
DEFORMATIONS ON TORI 

 

by 

 

J’LEE WYATT BUMPUS 

 

 

A DISSERTATION 

 

IN 

 

MATHEMATICS 

 

Submitted to the Graduate Faculty 

of Texas Tech University in 

Partial Fulfillment of 

the Requirements for 

the Degree of 

 

DOCTOR OF PHILOSOPHY 

 

Approved 

 

 

G. Brock Williams 

Chairperson of the Committee 

 

 

Roger Barnard 

 

 

Wijesuriya Dayawansa 

 

 

Kent Pearce 

 

 

Alexander Solynin 

 

 

 

Accepted 

 

 

John Borrelli 

Dean of the Graduate School 

 

May, 2006 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright 2006, J’lee Wyatt Bumpus 



ACKNOWLEDGEMENTS

To my committee, thank you for all your help and insight. You are all more than

simply members of my committee, you have been my professors and mentors as well.

I am grateful for all the opportunities you have provided me, from traveling abroad

to teaching a variety of classes. Thank you all for turning me into a mathematics

professor.

Dr. G. Brock Williams, you were my first teacher at Texas Tech as well as my last

(albeit the last teaching was done in your office not in the classroom). Thank you for

all the time and patience you have dedicated to me over the years. Thank you for

not giving up on me when I discovered that what I wanted to prove for my PhD was

false; and thank you for not letting me give up on myself. I have not only learned

mathematics from you but how to be a teacher, a mentor, a scholar, a researcher, a

presenter and much more. I have no doubt that I would be jobless and/or PhDless

without you.

Dr. Hal Bennett, you changed my life by convincing me to come to Texas Tech

for grad school. Thank you for seeing my potential. Though I might not have at the

time, I greatly appreciate all the times you called to recruit me. I will never forget

a conversation you had with my “brother” one day when I did not feel like being

recruited. I remember the call as vividly as if it were I speaking with you that day.

Did I mention I am an only child?

Thank you to all my friends for keeping me sane throughout these years. I am

especially thankful to Bryon Wetzel who always reminded me who I was, Manny Avilia

who always showed me there was more to life then math, Bob McCormack who always

made me laugh, and Raymond Holsapple who always listened to me bitch and moan.

There are other exceptional friends who I have not listed here. Needless to say, you

know who you are and you know I am forever indebted to you.

Thank you to all the great teachers I have had over the years. From Mrs. Gibson in

elementary school, to Coach Nixon in Middle school, to Mrs. Bullard in High school,

ii



I have always been blessed with caring and encouraging teachers. I am especially

grateful to my college professors Kerry Brock, E. Don Williams and Jack Mealy. Each

of you gave me a love for math and turned a lazy business major into a (necessarily)

hardworking mathematics major. Thank you Kerry for being such a great Calculus

teacher as well as a great person to talk to about the stock market woes of the time.

Thank you E. Don for believing in me and encouraging me to continue my education

at Texas Tech. Thank you Jack for all the passion and enthusiasm and “well alright”s

you brought to class each and every day.

Thank to my mom and dad for always ALWAYS loving and supporting me. You

were the first to people from which I learned what being a great teacher was all about.

Dad, thank you for showing me how to be a man as well as showing me how a father

should love a son. Mom, thank you for understanding me so well and for always being

so proud of me. I am sure you will cry when you read this and I am sorry for doing

that to you. I can never measure the happiness you have allowed as well as given to

me. I love you both.

Finally, greatest thanks to the love of my life Jessica. You have made my life

complete. This dissertation would be meaningless if I did not have you in my life.

The joy and love you have brought me has eased all my worries and concerns. Thank

you for pushing me, believing in me and telling me (now matter how exaggerated and

unjustified) how smart you thought I was. Most importantly, thank you for being my

wife. I love you forever.

iii



CONTENTS

ACKNOWLEDGEMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . ii

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

LIST OF TABLES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

LIST OF FIGURES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

CHAPTER

I. INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

II. Deformations on Tori . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.1 Preliminaries and Definitions . . . . . . . . . . . . . . . . . . . 4

2.2 The Torus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.3 Teichmüller Theory . . . . . . . . . . . . . . . . . . . . . . . . 11

2.4 Quasiconformal Maps . . . . . . . . . . . . . . . . . . . . . . . 15

2.5 Conformal Welding . . . . . . . . . . . . . . . . . . . . . . . . 19

2.6 Earthquakes and Weldings . . . . . . . . . . . . . . . . . . . . 21

III. Alternative Deformations on Tori . . . . . . . . . . . . . . . . . . . . 25

3.1 Alternative Earthquakes . . . . . . . . . . . . . . . . . . . . . 25

3.2 Alternative Weldings . . . . . . . . . . . . . . . . . . . . . . . 32

3.3 Teichmüller Space and Weldings . . . . . . . . . . . . . . . . . 38

IV. Circle Packing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4.1 Preliminaries and Definitions . . . . . . . . . . . . . . . . . . . 42

4.2 Existence and Convergence of Packings . . . . . . . . . . . . . 47

4.3 Hex Refinement . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.4 Examples of Circle Packings . . . . . . . . . . . . . . . . . . . 53

V. Discrete Welding Along a Circle on a Torus . . . . . . . . . . . . . . 57

5.1 Combinatorial Welding . . . . . . . . . . . . . . . . . . . . . . 57

5.2 Density of Packable Surfaces . . . . . . . . . . . . . . . . . . . 59

5.3 Welding the Cut Circle . . . . . . . . . . . . . . . . . . . . . . 61

5.4 Packing the Alternative Welding . . . . . . . . . . . . . . . . . 63

iv



BIBLIOGRAPHY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

APPENDIX . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

A: Drawing the Torus and the sphere . . . . . . . . . . . . . . . . . . 74

v



ABSTRACT

Deformations of Riemann surfaces have been studied for some time. The promi-

nent deformation actions along surfaces are conformal weldings and the earthquake

maps developed by William Thurston and Curtis McMullen. Previously, these defor-

mations have required that a surface be cut open along a geodesic. We describe actions

similar to conformal weldings and earthquakes in which cutting along a geodesic is

not required. In particular, we explore the results of cutting a compact, Euclidean

Riemann surface along a circle and applying similar actions. Using the discrete con-

formal approximations of circle packing, we describe a method by which these actions

can be numerically estimated.
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CHAPTER I

INTRODUCTION

Throughout the eighteenth and nineteenth century the concept of conformal map-

pings was studied by such prominent mathematicians as Joseph Lagrange, Leonhard

Euler, Carl Gauss and Bernhard Riemann. A conformal mapping is angle-preserving

or “similar in the small”, and therefore quite rigid. Indeed, only a small class of these

mappings, namely Möbius transformations, can be extended to the entire plane [44].

Though this rigidity makes a great deal of calculations feasible, it oftentimes limits

the practical applications of these mappings. In order to overcome these limitations,

conformal mappings were further generalized by means of quasiconformal mappings.

Quasiconformal mappings were introduced in 1928 by Herbert Grötzsch [29]. He

referred to them as “nichtkonformen”. The term quasiconformal was later introduced

by Lars Ahlfors in his Fields medal winning paper from 1935 [1]. Since then, a great

deal of work has been done in this field. Plane quasiconformal mappings have proven

to be an important tool in a variety of areas in complex analysis including Kleinian

groups and surface topology [38]. Of particular importance to this paper is the

relationship between quasiconformal mappings and Riemann surfaces.

Bernhard Riemann’s thesis studied the theory of complex variables, and in par-

ticular what we now call Riemann surfaces [52]. In his work, Riemann introduced

topological methods into complex function theory. His work built on the founda-

tions of the theory of complex variables laid out by Augustin Louis Cauchy [18] as

well as on Victor Puiseux’s branch points [50]. Riemann examined geometric proper-

ties of analytic functions, conformal mappings and the connectivity of surfaces [21].

In Chapter II we describe a particular Riemann surface, the torus, in great detail.

We also introduce the idea of quasiconformal maps and explain their relationship to

Riemann surfaces.

Besides lying at the crossroads of many different branches of mathematics, Rie-

mann surfaces have gained attention in the theoretical sciences as well. In physics,
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manifolds have been utilized as a tool to understand quantum gravity via string

theory. In particular, Riemann surfaces play a role in describing the history of an

element or particle. One of the central tenets of string theory states that a particle

should not be thought of as a point, but as a tiny 1-dimensional object (“string”)

moving through space-time [28, 48, 70]. As a string moves through time it traces

out a 2-dimensional surface. As physical phenomena arise from the structure of these

surfaces, it is important to see not only how these structures can be traced out by a

particle but also how they can be changed or deformed.

Deformations on Riemann surfaces have been studied for some time. The first

of these actions to be explored were Dehn twists [20]. These actions were later

generalized by William Thurston via shearing maps [62]. Transformations of this kind,

known as earthquakes, were extended by McMullen to include another type of action,

grafting [41]. Taken together, the actions of Thurston and McMullen give complex

earthquakes on hyperbolic surfaces. These ideas were later applied to Euclidean

surfaces by Eric Murphy [43].

All the transformations outlined above involve cutting along geodesics. In essence,

shearing earthquake operations open a surface along a geodesic, shear the surface

along the seam, and then reattach the surface. Grafting operations open a surface

along a geodesic, insert or remove a cylinder, then reattach the surface. In Chapter

III we explore whether opening a Euclidean surface along geodesics is the only means

to accomplish these actions. We continue this exploration by investigating one other

action, conformal welding.

Conformal welding was originally described on a Riemann surface of genus zero,

the sphere [40]. The idea of conformal welding has since been extended to the welding

of half-planes [47]. Oikawa proved that unique weldings exist for gluing the sides of

infinite strips to form cylinders [46]. Toki proved that a given torus can be deformed

into any other torus by conformal welding [65]. This result was proven again in

a constructive manner by Barnard and Williams [8]. Recent work by Radnell and

Schippers has involved furthering this idea to hyperbolic Riemann surfaces as well
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[51]. As with earthquake mappings, welding actions have involved actions only along

geodesics. In Chapter III we will describe a new welding action on a Euclidean surface

in which we weld along the boundary of a disc removed from the surface.

A circle packing is a configuration of circles with a specified pattern of tangencies

[55]. In 1985, at the International Symposium on the Occasion of the Proof of the

Bieberbach Conjecture, William Thurston conjectured that circle packings might be

used to approximate conformal maps [63]. That this is indeed the case was later

proven by Burt Rodin and Dennis Sullivan[53]. In Chapter IV we will give some

background on circle packing along with some interesting and useful results of the

theory.

In Chapter V we will develop a discrete circle packing version of our welding

technique on the torus. Combinatorial welding techniques were developed by G.

Brock Williams [68], and have since been applied to various ends [8, 43, 66, 69].

These results are invaluable as we prove that for a torus τ and a sequence of packable

tori τk converging to τ with mesh going to zero, we can approximate our welding

action on τ through combinatorial welding on the sequence τk. We then show that

this sequence of approximations is convergent.

3



CHAPTER II

Deformations on Tori

2.1 Preliminaries and Definitions

We begin by describing Riemann surfaces. The given definitions will encompass

the sphere (Riemann surface of genus zero), the one-holed torus (Riemann surface

of genus one), and the n-holed torus (Riemann surface of genus n ≥ 2). Though we

shall later limit the scope of our investigation to one-holed tori, these distinctions are

still important. Excellent expositions on these concepts include [5, 9, 27, 33, 62, 64].

Definition 2.1.1. A Riemann surface R is a one complex-dimensional manifold

with a conformal structure; that is, a Riemann surface is a connected Hausdorff space

with a family {(Uj, φj)}j∈J satisfying the following three conditions:

1. every Uj is an open subset of R and R =
⋃

j∈J Uj;

2. every φj is a homeomorphism of Uj onto an open subset in the complex plane;

3. if Uj

⋂
Uk 6= ∅, the transition mapping

φjk = φk ◦ φ−1
j : φj(Uj

⋂
Uk) → φk(Uj

⋂
Uk)

is a biholomorphic mapping.

The collection {(Uj, φj)}j∈J is called a system of coordinate charts on R. A maxi-

mal collection of charts on a Riemann surface is known as a conformal structure

for that surface.

An example of a Riemann surface is given in Figure 2.1. This is of course an

illustration of only one surface. A similar picture could be used for higher genus

tori and even the sphere. Notice that φjk is a way to move on overlapping patches

(pictured in green) analytically from the complex plane, to the surface, and back

to the complex plane. The requirement that these maps be analytic will be a key

condition we will need to verify later. We consider the following examples.
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Figure 2.1: A Riemann Surface and Corresponding Transition Maps

Example 2.1.1. The complex plane C is a Riemann surface. So is any connected

subset D of C. We require only one coordinate patch U1 = D, with the coordinate

map φ being the identity [24].

Example 2.1.2. The Riemann sphere S2 is a Riemann surface. S2 = C
⋃{∞} is the

one-point compactification of C and is thus Hausdorff. Let the open covering consist

of two sets U1 = {z ∈ C : |z| < 1} and U2 = {z ∈ C : |z| > 1/2}⋃{∞} and let the

respective charts be φ1 = z and φ2 = 1/z for z ∈ U2 − {∞}, φ2 = 0 at ∞. Both φ1

and φ2 are analytic where defined and the only overlap region U1

⋂
U2 is the annulus

{z : 1/2 < |z| < 2}. Thus, the only transition maps are

φ21(z) = φ1 ◦ φ−1
2 (z) = 1/z

and

φ12(z) = φ2 ◦ φ−1
1 (z) = 1/z

which are holomorphic.
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Example 2.1.3. S2\{0,∞} is a Riemann surface. Notice that S2\{0,∞} = C\{0}
and use the identity map.

Example 2.1.4. The infinite cylinder is a Riemann surface. Briefly, an infinite

cylinder can be “unrolled” into an infinite Euclidean strip to get coordinate charts

φj. For a full verification that this is indeed a Riemann surface we refer the reader to

[27].

The surfaces described in Example 2.1.3 and Example 2.1.4 are intimately related.

In order to explain this we turn to the following definition.

Definition 2.1.2. Two Riemann surfaces R1 and R2 are conformally equivalent

if there exists a conformal map f from R1 onto R2, written R1
∼= R2.

Conformal equivalence defines an equivalence relation. The infinite cylinder and

S2\{0,∞} are conformally equivalent Riemann surfaces. In the future we will typi-

cally refer to conformally equivalent surfaces as being the “same”.

Example 2.1.5. Let c denote a finite cylinder. In the complex plane this can be

represented by a finite strip, essentially a Euclidean rectangle [43]. Since c is a

Riemann surface, it has a conformal structure. Consider an open set Uc from this

structure contained in this cylinder. Then, from the conformal structure on c we

have a coordinate chart ηc corresponding to Uc such that ηc(Uc) is a subset of a finite

Euclidean strip of uniform width. Let ςc be a conformal mapping in the plane of

ηc(Uc) into an annulus {z : r ≤ |z| ≤ 1, with 0 < r < 1}. Notice ςc consists only

of an exponential map ez pre- and post-composed with a Möbius transformation. It

follows that we can let φc = ςc ◦ ηc be a coordinate chart mapping Uc into a subset of

an annulus centered at the origin. See Figure 2.2 for an illustration.

Later, we will encounter a Riemann surface with boundary [24]. Let R be a

Riemann surface. A subsurface RS of R with boundary ∂RS is a finite bordered

subsurface if RS

⋃
∂RS is a compact subset of R, and ∂RS consists of a finite number
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Figure 2.2: Construction of Coordinate Charts for Open Sets Uc on the Cylinder

of disjoint simple closed analytic curves in R. Therefore, for each p0 ∈ ∂RS there is a

coordinate chart U in R with coordinate map φ that maps U
⋂

RS onto a half-chart

in the upper half-plane and maps U
⋂

∂RS onto an interval on the real axis. The

analytic structure on RS

⋃
∂RS is independent of the surrounding surface R, and is

determined by the coordinate charts for points of RS and coordinate half-charts for

points of ∂RS. We refer to RS

⋃
∂RS as a finite bordered Riemann surface.

Example 2.1.6. Let R be a compact Riemann surface. Let D1, ...DN be N disjoint

closed coordinate disks (sets Uj so that (Uj, φj) are coordinate charts and φj(Uj) ⊂ C
are disks) in R. “Punching out” the coordinate disks will result in a finite bordered

Riemann surface RS = R\{⋃ Dk} with border ∂RS consisting of the N boundary

curves ∂Dk, 1 ≤ k ≤ N . In fact, every finite bordered Riemann surface can be

obtained in this way; that is, by removing a finite number of coordinate disks from a

compact surface [24].

Definition 2.1.3. A Riemann surface R is simply connected if any closed path in

R can be deformed continuously to a point.

Let R1 be a simply connected Riemann surface. If R2 is a Riemann surface

conformally equivalent to R1, then R2 is simply connected. Distinguishing between

different Riemann surfaces is important. In order to accomplish this we shall note

a classical theorem of complex analysis, the Uniformization Theorem. This will

allow us to parameterize (or uniformize, if you will) compact Riemann surfaces by
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means of single valued functions. For discussions and applications of this theorem see

[10, 19, 34].

Theorem 2.1.1 (Uniformization Theorem). Every simply connected Riemann

surface is conformally equivalent to one and only one of the following:

1. the Riemann sphere S2;

2. the complex plane C;

3. the open unit disc D = {z ∈ C : |z| < 1}.

It turns out that every Riemann surface can be obtained from a simply connected

Riemann surface [24]. Let us temporarily concern ourselves with a Riemann surface

R that is not the sphere. Then the conformal structure gives us a way to represent

the surface R in either the complex plane C or the hyperbolic disc D, if R is Euclidean

or R is hyperbolic, respectively. It turns out that C, C\{0} and one-holed tori (or

for convenience simply tori) are Euclidean Riemann surfaces, while the n-holed tori

(n ≥ 2) are hyperbolic surfaces.

2.2 The Torus

We now turn our attention specifically to the torus. We begin with a few pre-

liminary definitions and examples [34]. Understanding how the torus relates to the

complex plane is essential to our endeavors. Necessarily, we will explore the con-

struction of the torus in some detail. A cursory glance at Figure 2.3 will be useful

in getting at least a feel for how the plane (or a region of the plane) is related to a

torus.

Definition 2.2.1. Let π = {mω1 + nω2 | m,n ∈ Z} for some fixed ω1, ω2 ∈ C, where

ω1 and ω2 are linearly independent over R, i.e ω1, ω2 6= 0 and ω1/ω2 /∈ R. Then a

group π of this form is called a lattice and is denoted by π(ω1, ω2).

8



The π defined in the preceding definition is isomorphic to Z × Z. We note that

any pair {ω1, ω2} such that π = {mω1 + nω2 | m,n ∈ Z} is called a basis for the

lattice.

Figure 2.3: A Fundamental Region and Corresponding Torus

Definition 2.2.2. Let π be a lattice. Then z1, z2 ∈ C are said to be congruent mod

π, written z1 ∼ z2, if z1 − z2 ∈ π.

This definition leads us to the definition of a torus τ .

Definition 2.2.3. The torus τ is the set C/π of cosets of π in C, written τ = C/π.

To fully understand the geometric interpretation captured in Figure 2.3 of this

algebraic description, we need the following definition.

Definition 2.2.4. Let τ = C/π be a torus. A closed connected subset F of C is called

a fundamental region for τ if

1. for each z ∈ C there exists at least one a ∈ F such that z = a + b, where b ∈ π

(i.e. z is congruent to some point a in F); and

2. for every a1, a2 ∈ Int(F), there does not exist an element b ∈ π such that

a2 = a1 + b.

9



If F is a Euclidean polygon, then F is called a fundamental polygon for π. In

particular, if F is a parallelogram, F is called a fundamental parallelogram for π.

As an example, the parallelogram F in Figure 2.3 with vertices 0, ω1, ω2, ω1 + ω2 is

a fundamental parallelogram for the lattice π(ω1, ω2). The region F can be repeated

on all translates F + ω, ω ∈ π. Furthermore, we can identify congruent boundary

points of F with one another. As shown, doing so results in a Riemann surface of

genus one, the torus τ . Notice that the points 0, ω1, ω2, and ω1 +ω2 all coincide when

F is “wrapped up” to form the torus τ . As mentioned, when using a parallelogram

we are actually dealing with a lattice π(ω1, ω2). In fact, if C/π is a torus τ , then π is

isomorphic to the fundamental group π1(τ) [61].

Figure 2.4: Tesselation of the Complex Plane

The two conditions stipulated in the definition of a fundamental region F guaran-

tee that F and its images under the action π cover the plane C completely, overlapping

only at their boundaries. This type of covering is known as a tesselation of C. As an

example of this we turn our attention to the fundamental parallelogram F in Figure

2.4. We can imagine continuing to lay out copies of F , thus tesselating C. Notice

that we have b1 ∼ ci for each i = 1, 2, 3, 4, 5, 6. We think of the ci’s as copies of the

same point b1 [34].
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2.3 Teichmüller Theory

All tori are topologically equivalent; that is, they are donuts with one hole. Of

course not all tori look the same. Some may be very thin while others may be very

fat. We will describe a mathematical way to account for these differences.

Figure 2.5: Three Tori τ1, τ2, and τ3 All Having Different Moduli

Recall conformal equivalence is an equivalence relation. The equivalence classes of

surfaces of the same topological type as R1 under this equivalence relation form the

moduli space of R1. The moduli space of tori is often thought of as the “space of

shapes” of tori [61]. Figure 2.5 shows three tori τ1, τ2, and τ3 with different moduli.

In many instances, the equivalence relation encompassed by the moduli space does

not capture enough information. Oftentimes we wish to ensure that not only the

conformal structure is the same, but that fundamental groups also correspond. As an

example of this we refer to Figure 2.6 which shows three fundamental parallelograms

for same-shaped tori. However, in order to attain this shape each torus must be

“wrapped up” in a different manner. Figure 2.7 shows how two of the parallelograms

in Figure 2.6 are “wrapped up” differently.

Definition 2.3.1. Let R be a Riemann surface and Σ a collection of generators of

π1(R). Then Σ is called a marking for R.

Two markings are equivalent if and only if they differ only by their choice of

basepoint. We are now in position to define a new, more selective, equivalence class.
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Figure 2.6: Fundamental Parallelograms of Tori Equivalent in Moduli Space

Definition 2.3.2. Two marked Riemann surfaces (R, Σ) and (R̂, Σ̂) are said to be

equivalent if and only if there exists a conformal map f : R → R̂ for which the marking

f(Σ) is equivalent to Σ̂. The set of these equivalence classes is the Teichmüller

Space of R.

The distinction between the two tori in Figure 2.7 can now be accounted for

mathematically. The tori are the same point in the moduli space of tori, but are

different points in the Teichmüller space of tori [33]. It follows that if two tori represent

different points in moduli space they must be different points in Teichmüller space.

Conversely, two tori that are different points in Teichmüller space are not necessarily

different points in moduli space. A natural problem that arises is determining which

fundamental parallelograms represent tori with the same point in moduli space. We

will pursue this problem by introducing the following definition.

Definition 2.3.3. Let π and π′ be lattices for the tori τ and τ ′, respectively. Then,

π and π′ are similar if απ = π′, α ∈ C with α 6=0.

Two tori τ = C/π and τ ′ = C/π′ are the same point in moduli space (and are thus

12



Figure 2.7: Same-shape Tori With Different Generators

conformally equivalent) provided they have lattices which are similar. This can be

expressed in terms of the tori’s bases in the following way. Let {ω1, ω2} and {ω′1, ω′2}
be a basis for π and π′, respectively. In each case the modulus of the basis is defined

to be t=ω2

ω1
and t′=ω′2

ω′1
, respectively. Two tori are the same in moduli space provided

t′ = at+b
ct+d

, where a, b, c, d ∈ Z and ad− bc = 1.

The relationship between τ and τ ′ yields a familiar equation. Indeed, we recognize

this as the Möbius transformation T : z → az+b
cz+d

with a, b, c, d ∈ Z, ad − bc = 1.

Möbius transformations of this form constitute a discrete subgroup of PSL(2,R), the

modular group denoted PSL(2,Z) [34]. We can concisely summarize the preceding

discussion thusly.

Theorem 2.3.1. Let π = π(ω1, ω2) and π′ = π(ω′1, ω
′
2) be lattices in C, with moduli

t = ω2/ω1 and t′ = ω′2/ω
′
1. Then the following are equivalent:

1. the tori C/π and C/π′ are conformally equivalent;

2. the lattices π and π′ are similar;
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3. t′ = T (t) for some T ∈PSL(2,Z).

Figure 2.8: Fundamental Regions F and F ′ for Tori τ and τ ′, Respectively

As an illustration of this, consider Figure 2.8. The region on the left represents

the standard square torus τ and has corners 〈0,1,i+1,i〉. The region on the right is

for the torus τ ′ and has corners 〈0,1,i+2,i+1〉. Thus, we have ω1 = 1, ω2 = i, ω′1 = 1,

ω′2 = i + 1, with t = i and t′ = i + 1. To see these two are the same point in moduli

space, we will show their bases satisfy the aforementioned relationship (i.e. that we

can find such an a, b, c, and d satisfying the properties a, b, c, d ∈ Z, ad − bc = 1).

First, without loss of generality let a = 1. It then follows, t′ = at+b
ct+d

⇒ i + 1 = i+b
ci+d

.

Also, ad − bc = 1 ⇒ d = 1 + bc. A brief calculation yields c = 0, b = 1, a = 1, and

d = 1 as one solution.

As a contrapositive to this, consider two tori that are different points in moduli

space. We will examine rectangles with corners 〈0,1,i+2,i+1〉 and 〈0,1,1
2
i+1,1

2
i〉. Once

again without loss of generality let a = 1. Then we get the relationships d = 1 + bc

and i + 1 =
1
2
i+b

1
2
ci+d

. A brief calculation leads to the equality b + c = 1
2
, which implies

either b or c must be a proper fraction. Therefore, there are no solutions to t′ = at+b
ct+d

satisfying a, b, c, d ∈ Z and ad− bc = 1.
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2.4 Quasiconformal Maps

In this section we will describe quasiconformal maps, which are a generalization of

conformal maps. Quasiconformal maps behave like “distorted” analytic homeomor-

phisms and provide a connection between different conformal structures for surfaces

of the same topological type. These maps thus provide another useful way to describe

the Teichmüller space of a surface [25, 27, 40].

Definition 2.4.1. Given a family of curves G in a domain Ω ⊂ S2, the extremal

length of G is

EL(G) = sup
ρ∈P

(
infγ∈G

∫
γ
ρ(z) |dz|

)2

∫∫
Ω

ρ2(z)dxdy
,

where P = {ρ : Ω → C | ρ ≥ 0, ρ Borel-measurable}. The modulus of G is defined

by M(G) = 1
EL(G)

.

At this point we have defined modulus twice, once above and previously when

dealing with the basis of a torus. We will define some useful terms and note that

these two definitions correspond. A quadrilateral is a Jordan domain in S2 with four

distinguished boundary points. The modulus of a quadrilateral is the modulus of

the family of curves joining its top and bottom sides.

As is apparent from the definition, the modulus is not feasible to compute except

for those families, G, which have a simple structure. For example, we can compute

the modulus of a Euclidean rectangle with left and right sides of length a and top

and bottom sides of length b. We therefore verify the following important fact [5].

Proposition 2.4.1. A rectangle with left and right sides of length a and top and

bottom sides of length b has modulus b
a
.

Proof. It is sufficient to show that the extremal length is a
b
. Let the rectangle R be

given by 0 ≤ x ≤ b, 0 ≤ y ≤ a. Using the Euclidean length ρ = 1, the distance

between the horizontal sides is a and the area is ab. The extremal length E satisfies

E ≥ a2

ab
≥ a

b
.
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Now if ρ is any allowable metric on R we can multiply ρ by an appropriate scalar

so that
∫

γ
ρ(z) |dz| = 1. Then for each y,

a∫

0

ρ(x, y)dx ≥ 1

and thus ∫∫

R

ρdxdy ≥ b.

Therefore,

0 ≤
∫∫

R

(aρ− 1)2dxdy =

∫∫

R

(a2ρ2 − 2aρ)dxdy + ab ≤
∫∫

R

(a2ρ2)dxdy − ab.

It follows that ∫∫

R

(a2ρ2)dxdy ≥ ab

and thus ∫∫

R

ρ2dxdy ≥ b

a
.

Putting these pieces back into the extremal length formula yields E ≤ a
b
. The proof

is therefore completed by noting we have obtained the inequality a
b
≤ E ≤ a

b
.

A conformal map will preserve this modulus [40]. However, quasiconformal maps

are homeomorphisms which distort moduli by a bounded amount.

Definition 2.4.2. A homeomorphism f on a domain Ω in S2 into S2 is said to be

K-quasiconformal if for all curve families G in Ω,

1

K
M(f(G)) ≤ M(G) ≤ KM(f(G)).

The class of quasiconformal maps contains all the maps which are conformal. Note

that f is conformal if and only if it is 1-quasiconformal. This idea of quasiconformality

as a measure of the distortion of moduli can be used to easily verify the following

result involving the composition of quasiconformal maps.
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Proposition 2.4.2. If f is K1-quasiconformal and g is K2-quasiconformal, then f ◦g
is (K1)(K2)-quasiconformal.

Though yielding the above property, the preceding definition of quasiconformality

relies on extremal length, which can generally be a cumbersome definition to apply.

A more appealing and oftentimes easier way to think of quasiconformality involves

an analytic approach utilizing the dilatation of a homeomorphism.

Definition 2.4.3. Let f be a homeomorphism on a domain Ω ⊂ S2, and fix z0 ∈ Ω.

Let Lr and lr be defined by

Lr = max
z∈∂B(z0;r)

|f(z)− f(z0)|

and

lr = min
z∈∂B(z0;r)

|f(z)− f(z0)|.

Then the dilatation of f at z0 is

Df (z0) = lim sup
r→0+

Lr

lr
.

An illustration of dilatation is presented in Figure 2.9. The following lemma shows

how dilatation and quasiconformality are related.

Figure 2.9: The Dilatation of f at z0

Lemma 2.4.1. A homeomorphism f on a domain Ω is K-quasiconformal if and only

if for all z ∈ Ω

Df (z) ≤ K.
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Note that a map f is conformal if and only if it has dilatation 1 everywhere. We

will call a map f quasiconformal provided it is K-quasiconformal, K finite. Having

now established both a geometric and analytic description of quasiconformality, we

describe how quasiconformality relates to surfaces.

Definition 2.4.4. Let R1 and R2 be Riemann surfaces. A map f : R1 → R2 is said

to be quasiconformal if ψβ ◦ f ◦ φ−1
α is quasiconformal where defined, where φα and

ψβ are coordinate charts on R1 and R2, respectively.

The class of quasiconformal maps provides a new equivalence relation of the set

of Riemann surfaces.

Definition 2.4.5. Quasiconformal maps f1 : R → R1 and f2 : R → R2 of a Riemann

surface R are Teichmüller equivalent if f2 ◦ (f−1
1 ) is homotopic to a conformal

map of R onto itself.

Proposition 2.4.3. Fix a Riemann surface R and let f1 and f2 be quasiconformal

maps from R to Riemann surfaces R1 and R2, respectively. Then R1 and R2 are

equivalent in Teichmüller space if and only if f1 and f2 are Teichmüller equivalent.

There is a natural metric on Teichmüller space determined by how quasiconformal

a homeomorphism which respects the markings must be. Fix a Riemann surface R

and a marking Σ on R. Then the distance between two points R1 = f1(R) and

R2 = f2(R) in the the Teichmüller space of R is given by

d(R1, R2) =
1

2
log(K∗)

where K∗ is the infimum of the dilatation of g2 ◦ (g−1
1 ) where g1 and g2 are equivalent

to f1 and f2, respectively, and the infimum is taken over all quasiconformal maps g1

and g2.

Definition 2.4.6. Let S1 denote the unit circle. An orientation preserving home-

omorphism q : S1 → S1 is k-quasisymmetric if there exists a constant k such
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that
1

k
≤

∣∣∣∣
q(ei(x+t))− q(eix)

q(eix)− q(ei(x−t))

∣∣∣∣ ≤ k,

for all x and for all t ∈ (−π
2
, π

2

)
.

Not surprisingly, quasisymmerties are closely related to quasiconformal maps

[4, 22, 39, 49]. Indeed, the boundary values of a quasiconformal map give a qua-

sisymmetry, and vice versa. For our purposes we will need to define what it means

to be a quasisymmetric map on a boundary component of a Riemann surface.

Definition 2.4.7. Let d be the boundary component of a Riemann surface. In ad-

dition, let q : d → d be an orientation preserving homeomorphism. Then q is k-

quasisymmetric if there exists a conformal map H of a neighborhood of d onto a

neighborhood of S1 such that H ◦ q ◦H−1 is k-quasisymmetric on S1.

2.5 Conformal Welding

Using the ideas outlined in the preceding section, we can describe the process of

conformal welding (sometimes called conformal sewing). The initial description of

this process will take place on the Riemann sphere; but as we will see, it extends to

other surfaces as well. Necessarily we will require the following definition.

Definition 2.5.1. A Jordan curve is a closed curve that does not intersect itself.

A Jordan curve is a K-quasicircle if it is the image of the unit circle under a

K-quasiconformal map F of S2 onto itself. A Jordan domain whose boundary is a

K-quasicircle is called a K-quasidisc.

It is instructive to see some domains that are not quasidiscs. Figure 2.10 depicts

some properties which are illegal for quasidiscs. In particular, the boundary of a

quasidisc must be a simple curve. This also implies that slits are prohibited. Jordan

domains that fail to be quasidiscs are those with cusps inwards or outwards. Cusps

present a problem in that the length versus width ratio of a cusp tends to infinity as

one moves along the cusp [45].
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Figure 2.10: Examples of Domains that are not Quasidiscs

Before describing conformal welding, we pause to state an important result on the

continuation of quasiconformal maps and quasicircles across certain sets of measure

zero [40, 51]. This result will be utilized frequently in later chapters.

Theorem 2.5.1. Let G be a subset of C and let E be a closed subset of G such that

the two-dimensional measure of E is zero. If q : G → C is a homeomorphism of G

that is K-quasiconformal on G \ E, then q is K-quasiconformal on G. In particular

this holds when E is a circle or quasicircle.

Given two Jordan domains D1 and D2 on the Riemann Sphere and a homeomor-

phism ϕ : ∂D1 → ∂D2, a topological sphere S can be formed by identifying points x

of ∂D1 with points ϕ(x) of ∂D2. The mapping ϕ is called a welding homeomor-

phism provided the conformal structure on S extends the conformal structures of D1

and D2; that is, if there exists conformal maps g and f of D1 and D2, respectively,

onto complementary regions of S2 with g = f ◦ϕ. If ϕ is a welding homeomorphism,

then it induces a conformal welding. The two domains will push and pull against

one another as they find their new positions.

The “seam” γ resulting from this interaction is known as the conformal welding

curve. It is a well known result that if D1 and D2 are both discs and ϕ is quasisym-

metric, then a welding will exist and the conformal welding curve will be a quasicircle.

Excellent references describing this include [27, 30, 40]. See Figure 2.11.

Theorem 2.5.2 (Conformal Welding Theorem). Let 4 and 4∗ be the lower

and upper halves of the sphere, respectively. Let ϕ : S1 → S1 be a quasisymmetry.
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Then there exist conformal maps f : 4 → Ω and g : 4∗ → Ω∗ onto disjoint Jordan

domains of the sphere S2 such that their boundary values satisfy the relationship

g(eiθ) = f ◦ ϕ(eiθ).

Figure 2.11: Conformal Welding on the Sphere

2.6 Earthquakes and Weldings

Geodesics have been the classic object for inducing deformations on Euclidean and

hyperbolic Riemann surfaces. The classic examples of these deformations are Dehn

twists, earthquake mappings, and weldings. As the effects of these actions can be dif-

ficult to calculate, much work has been done in developing numerical approximations

to these actions via circle packings [8, 13, 15, 36, 43, 60, 67, 69].

Dehn twists are the simplest actions along a geodesic. A torus is cut along a

geodesic, twisted n full rotations (n ≥ 1), then reattached. We reserve any illustra-

tions of this action until we discuss shearings, as shearings are a generalization of

Dehn twists.

The earthquake mappings of Thurston, McMullen, and Murphy involve cutting

along geodesics. Though these actions have been explored for both hyperbolic and

Euclidean surfaces [26, 41, 43, 54, 62], we shall describe the actions in the setting of

only Euclidean surfaces. The extension of these ideas to tori of genus n > 1 works

in a natural way. The actions involved in earthquakes are positive grafting, negative
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grafting, and shearing. Illustrations of all of these are shown in Figure 2.12.

(a) Positive Grafting (b) Negative Grafting

(c) Shearing

Figure 2.12: Earthquake Actions on a Torus

In shearing, we cut along a geodesic γ, twist the torus, and then reattach. Unlike

the previously described Dehn twists, these rotations are not limited to full rotations,

but can vary by any prescribed amount. In keeping with previous terminology, we ac-

tually define left and right shearings. In the Euclidean complex plane, we accomplish

these shearings by applying translations of the form z + α, to fundamental regions

α ∈ C with axis parallel to the geodesic along which we intend to shear. Both left

and right shearings in the plane are shown in Figure 2.13.

(a) Fundamental Region (b) Left Shearing (c) Right Shearing

Figure 2.13: Shearings Along a Geodesic

In grafting, we again cut along a geodesic (or two). In positive grafting we cut
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along a geodesic, say γ0. After the torus is cut open along γ0, a section of a cylinder

is inserted. In negative grafting a torus is opened along two geodesics, say γ1 and γ2.

The section between these two geodesics, which is equivalent to a cylinder, is then

removed. The torus is then reattached along γ1 and γ2. These grafting actions are

illustrated in Figure 2.14.

(a) Fundamental Region (b) Positive Grafting (c) Negative Grafting

Figure 2.14: Graftings Along a Geodesic

In previous welding on a torus τ , the torus is cut along a geodesic γ. We are then

left with two copies of this geodesic, γ+ and γ−. It is along these two pieces that the

welding map ϕ is assigned. The result of this operation can cause the modulus of the

torus to change dramatically as the seam γ′ is formed [8]. See Figure 2.15 for details

of this operation.

Figure 2.15: Conformal Welding on the Torus

In sewing along geodesics, we could get from one torus to another in the following

way. Assume τ is our original torus and τ ′ is our target torus. Then we can “bend”

in the sides of a fundamental parallelogram for τ ′ so that there is a conformal map
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between this region and a fundamental parallelogram for τ . An illustration of how

this “bending” was carried out is shown in Figure 2.16. The transformation between

tori is then completed by sewing along the bent sides. Of course, these “sides” are

actually copies of a geodesic of the torus. Therefore, the bending of the sides makes

sense (i.e. it is just an action along a geodesic).

Figure 2.16: Bending the Sides of a Fundamental Parallelogram
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CHAPTER III

Alternative Deformations on Tori

Previously, we outlined deformations on tori, all of which involve cutting along

geodesics. However, is the use of geodesics necessary? Could we cut the torus in

a different manner and still apply similar actions? Would the resulting object be

different in any significant way? Would the resulting object even be a Riemann

surface? In order to answer these questions we will need to create a valid alternative

method. Instead of cutting along a geodesic, we will cut along a circle on the torus.

Notice that a circle on the torus will lift to a Euclidean circle in the familiar complex

plane.

3.1 Alternative Earthquakes

We will begin by describing actions similar to earthquakes that involve cutting

along a circle. Let us start by describing shearings. After cutting along a circle, we

will have removed a disc. In mimicking the action of shearing, we rotate the removed

disc a prescribed amount, then replace it. It is easy to show that this action results

in a Riemann surface. This action is terribly uninteresting, however, as it does not

alter the location of the torus in moduli space nor Teichmüller space. We will reserve

verification of these two claims until the end of this chapter. We note that verification

of these claims could be done in a manner similar to those outlined below for grafting.

In order to fully explore earthquakes we turn our attention to grafting. We begin

by describing positive grafting. Beginning with this case will allow us to make sense

of negative grafting shortly. Recall that positive grafting along geodesics involved

the insertion of a cylinder. We can insert a cylinder in the obvious way using our

alternate technique. To do this we start with a torus τ and cut τ along a circle and

remove a disc. Let Λ− denote the removed disc and Λ+ denote the torus τ less the

disc. We attach a cylinder c to the “hole” in Λ+, then “cap it off” with the removed

disc Λ−. See Figure 3.1 for details.
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Figure 3.1: Inserting a Cylinder on the Surface of a Torus

In this case, it is not readily obvious that the resulting object, call it τ̃ , is actually

a Riemann surface. We will begin by defining a conformal structure on τ̃ . To define

this structure we need only describe a set of coordinate charts mapping open regions

in the surface τ̃ into C such that the transition maps associated with these charts

are analytic. It is sufficient to construct for every point in τ̃ a map from an open

neighborhood U ⊂ τ̃ into C so that the maps satisfy the analyticity condition. This

process will be a recurring theme as it is later used to establish that welding along a

circle produces a Riemann surface.

Define a pullback map P on τ̃ so that the image of a point p0 ∈ τ̃ is the unique

point (on τ or on the cylinder c) whose image under the positive grafting operation

is p0.

Since τ is a fixed Riemann surface, it has a fundamental parallelogram F in C.

Without loss of generality assume that this region is scaled and translated so that Λ−

corresponds to D = {z : |z| ≤ 1}. Then Λ+ is covered by a collection of coordinate

charts {ϕυ}υ∈Υ mapping into F\D. Since our positive grafting involves the insertion

of a cylinder c, we have coordinate charts {φθ}θ∈Θ associated with it which map

c into an annulus r ≤ |z| ≤ 1 for some 0 < r < 1. Refer to Example 2.1.5 for

details. Moreover, we may assume the appropriate rotation, if necessary, so that for

all z ∈ {z : |z| = 1} we have P−1 ◦ϕ−1
υ (z) = P−1 ◦φ−1

θ (z) for all ϕυ, φθ for which this

is defined. Finally, as described above, Λ− has coordinate charts mapping into D. Let

{Φδ}δ∈∆ be a collection of these charts composed with the conformal map h : z → rz.

We will restrict our attention to maps Φδ such that for all z ∈ {z : |z| = r} we have

P−1 ◦ Φ−1
δ (z) = P−1 ◦ φ−1

θ (z) where defined.
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We now describe the coordinate charts on τ̃ . The open sets can be classified in

the following way:

1. Let UA be the collection of all simply connected open sets Uα ⊂ τ̃ such that

Uα does not intersect the image under the positive grafting operation of the cut

circle, is disjoint from Λ− and the inserted cylinder c, and is sufficiently small

so that P (Uα) is contained in the domain of some coordinate chart ϕυ.

2. Let UE be the collection of all simply connected open sets Uε ⊂ τ̃ such that Uε

does not intersect the image under the positive grafting operation of the cut

circle, is disjoint from Λ+ and the inserted cylinder c, and is sufficiently small

so that P (Uε) is contained in the domain of some coordinate chart Φδ.

3. Let UB be the collection of all simply connected open sets Uβ ⊂ τ̃ such that

Uβ intersects the image of the cut circle under the grafting operation G and is

sufficiently small so that P (Uβ)
⋂

Λ+, P (Uβ)
⋂

c, and P (Uβ)
⋂

Λ− are empty or

are contained in the domain of some coordinate chart ϕυ, φθ, or Φδ, respectively.

4. Let UΓ be the collection of all simply connected open sets Uγ ⊂ τ̃ such that Uγ

is contained only in the interior of the grafted cylinder c, denoted Int(G(c)), and

is sufficiently small so that P (Uγ) is contained in the domain of some coordinate

chart φθ.

Case I: Let Uα ∈ UA so that P (Uα) is an open set in Λ+. From the conformal

structure on Λ+ and corresponding to this open set P (Uα) we have a coordinate chart

ϕα such that ϕα(P (Uα)) ⊂ C. We thus define a coordinate chart ψα : τ̃ → C on the

open set Uα by ψα = ϕα ◦ P . In this way we define a family of coordinate charts ΨA

on τ̃ by ΨA = {ψα}α∈A.

Case II: Let Uε ∈ UE so that P (Uε) is an open set in Λ−. From the conformal

structure on Λ− and corresponding to this open set P (Uε) we have a coordinate chart

Φε such that Φε(P (Uε)) ⊂ C. We thus define a coordinate chart ψε : τ̃ → C on the
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open set Uε by ψε = Φε ◦ P . In this way we define a family of coordinate charts ΨE

on τ̃ by ΨE = {ψε}ε∈E.

Case III: Let Uβ ∈ UB, and note that P (Uβ) is divided between two distinct

Riemann surfaces c and τ . To define coordinate charts on the open sets of the form

Uβ we define a pair of maps from these surfaces to the complex plane. We do this for

two separate subcases.

Case IIIa: P (Uβ) is divided between c and Λ−. Since Λ− has a conformal

structure inherited from τ we have a map ϕβ so that ϕβ(P (Λ−)
⋂

Uβ) ⊂ {z : |z| < r}.
Next consider the cylinder c. There is a map φβ such that φβ(P (G(c)

⋂
Uβ)) is the

annulus {z : r ≤ |z| ≤ 1}. Define a map ψβ : τ̃ → C on the open sets Uβ to be

ψβ(p) =





ϕβ ◦ P (p) if p ∈ ϕβ(P (Λ−)
⋂

Uβ)

φβ ◦ P (p) if p ∈ φβ(P (G(c)
⋂

Uβ)).

(3.1.1)

This function defines a map ψβ : τ̃ → C on the open set Uβ. Recall that by applying

an appropriate rotation if necessary, we can ensure ψβ is continuous. By construction,

ψβ is 1-1 and thus homeomorphic onto its range. Taking all functions over the set of

possible sets Uβ ∈ UB we define a family of coordinate charts ΨB = {ψβ}β∈B.

Case IIIb: P (Uβ) is divided between c and Λ+. Since Λ+ has a conformal

structure inherited from τ we have a map Φβ so that Φβ(P (Λ+)
⋂

Uβ) ⊂ {z : |z| ≥ 1}.
Next consider the cylinder c. There is a map φβ such that φβ(P (G(c)

⋂
Uβ)) is mapped

into the same annulus {z : r ≤ |z| ≤ 1} as in IIIa above. Define a map ψβ : τ̃ → C

on the open sets Uβ to be

ψβ(p) =





Φβ ◦ P (p) if p ∈ Φβ(P (Λ+)
⋂

Uβ)

φβ ◦ P (p) if p ∈ φβ(P (G(c)
⋂

Uβ)).

(3.1.2)

This function defines a map ψβ : τ̃ → C on the open set Uβ. Again, if necessary, we

can rotate to assure ψβ is continuous. Also, ψβ is 1-1 and thus homeomorphic onto

its range by construction. Taking all functions over the set of possible sets Uβ ∈ UB

we define a family of coordinate charts ΨB = {ψβ}β∈B.
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Case IV: Let Uγ ∈ UΓ. In this case Uγ ⊂ Int(G(c)) and the pullback map P takes

this set to an open set on the finite cylinder c. Now, from the conformal structure

on c we have a coordinate chart φγ corresponding to P (Uγ) such that φγ(P (Uγ)) is a

subset of the annulus {z : r ≤ |z| ≤ 1}. This gives us a map ψγ : τ̃ → C on open sets

Uγ defined by ψγ = φγ ◦ P . In this way we define a family of coordinate charts ΨΓ

on τ̃ by ΨΓ = {ψγ}γ∈Γ.

Define a collection of open sets, Ũ = UA

⋃
UE

⋃
UB

⋃
UΓ, and a collection of maps

from τ̃ to C, Ψ̃ = ΨA

⋃
ΨE

⋃
ΨB

⋃
ΨΓ. Thus τ̃ has the structure (Ũ , Ψ̃). We wish to

show (Ũ , Ψ̃) is a complex structure on τ̃ , thus making τ̃ into a Riemann surface.

Proposition 3.1.1. The charts (Ũ , Ψ̃) give τ̃ a complex manifold structure. That is,

τ̃ is a Riemann surface.

Proof. Let U be the intersection of two open sets in Ũ . We need only consider those

intersections for which U ∈ Ũ . This gives four cases for the overlap region U in which

we must verify the analyticity of the transition maps.

Case I: Suppose that U ∈ UA.

Case Ia: U = Uα1

⋂
Uα2 , with Uα1 , Uα2 ∈ UA. Associated with Uα1 and Uα2 we

have coordinate charts ψα1 , ψα2 ∈ ΨA. Say ψα1 = ϕα1 ◦ P and ψα2 = ϕα2 ◦ P . Now,

consider the transition maps ψα2 ◦ ψ−1
α1

and ψα1 ◦ ψ−1
α2

.

ψα2 ◦ ψ−1
α1

= (ϕα2 ◦ P ) ◦ (ϕα1 ◦ P )−1

= ϕα2 ◦ P ◦ P−1 ◦ ϕ−1
α1

= ϕα2 ◦ ϕ−1
α1

Thus, ψα2 ◦ψ−1
α1

: C→ C is analytic, since ϕαi
, i = 1, 2, were taken from the conformal

structure on τ (and more specifically from Λ+). Similarly, ψα1 ◦ ψ−1
α2

is analytic.

Case Ib: U = Uα

⋂
Uβ, with Uα ∈ UA and Uβ ∈ UB. Associated with each

of Uα and Uβ we have coordinate charts ψα ∈ ΨA and ψβ ∈ ΨB, respectively. Say

ψα = ϕα ◦ P and ψβ necessarily of the form given in (3.1.1). Note that since U does

not intersect the circle associated with the grafting of the cylinder, for every p0 ∈ U
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we have p0 ∈ Λ+
⋂

Uβ ⊂ τ̃ , where c denotes the cylinder associated with the grafting.

Thus, on U we have ψβ = φβ ◦P . Consider the transition maps ψα◦ψ−1
β and ψβ ◦ψ−1

α .

ψα ◦ ψ−1
β = (ϕα ◦ P ) ◦ (ϕβ ◦ P )−1

= ϕα ◦ P ◦ P−1 ◦ ϕ−1
β2

= ϕα ◦ ϕ−1
β2

Note that we define the transition map ψα ◦ ψ−1
β2

on only the overlap region U . This

case thus reduces to case Ia above. Thus ψα ◦ ψ−1
β is analytic. Similarly, ψβ ◦ ψ−1

α is

analytic.

Case II: Suppose that U ∈ UE. We note that this case follows in a similar fashion

to that outlined in Case I.

Case III: Suppose that U ∈ UB. U = Uβ1

⋂
Uβ2 , with Uβ1 , Uβ2 ∈ UB. Associated

with each of Uβ1 and Uβ2 we have coordinate charts ψβ1 , ψβ2 ∈ ΨB. Say ψβ1 and

ψβ2 are both of the form given in (3.1.1) or both in the form given in (3.1.2). For

simplicity let us assume ψβ1 and ψβ2 are both of the form given in (3.1.1); the other

case is clearly similar. First we may decompose the set U into three disjoint sets,

U = Uα

⋃
L

⋃
Uγ, where Uα ∈ UA, Uγ ∈ UΓ, and L = ∂ Uα

⋂
∂ Uγ. We have already

shown that the transition maps ψβ1 ◦ ψ−1
β2

and ψβ2 ◦ ψ−1
β1

are analytic on the set Uα.

In case IV we will show this is also true for Uγ. Taking this to be true we note that

these transition maps are also clearly continuous on all of U by our construction. We

now apply Theorem 2.5.1. Since the image of L ⊂ U in the plane has measure zero,

any map which is K-quasiconformal on the image of U \ L is also K-quasiconformal

on L. Thus, since the transition maps are analytic (1-quasiconformal) on the images

of Uα and Uβ, the transition maps are analytic on all of U .

Case IV: Suppose that U ∈ UΓ.

Case IVa: U = Uγ1

⋂
Uγ2 , with Uγ1 , Uγ2 ∈ UΓ. Associated with Uγ1 and Uγ2 we

have coordinate charts ψγ1 , ψγ2 ∈ ΨΓ. Say ψγ1 = φγ1 ◦ P and ψγ2 = φγ2 ◦ P . Now,

consider the transition maps ψγ2 ◦ ψ−1
γ1

and ψγ1 ◦ ψ−1
γ2

. We have

ψγ2 ◦ ψ−1
γ1

= φγ2 ◦ φ−1
γ1

.
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Now, φγ2 ◦ (φγ1)
−1 is analytic since these maps were taken from this conformal struc-

ture on the cylinder. Thus, ψγ2 ◦ ψ−1
γ1

is analytic. Similarly, ψγ1 ◦ ψ−1
γ2

is analytic.

Case IVb: U = Uγ

⋂
Uβ, with Uγ ∈ UΓ and Uβ ∈ UB. Associated with each

of Uγ and Uβ we have coordinate charts ψγ ∈ ΨΓ and ψβ ∈ ΨB, respectively. Say

ψγ = φγ ◦ P . Now, we really have two subcases here, one where ψβ are of the form

given in (3.1.1) and another where ψβ are of the form given in (3.1.2). As both these

cases work in the same manner we consider only the case where ψβ is of the form

given in (3.1.1). Note that since U does not intersect any circle associated with the

grafting of the cylinder, for every p0 ∈ U we have p0 ∈ G(c)
⋂

Uβ ⊂ τ̃ . Thus, on U

we have ψβ = φβ ◦P . Now consider the transition maps ψγ ◦ψ−1
β and ψβ ◦ψ−1

γ . Since

ψγ ◦ ψ−1
β = (φγ ◦ P ) ◦ (φβ ◦ P )−1,

this case effectively reduces to Case IVa, and the transition maps ψγ◦ψ−1
β and ψβ◦ψ−1

γ

are analytic.

The structure defined above describes an open cover for the surface τ̃ and a set of

maps on that cover so that the transition maps are analytic. Thus, we have defined

a sufficient conformal structure on the surface τ̃ ; we include any other sets and maps

compatible with this structure.

As was the case with shearing, positive grafting does not alter the location of

the torus in moduli space nor Teichmüller space. Recall, the manner in which we

were able to make sense of our positive grafting technique was by the insertion of an

annulus in the plane. This insertion was permitted by simply scaling the removed

disc. The shape of the overall fundamental parallelogram after grafting thus remained

unchanged from the one before grafting.

Negative grafting can be defined in an analogous manner. Negative grafting will

consist of cutting a torus along two circles and removing the area in between, that is,

removing an annulus. The inside circle can then be scaled to fill in the “gap” created

by removing the annulus.
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All these earthquake actions leave a torus conformally unaltered. Notice that the

composition of these actions would also fail to produce any conformal change in a

torus. Thus we end our discussion on earthquake actions, perhaps a bit disappointed

as they are not nearly as powerful or interesting as earthquake actions along geodesics.

3.2 Alternative Weldings

Finally, we develop a much more flexible and powerful technique. We describe a

welding method in which cutting along a geodesic is not required. As before, we cut

along a circle on the surface of the torus τ , then weld it back in. As a welding of this

nature has not been explicitly defined we will start by creating a process whereby

this type of action is well defined. We will then construct coordinate charts for our

sewn surface. It is the coordinate charts which will determine our resulting surface

τ ′. Before beginning this welding action we make note of a known theorem which is

vital to our endeavor [40, 51].

Theorem 3.2.1. Let D1 and D2 be Jordan curves parameterized on a Riemann sur-

face R. Let CD1 and CD2 be annular neighborhoods of D1 and D2, respectively. Then

a map q : D1 → D2 is quasisymmetric if and only if it is the restriction of some

quasiconformal map f : CD1 → CD2.

Start with a torus τ . Since τ is a fixed Riemann surface, it has a conformal

structure associated with it. Let {ϕυ}υ∈Υ be the atlas for the conformal structure on

τ . Let us cut along a circle denoted by d on the torus τ . As before we obtain the two

“pieces” Λ+ and Λ− and assign them boundary arcs d+ and d−, respectively. Notice

that each point z ∈ d splits into two points z+ ∈ d+ and z− ∈ d−. We will describe a

way in which to sew d+ and d− back together via a quasisymmetric map q : d+ → d−.

Figure 3.2 will be a helpful reference as we continue to describe the welding process.

Let P be the pullback map on τ ′ such that the image point of p0 ∈ τ ′ under P is

the unique point on τ whose image under the welding operation is p0.
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Figure 3.2: Welding the Torus along a Circle
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Let τ ′ = Λ+
⋃

Λ−/ ∼ where x ∼ y if and only if x ∈ d+ and y ∈ d− and q(x) = y.

Let I1 be the inclusion map Λ+ → τ ′ and I2 be the inclusion map Λ− → τ ′. Now, d+

and d− map to a common curve on τ ′ which we will denote by d′. Note that d′ is the

“seam” of our sewing operation.

We now wish to put a conformal structure on τ ′. Let Cd+ be a half-annular

neighborhood of d+ in Λ+. Also, place a half-annular neighborhood Cd− about d−

in Λ−. Let A = I1(Cd+)
⋃

I2(Cd−), and notice A is an annular neighborhood about

d′. Let H1 : Cd+ → 4 (where 4 is the lower half of the sphere) be such that

H1(d
+) = S1 and H1 is biholomorphic. We will choose H2 in the same way, in this

case letting H2 : Cd− → 4∗ (where 4∗ is the upper half of the sphere. Notice, the

image of H1(Cd+) and H2(Cd−) are half-annular neighborhoods of the unit circle S1.

Let h = H2 ◦ q ◦H−1
1 |S1 ; h is obviously quasisymmetric.

We will use the classical welding operation for two halves of the sphere, stated pre-

viously in Theorem 2.5.2, as a method for attaining our welding. Invoking this result

we have that there exists conformal maps F1 and F2 from4 and4∗, respectively, into

complementary Jordan domains of the Riemann sphere such that h = F−1
2 ◦ F1 |S1 .

We will let γ denote the quasicircle separating the resulting Jordan domains Ω and

Ω∗.

We are now prepared to fully describe the coordinate charts on τ ′. The open sets

can be classified in the following way:

1. Let UA be the collection of all simply connected open sets Uα ⊂ τ ′ such that Uα

does not intersect the image of the resultant sewing seam d′ and is sufficiently

small so that I−1
1 (Uα) and I−1

2 (Uα) are empty or contained in the domain of

some coordinate chart ϕα.

2. Let UB be the collection of all simply connected open sets Uβ ⊂ τ ′ such that Uβ

intersects the resultant sewing seam d′ and is sufficiently small so that Uβ ⊂ A,

and each I−1
1 (Uβ) and I−1

2 (Uβ) are contained in the domain of a coordinate chart

ϕυ1 and ϕυ2 , respectively.
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Case I: Let Uα ∈ UA. Then I−1
i (Uα), i = 1, 2 is the empty set for one of the i’s

and is an open set for the other. That is, if I−1
1 (Uα) = ∅ then I−1

2 (Uα) is an open set

in Λ−, and if I−1
2 (Uα) = ∅ then I−1

1 (Uα) is an open set in Λ+. Now, Λ+ and Λ− have

the conformal structure inherited from τ . Thus, corresponding to I−1
i (Uα), i = 1, 2

we have a coordinate chart ϕα such that ψα = ϕα ◦ I−1
i (Uα) is in the complex plane.

Thus, we can define a coordinate chart ψα : τ ′ → C on Uα by ψα = ϕα ◦ I−1
1 . In this

way we define a family of coordinate charts ΨA on τ ′ by ΨA = {ψα}α∈A.

Case II: Let Uβ ⊂ UB. Without loss of generality, we will work with open sets

Uβ sufficiently small so that Uβ ⊂ A = I1(Cd+)
⋃

I2(Cd−). Notice I−1
i (Uβ), i = 1, 2

will divide the open set Uβ between two surface pieces, namely Λ+ and Λ−. Now,

H1(I
−1
1 ) and H2(I

−1
2 ) will map I−1

1 (Uβ) and I−1
2 (Uβ) into open sets U+

β and U−
β in

4 and 4∗, respectively. We recognize that the two pieces of Uβ under this image

may no longer “match up” between 4 and 4∗. We shall rectify this situation via the

following construction.

Consider the map F1(H1(I
−1
1 (Uβ))). This will map Uβ into an open set we will

denote by V +
β . Similarly, F2(H2(I

−1
2 (Uβ))) will map Uβ into an open set V −

β . By

construction we have mapped into an open set Vβ = V +
β

⋃
V −

β , with V +
β = Ω

⋂
Vβ

and V −
β = Ω∗ ⋂

Vβ. In particular, notice Vβ

⋂
γ 6= ∅. For i = 1, 2, let Xi : A → Ĉ by

Xi = Fi ◦Hi ◦ I−1
i . Then Xβ : Uβ → Vβ is defined by

Xβ(p) =





X1(p) if p ∈ U+
β

X2(p) if p ∈ U−
β .

Thus we can define maps ψβ : τ ′ → C on open sets Uβ. In this way we define a

family of coordinate charts ΨB = {ψβ}β∈B.

We have claimed that our construction resulted in our pieces “matching up”. To

see this we shall prove the following Proposition.

Proposition 3.2.1. The map Xβ : Uβ → Vβ is a homeomorphism.

Proof. Since Xβ is constructed from the composition of homeomorphisms, we only
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need to check that it is continuous on U+
β

⋂
U−

β ⊂ d′. Let p ∈ U+
β

⋂
U−

β . We will

show that X1(p) = X2(p). Now we have

X1(p) = (F1 ◦H1 ◦ I−1
1 )(p)

= ((F2 ◦ h) ◦H1 ◦ I−1
1 )(p)

= (F2 ◦ (H2 ◦ q ◦H−1
1 ) ◦H1 ◦ I−1

1 )(p)

= (F2 ◦H2 ◦ q ◦ I−1
1 )(p)

= (F2 ◦H2 ◦ I−1
2 )(p)

= X2(p).

From previous work we can define a collection of open sets Û = UA

⋃
UB. Also,

let Ψ̂ = ΨA

⋃
ΨB be a collection of the maps from τ ′ into C.

Theorem 3.2.2. The charts (Û , Ψ̂) give τ ′ a complex manifold structure. That is, τ ′

is a Riemann surface.

Proof. We wish to show the coordinate charts in the structure (Û , Ψ̂) are analytic.

To this end, let U be the intersection of two open sets in Û . This gives two cases in

which the analyticity of the transition maps must be verified. They are the following:

1. U such that U ∈ UA, that is, U does not intersect the seam.

2. U such that U ∈ UB, that is, U intersects the seam.

Case Ia: Let U = Uα1

⋂
Uα2 , with Uα1 , Uα2 ∈ UA. We are left with two possibil-

ities, either P (U) ⊂ Λ− or P (U) ⊂ Λ+. We will assume P (U) ⊂ Λ− and note the

other case is similar. Then P = I−1
2 . We have coordinate charts ψα1 , ψα2 ∈ ΨA, with

ψα1 = ϕα1 ◦ P and ψα2 = ϕα2 ◦ P . We now consider ψα1 ◦ ψ−1
α2

. Thus,

ψα1 ◦ ψ−1
α2

= ϕα1 ◦ P ◦ (ϕα2 ◦ P )−1

= ϕα1 ◦ I2 ◦ I−1
2 ◦ ϕ−1

α2

= ϕα1 ◦ ϕ−1
α2

.
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The composition ϕα1 ◦ ϕ−1
α2

is analytic since they were inherited from the conformal

structure on τ . Thus, ψα1 ◦ ψ−1
α2

is analytic. Similarly, ψα2 ◦ ψ−1
α1

is analytic.

Case Ib: Let U = Uα

⋂
Uβ, with Uα ∈ UA and Uβ ∈ UB. Associated with each

of Uα and Uβ we have coordinate charts ψα ∈ ΨA and ψβ ∈ ΨB, respectively. Say

ψα = ϕα ◦ P and ψβ = Xβ. Consider the transition map ψα ◦ ψ−1
β . Investigating this

map we have,

ψα ◦ ψ−1
β = ϕα ◦ P ◦X−1

β = ϕα ◦ I−1
i ◦X−1

β (i = 1, 2).

Notice that closer inspection of U allows us to reduce I−1
i ◦X−1

β to either I−1
1 ◦X−1

1

or I−1
2 ◦ X−1

2 . This simplification depends on which region U is defined on, that is,

we reduce to I−1
1 ◦ X−1

1 provided P (U) ⊂ Λ+ and we reduce to I−1
2 ◦ X−1

2 provided

P (U) ⊂ Λ−. For P (U) ⊂ Λ+ we have

ϕ ◦ I−1
1 ◦X−1

1 = ϕ ◦ I−1
1 ◦ I1 ◦H−1

1 ◦ F−1
1 = ϕ ◦H−1

1 ◦ F−1
1 .

Similarly for P (U) ⊂ Λ−,

ϕ ◦ I−1
2 ◦X−1

2 = ϕ ◦H−1
2 ◦ F−1

2 .

Fi is analytic off of the seam, which is not included, so in this case F−1
i is analytic.

It is also clear that Hi, and thus H−1
i , is also analytic. Therefore, ϕ ◦H−1

1 ◦ F−1
1 and

ϕ◦H−1
2 ◦F−1

2 are analytic. Thus, ψα ◦ψ−1
β is analytic. Similarly, ψβ ◦ψ−1

α is analytic.

Case IIa: Let U = Uβ1

⋂
Uβ2 , with Uβ1 , Uβ2 ∈ UB and (Uβ1

⋂
Uβ2)

⋂
d′ = ∅.

Uβ1 and Uβ2 have coordinate charts ψβ1 , ψβ2 ∈ ΨB, respectively; however, on every

component of U , ψβ1 and ψβ2 can both be reduced to X1 (if the component lies in Λ+)

or both can be reduced to X2 (if the component lies in Λ−). In either case ψβ1 ◦ ψ−1
β2

and ψβ2 ◦ ψ−1
β1

are both simply the identity and are therefore analytic.

Case IIb: Let U = Uβ1

⋂
Uβ2 , with Uβ1 , Uβ2 ∈ UB and (Uβ1

⋂
Uβ2)

⋂
d′ = L 6= ∅.

Uβ1 and Uβ2 have coordinate charts ψβ1 , ψβ2 ∈ ΨB, respectively. Then ψβ1 = Xβ1

and ψβ2 = Xβ2 . So ψβ2 ◦ ψ−1
β1

= Xβ2 ◦ X−1
β2

. Now we can decompose U into three

disjoint sets U = Uα1

⋃
L

⋃
Uα2 where Uαi

∈ UA for i = 1, 2 (with P (Uα1) ⊂ Λ+
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and P (Uα2) ⊂ Λ−) and L = ∂Uα1

⋂
∂Uα2 (that is L is on the seam). By case IIa we

already know ψβ2 ◦ψ−1
β1

is analytic on Uα1 and Uα2 . As we have shown previously, this

map is continuous on all of U . Now, L ⊂ U in the plane has measure zero. Also, on

the image of U \ L we have ψβ2 ◦ ψ−1
β1

is analytic and thus a 1-quasiconformal map.

Now we invoke Theorem 2.5.1 to see that ψβ2 ◦ψ−1
β1

is 1-quasiconformal on the image

of L as well. Similarly, ψβ1 ◦ ψ−1
β2

is analytic.

We conclude by defining our welding map W on our torus τ by letting W = P−1

off the seam. This map is analytic on the disc and on the torus less the disc, but is

discontinuous on d. In this way we have W (τ) = τ ′.

3.3 Teichmüller Space and Weldings

In our sewing operation the genus of our original torus τ was unchanged. We thus

notice that our welding leaves us with not only a Riemann surface in general, but a

torus in particular.

The outstanding problem is now determining if our sewing operation changed the

torus in any significant way. Admittedly, after seeing how mundane grafting and

shearing actions were in this setting, the situation seems rather bleak. However,

noting that quasisymmetries induce quasiconformal maps leaves us with some hope

of more interesting results in this case. We turn to the following proposition.

Proposition 3.3.1. Given two rectangular tori τ and τ ′ there exists a welding (as

described previously) which deforms τ into τ ′.

Proof. We consider two tori, τ and τ ′, whose fundamental regions are rectangles in

the plane H. We will simplify matters by assuming our rectangles are normalized;

that is, τ and τ ′ lift to fundamental regions F with vertices 0, 1, ω0, ω0 + 1 and F ′

with vertices 0, 1, ω′0, ω
′
0 + 1, respectively. In general F and F ′ will have different

conformal moduli and therefore have no conformal map between them.

We begin by considering the case where 0 < Im(ω′0) ≤ Im(ω0). See Figure 3.3

Notice that unless Im(ω′0) = Im(ω0) the moduli of the two rectangles will be different.
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We now remove a disc, d from the torus τ . Let d̃− be the lift associated with the

border of the removed disc, and let d̃+ be the lift of the border of the region along

where the disc was cut. We carefully choose geodesics along which we open τ . We

wish to choose these geodesics so that when τ is laid out in the plane, d̃+ is halved

by the vertical sides of the fundamental rectangle and is equidistant from the top and

bottom of the rectangle. Remove the same disc from τ ′ in a similar fashion. Note

that our wish to do this necessarily requires that the diameter of the disc, diam(d),

satisfies diam(d) < Im(ω′0).

Figure 3.3: Rectangles F and F ′ with Different Moduli

Notice that the moduli of these “altered” regions, call them F+ and (F+)′, are

different. In particular, by the monotonicity of the modulus F+ has smaller modulus

than (F+)′ [40]. If we distort the left and right sides of d̃+ in (F+)′ by “pulling” each

side some distance a into half-ellipses we can create a new quadrilateral (F+)′a. By

pulling in this way we can decrease the modulus of (F+)′ continuously to zero [40]. It

follows that we can make the modulus of (F+)′ as small as we desire. Therefore, there

exists some distance, a0, to which the half-circles can be pulled so that the modulus of

F+ and (F+)′a0
are the same. See figure 3.4. It follows that there exists a conformal

map f̃ : F+ → (F+)′a0
. Also, there exists a conformal map g̃ from the inside of the

removed disc to the inside of the ellipse (and in particular from the half-discs to the

half-ellipses).

Because they have the same modulus, f̃ necessarily maps the corners of F+ to
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(F+)′a0
[5]. The fact that we are dealing with rectangles coupled with our careful

choice of geodesics leads to the observation that we are dealing with a symmetric

region. By Schwarz reflection, points on the edges of F+ must correspond to points

on the edges of (F+)′a0
so that f̃ projects to a map f : τ → τ ′ which is conformal off

of d.

Figure 3.4: Continuously Decreasing the Modulus of (F+)′

Let q̃ = f̃−1(g̃(z)). Then q̃ projects to a welding map q on d.

The case where 0 < Im(ω0) ≤ Im(ω′0) works in a similar fashion. In this case

choose geodesics so that when τ is laid out in the plane, d̃+ is halved by the horizontal

sides of the fundamental rectangle and is equidistant from the left and right sides of

the rectangle.

A diligent reader may complain that we have cut along geodesics to produce our

deformations. Recall that cutting along geodesics was the very action we wished to

avoid when we established our welding process. We assuage these concerns by noting

that we only cut along geodesics so that we could work with our region in the plane.

Notice that no deformation action occurred along these geodesics. Indeed we only

used the fundamental region as a “way-station” to create a particular welding; the

actual welding process takes place on the boundary of the removed disc.
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This, of course, does not mean that our new welding does not effect geodesics.

Indeed, this sewing action still results in pulling and pushing along τ which deforms

geodesics. We wished only to show that we could cut on the surface of τ instead of

along geodesics, not that geodesics were left unaltered.

Before concluding, we return briefly to the shearing actions described at the be-

ginning of this chapter. Notice that shearing is simply a special case of our welding

action; in particular it is a welding which involves only a rotation. Since our shearing

action is actually a welding, it follows from Theorem 3.2.2 that shearing results in a

Riemann surface. Also, since shearing only involves a rotation, it is clear from Def-

initions 2.4.6 and 2.4.7 that this map is 1-quasisymmetric and thus leaves the torus

conformally unaltered. It follows that our shearing does not alter the location of the

torus in moduli space nor Teichmüller space.
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CHAPTER IV

Circle Packing

The idea of circle packing arises from the Riemann Mapping Theorem. Suppose

there is a bounded, simply connected open set Ω with distinct points w0 and w1. In

essence, the Riemann Mapping Theorem says that there exists a conformal mapping

f of Ω onto the unit disc D. In addition, if we normalize so that f(w0) = 0 and for

some z1 > 0, f(w1) = z1, then f is unique. This is illustrated in Figure 4.1. However,

just because such a map exists does not mean it will be easy, or even possible, to

find explicitly. William Thurston conjectured that circle packings could be used to

approximate such conformal maps from Ω into D [63]. That this is indeed the case

was later proven by Burt Rodin and Dennis Sullivan[53], see Theorem 4.2.3.

In this chapter we will formally define a circle packing. Also included are some

circle packing results that are of particular interest and importance to our endeavors.

For more details on circle packings and their applications see [14, 23, 55, 58, 59].

4.1 Preliminaries and Definitions

A topological triangle is a closed topological disc with three distinguished

boundary points called vertices (and consequently three distinguished boundary arcs,

or edges). A triangulation T of a topological surface S is a decomposition of S into

a countable collection of closed topological triangles which are disjoint or intersect at

precisely one vertex or one edge. Typically, the triangles in a triangulation are called

faces.

In many instances, we will only be concerned with the combinatorial information

encoded by a triangulation. We thus introduce the following definitions common to

the circle packing literature [55].

Definition 4.1.1. A vertex is called a 0-simplex. An edge is called a 1-simplex.

A face is called a 2-simplex.
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Figure 4.1: A Unique Riemann Map f

We use these simplexes to describe a combinatorial object called a 2-complex.

Definition 4.1.2. A simplicial 2-complex K is a topological space represented as

a countable union of 0-, 1-, and 2-simplexes with the following properties.

1. Every face of a simplex in K is itself a simplex in K.

2. 2-simplexes of K intersect either in the empty set or in a simplex of K.

3. No 0-simplex (vertex) of K is in more than a finite number of simplexes of K.

4. K is connected.

We will consider a subset of all possible simplicial 2-complexes in which the 2-

simplexes (faces) are combinatorial triangles.

Definition 4.1.3. A bounded degree abstract triangulation K is an abstract

simplicial 2-complex which triangulates an orientable topological surface such that

1. the set of interior vertices is non-empty and edge-connected;

2. no interior edge in K has both vertices on the boundary;

3. no vertex in K belongs to more than two boundary edges;

4. there is an upper bound on the degree of vertices in K.
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An abstract triangulation is a combinatorial object which will account for the pre-

scribed pattern of tangencies in our circle packing. These triangulations are referred

to as abstract to accentuate the fact that in the definition no concrete geometric real-

ization has been implied. A 2-complex and thus the associated abstract triangulation

are purely combinatorial objects. However, we will generally consider the geometric

realization of an abstract triangulation instead of the abstract triangulation itself.

To further supplement the definition, we show how triangulations may fail to meet

conditions (1) through (3) listed in Definition 4.1.3. In Figure 4.2 we see (from left

to right) a triangulation with no interior vertices, an edge whose endpoints are both

boundary vertices, and a vertex belonging to four boundary edges. Note that since the

triangulations shown are all finite, they all satisfy the bounded degree condition. Of

course, we provide no example violating this condition, as such a example is impossible

to illustrate. At this point we are prepared to give circle packing a concrete definition.

Figure 4.2: Triangulations Failing to be Bounded Degree Abstract Triangulations

Definition 4.1.4. A circle packing is a configuration of circles with a specified

pattern of tangencies. In particular, if K is an abstract triangulation of a topological

surface, then a circle packing P for K is a configuration of circles such that

1. P contains a circle Cv for every vertex v ∈ K;

2. if [u, v] is an edge of K, then Cv is externally tangent to Cu;

3. if 〈v, u, w〉 is a positively oriented face of K, then 〈Cv, Cu, Cw〉 forms a positively

oriented mutually tangent triple of circles in P.
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A circle packing is called univalent if no pair of its circles overlap, that is, if no

two circles intersect in more than one point. A univalent packing P of K provides a

geometric realization of its abstract triangulation. Vertices can be represented as the

centers of circles (in a given geometry) and the edges can be represented as geodesic

segments connecting these centers. Finally, the carrier of P , denoted carrP , is the

union of the closed faces in this geometric realization of P . A univalent packing

accompanied by its carrier (shaded) is seen in Figure 4.3. Notice this carrier is

Euclidean.

Figure 4.3: A Univalent Packing and its Carrier (shaded)

The same combinatorial triangulation K can result in very different packings, see

Figure 4.4. If P and P̂ are both packings with the same underlying packing K, then

their shared combinatorial structure produces a discrete analytic function between

the carriers. Furthermore, since every triangle in carrP and carrP̂ is an embedding of

some abstract triangle in K, we can use a piecewise affine map to send each triangle

in carrP to its corresponding triangle in carrP̂ . That is, on each triangle we may take

a map of the form


 x

y


 →


 a b

c d





 x

y


 +


 e

f


 , with ad− bc 6= 0.

Definition 4.1.5. A chain of circles in a packing P for an abstract triangulation

K is a collection of circles (Cv1 , Cv2 , . . . , Cvn) in P such that vi and vi+1 share an edge

in K for i = 1, 2, . . . , n− 1, and vi 6= vj, if i 6= j. Thus, a chain of circles describes a

non-self-intersecting edge path in K. A chain is closed if v1 = vn.
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Figure 4.4: Circle Packing Approximations with Hex Refinement on the Half-Disc

A special category of chains leads to the following definitions. A flower consists of

a central circle and some number of petal circles, the closed chain of successively

tangent neighbors surrounding the central circle. The shaded circles in Figure 4.5

represent (from left to right) a closed chain of circles, petals of a central circle, and a

flower.

Figure 4.5: A Closed Chain of Circles, Petals, and a Flower

One particularly useful circle packing is the regular hexagonal packing, of-

tentimes referred to as the penny-packing. In this packing every interior vertex has

degree 6 and each circle has the same radius. Another packing commonly seen is the

ball-bearing packing. A ball-bearing packing is a packing with all Brooks param-

eters equal to 1 [17]. Figure 4.6 illustrates a ball-bearing packing (left) and a regular

hexagonal packing (right).
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Figure 4.6: A Ball-Bearing Packing and a Regular Hexagonal Packing

4.2 Existence and Convergence of Packings

The first important detail to overcome involves the existence of circle packings.

Given a triangulation, does there always exist a circle packing which represents it?

In partial answer to this question we turn to the following theorem [6, 7, 37, 64].

Theorem 4.2.1 (Koebe-Andreev-Thurston Theorem). Given a fixed CP-complex

K triangulating a sphere, there exists a univalent circle packing P for K in S2. This

packing is essentially unique, that is, unique up to Möbius transformations.

The standard construction used by Thurston in [64] adds a single vertex v∞ to

K with edges to every boundary vertex (that is, a simplicial cone is taken over the

boundary). The resulting spherical triangulation has a packing on the sphere which

can be normalized so that Cv∞ is centered at the north pole and lies on the equator.

A packing for the original complex K now lies in the “bottom half” of the sphere and

under stereographic projection becomes a packing in D. Notice that the boundary

circles will be horocycles, that is, circles internally tangent to D. As an immediate

corollary to Theorem 4.2.1, we get an existence result for (necessarily finite) abstract

triangulations of a closed disc.

Corollary 4.2.1. Given a CP-complex K triangulating a closed disc, there exists a

univalent circle packing P for K in D with all boundary circles internally tangent to

∂D.

Another case involves (necessarily infinite) abstract triangulations of an open disc.
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This case leads to two possibilities and provides a discrete analog to the Uniformiza-

tion Theorem seen in Chapter 1 [11].

Theorem 4.2.2. Given a CP-complex K triangulating an open disc, there exist a

locally finite univalent packing for K in exactly one of C or D. In the first case, the

complex is called parabolic; in the second case, the complex is called hyperbolic.

The most important characteristic of the discrete conformal maps induced by

circle packings is that they are “almost conformal”. This result was proven by Burt

Rodin and Dennis Sullivan [53] and is given in Theorem 4.2.3. Before stating this

result we give some combinatorial lemmas that allow control over the geometry of an

underlying triangulation. We begin with the Length-Area Lemma.

Lemma 4.2.1 (Length-Area Lemma). Let P be a univalent packing in D and Cv

a circle in P with Euclidian radius r. Assume there exist m disjoint chains of circles

in P having combinatorial lengths n1, n2, . . . , nm, such that each chain separates Cv

from 0 and a point on ∂D. Then

r <
4√
m∑

i=1

1
ni

. (4.2.1)

As the number of generations separating a circle in a packing from the boundary

increases, the Length-Area Lemma has the effect of forcing the radius of this circle to

zero (in the limit). We now consider the Ring Lemma and the Hex Packing Lemma.

These results are also due to Rodin and Sullivan [53].

Lemma 4.2.2 (Ring Lemma). Given a univalent flower (Cv0 ; Cv1 , Cv2 , . . . , Cvn) in

C there is a lower bound Cn, depending only on n, on the ratio of the radius ri of Cvi

to the radius r0 of Cv0 for each i = 1, 2, . . . , n; that is

Cn <
ri

r0

, (4.2.2)

i = 1, 2, . . . , n.
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The Ring Lemma gives us some control over the relationship between circles and

their immediate neighbors. Specifically, Lemma 4.2.2 guarantees that central angles

in the carrier on a flower are bounded away from zero and π. The constant Cn in the

Ring Lemma has been computed by Aharonov [2, 3] to be

Cn =
1

F 2
n−2 + F 2

n−1 − 1
,

where Fi is the ith Fibonacci number.

Lemma 4.2.3 (Hexagonal Packing Lemma). There is a sequence {sn}n∈N, de-

creasing to zero, with the following property. Let C1 be a circle in a univalent Eu-

clidean circle packing P, and suppose the first n generations of circles about C1 are

combinatorially equivalent to n generations of the regular hexagonal packing around

one of its circles. Then for any circle C ∈ P tangent to C1,
∣∣∣∣1−

rC

rC1

∣∣∣∣ ≤ sn, (4.2.3)

where rC is the radius of the circle C in P and rC1 is the radius of the circle C1 in

P.

Lemma 4.2.1, Lemma 4.2.2, and Lemma 4.2.3 are the key ingredients used in

proving Theorem 4.2.3, the Rodin-Sullivan Theorem. This theorem is one of the

fundamental results in the study of circle packing.

Theorem 4.2.3 (Rodin-Sullivan Theorem). Fix a simply connected domain Ω (

C and points p, q ∈ Ω. Let Pk be the portion lying in Ω of the infinite regular hexagonal

packing whose circles all have radius 1
k
, and let Kk be the underlying complex for the

packing Pk. Suppose P̃k is a packing in D for Kk with all boundary circles tangent to

∂D, and let fk : carr(Pk) → carr(P̃k) be the induced discrete conformal map. If each

P̃k has been normalized so that fk(p) = 0 and fk(q) > 0, then {fk} converges locally

uniformly to the unique Riemann map f : Ω → D satisfying f(p) = 0 and f(q) > 0.

Without delving into a formal proof, we sketch the proof noting in particular how

the three preceding lemmas apply. First note that for each k, the packing in Pk
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is hexagonal and all circles have radius 1
k
. Particularly, the triangles of carrPk are

equilateral. As k →∞ it is clear that carrPk exhausts Ω.

The Length-Area Lemma is now used. For a hexagonal packing the nk’s found in

Equation 4.2.1 have the bound nk ≤ 6k. Thus for circle c, the Length-Area Lemma

implies that

[radius(c)]2 ≤ 1

1/6 + 1/12 + ... + 1/6k
=

6

1 + 1/2 + ... + 1/k
.

Using the fact that the harmonic sequence diverges, the preceding bound shows

that the radius of the circles in P̃k shrink to zero as k increases. More importantly

carrP̃k exhausts D as k →∞.

Before invoking the Ring Lemma, one can reformulate it in a simpler, more useful

form. It should be obvious that the following is equivalent to Lemma 4.2.2. There is

a constant r depending only on n such that if n nonoverlapping circles surround the

unit disc then each circle has a radius at least r. Now note that the lower bound, r, on

the radius of all circles implies that the angles in the triangles of carrP̃k are bounded

away from 0 and π. Because all of the angles in carrPk are π
3

this means that the

map f will only marginally distort angles. It follows that each fk is quasiconformal.

That fk actually converges to f remains to be shown. Note that all fk’s are

bounded since their range is in D. A quasiconformal version of Montel’s Theorem

can then be used to get that {fk} is a normal family. So there is a subsequence

fkj
that converges to some map f̂ . It is also necessary to show that f is not only k-

quasiconformal, but is actually 1-quasiconformal. This is accomplished by considering

an arbitrary compact subset of D and applying the sequence of numbers sn, found in

Equation 4.2.3, guaranteed by the Hexagonal Packing Lemma. This implies that on a

given compact subset, fkj
maps equilateral triangles to triangles in P̃k that are getting

closer to equilateral as j → ∞; and therefore the limit f̂ of fkj
is 1-quasiconformal.

Now, since the compact subset was arbitrary, f̂ is 1-quasiconformal on all of D and

thus conformal on all of D. But since f̂ is normalized, it is unique and we must

therefore have f̂ = f (the f in the statement of the theorem).
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Finally, it remains to be shown that the entire sequence fk converges to f , not

just a subsequence. But, once again, any subsequence is bounded so any subsequence

has a convergent subsequence (that is, a convergent “sub-subsequence”). However, it

is known that there exists a unique normalized conformal map of Ω → D, so they all

converge to the same thing, namely f . The desired result is thus attained.

Notice that this theorem is very restrictive in the sense that it only permits hexago-

nal packings. The results of Theorem 4.2.3 have since been extended by Ken Stephen-

son, who replaced the strictly hexagonal combinatorics by a requirement that radii

be uniformly comparable and the degree of Kk be uniformly bounded [56]. Zheng-Xu

He and Burt Rodin have since removed even these conditions [32]. We end by stating

what is commonly referred to as the Packing Lemma.

Lemma 4.2.4 (Packing Lemma). If a circle Cv of a circle packing is surrounded

by n closed chain of circles, each circle having bounded degree, then the dilatation of

a discrete conformal map defined on faces containing v decreases to 1 as n →∞.

Lemma 4.2.4 is actually a generalization of Lemma 4.2.3 proven in [53] and will

be of use to us later.

4.3 Hex Refinement

Obtaining the various approximation results for circle packing requires the imple-

mentation of a refinement method. In this way, more (and necessarily smaller) circles

can be used to improve a discrete approximation. We will employ the convenient hex

refinement method created by Bowers and Stephenson [16].

Definition 4.3.1. If K is a 2-complex, the hex refinement of K is the complex

formed by adding a vertex to each edge and adding an edge between any two vertices

lying on the same face.

The hex refinement method is shown in Figure 4.7. At its most essential, hex

refinement is a combinatorial process. In order to realize the effect of hex refine-

ment in a circle packing, the new refined complex must be repacked. The process
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of hex refinement has many useful properties described by Bowers and Stephenson

[16]. The properties of significant interest to us are best summarized in the following

proposition.

Figure 4.7: Hex Refinement

Proposition 4.3.1 (Bowers and Stephenson). Any new interior vertices added to

a 2-complex K by hex refinement have degree 6, while the degree of the original vertices

remain unchanged. If K is embedded in C in such a way that the edges correspond

to Euclidean line segments, then its hex refinement may be realized by adding line

segments joining the midpoint of each edge within every face. In this case, each face

in K is subdivided into four new faces, each similar to the original face in which it is

contained and having edges half as long.

Sometimes it can be beneficial to only refine a complex locally. We refer to Figure

4.8 as an aid in understanding this process. In local hex refinement, care must be

taken in ensuring that the resulting complex is a triangulation. As necessary, we

can locally refine only those triangles in the complex we desire. We then correct the

introduced combinatorial problems on adjacent faces by adding a single edge (dashed)

from a vertex to the midpoint of the opposite side.

The process of local hex refinement allows additional improvement for discrete

conformal approximations in troubling areas. As we will see in the Chapter V, local

hex refinement is an invaluable tool for improving discrete approximations.
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Figure 4.8: Local Hex Refinement

4.4 Examples of Circle Packings

One drawback of circle packing is the lack of error bounds for these discrete

approximations. The only known estimate is He’s estimate on the convergence of the

dilatation of discrete analytic maps [31]. However, nothing else is known about the

rate of convergence of discrete approximations. In order to build some confidence

in the circle packing method, we implement a circle packing algorithm found in the

software package CirclePack developed by Ken Stephenson [57] on the following two

examples.

Example 4.4.1. Let Ωa = {z ∈ C : |z| < 1 and Re(z) > 0}; that is let Ωa be the

upper half of the unit disc. This can be mapped explicitly into D by the unique

Riemann map

f(z) =

(
1+z
1−z

)2 − i
(

1+z
1−z

)2
+ i

.

We note that f maps the point
√

2i√
2+2

to zero.

Example 4.4.2. Let Ωb = {z ∈ C : |z| < 1 and Re(z) /∈ [1
2
, 1)}; that is let Ωb be the

unit disc with a slit from 1
2

to 1. This can be mapped explicitly into D by the unique

Riemann map

g(z) = −
1−

√(
1−z
1+z

)2 − 1
9

1 +
√(

1−z
1+z

)2 − 1
9

.

We note that g maps the point 3−√10
3+
√

10
to zero.
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The simply connected domains Ωa and Ωb are pictured in Figure 4.9. For both

Example 4.4.1 and Example 4.4.2 we use regular hexagonal packings to approximate

the given Riemann maps of each region to the disc. We then employ hex refinement

and repack to improve our approximation.

Figure 4.9: The Half-Disc and the Slit-Disc

We calculate the accuracy of circle packing on a particular point in each region.

In order to accomplish this we employed the following procedure. As stated above,

the explicit conformal map f sends
√

2i√
2+2

to zero. Similarly, the explicit conformal

map g sends 3−√10
3+
√

10
to zero. A circle in each of the corresponding packings for these

regions was chosen so that the preceding points were appropriately mapped to zero

in D. Then, in each case another circle in the region Ωa and Ωb, say Ca and Cb,

respectively were “randomly” chosen for inspection. In the half-disc the center of Ca

was found to be ca = 0.120410615 + 0.205557302i. In the slit-disc the center of Cb

was found to be cb = 0.334897814 + 0.486633706i. The underlying triangulation was

then repacked in D, and the image points of ca and cb were found. These observed

values, say fk(ca) and gk(cb), were then compared with their respective actual values

f(ca) and g(cb).

This process was carried out three times for both the half-disc and the slit-disc.

After each time, a hex refinement process was used. In this way, before each new

iteration the circles in Ωa and Ωb had their radii halved. We note that the hex

refinement process leaves the centers of all original circles, and in particular ca and

cb, unaltered.
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In our approximation technique we did not require that the circle packing be

normalized in the same way as the explicit maps. In order to suppress this issue, we

compare only the absolute value of the observed points with the absolute value of

the exact points. This allows rotations (varying with different normalizations) of a

repacking in D to be ignored when computing accuracy. Note that a brief calculation

yields |f(ca)| = 0.656282388 and |g(cb)| = 0.452399026. The results of the process for

each iteration are given in Tables 4.1 and 4.2.

Table 4.1: Circle Packing Approximations for the Half-Disc Ωa

Radius of Circles in Ωa Circles Used |fk(ca)| |fk(ca)| − |f(ca)| (error)

0.0695192 88 0.50993471 0.05754

0.0347596 367 0.47854897 0.02615

0.0173798 1493 0.46262201 0.01022

Table 4.2: Circle Packing Approximations for the Slit-Disc Ωb

Radius of Circles in Ωb Circles Used |gk(cb)| |gk(cb)| − |g(cb)| (error)

0.0695192 184 0.69018224 0.03336

0.0347596 737 0.68738182 0.03056

0.0173798 2976 0.66680211 0.00988

Notice that what we have termed the error in our tables is very small (and getting

smaller as we refine and use more and more circles). Though circle packing may not

be the fastest numerical technique to approximate conformal maps, its wide array of

properties and its geometric intuitions make it the most appealing method for our

purposes.

The results of our process for the half-disc are shown in Figure 4.10. In Figure

4.10 both the circle Ca as well as the circle whose center is mapped to the origin are

shaded.
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Figure 4.10: Circle Packing Approximations with Hex Refinement on the Half-Disc
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CHAPTER V

Discrete Welding Along a Circle on a Torus

The goal of this chapter is to develop a discrete version of the welding technique

developed in Section 3.2. This process will involve opening a packing along an edge

path, welding within the combinatorics, then repacking to obtain a new torus. We do

not bother creating a combinatorial process for our grafting and welding techniques,

as these actions do not conformally alter the torus and therefore do not require

approximations.

5.1 Combinatorial Welding

The underlying combinatorial welding technique we will employ was developed by

G. Brock Williams [67, 68]. As this welding process is necessary to our endeavors, we

describe it in some detail. Suppose two abstract triangulations K1 and K2 are em-

bedded in a surface S and suppose h : B1 ⊂ ∂K1 → B2 ⊂ ∂K2 is a homeomorphism.

We will use the map h to attach the triangulations K1 and K2 along the subsets of

their respective boundaries B1 and B2 to form a new triangulation K. In Section 5.3,

h will be used as a discrete version of the map defining a welding along a cut circle.

If h respects the combinatorial structures of B1 and B2, sending vertices to vertices

and edges to edges, the welding process is trivial; we need simply identify these vertices

and edges with their images under h. In general, however, our identification maps

will not be so well-behaved. Therefore, it will be necessary to slightly alter K1 and

K2 so that h respects their modified combinatorial structures.

As necessary, for each boundary vertex v of B1, we add a vertex to B2 embedded at

the point h(v). Similarly, we add a vertex at h−1(w) for every vertex w of B2. When

we insert vertices, however, we note that K1 and K2 may not remain triangulations.

To assure that we have a valid triangulation we must further refine each of K1 and

K2. Thus, if we add a vertex h(v) or h−1(w) to an edge [a, b] in a triangle 〈a, b, c〉,
then we also add an edge from c to the new vertex. In this manner, we augment the
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original complexes K1 and K2 so that h respects their new combinatorial structures.

See Figure 5.1.

Figure 5.1: Combinatorial Augmentation and Welding

This refinement process is well-defined and produces new triangulations. This is

clear since, by definition, each face in the triangulations may have at most one edge

contained in the boundary. We therefore add vertices to only one edge in any given

face which might interfere with the refinement process.

Since we wish to use the discrete maps described in Section 4.2, we must be

especially careful in controlling the combinatorial and geometric characterizations of

our combinatorial welding and subsequent embedding via circle packing. We must

ensure that

1. the degree of the complex resulting from the combinatorial welding is bounded,

and

2. the new edges added to the carriers of K1 and K2 do not result in triangles with

arbitrarily small angles.

In [67, 69] Williams uses local hex refinement to detail a process in which these

conditions are met. Briefly, using local hex refinement guarantees condition (1) is

met. Condition (2) is upheld by “rounding off” the refinement to existing vertices if

the new vertex added in the welding refinement is too close to an existing vertex.
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Note that condition (1) will guarantee that we can apply Lemma 4.2.2, the Ring

Lemma, to the packing associated with the new complex which results from the

combinatorial welding. Bounds on the angles in the new packing can be attained

thusly. Condition (2) will ensure the existence of similar bounds for the packing prior

to welding and repacking. This is not automatically guaranteed as edges that are

artificially inserted in the carrier of the new packing could conceivably result in a

triangle with arbitrarily small angles.

We have a bijection between the triangles in the carrier of the original packing

(after it has been suitably refined) and the new packing which results once the shearing

operation is completed; we use these triangles to construct a piecewise affine, and

thus quasiconformal, map from the original packing to the new packing. Thus, the

discretization of the map along the boundary leads to a discretization of the map on

the entire surface. This now leads us to Proposition 5.1.1, proven in [69].

Proposition 5.1.1 (Williams). This procedure produces a piecewise linearization ĥ

of h. If h is bilipschitz, then the linearization will be as well.

5.2 Density of Packable Surfaces

Not every surface can be filled with a circle packing. For example, consider the

torus. The number of combinatorially different triangulations of a torus, and thereby

the number of circle packings on tori, is countable. However, there are uncountably

many conformally distinct tori. Fortunately, we can overcome this troubling fact by

exploring some important density results.

Various results on the density of packable surfaces have been obtained. Brooks

[17] showed that compact packable surfaces are dense in moduli space. Bowers and

Stephenson [13, 15] extended this result to include surfaces of finite analytic type.

Other results on the density of packable surfaces have been given by Barnard and

Williams [8], Williams [69] and Murphy [43]. A brief summary of these results is

given in Theorem 5.2.1.
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Theorem 5.2.1. Let K be an abstract triangulation of a surface R. Then there is

a unique point in moduli space for R which supports a packing for K. Similarly, K
and a marking for R determine a unique packable point in the Teichmüller space of

R. Moreover, the collection of all packable surfaces is dense in both the moduli space

and Teichmüller space of R.

The density of packable surfaces given above is extremely useful and powerful. In

particular, if K is an abstract triangulation of a torus, the set of all points in moduli

space which support a packing for a welding deformation along geodesics of K is dense

[8].

We now introduce another class of compact Riemann surfaces called equilateral

surfaces. These are especially useful in constructing sequences of packable Riemann

surfaces while maintaining control over the combinatorics of their underlying com-

plexes [15].

Definition 5.2.1. Suppose S denotes a compact, orientable topological surface and K

is a triangulation of S. We can paste together equilateral triangles in the pattern of K

to impose a piecewise affine structure on S. This affine structure defines a conformal

structure on S, making it into a Riemann surface. Riemann surfaces constructed in

this way are called equilateral surfaces.

Bely̆i showed [12] that for genus g > 0 this class of (compact) equilateral surfaces

is dense in the Teichmüler space of genus g.

Theorem 5.2.2 (Bely̆i). If R is a Riemann surface of genus g > 0, the set of

equilateral surfaces of genus g is countable and dense in the Teichmüller space of R.

An illustration of an equilateral torus is given in Figure 5.2. An important corol-

lary to Thoerem 5.2.2 is now given.

Corollary 5.2.1 (Murphy). Let R be a Riemann surface and let R̂ be an arbitrary

point in the Teichmüller space of R. There exists a sequence of points
{

R̂n

}
in the
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Figure 5.2: An Equilateral Torus

Teichmüller space of R such that R̂n → R̂ in the Teichmüller metric as n →∞, R̂n

is packable for every n, and the radii of the circles in Pn go to zero as n →∞, where

Pn is the unique packing on the surface R̂n for every n.

In essence, Corollary 5.2.1 says that a torus can be approximated by a sequence of

packable tori such that the radii of the circles in the packings admitted on the torus

tend to zero. Also, the construction involves a sequence of equilateral surfaces and

therefore allows the freedom to control the degree of the vertices in the packings. This

corollary was used to show convergence of discrete earthquake maps on hyperbolic

and Euclidean surfaces [43]. In Section 5.4 we will use this corollary in a similar

fashion to help show the convergence of discrete weldings along a quasicircle.

5.3 Welding the Cut Circle

The hurdle we must now overcome is determining how to appropriately cut and

weld the circle discretely. The constructions necessary to realize this have been de-

scribed by Williams in great detail in [66, 67, 68, 69]. We briefly reproduce only those

results and details which are of particular interest or are necessary for later use.

Suppose K is an abstract triangulation of a torus. By Theorem 5.2.1 there is a

circle packing Pk for K on a torus τk. Let dk be a quasicircle on τk. We would like

to cut K along dk and then reattach the two copies d+
k and d−k by using the welding

map qk : d+
k → d−k . We note this can be problematic since dk will pass indiscrimi-

nately through the triangles and vertices of K, in no way respecting the underlying
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combinatorial structure. Thus, we need an edge path d∗k in K that corresponds to dk.

There are therefore two major issues that must be addressed. Namely, how to arrive

at this edge path in K, and subsequently how to weld this path combinatorially. For

the moment we will also require that qk be bilipshitz.

Notice that determining how to combinatorially weld an edge path in K has al-

ready been accounted for. That is, once we have arrived at an edge path in K, we

simply apply the combinatorial welding method as described in Section 5.1.

Let us now describe how to arrive at an edge path. In essence, the desired result

is accomplished by replacing dk with a polygonal edge path of K, embedded nearby.

However, the details of arriving at an edge path involve technical details we wish to

avoid. Therefore, we proceed to a much-needed result. This result can be found in

[66, 67, 68, 69]. A summary of this result is given in Proposition 5.3.1.

Proposition 5.3.1. Let dk be a quasicircle on a packable surface τk and qk : dk → dk

be bilipshitz. Then there exists an edge path d∗k near dk and a bilipshitz map q∗k : d∗k →
d∗k such that as the mesh of the packing decreases to zero both d∗k → dk and q∗k → qk

uniformly.

The proof of proposition 5.3.1 involves a projection from dk to d∗k by way of a map

pk. This projection map pk converges uniformly to the identity and can be extended to

the entire surface. We will enlist this map in the following section. We next note the

following useful result of Kelingos [35] which implies that bilipshitz quasisymmetries

are dense in the set of all quasisymmetries.

Lemma 5.3.1. Let q be a K-quasisymmetry. Then q can be uniformly approximated

by a K-quasisymmetry q̃ which is bilipshitz.

The construction of q̃ leads to the realization that the conformal welding maps

induced by q̃ approximate uniformly on compact subsets the welding map induced by

q. Thus, by a standard diagonalization argument Proposition 5.3.1 can be generalized

to the following.
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Proposition 5.3.2. Let dk be a quasicircle on a packable surface τk and qk : d → dk

be a quasisymmetry. Then, there exists an edge path d∗k near dk and a bilipshitz map

q∗k : d∗k → d∗k such that as the mesh of the packing decreases to zero both d∗k → dk and

q∗k → qk uniformly. Furthermore, the map pk converges uniformly to the identity.

In a similar fashion to our definition of a welding W found in Chapter III, we

define a discrete welding map Wk on a surface τk. However, Wk will consist of discrete

analytic maps off the seam mapping triangles to triangles.

5.4 Packing the Alternative Welding

At this point we have described a welding that results in transformations on the

Teichmüller space of a torus τ . We have also outlined a way in which circle packing

can be used to emulate this action. In Theorem 5.4.1 we show that our discrete

version of welding is a convergent numerical method.

Theorem 5.4.1. Let τ be a torus. Let {Pk} be a sequence of finite bounded degree

packings with mesh decreasing to zero corresponding to the Riemann surfaces {τk}
such that τk → τ as k → ∞ in the Teichmüller metric. Suppose d is a circle on τ

and q : d → d is a quasisymmetry. Let τ ′ = W (τ) be the surface obtained from τ by

welding along d using q. Then the surfaces τ ′k induced by the discrete welding maps

Wk converge to the surface τ ′.

Proof. Let τ be a torus. We effectively need to show that the diagram (5.4.1) com-

mutes. That is, we will verify τ ′k converges to τ ′ under f̂k by showing that τ ′k converges

to τ ′ under W ◦ fk ◦W−1
k .

τ
W−−−→ τ ′

fk

x
xf̂k

τk
Wk−−−→ τ ′k

(5.4.1)
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Since we require that the mesh of the sequence of bounded degree packings {Pk}
approach zero as k → ∞, we equivalently require that the radii of the circles in the

packings approach zero. Thus, we are guaranteed the existence of such a sequence by

Corollary 5.2.1. Furthermore, as noted we can control the degree of vertices adjacent

to the circle along which we weld.

Since we assume that τk → τ , the Teichmüller distance between these surfaces

must be going to zero. Thus, for each k ∈ N there exists a map fk : τk → τ that

respects the markings on τk and τ and is (Kk)-quasiconformal with Kk → 1 as k →∞.

Since we assume τk → τ there exists a curve dk = f−1
k (d) on τk such that dk converges

to d under the map fk. Notice that dk is a quasicircle since fk is (Kk)-quasiconformal.

Now, use q to weld along d and produce a new surface τ ′ = W (τ). Let τ ′k be the

image of τk under the action of a combinatorial welding Wk. We will construct these

combinatorial weldings by describing weldings on the surfaces τk corresponding to τ .

Define a pullback map Pk : τ ′k → τk by letting Pk(p
′
0) be the necessarily unique

pre-image p0 ∈ τk of the point p′0 ∈ τ ′k under the combinatorial welding Wk. Recall

that we can ensure that the degree of the vertices in τ ′k is bounded and that the

angles in the packing are bounded away from zero. It follows that the map Pk is

K ′
k-quasiconformal. Further, at any point isolated from the combinatorial welding,

as k → ∞ the number of generations of circles on the packed surfaces between that

point and the combinatorial welding goes to infinity. It follows that, at any such

point, Lemma 4.2.4, the Packing Lemma, guarantees that the dilatation of the maps

Pk goes to 1 as k → ∞, (i.e., as k → ∞, on points isolated from the combinatorial

welding, Pk → P ′, where P ′ is conformal).

Since each of τ , τk, and τ ′k are Riemann surfaces, they each have a conformal

structure; in the case of τk and τ ′k, they inherit their conformal structures from their

packings. Let {ψν}ν∈N and {ψkν}ν∈Nk
be the collection of coordinate charts in the

conformal structure on τ ′ and τ ′k, respectively.

Note that τ ′ is a Riemann surface by Theorem 3.2.1. The structure on τ ′ will

be the structure described in Section 3.2. Now, we consider a collection of maps
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f̂k : τ ′k → τ ′ defined by

f̂k = W ◦ fk ◦W−1
k .

Let U ⊂ τ ′k be the domain of a coordinate chart ψkν . Let γk be the seam of the

welding operation Wk; that is, let γk = Wk(d
∗
k). Then we have two cases:

1. U
⋂

γk = ∅.

2. U
⋂

γk 6= ∅.

Case I: Suppose U is a small open subset of τ ′k such that U
⋂

γk = ∅. Associated

with this open set in τ ′k we have a coordinate chart ψkν from the conformal structure

on τ ′k. Now, the map P−1 ◦ fk ◦ Pk ◦ ψ−1
kν

takes an open subset of the complex plane

C corresponding to the pair (U, ψkν ) to an open subset Uα ⊂ τ ′ so that Uα ∈ UA, as

described in Section 3.2. Corresponding to Uα, we take from the conformal structure

on τ described in Section 3.2 a coordinate chart ψα. Thus we have the following:

ψα ◦ P−1 ◦ fk ◦ Pk ◦ ψ−1
kν

= ϕα ◦ fk ◦ Pk ◦ ψ−1
kν

.

We know ϕα and ψ−1
kν

are conformal (or 1-quasiconformal). The maps fk and Pk are

Kk-quasiconformal and K ′
k-quasiconformal, respectively. Therefore, by Proposition

2.4.2, the composition map described above is (Kk)(K
′
k)-quasiconformal. Note that

Kk and K ′
k are independent of the set U , since they depend only on the maps fk and

Pk, which are globally Kk-quasiconformal and K ′
k-quasiconformal, respectively. Now,

U is isolated in τ ′k from the image of the welding, and Kk, K
′
k → 1 as k →∞. Thus,

as k →∞, the map ψα ◦ P−1 ◦ fk ◦ Pk ◦ ϕ−1
kν

: τ ′k → τ ′ approaches a conformal map.

Case II: Suppose U is a small open subset of τ ′k such that U
⋂

γk 6= ∅. Without

loss of generality we may take U sufficiently small so that U
⋂

γk is a single compo-

nent. Associated with this open set in τ ′k we have a coordinate chart ψkν from the

conformal structure on τ ′k. Thus, the map Pk(U) takes U to a subset of τk such that

Pk(U)
⋂

dk 6= ∅.

Next, we need to map the set Pk(U) to a subset of τ . However, Pk(U) is split

by a segment of the discrete curve d∗k. Before mapping into τ we would like this
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segment splitting Pk(U) to be the an arc of the quasicircle d. We simply apply

the K̃k-quasiconformal projection map p−1
k from Proposition 5.3.2 to the set Pk(U).

Now, we know that this map must converge uniformly to the identity; thus K̃k → 1

as k →∞.

Now the map fk(p
−1
k (Pk(U))) takes a set U from the torus τ ′k onto a set in τ .

Unfortunately, the two halves of this image may not match up exactly under the

operation caused by P−1. To see this consider a point w ∈ γk. Then p−1
k (Pk(w))

maps to two points, z+ ∈ d+
k and z− ∈ d−k . We need q ◦ fk(z

−) = fk(z
+) so that

P−1◦fk(z
−) = P−1◦fk(z

+). However, Wk and thus P−1
k is a (piecewise affine) discrete

analytic function off the seam. Thus Wk must stretch the edges of d∗k onto the edges

of the seam.

Let gk = P−1
k restricted to the torus less the quasidisc Λ−k and let hk = P−1

k

restricted to the quasidisc Λ+
k . It follows that z+ = p−1

k ◦ h−1
k ◦ gk ◦ pk(z

−) is not the

same as qk(z
−) unless z− is a vertex. Now the vertices are welded together so that

z− matches qk(z
+), while the edges are welded together via a piecewise affine map,

not qk. In order to correct this we define mk(fk(z
−)) to be q(fk(z

+)). Therefore,

mk ◦ fk(z
−) = q ◦ fk ◦ p−1

k ◦ h−1
k ◦ gk ◦ pk(z

−).

We can express this differently if we let ζ− = fk(z
−) and ζ+ = fk(z

+). Notice

that ζ− and ζ+ live on the torus τ . That is ζ− ∈ d− ⊂ τ and ζ+ ∈ d+ ⊂ τ . Therefore,

we have

mk(ζ
−) = q ◦ fk ◦ p−1

k ◦ h−1
k ◦ gk ◦ pk ◦ f−1

k (ζ+)

Now, mk is a quasisymmetry that maps d− → d+. Thus, mk can be extended

by the map Mk to a (K̂k)-quasiconformal map on the inside of the cut circle[40].

Therefore, we have

q ◦mk ◦ fk(z
−) = fk(z

+)

and thus

P−1 ◦mk ◦ fk(z
−) = P−1 ◦ fk(z

+).
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Since our composition map is converging to q in the limit we thus have that (K̂k) → 1

as k →∞.

Define Fk : τ ′k → τ ′ by

Fk(u) =





P−1 ◦ fk ◦ p−1
k ◦ Pk if u ∈ Λ−k

P−1 ◦Mk ◦mk ◦ fk ◦ p−1
k ◦ Pk if u ∈ Λ+

k .

(5.4.2)

This map is continuous by construction. Now, the map Fk ◦ψ−1
kν

takes an open subset

of the complex plane C corresponding to the pair (U, ψkν ) to an open subset Uβ ⊂ τ ′

so that Uβ ∈ UB, as described in Section 3.2. Corresponding to Uβ, we take from the

conformal structure on τ described in Section 3.2 a coordinate chart ψβ. The maps

Mk, fk and Pk are K̂k-quasiconformal, Kk-quasiconformal and K ′
k-quasiconformal,

respectively.

Let u0 be a point in U such that u0 is not contained in the set Wk(d
∗
k). Then

we have two cases, u0 ∈ Λ−k and u0 ∈ Λ+
k . First, suppose u0 ∈ Λ−k . Therefore, by

Proposition 2.4.2, the composition map described above is (Kk)(K
′
k)-quasiconformal.

It follows that, at any such point, Lemma 4.2.4, the Packing Lemma, guarantees

that the dilatation of u0 goes to 1 since Kk and K ′
k → 1 as k → ∞. Next, suppose

u0 ∈ Λ+
k . Therefore, by Proposition 2.4.2, the composition map described above is

(K̂k)(Kk)(K
′
k)-quasiconformal. It follows that, at any such point, Lemma 4.2.4, the

Packing Lemma, guarantees that the dilatation of u0 goes to 1 since K̂k, Kk and

K ′
k → 1 as k →∞.

It follows that the map from τ ′k → τ ′ converges to a conformal map everywhere

except on γk. The set γk has measure zero, and we have ensured the map is continuous.

Therefore, in the limit the map is conformal on all of U by Theorem 2.5.1.

We conclude this paper with a brief discussion involving our results. Consider

a hexagonal packing on a (necessarily packable and equilateral) rectangular torus.

Instead of disregarding the packing and cutting along the surface of the torus, let us
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instead be more deliberate. We will cut a circle that corresponds to a particular circle

in the packing. After hex refinement we can combinatorially weld the removed circle

back into the surface.

Recall that Proposition 3.3.1 had no restrictions on how small the circle we re-

moved could be. Therefore, there exists a welding along the boundary of this circle

that can transform our rectangular torus into any other rectangular torus.

It follows that no matter how fine a packing for a torus is, we can remove one circle

from it, prescribe a welding along this circle, and subsequently alter the structure of

the torus dramatically. In a sense, this reflects on the stability of a circle packing and

the necessity for circles to remain circles throughout a packing.
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APPENDIX

APPENDIX A: Drawing the Torus and the Sphere

The following Maple commands were used to arrive at many of the 3-D pictures of
tori and spheres found in this paper. In the interest of being able to reproduce these
pictures we include a few samples. In all these cases the plot3d[] command proved
invaluable.

To draw the half sphere the following commands were used.

plot3d( [2*sin(s)*cos(t), 2*sin(s)*sin(t), 2*cos(s)],

s=0..Pi, t=0..Pi, scaling=constrained, grid=[35,35]);

To draw a torus we implemented the following. Note that in order to change how
“fat” or “skinny” a torus is, only conditions a and b need vary.

a:=3:b:=4:c:=sqrt(a^2+b^2); r:=c+a*cos(t); x:=2*r*cos(s);

y:=2*r*sin(s);

z:=a*sin(t);

plot3d([x,y,z],s=0..2*Pi,t=0..2*Pi,scaling=constrained,

grid=[45,45]);

In order to arrive at the “opened” torus as seen in Figure 2.15, the previous
commands were only slightly altered.

a:=3:b:=4:c:=sqrt(a^2+b^2); r:=c+a*cos(t); x:=2*r*cos(s);

y:=2*r*sin(s);

z:=a*sin(t);

plot3d([x,y,z],s=0..1.75*Pi,t=0..2*Pi,scaling=constrained,

grid=[45,45]);

The cylinder was easily drawn using the tubeplot[] command found in Maple.

tubeplot([t, t, t], t=0..3, grid=[60,60]);
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