance 

of accurate kinetic data. This is true from both a commercial and 

purely scientific point of view. From an industrial point of view, it 

is necessary for both design and control of reactor systems. From a 

purely scientific viei\rpoint, much is yet to be learned about the 

fundamental physical laws governing rate processes. 

Tlie present state of knowledge does not allow the accurate deter

mination of rate constants from first principles. Many methods, there

fore, have been devised for obtaining these data. Each has advan

tages and limitations, and the correct one can only be chosen after 

careful analysis of the particular reaction system in question. This 

selection is complicated by the host of variables which affect the 

choice. Among the variables which are most important are: whether 

the system is homogeneous or heterogenous; whether the system is gas

eous, liquid, or solid; the speed of the reaction;, the temperature and 
c 

pressure under study; the quantity and quality of reactants available, 

the available methods of chemical analysis, tlie heat effects, and many 

others. 

The material in this chapter is intended as background information 

for a heterogeneous adiabatic study. Thus, many of the methods of the 
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next section are not directly applicable, but are included as histor

ical examples of methods which utilize teiiperature measurement as a 

means of following a chemical reaction. 

2. NON-ISOTHEPxMAX, NON-ADIABATIC METHODS 

Bell and Clunie (6) developed the thermal maximum method for 

following fast reactions in solution in 1952. Temperature changes 

were kept to less than 0.1 °C, and the method is useful for reactions 

of zero-, first-, and second-order. The method is slightly modified 

and extended by Bell, Gold, Hilton, and Rand (7). 

llie method of differential thermal analysis (DTA) has been used 

for many years in the study of phase transicions in solids (83). The 

metliod essentially consists of observing the temperature difference 

betv;een a sample and a "blank", both of which are suspended in a fur

nace, as the temperature is steadily increased. Murray and V/hite (6S1 

used the resulting DTA curve to determine frequency factors and acti

vation energies for solid decomposition reactions assuming first-order 

kinetics. Kissinger (54) proposed a method for determining the order 

of solid decompositions from the shape of the DTA curve. He also de-' 

termined activation energies from the peak temperature. In 1957, 

Borchardt and Daniels (13) first applied DTA to the study of general 

solution kinetics. For certain t>T>cs of homogeneous reactions, they 

were able to obtain reaction orders (tr:al-and-error), frequency fac

tors, activation energies, and heats of reaction. Further developments 

of this work were later reported by Borchardt (12). The next year. 

Freeman and Carroll (40) showed that the reaction order could be ob-
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tained without the necessity of trial-and-error methods. They also 

discussed the development of thermogravimetrie (weight vs, time and 

temperature) and thermovolumetric (voluT;e vs, time and temperature) 

methods of studying reaction kinetics. The Tiethod of Borchardt and 

Daniels was later further extended by Blimiberg (10) to include simple 

solid-liquid reactions, 

A method quite similar to differential thermal analysis called 

differential enthalpic analysis (DEA) has also been developed, but has 

not been so extensively used. In a system similar to that described 

previously, t:he power necessary to maintain the temperature difference 

between the sample and blank at zero is measured. This method has been 

reported by Eyraud (35) and by Eyraud and Goton (36), Some of the 

problems and procedures associated with it have been discussed by Speros 

and Woodhouse (85), The same authors reported an experimental appli

cation in 1963 (86), 

A number of more-or-less related methods have been presented during 

the last few years. In 1959, Davis (32) showed that kinetic parameters 

could be obtained from measurements of the time rate of change in concen

tration in liquid samples as the temperature is raised (concentration 

vs, temperature and time) in a batch reactor. Also in 1959, Lee and 

Oliver (59) determined reaction orders for homogeneous gaseous reactions 

from axial temperature profiles in differential flow reactors, Towell 

and Martin (91) performed similar calculations on an integral flow 

reactor in 1961, Becker and Spalink (5) determined rate constants 

from temperature-time curves in a non-isothermal, non-adiabatic, 



batdi calorimeter the same year. Cohen and Spencer (28) performed 

similar experiments in the United States in 1962. Tlie rate equation 

for a first-order reaction with a linear cha.ige in temperature \>ras 

solved by Moiseev (63) in 1963. He showed tliat for this particular 

case, the frequency factor and activation energy values can be readily 

determined by graphical means. During the past year, Coats and Red-

fern (26) applied the thermogravimetric method of Freeman and Carroll 

(40) to solid state reactions of order "n" v;ith respect to one sub

stance and order zero with respect to all others. They were able to 

calculate order of reaction, frequency factor, and activation energy. 

Tlie same method was used by Savin and Reznickenko (79) in studying 

heterogeneous processes which are rapidly completed. Doyle (34) 

applied the thermiOgravimetric method to volatization reactions of zero-

and first-order. 

3. ADIABATIC Mi'THODS 

The basic principle behind all adiabatic methods is that tem.p-

erature change in an adiabatic system may be used to follow the course 

of a chemical reaction. In a one-reaction system, no other measurement 

is necessary. Tliis principle is by no means nev/. As early as 1920, 

Barry's (3) work with heats of solution and reaction suggested a 

method of obtaining kinetic coefficients fron adiabatic energy mea

surements. In 1925, adiabatic temperature measurements were used 

by Hartridge and Rougliton (45) to measure the tine required for com

pletion of very rapid, liquid-phase, flow reactions. Truly adiabatic 

metliods, however, have been seldom used, Schmid:. (80) attributes 
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this to two main causes: (a) on a laboratory scale, adiabatic reactors 

are more troublesome to build and operate th>̂ n, say, isotheimal ones; 

and (b) the effects which one desires to measure (i.e,, the influence 

of temperature and concentration on reaction rate) are related in a 

highly nonlinear manner. 

The problems associated with adiabatic reactors can surely be 

overcome as soon as more attention is given to them. This could 

easily be brought about by a solution to the second problem, and such 

a solution appears eininent, Tlie use of electronic computers, and eff

icient algorithms for nonlinear data fitting have already gone a long 

way toward making complicated rate equations more manageable. 

a. Batch Systems 

In 1937, J. M, Sturtevant (87) performed follow-up studies on the 

work of Barry (3), He pointed out that following chemical reactions 

by adiabatic temperature changes should be widely applicable, and 

often more convenient and accurate than analysis of concentration 

changes. In his experiments, the temperature "changes were kept very 

small, and a linear approximation was used to correct for the effect 

of overall temperature change on the rate constant. The calculational 

procedure used is good for first- and second-order reactions only. In 

a later publication, Sturtevant (88) gives detailed procedure and 

shows that reaction rate, heat of reaction, .-.nd heat of mixing of 

the reacrants can all be obtained simultaneously. Work was continued 

along this line by Westheimer and Karasch (97) in 1946, Their 

method was quite similar to that of Sturtevaat except that the calor

imeter was not quite adiabatic and a correction wis applied. 
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Little more was done until A, G, Parts (69) extended the perm

issible range of temperature change in batch systems by deriving ana

lytical solutions for temperature-time behavior of first- and second-

order reactions. These solutions were then used in place of Sturte

vant *s numerical approximations. 

Wyatt (102) has developed an effectively adiabatic method for 

reactions with half-times from two seconds to two minutes in liquid 

samples of five or ten milliliters. The method has been developed 

for first-order kinetics only, but calculations are very simple 

and accurate for this case, 

Weisfeld (95) was apparently the first to use the simple 

"initial slope" method to obtain the kinetic velocity constant. 

As a general rule, batch methods are most useful for moderately 

fast, liquid-phase reactions at moderate tem.peratures, 

b. Flow Systems 

In a flow system., temperature is measured as a function of po

sition rather than time. Such systems are usually of use when studying 

gas-phase reactions. All of the adiabatic flow systems thus far pro

posed operate at steady-state conditions. They have the relative 

disadvantages of higher reactant consumption, complications due to 

axial diffusion, more complicated temperature measurement, and com

plications due to radial gradients. 

In 1930, Lâ Ier and Read (57) extended ti© method of Hartridge and 

Roughton (45) and determined the kinetics of a neutralization reaction, 

Tlie maximum temperature rise was still kept less than 0,6 **C. Very 
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little was then done in the adiabatic flew area until 1959, At that 

time, Paszthory, Schugerl, and Bakos (70]; measured the temperature pro

file of a one-reaction system in a near-adiabatic flow reactor. The 

results were analyzed by dividing the rocCtor axially into a number of 

isothermal slices, each of which may gain oi lose heat at the reactor 

wall. The calculational procedures are thus approximate, but become 

more accurate as more slices are used and as the operation becomes 

more nearly adiabatic. 

About the same time, Grotch (44) proposed a flow reactor for re

actions of gases on fixed catalyst beds. No experimental test was 

conducted, but a calculational procedure good for a one-reaction system 

was given. The method calls for the measurement of the steady-state 

axial temperature profile, and requires numerical integration vdth a 

trial-and-error procedure. 

From axial temperature profiles in a commercial adiabatic reactor, 

Mars (62) used tangent slopes to calculate the specific reaction rate 

constants and activation energies for first-order reactions. 

The work of Grotch (44) was continued by Schmidt (80), He deve

loped both experimental and calculational techniques for handling a 

catalytic gaseous reaction in an adiabatic flow reactor. He demonst

rated the procedure in the laboratory, fitting Langmuir-Hinshelwood 

type rate equations to the data. 

METHODS OF ANMYSIS OF KINETIC DATA 

1. INTRODUCTION 

At least as important as the accurate ireasurement of kinetic 
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variables is the proper analysis of these data. Basically, the object 

of the analysis is to discover what quantities will serve to uniquely 

define the reaction system and to find a rela':ionship betiv'cen these 

quantities such that the knowledge of their magnitudes at some instant 

in time will be sufficient to permit a complete prediction of the 

future properties and states of the system. 

In general, this requires that mathematical models be fitted to 

the experimental data, Tne type of model used is very important. 

Purely empirical models such as polynomial expansions might be used. 

It is usually desirable, hov/ever, if models with at least some 

theoretical significance are used. If such an equation is outstanding 

in its ability to describe the system, some insight into the physical 

mechanism of the reaction is obtained. Also, if it becomes necessary 

to extrapolate the equation to conditions not experimientally covered, 

a theoretical equation offers the best change of success. 

Tae methods of fitting mathematical models to rate data can be 

divided into two general categories depending on the form of the model. 

Models which are linear in the unknovm parameters require "linear" 

methods. These are relatively straightforward. Models nonlinear in 

the unknown parameters pose a more difficult problem. Note that the 

definition of linearity in no way concerrs the degree of the indepen

dent variables. 

Tills presentation is primarily corxerned with the fitting 

of heterogeneous catalytic equations (of the Hou;;en and Watson (51, 

52) type) to adiabatic data. These equations ar.i invariably nonlinear 

in the parameters. Nevertheless, linear methods are sometimes useful 
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in such studies. Also, a thorough understanding of these methods 

greatly facilitates the understanding of the nonlinear methods. For 

these reasons, linear methods will be briefly discussed. 

2. LINEAR METHODS 

In fitting any equation to experimental data, one needs some def

inition of what constitutes an adequate fit.. Two criteria warrant 

consideration: one is that the measure should be consistent and 

objective, and the other is that it should be statistically justifiable. 

Consideration of these allows the use of any of several criteria when 

fitting linear models. Those most commonly used are maximum likeli

hood, least-squares, averages, and minimax ( minimization of the maximum 

error), 

The method of least-squares is a special case of the method of 

maximum likelihood for the case when the investigated quantities are 

normally distributed. At present, this method is almost always used 

becaî se of its convenience. 

Volk (92), as does practically any general statistics text, gives 

a discussion of the least-squares fit of the general linear model for 

the case in which the independent variables are independent of one 

another and are quite accurately known with respect to the dependent 

variable. Vaien this is the case, an equation containing any number 

of unkno'.m parameters and independent variables can be fitted more or 

less easily to data. Even when this is not the case, this method is 

most often used because it is straightforward ai-.d exact procedures are 

readily available. Also, it will generally yieM useful quantitative 
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results, Tliis is the classical fitting method mentioned earlier, 

IVhen there are only two variables, both are susceptible to error, 

and the errors are unrelated but kno\\m irdependently of the data, a 

method outlined by Roos (74) can be used. R. G. D. Allen (1) has also 

proposed a metJiod for determining the best straight line in the case of 

two variables when there is error in both. The standard deviations of 

the errors and the correlation coefficient between them are used. Two 

of these three quantities, however, must be known independently of the 

data. 

If there are only two variables, and the errors in each are 

unrelated and unknown, there are several possible procedures. 

Blakemore and Hoerl (9) give some quite simple ones. W-ald (93) has de

veloped a simple but more accurate m.ethod for this situation, Theil 

and Yzeren (90) presented a critical discussion of his method. 

A more recent, and very thorough, discussion of the two variable •• 

case with errors in both is given by Madansky (60). He also presents 

a more complete bibliography, especially of more recent work. 

In the field of multiple linear regression (models containing 

more than two variables), Frisch (42) has developed a general theory 

for the case in which all variables are subje:t to error. Once again, 

independent information must be available con:erning the magnitudes of 

the various errors. Koopmans (56) has combinsd Frisch's theory v/ith 

the classical one to produce another general theory. 

Tills is certainly not intended to be a complete history of the 

accomplishments in the field of linear me-:hocs. A work of this type 
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would require a quite large list of references. It is only intended 

to point out the direction that m.ost of tie work has taken, and to 

give references should further study be necessitated. For the problem 

at hand, however, the much more recent no.ilinear methods are required, 

3, NONLINEAR METHODS 

The fitting of nonlinear models to data is never straight

forward. There is practically no general theory for use with such 

equations. The only fitting criterion that has been used to any ex

tent is that of least-squares. There are two general methods of 

establishing a least-squares fit of the data: linearization of the 

model, and direct trial-and-error minimization of the sum-of-squares. 

In many cases, linearization techniques are available which 

allow the use of methods which are essentially linear, V/ith many re

action kinetic models, for exar.iple, the mathematics can be linearized 

while the nonlinear physical model is retained. The rate equation i.;; 

linearized by a series of algebraic transformations, and the result

ant equation is analyzed in the usual manner for a linear model. This 

method contains an inherent inaccuracy. When Hougen and V/atson models 

are linearized, the equation no longer contains a dependent variable 

(which is subject to error) on one side, and a linear function of the 

independent variables (which are not subject to error) on the other. 

Instead, combinations of the independent variables (concentrations or 

partial pressures) and the dependent variable (rt.action rate) appear 

on one or both sides of the equation. Therefore the equation does 

not satisfy some of the basic assumptions of linear least-squares 
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theory. Also, the analysis does not minimize the sum-of-squares of 

residual rates, but rather the sum-of-sciuares of residuals of the 

combination of rate and independent variables appearing on one side 

of the equation. Since, in general, rates are the quantities one 

hopes to predict from the equation, this method •)f analysis may yield 

neither the best prediction over the rang2 of variables studied nor a 

satisfactory extrapolation. This, of course, is the classical pro

cedure. As mentioned previously, the method is described by Hougen 

and Watson (52) and Walas (94). 

Gauss (43) originally pointed out that fitting of nonlinear 

functions by least-squares can often be achieved by an iterative 

method involving a series of linear approximations. At each iteration, 

linear least-squares theory is used to obtain the next approximation. 

One such method of rather rapidly obtaining the parameter values 

which lead to a least-squares fit of the data is by performing opera-

tions on the nonlinear model such that parameter corrections are ob

tained. That is, the linear method at each iteration produces para

meter corrections rather than correct parameters as in truly linear 

models. Tlie process is repeated until the corrections become 

negligible, Marquardt (61) has discussed this method. It has the 

advantage of converging rapidly if the initial trial parameter values 

are good, but the disadvantage of diverging if they are poor. Another 

method which does the same thing in a slightly different manner is 

presented by Box (16). Again, the method is quite efficient if the 

initial trial values are good. 



18 

The second general method of establishing the least-squares fit 

of a nonlinear equation is direct trial-and-^rror minimization of the 

sum-of-squares, Wliile considering many of tncse methods, it is con

venient to think of the sum-of-squares as defining a "contour surface" 

in the space of the parameters. 

Obviously, one method of finding the minimum point on the surface 

would be to conduct a grid search over the entire expected range of 

parameters. That is, determine the sum-of-squares at all combinations 

of the parameters, each taken at several levels spaced so as not to 

skip wide areas. These sums-of-squares could then be checked to de-

termine the region in the parameter space that yielded the minimum. 

This method, of course, is not very efficient; and becomes completely 

unmanageable if the number of parameters or their permissible range 

is large. 

Brooks (21) has proposed a random search procedure which has 

attractive features. In this procedure, the sum-of-squares is de

termined at various random points in the parameter space. As shown 

by Hooke and Jeeves (49), ho\\rever, the vastness of multidimensional 

space decreases the effectiveness of this metliod as the number of 

parameters increases. Brooks (21) has also proposed a "creeping 

random" method which is a sequential rather than simultaneous process, 

Tlie "gradient search" method of Zellnik, Sondak, and Davis (103) 

is another random method. Its advantage is claimed to be an efficient 

scan for saddle points and alternate minima. 

The next most obvious process, the "one-at--.-time" technique, is 
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described by Friedman and Savage (41). B/ this method, all parameters 

except one are held constant, and it is varied to find that value wliich 

yields the smallest sum-of-squares. The process is then repeated with 

another parameter being varied. This procedure can be efficient when 

searches are conducted along axes parallel to the axes of the sum-of-

squares contour surface and when the number of parameters is not large. 

The next method is based on methodology developed primarily by 

Box (15, 17, 20). It is termed the steepest descent method. It is an 

iterative process, the object being to proceed from iteration to itera

tion in such a manner that the sum-of-squares always decreases. This 

is done by examining the slope of the contour surface at the current 

trial point in the parameter space, Andersen (2), Boas (11), and Hoerl 

(48) have discussed fine points and limitations of the method, and 

other closely related methods. 

Several attempts have been made to accelerate the convergence of 

the steepest descent method. The technique of Forsythe and Motzkin 

(39) is quite successful if only two parameters appear in the model, 

and Finkel (37) reports that it is fairly useful with more than two. 

The steepest descent method has been modified by Marquardt (61) 

to give the modified steepest descent method, -The objectives and pro

cedures are essentially the same as those of the basic method. Modi

fications are made to correct for shortcomings, 

Tlie direct search of Hooke and Jeeves (49) is another sequential 

type of search, A strategy, based on previous results, is established 

at each iteration. The method is devoid of classical techniques, and 
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no rules for its success have been given. The authors (49), however, 

have used it successfully on several types of problems, 

Wilde (99, 100) introduced "gradient free" methods to circumvent 

some shortcomings of the gradient methods (i.e., steepest descent). 

He developed the lattice method and the contoir tangent method. 

The lattice method seeks to conduct a grid search over a narrow 

region of the parameter space. This search is used to suggest a better 

region of study, and another grid search is conducted in that area, 

Tne contour tangent method eliminates parts of the parameter space 

by drawing tangents (planes or hyperplanes in the case of more than two 

parameters) to the sum-of-squares surface. For this method to result 

in correct values, the sum-of-squares surface must be strongly unimodal. 

Shah, Buehler, and Kempthorne (23, 82) have introduced the method 

of parallel tangents (partan) based on the work of Forsythe and 

Motzkin (39) and the steepest descent procedure. A variation of this 

method presented by the same authors (39) does not use steepest 

descents at all. As is true of the contour tangent method, the par-

tan method becomes much more complex as the number of parameters 

increases beyond three. 

The sequential simplex method of Himsworth (47) is somewhat like 

the steepest descent method, the difference beint; that no attempt is 

made to find the best direction in which to move. Moves are made 

along the surface in directions that are favorable, but not in general 

most favorable. Tlie calculations are quite simple, each move is 

completely determined by the previous ones, and :he method is well 
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suited to any number of parameters, A stop-by-step procedure has been 

given by Carpenter and Sweeney (24), 

Rubin (77) has proposed a matrix method for obtaining the least-

squares fit of a nonlinear equation. The; procedure is iterative, but 

once again the question of convergence is strongly related to the 

initial trial values of the parameters. Once reasonable first estimates 

are obtained, however, this method supposedly yields very accurate re

sults , 

Other methods which have been proposed are the gradient projection 

method of Rosen (75, 76), and the conjugate gradient and conjugate 

direction methods of Hestenes and Stiefel (46), Review articles which 

briefly discuss many of the above methods are presented by Boas (11) 

and Spang (84), 

It should be noted that most of the methods given assume thiat the 

contour surface in question is unimodal. This assumption becomes very 

suspect as the nimiber of parameters increases. To date, very little 

progress has been made in the efficient study of multimodal surfaces., 

It is quite possible that some methods have been reported which 

are not presented here. Most of the optimisation tecliniques reported 

during the last few years can be used for nonlinear parameter estima

tion. It is believed that those presented here, if not a complete list, 

are the ones which have been shown to be mos:: promising and have re

ceived most use. 



CHAPTER 3 

SELECTION OF THE EQUATION 

It is felt that the best method of stud/ requires the selection 

of a typical heterogeneous catalytic reaction rate equation. The fit

ting of this equation to data will then be studied in detail in hopes 

of learning the answers to questions presented in Chapter 1. It is 

desirable that the chosen equation should not be so complex as to 

present unusual difficulties not likely to be encountered in other 

such equations. Likewise, it should not be so simple that a method 

applicable to it might not apply to those models which are more com

plex. As a general rule, the degree of complexity of a particular 

equation is measured by the number of unknown parameters which it 

contains. That is, from a data fitting point of view, the degree of 

difficulty is more closely associated with the number of parameters 

to be estimated than the particular arrangement of these parameters. 

The more common of the Hougen and Watson type equations contain be

tween four and ten parameters when written in temperature independent 

form (i.e,, when the various rate and equilibrium constants are 

written in Arrhenius form*), 
c 

Consider the following catalytic reaction: 

A + B ^ > C (3-1) 

*See Appendix B 
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Assuming that: 

(1) the reaction is irreversible, 

(2) diffusional resistances are negligible, 

(3) both reactants and the product are adsorbed on the catalyst 

surface, 

(4) the surface reaction is the rate coutro.Lling step, and that 

(5) both the adsorption equilibrium constants and the reaction rate 

constant can be suitably expressed in Arrhenius form; the rate 

equation becx)mes: 

r = (Aê /"̂ ) (CeD/T) jEe^/^) jCp) (C^)- ^3.33 

[1 4 (CeI^/T)C^ f (Ee^/^)Cj^ i (Ge"/^)Cc] 

where "r" is the instantaneous rate of reaction; "A" is the Arrhenius 

frequency factor for the specific reaction rate divided by the gas 

constant; "C", "E", and "G" are Arrhenius frequency factors associated 

with the absorption equilibrium for compounds "A", "B", and "C" res

pectively; "D", "F", and "H" are the apparent activation energies 

(each divided by the gas constant) associated with the equilibrium 

adsorption of compounds "A", "B" and "C" respectively; "T" is the 

absolute temperature; and "C^^" is the concentration (or partial pres

sure if the ideal gas law applies) of component "i" in the reaction 

mixture. This equation is of the general fonn: 

y = f(Bp B^, • • -Bp; X ^ X2, • • -X^) (3-3) 
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where "y", the dependent variable, is nor linear in both the parameters 

(B's) and the independent variables (X's), 

This equation contains eight parameters which would have to be 

estimated from the experimental data. It appears to satisfy the con

ditions stated previously. In addition to t!iese, it has the advantage 

of being industrially important and thus deserving of study beyond the 

purely academic realm. It has been found to provide a suitable corr

elation of data in a number of cases (89, 81, 4, 33), For purposes 

of comparison, it has also received some discussion in regard to non

linear fitting techniques (9, 55, 58), 

Several observations concerning this equation can be made at 

this point. First, the frequency factor terms associated with the 

adsorption equilibrium values (i,e,, "C", "E", and "G") can be expected 

to be several orders of magnitude smaller than the frequency factor 

term associated with the specific reaction rate ("A"), The signs of 

all frequency factors should be positive, A negative frequency factor 

would indicate that the reaction rate was negative. 

All of the activation energy terms associated with adsorption 

equilibria are expected to be negative corresponding to exothermic 

adsorption processes,- For an exothermic process occurring at equili

brium, an increase in temperature causes a decrease in the equilib

rium constant, Tliis means that the "D", "F", and '*IT[" terms of equa

tion (3-2) would be positive. Apparently, however, positive tempera

ture coefficients have been observed for adsorption processes (55); 
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and such values, although suspect, would probably be accepted until 

further evidence confirmed or rejected trem. The temperature coe-

fficient term associated with the specific reaction rate should be 

truly positive, making the "B" term of ecuatlon (3-2) negative. Since 

this step is rate controlling, it will not, except in very extra

ordinary circumstances, be occurring at equilibrium. Therefore, 

an increase in temperature would be expected to increase the rate 

irregardless of the heat effect accompanying the reaction. Thus, 

ordinarily, an increase in temperature will have opposing effects 

on the reaction and adsorption rates. The result of these effects 

is that the overall reaction rate increases i/ith rise in temperature 

in a low-temperature range and decreases with rise in temperature 

in a higher-temperature range and yet at temperatures far below 

the region at which the reverse rate becomes appreciable. 

The following table shows normally expected ranges for each 

type of parameter appearing in the equation. 

Table 3-1 

EXPECTED RANGES OF KINETIC PARAMETERS 

specific reaction rate: 

activation energy = -1,000 to -45,000 BTU/#mole 

frequency factor = 0,0+ to 100,000 #mole/(hr) (#cat,) 

adsorption equilibrium: 

activation energy = 1,000 to 45,000 3TU/#mole 

frequency factor = 0,0+ to 1,0 atir 
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This does not mean that these values must be :n this range. There 

are surely instances in which this is no', the case. They arc, how

ever, rough estimates of what one might 'ixpec".. The wide range of 

values possible for these parameters dem.mstrates the difficulty of 

assuming "a priori" reasonable values for them, Tnere is a rule some

what analogous to Trouton*s rule for vapcriza,:ion processes which 

states that the entropy change (AS°) accompanying chonical adsorption 

is approximately -23 BTU/(#mole)(°R) (51), This corresponds to a 

frequency factor of about 9x10'^ atm," . 

It is possible that the desorption of product term, (G)Exp(H/T), 

v;ould be quite small. The adsorption of reactant terms would not be 

expected to approach zero, because an assumption basic to this equation 

is that the surface reaction is the rate controlling step. It is surely 

possible, and often experimentally verified, however, for the desorption 

of product term to approach zero. 



aiAH'ER 4 

GENERATION OF DATA 

The importance of accurate kinetic data has been pointed out in 

Chapter 2, Tlie majority of the data used in this analysis will be 

generated rather than obtained experimentally, lliat is, equation 

(3-2) will be used along with an assumed set of independent variables 

("Cŷ ", "C^", "C^", and "T") and parameters ('A", "B", "C", "D", "E", 

"F", "G", and "H") to obtain a rate. This will be done for several 

sets of independent variables. Tlie sets of independent variables and 

generated rates will then be used to try to determine the parameter 

values. 

In order to do this, an assumed correct set of parameter values 

is needed. The set used will be that one which Blakemore and Hoerl 

(9) obtained from the data of Tschemitz it. al. (89) using their 

"simultaneous solution" method (system 3). These values are given 

in Table 4-1. Note that each of these values is within the estimated 

limits of Table 3-1. 

26 
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Table 4-1 

ASSUMED CORRECT SET OF PARAIETERS 

A = 52,481 

B = -1,780 

C = 0,0037585 

D = 1,820 

E = 0,07586 

F = 684 

G = 0,35075 X 10-S 

H = 8,381 

Next, sets of independent variables are needed. Since our 

primary interest is adiabatic data, an integral-type reactor will 

be used. It is therefore necessary to, starting from assumed inlet 

conditions, determine data points which are consistent and which coulc 

be obtained at some time (batch reactor) after initial mixing or 

position (tubular flow reactor) along the reactor. The actual 

values used will more nearly correspond to a gaseous reaction in a 

tubular flow reactor. Each such set of data points will be called 

a "run". 

In such calculations, two quantities (other than inlet conditions) 

must be assumed. The heat capacity of the mixture will be assumed 

constant throughout all the runs, Tlie assumed value will be 61,8 

BTU/(r/nole of mixture) (̂ 'R), The heat of reaction (equation (3-1)) 
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will also be assumed constant at a value of -50,000 BTU/#mole "A" 

reacted. These assumptions are made to facilitate temperature com

putations. They will in no way affect the aralysis. 

The calculation of the data points vithfn a run is made in the 

following manner: 

(1) Assume an inlet temperature, a reactor pressure, and an inlet 

composition (mole fraction or partial pressure of each component), 

(2) Assuming ideal gas conditions, calculate the inlet molal density 

(#moles/cf,) of each component. Multiply these quantities by an 

assumed reactor flow rate (the value used is quite immaterial) 

to determine the inlet molal flow rate of each component, 

(3) The various data points along the reactor are picked as those 

points at which the molal flow rate of component "A" has dropped 

to some assumed value. That is, starting from the known inlet 

flow rate of "A", regularly decrease it until either reactant 

"A" or "B" is expended. From the stoichiometry of the reaction, 

the flow rates of the other components at this point are readily 

determined. These quantities are then converted to partial pre^ 

ssures, the quantities that will actually be used in subsequent 

calculations. Data points picked in this manner expedite the 

calculations. In an experimental reactor, of course, data points 

are taken at set positions along the rerctor rather than at set 

conversions, 

(4) From the known system heat capacity, the known heat of reaction, 

the moles of "A" that have reacted, and a hsat balance, calculate 
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the temperature at each data point r.ssuming no heat loss to the 

surroundings, 

The information now available allow; th3 calculation of the 

correct instantaneous reaction rate at each data point. Thus, a set 

of data points has been generated. Each point contains a value for 

absolute temperature, partial pressure oi each system component, and 

instantaneous reaction rate. These values are, of course, free frcjm 

error (other than that due to round-off). It is quite possible that at 

some point in the analysis, it will be desirable to introduce random 

noise into the data. There are several methods available for generating-

random noise in any of several distributions (73), The only distribution 

considered will be the normal. That is, errors in each of the indepen

dent variables and the reaction rate are expected to be normally dis

tributed. 

Random noise is most readily incorporated into an observation 

through the formula: 

X = x + zof (4-1) 
o a ^ 

where "x " is the observed value of "x", "x^" is the actual o a 

value of "x", "0'" is the standard deviation of the "x" values, 

and "z" is the normal deviate associated with "x ", 
a 
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Tlius, the problem becomes one of generating a long series of random 

normal deviates. First, a series of uniformly distributed random 

nuir;bers "U^" is generated. This can be done by multiplying a fraction 

"Uj^" by a large integer "M", and saving the fractional part of the 

product as '\^i' (8), In mathematical tem.s: 

V l = Ŝ  "n "̂ °̂  2̂ ^ (4-2) 

The proper choice of 'M" gives a long sequence of fractions unifoimly 

distributed between zero and one. From such a uniformly distributed 

sequence, it is possible to obtain another sequence with any desired 

distribution (66), The generating relation for the normal distribution 

is due to Box and Muller (19, 64), 

z^ = (-2 ln,Uj^_^)^/^ sin 2Tru^ (4-3) 

Random nonnal deviates generated in this manner have been tested and 

found to be satisfactory (73), Tliese values can be combined with 

the desired standard deviation and used as in equation (4-1) to 

introduce random noise into the data. 

As yet, no mention has been made of the actual design of the 

experimental runs. That is, the decision as to the number of runs 

to be made and the inlet conditions to be us 3d for each run is very 

important. There are a number of books (27, 31, 38) which treat the 
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general design problem. There are also a limited number of experimen

tal designs specifically for nonlinear models (18), l^en these are 

not applicable, a generally useful procedure is that of fractional 

factorials at three levels (9), Such designs have only recently 

become available in the literature (30). 

Since the data described above is integral-reactor type data, 

it would be necessary to perform a large number of experimental runs 

in order to obtain datum points which correspond exactly to those 

dictated by the above designs. This, of course, would destroy one 

of the principal advantages of adiabatic experiments (i,e,, the 

use of relatively few experimental runs to cover a wide range of 

experimental conditions), Also, the determination of the usefulness 

of a reasonable amount of adiabatic data in elucidating rate equa

tions is one of the basic objects of this study. Therefore, in at 

least the initial stages of study, no attempt will be made to force 

the data into a specific design. It will be generated in such a 

manner that a particular region of interest in the independent var

iable space is as well covered as possible with a reasonable number 

of runs, 

A Fortran language computer program was prepared to generate the 

data as described. This program is shown in Appendix F-2, It was 

used to generate twelve data runs. These are shown in Appendix C-2, 

The experimental conditions covered by these runs are: 

temperature = 800 ''R to 1585 ''R 

partial pressure "A" = 0,004 atm, to 2,62 aum. 



52 

partial pressure "B" = 0,009 atm, to 2,44 atm. 

partial pressure "C" - 0,030 atm. tc 2,78 atm, 

reaction rate = 0,007 (#mole)/(hr)(^cat) to 

0,056 (#mole)/(hr)(^cat) 

In order that the steepest descent F.ethod might be compared with 

more conventional methods, one set of data was chosen from the liter

ature. The data of Tschemitz et, al, (89) was chosen. This data 

consists of forty datum points covering roughly the same experimental 

conditions as the above data. 



CHAPTER 5 

BASIC FITTING METHOD 

The basic method to be used for fitting equation (3-2) to reaction 

rate data is the modified steepest descert procedure of Marquardt (61), 

Tliis method seeks to fit the equation, in the least-squares sense, to 

the data. By this criterion, the parameters are to be adjusted until 

SS = 2 '-^ • '^' (5-1) 

is a minimum. That is, until the sum-of-squares of residual rates is 

a minimum. 
ll-v. It is the observed instantaneous value of the reaction 

rate at the "ith" data point, and "r-" is the calculated value of the 

reaction rate using the current trial values of the parameters, the 

value of the independent variables at the "ith" data point, and equa

tion (3-2). 

The positive quantity "SS" is thought of as defining a "contour 

surface" as the parameters are varied. Any steepest descent method 

attempts to dctennine the parameter corrections which, starting from 

the current point in the parameter space, will cause "SS" to decrease 

m.ost rapidly. The true steepest descent direction is defined by the 
c 

quantities* 

ass 
aBi 1 

r 

> 

ass 
(5-2) 

'̂ In this section, "B̂ "̂ will represent the "i; IV' parameter. 
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which are simply the rates of change of the sum-of-squares of devi

ation with respect to each of the parameters, evaluated at the "rth" 

set of trial values of the parameters. However, it has been shouTi 

(11, 61) that it is not always desirable to i ake parameter corrections 

exactly proportional to the partial derivatr es. Instead, the parameter 

corrections are modified so that 

Bi^*! = B^^ - m^ Nĵ ^ ; i = 1, • • -p (5-3) 

The quantity "N.^" is the normalized value of the partial derivative 

after multiplication by the factor \j^ * i^i^) j • 

'/)^] 1 4- (B.--- • ̂ ^^ '"" 
9\ 

NJ = -. : = = '21 1/2 C5-4) 1 

2t[-<"''^] t-f]' 
These quantities determine the relative sizes of the parameter correc

tions and their signs. 

The quantity "m^" is the step size, which determines the absolute 

magnitude of the corrections. It is desirable that "m^" be large 

enough so that the minimum is approached with all possible haste, 

[lowever, it must be small enough so thai large portions of the con

tour surface are not "jumped". It would be desirable if the value of 

"m^" could be changed from trial to trial as the calculations proceed. 

An appropriate procedure for doing this has been given by Brown (22), 

7no value of "m^" is increased or decreased according to the angles 

between successive trial values. That is, if successive trial values 

lie along a straight line in the parameter space, then "m^" is too 
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small. If the angles between successive trial values are too large, 

then "m^" is too large. Another procedure, not used here, for deter

mining values for "m^" has been given by Saaty and Bram (78, p, 75). 

Tlius, to begin the calculations a set of initial trial values 

of the parameters is arbitrarily chosen. At this point in the para

meter space, "SS" is calculated by equation (4-1), and the partial 

derivative of "SS" with respect to each parameter is calculated. Two 

methods are available for determining the values of these derivatives. 

They can be explicitely calculated by the rules of differentiation if 

the sum-of-squares function is not too complex. By the second method 

they are calculated from difference formulas (68, 77), The foimer 

method will be used in this work. Of the two methods, it is generally 

the more difficult to program and requires more computer space, but 

is more accurate and requires less computer time. Equation (4-3) is 

then used to obtain the next set of parameter values. The process is 

then repeated. Marquardt (61) gives the following step-by-step pro

cedure for advancing from the "rth" to the (r+l)st^ iteration. That 

is, using the "rth" set of parameter values; 

(1) Calculate "SS" and "N^^", "N2^", • • • "Np^", 

(2) Verify that "SS^" is less than "SS^""^", If it is not, the 

value used for "m̂ "-*-" was too large. Divide it by (say) 4 and 

go back to step (1), 

(3) Calculate the cosine of the angle between the steepest descent 

directions at the (r-l)£t and "rth" trijils, using-
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cosine = J> ( N / ) ( N / " ^ ) (5-5) 

(4) Verify that the cosine is large enough (i.e,, that the angle 

is small enough) to prevent undesirable oscillations, or zig

zag. If the cosine is not larger than (say) zero, then "m̂ "'̂ " 

was too large. Divide it by (say) 4 and go back to step (1), 

Note tliat if the cosine is less than zero, the angle is greater 

than 9 0 ^ 

(5) Calculate a tentative value for "m-"" based upon the cosine, 

A procedure is desired which will make "m^" greater than "m̂ '-'-" 

if the cosine is near one, but will decrease "m" if the cosine 

is only slightly greater than the minimum value of zero. The 

following formula has been found to be useful: 

m^ = (m^"^) (d^ + d cos"̂ ) (5-6) 

where, 0<d,<l 

(l-dp<d2^1 

In particular, the combination "d^ = 0,5, d2 - 1.0" is satis

factory. 

(6) Calculate the new trial parameter values and return to step (1) 

to beqin the next iteration. 

This procedure is continued until "SS" reaches the smallest obtain

able value. The values of the parameters at this point are then 

taken as the best estimates obtainable from the ,.ata. It should be 

remembered, however, that this method of ana:.ysi:; is subject to many 

of the limitations of the steepest descent procedure referred to in 
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Chapter 2. 

The importance of these limitations in the analysis of kinetic 

data is not known. In general, one of tl-e principal limitations relates 

to the choice of scales. Any direction can be made the steepest descent 

direction by the proper choice of scales for the parameters. The pri

mary effect of scale choice appears to be thj speed of convergence. 

Shah, Buehler, and Kempthorne (82) have studied this effect. They 

presented two rules which have been considered good ones to follow: 

(i) select scales of measurement in which a unit change in one para

meter at_ the optimum gives the same change in the dependent variable 

as a unit change in any other parameter, and (2) prefer representat

ions in which the independent variables do not interact. The diffi

culty encountered in the application of the first rule is, of course, 

that the optimum must be known before proper scales can be chosen. 

Thus, one is generally forced to guess. It appears, however, that the 

rate of convergence "may be arbitrarily slow for a sufficiently poor 

choice of scales (82, 101)", The second rule is almost impossible to 

follow in kinetic analyses. That is, frequercy factors and activation 

enerf;ies always appear in the same term. It is possible that trans-

for-iations of the type mentioned by Box (16) or Ostrovskii et, al, (68) 

might help. 

Tlie next most important shortcoming of -:he Method is its fail

ure to locate the global minimum. That is, .ut only searches for local 

minir.a. Therefore, if the surface is multimrlal (and with eight para

meters, a unimodal assumption appears quite laive) the initial starting 



58 

point is very important. 

The modified method described here attempts to overcome two 

defects of the basic steepest descent. In the basic method, a grad

ient direction is determined and moves ar:; mad^ in this direction until 

the objective function (SS) increases. Tiis amounts to an extrapolation 

of tho partial derivatives. This problem is surmounted, at the expense 

of increased computations, by determining a new gradient direction at 

each iteration. 

There is also a strong tendency for the basic method to zig-zag 

along a rising ridge or a trough-shaped gully, and thus approach the 

optimum quite slowly. One help for this difficulty appears to be the 

use of a "metrized" steepest descent direction (61), Consideration 

of tills lead to equations (4-3) and (4-4). 

It is evident that the various partial derivatives are the 

important quantities in the above procedure. Several facts concerning 

the fitting of equation (3-2) to data can be observed from a study 

of them. The partial derivatives of "SS" with respect to each of the 

eight parameters were taken analytically and are presented in Appendix 

E. 

A careful analysis of these quantities first reveals the fol

lowing relationships: 
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ass 
r ia ĵ ̂  

'ass\_ /ass\ c 

m- ( ass 
a^-J 

^ass\ /ass\ G 
âH / \ a ^ / T 

Rcn.embering that the values of "C", "E", and "G" are likely to be 

very small and that temperatures under study are likely to be of the 

order of 1000 °R, one sees that "aSS/aD", "aSS/aP', and "aSS/aH" 

are likely to be several orders of magnitude smaller than "aSS/aC", 

"aSS/aE", and "aSS/aG" respectively. This means tliat, unless some 

corrective measure is taken, any gradient search method will tend to 

hold the values of "D", "F", and "H" constant at the orginally 

assumed values. 

It also becomes apparent that, as might be guessed from their 

sirdlar positions in equation (3-2), the partials with respect to "C" 

and "E" and those with respect to "D" and "F" are closely related. 

Thus, if the initial trial values of "C" and "E" are equal and those 

of "D" and "F" are equal, the partials are si zh that these equalities 

tend to remain throughout the calculations i: the concentrations of 

reactants "A" and "B" cover the same range. Even if these conditions 

do not hold, it is expected that the relationships between the partials 

could cause some rather interesting effects. 



aiAPTER 6 

PRELIMINARY I>.VESTICATION 

A Fortran language computer program, called "Original Steepest 

Descent" was prepared to perform the calcala;ions as described in 

Chapter 5, The program is presented in Aopendix F-4, This program 

was first used on data sets comprising one "n;n". Runs one, two, 

three and four (see Appendix C-1) were used. Thus, only ten rather 

closely related data points were used. This is just tv;o more than the 

minimum nuiTiber necessary to estimate the eight parameters. Therefore, 

one would not expect this data to yield accurate parameter estimates. 

It should, however, be fairly easy to obtain estimates which will fit 

the data quite well. Initial parameter guess (IG) numbers one, two, 

three, and four (see Appendix D) were used. 

This series of trials showed that this calculational procedure 

can alter the parameters so as to significantly decrease the sum-of-

scjuares of residual rates. However, in no case were the parameter 

values accurately determined (as expected), In addition, the overall 

fit of the data at the final point in the parameter space was only 

moderately good. 

The results of this series of trials are shown in Table 6-1. 

The column headings are as follows: "R" is the ( ata run used, "N" 

is the number of data points used, "IG" is the i.dtial parameter 

guess used, "SS." is the sum-of-squares of residi.al rates at the point 

in the parameter space corresponding to the initial trial values, "SS," 
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is the sum-of-squares corresponding to tr.e fir.al set of parameter 

values, and "Err" is the mean percent error ii. the calculated rates 

using the best (final) set of parameter "'alues. 

Table 6-1 

RESULTS OF PRELIMINARY IN.^TICATION 

R 

1 

1 

1 

1 

2 

2 

2 

3 

3 

3 

4 

4 

4 

N 

10 

10 

10 

10 

10 

10 

10 

10 

10 

10 

10 

10 

10 

IG 

1 

2 

3 

4 

1 

2 

3 

1 

2 

3 

1 

2 
c 

3 

SS. 

.1506 

.2737 

,9668 

,1311 

,4408 

,4842 

.3515 

.2870 

.7732 

.9393 

.1307 

.3457 

.2572 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

X 

10-1 

10*^ 

IQ-'' 

IQ-^ 

10-2 

10^4 

10'"^ 

10"^ 

10^^ 

10"^ 

10-^ 

10*^ 

10*0 

SS^ X 10^ 

0,8547 

1,8336 

8.1991 

0.1379 

0.2289 

0.3156 

2o0721 

0,2219 

1.1057 

2.7965 

0.3498 

1,1586 

5,3943 

Err 

6,70 

9,90 

20,41 

2,59 

7,70 

9,30 

21,38 

10.42 

23.81 

33.76 

4.62 

7.98 

17,68 

Tae data fit obtained in many of these case, is good, but few 

are exceptional. Certainly not as good as might be expected for the 

r.u.Vocr of data points used, A few encouraging observations can be 

vMido ;Aiv.evcr. In terms of mean percent erro ' in the final results 

arc for a given data set, IG #1 always yield; a better fit than IG #2 
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which does better than IG /̂ 3. IG #4 was i.sed only once, but in this 

trial it resulted in a better fit than an;/ of the other initial ruessc-5. 

One can readily see from Appendix D that this same order of initial 

guesses would be obtained if they were ranked in order of increasin^^ 

distance from the correct values. Thus a sin.ple test with only a few 

data points might be sufficient to roughly determine the area in the 

parameter space which contains the correct values. Not enough data 

has been collected at this point to allov; a conclusive statement. 

However, this may well be a fruitful area for further study. 

It is intersting to note that, for a given initial parameter 

guess, data runs one and tv/o are fifced about equally well v.hile run 

three is consistently fitted poorer. Run four always results in a 

somewhat better fit. The reason for these effects is not readily 

apparent. The only difference between run one and four is the tem

perature profile. In run one, the reactants enter tlie reactor at 1202 

'̂R. In run four, they enter at 1500 ''R. It would appear that, for this 

particular equation at least, para^aeterc are more easily obtained for re

actions occuring at higher temperatures. However, an analysis of the 

initial equation and the various partials SJIOV;S tliat the only effect of 

increasing temperature should be to render changes in the activation 

energy terms less important. As we shall see, however, these terms are 

already insignificant in all of the trials shoun in Table 6-1. 

Run niLTber three is the only run conducted it low partial pres

sures of reactant "A". Run two, hov7ever, is conc^ucted at low partial 

pressures of "B", and, since "A" and "B" appear in identical terms in 
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the original equation, this run should be no easier to fit. 

One further feature of the residual errors should be noted. Ii 

each trial, the calculated ra'es \cere higher than the expcrir.iental 

rates over one range of races and lov;er than the experimental rates 

over another range, crossing somewhere in the middle. Figure 6-1 

shov;s these results for a typical trial ,'R #1^ IG #1). 

r X 10^ 

(# moles) 

(hr) (# cat) 

Figure 6-1 

RESIDa\L PJVTES FOR R a , IG #1 

4.9 

3.9 -

2.9 
1.6 1.5 1.4 1.3 

partial pressure "A" (atm) 

Visual inspection of Figure 6-1 suggests that, while reasonable param

eter values have l^en obtained, the search has not yielded the best 

set available. One should be able to find parameter values such that 

the calculated rates would be randomly di:5tributed about the true rates. 

It is also interesting to note that several of these searches 

yielded negative values for "G", an adsorption ecuilibrium frequency 

factor. In fact, of the thirteen trials described in Table 6-1, seven 

resulted in negative "G" values (see Table 6-3). On this basis. 

file:///cere
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models have often been rejected. 

A series of trials was also perfonned using data sets uhich 

were combinations of the above. Tnat is, the data frc:r. runs one and 

tV70 were combined for one set, and the data frc:-:i all four runs were 

combined for the second. The results are shov.n in Table 6-2. 

Table 6-2 

RESULTS OF COMBINED D. JA TRIALS 

R N IG SST SSf X 104 Err 

1,2 

1,2 

1,2 

1,2,3, 

1 , Z , J>, 

1 2 3 

,4 

,4 

.4 

20 

20 

20 

40 

40 

40 

1 

2 

3 

1 

2 

0 

,1947 X 10"^ 

,3221 X 10+5 

,1318 X 10-2 

,3541 X 10-i 

,7451 X lO-'S 

,2595 X 10° 

2.208 

4.110 

10.51 

50.59 

222.8 

168.5 

12.76 

13.02 

21.27 

21.84 

76.58 

67.04 

These results show tlie same trends as established in the first 

series of trials. Ic is expected that, as more data points over a 

greater range of experLTicntal conditions are used, parameter values 

which adequately fit the data will be more difficult to find. This 

effect is shown in Table 6-2, but nor, in all cases, to the extent 

that night be expected. 

The actual parameter values obtained for each trial are 

shouTi in Tables 6-3, 6-4, and 6-5. As an aid in corparison, the 

correct values and the initially guessed values of each parameter 

are also shown. 



Table 6-3 

PARAMETERS ESTr^lVIR) PICM IG n 

4:D 

A B C X 10^ 

c o r r e c t 52.48 -1780. 3.75S5 1820. 

i n i t i a l 100,00 -1000, 0,0090 3000, 

run 1 

run 2 

100,00 

100,00 

-1000, 

-1000, 

1,9005 3000, 

2,1078 3000, 

run 3 100,00 -1000, 1,7484 5000, 

run 4 100,00 -1000, 2,7059 3000, 

run 1,2 100,00 

run 1,2,3,4 100,00 

E X 10-̂  

-1000, 

-1000, 

F 

1,9382 

2,0253 

G X 10^ 

3000, 

3000, 

H 

correct 

i n i t i a l 

run 1 

run 2 

run 3 

run 4 

run 1,2 

75.8600 684. 

0,0090 3000, 

1,9005 JCOO, 

2.1078 3000, 

1,7484 3000. 

2,7059 3000. 

1,9382 3000. 

0,003508 8381, 

9,000000 3000. 

•6,27980 3000. 

10,3775 

-3,2423 

14,7267 

-7,8501 

3000. 

3000, 

3000, 

3000, 

run 1 ,2 ,3 ,4 2,0253 3000. -4.8159 3000. 

Table 6-4 

PARAMETERS ESTIMATED FPXM IG #2 

A D 

correct 52.48 -1730. ,C037;9 1820, 
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Table 6-4 (cont'd) 

initial 

run 1 

run 2 

run 3 

run 4 

run 1,2 

run 1,2,3,4 

correct 

initial 

run 1 

run 2 

run 3 

run 4 

run 1,2 

run 1,2,3,4 

A 

500.00 

500,00 

500,00 

500,00 

499,99 

500,00 

499,99 

E 

,07586 

,90000 

.90000 

.90000 

.90000 

,90000 

,90000 

.90000 

B 

-1780, 

-1000, 

rlOOO, 

-1000, 

-1000, 

-1000. 

-1000, 

F 

684. 

3000. 

3000. 

3000. 

3000. 

3000, 

3000, 

3000, 

.003759 

.900000 

.900000 

.900000 

.900000 

,900000 

,900000 

G X 10^ 

D_ 

1820, 

3000, 

3000. 

3000. 

3000. 

3000. 

3000. 

H 

0.003508 8381, 

0.0001 20000. 

205,6465 20000, 

178,1179 20000, 

230,7009 20000, 

3284,6942 20000, 

199,7758 20000, 

3279,1905 20000, 

Table 6-5 

PARAMETERS ESTP^IATED F R a i IG n 

correct 

initial 

run 1 

A 

52. 

500< 

499, 

.48 

.00 

.27 

B C D 

- 1780, .003759 1820. 

-10000. .900000 20000. 

-10109. ,90C000 20000. 



Table 6-5 (cont'd) 

run 2 

run 3 

run 4 

run 1,2 

run 1,2,3,4 

correct 

initial 

run 1 

run 2 

run 3 

run 4 

run 1,2 

run 1,2,3,4 

500,46 

499,48 

133,̂ -S 

499.43 

485.22 

E 

,07586 

,90000 

,90000 

,89919 

,89764 

,90000 

,89865 

,90076 

- 9915, 

-ioo:o, 

-126(1. 

-10073. 

-12167. 

F 

684. 

20000. 

20000. 

201C8. 

20296. 

20C00, 

20217, 

20404, 

.899520 19893. 

.897883 

.900000 

G X 10' 

90.000 

90.023 

90.015 

90,041 

93.414 

90.041 

93.125 

19710. 

200C0. 

.898676 19786, 

.896746 19608. 

H 

0.035075 8381. 

3000. 

3000. 

3000. 

3000. 

3000. 

3000. 

3000. 

Note that many of the parameter values remained essentially un

changed throughout the calculations. For example: v/hen IG #1 was used 

as a starting point, only "C", "E", and "G" changed significantly. 

This effect has been explained in Chapter 5. hTien IG #2 was used as 

the starting point, only "G" changed signifi;antly. From IG #3, 

none of the values changed more than 4 %, This could be a further 

indication that at great distances from the correct set of values, the 

sum-of-squares surface tends to becom.e more nea-.'ly planar. 
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As a final test, the original steepest descent procedure was 

applied to a group of data points drawn ?.t random from runs five t:irour,h 

twelve. This set of data will be referred to as mixed data G-'̂ ) #1. 

It is shoim in Appendix C-2, It covers z ratlier large range of experi

mental conditions. Temperatures vary betv;een 800 °R and 1437 °R, and 

partial pressures between 0.004 and 2.6 atmospheres. IG rn v;as used 

as a starting point for calculations. In this trial, the sum-of-squares 

was decreased from an initial value of 0.02443 to a final value of 

0.006502. This final value represents a mean percent error of 49.1^. 

The results of the preliminary investigation point out several 

facts concerning the method of attack. The final set of parameter 

values seem to be closely related to the initial set. It appears 

that the basic method of approach as described in Chapter 5 wall neither 

yield good parameter estimates nor provide a good data fit over any 

usefully large range. In order to obtain a good fit, one must use 

data which covers a very narrow range of experimental conditions and 

initiate the search in a good location. Tliis, however, virtually 

eliminates the possibility of obtaining accurate param.eter estimates 

unless fairly good estimates are already knovn. 



LUBBOCK. TDCAS 
LIBRARY 

GL\PTER 7 

STEEPEST DESCENT THREE 

The most obvious correction to make in the calculational proce

dure is one which would allow the values of all of ilie parameters to 

vary. Although it is true that the term "(C)Exp(D/T)" can be made 

to assume any value by assigning a proper value to "C", several 

factors should be considered. First, the previous calculations shov/ed 

that neither "A" nor "B" was allowed to vary. Thus, the term "(A)EXP 

(B/T)", which is the only term appearing only in the numerator, was 

not allowed to vary. Secondly, a proper choice of "D" in the term 

mentioned above could make the independent variable "T" important. 

Thus, proper adjustment of "A", "B", "D", "F", and "H" should produce 

a better data fit in the trials described in the last chapter. 

The problem is essentially one of magnitude. That is, trouble 

arises because "C", "E", and "G" are much smaller than the other five 

parameters (see equations 5-7). Corrections which change the small 

parameters by a reasonable amount are insignificant when compared to 

the larger ones. Reasonable changes in the larger ones result in tre

mendous changes in the sraaller ones. The most often applied correction 

for this difficulty has been an attempt at proper parameter scaling 

(described on page 37 ). If the correct values are not known, however, 

this involves a guess. This is a guess on top of a guess. Initial 

trial values are guessed, and then scaling factors are guessed. It 

would be quite desirable to avoid such an unlikely situation, 

49 
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The basic result of proper scaling is tliat a unit change in one 

parameter produces the same change in the sum-of-squares as a unit change 

in any other parameter. Thus, if all of the parameters are of approx

imately the same magnitude and appear to approxim.ately the same degree 

in the sum-of-squares function, no scaling is necessary. This situ

ation can be approximated by dividing the parameters into groups such 

that the above conditions hold. The steepest descent procedure can 

then be applied to the parameters in each group while holding the val

ues of the parameters in all other groups constant. If this procedure 

is applied sequentially to all of the groups, the values of all para

meters should change in the correct directions. This procedure, then, 

should yield better results than the original method. 

It should also readily lend itself to reaction kinetic studies, 

for the grouping to be used is more or less obvious. That is, in 

general, the adsorption equilibrium frequency factors should be grouped 

together, and all activation energies should be grouped together. The 

specific reaction rate frequency factor presents the major decision. 

It is felt that it ŵ ould be generally safer to include it in the acti

vation energy group. Thus, for the problem at hand, tl̂ e eight para-

meters will be divided into t\\̂o groups as follows: (1) group one = 

"C", "E", and "G"; (2) group two = "A", "B", "P/ , "F", and "H". 

Of course, such grouping does not insure proper scaling. Table" 

3-1 readily shows this. Still, it is a logical procedure which should 

yield better results than the previous method, "he important question 

is, "how much better?" 
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This procedure is called steepest descent three. Steepest 

descent two, a crude form of the same procedure used only to test the 

general feasibility of such a m.ethod was not used in any of the com

putations herein presented, A Fortran language computer program was 

written to perfoim the calculations. It is presented in Appendix F-5, 

IVithin each group, the calculations are performed in exactly the same 

manner as in the original steepest descent. One other feature is in

corporated into this program. The values of the various constants are 

not allowed to assume an incorrect sign. If such a change is dictated 

by calculations, the value approaches zero but never reaches this value 

or changes sign. 

This procedure was first tested on a data set comprising runs 

one, two, three, and four as described previously. Initial guess 

number one was used. The sum-of-squares was decreased from an initial 

value of ,03541 to a final value of ,003039, Tliis does not show a 

substantial improvement over the original steepest descent. Under 

the same conditions, the original method yielded a final sum-of-squares 

of 0.003059, 

Steepest descent three was again applied to this same data set 

(runs one, two, three, and four) but with com.putations beginning at 

IG #2, In this trial, the sum-of-squares was reduced from 74,511 

(initial value) to 0.022276 (final value). As before, this shows 

no significant improvement over the original steepest descent, which 

lead to a final sum-of-squares of 0.022281. 

Steepest descent three was also tested against a set of mixed 
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data similar to that used in testing the original method. Tiiis set also 

consisted of forty data points covering a temperature range of 800 °R to 

1300 °R, and partial pressure range of 0.02 to 2,5 atmospheres of each 

system canponent. This data is shown in Appendix C-3, 

At point IG #1 in the parameter space, tliis data shows a sum-

of-squares of 0,01943. This value was reduced to 0.005283 by working 

first on parameter group one and then group two, and continuing until 

no further decrease could be effected. Although this data set is not 

the same as the mixed set used in conjunction with the original proce

dure, it is comparable. Again, the final set of parameter values fits 

the data only slightly better than the original method (see Table 8-1 

for comparison). 

At point IG #2 in the parameter space this data shows a sum-of 

squares of 32,215. In the same manner as described above, this value 

was reduced to 0,01197, Although this represents a considerable de

crease, the final value is not by any means in a truly useful range. 

Note that with this data, this represents an average error of approxi

mately 901, Once again, v/ith IG #2.as the starting point, the only 

parameter value which changed significantly during the calculations 

was "G", 

This procedure was carried out with initial conditions at one other 

point. At point IG #6 in the parameter spac), the values of "C", "E", 

and "G" are the correct ones, Tlie values of all other parameters are 

the same as those at point IG #1, The correct values are not allowed 

to change during the search, Tnerefore, computations proceed as in the 
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original steepest descent except that corrections are applied to the 

set of larger parameters rather than the set of smaller ones. Tne sun-

of-squares is decreased from 20,49 to 0,003155. Once again, this rep

resents a considerable decrease. Tnis value is approaching a useful 

range although a much smaller one is desired. 

The results of this series of trials show that this procedure 

consistently gives better results than the original method. However, 

they are not better by the amount that was expected or is desired. It 

is doubtful at this point whether the improvement is worth the extra 

effort. Still, the procedure should not be too harshly judged. In 

practically all cases, the sum-of-squares was reduced considerably. 

There is some indication that sequencing affects the progress 

of steepest descent three, "̂ lat is, the timing of changes from 

computations on group one to group two and back could be important. 

Tlie principal effect appears to be speed of convergence, however, the 

final convergence point could also be affected. As yet, this point 

has not been examined well enough to permit conclusions. In the 

trials described above (except the last), group one parameters ("C", 

"E", and "G") were corrected until further improvement could not be 

effected. Group two then received the correction factors. If further 

improvement occurred, group one v;as called back and the process repeated. 

Tills teclinique appeared to work quite well, but, as mentioned, insuffici

ent data has been collected for a definite conclusion. 

One further observation can be made concerning the residual 

errors of the runs discussed in this ciapter. It was not at all 



uncommon for the large majority of them to be of the sar-ie sign, Tnat 

is, when the final parameters were substituted back into the original 

equation, the majority of the calculated rates might be larger than 

(or smaller than) the true rates. It is obvious that, when this is the 

case, the data has not been well fitted, Lapidus and Peterson (58) 

made similar observations. They attributed this effect to biased 

data. However, in this case, the data itself contains no error. The 

problem could be in the experimental design. The limited data obtained 

here, however, suggests tliat the problem is only that the steepest 

descent procedure has found the bottom of the wrong depression. From 

these observations, it seems that the better the data is fitted, the 

more evenly the residuals are distributed (between positive and nega

tive) , Rather than suggest poor data, then, this might only suggest 

poor parameter estimates. 



CHAPTER 8 

CĈ IPARISON OF METHODS 

A kinetic study was picked from thê  literature so tliat the 

steepest descent method might be compared with previous ones. The 

well lenown data of Teschemitz et, al, (r>9) was chosen for this 

purpose. Tills data is quite similar to that described in the pre

vious chapters. An equation identical to 3-2 was found by the ori

ginal experimenters to correlate the data adequately. This data 

is shown in Appendix C-4, The original analysis of this data (89, 

52) was performed in the classical manner described previously. 

IVhen equation 3-2 is linearized, it becomes: 

^̂ A) ̂ S^ = a + b (C^) + c (Cg) 

+ d (C^) (8-1) 

The parameters ("a", "b", "c", and "d") are then adjusted until the 

sum of squared residuals is minimized. The residual is defined as: 

R = 
(C^i) (Cg.) 

I 
calc 

(̂Aî  ^Sj) 

r. 
1 

(8-2) 

exp 

hlien the final answers are substituted into the original equation, the 

sum of squared residual rates is 0,002019, This represents a mean error 

of 34.691. Note that this is the best answer the linearization procedure 

can yield. This does not make the steepest descent procedure look 
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quite so badly. One must recognize, of course, that the data now being 

studied contains experimental error. Pre/iously described results of 

trials using a similar number of data poiats (40) are shown for com

parison in Table 8-1. The heading "STPDE3" refers to the steepest 

descent procedure used, "0" signifying original and "3" representing 

steepest descent three. MD #1 and MD #2 refer to mixed data sets 

one and two as described previously and shown in Appendix C. Note 

that the data points used in each of these trials are not the same. 

The Teschemitz data contains experimental error. The generated data, 

however, covers a somewhat wider range of experimental conditions. 

Table 8-1 

CaiPARISON OF METHODS 

R 

1,2,3,4 

1,2,3,4 

1,2,3,4 

m n 
1,2,3,4 

1,2,3,4 

MD n 

>,in #2 

IG 

1 

2 

3 

1 

1 

2 

1 

2 

STPDES 

0 

0 

0 

0 

3 

3 

3 

3 

SS.^ X 10^ 
i. 

0.3059 

2.228 

1.685 

0.6502 

0.3039 

2.228 

0.5283 

1,197 

Err 

21,84 

76.58 

67.04 

49,12 

21,83 

76.58 

59,56 

79,56 

MD #2 6 3 0,3155 53,09 

Since the data used in these trials are not the same as the 

Tschemitz data, these results are not stati;-.tic-̂ .lly comparable. 
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Still, it would appear tliat is it quite rossitle for the steepest descent 

procedure to lead to a set of parameter values which would fit the data 

just as well as the linearized solution. 

As a further test, steepest descen: three was applied to the Tes

chemitz data, the initial guess being the final answers of the original 

experimenters (IG #7), The sum-of-squares was reduced from the ori

ginal 0,002019 value to a new low of 0,0008869, a reduction of over 

50%, This shows that if initiated in the proper place, this method 

does in fact yield better results than the linearization procedure, 

Tlie effect of a poorer initial guess should also be investigated, ' 

and, with IG #1 as a starting point, steepest descent three is applied 

to the Teschemitz data. The sum-of-squares is decreased from 0,01607 

to 0,005195, Although this value is considerably larger than that 

obtained by the linearization procedure, it is "order of magnitude". 

It is close enough that, judging from the previous results, one would 

be led to suspect that other parameter sets exist which fit just as 

well as the linearized set. 

This series of trials has shoivn that it truly is advantageous 

to minimize sums-of-squares of residual rates rather than residuals 

of some function of rate and independent variables, h'hen the linear

ized solution of the Teschemitz data is expressed in terms of resi

dual rates, the error is quite large. Tie nonlinear procedure is 

able to substantially improve the data fit if calculations are initia

ted at the point in the parameter space corresponding to the linearized 

solution. Still, there is no assurance that even this method yields 
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the best possible solution. In fact, it probably does not. This 

is the conclusion reached by Blakemore and Hoerl (9) in an analysis 

of this same data. They attributed this largely to the experimental 

design, Ylhile this may well be a factor, these studies indicate that 

the complexity of the response surface is also largely responsible. 

Indications are again that the search car* temlnate at any of many 

points depending on the starting point. 



CHAPTER 9 

PARAMETER PERTURBATION 

All of the indications thus far have been that the sum-of-squares 

surface in the space of the parameters is extremely pock-marked, esp

ecially in the vicinity of the correct point. This means that any 

gradient search method is likely to converge on any number of points 

depending on the starting point. This is certainly less than desirable. 

However, this is a property of the surface and it appears at present 

that little can be done about it, 

V.liat is desired, then, is some method of getting out of a 

"depression" if it does not lead to an acceptable sum-of-squares. 

One wishes not only to move out of a depression, but also to move to 

a more desirable point. In order th^t this may be accomplished, the 

following procedure is suggested. 

Assume that the steepest descent search has led to the bottom • 

of a depression. Further improvement, then, cannot be effected. 

Suppose that from this point, one searches more or less randomly 

along each of the parameter axes. That is, holding all of the para

meters except one constant at the best detennined values thus far, 

perturb this one by an arbitrary amount in either direction. This 

will lead to a new point in the parameter space. The sum-of-squares 

is then checked at this point. If it is greater than the lowest pre

viously determined value, the search is continued. If it is lower, 

however, at least some improvement can be aciieved by moving to the 
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new point. Also, unless this new point is at the very bottom of another 

depression, the steepest descent procedure can make further progress. 

Alternate use of the steepest descent procedure and this technique 

should, therefore, warrant consideration. 

There is no guarantee, of course, that this technique will lead to 

a better place. Luck could play a very important role. It does insure, 

however, that if a move is made it will at least be in a favorable di

rection. If the surface is truly as rugged as previous calculations 

would lead one to believe, one has a good chance of finding a more 

favorable location. There is no guarantee as to the efficiency of the 

method either. Experience is probably the only suitable teacher. 

A computer program (frog procedure) was prepared to carry out this 

itinerary. It is sho\m in Appendix F-6. It is set up so that one at a 

time the parameters receive a percent change in either direction. Thus, 

one pass through the procedure yields "2p" points distributed about tne 

current "best" point. If one of the new points appears favorable, 

transfer is made to it and steepest descent three is called. If none 

of these new points results in an improvement, the search range is ex

tended and "frog" is recalled. 

This procedure was applied to several trials which had been previ

ously studied by steepest descent three. The results are shown in 

Table 9-1. "MD #2" refers to mixed data set numb.r two (Appendix C-3), 

"T" refers to the data of Tschemitz et. al. .Appendix C-4), "SS^" is 

the minimum sum-of-squares obtainable by steepest descent three, "No." 

is the number of frog procedures used in the calculations, and "SS£" is 
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the final sum-of-squares obtained. The difference betu'een trials usin 

the same data is the initial guess. 

Table 9-1 

RESULTS OF FROG PRa:EDURE 

R 

?4D #2 

MD #2 

MD #2 

T 

T 

SS X 102 
s 

0,5283 

1,197 

0.3155 

0,08869 

0,5195 

No, 

4 

4 

10 

1 

1 

SS^ X 10^ 
f 

0,2105 

1,197 

0,03031 

0,05493 

0,5005 

This table shows that this technique is of considerable use

fulness. Inmost instances, the frog procedure did lead to an imp

roved point. In only one instance did it fail to do so. It is int

eresting to note that in this instance the initial fit was the poorest 

of any tried, A further indication of the surface shape quite far 

from the correct point perhaps. Also, in this trial search ranges 

of twenty, forty, sixty, and ninety percent were used. Further 

experience has shown that smaller search ranges than this generally 

yield useful results. 

In addition, only one of the remaining four trials ended be

cause "frog" failed to find a better point. In the first trial listed, 

a final search failed to present an improvement. In this case a larger 

search range (from thirty to one hundied fifty percent) was also utilized. 
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In the other three cases, the last frog used did yield an ircp-

roved point, but it was not persued. In these trials, a search range 

of five percent was found to be most useful. Trial three was followed 

further than any of the rest. In this study, a range of 5% consistently 

found a better point. This points up the complexity of the response 

surface. However, the "laiv of diminishirg returns" seems to be in 

effect. As the calculations proceed, more and more effort is re

quired to effect a unit change in the sum-of-squares. 

All of this leads one to wonder about the shape of the surface 

in the immediate vicinity of the correct point. The surface does not 

at all seem to drop off regularly or at an increasing rate. A frog 

search was thus set up with its center at the correct point. At 

-13 

this point, the sum-of-squares is 0,8222 x 10 , Searches are con

ducted with ranges of one, five, ten, twenty, forty, eighty, and three 

hundred percent, Tlie results of this procedure are sho\m in Figure ,̂ -1, 

They readily show what could have caused nuch of the previous data-

fitting difficulty. The sum-of-squares surface in the immediate vic

inity of the correct point appears to be in the shape of a very narrow, 

deep depression. This depression is so small that, if the surface around 

its upper perimeter is at all rough, only extreme luck could lead one 

to the correct set of parameter values. 
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Figure 9-1-B 
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Figure 9-1-C 
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Figure 9-1-D 

PARAMETER D 
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Figure 9-1-E 

PARAMETERS E and G 
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Figure 9-1-F 

PARAMETERS F and H 
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aiAPTER 10 

CONCLUSIONS and RECG IMENT)ATIONS 

The use of steepest descent methodr. in the fitting of reaction 

kinetic equations to data is hindered by the very nature of the sum-

of-squares response surface. For the particular equation studied at 

least, the surface appears to be quite pockmarked so that the final 

set of parameter values is highly dependent on the initial set. 

Indications are also that, near the correct point in the parameter 

space, the sum-of-squares falls off very rapidly forming a narrow, 

deep depression. 

It thus appears quite unlikely that, unless more information is 

available than would normally be expected, accurate parameter esti

mates could be obtained no matter how well designed the data is. It 

is possible, however, to obtain parameter sets which fit the data 

reasonably well over a usefully wide range of experimental condi

tions , 

Even for this the basic steepest descent procedure is not well 

suited because of the roughness of the surface. The described 

parameter perturbation technique is quite useful, 

Tlie steepest descent procedure can yield several sets of para

meters which fit the data almost as well as :he classical lineariza

tion procedure. If initiated at the correct spot, it can yield a set 

which results in a significantly better fit. 

Although there are experiment design limitations in adiabatic 

experimentation, it appears that data from such experiments would be 
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useful in obtaining a working model of a process. If the range of 

experimental conditions is not too great and if sufficient data are 

available to cover the range, one should be able to obtain a reason

able fit with a mechanistic model using ruch data. 

Several points arose during the stuc y about which there was not 

enough data for a definite conslusion. It appears that the further 

a set of parameters is from the correct point, the more nearly planar 

is the response surface and the greater the sum-of-squares. Quantita

tive infoimation along this line could be of tremendous value in the 

search for a good data fit. The signs of residuals could also be a 

useful indication of the goodness of fit. More study in this direction 

is definitely indicated, 

A limited amount of study was also given to scaling factors. The 

computer program shown in Appendix F-7 can be used to obtain exact 

scaling factors for each of the parameters of equation (3-2). Steepest 

descent four (Appendix F-8) was prepared for use with these scaling ̂  

factors. Indications are that, even with exact scaling factors, initial 

parameter guesses are very important. More study along this line is 

indicated. 

A quadrature program (Appendix F-10) was also prepared for the 

integration of equation (3-2). It is likely that useful information 

conceming the fitting of this equation coula be obtained through its 

use. 
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APPENDIX B 

TEMPERATURE DEPENDENCY OF Î vTE CON'STANTS 

It is known that, in general, rate 'constants" are not truly 

constant but are temperature dependent. In many cases, it is desir

able to express these values in the form of true constants. This is 

most often done through the Arrhenius equation: 

k = (A) Exp(-E/RT) (B-1) 

where "A" is a proportionality factor characteristic of the 

system and termed the frequency factor, "E" is the molal 

energy of activation, "R" is the gas constant, and "T' is 

the absolute temperature. 

In this equation, both "A" and "E" are assumed to be independent of 

temperature. It has been found to represent the temperature variation 

of reaction velocity constants quite accurately in most cases. 

It has been shown by Eyring (S, Glass tone, K, J, Laidler, and 

H, Eyring, Theory of Rate Processes, McGraw-Hill Book Company, New 

York, 1941) that the temperature dependence should be of the form 

k -

for liquid systems, and of the form 

k T 

^ ^ * V j ^ 

-AH ^ 

e RT 

* 
AS 
R (B-2) 
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i .̂ '̂  ^ (B-3) 

^ >' ẑ ^ R' 

for gaseous systems. In these equations, "h" is the Boltzman constant, 

"h" is Planck's constant, "(^ " is the ac:ivity coefficient of the 

activated complex, "v " is the average molal volume of the system, 

"z^" is the mean compressibility factor of the mixture, "R" and "R'" 

are gas constants in units consistent with the terms in which they app-

ear, " A H " and " A S " are the enthalpy and entropy changes respect

ively accompanying the formation of the activated complex, and "J/ " 

is the fugacity coefficient of the activated complex. These functions 

are all independent of absolute temperatu:'e "T". 

Comparison of equations (B-1) and (B-3) shows that for gaseous 

reactions, the Arrhenius equation is in agreement with the Eyring 

equation. In the general case for nonideal solutions represented by 

equation (B-2), the frequency factor is not temperature independent 

as assumed in the Arrhenius equation. In most cases, however, the 

Arrhenius equation is still sufficiently accurate over narrow ranges 

of temperature. 
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RUN NUMBER 1 

80 

•' T 

1208.1 
1216.3 
122A.6 
1233.0 
1241.4 
1250.0 
1258.7 
1267.4 
1276.3 
1285.2 

PA 
1.5555555 
1.5357142 
1.5154639 
1.4947916 
1.4736842 
1.4521276 
1.4301075 
1.4076086 
1.3846153 
1.3611110 

PB 
1.5555555 
1.5357142 
1.5154639 
1.4947916 
1.4736842 
1.4521276 
1.4301075 
1.4076086 
1.3846153 
1.3611110 

PC 
.3888888 
.4285713 
.4690721 
.5104166 
.5526315 
.5957446 
.6397849 
.6847825 
.7307692 
.7777777 

R X 10 
.4327763 
.4228628 
.4128469 
.4027285 
.3925083 
.3821864 
.3717638 
.3612412 
.3506201 
.3399020 

RUN NUMBER 2 

T 
1208.1 
1216.3 
1224.6 
1233.0 
1241.5 
1250.1 
1258.7 
1267.5 
1276.4 
1285.3 

PA 
2.6163260 
2.6072961 
2.5980796 
2.5886709 
2.5790638 
2.5692520 
2.5592289 
2.5489875 
2.5385207 
2.5278210 

PB 
.4947653 
.4640557 
.4327121 
.4007145 
.3680423 
.3346739 
.3005869 
.2657576 
.2301617 
.1937736 

PC 
.3889085 
.4286480 
.4692081 
.5106144 
.5528937 
.5960739 
.6401841 
.6852547 
.7313174 
.7784052 

R X 10 
.2859991 
.2686260 
.2508487 
.2326517 
.2140187 
.1949324 
.1753746 
.1553262 
.1347668 
.1136751 

RUN NUMBER 3 

T 
1212.2 
1224.6 
1237.3 
1250.1 
1263.1 
1276.4 
1289.8 
1303.5 
1317.5 
1331.6 

PA 
.6574398 
.6134169 
.5680090 
.5211496 
.4727681 
.4227890 
.3711319 
.3177109 
.2624341 
.2052029 

PB 
2.4340399 
2.4175313 
2.4005033 
2.3829311 
2.3647880 
2.3460458 
2.3266744 
2.3066416 
2.2859127 
2.2644511 

PC 
.4085201 
.4690516 
.5314875 
.5959192 
.6624438 
.7311650 
.8021934 
.8756473 
.9516530 
1.0303458 

R X 10 
.2438708 
.2263031 
.2083750 
.1900767 
.1713980 
.1523289 
.1328593 
.1129792 
.0926786 
.0719480 



RUN NUMBER 4 
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T 
1508.1 
1516.3 
1524.6 
1533.0 
1541.4 
1550.0 
1558.7 
1567.4 
1576.3 
1585.2 

PA 
1.5555555 
1.5357142 
1.5154639 
1.4947916 
1.4736842 
1.4521276 
1.4301075 
1.4076086 
1.3846153 
1.3611110 

PB 
1.5555555 
1.5357142 
1.5154639 
1.4947916 
1.4736842 
1.4521276 
1.4301075 
1.4076086 
1.3846153 
1.3611110 

PC 
.3888888 
.4285713 
.4690721 
.5104166 
.5526315 
.5957446 
.6397849 
.6847825 
.7307692 
.7777777 

R X 10 
.4028305 
.3936838 
.3844382 
.3750938 
•3656507 
.3561092 
.3464698 
.3367331 
.3269006 
.3169732 

T 

8 0 5 . 4 
8 1 2 . 2 
8 1 9 . 1 
8 2 6 . 0 
8 3 3 . 1 
8 4 0 . 1 
8 4 7 . 3 
8 5 4 . 5 
8 6 1 . 7 
8 6 9 . 0 
8 7 6 . 4 
8 8 3 . 9 
8 9 1 . 4 
8 9 9 . 0 
9 0 6 . 7 
9 1 4 . 5 
9 2 2 . 3 

PA 
2.4929361 
2.4843956 
2.4757090 
2.4668725 
2.4578822 
2.4487341 
2.4394239 
2.4299474 
2.4203000 
2.4104770 
2.4004737 
2.3902850 
2.3799057 
2.3693303 
2.3585535 
2.3475691 
2.3363713 

RUN NUMBER 5 

PB 
.4799858 
.4543742 
.4283245 
.4018254 
.3748650 
.3474314 
.3195118 
.2910933 
.2621623 
.2327049 
.2027066 
.1721524 
.1410265 
.1093130 
.0769949 
.0440548 
.0104745 

PC 
.5270779 
.5612300 
.5959663 
.6313019 
.6672526 
.7038343 
.7410641 
.7789591 
.8175375 
.8568179 
.8968195 
.9375625 
.9790676 
1.0213565 
1.0644515 
1.1083759 
1.1531539 

R X 10 
.3186549 
.3019972 
.2850050 
.2676709 
.2499876 
.2319472 
.2135409 
.1947599 
.1755946 
.1560348 
.1360696 
.1156878 
.0948771 
.0736249 
.0519176 
.0297408 
.0070796 
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RUN NUMBER 6 

T PA PB PC R X 10 
857.2 1.4824561 .9774436 1.0401002 .3438715 
864.4 1.4642341 .9546603 1.0811054 .3328342 
871.8 1.4456799 .9314618 1.1228581 .3217208 
879.2 1.4267843 .9078366 1.1653789 .3105352 
886.7 1.4075380 .8837727 1.2086891 .2992813 
894.2 1.3879310 .8592578 1.2528110 .2879635 
901.8 1.3679530 .8342792 1.2977676 .2765864 
909.5 1.3475935 .8088235 1.3435828 .2651552 
917.3 1.3268414 .7828769 1.3902815 .2536754 
925.1 1.3056853 .7564252 1.4378893 .2421531 
933.0 1.2841132 .7294533 1.4864333 .2305946 
941.0 1.2621127 .7019459 1.5359411 .2190073 
949.1 1.2396710 .6738868 1.5864420 .2073989 
957.2 1.2167746 .6452593 1.6379659 .1957779 
965.5 1.1934097 .6160458 1.6905443 .1841538 
973.8 1.1695616 .5862282 1.7442100 .1725369 
982.2 1.1452151 .5557876 1.7989970 .1609385 
990.7 1.1203547 .5247043 1.8549408 .1493711 
999.3 1.0949636 .4929577 1.9120785 .1378482 

1008.0 1.0690250 .4605262 1.9704486 .1263850 
1016.8 1.0425207 .4273876 2.0300915 .1149982 
1025.6 1.0154320 .3935185 2.0910493 .1037059 
1034.6 .9877396 .3588943 2.1533660 .0925286 
1043.7 .9594228 .3234896 2.2170874 .0814884 
1052.8 .9304605 .2872777 2.2822617 .0706100 
1062.1 .9008302 .2502306 2.3489391 .0599208 
1071.5 .8705086 .2123191 2.4171721 .0494511 
1081.0 .8394711 .1735127 2.4870160 .0392342 
1090.6 .8076923 .1337792 2.5585284 .0293073 
1100.3 .7751450 .0930851 2.6317698 .0197115 
1110.2 .7418012 .0513950 2.7068037 .0104928 
1120.1 .7076312 .0086719 2.7836967 .0017019 



RUN NUMBER 7 
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T 
806.7 
813.6 
820.5 
827.4 
834.4 
841.5 
848.7 
855.9 
863.1 
870.5 
877.9 
885.4 
892.9 
900.5 
908.2 
915.9 
923.8 

PA 
.4746102 
.4489251 
.4228002 
.3962241 
.3691849 
.3416704 
.3136681 
.2851647 
.2561468 
.2266003 
.1965106 
.1658626 
.1346405 
.1028282 
.0704088 
.0373646 
.0036774 

PB 
1.4832305 
1.4661085 
1.4486933 
1.4309772 
1.4129525 
1.3946110 
1.3759442 
1.3569434 
1.3375997 
1.3179035 
1.2978453 
1.2774149 
1.2566018 
1.2353953 
1.2137840 
1.1917562 
1.1692999 

PC 
1.5421591 
1.5849661 
1.6285063 
1.6727985 
1.7178624 
1.7637184 
1.8103876 
1.8578917 
1.9062533 
1.9554960 
2.0056439 
2.0567224 
2.1087575 
2.1617763 
2.2158071 
2.2708790 
2.3270226 

R X 10 
.1577507 
.1477903 
.1378201 
.1278456 
.1178725 
.1079069 
.0979553 
.0880247 
.0781224 
.0682564 
.0584350 
.0486673 
.0389630 
.0293326 
.0197873 
.0103392 
.0010013 
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T 
9 3 3 . 2 
9 4 1 . 5 
9 4 9 . 8 
9 5 8 . 3 
9 6 6 . 9 
9 7 5 . 5 
9 8 4 . 3 
9 9 3 . 1 

1 0 0 2 . 1 
1 0 1 1 . 1 
1 0 2 0 . 2 
1 0 2 9 . 5 
1038 .8 
1 0 4 8 . 3 

PA 
.4928571 
.4618556 
.4302083 
.3978947 
.3648935 
.3311827 
.2967391 
.2615384 
.2255555 
.1887640 
.1511363 
.1126436 
.0732558 
.0329411 

PB 
2.4428571 
2.4319587 
2.4208333 
2.4094736 
2.3978723 
2.3860215 
2.3739130 
2.3615384 
2.3488888 
2.3359550 
2.3227272 
2.3091953 
2.2953488 
2.2811764 

PC 
.5642856 
.6061855 
.6489583 
.6926315 
.7372340 
.7827956 
.8293478 
.8769230 
.9255555 
.9752808 
1.0261363 
1.0781608 
1.1313953 
1.1858823 

R X 10 
.2000410 
.1867414 
.1732651 
.1596097 
.1457726 
.1317512 
.1175428 
.1031449 
.0885545 
.0737692 
.0587861 
.0436026 
.0282159 
.0126236 

RUN NUMBER 10 

T 
1134.5 
1144.2 
1154.0 
1163.9 
1173.9 
1184.1 
1194.3 
1204.8 
1215.3 
1226.0 
1236.8 
1247.8 
1259.0 
1270.3 
1281.7 
1293.3 
1305.1 
1317.1 
1329.2 
1341.5 
1354.0 
1366.7 
1379.7 
1392.8 

PA 
2.4877613 
2.4755892 
2.4631207 
2.4503449 
2.4372504 
2.4238251 
2.4100562 
2.3959305 
2.3814338 
2.3665513 
2.3512675 
2.3355658 
2.3194290 
2.3028386 
2.2857753 
2.2682186 
2.2501467 
2.2315366 
2.2123639 
2.1926027 
2.1722256 
2.1512032 
2.1295044 
2.1070961 

PB 
.9706511 
.9402356 
.9090798 
.8771562 
.8444361 
.8108893 
.7764841 
.7411871 
.7049632 
.6677753 
.6295846 
.5903499 
.5500276 
.5085722 
.4659349 
.4220647 
.3769072 
.3304050 
.2824969 
.2331184 
.1822007 
.1296706 
.0754504 
.0194571 

PC 
.0415874 
.0841750 
.1277994 
.1724987 
.2183133 
.2652854 
.3134595 
.3628823 
.4136029 
.4656732 
.5191477 
.5740841 
.6305432 
.6885890 
.7482896 
.8097165 
.8729459 
.9380583 
1.0051390 
1.0742786 
1.1455735 
1.2191260 
1.2950450 
1.3734466 

R X 10 
.4903374 
.4747009 
.4587076 
.4423449 
.4255991 
.4084556 
.3908994 
.3729144 
.3544835 
.3355891 
.3162124 
.2963334 
.2759314 
.2549841 
.2334683 
.2113595 
.1886315 
.1652570 
.1412070 
.1164509 
.0909565 
.0646896 
.0376144 
.0096930 
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RUN NUMBER 11 

T 
1110.9 
1121.9 
1133.1 
1144.5 
1156.0 
1167.7 
1179.GI 
1191.6 
1203.8 
1216.3 
1228.9 
1241.7 

PA 
.4662051 
.4313428 
.3955077 
.3586587 
.3207519 
.2817414 
.2415780 
.2002099 
.1575822 
.1136363 
.0683103 
.0215379 

PB 
1.9861563 
1.9722069 
1.9578682 
1.9431239 
1.9279563 
1.9123470 
1.8962765 
1.8797240 
1.8626674 
1.8450834 
1.8269472 
1.8082322 

PC 
.5476384 
.5964501 
.6466238 
.6982173 
.7512915 
.8059114 
.8621453 
.9200659 
.9797502 
1.0412801 
1.1047424 
1.1702297 

R X 10 
.1602835 
.1473279 
.1341808 
.1208390 
.1072998 
.0935605 
.0796185 
.0654718 
.0511185 
.0365572 
.0217872 
.0068084 

RUN NUMBER 12 

T 
1110.0 
1120.REZD 
1130.5 
1141.0 
1151.6 
1162.3 
1173.2 
1184.2 
1195.4 
1206.7 
1218.2 
1229.9 

PA 
1.4553761 
1.4294587 
1.4028758 
1.3756015 
1.3476083 
1.3188676 
1.2893490 
1.2590204 
1.2278480 
1.1957962 
1.1628272 
1.1289011 

PB 
.5016272 
.4636202 
.4246372 
.3846403 
.3435894 
.3014421 
.2581540 
.2136781 
.1679649 
.1209620 
.0726141 
.0228625 

PC 
1.5429965 
1.6069210 
1.6724868 
1.7397580 
1.8088022 
1.8796901 
1.9524969 
2.0273013 
2.1041869 
2.1832416 
2.2645585 
2.3482363 

R X 10 
.1737433 
.1586919 
.1435564 
.1283507 
.1130901 
.0977930 
.0824802 
.0671759 
.0519079 
.0367080 
.0216131 
.0066656 



APPENDIX C-2 

MIXED DATA NUMBER 1 

87 

T 
806.7 
819.1 
834.4 
847.3 
86^.1 
864.4 
876.4 
8^2.9 
894.2 
906.7 
923.8 
925.1 
949.8 
957.2 
984.3 
990.7 
1020.2 
1025.6 
1025.7 
1061.3 
1062.1 
1098.6 
1100.3 
1110.0 
1110.9 
1134.5 
1137.6 
1156.0 
1173.9 
1178.7 
1203.8 
1215.3 
1221.9 
1259.0 
1267.6 
1305.1 
1328.6 
1354.0 
1380.9 
1436.9 

PA 
.4746102 

2.4757090 
.3691849 

2.4394239 
.2561468 

1.4642341 
2.4004737 
.1346405 

1.3879310 
2.3585535 
.0036774 

1.3056853 
.4302083 

1.2167746 
.2967391 

1.1203547 
.1511363 

1.0154320 
1.9524014 
1.8827368 
.9008302 

1.8065048 
.7751450 

1.4553761 
.4662051 

2.4877613 
1.7227306 
.3207519 

2.4372504 
1.6302367 
.1575822 

2.3814338 
1.5275871 
2.3194290 
1.4130118 
2.2501467 
1.2496085 
2.1722256 
1.0992315 
.9273182 

PB 
1.4832305 
.4283245 

1.4129525 
.3195118 
1.3375997 
.9546603 
.2^^27066 

1.256f)018 
.8592578 
•0769949 
1.1692999 
.7564252 

2.4208333 
•6452593 

2.3739130 
.5247043 

2.3227272 
.3935185 

1.434'^250 
1.3415484 
.2502306 

1.2398067 
.0930851 
•5016272 
1.9861563 
•9706511 

1.1279990 
1.9279563 
.8444361 

1.0045537 
1.862^674 
.7049632 
.867^542 
.5500276 
.7146383 
.3769072 
.4965549 
.1822007 
.2958569 
.0664160 

PC 
1.5421591 
.5959663 
1.7178624 
.7410641 
1.9062533 
1.081 1054 
.8^^8195 

2.108"'575 
1.257R110 
1.0644515 
2.3270226 
1.4378R93 
.6489583 
1.637965<5 
.829^478 
1.8549408 
1.0261363 
2.0910493 
.1130734 
.2757146 

2.3489391 
.45368^4 

2.6^17698 
1.5429965 
.5476384 
.0415874 
.6492703 
.7512915 
.2183133 
.8652094 
.979750? 
.4136029 

1.1048586 
.630543? 

1.3723496 
.8729459 

1.7538364 
1.1455735 
2.1049114 
2.5062656 

R X 10 
.1577507 
.2850050 
.1178725 
.2135409 
.0781224 
.3328342 
.1360696 
.0389630 
.2879635 
.0519176 
.0010013 
.2421^31 
.1732651 
.1957779 
.1175428 
.1493711 
.0587861 
.1037059 
.5387^87 
.4916145 
.0599208 
.4417974 
.0197115 
.1737433 
.1602835 
.4903^74 
.3891996 
.1072998 
.4255991 
.3337877 
.0511185 
.3544835 
.2756387 
.2759314 
.2150350 
.1886315 
.1368866 
.0909565 
.0742396 
.0146467 
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IG r/5 Near Correct Values 

A « 50 

B » -2000 

C = 0,003 

D « 2000 

E = 0.07 

1000 

G = 0.4 X 10 

H = 8000 

-8 

IG .̂6 C", "E", and "G" Correct 

A = 100 

B = -1000 

C = 0,0037585 

D = 3000 

E = 0,07856 

F = 3000 

G = 0,35078 X 10 

H = 3000 

-8 

IG #7 Teschemitz Solution 

A = 4,137 

B = -876, 

C = 0,0139 

E = 0,2121 

F = 473. 

G = 0.16796 X 10 -6 

D = 1566, H = 6900 
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APPENDIX E 

PARTIAL DERIVATIVES 

n 

aSS/aA = 2 [(2) [ (N). - ( r ) . (D). ^] [ (D)-2 Exp (B/T^) (C) 

i=l 

n 

ass/aB 

Exp (D/Ti) (E) Exp (F/Ti) (C^^) (Cg^)] /(D). 6" 

[(2) [ (N). - ( r ) i (D)i 2j [ p ) . 2 ^^/^^^ ^^^.^^ 

i=l 

CD) ''] 
n 

ass/dc ^ . f2) [ (r). (D). 2 . (N)i ] [(N)i (2) (D)i (C^.) 

i=l 

Exp (D/T^) - (D)i 2 (;A) E^P ^3;,^.^ ^^ ^ j ^ / ^ . ^ ^̂ ^ 

Exp (F/T.) (C^i) (Csi)] / (D)i ^1 

n 

ass/dD ¥t (2) [ ( r ) . (D). - (N).] [(N). (2) (D)^ (l/T^) 

n 

ass/aE 

1=1 

{C^)%C) Exp (D/T.) - (D). 2 (N). (l/T^)] / (D)^ 6 

[(2) [ ( r ) . (D). 2 - (N).] [(N). (2) (D). Exp (F/T.) 

(CgP - (D). ^ (A) Exp (B/T.; (C) Exp (D/Ti) Exp (F/Ti) 

C^Ai) (CBI) ] / (D i ^ 
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n 

SS/ F . ̂  [(2) [ (r). (D). 2 - (N).] [(2) (.̂ . (D)^ (1/Ti) 

i-1 

(Cg.) (E) Exp (F/T.) - C/Ti; (D). 2 (N).] / ^D). 

n 

SS/ G = " ^ n (2) [ (r). (D). - (N).] [(N)i (2) (D)i Exp (U/TO 

i=l 

(Cci)] / (D)i ̂1 

n 

SS/ H - ̂ ^ 1̂ (2) [ (r)i (D). 2 - (N)i] [ (2) (N)^ (D)^ (1/Ti) Ĉ ) 

i=l 
* 

Exp (H/Ti) (Ĉ .)] / (D). ^ 

A, B, C, D, E, F, G, H = current parameter values 

Âi» B̂i» Ĉi» "̂i " values of independent variables at the ith 

data point 

(N). « (A) Exp (B/T.) (C) Exp (D/T.) (E) Exp (F/T-) (Ĉ .) (Ĉ .̂) 

c 

(D). - 1 ^ (C) Exp(D/T.) (Ĉ .) + (E) Exp(F/T.) (Ĉ )̂ + 

(G) Exp(H/T.) (Ĉ .) 
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APPFNDIX F-1 

MAIN PROGRAM FOR DATA GENERATION 

1 FORMAT (4(E15.8»2X)) 
2 FORMAT (3(E15.8,2X) ) 
3 FORMAT (12) 

30 FORMAT (4{Fl5.8>2X)) 
300 FORMAT (F8.2»2X»F8.3»2X»F8.4,2X,F15.8) 

4 FORMAT (28H SFT SEMSF SWITCH 1, MP DATA) 
DIMENSION R(40)»T(40),CA(40)•Ce(40)»CC(40) 
COMMON A,B»C9D»E,F»G,H,ALPHA,R,T>CA,^B9rc»N»CA0»CB0, 
ICCO, TI» PT, CP, HR 
READ 1, A,B,C»D,E,F,G»H 
READ 2, CAO, CBO, CCO 
READ 3, N 
PFAD 30, (rA(I) » 1=1,N) 
READ 300, TI, PT, CP, HR 
PRINT 4 
PAUSE 
IF(SEMSE SWITCH 1) 12, 11 

11 PUNCH 1, A,B,C,D,E,F,G,H 
PUNCH 2» CAO, CBO» CCO 
PUNCH 3, N 
PUNCH 30, (CA(I), I=1»N) 
PUNCH 300, TI, PT, CP, HR 

12 CALL DTAGEN 
END 



APPFNDIX F-2 

DATA GENERATOR 

95 

SWITCH 1, 
PA 

Gî N. DATA) 
^UBPniiTIN'^ HTAGEM 

1 FnPMAT(30H SFT Ŝ N̂SE 
2 F0RMAT(65H T PA PB 
1 R) 

3 FORMAT (F8.2,4F16.8) 
DIMENSION R{40) ,T(40) •CA(40),CB(40),CC(40) 
COMMON A,B,C,D»E,F,G,H,ALPHA,R,T,CA,CB,CC»N,CAO,CBO, 
ICCO, TI, PT, CP, HR 
DO 11 1 = 1,N 

= CBO - (TAO - CA{I ) ) 
= CCO + (CAO - CA(I)) 
= CA(I) + CR(I) + CC(I) 

LOGF((rA(I) + TBO + CCO)/ 

rR( I ) 
CC( I) 
FLOW 
T(I) = TI + (HR/fP) 
1(CAO + CBO + CCO)) 
rA(I) = {CA(I)/FLOV' 
CB(I) = (CB(I)/FLOW 

PT 
PT 
PT 

(D/T(I))))* 
CC(I) = (CC(I)/FLOW 
TOP = (A*(EXP (B/T(I)) ) )*(C*(EXP 
1(F*(EXP (F/T(I)))) * CA(I) * CB(I) 
DEN =(1.) + ((C*(FXP (D/T(I) ) ) )*CA( I) ) + ((E*(FXP 
1(F/T(I))))*CB(I)) + {(G*(EXP (H/T(I))))*rC(I)) 

11 R(I) = TOP/(nFM*DFN) 
PRINT 1 
PAUSF 
IF(SFNSF SWITCH 1) 13,12 

12 PUNCH 2 
PUNCH 3»(T(I) »^A( I ) ,rB( I) ,CC(I ) ,R(T) , 

13 PETURN 
END 

1 = 1,N) 
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APPFNDIX F-3 

MAIN PROGRAM FOR SEARCH 

1 
3 

40 
400 

5 
50 

500 
6 
7 
8 
9 

10 
100 

1000 

14 

11 

12 

FORMAT 
FORMAT 
FORMAT 
FORMAT 
FORMAT 
FORMAT 
FORMAT 
FORMAT 
FORMAT 
FORMAT 
FORMAT 
FORMAT 
FORMAT 
FORMAT 

(4(E15.8»2X)) 
( I2,3X,E15.8,3X,E15. 
(F8.2,4F16.8) 
(26H SET SS 1, CALL 
(2HA=E15.8) 
(IIH ENTER DATA) 
(28H SFT SS 1, CALL 

8) 
8) 
8) 
8) 

8) 

FROG, STOP) 

STPDES, STOP) 
(2HB=E15 
(2HC=E15 
(2HD=E15 
{?HF=F15 
(2HF=F15.8) 
(2HG=F15.P) 
(2HH=E15 

DIMENSION T(60)» 
8) 
CA(60), CB(60), CC(60)» R(60), P(16) 

COMMON A,B,C,D,E,F,G,H,ALPHA,BETA,T,CA,CB,CC,R,N»SSS 
READ 3, N, ALPHA, BETA 
READ 40» (T(I)» CA(I), CR(I) , CCfl), R(I), 1=1,N) 
READ 1, A,B,C,D,F,F,G,H 
CALL STPDES 
PRINT 5, A 

6,B 
7, C 
8» D 
9, E 
10, F 
100, G 
1000, H 
400 

13 

PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PAUSE 
IF (SENSE 
CALL FROG 
PRINT 500 
PAUSF 
IF (SENSE 
PRINT 50 
READ 3, N, 
READ 1, A, 
GO TO 14 
STOP 
END 

SWITCH 1) 11,13 

SWITCH 1) 12,13 

ALPHA, BETA 
B»C»D»F»F,G,H 
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APPENHIX F-4 

ORIGINAL STFFPFST DESCENT 

FORMAT 
FORMAT 
FORMAT 
FORMAT 
FORMAT 
FORMAT 

11 

SUBROUTINE STPDFS 
FORMAT (27H STFFPFST DESCENT PROCFDURF) 

( 12) 
(29H SET SENSE SWITCH 1, CONTINUE) 
(5X,E15.8) 
(4(E15.8»2X)) 
(17H SS TOO LARGE) 
(21H COSINE TOO SMALL) 

DIMFNSION T(60), CA(6^)» CB(60)» Cr(60)» R(6n), P(16) 
CO'^MON A,B,C,D,F,F,G,H,ALPHA,BFTA,T,rA ,CP ,CC ,R ,N , SSS 
ITI,PT,CP,HR 
PRINT 1 
K = 0 
SS = 0. 
PSSRA 
PSSRB 
PSSRC 
PSSRD 
PSSRF 
P S S P F 
PS SRG 
PSSRH 
K = K + 1 
PRIMT 2» < 
DO 12 1=1 
W = CA( I ) 
X = CB( I ) 
Z = T(I ) 
TWO = C * 
THREE 
TOP = 
DFN = 
RHAT 

12 

1^ 
14 
15 

16 

17 

0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 

N 

= E 
EXP(D/Z) 
M- FXP(F/Z) 

A*EXP(B/Z)*TWO*THREE*W*X 
(1.) + (TWO*W) + {THREF*X) 

= TOP / (DFM * nFN) 
+ (G*'^XP(H/Z)*CC( I ) ) 

) ) ) 15, 15, 17 

1)26 » 17 

5<; ^ {(R(I) - RHAT) * (R(I) - RHAT)) + SS 
I F ( K - l ) 17, 17»13 
IF (SSS - ^S) 16, 14, 14 
IF (SSS - (SS+(0.005 * SS 
PRINT 3 
PAUSE 
IF (SENSE SWITCH 
ALPHA = ALPHA/4. 
PRINT 6 
GO TO 27 
DO 18 1 = 1,N 
V = R( I ) 
W = CA( I ) 
X = CB(I ) 
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+ (FOUR*Y) 

Y = CC(I ) 
7 = T(I ) 
BEXP = EXP(R/Z) 
DEXP = FXP(D/Z) 
FEXP = EXP(F/Z) 
HEXP = EXP(H/Z) 
ONE = A*BFXP 
TWO = C*DEXP 
THREE = F*FEXP 
FOUR = G*HFXP 
RZ = l./Z 
TOP = ONE*TWO*THRFE*W*X 
DFN = 1. + (TWO*W) + (THRFE*X) 
TT2 = T0P*2. 
D2 = DEN*DEN 
WOW = 2.*(TOP-V*D2) 
D6 = DFN**6 
PSSRA = ((W0W*D2*BEXP*TW0*THREE*W*X)/D6) 
Pscpp = ((W0W*D2*RZ*T0P)/D6) + PSSPR 
PSSRC = (((-WOW)*((TT2*DFN*W*DEXP) -
1THREF*W*X)))/06) + PSSRC 
PSSRD = (((-WOW)*((TT2*DEN*RZ*W*TW0) 
1/D6 + PSSRD 
PSSRF = (((-WOW)*((TT2*DEN*FFXP*W) -
1FEXP*W*X)))/D6) + PSSRF 
PSSRF = (((-WOW)*{(TT2*DEN*RZ*X*THPFF) - (RZ*n2*T0P) 
1))/D6) + PSSRF 

+ PSSPA 

(D2*0N'=^*DFXP* 

- (D2*T0P*RZ))) 

(n2*0NR*TW0* 

1 8 
PSSRG 
PSSRH 
TOPAN 
TOPBN 
TOPCN 
TOPDN 
TOPEN 
TOPFN 
TOPGN 
TOPHN 
DENNS 

(((-W0W)*TT2*DEN*HFXP*Y)/D6) + PSSRG 
( ( (-W0W)^^TT2*DEN*RZ*F0UR*Y)/D6) + PSSRH 
(1. 
(1. 
(1. 
(1. 
(1. 
(1. 
(1. 
(1. 

+ 

+ 
+ 
+ 
+ 
+ 
+ 

= SQRT( 
1(TOPCN*TOPCN) 
2(T0PFN*T0PFN) 

A*A)) * PSSRA 
B*B) ) * DSSR3 
C*C)) * PS5PC 
D*0)) * PSSR^ 
F*E) ) * PSSRF 
F*F)) * PSSRF 
G*G)) * PSSRG 
H*H)) * PSSRH 
TOPAN*TOPAN) + (TOPPN*TOPPN) + 

+ TOPD^'*TOPDM) + ( TOPFN*TOPFM ) + 
+ (TOPGN*TOPGN) + (TOPHN*TOPHN ) ) 

AN = TOPAN/DENNS 
BN = TOPBN/DENNS 
CM = TOPCN/DFMMS 
DM = TOPDN/DENNS 
EM = TOPFN/r^EMNS 
FN = TOPFN/DFNNS 
GN = TOpGN/nFNN'S 
HN = TOPHN/Df^NNS 
IF (K-1) 22, 22» 

19 COSIN = (AN*ANN) 
19 
+ (RN*BNN) + (CN*CNN) + (nN*nNN) + 

1(FN*ENN) + (FN*FNN) + (GN*GNN) + (HM-)tHNN) 



99 

20 

21 
72 

27 

23 
28 

?9 

IF (COSIN) 20, 20, 21 
ALPHA = ALPHA/4. 

7 
27 
= ALPHA * (0.5 + 
AN 

25 
76 

PRINT 
GO TO 
ALPHA 
ANN = 
BNM = 
CNN = 
DNN = 
ENN = 
ENN = 
GNN = 
HNN = 
AA = A 
BB = B 
CCC = C 

COS I N*COS I N*COS I ̂ '*COS I N ) 

BN 
CN 
DN 
EN 
FN 
GN 
HN 

DD = 
FF = 
FF = 
GG = 
HH = 
SSS = 
L = 3 
GO TO 

D 
F 

F 
G 
H 
SS 

23 
A 
R 
c 
D 
E 
E 
G 
H 
L •• 

IF 

= AA 
•• B B 

CCC 
DD 
FF 
FF 
GG 
HH 
1 
(L-2) 

PUNCH 
PRINT 

5, 
4> 

A 
B 
C 
D •• 

F ; 
F : 
G : 
H •• 

GO 

: A 
: B 
= C 
• D 

: F 

F 
G 
H 

TO 

29, 28, 28 
A,B,C,D,E,F,G,H 
SS 
( ALPHA^^ANM) 
( ALPHA^fBNM) 
(ALPHA*CMN) 
(ALPHA*nNN) 
(ALPHA*ENN) 
(ALPHA*FNN) 
(ALPHA^GNN) 
(ALPHA*HNN) 

11 
RETURN 
END 



100 

APPENDIX F-5 

STEEPEST DESCENT THREE 

SUPPOUTIN"^ STPDES 
1 FOPMAT (27H STEEPEST DFSrPNT PPOCEnUf^F) 
2 FORMAT (12) 
3 FORMAT (27H SFT SS 2, CONTINUE, SWITCH) 
4 FORMAT (5X,E15.8) 
5 FORMAT (4(E15.8,2X)) 
6 FORMAT (24H SS TOO LARGE, ALPHA) 
7 FORMAT (23H SS TOO LARGE, BETA) 
8 FORMAT (22H SET SS ?, ALPHA, BETA) 
9 FORMAT (24H COS ALPHA TOO SMALL) 

10 FORMAT (23H COS BETA TOO SMALL) 
100 FORMAT (23H SET SS 2, RETA, RETUPN) 

inon FOpMAT (24H S^T SS 2, ALPHA, RTTIIPM) 

niMENSION T(60), CA{6^)» CB(60), CC(60), R(60), P(16) 
COMMON A,B,C,D,E,F,G,H,ALPHA,BETA,T,CA,rR,CC,R,N»SSS 
PRINT 1 
K = 0 
L =50 
PRINT 8 
PAUSE 
IF (SENSE SWITCH 2) 11»26 

11 SS = 0. 
PSSRC = 0. 
PSSRF = 0. 
PSSRG = 0. 
K = K + 1 
PRIMT 2> K 
DO 12 I=1»N 
W = CA(I) 
X = CB(I) 
Z = T( I ) 
TWO = C * EXP(D/Z) 
THREE = E * FXP(F/Z) 
TOP = A * EXP(B/Z) * TWO * THREE * W * X 
DEN = (1.) + (TWO*W) + (THREE*X) +(G*EXP(H/Z)*CC(I)) 
RHAT = TOP / (DFN*DEM) 

12 SS = ((R(I) - PHAT) * (R(I) - PHAT)) + SS 
IF (K - 1) 17*17,13 

13 IF (SSS - SS) 16,14,14 
14 IF (SSS - (SS + (.00 5*SS))) 15,15,17 
15 PRINT 3 

PAUSE 
IF(SENSE SWITCH 2) 17»42 

16 ALPHA = ALPHA/4. 
PRINT 6 
GO TO 23 

17 DO 18 1=1,N 
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V = R(I) 
W = CA(I) 
X = CB(I) 
Y = CC(I ) 
Z = T(I ) 
BEXP = '^XP(R/Z) 
DEXP = EXP(D/Z) 
FEXP = EXP(E/Z) 
HEXP = EXP(H/Z) 
ONE = A*BEXD 
TWO = C^DEXP 
THREE = E^FEXP 
FOUP = G*HEXP 
PZ = l./Z 
TOP = ONE*TWO*THRFE*W*X 
DEN = 1. + (TWO*W) + (THREE^X) + (FOUR*Y) 
TT2 = T0P*2. 
D2 = DEN*DFN 
WOW = 2.*(TOP-V*D2) 
D6 = DEN**6 
PSSRC = (((-WOW)*((TT2*nFN*W*DEXP) - (D2*0NF*DEXP 
1 *THRFF*W*X)))/D6) + PSSRC 
PSSRE = (((-WOW)*((TT2*DEN*FEXP*W) - (n2*0NE*TW0 
1 *EEXP*W*X)))/n6) + PSSRE 

18 PSSRG = (((-WOW)*TT2*DEN*HEXP*Y)/n6) + PSCRG 
TOPCN = (1. + (C*C)) * PSSRC 
TOPEN = (1. + (E*F)) * PSSRE 
TOPGM = (1. + (G*G)) * DSSPG 
OFMNSS = SOPT( (TOPCN^TOPCN) + (TOPFM*TOPEN) + 
1 (TOPGN*TOPGN) ) 
CM = TOPCN/DFNNSS 
EN = TOPEN/DENNSS 
GN = TOPGN/DFNNSS 
IF (K-1) 22,22,19 

19 COSAL = (CN*CMN) + (f^N^ENN) + (GN*GNN) 
IF(COSAL) 20,20,21 

20 ALPHA = ALPHA/4. 
PRINT 9 
GO TO 23 

21 ALPHA = ALPHA*(0.5 + COSAL*COSAL*CnSAL*COSAL) 
22 CNN = CN 

ENN = EN 
GNN = GN 
CCC = C 
FF = F 
GG = G 
SSS = SS 
GO TO 24 

2^ C = CCC 
F = EE 
G = GG 
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24 

25 

50 
51 

52 
53 

54 
55 
26 

27 

28 
29 
30 

31 

32 

GO TO 25 
PRINT 5, A,B,C,D,E,F,G,H 
PRINT 4, SS 
IE (SENSE SWITCH 2) 25,42 
C = C - (ALPHA*CNN) 
IF (C) 50,51,51 
C = CCC/2. 
E = E - (ALPHA*FMM) 
IF(E) 52,53,53 
^ = EF/2. 
G = G - (ALPHA*GNN) 
IF (G) 54,55,55 
G = GG/2. 
GO TO 11 
SS = 0. 
PSSRA = 0. 
PSSRB = 0. 
PSSRD = 0. 
PSSRF = 0. 
PSSRH = 0. 
L = L + 1 
PRINT 2, L 
DO 27 1=1,N 
W = CA( I ) 
X = CB(I) 
Z = T( I ) 
TWO = C * = E 

A * 
( 1. ) 

EXP(D/Z) 
* EXP(F/Z) 
EXP(B/Z) * 
+ (TWO*W) 

TWO * THREE * 
+ (THREF*X) + 

THREE 
TOP = 
DEN = 
RHAT = TOP / (DEN*DEN) 
SS = ((R(I) - RHAT) * (R(I) -
IF (L-51) 32,^2,28 
IE (SSS - SS) 31,29,29 
IE (SSS - (SS+( .0n5*SS) ) )30,30,?2 
PRINT 3 
PAUSE 
IF (SENSE SWITCH 
BETA = PETA/4. 
PRINT 7 
GO TO 38 
DO 33 1=1 

W * X 
(G*EXP(H/Z)*CC(I)) 

RHAT ) ) + <̂S 

2) 32,41 

N 
V 
W 
X 
Y 
Z 

R( I ) 
CA(I) 
CB( I ) 
CC( I ) 
T( I ) 

BEXP = EXP(B/Z) 
DEXP = EXP(D/Z) 
FEXP = EXP(F/Z) 
HEXP = EXP(H/Z) 
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ONE = A*BFXP 
TWO = C*DEXP 
THREE = F*FEXP 
FOUR = Ĝ Hf̂ XP 
PZ = l./Z 
TOP = ONE*TV'0*THREE*W*X 
DFN = 1. + (TWO*W) + (THREE^X) + (FOUR*Y) 
TT2 = T0P*2. 
D2 = DEN*DEN 
WOW = 2.*(TOP-V*D2) 
D6 = DEN**6 
PSSRA = ((W0W*D2*BFXP*TW0*THREE*W*X)/D6) + PSSRA 
PSSRB = (PSSRA*A*RZ) + PSSRB 
PSSRD = (((-WOW)*((TT2*D^N*RZ*w*TW0) - (D2*TnP*PZ))) 
1/D6) + PSSRD 
PSSRF = (((-W0W)*((TT2*DFN*RZ*X*THPFF) - (RZ*D2*T0P) 
1))/D6) + PSSRF 

33 PSSRH = (((-WOW)*TT2*DEN*RZ*FOUR*Y)/D6) + PSSRH 
TOPAN = (1. + (A*A)) * PSSRA 
TOPBN = (1. + (B*B)) * PSSRB 
TOPDN = (1. + (D*D)) * PSSRD 
TOPFN = (1. + (Ê eF)) •»• PSSRF 
TOPHN = (1. + (H*H)) * PSSRH 
DENNSL = SORT( (TOPAN*TOPAN) +(TOPRM*TOPBN) + 
1 (TOPDN*TOPDN) + (TOPFN*TOPFN) + (T0PHN*T0PHM) ) 
AN = TOPAN/DENNSL 
BN = TOPBN/DFNNSL 
ON = TOPDN/nrNNSL 
FN = TOPFN/DENNSL 
HN = TOPHN/DENNSL 
IF (L-51) 37,37,34 

34 COSBE = (AN*ANN) + (RN*BNN) + (DN*DNN) + (EN^ENN) + 
1(HN*HNN) 
IE (COSBF) 35,35,36 

35 BETA = BETA/4. 
PRINT 10 
GO TO 3 8 

36 RETA = BETA * (0.5 + C0SPF*COSBE*COSRE*C0SBF) 
37 ANN = AN 

BNN = BN 
DNN = DN 
ENN = FN 
HNN = HN 
AA = A 
BB = B 
DD = D 
FF = F 
HH = H 
SSS = SS 
GO TO 39 

38 A = AA 
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39 

40 

60 
61 

62 
63 

64 
65 

66 
67 

68 
69 
41 

4^,41 

B = BB 
D = DD 
F = FF 
H = HH 
GO TO 40 
PRINT 5, A,B,C,D,E,F,G,H 
PRINT 4, SS 
IF (SENSE SWITCH 2) 
A = A - (BETA*ANN) 
IE (A) 60,61,61 
A = AA/2. 
B = B - (BETA^^BNN) 
IE (B) 63,62,62 
B = BB/2. 
n = D - (BETA*nNN) 
IF (D) 64,64,65 
D = DD/2. 
E = E - (BETA^ENN) 
IF (F) 66,66,67 
E = FF/2. 
H = H - (BETA*HMM) 
IF (H) 68,68,69 
H = HH/2. 
GO TO 26 PRINT 1000 
PAUSE 
IF (SENSE SWITCH 2) 11,43 

42 PRINT 100 
PAUSE 
IE (SENSE SWITCH 2) 26,43 

43 RETURN 
END 
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APPENDIX F-6 

FROG PROCEDURE 

SUBROUTINE FROG 
1 FORMAT (15H FROG PROCEDURE) 
2 FORMAT (13) 
3 FORMAT (4(E15.8,2X)) 
4 FORMAT (2HL=I2) 
5 FORMAT (33H SET SS 3, INCREASE RANGE, RETURN) 
6 FORMAT (5X,E15.8) 

60 FORMAT (18H TYPE SEARCH RANGE) 
600 FORMAT (E5.2) 

7 FORMAT (2HO=,F5.0»5HPERCT) 
DIMENSION T(60), CA(60)» CB(60), CC(60)» R(60)» P(16) 
COMMON A,B,C,D,E,F,G,H,ALPHA,BFTA,T,CA,CB,CC,R,N,SSS 
PRINT 1 
M = 100 
L = 0 

8 PRINT 60 
ACCEPT 600» 0 
PERCT = 100. * 0 
PRINT 7, PERCT 
P( 1) = A + 0*A 
P(2) = A - Q*A 
P(3) = B + 0*B 
P(4) = B - 0*B 
P(5) = C + 0*C 
P(6) = C - Q*C 
P(7) = D + 0*D 
P(8) = D - 0*D 
p(9) = F + 0*F 
P(in) = E - 0*E 
P(ll) = E + 0*F 
P(12) = F - 0*F 
P(13) = G + 0*G 
P(14) = G - 0*G 
P(15) = H + 0*H 
P(16) = H - Q*H 
AA = A 
BB = B 
CCC = C 
DD = D 
EE = E 
FF = F 
GG = G 
HH = H 
DO 22 1=1,16 
SS = 0. 
M = M+1 
PRINT 2» M 
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IE ( 1 - 8 ) 9 , 9 , 1 0 
9 GO TO ( 1 1 , 1 1 , 1 2 , 1 2 , n , 1 3 , 1 4 , 1 4 ) , 

10 I J = 1-8 
GO TO ( 1 5 , 1 5 , 1 6 , 1 6 , 1 7 , 1 7 , 1 8 , 1 8 ) , 

11 A = p ( I ) 
I F ( A ) 2 4 , 2 4 , 1 9 

24 A = A A / 2 . 

I J 

12 

26 
25 

13 

27 
38 

14 

29 
28 

15 

31 
30 

16 

33 
32 

17 

34 
35 

18 

36 
37 

19 

GO 
B • 

IE 
B '-
A : 
GO 
C = 
IF 
C : 
B •-

GO 
D = 
IF 
D = 
C = 
GO 
E = 
IF 
E = 
D = 
GO 
F = 
IF 
F = 
E = 
GO 
G = 
IF 
G = 
F = 
GO 
H = 
IF 
H = 
G = 
GO 
DO 
W = 
X = 
Z = 
TWO 

TO 19 
= P(I ) 
(B) 25 

= BB/2. 
= AA 
TO 19 
= P( I ) 
(C) 27 

= CCC/2 
= BB 
TO 19 
= P( I ) 
(D) 29 
= DD/2. 
= CCC 
TO 19 
: P(I ) 
(E) 31 

•• F E / 2 . 
•• D D 

TO 19 
P(I) 
(E) 33^ 
FF/2. 
EE 

TO 19 
P( I ) 
(G) 34. 
GG/2. 
EE 

TO 19 
P(I ) 
(H) 36, 
HH/2. 
GG 

TO 19 
20 K=l, 
CA(K) 
CB(K) 
T(K) 
= C * 

THREE = E 
TOP 
DEN 

= A * 
= (1.) 

• 26 

,27 
. 

»29 

,31 

,33 

• 34. 

.36, 

N 

»26 

• 38 

,28 

• 30 

»32 

.35 

,37 

EXP(D/Z) 
* EXP(F/Z) 
EXP(B/Z) * TWO * THREE * 
+ (TWO*W) + (THREF*X) + 

W * X 
( G » P X P ( H / Z ) * C C ( K ) ) 
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PHAT = TOP / (DEN*DEN) 
20 SS = ((R(K) - RHAT) * (R(K) 

PRINT 6, SS 
PRINT 3, A,B,C,D,E,F,G,H 
H = HH 
IE (SSS - SS) 22,21,21 

21 L = I 
SSS = SS 

22 CONTINUE 
PRINT 4,L 
PRINT 5 
PAUSE 
IE (SENSE 

23 RETUPN 
END 

- f'HAT) ) + SS 

SWITCH 3) 8,23 
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APPFNDIX F -7 

SCALING FACTORS 

1 
2 
3 
4 
5 
6 
7 
8 
9 

11 

12 

13 

FORMAT (4(E15.8»2X)) 
FORMAT (12) 
FORMAT (F8.2,4F16.8) 
FORMAT (6HTYPF M) 
FOPMAT (ID 
FORMAT (lOHTYPF DELTA) 
FORMAT (F8.3) 
FORMAT (lOHTYPE VALUE) 
FORMAT (5X,E15.8) 
DIMENSION T(60), CA(60), 
READ 1, A,B,C,D,F,F,G,H 

N 
(T( I ) , CA(I), CB(I), 

CB(60) , CC(60)• R(60) 

2, 
3, 
A 
R 
c 
D 
E 
F 
G 
H 

READ 
READ 
AAA 
RRB 
CCC 
ODD 
FEE 
FEE 
GGG 
HHH 
SS = 0. 
DO 12 I=1»N 
W = CA(I) 
X = CB(I ) 
Z = T(I) 
TWO = C * EXP(D/Z) 
THREE = E * EXP(F/Z) 
TOP = A * EXP(B/Z) * TWO * THREE 
DEM = 1, + (TWO*W) + (THREE*X) + 
RHAT = TOP / (OEM*DEN) 
SS = ((R(I) - RHAT) * (R(I) - RHAT)) 
PRINT 9» SS 
A = AAA 
B = BBB 
C = CCC 
D = DDD 
E = FEE 
F = FEE 
G = GGG 
H = HHH 
PRINT 4 
ACCEPT 5, M 
GO TO (13,14,15,16,17,18,19,20*21),M 
PRINT 6 
ACCEPT 7, DELTA 
A = A + DELTA 

CC(I), R(I), I=1»N) 

W * X 
(G*FXP(H/Z)*CC(T)) 

+ SS 
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GO TO 11 
14 PRINT 8 

ACCEPT 1, ZZ 
B = (R/ZZ) * 
GO TO 11 

15 PRINT 8 
ACCEPT 1, ZZ 
C = (C/ZZ) * 
GO TO 11 

16 PPINT 8 
ACCEPT 1, ZZ 
D = (D/ZZ) * 
GO TO 11 

17 PRINT 8 
ACCEPT 1, ZZ 
E = (E/ZZ) * 
GO TO 11 

18 PRINT 8 
ACCEPT 1, 11 
E = (F/ZZ) * 
GO TO 11 

19 PRINT 8 
ACCEPT 1, ZZ 
G = (G/ZZ) * 
GO TO 11 

20 PRINT 8 
ACCEPT 1, ZZ 
H = {y\/ll) * 
GO TO 11 

21 STOP 
END 

(7Z+DFLTA) 

(ZZ+DELTA) 

(ZZ+DELTA) 

(Z7+DFLTA) 

(ZZ+DELTA) 

(ZZ+DELTA) 

(ZZ+DELTA) 
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APPENDIX F-8 

STEEPEST DESCENT FOUR 

SUBROUTINE STPDES 
1 FORMAT (27H STEEPEST DESCENT PROCEDURE) 
2 FORMAT (12) 
3 FORMAT (29H SET SENSE SWITCH 1, CONTINUE) 
4 FORMAT (5X,E15.8) 
5 FORMAT (4(E15.8,2X)) 
6 FORMAT (17H SS TOO LARGE) 
7 FORMAT (21H COSINE TOO SMALL) 

DIMENSION T(60), CA(60), CB(60)» CC(60)» R(60)» P(16) 
COMMON A,B,C,D,E,F,G,H,ALPHA,bETA,T,CA,Co,CC,R,N,SSS 
ITI,PT,CP,HR 
PRINT 1 
K = 0 
B = (B * 87.5) / 1780. 
C = (C * 49.07) / .0037585 
D = (D * 83.36) / 1820. 
E = (E * 39.83) / .07586 
F = (F * 25.56) / 684. 
G = (G * .0022525) / .0000000035075 
H = (H * 1.6427) / 8381. 

11 SS = 0. 
B = (1780. / 87.5) * B 
C = (.0037585 / 49.07) * C 
D = (1820. / 83.36) * D 
E = (.07586 / 39.83) * E 
F = (684. / 25.56) * F 
G = (.0000000035075 / .0022525) * G 
H = (8381. / 1.6427) * H 
PSSRA = 0. 
PSSRB = 0. 
PSSRC = 0. 
PSSRD = 0. 
PSSRE = 0. 
PSSRF = 0. 
PSSRG = 0. 
PSSRH = 0. 
K = K+1 
PRINT 2, K 
DO 12 1 = 1,N 
W = CA(I ) 
X = CB(I ) 
Z = T( I ) 
TWO = C * EXP(D/Z) 
THREE = E * EXP(F/Z) 
TOP = A*EXP(B/Z)*TWO*THREE*W*X 
DEN = (1.) + (TWO*W) + (THREE*X) + (G*EXP(H/Z)*CC(I)) 
RHAT = TOP / (DEN * DEN) 
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12 

13 
14 
15 

16 

17 

SS = ((R(I) - RHAT) * (R(I) - RHAT)) + SS 
IF (K - 1) 17, 17, 13 
IF (SSS - SS) 16, 14, 14 
IF (SSS - (SS+(0.005 * SS ))) 15, 15, 17 
PRINT 3 
PAUSE 
IF (SENSE SWITCH 1)26 , 17 
ALPHA = ALPHA/4. 
PRINT 6 
GO TO 27 
DO 18 1=1,N 
V = R(I) 
W = CA(I) 
X = CB(I ) 
Y = CC(I) 
Z = T( I ) 
BEXP = EXP(B/Z) 
DEXP = EXP(D/Z) 
FEXP = EXP(F/Z) 
HEXP = EXP(H/Z) 
ONE = A*BEXP 
TWO = C*DEXP 
THREE = E*EEXP 
FOUR = G*HEXP 
RZ = l./Z 
TOP = ONE*TWO*THREE*W*X 
DEN = 1. + (TWO*W) + (THREE*X) + (FOUR*Y) 
TT2 = T0P^^2. 
D2 = DEN*DEN 
WOW = 2.*(TOP-V*D2) 
D6 = DEN»*6 
PSSRA = ((W0W*D2*BEXP*TW0*THREE*W*X)/D6) + PSSRA 
PSSRB = ((W0W*D2*RZ*T0P)/D6) + PSSRB 
PSSRC = (((-WOW)*((TT2*DEN*W*DEXP) - (D2*0NE*DEXP* 
lTHREE^tW*X) ) )/D6) + PSSRC 
PSSRD = (((-WOW)*((TT2*DEN*RZ*W*TW0) - (D2*T0P*RZ))) 
1/D6 + PSSRD 
PSSRE = (((-WOW)*({TT2*DEN*FEXP*W) - (D2*0NE*TW0* 
1FEXP*W*X)))/D6) + PSSRE 
PSSRF = (({-WOW)*((TT2*DEN*RZ*X*THREE) - (RZ*D2*T0P) 
1))/D6) + PSSRF 
PSSRG 

18 PSSRH 
TOPAN = (1. + (A*A)) * PSSRA 
TOPBN = (1. + (B*B)) * PSSRB 
TOPCN = (1. + (C*C)) * PSSRC 
TOPDN = (1. + (D*D)) * PSSRD 
TOPEN = (1. + (E*E)) * PSSRE 
TOPFN = (1. + (F*F)) * PSSRF 
TOPGN = (1. + (G*G)) * PSSRG 
TOPHN = (1. + (H*H)) * PSSRH 

(((-WOW)*TT2*DEN*HEXP*Y)/D6) + PSSRG 
(((-WOW)*TT2*DEN*RZ*FOUR*Y)/D6) + PSSRH 
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DENNS = SQRT( (TOPAN*TOPAN) + (TOPBN*TOPbN) + 
1(TOPCN*TOPCN) + TOPDN*TOPDN) + (TOPEN*TOPEN) + 
2(T0PFN*T0PFN) + (TOPGN*TOPGN) + (TOPHN*TOPHN) ) 
AN = TOPAN/DENNS 
BN = TOPBN/DENNS 
CN = TOPCN/DENNS 
DN = TOPDN/DENNS 
EN = TOPEN/DENNS 
FN = TOPEN/DENNS 
GN = TOPGN/DENNS 
HN = TOPHN/DENNS 
IF (K-1) 22, 22* 19 

19 COSIN = (AN*ANN) + (BN*BNN) + (CN*CNN) + (DN*DNN) 
1(EN*ENN) + (FN*FNN) + (GN*GNN) + {HN*HNN) 
IF (COSIN) 20, 20, 21 

20 ALPHA = ALPHA/4. 
PRINT 7 
GO TO 27 

21 ALPHA = ALPHA * (0.5 + COSIN*COSIN*COSIN*COSIN) 
22 ANN = AN 

BNN = BN 
CNN = CN 
DNN = DN 
ENN = EN 
ENN = FN 
GNN = GN 
HNN = HN 
AA = A 
BB = B 
CCC = C 
DD = D 
EE = E 
FF = F 
GG = G 
HH = H 
SSS = SS 
L = 3 
GO TO 23 

27 A = AA 
B = BB 
C = CCC 
D = DD 
E = EE 
F = FF 
G = GG 
H = HH 
L = 1 

23 IF (L-2) 29, 28, 28 
28 PUNCH 5, A,B,C,D,E,F,G,H 

PRINT 4, SS 
29 B = (B * 87.5) / 1780. 



113 

25 
26 

C 
D 
E 
F 
G 
H 
A 
B 
C 
D 
E : 
F : 
G = 
H : 
GO 

(C 
(D 
(E 
(F 
(G 
(H 
A • 

* 

49.07) 
83.36) 
39.83) 
25.56) 

/ .0037585 
/ 1820. 
/ .07586 
/ 684. 

= B 
= C 
: D 
= E 
= F 
= G 
= H 
TO 11 

RETURN 
END 

.0022525) 
1.6427) / 
(ALPHA*ANN) 
(ALPHA*BNN) 
(ALPHA*CNN) 
(ALPHA*DNN) 
(ALPHA*ENN) 
(ALPHA*FNN) 
(ALPHA*GNN) 
(ALPHA*HNN) 

/ .0000000035075 
8381. 
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APPENDIX F-9 

DATA REGENERATOR 

1 FORMAT 
2 FORMAT 
3 FORMAT 
4 FORMAT 
5 FORMAT 
6 FORMAT 

DIMENS 
1PCTER( 

7 READ 1 
READ 3 
READ 4 
AVG = 
DO 11 
TOP = 
1(E*(EX 
DEN =( 
1(F/T( I 
R( I ) = 
PCTER( 
AVG = 

11 DELTA( 
0 = N 
AVG = 
PUNCH 
PUNCH 
PUNCH 
PUNCH 

12 STOP 
END 

PCT. FRR.) 

CC(60), DELTA(60), 

nFLTA(I), I=1,N) 

( 12) 
(4X,26HR - RHAT 
(F8.2,4E16.8) 
(4(E15.8,2X)) 
(2(E15.8»2X)) 
(12HAVG. PCTER =,E15.8) 

ION T(60), CA(60), CB(60), 
60) , R(60) 
» N 
, (T( I ) , CA{ I ) , CB(I), CC(I ) • 
, A,B,C»D,F,F,G,H 
0. 
1 = 1,N 
(A*{EXP (B/T(I))))*(C*(EXP 
P (F/T(I) )) )*CA(I )*CB(I ) 
1.) + ((C*(FXP (D/T( I) ) ) )*CA( I ) ) + ((E*(EXP 
))))*CB(I)) + ((G*(EXP (H/T(I) ) ) )*CC(I) ) 
TOP/(DEN*DEN) 
I) = ((DELTA(I) - R(I)) * 100.) / DELTA(I) 
AVG + ARSF(PCTER(I)) 
I) = DFLTA( I ) - R(I) 

AVG / 0 
3»(T(I)•CA(I) ,CB( I),CC(I)•R(I) • 1 = 1»N) 
2 
5» (DELTA(I)» PCTFR(I), 1=1,M) 
6, AVG 

(P/T(I))))* 
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APPFNHIX F-10 

NINE-POINT CHEBYS^^EV OUADPATIJPE 

DIMFNSION C(9) 
4(E15.8,2X) ) 
13) 
F8.2,2X,F8.3,2X,F8.4,2X,E15.8) 
44H T CAT. WT 

FORMAT 
FORMAT 
FORMAT 
FORMAT 
ILOW) 
READ 
READ 
PEAD 
READ 
READ 
PUNCH 

2, AA, RP, re, nn, "̂ F̂, FF, cr,, HH 
2, A, B 
2, FAO, FRO, ECO 
5, TO, PRESS, CP, HP 
3, N 
6 

TI = TO 
LOOP = 0 
DIVS = N 
H = (B -
A = A + 
XS = 0.0 
C(l) = -
C(2) 
C(3) 
C(4) 
C(5) 
C(6) 
C(7) 
C(8) 
C(9) 
NM = 
DO 
DO 

= -0 

= -0 
= 0 
= 0 

= 0 

= N 
100 
99 

= A YS = 
FB = 
EC = 
FT = 
T2 = 
1 (FAO 

+ 
FRO 
ECO 
YS 
TO 
+ 

T = (T2 
TI = T2 
PA = (YS 
PB= (FB/ 
PC = (EC 
TOP =-AA 
1 * PA * 
DEN = 1. 
1 (GG*EXP 
XS = XS 
IF (J -

A)/DIVS 
0.5 * H 

0.9115893077 * 0.50 
.6010186554 * 0.50 
n.5287617831 * 0.5n 
.1679061842 * n.50 

.1679061842 * 0.50 
0.5287617831 * 0.50 
.6010186554 *0.50 
0.9115893077 * 0.50 
1 

I = 1» NM 
J = 1» 9 
C(J) * H 
- (FAO-YS) 
+ (FAO - YS) 

+ FB + EC 
+ (HR/CP) * LOGF((YS 
EBO + ECO)) 
+ TI) / 2. 

+ EBO + FCO) / 

/FT) * PRESS 
FT) * PRFSS 
/FT) * PRFSS 
* EXP(RR/T) * CC * f^XP(Dn/T) * FE * FXP(FF/T) 
PB 
+(CC*EXP(DD/T)*PA)+(EE*FXP(FF/T)*PR)+ 
(HH/T)*PC) 
+((DEN*DEN) / TOP) 
9) 99,P2,99 
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92 

99 
100 
101 

WXS = XS *H * .222222222222 
PUNCH 2» T, WXS, YS 
CONTINUE 
A = A + H 
STOP 
END 




