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CHAPTER I

- INTRODUCTION . . -

The rate of cénvergence of convergeht sequences 1is
an interesting subject in‘pure mathématics, but the ébility
to increase the above rate is important to appliedi
mathematics. A transformatibn, which in some situatibhé
increases the rate of convergence of given sequences, is
discussed here as has besn introduced and discussed byi
Lubkin (1) and Shanks (2). Both of these papers consider
the transformation for the purpose of evaluating infinite
series. The.transformation discussed here is for the purpose
of evaluating infinite sequences and improper integréls(S)
instead of evaluaiing infinite series.

This thesis describes,a method of_obtaining an
equivalent sequence or an equivalent impréper integral from
a given convergent séquence or a convergeat improper |
integral, respectively. In some cases the new sequence and
the new imvroper integral increase the rate of convergence
and, moreover, thé same method may usually be reveated indefi-
nitely to obtain a new sequence or a new improver integral

each equivalent to the originel and each better thaa the

prodecessor in a convergence sense.
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TeChniques used to test the new sequence or integral
~ for faster,convefgencé are discussed in Chapter II and

y Chapfér IIT.



CHAPTER II

A NON-LINEAR TRANSFORMATION FOR SEQUENCES

.Before commencing a discussion of the sequences to
sequences transformation some pertinent definitions are

in order.

Definition 2.1. Let {25} and {by} be convergent sequences

with ap— a and by —>a, then{bn} is said to converge no
less rapidly than {an} if and only if, there exists a

constant K > 0O such that

I'bn—aISKlan—a[.

Definition 2.2. ILet {an} and {bn} be convergent sequeances

with en—2 2nd by—a, then {bn} is said to cenverge with

the seme order of reapidity as {an} if and only if, there

-exist positive constants K1 aad Kp such that

bn-a _<_K]_

an—al

and

SKglbn-a

Definition 2. 3. TLet {an} and {bn} be convergeat sequences
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with'an-—4-a and'bn——+Qa, then {bn} is séid to'cqnverge more:
~ rapidly than {aﬁ}'if and only if, for every € > 0, there

exists an integer N such that
Ibn - a iS € lan —za' for all n ) W.

The following lemmas are useful for'investigating the

relative rate of convergence of two sequences.

rd

Lemma 2.1. Let

(1) en—>2 and by —»a withAa, > 0,4 by, > 0, vhere
Aan = an4l - an, Abp = bpn4l - bp, and

(2) | | S
~ Abn

< K (a positive constant),
A a2y :

then {bn} converges no less rapidly than {an}.

Proof: Let m,n be two positive integers such that n ) M. -

Since

Abn

< K,

Aan
wve nave

bntl ~ bn € K(anyl - en) fpr all n.


http://converges.no

Consider

0% by =-byy< K (ay =-ap;)
0 < b,.n—-l - bn_2 <K (an-l = an.2 )

‘ﬁ'%imhi | 0L by - b1 < K (apy2 ~ apy] )

IA

0 < t\’mj-l +by (K (am+; T fm )s
phis implies |
stn -bp <K (ay, =-ap )
or | |
lbn.- bm, (K:'an - aml:
A'i¢fhen, as N—e0c0
la-—lbmlsKla—aml.

Therefore,by Definition 2.1, we have {bn} converges no less

rgpidly than {an}.

Lemmna 2.2. Let

(1) a,—2a and by—>a withAda, ) 0, Aab,> 0, and
(2) there exist constants A,B such that
A by

0 BL— (A,
A 2n
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then {bn} converges with the same ordef of rapidity as {an}.

Proof: Since

A bp
0 ¢ B < 4,
A ap
then
Abn | A2n 1.
< A. aIld. < —— .

Hence, by applying Lemma 2.1 twice, we have
and
, 1
| < |
Thus,'{bn} converzes with the seme order of rapidity as

fen}

Lemma 2.%. Let

(1) an-——>a.and'bn-—a-a with aep > 0, &by 2 0, aad

(2) 4y

—_0 28 N=—e-00
A an

then {bp} converges more rapidly then {en} -



Proof: Let€¢ > O be given, then there exists an integer

"N such that

aAby
——<C ¢ for all n) N.
A

'By‘Lemma 2.1, we have

Ibn —'alg_ﬁ, |an - al,

"and hence {bn} converges more'rapialy than {an}.

o0
Motivation: Consider the infinite series 221 g and let S,

-

be the nth partial sum, with S, —S, then

Al
33

S =5y + (enyl + 2ng2 + oo0 )

an+l an+2 an+1
=Sn+ an[ + . +ooo] L]
an an+1 an

Therefore, for some convergent series such that

an+1l

—» R, WherelI{,< 1,
an

it seems ressonsbhble to define a new series whose nth

partial sums, say Tpn , are given by



S j 41 o 2 | a 3
Sy + ap [( il )+ ( n”) +( n”) +]
| 2, a a ‘

an+4l
a
| n
=3, + an ‘ :
ant+l
an
: 4+l
= S +
n .
a n4l
1 — +
an

Thus, T, gives S, plus an estimate for 3 - 4.

1Definition 2.4. TLet T be the traasformation from a rezsl

sequence {m} to a real sequeace {bn} given by

- A@an
by = Tan = an + , n > 2.
Aen

A2n-1

We note thsast T is a non-linesr transformation and

A an

' bn = an +
Aan

Aan-1



_ 21 ahl.j-li - 2

an-] * 8n4] - 22p

The following are some simple consequences of the trans-

formation T;- _'

Theoren 21 Lhet

(1) {aq} converge to a, with '-
Aen -
—< R 1, -

and
(2) {b,} ve a sequence such that
dn-l 2n+l -~ afn2

bn - ’
an-1 + ensl — 23n

then {bn} converges and furthermore {bn} converges to 8.

Proof: Let ¢ > O be given. Since an—- a then there exists

an integer N such that

|Aen| =| eael - 20| < $€ |1 - R]
A an
zefp -—
A an-]




and

Consider

" then

8
i

10

|2n - a[ < £ for all n > N.

2

8

-1 ensl - o8

]
g

[
m .

i
3

i
A

|bn - 2]

8-1 + 2n41 -~ 22

n-1 2n4l - 85 - % fn-l - @4l en + 28R
an-1 + an+l — 2 |

an-1 (2n4l - 2n) - an (2n4l - &) -

an-1 + 84l — 28y

acn (-azn-1)

"Aan_. 1 | + Aan_

Acn 7

A%y
Acn-1

Alp

an + - a
Acn

Acp-]




Asn
L lan -'al+

Agn
Aaﬁ. "1
< + = € for all n > N.
‘ 2 2 - A

‘Therefore, {bn} converges to a.

Theorem.2.2. Let

(1)‘ {an} be a convergent sequence with Az, > O,
(2) {bn} be a sequence such that
. _ 2
an-1 an+l an

bp = \ ,
an-1 + an4+l — 28n

and
(3) - Doy A2n 41
 ee— & ——— < R <1,
H2n -] e

then {by} converges no less rapidly than fan}.
Proof: By Theorem 2.1, we know {bn} converges to the same

limit as {2pn} does. Consider

an an+2-an+l2

bnt+l =
| an + apn42 - 28n4l




an

en

12

an ang2 - an+12 - 2n (2n + 2ny2 - 22n41)

an + an42 - 2an+l

an en+2 - an+l2 - an2 - &n en42 + 28n angl

an + 2042 - 2an4l

| .
(an an41 - an+12) + (en 2n41 - an )

(an - ensl) + (2n42 - 2n4l)

-

antl (2n - an41) + 2n (an+1 "_an)

-2y + 82n+4l

an+l (-A2n) + an A2p

Asn (an - an4l)

-Aan + Afn+l

Azp ( ~Aan )

-A2n + Aangl
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therefore,
Aby = bpyi - by
b2y a2y, ]
=1 en + -1 en +
Aan+l Aan
‘ 1 - 1 -
A2n dap_]
- 1 l -
: A A2
1 - a?1+1 1 - n
- A& &2n-1
furthermore,
] Az, Aan+l-
Azp [ Aan+l] [ Az, 1
‘ aen Aan-lJ
A8n 4] At
Ay Aan-]
Ocn 41 A2n
l - ——m— 1 -
A2n BAan-]
1
L
(1 - R)?

Hence, by Lemma 2.1, we have {bn} coaverges no less rapldly

than {?n} .



'Theofem.2.3.

(1) {an}lbe a
(2) {bn} be a

 Let

convergent sequence such that aap

-sequence with

an-1 2n4l "_aﬁz

then {bn} converges with the sezme order of rapidity as'{an}.

bp = — ,
San-1 + an4l - 2ap
‘and
_ aen Aap 41
(3) 0< Ry { —— {Ry ¢ 1,
A2n4l Azn
- 3 Rz ) 0,
Aap 8an-] |

\

14

0,

Proof: By Theorem 2.1, we know {bn} converges to the same

limit as {ap} does. Consider

Alp 4] A2y
Abp dan 8ap ]
Aa Al A2
n 1 - ’n+l 1 - n
Aan HAn-]
then
0 <
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Hendé,{bn} 'converges with the same order of_r‘apidity as {an}

| Theorem 2.4. ILet

(1) {an} be a convergent sequence with asp > 0,

(2) '{bn} be a sequence such that

: an-]l an+4l - an2"
bn =

?
8n-1 + anyl - 2an
- A2n. | A.an+I\L |
(3) , < R{1, and
A2ny] A2y o
(4) ———— - - 0 as Ne—»oo,

then {bn} converges~ more rapidly then {an}.

Proof: B;V Theorem 2.1, we know {bn} converges to the same

limit as {an} does. Consider

Aan 4] Ha2n

Aby A3n Adn-1
a2, a2, 4
then | , -
A2n 4] A3n
AD, A2 A2 ] |
& L = 2n » (0 8S Ne——p o,

Aan | ( 1l - R)




Hence,{bn} converges.more rapidly.than {én}.

Lemma 2.4, If ——— —»R, IRl < 1, and Aap 2 O for all n,
| .Aan_l : : .
then - — - . » where ap—> a.
A2y, -1 - R

Proof: Consider

-

a - apn
Aan |
1 o C . .
= [(an+1 ~ ap) + (2p42 = 2p47) +~(an+3 - apyo) +...]
pay, - . |
. 1/ | |
' Aan . '
Aangl Aansl  Aant2
= 1 4 ——— + oees -
Aan Aan Aan+1
then.
1 | a - ay 1
< —— <
1 -(R-€) aay 1-(R+ €

if € is sufficiently smell and n is sufficiently large, ond

hence



: i ‘a5 N —>oo .
Aan 1 -R |
Theorem 2.5, Let
| PV S
(1) =~ —~1R, IRI< 1, and
Asn-1 |

(2) a2n > O for all n,
then {bn} converges more rapidly then {a,}, where
-1 an+l — an

bn = - . -
an-1 + an4l ~— 22n

- Proof: Consider-

-

Aan
= an + - a
A2y
l — .
Aan-1
A2y
= a,n - a +
Adn
1 -
Adn-1
Aln 1
on — 48 Aa.n
l - ———
A2 -1
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Aan 1
= 1 + '
~ 1] - —2
dan-1
I . L .
a - an | A2y
1 - —
. ‘Alan-=]
By Lemma 2.4, | . "
[on - al | 1
»|1 - (1 - R) = 0, as n —» oo,
lan - 2] (1 - R)

-

Therefore, {bn} converges more rapidly than {an}.

- An Error Anslysis: Assume

Aan

(1) —R, R{ 1,

Aln-1

(2) let € >0 such that R + € ( 1, aad

A2ny

(3) R - <€,n2m"19

A2q -]
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then’
o D 2. (R + €)
(i) |a - bn| < | sem | , - , and
S 1 - (R + €)
2

(i1) |2 - by] < | Agy | if A6y > 0, n >m - 1

(1 - R)Z - g2

or if Aan alternates in sign for nz n - 1.

”

Proof: TLet

A2n -
Rp = —mo y
-~ Aap-]
- then
la - by |
a2y,
= |a - a; -
' Aam
1l - ——
Aan-1

i

|(3m+1 - ap) + (2py2 — 2q41 ) + (am+3 ~ op42) * e
~ o7 (L + Ry + Rp? + .. ) |

laam + A%pel + A2pg2 + ... - A2y (1 + Ry + Rm2 + oea)



| A2myl A2n4] A2np4.2 L
=|A8.m[1+_"——'_- + - + ooo]

Aam Aam Aam...‘l
~ day (1L + Ry + Rﬁ Foeus )l
= |Aam (1 + Rpy1 + Rpyq Rpyp # oo )
™ (1 + R, + Rm2_ + eee ) I y

or

(A) ' la;bm_ |

Aap || (Rmy1 - Rm) + (Rmy2 Rmyl - Rm@) + ...

<| Agy 2(R +e.) + 2(R +E)2 + eee
! 2(R + €)

Aag

1-- (R +&)

K4

which is (i). To obtain (ii), consider (A), then

o

SlAaml I[(R +E) - (R -6)] + [(R .,.E)Z - (R -6)2]

R +€ R-€ |
:-,lAc?mll 1 - (R +€ ) --1-—(R—€)\
2€e
= | 42| (1 -R)?2 -€”
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'CHAPTER III

”

A NON-LINESR TRANSFORMATION FOR IMPROPER INTEGRALS.

In this chaptér‘ we assume f and g be real valued

functions of a real variable such that f and g are continuous

for ¢ £ x{e , and

c

J f(x)dx , J g(x)ax. -
converge, that is
5 % . -
A(t) = s £(x)dx —= A
c

and.

B(t)

t
S g(x)dx =B
c

a8 t=~—»o00 .

Definition 3.1. Let

t
A(t) = S f(x)dx —A
c

and

" |
B(t) = S g(x)dx — A

21 -
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as t—=o0 , then B(t) is said to convergezno.Iess rapidly

then A(t) if and only if, there eXists a constant K >'O
such that | |

| 3(+) - 4| <x|a) -a |

Definition 3%.2. Let

A(t) = St £(x)dx — A
c

. and

t
B(t) Sc g(x)dx —=A

as t—=o , then B(t) is said to converge with the seme order
of rapidity =s A(t) if and only if, there exist poSitive

constants Ky aad Ko such that
| ACt) - A | <Ky | B(t) - A

and

| 5(t) - 4 | sx2|A(H) - 4]

Definition 3.3. Let

t

A(t) = SC f{x)dx —s A
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and

| - ¢t L
B(t) = | e(x)ax —
=), &l

as t =0 , then B(t) is said to converge more rapidly
than A(t) if and only if, for everye > O, there exists an
integer N such that
|a(t) - a] £ €] as) - 4|
for all t >N,
The following lemmss are  useful fof investigating

the relative rate of convergeace of two improper integrals.

;emma 3.1, Let

| . |
(1) A(%) = S £(x)dx — A, 28 t —soo ,
t+k | ' _
(2) A(t3k) = y f(x)dx, where k & I(set of non-negative
c | |

integers), and

(3) A A(t3k) = j

f(x)dx - S f(x)dx,
. c .

t+(k+1)

C

then AA(t;k) =0 as t—>o00 .,

Proof: Since

t
A(t) .= j f(x)dx —>» A as t—>
o]
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imnplies
bk .
ACt3K) = S £(x)dx —=A 25 t—o0 ,
c |
“then
(k) 4k
AA(L:k) = s f(x)dx - S f(x)dx
o] C -
g —sA-A=0 25t —>o.

Temma %.2. Let

' b T
(1) A = | fooax —n ena 3(v) =
' : c . :

aSt—-»oo,

t+k+1 t+k- ‘
AA(L;k) = s f(x)dx - S f(x)dx >0
' c. - c ) .
L4k +1 t+k
AB(tik) = j 2(x)dx - j g(x)ox >0
. c C
and
A B(t5k)
(2) { M, where M is a positive constant aad k
A At k) :

is any non-negative integer,



then B(t) converzes no less rapidly than A(t).

25

Proof: Let'm,n be two non—negati?e integers such that n ) m.

Since

'we-have'

-AB'-(t.;k)' |

AA(t;k)

<

M and AA(t;k) > O,

!

ﬁ(t;k) - B(t;k-1) < Mﬁ[A(t;k) - A(t;k—lﬂ..

Consider

o) $ B(t;n )

0 <B(t;n-1)

0 < B(t;m+2)

0 < B(t;m+l)

this implies

or

o) S_B(’c;n )

l B(t:n) -

o]
D

(t

- B(t;n-1) ¢ M -A(f}n ) - A(f;ﬁ—l)

-d
e

- B(t;n-2) < H ‘A(t;n-l) - A(t;n—2[

o -

- B(t;m+l) ¢ M

-d
=3

A(t;m+2) - A(t;m+1)

—
po

- B(tsm ) <M| A(t;m+l) - A(tsm ) |

- B(%;m ) M [A(t;n) - A'(t;m)]

;M) ’ 4 MI A(t;n) - A(t;m) I ;
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thus,
I‘B(t,‘»m-)' - A | 5_ M ' A(t:m) - A | as 'n.__’,m
or | .
| B(t) - A | < u |A(t) - al.
.Therefore, by Definil’c‘io-n 3';1, we have B(t) converges no .less

‘rapidly than A(t).

g

Lemma %.3%. Let

(1) A(%) = Sc f(x)dx ——A and B(t) = s . g(x)ax —A
| _ ¢ = _
as t —>e , AA(t;k) >0, aB(t;k) >0,and
(2) there exist constants My, Iy such that
AB(t3k)

0 & 1] & — < Mo
- AA(L3k)

vhere k is any non-negative integers,

then B(%4) converges with the same order of"rapidity as A(t).

| Proof: Since

AB(t:k)
0 <L 1"'1'1< < MZ’
AA(t3k)
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then |
AB(1%;:k) < . AA(t;k) 1
. -"_2 and ‘ ‘ < —
AOA(t k) , . AB(t:k) My

Hence,by\applying Leﬁma 3.2, twice, we get‘
o IBs) Al <m, |a(t) - A |
’ 1
| A(t) - & | <— [B(t) - & | .
M1 o

Thus,B(t) converges with the same order of rapidity as A(t).

Lemma 5.4. Let

(1) A(t) = St £(x)ax —» A and 3(t) - St g(x)dx — A
c | Je

85 t —woco , AA(t;k) > 0, AB(t;k) > 0, and

© AB(%3k)

> 0 as t=—= oo,

(2)
AA(;k)

‘then B(t) converges more rapidly than A(%).
Proof: TLetv € >0 be given, then there exists aan integer N
such tunat

AB(#:k)

L€ for t> N.
AA(%3k)
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By Lemma 3.2, we have
[B(t) - A]l< e |A(t) -a]
and hence B(t) cbnverges more rapidly than A(t).

The following theorems are simple consequences of the

preceeding lemmas.

Theorem 3.1. TLet

”

(1) A(%) = S f(x)dx —=A as t —>>,
A c . :

' O A(t3k-1) A(tikel) - A(tik)2
(2) B(t;k) = , and
A(t;k—l) + A(t;k+l) - 2A(t;k)

AA(t3k)
(3) < R«1,
AA(%:k-1)

" then B(%;k) converges; furthermore B(t;k) - A.

- Proof: Since | 5
| A(t;k-1) A(t;k+1) - A(t3k)“
B(t;k)

‘A(t;k—l) + A(t;k41) - 2A(%3k)

| AA(t;3k)
A(t:k) +

AA(t;k)

AA(T;k-1)



T aA(t:k)

< A(t;k) + :

- ' 1-R
— A 8S K—> o ,

hence B(t;k) converges and B(t;k) — A.

‘Theorem 3.2. Let

1 -

L d

| . |
(1) A(t) = Sf(x)dx—»A as t —s»o ,
o |

A(t3k-1) A(t3k4l) - Altsk)2

(2) -B(t;k)_z and
A(t3k-1) + A(t;k+1) - 2A(+t;k)
~ AA(t3k) C AA(t3k+l) | |
(3) - < < R<1, AA(t;k) >0,
AA(t;k-1) AA(t;k%)
then B(t;k) converges no less rapidly thsen A(%).
Proof: By Theorem 3.1, we know
B(tik) ~——>A =s t—sc .
Since: AA(t:;k) >0 and AB(t:k) >0, we have
AL(E :X41) AA(t:k)
A3(t:k) AOA(t:k) aMt3k-1)
0 =
AA(t5k) AA(tik41) AL(T k)
1 - 1l -
AA(t k) AA(t:k-1)



1
(1 - R)?

s

Hence,by Lemma 3.2, we have that B(t) converges no lezz repidly

than A(%).

Theorem %.%. Let

3 t A
(1) A% = | fxax —en s s, aa(tk) > 0,
R c .

A(tsk=-1) A(t;k+1) = A(t3k)
(2) B(t;k) = , and
: A(t:;k-1) + A(t;k+1) - 24(%:k)

AA(E:k) AA(t;k+1)

(3) 0 <R,S < £ZR1 41,
- © AA(t;k-1) AA(t;k) '
AA(tk+1) AA(t;k) |

- = Rz >0,

AA(t;k) AA(t;k-1)

then B(t) converges with the same orcder of rapidity ot

Proof: By Theorem 3.1, we know
B(t;k)—> A 2as t—> ,

. Consider

AB(%:k)

AA(E:k)

30

)




(2) B(t;k) =

- | | | 3L
AA(t;k41) AA(t k)
A A(%;k) AA(t;k-1)

'[1 AA(t k1) ][1 AA(t;K)
AA(t;k) ) AA(t;k-l)]

then

Ry . AB(t;k) S |
(1 - Rp) 2

0<

— <
AA(t;k) — (1 = Ry)°.

.Hence,B(t) converges With~the seme order of rapidity as A(t).

Theorem 3.4A TLet

" | |
f(x)dx —> A as t—> o , AA(t;k) > O,
C .

A(tsk-1) A(t3k4l) — A(t;k)2

A(t:;k~-1) 4+ A{t;k41) - 2A(t;k)

CAA(t;3k) AA(3k+1) |

(%) < <R <1, and
AA(t3%-1) AA(t3Kk) |
AA(%;k+1) AA(t k)

(4) - ¢ - 0 as t —eo ’
AA(t3k) AA(t;k-l)_

then B(t) converges more rapidly than A(t).
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Proof: By Theorem 3.1, we know B(t) —> A as t —»o
| Considér
| AA(t;ke1) CAA(t3k)
AB(t;k) AA(t k) AA(t;k-1)
AA(t3k) [ AA(t;k+1) ][ - BA(t5k)
AA(t;k) AA(t;k—l,)]
B then
AA(E k1) AA(t k)
AB(% k) AA(%3X) AA(t3k-1)
AA(E k) (1 - R)?
- —> 0 ag t—> > ,

Hence, B(t) converges more rapidly than A(t).

'Lernma 3.5, IT

AA(t;n)
AA(t;n-1) |

—> R

‘and AA(t;n) > O where [RI<1, then

A - A(t;n) 1
> , where A(t) — A,

AA(tn) 1 -R




 Proof: G

then

onsider

A - A(t3n)
AA(t;n)

1
AA(t:n)

+ [A(t;n43) - A(t;n42) ] + ... ]

1,

33

[ [A(t;n41) —.A(t;n)] ¥ [A(t§n+2) - A(tiﬁflx]l

+ * 0 & ’

= [AA(t;n) + AA(t;n4l) + AA(t;n42) + ...
aA(t;n)
.AA(f;n+1) AA(tn+l) AA(t§n+2)
= 1 + + ,
AA(t;n) AA(t;n) AA(t;n+l)
1 A - A(t;n) 1
< <
1 - (R -€ ) - AA(t5n) 1- (R 4€)

'If € is sufficiently small and n is sufficiently lerge,

and he-ce

A - A(t;n)
AA(t3n)

1
— . o tOmt——.s e °

1 - R

I

fd



34
Theorem B.L Let :
AA(t3n) _ | | | |
(1) - — — R, IRl <1, and aA(%t;n) > 0, and
AA(t;n-1)" o |
. (2) " AA(t;n) >0 for all n,
then B(t) converges more rapidly than A(t).
Proof: Consider h
: . : : . .‘k;-,x‘-’*"-
1 B(t3n) - A}
| AA(t;n)
= | A(t;n) + ’ -
' AA(t ;n)
1 .
AA(t;n-1)
- AA(t;n)
= | A(t;n) - A +
| AA(t;5n)
‘ AA(t;3;n-1)
AA(t;n) 1
= "A(tin) - A! 1 4
l ( ) ' A(t;n) - A . AA(t;n)
_ , 1 -
AA(t3n-1)
then
IB(t3n) - Al AA(t3n) 1
= |1 -
|a(t;n) - AL A - A(t;n) AA(t;n)
' AA(t;n-1)




By Lemma 3.5,
|B(+3n) - Ai R
| —— —|1-(1-R
|A(t;n) - Al ( .

i
o

1 -R

as n—>e . Therefore, B(t) converges more rapidly than
_;A(t)- |

ey

" Remark: If we ossumé theat f(t) > 0 and continuous for t = c,

*iithen hypothesis (1) in Theorem 3.5 is implied by assuming that

- f(t41) | l

1im ————— =R, O= R< 1. !
toeo  £(%) :“?
" For'
AA(t;n)
Lim

t—e  AA(t;n-1)

t4+n+l
S f(x)dx
Jt4n
= Lim .
t—o @ t4n ,
~ S £(x)dx
t+n-1
f(t+n+l) - f(t+n)
= le

t—e f(t4n) - £(t+n-1)




i
e
|
=

.1
l—.———
R

”

An Error Anslysis: Assume

AA(t;n)

(1)

—=R, R< 1,

AA(t3n-1)
(2) let € >0 such that R +€ < 1, and

AA(t3n)
AA(t;n-1)

(3) | R -

then '
2 (R +€)

(i) JA - B(t;m)]=< | AA(t;m) |

1 - (R +€)

/

| AA(t;m) |

(i1) A - B(t;m)] S Tl <

if aA(tim) > O, n=m - 1 or if aA(t;n) =lternates in sign

for n=2m - 1 .



Proof: Let

AA(t;n)

AaA(t;n-1)
then
|A - B(t;m) ]| ’ ’

aA(t;:m)
AA(t ;m)

i
>
|

A(t:m) -

1 -

AA(t;:m-1) | o

[A(t;m4)) - 'A-(t;m)] + [A(t;me2) - A(tmel) ]+ ...

—aA(t;m) (1L +Rp+Rgo+ ... )|

IAA(t;m) + AA(E;m4l) + AA(E;me2) + ...

-DA(H;m) (1 + Ry + Rm2+ )I

|8A(t32) (1 + Ry + Royy Rppo + -en )
0 2
- AA(t;m) (1 4+ Ry + R+ -..) |

or,

(1) | A - 2(%5m) |
= |A.A.(t;m)| |(Rm+l - Rn) t (R:+2 Ry - 332) + ... |

< |aa(tin)| [2(r +€) + 2(R +€)°+ ... ]




'-2(R te)
1l - (R +e) -’

- aa(eim) |

which is (i). To Obtéin (ii), cohsider'(A), then
IA - B(t‘;m)_.l
<laattm) | R +€) - (R -€)]

BE CRTILENCIEILS P

”

R 4+ € ' R -€

=.-| AA(t;‘m) I ' — -
1 - (R +€) 1 - (R -€)
2

=l AAlt;
| AA(t;m) | 1 -m2.c2
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