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CHAPTER I 

INTRODUCTION 

The rate of convergence of convergent sequences is 

an interesting subject in pure mathematics, but the ability 

to increase the above rate is important to applied 

mathematics. A transformation, which in some situations 

increases the rate of convergence of given sequences, is 

discussed here as has been introduced and discussed by 

Lubkin (1) and Shanks (2). Both of these papers consider • 

the transformation for the purpose of evaluating infinite 

series. The transformation discussed here is for the purpose, 

of evaluating infinite sequences and improper integrals(3) 

instead of evaluating infinite series. 

This thesis describes a method of obtaining ajti 

equivalent sequence or an equivalent improper integral from 

a given convergent sequence or a convergent improper 

integral, respectively. In some cases the new sequence and 

the new improper integral increase the rate of convergence 

and, moreover, the same method may usually be repeated indefi­

nitely to obtain a new sequence or a new improper integral 

each equivalent to the original and each better than the 

predecessor in a convergence sense. 



Techniques used to test the new sequence or integral 

for faster convergence are discussed in Chapter II and 

Chapter III. 



CHAPTER II 

A NOH-LINE^.R TRANSFORi^IATION FOR SEQUENCES 

Before commencing a discussion of the sequences to 

sequences transformation some pertinent definitions are 

in order. 

Definition 2.1. Lei; is.^l and |bn} be convergent sequences 

with a n — • a and b n — • a , thenjbĵ l is said to converge no 

less rapidly than |an} if and only if, there exists a 

consta.nt K > 0 such that 

|bn ~ a I < K I an - a| . 

Definition 2.2. Let |a^| and {l)Yi\ be convergent sequences 

with 8n •a and b^ ••a, then |b^[ is said to converge with 

the seme order of rapidity as |an} if and only if, there 

exist positive constants Ki and K2 such that 

bn a < Ki a-n ~" a 

and 

an — a < K2 b^ a 

Definition 2. "=5. Let janl and {^n\ ''̂^ convergent sequence: 
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with a n — ^ a and b n — • a , then |bn} is said to converge more 

rapidly than jan} if and only if, for every € > 0, there' 

exists an integer N such that 

|bn - a I j( e I an - a I for all n > N. 

The following lemmas are useful for investigating the 

relative rate of convergence of two sequences. 

Lemma 2.1. Let 

(1) a n — • a and b n — • a v a t h A a n > 0,A bn > 0 , v^here 

A an = an^-i - an, A bn = bn+l - bn, and 

(2) 
A ^n , 

< K ( a p o s i t i v e c o n s t a n t ) , 

A an 

then { bn} converges .no l e s s r a p i d l y than j a n [ . 

Proof; Let m,n be two p o s i t i v e i n t e g e r s such t h a t n > m. 

Since 

A^n 

A a n 

we have 

bn+1 - bn < K(an-hl - Sn) fo r a l l n 

http://converges.no


Consider 

^•^ ^n •" ^ n - l < K ( a ^ - a^^.i ) 

0 ^ ^ n - 1 - ^ n - 2 < K ( a ^ ^ i - Q.^^2 ) 

0 ^ ^m+2 - bm+l < K (arn+2 - am+l ) 

0 '^ l^m+l + bm < K (ajn+i - ajn ) , 

t h i s i m p l i e s 

0 - bn - bm < K ( an - am ) 

or 

| b n - bmj <K I an - ami, 

t h e n , as n—^co 

I a - bm < K I a - am I. 

Therefore, by D e f i n i t i o n 2 . 1 , we have {bn} converges no l e s s 

r a p i d l y than j a n } . 

Lemma 2 . 2 . Let 

(1) a^ >-a and b ĵ >• a withAa^^^ 0, Abn> 0 , atid 

(2) there exist constants A,B such that 

A bn 
0< B< <A, 

A an 



t hen jbn} converges wi th the same o r d e r of r a p i d i t y as | an j 

Proof; Since 

A bn 
0 < B< < A, 

A an n 

t hen 

Abn ^ a n 1 
< A and < — 

Aan Ab n B 

Hence, by app ly ing Lemma 2.1 t w i c e , we have 

bn - a I ^ A jan - a 

and 

» - B 
bn - a 

Thus, 'jbnl converges with t he same o r d e r of r a p i d i t y as 

janj. 

Lemma 2 . 3 . Let 

(1) a n — • a and b n — • a with ASn > 0, Abn > 0» ^'^^ 

(2) 
A b n 

^ an 
0 as n — • « » 

then | b n } converges more r a p i d l y than |an} 



Proof: Let € > 0 be given, then there exists an integer 

N such that 

A bn 
.< 6 . for all n > N. 

By Lemma 2 . 1 , we have 

(bn - a|< C [% - a | , 

and hence jbnj converges more r a p i d l y than j % l 

oo 

M o t i v a t i o n ; Consider t he i n f i n i t e s e r i e s ZJ., a, and l e t Sy, 

be the n'th p a r t i a l sum, with Sn —*-S, then 

S = Sn + (an^-i -H anf2 + . . • ) 

r an+ i an+2 an-»-l "1 
=s Sn + ani + — — + . . . I • 

Lan an+1 an J . 

The re fo re , f o r some convergent s e r i e s such t h a t 

* R, where | R | < 1 , 
an 

i t seems r e a s o n a b l e t o de f ine a new s e r i e s whose n'th 

p a r t i a l sums, say Tn , a r e g iven by 
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'"-—[(? )̂*(? )̂ i~)-] 
^n+1 

- ^ n + ^n 
^n 

^ni-l 

an 

= Sn ^ 
%+l 

a n+1 
1 - L-

Thus, Tn g i v e s ^ p l u s an e s t i m a t e for S - 3i . 

D e f i n i t i o n 2 . 4 . Let T be the t r a n s f o r m a t i o n from a. r e a l 

sequence jan} t o a r e a l sequence | bn} g iven by 

A an 
bn = Tan = % + - > n > 2. 

^Sn 
1 -

ASn-1 

V/e no te t h a t T i s a n o n - l i n e a r t r a n s f o r m a t i o n and 

A an 
b n = s.-Q^ + 

A an 
1 

A a n - 1 



^-1 4̂-1 - \ ' 

%i-l .+ an+1 - 2%i 

The following are some simple consequences of the trans­

formation T, . 

Theorem 2.1. Let 

(1) I an}' converge to a, wi th 

A % 

A%1-1 
<; R < 1, 

and 

(2) { bn} be a sequence such t h a t 

% - l %14-1 ~ % 
bn = — — > 

% - l + an+l - 2an 

then {bn} converges and fur thermore {bn} converges t o a. 

Proof : Let 6 > 0 be g i v e n . Since a n — ^ a then t h e r e e x i s t s 

an i n t e g e r N such t h a t 

I A an I =1 an+i - an | < i ^ 1 - R | 

<-H 
A an 

A a n _ i 



10 

and 

1% - a | < f o r a l l n > N. 
2 

C o n s i d e r 

t h e n 

bn = 
% - l ^ + 1 - %i 

% - l + %i+l " 2an 

= ^ + 
a n - 1 %i+l - Sn - %i ^ - 1 - %i+l %i + 2ag 

%i-l + %i+l - 2an 

^n + 
^ - 1 (an+1 - % ) - % ! (%i+l - %i) 

> n - l + %i+l - 2%i 

= an + 
-Aan_l + A%i 

ASn 
= an + 

1 -
A%i 

Z^ai-l 

jbn - a I = an + 
Aa^ 

- a 
Aan 

Aan-1 

lsijlM&^^-



4 I an - a 1 + 
Aan 

1 -
Aan 

Aan-i 

< — + — = c 
2 2 

for a l l n > N, 

T h e r e f o r e , {bn} converges t o a. 

Theorem 2 . 2 . Let 

(1) {an} be a convergent sequence wi th ^ n ^ ^> 

(2) {bn} be a sequence such t h a t 

11 

bn = 
an-1 an+1 - an' 

an-1 •*- an+1 - 2an 

and 

(3) ' Aan Aan+i 
< < R < 1, 

Aan-1 ^ Aan 

then {bn} converges no l e s s r a p i d l y than {an}. 

Proof ; By Theorem 2 . 1 , we know {bn} converges to the same 

l i m i t as {an} does . Consider 

bn+1 = 
an an 4-2 - an+1^ 

an + an+2 - 2an4.i 
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an an+2 - an+l - an (an + an+2 - 2an+i) 
an + 

an + an+2 - 2an+l 

an an+2 - an+i - an^ - an an+2 + 2an an+i 
- an + 

an + an+2 - 2an+l 

(an an+l - an+l ) •»• (an an+l - an ) 
= a.n + 

(an - an+l) + (an+2 - an+l) 

an+l ^^n " an+l) + a-n (an+l - a-n) 
an + " 

an -»• • 

-Aa^ + Aan+1 

an+l (-Aan) + an Aan 

-Aan + Aan+i 

Aan (an - an+l) 
% + 

-Aan + A?3n+1 

A3n (-Aan) 
an + 

-Aan + Aan+1 

Aan 
- en + 

Aan+1 ' 
1 - . 

Aan 
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t h e r e f o r e , 

Abn = bn+i - bn 

A a, 
an + n 

1 -
Aan+1 

Aan 

an + 
A% 

1 -
Aan 

A%i-1 

5= A a ^ 

1 -
^ Q n + 1 

Aan 
1 -

Aa, n 
Aa^^l 

> 0, 

furthermore. 

Ab n [ 1 -

A a n [ -

Aan 1 r Aan+i n 

ASn-lJ L ^®n J 

J L ^^n-l J 
ASn+l 

Aan 

Aan+1 Aan 

Aan Aan-1 

b- Aan+1 

Aan 
1 [ i -^^ l 
J L Aan-l J 

(1 - R) 

Hence, by Lemma 2 . 1 , we have ibn} converges no l e s s r a p i d l y 

t han {pn}« 
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Theorem 2 . 3 . Let 

(1) {an} be a convergent sequence such t h a t Aan > 0 , 

(2) {bn} be a sequence with 

bn = 
an-1 an+l - an^ 

^ , , 

an -1 + an+l - 2an 

and 

, , y , Aan Aan+1 
(3) 0 < R2 < < 1 - <-Ri < 1, 

Aan_i Aâ ^ 

Aan+1 Aan 
:̂  R3 > 0, 

Aan Aan_i 

then {bĵ } converges with the same order of r a p i d i t y as {aj l̂ 

Proof : By Theorem 2 . 1 , we know {bn} converges to the same 

l i m i t as {an} does . Consider 

Aa-j^+1 A a ^ 

Abn Aan Aan_i 

A a n 

L Aan J L Aa.n_iJ 

t hen 

R3 Abn ^ 
0 < ^ < < 

(1 - R2)^ " Aan " (1 - Rl) 
9 
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Hence, {bn} converges with the same order of rapidity as /an} . 

Theorem 2-.4. Let 

(1 ) {an} be a c o n v e r g e n t s equence w i t h Aan > 0 , 

( 2 ) {bn} be a s equence s u c h t h a t 

bn = 
a n - 1 an+l - an^ 

a n - 1 + an+l - 2an 

(3) 
Aan-

Aa^_l 

A^n+1 
< < R < 1 , and 

Aa n-

(4) 
Aan+1 Aâ  n 

Aa '-n Aan-1 
0 as n ^oo 

t h e n (bn} c o n v e r g e s more r a p i d l y t h a n {an| . 

P r o o f ; By Theorem 2 . 1 , we know {bn} c o n v e r g e s t o t h e same 

l i m i t as {an} d o e s . C o n s i d e r 

t h e n 

Ab n 

^ ^ 

Ab 
n 

Aa n 

Aan+1 Aan 

Aan Aan-1 

L ^̂ n J L ^^n-lJ 

Aan+1 Aan 

Aa n Aan-1 
">- 0 as n »̂ oo 

( 1 - R) 
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Hence,{bj^} converges more rapidly than {a^}. 

Aan 
Lemma 2.4. If .-R, | R I < l, and Aan > 0 for all n, 

Aan-1 

a - an 1 . 
then — ^ , where a n — • a,. 

Aan 1 - R 

Proof: Consider 

a - a n 

Aan 

1 

^n 
[(a-n+1 - ^n) + (a-n+2 - â n+i) + (an+3 - an+2) +...] 

Aa 

1. 
[Aa-̂  + Aa.yi+1 + â.ji+2 + • • • ] 

n 

Aan+1 Aan+1 Aan+2 
1 + + + ... , 

Aan Aan Aan+i 

then. 

a ~* a^ -L 

1 - (R - €) Aa^ 1 - (R + O 
f 

if C is sufficiently small and n is sufficiently large, rnd 

hence 
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a - a^ 

A8fel 
as n oo . 

1 - R 

Theorem 2 . 5 . L e t 

( 1 ) 
A ^ 

A%i-1 
R, IR I < 1 , and 

(2) Aan > 0 f o r a l l n , 

t h e n {bn} c o n v e r g e s more r a p i d l y t h a n {s^}, where 

bn = 
%i- l an+l - %i 

an -1 + an+l - 2% 

Proof: Consider 

|bn - a I 

Aan 
an + 

Aa 
1 - n 

Aan-1 

- a 

Aan 
a/-i« — a + 

1 -
Aan 

Aan-1 

= |a^n - a-l 1 + 
Aan 

an - a 
1 -

Aan 

Aan-1 



t h e n 

Ibn - a | 

h n - a | 
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1 + 
Aan 

a-w — a 
1 -

Aa n 

Aan-1 

1 -
Aa n 

a - a n 

By Lemma 2 . 4 , 

Aa 
1 - n 

Aan-1 

|bn - a| 

Jan - a| 
1 - (1 - R) 

(1 - R ) 
= 0 , as n 

T h e r e f o r e , { b n } c o n v e r g e s more r a p i d l y t h a n {an} 

An E r r o r A n a l y s i s : Assume 

(1 ) 
Aan 

Aan-1 
-—R, R < 1 , 

(,2) l e t 6 > 0 s u c h t h a t R -f G < 1 , and 

(3) 
A a 

R - n 

Aan-1 
< e , n > m - 1 , 
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t h e n 

2,(R + e ) 
( i ) | a - brril < I Aam | . , and 

1 - (R + G) 

( i i ) | a - bjjil < I Aaj^l 
-2G 

(1 - R ) 2 ^ e 2 
i f Aan > 0 , n > m - 1 

or i f Aan a l t e r n a t e s in s ign fo r n 2 ni - 1 

Proof : Let 

t hen 

Aan 
Rn = f 

Aan-1 

| a - bjnl 

a - % . " • 

^ ^ 

1 -
Aâ n 

Aam-i 

=̂  | (a f f l+ l - % ) + (aTn+2 " a^+ l ) + (am+3 - a^^2) + • • • 

a^ (1 + Rj. + Rm^ + . . . ) | 

= |Aani + A3m+1 + Aam+2 + • • • - ^^ (1 + Rm + Rm^ + . . . ) | 

itilkSit 
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= I Aain [ l -»• 
Aam+l Aajn+i 

+ —:-
Aarn+2 

Aam Aam Aarji+i 

- Aa^ ( 1 + Rjn -I- R^^ + . . . ) 

- ^ % ( 1 "*• ^m+1 •*• ^m+1 ^m+2 + • • • ) 

- Aaja ( 1 + Rjjj + RJQ2 + . . . ) 

• • • ] 

or 

(A) a - b ra. 

= Aa -m II (Rm+1 - Rm) + (Rm+2 Rm+1 - Rm^) + . . . 

^1 Aajn II 2(R + e ) + 2(R +G ) ̂  + . . . | 

2 ( R + e ) 
Aa^ 

1- - (R + e ) 

wh i c h i s ( i ) . To o b t a i n ( i i ) , c o n s i d e r (A) , t h e n 

I a - bui I 

< | Aa^l |[(R + e ) - (R - e ) ] •*. [(R + e ) 2 - ( R - e ) ^ ] 

T • • • 

= I AajTi 
R + R -< 

1 - (R +G ) - 1 - (R - e ) 

= I Aa^n 
( 1 - R)2 -
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CHAPTER I I I 

A NON-LINEAR TRANSEORHATION EOR IMPROPER INTEGRALS 

In t h i s c h a p t e r we assume f and g be. r e a l valued 

f u n c t i o n s of a r e a l v a r i a b l e such t h a t f and g are cont inuous 

fo r c < X <oo , and 

f f(x)dx , 
.'c 

g (x )dx 
c 

converge , t h a t i s 

A(t) = I f (x )dx —*-A 
Jc 

and 

B( t ) = f g(x)dx —^B 
Jc 

a s t — • GO . 

D e f i n i t i o n 3 . 1 . Let 

A(t) = f f (x )dx —^A 
.'c 

and 

B( t ) = ( g(x)dx ~ ^ A 
.'c 

U'i. 

21 
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as t- *^o(y , then B(t} is said to converge; no. less rapidly 
I" . . 

than A(t) i f and only if , the re e x i s t s a constant K > 0 

such t h a t . • 

| B ( t ) - A | < K | A(t) - A | . 

Definition 3.2. Let 

rt 
A(t) = l f(x)dx —.^A 

and 

ft 
B(t) = 1 g(x)dx -—^A 

as t—•oo , then B"(t) is said to converge \nth the same order 

of rapidity as A(t) if and only if, there exist positive 

constants Ki and K2 such that 

I A(t) - A I <Ki I B(t) - A I 

and 

I B(t) - A I <K2 I A(t) - A|. 

Definition 3.3. Let 

A(t) = \ f(x)dx ..A 
J n 
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and 

-t 
B(t) = f g(x) ,dx 

0 

as t—^00 , then B(t) is said to converge more rapidly 

than A(t) if and only if, for eYerj ^ > 0, there exists an 

integer N such that / 

|B(t) - AJ ̂  e| A(t) - A I 

for all t > N. 

The fol lov/ ing lemmas Bve u se fu l fo r i n v e s t i g a t i n g 

t h e r e l a t i v e r a t e of convergence of two improper i n t e g r a l s . 

Lemma 3 . 1 . Let 
'4 ' *^ 

(1) A(t) =. \ f ( x ) d x • A , SB t 
Jet 

.t+k 
f ( x ) d x , where k e I ( s e t of non-nega t ive 

c 

i n t e g e r s ) , and 
^t+(k+l) rt+k •• 

(3) A A ( t ; k ) =. f (x )dx - I f ( x ) d x , 
J n .'C 

t hen AA(t;k) — • O as t — ^ o o 

Proof : S ince 

.t 
A(tj.=.. f f ( x ) d 

JQ 
Ix — • A as t —>-oo 

c 
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I m p l i e s 

$ U+iS. 

f ( x ) d x — • A as t 
G 

t hen 

r t+ (k+ l ) , ^t+k 
A( t ;k ) = \ f ( x )dx - \ f (x )dx 

•'c Jc 

A - A = 0 as t *-oo . 

Lemma 3 . 2 . Let 

(1) A(t) = \ f ( x ) d x • A and B(t) = \ g(x)dx 
Jet Ja 

as t •oo ) 

/.t+k+1 r t+k 
A A ( t ; k ) =, I f ( x )dx - \ f (x)dx > 0 

.t+k + 1 ^t+k 
AB( t ;k ) =x I g (x)dx - I g{yi)^-^ > 0 

and 

A B ( t ; k ) 
(2) < M, v/here M i s a p o s i t i v e cons tan t and k 

A A ( t ; k ) 

i s aay n o n - n e g a t i v e i n t e g e r , 
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then B(t) converges no less rapidly than A(t). 

Proof; Let m,n be tvra 

Since 

non-negative integers such that n > m. 

AB(t;k) 
7 — — — < M andAA(t;k) > 0, 
AA(t;k) 

we have 

B( t;k) - B(t;k-1) < M[A(t;k) - A(t;k-l)l. 

Consider 

0 < B(t;n ) - B(t;n-1) < MrA(t;n -) - A(t;n-l)] 

0 <B(t;n-l) - B(t;n-2) < M rA(t;n-l) - A(t;n-2)] 

0 <B(t;m+2) - B(t;m+l) < H f A(t;m-|-2) - A(t;m+l)] 

0 <B(t;m+l) - B(t;m ) <MrA(t;m+l) - A(t;m ) 1 , 

this imnlies 

0 <B(t;n ) - B(t;m ) <M rA(t;n) - A(t;m)] 

or 

I B(t;n) - B(t;m) | < M | A(t;n) - A(t;m) 
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t h u s , 

| B ( t ; m ) - A I < M I A(t;m) - A I as n- -«> 

or 

| B ( t ) - A I < M | A ( t ) . - A | . 

Therefore , by D e f i n i t i o n 3 . 1 , vre,have B( t ) converges no l e s s 

r a p i d l y than A ( t ) . 

Lemma 3 . 3 . Let 

(1) A(t) = \ f ( x )dx •A and B(t) - j . g(x)dx -•A 

as t —•oo , AA(t ;k ) ;> 0 , A 3 ( t ; k ) > 0 , a n d 

(2) t h e r e e x i s t c o n s t a n t s M]_, M2 such t h a t 

AB( t ;k ) 
0 < Ml ^ — < M2 

• A A ( t ; k ) 

V7here k i s any non-negative-- i n t e g e r s , 

t hen B(t) converges with the same order of r a p i d i t y as A ( t ) , 

Proof : S ince 

AB( t ;k ) 
0 < M-i < < M2' 

.AA(t ;k) 
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then 

AB(t;k) AA(t;k) 1 
< M2 and •— < 

^A(t;k) AB(t;k) IJ^* 

Hence, by >applying Lemma 3 . 2 , tv/ ice , we ge t 

I B(t) - A | < M2 |A(t) - A I 

and 

I . 1 . 

I A(t) - A I < _ 3(t) - A 1 . 
Ml ' 

Thus,B(t) converges with the same order of rapidity as A(t). 

Lemma 3.4. Let 

(1) A(t) = C f.(x)dx —»-A and.B(t) = f g(x)dx — • A 
JQ. JC 

as t —^oo , AA(t;k) > 0, AB(t;k; > 0, and 

AB(t;k) 
(2) — >• 0 as t—•oo, 

AA(t;k) 

"then 3(t) converges more rapidly than A(t). 

Proof: Let ̂  > 0 be given, then there exists an integer N 

such that 

AB(t:k) 
<^ for t > N. 

AA(t;k) 
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By Lemma 3.2, we have 

|B(t) - A | < € I A(t) - A | 

and hence B(t) converges more rapidly than A(t). 

The following theorems are simple consequences of the: 

proceeding lemmas. 

Theorem 3.1. Let 

(1) A(t; = \ f(x)dx 
Jc\ 

A as t ^"^ 

A(t;k-1) A(t;k+1) - A(t;k)'^ 
(2) B(t;k) =: , and 

A(t;k-1) + A(t;k+1) - 2A(t;k) 

(3) 
AA(t;k) 

< R<1, 
AA(t;k-l) 

then B(t;k) converges; furthermore. B(.t;k) A. 

Proof: Since 

B(t;k) = 
A(t;k-1) A(t;k+1) - A(t;k)^ 

A(t;k-1) + A(t;k+1) - 2A(t;k) 

= A(t;k) + 
AA(t;k) 

1 -
AA(t;k) 

AA(t;k-l) 

U(iL^ 
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< A ( t ; k ) + 
AA(t;k) 

1-R 

"^A as k- oo 

hence B ( t ; k ) converges and B( t ; k ) • A . 

Theorem 3 . 2 . Le t 

f t 
(1) A( t ) = \ f ( x ) d x A as t -a> 

(2) B ( t ; k ; = 
A ( t ; k - 1 ) A(t ;k+1) - A( t ;k) 

A( t ; k -1 ) + A{t;k+1) - 2A(t ;k) 
, and 

AA( t ;k ) "AA(t ;k+l) 
(3) < < R < 1, A A ( t ; k ) > 0 , 

A A ( t ; k - l ) AA(t ;k ) 

t hen B ( t ; k ) converges no l e s s r a p i d l y than A ( t ) . 

Proof : By Theorem 3 . 1 , we know 

B ( t - k ) A as t- CO 

Since^ AA( t ;k ) > 0 a:id A 3 ( t : k ) > 0 , we have 

0 <. 
A 3 ( t : k ; 

AA(t ;k) 
1 -

AA( t :k+ l ) 

AA(t :k ) 

AA(t ;k+l)" 

AA( t ;k ) 

AA(t;k) 

A A ( t ; k - l ) 

1 -
AA{t;k) 

A A ( t ; k - l ) 

{ | i 



^ 
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1 

(1 - R)^ 

Hence, by Lemma 3 . 2 , we ha;ve t h a t B( t ) converges no l e ^ s r a p i d l y 

t han A ( t ) . 

Theorem 3 . 3 . Let 

(1) A(t) = I f ( x ) d x •A as t • co , AA(t ;k) > 0, 
Jet 

•t 
Ic 

2 A ( t ; k - 1 ) A(t;k+1) - A( t ; k ) 
(2) B ( t ; k ) = , and 

A ( t ; k - 1 ) + A(t ;k+1) - 2A(t ;k) 

^ • AA( t ;k ) . AA( t ;k+ l ) 
(3) 0 < R 2 < < ^ R l < l , 

- • A A ( t ; k - l ) AA( t ;k ) 

AA( t :k+ l ) AA(t ;k) 
> R3 > 0 

A A ( t ; k ) A A ( t ; k - l ) 

t hen B( t ) converges va th t h e same order of r a p i d i t y ci. J ) . 

Proof : By Theorem 3 . I , we know 

B ( t ; k ) • A as t • «> . 

Consider 

A B ( t ; k ) 
0< 

AA(t ;k ) 



w 

AA(t;k+l) 

AA(t;k) 

AA(t;k) 

AA(t;k-l) 

[-
AA(t;k+l) 

AA(t;k) 

"ir AA(t;k) -| 

JL AA(t;k-l)J 
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then 

R. 
0< 

(1 - R2) 

AB(t;k) 

AA(t;k) U - Rl) 

Hence, B(t) converges with the same order of rapidity as A(t). 

Theorem 3.4". Let 

•i' /'V/f _'f-_ i^^:--': 

+ 
(1) A(t) = ( f(x)dx A as t—^oo , AA(t;k) > 0, 

(2) ,B(t;k) = 
A(t;k-1) A(t;k+1) - A(t;k) 

A(t;k-1) + A(t;k+1) - 2A(t;k) 

AA(t;k) AA(t;k+l) 
(̂j <;̂  <R < 1, and 

AA(t;k-l) AA(t;k) 

(4) 
AA(t;k+l) 

AA(t;k) 

AA(t;k) 

AA(t;k-l) 
0 as t CO 

then B(t) converges more rapidly than A(t). 
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Proo:f: By Theorem 3.1, we know B(t) 

Consider 

A as t •oo 

AB(t;k) 

AA(t;k) 

AA(t;k+l) 

AA(t;k) 

. AA(t;k) 

AA( t ;k - l ) 

[-
AA(t;k+l) 

AA(t;k) 

1 r AA(t;k) 1 
J L AA(t;k-l).J 

then 

AB(t;k) 

AA(t;k) 

AA(t;k+l) 

AA(t;k) 

AA(t;k) 

AA(t ;k- l ) 

( 1 - R ) 

0 as t—>• «» , 

Hence,-B(t) converges more r a p i d l y than A ( t ) . 

Lemma 3 . 5 . I f 

AA(t ;n ) 

A A ( t ; n - l ) 
-> R 

and AA(t ;n) > 0 where | R 1 < 1 , then 

A - A( t ;n) 

AA(t ;n) 1 - R 
, where A(t) — • A. 

hi.. 
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Proof; Consider 

A - A(t;n) 

AA(t;n) 

-i"'̂ ':..-: 

AA(t ;n) [ [A(t;n+1) - A(t;n)] + [A(t;n+2) - A(t;n+l)] 

+ [A(t;n+3) - A(t;n+2)] + ... ] 

AA(t;n) [ AA(t;n) + AA(t;n+l) +AA(t;n+2) + .. ] 

then 

AA(t;n+l) AA(t;n+l) AA(t;n+2) 
1 + + + . .. , 

AA(t;n) AA(t;n) AA(t;n+l) 

1 - (R -e ) 

A - A(t;n) 
< < 

AA(t;n) 1'- (R +e) 

If e is sufficiently small and n is sufficiently large, 

and hence 

A - A(t.;n) 

AA(t;n) 1 - R 
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Theorem 3 . 5 . Le t 

(1) 
AA( t ;n ) 

A A ( t ; n - l ) ' 
R, IR I < 1 , and AA(t;n) > 0 , and 

(2) AA( t ; n ) > 0 f o r a l l n , 

t hen B( t ) converges more r a p i d l y than A ( t ) . 

P roof : Consider 

I B ( t ; n ) - A | 

A( t ; n ) + 
AA(t ;n) 

1 -
A A ( t ; n ) 

A A ( t ; n - l ) 

- A 

A( t ;n ) - A + 
AA(t ;n) 

' AA(t ;n) 
1 -

A A ( t ; n - l ) 

=, I A ( t ; n ) - AI 1 + 
AA(t ;n) 

A( t ;n ) - A AA(t ;n) 

A A ( t ; n - l ) 
1 -

t h e n 

| B ( t ; n ) - A| 

|A( t ; n ) - Al 
1 -

AA(t ;n) 

A - A( t ; n ) 

1 

1 -
AA(t;n) 

A A ( t ; n - l ) 
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i3y Lemma 3-5, 

|B(t;n) - A| 

|A(t;n) - A| 
1 - (1 - R) 

1 - R 
= 0 

as n —> oo , Therefore:, B(t) converges more rapidly than 

A(t). 

Remark; I f we assume t h a t f ( t ) > 0 and cont inuous for t > c , 

then h y p o t h e s i s .(1) in Theorem 3-5 i s implied by assuming t h a t 

Lim 
f ( t + l ) 

f ( t ) 
R, 0<: R < 1 . 

For 

AA(t ;n) 
Lim ' "" 
t-»« A A ( t ; n - l ) 

=s Lim 
CO 

S
t+n+1 

f (x )dx 
't+n 

\ 

t+n 

t+n-1 
f ( x ) d x 

=5 L im 

f(t+n+l) - f(t+n)" 

t-^» f(t+n) - f(t+n-1) 

M.'^: 



Lim • 
t—•CD 

f(t+n+l) 
. - 1 

f(t+n) 
f(t+n-1) 

1 -
f(t+n) 

- ' ' • • ^ 

% - 1 
- R. 

1 -
R 

An Error Analys i s : Assume 
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(1) 
AA(t;n) 

AA(t ;n- l ) 
•R, R< 1, 

(2) l e t e > 0 such that R +G < 1, and 

(3) R -
AA(t;n) 

A A ( t ; n - l ) 
< e ,n ^ m - 1, 

then 

2 (R + e ) 
( i ) | A - B(t;m)|< -—|AA(t ;m) | 

1 - (R + e ) 

( i i ) |A - B(t;m)| < 
(1 - R) 

"2 ^1 AA(t ;m) | 

i f AA(t;m) > 0 , n ^ m - 1 or i f AA(t;n) a l t e r n a t e s in s ign 

f o r n ^ m - 1 . 

m^,. 
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^i = 

AA(t;n) 

A A ( t ; n - l ) 

t h e n 

|A - B(t;m) I 

A - A(t;m) -
AA(t;m) 

1 -
AA(t ;m) 

AA(t ;m-l) 

= | [ A ( t ; m + l ) - A( t ;m)] + [A(t;m+2) - A(t;m+l) ] + . . 

- A A ( t ; m ) ( l + R ĵ + Rj„^ + . . . ) | 

= |AA(t;m) + AA( t ;m+l ) +AA(t:ffi+2) + . . . 

- AA( t ;m) ( l + Rm + Hm + . . . ) 

= | A A ( t ; m ) ( l + R^^+i + R^+l ^m+2 + / • ' > 

- AA(t ;m) ( 1 + R ,̂ + R^^ + . . . ) | , 

o r , 

(A) I A - B(t;T!i) I 

= | A A ( t : n i ) | | (R^+ i - R:,) + (H:,+ 2 ^ i i+ l " "n^) + • • • | 

< | A A ( t ; m ) | | 2(R + e ) + 2(R + e ) ^ + . . . | 



|AA(t;m) 
2(R +G) 

1 - (R +e) 
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which is (i). To obtain (ii), consider (A), then 

|A - B(t;m) I 

<|AA(t;m)| jp +e) - (R - G ) ] 

+ [(R +e)2 - (R -e)^]+ ... 

= 1 AA(t;m) 
R + e R -

1 - (R +e) 1 - (R -e) 

= 1 AA(t;m)| 
(1 - R)2 _ ^2 
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