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ABSTRACT 

Dimensionality reduction is a \er\' important step in the anahsis of hyperspectral 

images. There should be an optimal tradeoff between the reduction in dimensionality and 

loss of information. Principal component analysis (PC A) is used as the main approach for 

the dimensionality reduction of hyperspectral data. PCA is basically an orthogonal 

projection of the data onto a subspace of lower dimensionality. An important 

preprocessing step before performing PCA is the registration of the indi\ idual bands of 

the hyperspectral image. Spatial image registration is performed using the properties of 

power cepstmm and the Fourier shift theorem. It is also unwise in terms of computational 

efficiency to use all the bands of the hyperspectral image for PCA. Therefore, an efficient 

hierarchical dimensionality reduction technique is implemented. It is used in conjunction 

with an entropy measure to pre-select the bands of the image, which are to be used for 

performing PCA. PCA relies heavily on second order moments, which result in a high 

sensitivity of the algorithm to outliers in the data. Hence, an efficient version of principal 

component analysis is also implemented, using a robust estimate of the covariance matrix 

to do the transformation. The scree plots and performance measures for PCA are 

analyzed for the given hyperspectral imagery. 
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CHAPTER 1 

INTRODUCTION 

1.1 Statement of the problem 

1.1.1 Motivation 

The basis for remote sensing lies in the fact that information is potenfially 

available from the electromagnefic energy field, in particular from the spatial, spectral 

and temporal variations in that field. Therefore, with the advancements in space 

technology, remote sensing techniques have grown increasingly complex. Different 

features on the earth's surface have different reflectivities at different wavelengths. This 

led to an increase in dimensionality of the feature space. The need to have more detailed 

spectral information than multi-spectral images [1] gave rise to the concept of 

hyperspectral imagery. Hyperspectral data can be represented as a cube which has two 

spatial dimensions and one spectral dimension. The dimension of a hyperspectral image 

is usually defined as the number of distinct fi-equency bands (in our case 60). Typically, 

hyperspectral images have more than 20 bands of information. Each band of data 

represents an image taken in a particular wavelength. Hyperspectral remote sensing [1] 

exploits the fact that materials reflect, absorb, and emit electromagnetic energy at specific 

wavelengths in distinctive patterns related to their molecular composition. 

Data in hyperspectral images usually tend to be highly redundant and can be 

effectively represented in a lower dimensional space. Therefore, for a given analysis task, 

high dimensional data can often be projected to a lower dimensional subspace without 

losing much of the significant information. Most of the information contained in the 

bands of our hyperspectral image was redundant. This necessitated a method to 

efficiently project the data into a lower dimensional space, such that the redundancy in 

the data was reduced. Principal component analysis (PCA) was a possible solution to 

effectively reduce the dimensionality of high-dimensional data sets. PCA [2] is a 

mathematical procedure that transforms a number of possibly correlated variables into a 

smaller number of uncorrelated variables called principal components (PCs). The 



objective of principal component analysis is to reduce the dimensionality (number of 

fi-equency bands) of the dataset but retain most of the original variation in the data. The 

first principal component accounts for as much of the variation in the data as possible, 

and each succeeding component accounts for as much of the remaining variation as 

possible. 

PCA is a technique to find the directions in which a cloud of data points is 

stretched the most. PCA represents the data that has been projected onto the principal 

axes. Figure 1.1 shows a cloud of data points, where each data vector is 2-dimensional 

and can be represented as [xi, X2], where xi and X2 are the two variables measured. 

X 2 

* 
' 

^ 
' ' 

* ' ' 
* 4 k 

n ' * 
1 * 

fc *• 

/ ' 
r ' 

' X 1 

Figure 1.1 Direction of stretch of a 2-D dataset. 

These directions represent most of the information in the data and are thus 

important to know. Knowing these directions allows us to store the data in a compressed 

form and later reconstmct the data with a minimal amount of distortion. Reducing 

dimensionality allows for easier transmission of data and gives an easier approach to 

handle and analyze huge data sets. Since transmission of huge data sets is a major task, 

dimensionality reduction is an efficient way for simplifying transmission and further 

imaging applications like feature extraction and classification. 

The research group at the Computer Vision and Image Analysis Lab (CVIAL) of 

Texas Tech, headed by Dr. Sunanda Mitra, obtained a hyperspectral data set from the 

Kestrel Corporation of Albuquerque, New Mexico. The data set was obtained from a 

satellite meant for defense and military applications. It contained 60 bands of spectral 

information of an unknown land area. Each band contained 429 x 359 pixels. The main 



objecfive of this thesis is the dimensionality reduction of this data set without losing 

significant data. 

1.1.2 Objectives 

Within this framework, the main purpose of this thesis is to reduce the 

dimensionality of the hyperspectral data set using PCA. PCA itself is computationally 

intensive. Therefore a robust selecfion technique, capable of finding the bands which can 

be discarded before performing PCA, was required. Two techniques based on correlation 

were developed for this purpose. Various parameters of selecfion were studied to 

determine the best possible solution while minimizing the loss of useful information from 

the data set. Entropy [12] as explained in Section 2.6.2.5 was used as the basis for 

selection to ensure data integrity. PCA uses the covariance matrix of the dataset to 

calculate the eigenvalues of the principal or eigenvectors. The covariance matrix of a 

random population of vectors x is described in more detail in Section 2.6.1. 

The basic approach is therefore to smooth the outliers by designing an adaptive 

process. A robust PCA technique should be developed that not only reduces 

dimensionality but also eliminates noise in the data set due to outliers. The mean square 

error (MSE) [16] would be used as the performance measure. Following these objectives, 

two band elimination algorithms were developed. They form the heart of this thesis work. 

1.2 Previous work 

Separating the 60 bands in the image data cube and writing them as 2-D images 

was the first task. This was quite cmcial since the validity of the entire analysis that 

followed, and the algorithms that were developed, was based on the fact that the 60 bands 

were correctly extracted from the data cube and in the right sequence. This was done by 

Camilo Mandujano [10]. He was able to verify from the file sent by Kestrel that the 

bands that were separated and registered as 2-D images were in fact correct and in proper 

sequence. He also registered the bands to the sub-pixel level using a phase correlation 

technique [11]. He then performed a general PCA on the set of bands. 



1.3 Proposed approach 

The first stage of the project involves image registration. Even though the 

hyperspectral images are captured by satellites with very high precision, there was a 

marginal pixel level displacement that was detected. It is very important that there be 

pixel level correspondence between all the bands, since PCA and other techniques greatly 

depend on the validity of the fact that all bands are registered perfectly. Therefore, all the 

60 planes were registered with respect to both translation and rotation. Registration with 

respect to rotation was performed using a Fourier transform-based algorithm [20]. 

Registration with respect to translation was performed using the power cepstmm 

technique [22]. The primary issue with all hyperspectral images is that they contain many 

bands with redundant information. Therefore, the redundant data (image planes) can be 

eliminated before proceeding further. Two algorithms were designed and tested to finally 

obtain the best possible results. PCA was then performed for further dimensionality 

reduction. PCA is a procedure for transforming a set of correlated pixel values into a new 

set of uncorrelated pixel values. This is basically a rotation of the vector space which 

diagonalizes the covariance matrix between the various bands of the hyperspectral image 

Because the rotation is a linear transformation of the coordinate system, no 

information is lost. "No information is lost" means that the original measurements can be 

recovered exactly from the principal components, if and only if all the PCs (in our case 

60) are retained. Then a robust PCA technique (as described in Section 3.4) was 

developed. In order to optimize the process of dropping a specific number of principal 

components before reconstmcting the original image, the magnitudes of the eigenvalues 

were used as criteria. By observing the eigenvalue contribution of each principal 

component, the number of principal components that can be safely dropped to yield a 

representation within the MSE requirements could be determined. The mean square error 

in the process of reconstmction is the sum of the eigenvalues corresponding to the 

principal components that are not considered during reconstmction. 
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Figure 1.2 The proposed approach 

1.4 Organization of the thesis 

Chapter 2 will introduce the concepts of hyperspectral images and describe the 

given data set of 60 bands. The need for dimensionality reduction is emphasized. The 

algorithms that were designed for optimizing the selection process of uncorrelated bands 

will be introduced, and the mechanics of the algorithms will be explained. In Chapter 3, 

principal component analysis is introduced. The stages involved in PCA are detailed. The 

critical parameters in this process and their contribution to reconstmction of the image 

will be explained. This chapter will also discuss the sensitivity of the covariance matrix 

to outliers and the design of a robust PCA technique. Chapter 4 deals with the most 

outstanding observations that can be drawn from the available results. Chapter 5 deals 

with the conclusions and future work. 



CHAPTER 2 

CORRELATION ANALYSIS AND HIERARCHICAL DIMENSIONALITY 

REDUCTION ON HYPERSPECTRAL LMAGES 

Hyperspectral imagery, its origins and applications are discussed in detail in this 

chapter. The 60-band hyperspectral data set that was obtained by the Computer Vision 

and Image Analysis group is introduced, and the details of the data set are elaborated. 

The need for band elimination as a pre-processing step to principal component anal> sis is 

detailed, and the algorithms used for this purpose are also explained. 

2.1 Hyperspectral imagery fundamentals 

The most significant recent breakthrough in remote sensing has been the 

de\ elopment of hyperspectral sensors and software to analyze the resulting image data. 

Over the past decade, hyperspectral image analysis has matured into one of the most 

powerful and fastest growing technologies in the field of remote sensing [13]. 

The 'hyper' in hyperspectral refers to the large number of measured wavelength 

bands. Hyperspectral images provide ample spectral information to identify and 

distinguish spectrally unique materials. Hyperspectral imagery provides the potential for 

more accurate and detailed information extraction than possible with any other type of 

remotely sensed data [1]. Spaces of dimensionality greater than three cannot be easih 

visualized, but the data can be potentially beneficial. Imaging spectrometers or 

"hyperspectral sensors" are remote sensing instruments that combine the spatial 

presentation of an imaging sensor with the analytical capabilities of a spectrometer. They 

may have up to several hundred narrow spectral bands. The hyperspectral data cube that 

was obtained from Kestrel contained 60 bands. The width of each band is typically of the 

order of AA =10 nm or narrower. Hyperspectral data are usually superior for most 

analyses when compared to broader-band multi-spectral data, simply because such data 

provide more detail about the spectral properties of features to be identified. As a result 

of their fine spectral resolution, hyperspectral sensors provide a significant amount of 



informafion about the physical and chemical composition of the materials occupying the 

pixel surface, as well as the characterisfics of the atmosphere between the sensor and the 

surface during the data collection. Due to the effects of the illuminating source and the 

atmosphere, the radiance spectra obtained by a sensor cannot be directly compared to 

either laboratory spectra or spectra collected at other times or places. To overcome this 

obstacle, the reflectance spectmm is chosen, which indicates the portion of incident 

energy which is reflected as a funcfion of wavelength. 

Original Spectral Signature 

0 10 20 30 4C 50 60 

^b~ 520 nm Ag~^650 rnn AT~ 960 nm 

Figure 2.1 The above figure illustrates the spectral signatures of 3 different classes of 
data from a sample hyperspectral data cube. 

Hyperspectral data sets are referred to as data cubes because of their 3-

dimensional nature (two spatial dimensions and one spectral dimension). Each spatial 

plane represents the data collected at one particular narrow spectral wavelength band. 

Thus, we have data planes at many wavelengths for extracting the finer features of the 

test space being observed by the satellite. Each pixel in the data that is supplied by a 

hyperspectral remote sensing system can be best represented in the form of a p-

dimensional vector, where/? is the number of spectral bands. This viewpoint of the data is 

referred to as a feature space representation, as compared to the image space or spectral 

space. Spectral space represents all the pixels in one image plane captured at one 

particular wavelength. Typically there are several hundred thousand pixels per data set. 

7 



Each ground cover material can be appropriately represented by a single spectral cun^e 

called the "spectral signature". 

Most mulfi-spectral imagers (e.g. Landsat, SPOT, AVHRR) [15] measure 

radiation reflected from a surface at a few wide, well-separated, w a\ elength bands. Most 

hyperspectral imagers, on the other hand, measure reflected radiafion at a series of 

narrow and contiguous wavelength bands. When we look at a spectmm for one pixel in a 

hyperspectral image, it looks very much like a spectmm that would be measured in a 

spectroscope. This type of detailed pixel spectmm can provide much more information 

about the surface than a multi-spectral pixel spectmm. 

Although most hyperspectral sensors measure hundreds of w avelength bands, it is 

not the number of measured wavelength bands that define a sensor as hyperspectral. 

Rather it is the narrowness and contiguous nature of the measurements. For example, a 

sensor that measured only 20 bands could be considered hyperspectral if those bands 

were contiguous and, say, 10 nm wide. If a sensor measured 20 wa\ elength bands that 

were, (for example) 100 run wide, or that were separated by non-measured wa\ elength 

ranges, the sensor would no longer be considered hyperspectral [1]. Standard multi-

spectral image classification techniques were generally developed to classify multi-

spectral images into broad categories. Hyperspectral imagery pro\ ides an opportunity for 

more detailed image analysis. 

2.2 The hyperspectral data cube 

The data set that we have is a 60-band hyperspectral data cube from the Kestrel 

Corporafion of Albuquerque, New Mexico. The first objecti\ e was to separate out the 

bands from the given data format and write them as image files, as was done in the 

previous work [10] as stated in 1.2. Once this was done, the data set was ready for 

detailed analysis. 
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Figure 2.2 One of the 60 bands of the hyperspectral cube, Courtesy: Kestrel Corporation, 
New Mexico 

The 60 bands were captured at a wavelength range of 524.50 nm to 1015.71 nm. 

The separation between the bands is not uniform. The bands are read as separate image 

files and displayed. Since the bands have been captured at very close wavelengths, a lot 

of redundancy is observed in the consecutive bands. The main goal of this thesis is to 

eliminate some of the bands containing redundant information before processing them. 



2.3 Shortcomings of the previous research 

The work done by Camilo Mandujano [10] on the set of 60 images from Kestrel 

involved registrafion of all of the images, using phase correlation [11] followed by PCA. 

There were several drawbacks in this approach. PCA itself is computationally \ery 

intensive and proved to be very time consuming when performed on the set of 60 bands. 

Therefore, there arose a need to eliminate some redundant bands before performing PCA 

on the hyperspectral dataset. When PCA is being performed on the 60 bands, there is a 

lack of a proper performance measure to analyze how many principal components (PCs) 

should be dropped before reconstmction. This measure is introduced in Section 3.3 of 

this thesis. This is discussed in more detail in Chapter 3. The next important issue is that 

the transformation matrix for PCA (as described in Chapter 3) is derived from the 

covariance matrix of the sample data. However, the covariance matrix is not very robust 

to outliers. The second order moments vary heavily in the presence of outliers. The 

covariance matrix needed to be made more robust to outliers and noise. This thesis is an 

effort to effectively address the previous issues and establish a framework for a robust 

dimensionality reduction of the hyperspectral images. The block diagram in Figure 2.3 

explains the concepts that were adopted in this thesis to achieve the above tasks. 

10 



BAND ELIMINATION 

Correlation Technique 

Hierarchical Dimensionality Reduction 

Robust PCA 

Figure 2.3 Block diagram showing the phases of the proposed approach 

2.4. Image registration fundamentals 

Image registration can be defined as a mapping between two images, both 

spatially and with respect to intensity. If we define these two images as two 2-

dimensional arrays of a given size denoted by /; (x, y) and I2 (x', y'), then the mapping 

between the images can be expressed as: 

l2(x\y')-g{Ii{x,y)), (2.1) 

where 'f' is a 2-D spatial coordinate transformation, i.e., {x\y') = f{x,y) and 'g ' is 1-D 

intensity or radiometric transformation. The registration is divided mainly into two 

stages. The first stage corrects all the displacements due to rotation by using the shift 

invariant property of the Fourier transform. The second stage compensates for shifts in 

translation using the power cepstmm technique. 

11 



2.5 Elimination of redundant spectral information 

Once the bands have been separated out as 60 images, one striking feamre among 

all the images is the similarity between successive bands. This gives rise to the desire to 

eliminate redundancy in the images for faster processing. Four successive bands are 

displayed below: 

band no: 1 band no:2 

band no: 3 band no: 4 

Figure 2.4 Four successive bands as an example to show the high correlation 
between successive image planes. 

It can be observed that there is a great amount of correlation among the bands 

from the above image planes. However it is not desirable to lose valuable information. A 

set of 60 correlation graphs like Figure 2.5 were obtained, each graph showing the 

correlation of one band with the rest of the bands. This set of correlation graphs gave a 

good idea of the variation of the bands in the hyperspectral image. The correlation 

analysis is explained in detail in Section 2.6. 

12 
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.0.9 

Figure 2.5 Correlation graph showing the correlation of band 1 with all the other planes 

2.6 Band elimination algorithms 

Two band elimination algorithms have been developed. The basis for both 

algorithms is correlation. Correlation is explained in more detail in Section 2.6.1. The 

band elimination algorithms will be discussed in Sections 2.6.1 and 2.6.2. 

2.6.1 Correlation analysis 

The correlation coefficient [3] is a measure of the degree of linear relationship 

between two variables X and Y. Correlation measures the similarity between the two 

variables X and Y or images. Thus, correlation is a bi-variate measure of association 

(strength) of the relationship between two variables. Correlafion is usually reported in 

terms of its square (r^), interpreted as percent of variance contained. For instance, if r̂  is 

0.25, then the independent variable is said to contain 25% of the variance in the 
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dependent variable. The correlation coefficient between two random variables X and Y 

can be mathematically defined as follows: 

'̂ ^ ~ ^AR(r) VAR(r) ' ^ -̂"^ 

1 all 

Cov(jr,r)=—— ̂ (x,-mj.o.-mj = £{(jr-/72j.(r-/«j} (2.3) 
m*n^ -̂  ' 

where VAR(X) = G^ , VAR(Y) = a ' , 

a/= E{(X-mj'}, and a/=E{{Y-my}, (2.4) 

and therefore, 

_E{(X-m^)-(Y-m^,)} 
' V ^ 

(^.-^y 

(2.5) 

cr̂  is the standard deviation of X (the first variable) , cr̂  is the standard deviation of Y 

(the second variable) , m^ is the mean of X (the first variable) and m^ is the mean of Y 

(the second variable) and E{X} is the mean of the vector X. The product of m and n is 

the number of pixels in each image plane. 

The correlation coefficient is the ratio of the observed covariance of two variables 

X and Y, normalized by the product of their standard deviation. When the observed 

covariance is very high, the correlation will have a value approaching 1, indicating near 

perfect correlation of the two variables. A value of-1 is perfect negative correlafion. A 

correlation value of 0 indicates that the two variables X and Y are statistically 

independent. 

In the case of images, X and Y represent the image planes represented as column 

vectors. The components of the vectors are the grey scale values of every pixel in the 

column vector. For example, in the case of our hyperspectral dataset, let X = band 1 and 

14 



Y = band 2. Each band contains m*n elements, which are all read into one column. The 

correlation coefficient is calculated between these two image planes (represented as 

column vectors) according to Equation 2.4. 

The customized correlation algorithm 

Reference R = plane Pj 

C = CC(R,PM) 

no 1 i 
i = i-l 

C= CC(R,P,+,) .» 

yes 

^ 

no 

R = P,*i 

i=i-hl n 

End 

CC = correlation coefficient 
CT = correlation threshold 
C = correlation. 

Figure 2.6: Correlafion Algorithm Flowchart 
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In this algorithm, the band with the highest entropy among the set of 60 bands is 

selected. The nofion of entropy is explained in Secfion 2.6.2.5. This band is correlated 

with the adjacent band, and the correlation so obtained is compared with a predefined 

correlation threshold. If the bands have a correlafion value greater than the threshold, 

then it is assumed that both the bands come from the same distribution, i.e. they exhibit a 

high degree of similarity. Consider the example shown below: 

i i i 
1 2 3 4 5 6 56 57 58 59 60 

Let us assume that the starting plane of the hyperspectral image is band 1. The 

algorithm computes the correlation between band 1 and band 2, and the resulting 

correlation value is found to be higher than the correlation threshold. Therefore, band 2 is 

identified as being in the same cluster as band 1. Now, the correlation between band 1 

and band 3 is computed, which also exceeds the correlation threshold. Band 3 is also 

identified as being in the same cluster as band 1 and the correlation between band 1 and 

band 4 is computed. This value falls below the correlation threshold, indicating that the 

difference between band 1 and band 4 is significant. Therefore band 4 is chosen, and then 

the algorithm proceeds by taking band 4 as the pivot point and computing the correlations 

between band 4 and the successive bands, and replacing the pivotal point when the 

correlation between the two planes falls below the correlation threshold. An important 

aspect to be mentioned here is that a new band will be formed by taking the weighted 

averages of bands 1, 2 and 3, where the weights are generated by the rafio of entropies of 

the individual bands to the sum of entropies of all the bands. 

The success of this algorithm hinges on the effective selecfion of the correlation 

threshold. A simple experiment was performed to evaluate the dependency of the number 

of bands selected, with the independent variable as the correlation coefficient. The 

correlation threshold algorithm was evaluated for correlation values ranging from 0 to 1 

with increments of 0.05, and the results are shown graphically in Figure 2.7. It can be 

observed from the graph that the number of bands increases with increase in the 

16 



correlation threshold. This variation is expected, but the important observation to be 

made is that the number of bands selected increases rapidly after a particular correlation 

threshold value. If the number of bands are plotted versus (1 - correlation threshold), as 

shown in Figure 2.7, it can be observed that the graph tends to approximately follow a 

chi-squared distribution with one degree of freedom. 

1̂  60 

O 
— 

en 
-a 
C 30 

a 
T^ 20 
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1 1 — 1 —1 1 1 1 1 1 

I 
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J • 
^ _ ^ ^ -

/ 

Correlation threshold^ 

(a) 

O 20 

10 

3 

Z 

1 - correlation threshold^ 

(b) 

Figure 2.7 (a) Plot of correlation threshold versus, number of selected bands, (b) Plot of 
(1-correlation threshold) versus, number of selected bands 

The mean (n) of the distribution is calculated by computing the correlation 

coefficient value that corresponds to the selection of 30 bands. Then the variance of the 

chi-squared distribution is computed by: 

<y = ^^' (2.6) 

As the chi-squared distribufion is a long tailed distribution, its variance does not 

represent the tme variability of the data. Therefore, instead of choosing the opfimal value 

of (1 - correlafion threshold) to be the mean added to an integer multiple of variance, the 

value is chosen to be the mean of the distribution added to a fractional value of the 

variance. This leads to the selection of a threshold for this algorithm. Because the cur\ e 
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resembles a chi-squared distribution, which is a long tailed distribution, a fraction of the 

variance (in our case equal to 0.22) of the distribufion is added to the mean. From Figure 

2.7 (b), the mean of the curve was obtained at 0.05 and the variance, given by Equation 

2.6, was 0.316. Therefore, the value of correlafion threshold obtained is 0.88. The 

algorithm selected 13 bands for the threshold equal to 0.88. In order to demonstrate the 

spectral variations of any feature in the hyperspectral dataset, spectral signatures were 

used before and after performing the correlation threshold algorithm. The concept of 

spectral signatures is explained in Section 2.6.1.1. 

2.6.1.1 Spectral signatures and their calculation 

The sensors in satellites, like human eyes, detect the amounts of electromagnetic 

power reflected by (or emitted from) objects on the earth's surface. The reflectance as a 

function of wavelength associated with an object is called its spectral signature. A 

spectral signature is given by plotting the gray scale values of each pixel throughout the 

60-band hyperspectral data cube. Each major feature on the earth's surface (e.g. road, 

water body, grass) has a different spectral signature. The spectral signature for road is 

different from the spectral signature for vegetation. This is due to the difference in the 

reflectance in the electromagnetic spectmm of the road and vegetation. 

After performing band elimination with the correlation threshold algorithm, the 

original spectral signature is compared against the signature obtained after elimination of 

bands. This provides an idea as to which threshold would be acceptable, depending on the 

application. Figure 2.8 represents the spectral signature of a random pixel in the data set 

before performing band elimination (red curve) and the spectral signature obtained after 

performing band elimination (black curve) with the correlation threshold algorithm. The 

correlation threshold was set at 0.88. 13 bands were selected by the algorithm. The 

modified spectral signature sfiU contains most of the important features that can help the 

user classify and identify features on the earth's surface. 
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Figure 2.8 Original spectral signature and spectral signamre after the 
correlation threshold algorithm. (Threshold = 0.88, 13 bands selected). 

2.6.2 Hierarchical dimensionality reduction 

The hierarchical dimensionality reduction technique takes its roots from cluster 

analysis. Hierarchical clustering is a method of obtaining the required number of clusters 

from a data set. Let us consider a sequence of partitions of the n samples into c clusters. 

The first of these is a partition into n clusters, with each cluster containing exactly one 

sample. The second is a partition into n-1 clusters, the third a partition into n-2 clusters, 

and so on until the nth, in which all the samples form one cluster. We shall say that we 

are at level k in the sequence when c = n-k +1. Thus, level one corresponds to n clusters 

and level n to one cluster. Any two samples X and X' at some level < n will be grouped 

together in the same cluster. If the sequence has the property that "whenever two samples 

are in the same cluster at level k, they remain together at all higher levels" then the 

samples are said to be hierarchically clustered [5]. In the case of our hyperspectral data 

cube, inifially there are 60 clusters, where each sample corresponds to one band of the 

hyperspectral image. 
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2.6.2.1. Hierarchical dimensionality reduction in images 

This principle is applied to the problem of eliminating redundant bands in the 

hyperspectral data cube. Each pixel of the data cube can be considered as a 60-

dimensional vector. The problem of dimensionality reduction reduces to one of 

clustering, where the clustering procedure is done along the 60 slices of the data cube. 

The most important step is to pick a suitable measure for clustering. In classical pattern 

classification problems, clustering is usually done along the rows of a matrix, where the 

rows correspond to the observations, and the columns of the matrix correspond to the 

individual features. Therefore the columns reflect the dimensions. There are classes of 

clustering procedures which are referred to as hierarchical clustering algorithms [5]. This 

procedure was selected for dimensionality reduction of the hyperspectral data cube. 

The hyperspectral data cube can be rearranged into a (/nx«)x p matrix, where 

(wx«) represents the total number of pixels in each band {m = 429 rows and n = 329 

columns, in each image plane) and p the total number of bands (equal to 60) in the data 

cube. Each column of this matrix represents one image plane from the data cube. 

Dimensionality reduction is now performed along the columns of this matrix. The 60 x 

60 matrix of correlation coefficients is computed for the data cube. The diagonal 

elements of this matrix are 1, because they represent the correlation coefficients of the 

band with itself. Therefore, while searching the matrix for maximum correlation between 

bands, the diagonal elements are ignored. It is assumed that the maximum value of 

correlation occurs at some position (i, j) in the matrix, where i and j represent the row and 

column indices of the maximum value. This means that the vectors having indices i and j 

(which are bands) are correlated to the maximum extent. The entropy-weighted average 

of these two vectors is taken in the data set and merged into a new vector. The new 

correlation matrix is then calculated, and this process is repeated until the required 

dimensionality is achieved 

As a testing step before performing hierarchical dimensionality reduction on the 

60-band hyperspectral data cube, the method was first tested on the IRIS data set. The 

technique was then applied to the hyperspectral data cube. The IRIS data set contains 

20 



information about 3 different sets of flowers - Setosa, Virginica, and Versicolor. The data 

set contains 150 observations, where each observation comprises 4 measurements on the 

flowers. Hence, there are 4 feature vectors describing each sample. This 150 sample data 

set can be classified into 3 classes, depending on their feamre vectors. Experiments were 

performed to reduce the dimensionality of the IRIS data set and to visually assess the 

efficacy of the hierarchical dimensionality reduction technique. 
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The hierarchical dimensionality reduction algorithm 

Enter the Number of 
dimensions (= n), the 
data set has to be 
reduced to. 

NO 

YES 

Calculate the correlation 
matrix (R) d X d 

Find the maximum of R (ignore 
diagonal elements) 

Find the position of the maximum 
(ij) 

Substitute i, j with their entropy 
weighted mean. 

Calculate the new Correlation 
matrix R*(p.i)x(p-i) 

YES 

Stop dimensionality 
reduction 

Figure 2.9 Flow chart for hierarchical dimensionality reduction 
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2.6.2.2 Experiment A 

Objective: To perform hierarchical dimensionality reduction on the 4-D IRIS 

data set. 

The aim in this experiment was to reduce the number of features from four to 

three to two dimensions, by using hierarchical dimensionality reduction, so that the data 

set can be visuaHzed. Hierarchical reduction was performed on the IRIS data set, and the 

following results were obtained. 

Case 1: 

If the data set is reduced to 3 dimensions we get the following figure: 

Iris data reduced to 3 dimensions 

5. 

4. 

3 J . - -

* Setosa 
Virginica 

• Versicolor 

Feature 1 

Feature 2 i 
Figure 2.10 IRIS data set reduced hierarchically to 3 dimensions 
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Case: 2 

If the data set is reduced to 2 dimensions we get the following figure: 
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Figure 2.11 IRIS data set reduced hierarchically to 2 dimensions 

2.6.2.3 Experiment B 

Objective: To perform hierarchical dimensionality reduction on the 60-band 

hyperspectral data cube. 

Each pixel in the data cube can be considered as a 60-dimensional vector, and 

there are (m x n) such vectors, where (m x n) represents the total number of elements in 

each band. Dimensionality reduction is performed along the band number, so each pixel 

is reduced in dimensions from 60 to the number specified at the starting point of the 

algorithm. The algorithm was performed to obtain a 4-D vector from the 60-D vector and 

the results are as follows: 
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Selected Band 1 Selected Band 2 

Selected Band 3 Selected Band 4 

Figure 2.12 Resultant four bands 
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2.6.2.4. Modificafions to the hierarchical dimensionahty reducfion algorithm 

In hierarchical clustering, all the bands in the hyperspectral data cube are arranged 

in clusters, with the number of clusters initially defined by the user. The entropy 

weighted average of each cluster is chosen. This is explained in Secfion 2.6.2.5. 

2.6.2.5 Entropy 

The concept of entropy [12] plays a pivotal role in informafion theory. Roughly 

speaking, entropy is a mathematical formulation of the uncertainty and/or the amount of 

information in a data set. To motivate this concept, we introduce two functions h and its 

expectation H. The function h is the measure of the uncertainty about the outcome of an 

experiment which is modeled by a random variable in a real sample space. Any viable 

candidate for the function should satisfy certain conditions. If we combine two 

independent events occurring with probabilities pi and/?2, then the uncertainty associated 

with the occurrence of both events is hipxpi). If the uncertainty of the occurrence of the 

first event is removed, then the result is the uncertainty of the occurrence of the second 

event. In symbols this is stated by: 

h{p„p,) = hip,) + h(p,). (2.7) 

It is natural to require h(p) to be a continuously decreasing function on the 

interval [0, 1]. The reason for the decreasing requirement is the fact that the more likely 

the occurrence of an event is, the less uncertainty is associated with it. The function h is 

of the form: 

hip) = -C\ogp. (2.8) 

There is no need to specify the base of the logarithm because we can fix any base 

and modify the multiplicafive constant C accordingly. For example, if we use a binary 
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system, an integer in the range [0, 2"-!] requires « = log2 2" bits to encode. This means 

that by specifying n quantifies 0 or 1 we can completely remove the uncertainty about 

which number in the range [0, 2''-l] has been chosen. The entropy His the expectation 

of the quantity h. For example, assume that the random variable JT takes discrete values 

1,2,3... with respective probabilifies/>p/?2,/?3... Then the function h is given by 

h(Pi) = -Clogp. and the expectafion ofh is: 

all 

HiX) = -CY,p. log p.. (2.9) 

In our data cube />,. is the probability of a certain grey level. The weighted mean 

of all the bands in the cluster is calculated, and that plane is substituted instead of a single 

plane's information. The weighted means were calculated based upon the ratios of 

entropies of each band to the total entropy of the cluster. Let us assume that a particular 

cluster contains N bands. The representative band that is used to substimte the cluster is 

given by: 

^1 D , ^2 D , ^N P = ̂ ^-P,+^^-P,+...^/^-P, . (2.10) 
£e,. x̂ < S .̂ 
1=1 /=i /=i 

where P = entropy weighted band, 

Pi, P2,.. .,PN are the bands in the cluster, 

^1,^2,... e^ represent the entropy of each band in the cluster, and 

N = total number of bands in the cluster. 

The resulting spectral signatures, when the data set is reduced to 17 bands using 

the hierarchical dimensionality reduction algorithm, are shown below. 
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spectral signature after hier dimn reduction 

Figure 2.13 Original spectral signature in BLUE. Spectral signature after hierarchical 
dimensionality reduction in RED. 17 bands selected. 

From Figure 2.13, we can observe 20 weighted bands appear instead of 17. In 

reality however, there are actually 17 bands and not 20. This can be explained from Table 

2.1. 

From Table 2.1, it can be seen that the bands in the clusters are not continuous. 

For example, in the case of cluster number 9, some of the bands from bands 36 to 48 are 

not present. For example, bands 41, 42, 45, 46 are not present in cluster 9, but they are 

present in other clusters. While generating the spectral signatures, the same weighted 

average is substituted for all the bands in a cluster. After observing the spectral signature 

(from Figure 2.13), we therefore can conclude that we have 17 bands, but some bands are 

broken and appear at different positions and must be counted as a single band. Since all 

the bands in a cluster are not contiguous, the flat line that usually supposed to represent 

the mean of all the bands in a cluster (from Figure 2.13) appears to be discontinuous. 
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Table 

Cluster no. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

2.1 Bands present in each cluster after hierarchically reducing the data set 
to 17 bands 
Bands present in the cluster 

1 

2,3 

4,5 

6,7,8 

9,10, 11,12,13,14,15,16,17 

18, 19, 20, 21, 22, 23, 27, 24, 28, 25, 26, 29, 30, 31 

32,33 

34,35 

36, 37, 38, 40, 44, 47, 48, 39, 43 

41,45,42,46,49,50 

51,52,53 

54 

55 

56 

57,58 

59 

60 

The resultant bands, the mean square error (MSE), and analysis of the spectral 

signatures are included in Chapter 4, the results section, to provide a better idea about the 

effectiveness of this algorithm. Now, with this reduced set of bands, the next phase, PCA, 

can be implemented with less computational burden. 
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CHAPTER 3 

ROBUST PRINCIPAL COMPONENT ANALYSIS AND 

RECONSTRUCTION OF THE HYPERSPECTRAL IMAGES 

Principal component analysis (PCA) is a well-established dimensionality 

reduction tool. PCA is discussed in detail in this chapter. A robust PCA method is applied 

to the hyperspectral data set, and the results are analyzed. Image reconstmction is 

performed on the reduced data set, and the efficiency of the algorithm is evaluated using 

Mean Square Error (MSE) as a performance measure. 

3.1 Principal component analysis fundamentals 

The central idea of PCA is to reduce the dimensionality of a data set which 

consists of a large number of interrelated variables, while retaining as much variation as 

possible. This is achieved by transforming these variables to a new set of variables, the 

principal components (PCs). The PCs are uncorrelated and are ordered so that the first 

few PCs retain most of the variation present in all of the original variables [7]. Principal 

component analysis is also called the Karhunen-Loeve transform [14]. 

It can be proven that the representation given by PCA is an optimal linear 

dimensionality reduction technique in the mean square sense [16]. Such a reduction in 

dimension has important benefits. First, the computational overhead of the subsequent 

processing stages is reduced. Second, noise may be reduced, as the data not contained in 

the n first components may be mostly due to noise. Third, a projection into a subspace of 

a very low dimension, for example, 2-D is useful for visualizing the data. 

The extracted uncorrelated components are called principal components, and 

these are estimated from the eigenvalues of the covariance or correlation matrix of the 

original variables. Therefore, the objective of PCA is to reduce dimensionality of high 

dimensional data by extracting the smallest possible number of components, yet to 

account for most of the variation in the original multivariate data. In PCA, uncorrelated 

PCs are extracted by linear transformations of the original variables so that the first few 
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PCs contain most of the variations in the original dataset. These PCs are extracted in 

decreasing order of importance so that the first PC accounts for as much of the v ariation 

as possible. Each successive component accounts for a little lesser value of variance. 

Following PCA, the first few principal components are interpreted in terms of the original 

variables, and thereby contain much of the original data. If PCA is performed on a data 

set that has p variables, then to exactly reproduce the total system variability of the 

original p variables, all p PCs must be used. However, if the first few PCs account for a 

large proportion of the variability, the objective of dimensionality reduction can be 

achieved without significant loss of information.. Since the first principal component 

accounts for the co-variation shared by all attributes, this may be a better estimate than 

simple or weighted averages of the original variables. 

Consider a population of random vectors of the form X = [xi, X2,...Xp]. The 

covariance matrix for ^ in general is given by: 

C^=E{{X-mMX-my]^ (3.1) 

where mx is the mean of the population and is a 1 x p vector. The eigenvalues and 

eigenvectors are calculated for the covariance matrix Q . A is the transformation matrix 

formed by arranging the eigenvalues in descending order. The PCA transformation is 

given by: 

Y = A{X-m^) (3.2) 

and the covariance matrix of y is given by 

• ^ 

E = 

0 

/^ 

0 

(3.3) 

1 
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where A,,/^/^, X^ represent the eigenvalues, arranged in the decreasing order. The 

inverse transformation, before dropping any of the principal components is given by: 

X = £y + m^ (3.4) 

The inverse transformation after dropping k principal components is given by: 

X^Aly^m^ (3.5) 

The covariance matrix oiy after dropping k principal components is given by: 

^y = 

\ 0 

K 

0 A, p-k 

(3.6) 

The MSE after leaving out A: principal components is given by [16]: 

/=i 7=1 y=*+i 

(3.7) 

A simple example for PCA is presented below. 
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3.2 PCA - a simple example 

In this example, a simple set of 2-D data is taken, and PCA is applied to 

determme the principal axes. Although the technique is used with many dimensions, 2 

dimensional data will make it simpler to visualize. 
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Figure 3.1 The 2-D data set (example) 
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Figure 3.2 Directions of the principal components (a) direction of the 2 PCs (b) 2-
D data set rotated and aligned along the principal axes. 

The red line represents the direction of the first principal component and the green 

is the direction of the second. The first principal component lies along the line of greatest 

variation, and the second lies perpendicular to it. By multiplying the original dataset by 

the principal components, the data is rotated so that the PCs lie along the axes. The most 
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common use for PCA is to reduce the dimensionality of the data while retaining as much 

informafion as possible. 

3.3 Principal component analysis algorithm for the hyperspectral data set 

Figure 3.3 shows PCA applied to the hyperspectral data set and discusses the 

steps involved in the calculafion of the principal components and the reconstmction of 

the data set from the reduced number of PCs. 

mrows 
(429) 

n columns 
(359) 

' p wavelengths 
(60) 

X = 

m*n 

w 

Figure 3.3 Illustration of reading the image planes into columns of X 
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The reduced 
hyperspectral data set of 

size mxnx p(from 
Phase 2) 

X contains each image plane as one column. 
Therefore, each column has m * n elements. 
Read each image plane as a column of the 

reshaped matrix 'X of the order (m*n)x p 

Calculate covariance matrix C = Cov{X) 
pxp 

Calculate the eigenvalue ( £ " ) and eigenvector matrix 
pxp. 

(^'..JofC 
pxp 

Ej ^{E arranged according to the eigenvalues in V) 

^ ^ ~ ^T[pxp] \ ^ '^;c)[px(mxn)] 

mjc (vector with p components) = mean of each column of X 

i 
If the number of PCs dropped = k, Erfp xpj -• Ei [(p.k) xpj 

Reconstmct the data set from the reduced number 
of principal components. ̂ ,,,[ ,̂(,>,„)] is the 

p-k 

reconstmcted matrix. X^^^ = ^ P C , 
/=i 

Figure 3.4 Flow chart showing the calculation of the PCs of the hyperspectral data 
set and reconstmction of the data set after dropping some PCs [10]. 
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PCA was performed, according to the algorithm [10] presented in Figure 3.4. on 

the data set from which some bands ha\e been previously eliminated using the band 

elimmation algorithms. An example is presented below, where band elimination was 

done by the hierarchical dimensionality reduction technique, thus reducing the 60-band 

data set to a 17-band data set. PCA is then performed on it, and 5 PCs are dropped, based 

on the eigenvalue contributions graph in Figure 3.5. The original and reconstmcted image 

planes are presented in Chapter 4, the results section. The reasons for choosing to 

perform PCA on 17 bands are also discussed in Chapter 4. 

The eigenvalue plot shows how much the PCs contribute towards their share of 

the information in the data cube. This plot has been taken after PCA has been performed 

on the 17-band reduced data set. 

Plot of 0iQen VIAKS 

2 -f^^^^^m 
Number of principal components -^ 

Figure 3.5 Eigenvalue plot of PCs 

These graphs give an idea as to how many PCs can be dropped before affecting 

the reconstmction of the hyperspectral data set. From Figure 3.5, it can be observed that 

the last 5 PCs do not contribute much towards the reconstmcted data. This is because the 

curve becomes ahnost zero after 12 PCs. Therefore, the data set can be reconstmcted \ ery 

well using the first 12 PCs. The MSE is the sum of the magnitudes of the eigenvalues of 

the last 5 PCs. It was found to be 7.0174. In our case, all eigenvalues were positive. 
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The number of principal components that are dropped before reconstmcting the 

image is an issue that needs to be discussed. This number is decided by the user, 

depending on the amount of information that can be traded in retum for faster 

computation of the reconstmcted image set. The user can decide this number by using the 

cumulative energy plot, the eigenvalue contribution plot, and the spectral signature plot 

as efficient visual tools. From Figure 3.5, it can be visually interpreted that the first 12 

principal components account for most of the information content in the hyperspectral 

data set. Therefore, the last 5 principal components were dropped, and the data set is 

reconstmcted from the first 12 PCs. The MSE is used as the final performance measure to 

evaluate the effectiveness of the algorithm. 

3.4 The need for a robust PCA technique 

It can be observed from Figure 3.4 that calculating the covariance matrix is the 

first step in extracting the PCs. Once the covariance matrix is obtained, eigenvalues and 

eigenvectors are calculated from the covariance matrix. This set of eigenvectors is used 

on the hyperspectral image to get the principal components, as shown in Figure 3.4. In 

the classical approach [22], the first component corresponds to the direction in which the 

projected observations have the largest variance. The second component is then 

orthogonal to the first and again maximizes the variance of the data points projected on it. 

Continuing in this way produces all the principal components, which correspond to the 

eigenvectors of the covariance matrix. 

Unfortunately, both the variance (which is being maximized) and the covariance 

matrix (which is being decomposed) are very sensifive to anomalous observations. PCA 

depends very heavily on the first and second order moments of the data cube. Therefore, 

covariance is not robust to outliers. Therefore, data reducfion based on PCA becomes 

unreliable if outliers are present in the data. 
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3.5 Robust PCA techniques 

The main aim in this chapter is to develop a method of robust PCA. Suppose a 

band has a few white speckles amidst a relafively dark background. This can frequently 

be assumed as noise. The covariance matrix calculated on such bands will be affected by 

the noise present in the bands. Therefore, some sort of smoothing should be performed on 

the bands to reduce any noise that is present in them. Conventional methods like 

Gaussian smoothing are not very useful in this case because we might lose important 

information when the images are uniformly smoothed out. A better way to smooth the 

images is through anisotropic diffusion, which will be explained in Section 3.5.1. 

Reduced set of 
hyperspectral 
data 

Anisotropic diffusion New 
eigenvectors 

PCA 

Reconstmction 

Figure 3.6 Block diagram for dimensionality reduction by Robust PCA 

Anisotropic diffusion is a method of retaining the edges, and thus helps preserve 

the edge information in an image. An edge is a sharp gradient in the image intensities 

along some connected pixels. In this way, an edge is different from speckles. After 

performing anisotropic diffusion on the hyperspectral dataset, the new eigenvectors and 

eigenvalues are calculated. PCA is performed on the original data set using the new 

eigenvalues. Anisotropic diffusion is introduced and discussed in more detail in the 

following section of the thesis. 
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3.5.1 Amsotropic diffusion on the 60-band h\-perspectral data set 

Amsotropic diffusion or adaptive smoothing w as introduced by Perona and Malik 

[21], Diffusion in general, is a process in which non-uniform distributions tend to become 

more uniform. Non-uniform distributions (that are capable of diffusing) tend to re

distribute themselves in such a way as to produce uniformit\. The standard diffusion 

equation [19] can be written as: 

dn, ,̂  c~n, , /-, ô  
—{xj) = K^^{x,t). (3.8) 
at cx~ 

The proportionalit}' constant K is given \arious names depending on the quantit\ 

that n represents. It is called the thermal conductivity if n is heat and the coefficient of 

diffusion \in is molecular concentration. There are tŵ o types of diffusion: isotropic and 

anisotropic. In isotropic diffiision, smoothing is done uniformly, in all directions. In 

anisotropic diffusion, smoothing is not uniform. Diffusion can be applied to images also. 

The resultant effect of diffixsion on images is similar to that of a Gaussian smoothing. The 

major advantage of using amsotropic diffusion over a general smoothing technique like 

Gaussian smoothing lies in the fact that, in this method, an effort is made to preserv e the 

edges and to smooth only the parts of the image which are more uniform. In order to 

achieve anisotropic diffusion, the major change in Equation 3.8 is that 'K' is made 

gradient dependent instead of being constant. Anisotropic diffusion can be seen as a 

robust estimation procedure that estimates a piecewise smooth image from a noisy input 

image [21]. The effect of anisotropic diffusion can be obser\'ed distinctly on the 

cameraman image [25] in Figure 3.7 (a), (b) and (c). We can clearly obser\e that though 

isotropic diffusion smoothes the image, the important features in the image are lost. 
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Figure 3.7 The cameraman image (a) Original image [25], (b) after isotropic diffusion, (c) 

after anisotropic diffusion 

In the case of anisotropic diffusion, the background is smoothed but the important 

features are preserved. This is indicated by the clear edge information that is present in 
- • 

Figure 3.7 (c). The divergence of such a vector field (Div A) is defined as 

DivA = VA, (3.9) 

the term on the right being an abbreviation for 

dA^ dA^. dA^ 
+ • 

dx dy Sz 
(3.10) 

Diffusion algorithms remove noise from an image by modifying the image via a 

partial differential equation (PDF). For example, consider applying the isotropic diffusion 

equation (the heat equation) given by 

dl{x,y,t) 

dt 
= div{VI) [21]. (3.11) 

A noisy image I(x, y, 0) is used as the initial condition. Modifying the image 

according to this isotropic diffusion equation is equivalent to filtering the image with a 
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Gaussian filter. Perona and Malik [21] replaced the classical isotropic diffusion equation 

with Equafion 3.4. 

^ ^ ^ ^ = rf/v(g(||V/||)V/), (3.12) 

where ||V/|| is the gradient magnitude, and g(||V/||) is an "edge-stopping" function. This 

funcfion is chosen such that the diffusion is "stopped" across edges. Perona and Malik 

[21] discretized their anisotropic diffusion equation as follows: 

C=^.'+AZ?(V/„.„)V/,..„. (3.13) 
'Is I P^la 

where / / is a discretely-sampled image, s denotes the pixel position in a discrete, two-

dimensional grid, and n denotes discrete time steps (iterations). The constant A is a scalar 

that determines the rate of diffusion, vj^ represents the spatial neighborhood of pixel s and 

rj^ is the number of neighbors (usually 4, except at the image boundaries). Perona and 

Malik [21] linearly approximated the image gradient (magnitude) in a particular direction 

as: 

V/ , , = / , - / / > ? € ' 7 , (3.14) 

Qualitatively, the effect of anisotropic diffusion is to smooth the original image 

while preserving brightness discontinuities. Perona and Malik [21] suggested two 

different edge stopping functions, which are given in Equations 3.7 and 3.8. The edge 

stopping function should be a monotonically decreasing function of the magnitude of the 

gradient in an image plane. The following edge stopping fimctions were suggested by 

Perona and Malik [21 j : 
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g(V/) = 

1+ 
niv/|p 

T [21] (3.15) 

g(V/) = e m 
[21]. (3.16) 

The value of the gradient can be computed by approximating the norm of the 

gradient at each location. The corresponding equations and theory form a part of the 

mathematical analysis presented in [21]. 

3.5.2 Results of anisotropic diffusion and PCA 

The edge stopping function was chosen to be the one described mathematically in 

Equation 3.16, since the exponential function gives a better approximation to the data 

than the function represented in Equation 3.15. The spectral signatures before and after 

this robust PCA technique are presented in Figure 3.8 below: 
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Figure 3.8 Spectral signatures before PCA and after PCA and reconstmction (13 bands) 
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CHAPTER 4 

RESULTS 

The results of the algorithms developed as part of the thesis are presented in this 

section. This chapter provides an idea as to what exactly the designed algorithms achie\'e 

and how effective they are in reducing the dimensionality of the hyperspectral image. The 

resuhs are presented in accordance with the sequence and flow of the thesis. 

4.1 Performance measures 

The efficiencies of the algorithms that were designed in this thesis were evaluated 

using three performance measures. They are as follows: 

a. Mean Square Error (MSE) is the sum of the eigenvalues (in our case all 

eigenvalues are positive) of the dropped principal components [16]. 

b. Peak signal to noise ratio (PSNR) is defined as 

c. Spectral signature is a visual tool to view the changes in the spectral cur\ e of 

any pixel before and after dimensionality reduction. 

4.2 Correlation threshold algorithm 

The correlation threshold algorithm was performed for a threshold value of 0.88. 

The mean of the curve in Figure 4.1 is calculated. Because the curve resembles a chi-

squared distribution, which is a long tailed distribution, a fraction of the variance (in our 

case equal to 0.22) of the distribution is added to the mean. From Figure 2.7 (b), the mean 

of the curve was obtained at 0.05 and the variance, given by Equation 2.6, was 0.316. 

Therefore, the value of correlation threshold obtained is 0.88. Other correlation threshold 

values can also be set, depending on the approximate number of bands desired. In the 

correlation threshold algorithm, there is no a priori knowledge about the number of bands 
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that will be selected. 13 bands were selected by the algorithm in this case. They are 

displayed below in Figure 4.2. 
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Figure 4.1 Plot showing the number of bands selected by the correlation threshold 
algorithm, for threshold values from (0, 1), in steps of 0.05 

The following 13 planes were selected for a correlation threshold of 0.88. 

(a) (b) 

Figure 4.2 The selected bands for correlation threshold = 0.88 
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(c) (d) 

(e) (f) 

(g) (h) 

Figure 4.2 Continued. 
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(i) G) 

(k) (1) 

(m) 

Figure 4.2 Continued. 
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Figure 4.3 gives a comparison between the spectral signatures of a randomly 

chosen pixel, before and after the correlation threshold algorithm has been performed on 

the hyperspectral data set. The red curve represents the original spectral signature. The 

black curve represents the spectral signature after the correlation threshold algorithm has 

been performed. 
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Figure 4.3 Comparison of spectral signatures before and after correlation threshold 
algorithm (correlation threshold = 0.88, number of selected bands = 13) 

4.3 Hierarchical dimensionality reduction algorithm 

The input to this algorithm is the number of bands that should be retained. 

Hierarchical clustering actually separates the 60 bands in the hyperspectral dataset into 

clusters. In each cluster, one band is chosen to represent the entire cluster. The entropy 

weighted average of all the bands in each cluster is calculated, and this is chosen to 

represent the respective clusters. The MSE is inversely proportional to the number of 

retained bands. The main aim is to have an optimal tradeoff between dropping a 

particular number of bands and losing useful information from the data set. The algorithm 

ends with 17 bands, which is the corresponding band number to a correlation threshold of 

0.88, as seen from Figure 4.4 
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Figure 4.4 Plot of correlation threshold versus number of bands retained. 

Figure 4.5 shows the spectral signature before and after hierarchical 

dimensionality reduction. 

Spectral signature after hiei dimn leduction 

Figure 4.5 Comparison of spectral signatures before and after hierarchical dimensionality 
reduction to 17 bands with a correlation threshold = 0.88. 
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It can be seen from Figure 4.5 that the red curve (original spectral signature) is 

overwritten by an almost smooth flat blue (after dimensionality reduction) line with 

mmor peaks corresponding to bands which do not correlate with their neighbors. The 

spectral features are preserved to a good extent. 

The following experiment was performed for both of the band elimination 

algonthms. The correlation threshold algorithm was performed at a threshold of 0.88. 

The algorithm selected 13 bands with this threshold value. Hierarchical dimensionality 

reduction was then performed on the original 60-band dataset, with the aim to end up 

with 13 bands. The spectral signatures for the same pixel (255,481) from the two 

algorithms are presented below in Figure 4.6. 
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Figure 4.6 Comparison of spectral signatures, after correlation threshold algorithm and 
hierarchical dimensionality reduction algorithm. RED= original, BLUE = hierarchical 

method, BLACK = correlation threshold method. Number of bands chosen = 13 
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4.4 Robust PCA 

The robust PCA method adopted in this thesis utilizes anisotropic diffusion. The 

main aim of anisotropic diffusion is to preserve the edges and main features in an\ image 

while smoothing out the other parts. This technique has a number of parameters. The 

parameters include the local contrast fiinction (G), scalar rate of difftision (/.), and the 

number of iterations (n). G can be fixed either arbitrarily at some value or can be 

calculated by taking 90% of the value of the integral when a histogram of the absolute 

values of the gradient throughout an image is computed. Typically the value of G is in the 

range 10 < G < 30. For Equation 3.6 to converge [21], the value of A has to be in the 

range 0 < A < 0.25. The number of iterations n determines the amount by which the 

image is smoothed. When an image is smoothed, loss of high spatial frequency 

information occurs. The value of G was chosen to be 22, the value of n was set at 4, and 

A was fixed to be 0.17. The algorithm was performed on the reduced set of 17 image 

planes. From Figure 4.7, it can be observed that after the first 12 PCs, there is ahnost 

negligible contribution to the data cube from the remaining 5 PCs. Therefore, 5 PCs w ere 

dropped, and the 17 image planes were reconstmcted using the above parameter values. 

Figure 4.7 Plot showing the eigenvalues of different PCs 
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4.5 Experiments and Results 

4.5.1 Experiment 1 PCA on 60 bands (without band elimination prior to PCA) 

Table 4.1 Experiment 1 

PCs dropped 

1 

5 

10 

15 

20 

25 

30 

35 

40 

MSE 

3.9921 

8.6882 

23.5697 

45.7333 

76.5578 

197.1874 

234.1229 

291.1443 

332.1239 

PSNR 

24.2657 

19.7445 

14.4073 

9.4285 

7.4909 

3.2367 

2.2154 

1.4598 

1.0091 

4.5.2 Experiment 2 Band elimination, PCA, and reconstmction, 5 PCs dropped 

Table 4.2 Experiment 2 

Number 
of planes 
retained 

5 
10 
15 
20 
25 
30 
35 
40 
45 
50 
55 

Correlation 
Threshold 
Algorithm 

MSE 
21.8356 
14.8724 
12.0977 
11.0107 
7.9881 
6.9921 
5.5234 
4.0987 
3.0983 
2.9934 
2.0934 

PSNR 
23.7612 
28.1298 
34.9841 
37.9816 
40.9812 
42.1245 
43.0912 
43.9981 
44.1457 
44.9801 
44.9882 

Hierarchical 
Dimensionality 

Reduction 
Algorithm 

MSE 
15.2635 
8.9633 
6.7365 
6.1453 
2.9469 
2.0409 
2.0012 
1.9679 
1.2493 
1.1032 
1.0237 

PSNR 
27.4523 
38.6061 
39.8465 
40.2454 
43.4372 
44.0063 
45.0321 
45.7717 
45.9907 
46.0023 
46.1423 
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The reconstmcted image planes are presented below in Figure 4.8, along with the 

corresponding original planes. The efficacy of the algorithm can be observed by 

comparing a few reconstmcted bands and their respecti\ e original bands. 
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Figure 4.8 Spectral signatures before and after robust PCA (5 PCs dropped) and 
band elimination (hierarchically reduced to 13 bands) 

4.5.3 Computation times 

CASE 1: Without band elimination prior to PCA: 

Computation time = time taken for PCA + time taken for reconstmction (w ith 5 

PCs dropped) = 319.98 seconds 

CASE 2: After band elimination to 17 bands (hierarchical dimensionalit\ reduction) and 

PCA: 

Computation time = time taken for band elimination + time taken for PCA - time 

taken for reconstmction (with 5 PCs dropped) = 78.16 seconds 
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4.5.4 Reconstmcted planpg 

The following images in Figure 4.9 show the comparison between the original 

planes and reconstmcted planes. The planes have been reconstmcted after hierarchical 

dimensionality reduction to 17 bands, performing PCA, and dropping 5 PCs before 

reconstmction. 

Band 10 

Original Reconstructed 

Band 20 

Original Reconstmcted 

Figure 4.9 Comparison between the original planes and planes reconstmcted after PCA 
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Band 35 

Original Reconstmcted 

Figure 4.9 Continued. 

Some areas in the reconstmcted images exhibit smoothing, but the edges were 

preserved. 
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CHAPTER 5 

CONCLUSIONS AND FUTURE WORK 

The 60-band hyperspectral data set was reduced to 17 bands using hierarchical 

dimensionahty reduction. PCA was performed on this reduced data set, and the 17 bands 

were reconstmcted after dropping 5 PCs. However, it depends on the application to 

decide the number of bands to be retained. Both band elimination algorithms developed 

as part of this thesis give the option to specify the number of bands to be retained. 

A robust PCA scheme has been addressed. However, other robust methods can 

also be implemented, depending on the application. The performance measures gi\ e an 

estimate on the effectiveness of each of the algorithms. 

Automation of the band elimination algorithms, using linear programming and 

total energy based measures, may be developed. Band elimination may be developed 

using concepts other than just correlation. Dimensionality reduction in this thesis is 

achieved using robust PCA. Non-linear dimensionality reduction techniques [24] may be 

tested on the dataset, and their performance can be compared to PCA [23]. Independent 

Component Analysis (ICA) and Curvilinear Component Analysis (CCA) [23] may be 

implemented to test the dataset. Wavelet-based decomposition techniques can also be 

performed to achieve dimensionality reduction. 
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