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CHAPTER I 

INTRODUCTION 

The chemical bonds which hold crystals together have been the 

subject of much research in solid state physics. One simple type 

of bonding found in nature which has been a frequent topic of theo

retical investigation, is ionic bonding. In ionic bonding electrons 

are transferred from one atom to another so that the crystal is made 

up of oppositely charged ions. The dominant forces betvreen these 

ions are of a coulombic nature resulting from the electrostatic in

teraction of oppositely charged ions. The coulombic nature of these 

forces gives rise to a harmonic potential function within the lattice. 

Based on this rather simple analysis, crystal lattice dynamics shows 

that certain macroscopically observalbe properties are related to 

these forces, and can, therefore, be used to determine the accuracy 

of the model. Two of the more easily measured of these properties 

are the adiabatic elastic constants of a crystal and its specific 

heat. 

If a harmonic potential is assumed, theory predicts no depend

ence of the elastic constants on temperature. The temperature depend

ence of the elastic constants, exhibited by all crystals, then furnishes 

information about the anharmonic contribution to the binding forces 

between ions in the crystal. 

The specific heat of a crystal and its dependence on temperature 

also furnishes a valuable insight into the nature of the binding 



forces in that it is a direct indication of the internal energy of 

a crystal, and therefore, of the forces which bind it together. 

Alkali halides are representative of ionic crystals and possess 

a relatively simple lattice structure. For this reason they have 

been chosen for many in-depth theoretical studies of their fundamental 

properties, and consequently are particularly suitable for the direct 

verification of available theories. 

It is the primary objective of this thesis to present the re

sults of experimental measurements of specific heat and elastic con

stants made on single crystals of Cesium Iodide. The elastic con

stants have been measured from 4.2*'K to 80°K. The specific heat has 

been measured from 2''K to 9°K by the heat pulse method and from 2''K 

to 4''K by the continuous cooling method. The secondary objective is 

a comparison of these two techniques of specific heat measurement. 



CHAPTER II 

PREPARATION OF SAMPLES 

Two single crystals of Cesium Iodide were used in these exper

iments. Both specimens were purchased from the Harshaw Chemical 

Company and were of the high purity, optically clear type which is 

furnished by that company. The crystals were in the shape of a cube 

1.25 inches on an edge and had a mass of approximately 150 grams each, 

The sample used for the elastic constants measurements was ori

ented to within one degree of the preferred directions using the Laue 

back reflection technique, as described in Appendix I. Faces were 

then polished normal to the preferred directions and parallel to at 

least .01 mm. per cm. of face diameter. The faces were first ground 

with fine sandpaper, then polished with optical finishing powder and 

an optical flat. The final prepared sample was approximately 2 cm. 

in length between reflecting surfaces. 

The sample used for the specific heat measurements was cut into 

the shape of a cylinder to fit with uniform spacing into the calorim

eter. A small hole was drilled into the top of the crystal to allow 

insertion of a germanium resistance thermometer. The resulting crys

tal mass was 143.894 ± .001 gms. The sample was then wrapped with 

a coil of #38 manganin wire to serve as a heating elemient, and a thin 

coat of black glyptal was applied to insure good thermal contact 

between the crystal and heating element. Black glyptal was also used 

to secure the thermometer after insertion. Leads were then attached 



to the manganin heater and thermometer. These leads were made from 

#42 copper wire approximately 20 cm. long, and were connected to 

power terminals at the top of the calorimeter. Copper wire was used 

to reduce the lead resistance while its small diameter and extra 

length maintained good thermal isolation between the crystal and 

calorimeter. 
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CHAPTER III 

EXPERIMENTAL PROCEDURE 

Elastic Constants Measurements 

The ultrasonic pulse-echo technique, particularly applicable to 

low temperature measurements, was used to measure the elastic con

stants. Using this method, the velocities of longitudinal and trans

verse sound waves are measured along preferred directions in the 

specimen. From these velocities it is then possible to calculate 

the elastic constants of the specimen. 

The pulsed-ultrasonic technique utilizes a lOMHz electrical 

pulse approximately 2 yseconds in duration which is produced by a 

pulsed oscillator (see Figure 1). This R.F. signal travels to a T, 

at which point the energy is divided. Part of the energy travels on 

into the preamplifier, amplifier, and then to the oscilloscope, where 

it is observed as an initial pulse. The remaining energy travels on 

to a quartz wafer transducer, where the R.F. energy is converted into 

acoustical waves which travel through the crystal, reflect from the 

far end, and then return to the transducer. The energy from the echo 

is sampled by the transducer and reconverted to an electrical pulse. 

This pulse is then amplified and displayed on an oscilloscope. Since 

the transducer only samples energy from the echo, sound waves con

tinue to reflect from opposite crystal faces, resulting in an echo 

on the oscilloscope for each round trip. Thus, there will normally 

be a train of echos behind the initial pulse. By means of a delay 



A R E N B E R G 

P U L S E D 

O S C I L L A T O R 

SYNC 

PULSE 

T E K T R O N I X 

5 4 5 A 

SCOPE 

I 
WIDE BAND 

AMPLIFIER 

TUNABLE 

PREAMP 

UARTZ 
RANSOUCER 

SPECIMEN 

FIGURE I. BLOCK DIAGRAM OF ELASTIC 

CONSTANTS EQUIPMENT. 



line on the oscilloscope, one can then measure, very accurately, the 

elapsed time for a round trip for each echo. At least five echos 

were measured in each case. Knowing this time and the length of the 

sample, one can calculate the velocity of sound in the crystal for 

the particular direction of propagation. The oscillator referred to 

in Figure 1 was an Arenberg PG-650C pulsed oscillator, which sent a 

triggering pulse to the Tektronix 545A oscilloscope simultaneously 

with the output of the R.F. signal. An Arenberg wide band amplifier 

//WA-600D, and an Arenberg PA-620 tunable preamplifier were used to 

amplify the signal generated by the transducer. 

The transducers were purchased as quartz wafers from the Valpey 

Crystal Corporation and were prepared and plated in this laboratory. 

The lower portion of the elastic constants cryostat is repre

sented in Figure 2. The signal is carried to the transducer by a 

thin wall stainless steel transmission line. The crystal is held 

by a movable support and cushioned by a metal bellov/s above the crys

tal. In order to bind the transducer to the sample, dried natural 

gas was cooled to the liquid state, forced through the glass tube, 

and allowed to fall onto the transducer. The transducer was supported 

by a plastic pallet. Once the binder was applied, the glass tube 

was rotated out of the way and the specimen was lowered onto the 

transducer. The inner dewar was immersed in a bath of liquid nitro

gen, and liquid heliun was transferred into the sample chamber until 

the speciir-ia was covered. Measurements were taken as the tempera

ture was lowered and again as the specimen warmed. 

The temperature was monitored by a copper-constantan thermocouple 
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FIGURE 2 ELASTIC CONSTANTS CRYOSTAT. 



which was in contact with the sample. The E.M.F. produced by the 

thermocouple was measured with a Leeds & Northrup type K-3 Poten

tiometer. 

Heat Pulse Specific Heat Measurements 

Heat pulse specific heat measurements were made in a high pre

cision, low temperature calorimeter patterned after one used by Scales 

and illustrated in Figure 3. A bellows assembly located at the top 

of the cryostat provided a good vacuum seal while allowing vertical 

movement of the specimen through movement of the supporting tube. 

Positioning of the sample could be achieved by adjusting a hand screw, 

thereby activating the bellows. In this manner the sample, which 

was attached to the lower end of the supporting tube, could be lowered 

to make contact with the bottom of the calorimeter can or raised for 

adiabatic isolation. In its lowered position, pressure was applied 

to the sample through an aluminum extension to the supporting tube, 

to insure good thermal contact between the sample and calorimeter. 

The initial cooling from liquid nitrogen temperature to 1.7°K required 

one hour. Two flexible braided copper cables thermally anchored the 

supporting tube to the top of the calorimeter, which was completely 

submerged in liquid helium. A radiation shield was placed at the 

mouth of the pump-out tube so as to minimize heat leaks to the cal

orimeter through Kovar seals in its top. Outside the calorimeter 

the leads were in direct contact with liquid helium. This procedure 

was necessary in order to minimize heat conduction to the sample 

through the leads. 

2 
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A germanium resistance thermometer manufactured and calibrated 

by Cryocal Inc. was used to monitor the temperature for all measure

ments. It was inserted into a small hole in the sample and sealed 

with black glyptal paint. The resistance of the thermometer was 

measured by passing a small known current through the resistor and 

reading the voltage across it with a Leeds & Northrup K-3 potentiom

eter. The thermometer current was regulated at all temperatures to 

insure that the joule heating in the thermometer was insignificant. 

3 

Using the method described by v̂Tiite, heat is pulsed into the 

sample by passing a current pulse through the high resistance heater 

wire placed in thermal contact with the specimen. From the resulting 

temperature change and the heat input one can easily calculate the 

specific heat. Pulse power v;as furnished by a 12 volt lead storage 

battery as represented in Figure 4a. Pulse power and duration were 

regulated by the gate switching circuit, which also triggered a 

Hewlett Packard model 522B electronic counter used to measure the 

pulse duration to within one millisecond. A Hewlett Packard 3440A 

digital voltmeter was used to monitor voltages across the heater and 

across a General Radio 50 ohm standard resistor in series with the 

heater. 

Before cooling, the calorimeter section was evacuated with a 

six-inch CVC diffusion pump equipped with nitrogen baffels. The sys

tem was pumped to 10 torr at room temperature. When the calorimeter 

was cooled to liquid helium temperature, the calorimeter itself acted 

as a cryogenic pump, yielding vacua on the order of 10 torr. Gas 

pressure in the system was constantly monitored with an X.R.C. ioniza-
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tion guage. 

A high speed Kenney vacuum pump was used to lower the vapor 

pressure of the liquid helium bath and thus lower its temperature. 

Continuous Cooling Specific Heat Measurements 

The cryostat and calorimeter used in the continuous cooling 

method is exactly the same as that used in the heat pulse method. 

The difference in the two methods lies in the technique of taking 

data and in the electronic equipment. With the continuous cooling 

method one makes use of a small controlled heat leak from the sample 

to the Helium bath. This technique supplies a much higher frequency 

of data points with less scatter in the data. 

First, the temperature of the sample is raised above that of 

the bath in small incremental steps, recording the power input to 

the sample and its temperature at each point of equilibrium. Once 

this is done, the magnitude of the heat leak has been determined as 

a function of sample temperature. The second step is to make incre

mental time measurements of the cooling cycle after the heater power 

has been cut off. To make these time measurements, two Hewlett 

Packard electronic counters were connected to a gated switching cir

cuit which alternately started and stopped each counter as the tem

perature of the sample dropped to its zero power equilibrium tempera

ture. Figure 4b shows a logical diagram for the continuous cooling 

system used in this experiment. A Leeds & Northrup six dial guarded 

potentiometer facility was used to monitor the resistance of the 

germaniioTA resistance thermometer. Each time the voltage across the 
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resistor was the same as that of the potentiometer, a null condition 

was reached and a signal was sent to the gate, which turned one coun

ter on while simultaneously turning the other counter off. 

The specific heat of the sample may then be calculated using 

the power of the heat leak and the time required for the crystal to 

cool. In practice, it was found to be quite easy to take data points 

every few hundredths of a degree. In order to establish a heat leak 

to the bath, however, it was necessary to lower the crystal such that 

one edge was in contact with the calorimeter. 



CHAPTER IV 

FINDINGS AND INTERPRETATIONS 

Adiabatic Elastic Constants 

The adiabatic elastic stiffness constants for a cubic crystal 

4 
may be determined from the following expressions; 

1. ĉ ^ = ovl^ 

3. c^2 = 2(pv;̂  - c^^) - c^^ 

where p is the density of the specimen, v the belocity of a longi-

tudinal wave propagated in the [1,0,0] direction, v the velocity of 

a transverse wave propagated in the [1,0,0] direction, and v the 
i-i 

velocity of a longitudinal wave propagated in the [1,1,0] direction. 

When calculating the velocity of the wave from the tine and 

length measurements, it is necessary to consider the time it takes 

for the wave to travel through the binder. This time has been found 

to be .02 usee, for a transverse wave and .015 ysec. for a longitud

inal wave. These times were multiplied by 2, for the round trip, 

and subtracted from the observed delay times between echos. The 

effective time interval for one round trip was determined by averaging 

the corrected times for each echo in the echo train. 

The crystal length, as a function of temperature, was determined 

from its room temperature length and its thermal expansion coefficient 

given in the International Critical Tables. The density of Csl was 

15 



16 

also obtained from the International Critical Tables. The density 

at Ô 'C was given along with an extrapolation formula, which was used 

to calculate the density at 80*'K. This value was then used for all 

elastic constants calculations. 

Table I lists the results of the elastic constants studies. 

The estimated maximum errors in the results of this work are 

c,,: ±0.8%, c,-: ±0.8%, c^„: ±2.4%. The larger error for C,„ is due 
ii 4A 11 iz 

to the fact that it is the result of three experimentally determined 

parameters expressed as a sum. The error in these measurements is 

due primarily to the error in reading the echo transit times from 

the oscilloscope delay line. This delay line was calibrated against 

a Tektronix Type 181 Time Mark Generator used as a time standard. 

In calculating the characteristic Debye temperature from the 

elastic constants at 0°K the following relation was used: 

, . h r3N,l/3 r V d^ ,-1/3 
''' ^ = Kf4^^ ^.l^ [v.(o,o)]^^ 

where N/v is the number of atom.s per unit volume which, in the case 

of Csl, is two times Avogadro's number divided by the molecular vol

ume. K is the Boltzmann constant and h is Planck*s constant. The 

integral of the inverse cube of the velocity over all solid angle 

may only be approximated. This integral has been studied quite ex

tensively by theoreticians, so there exist several good techniques 

7 8 9 

for approximating this term. ' The Betts, Bhatia, and Wyman method 

has been chosen for the calculations presented here. It is based on 

an extension to the approximation of the frequency spectrum worked 

out by Houston. The value of 0 obtained by this method was 
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TABLE 1 

THE ELASTIC CONSTANTS OF Csl 

IN UNITS OF lO"''"'- dynes/cm^ 

Temperature 
(*'K) 

4.2 

5.0 

10 

15 

20 

25 

30 

35 

40 

45 

50 

55 

60 

65 

70 

75 

80 

"ll 

2.725 

2.725 

2.725 

2.725 

2.725 

2.725 

2.723 

2.718 

2.716 

2.709 

2.702 

2.698 

2.691 

2.682 

2.678 

2.674 

2.667 

c c 
44 12 

.8730 .767 

.8730 .767 

.8730 .767 

.8730 .767 

.8730 .767 

.8669 .763 

.8631 .761 

.8580 .759 

.8529 .733 

.8492 .750 

.8440 .749 

.8403 .743 

.8357 .742 

.8319 .737 

.8268 .735 

.8231 .732 

.8179 .728 
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129.4**K ± 3.4%. 

tion: 

The compressibility has been calculated by the following equa-

11 

5. K = 3/(c^^ + 20^2^ 

with the following results: 

K = 7.45 x lO"-'-̂  cm^/Dyne; T = 77''K 

K = 7.04 X 10"-̂ ° cm^/Dyne; T = 4.2°K. 

The estimated maximum error of the compressibility is ±.4%. 

Heat Pulse Specific Heat 

The specific heat measured in this experiment is c , the specific 

heat at constant pressure. The difference between c and c , the 
p V 

specific heat at constant volume, may be considered as negligible 

12 
for solids at low temperatures. We then have the expression, 

where E is the internal energy per unit mass of the crystal, and T 

its absolute temperature. On a macroscopic scale we can replace the 

partial derivatives with small finite changes and obtain an expres

sion for the specific heat in terms of measurable quantities, 

_ AE 
-̂ % = AT 

where AE is now the change in internal energy per mole if c is to 

be the oiolar specific heat, and AT is the change in absolute tempera

ture resulting from, the corresponding energy change. The experimental 

problem ther/ is to measure the change in temperature produced when 
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energy is pulsed into the sample in the form of joule heat. 

The amount of heat Q pulsed into the sample may be calculated 

by the expression, 

where W represents the joule heating and J the mechanical equivalent 

of heat. Then 

W = Pt = IVt 

yielding 

8. Q = M t 

where P is the power dissipated by the heater coil and t the total 

time interval for which the current I is maintained by a constant 

voltage V. The current for this time interval may also be considered 

constant if the change in temperature is small and thermal dependence 

of the resistance in the heater coil is also small. Since manganin 

wire was used for the heater, this purpose was accomplished. 

Upon further investigation, it became apparent that the heat 

dissipated by the heater coil was not the only energy source. Since 

the heating cycle involves a finite amount of time, heat may be trans

ferred to or away from the sample by various other sources, or sinks 

during the heating cycle. For example, radiation down the pump-out 

tube contributes to the heat input to the sample, while conduction 

through the leads, if the sample is warmer than the bath, removes 

energy from the sample. Since, in practice, it is impossible to 

achieve perfect thermal isolation of the sam.ple, these sources and 

sinks must be considered. For this reason, the specimen temperature 
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was taken before and after the actual heating period and plotted as 

a function of time. These periods will be referred to as drift peri

ods. Provided the drift periods are linear in time, i.e., the heat 

leak to or from the sample involves terms of no higher temperature 

dependence than the first, the true change in temperature associated 

with the measured heat input may be found by extrapolating the drift 

curves to the midpoint of the heating period. A typical heat pulse 

cycle is shown in Figure 5. The intersections of these extrapolated 

curves with a vertical through the midpoint of the heating cycle 

then represent the initial temperature T and the final temperature 

13 

T^. The quantity (T -T ) then represents the true change in tem

perature of the sample due to the joule heating of the coil. 

The validity of this approximation becomes obvious if one con

siders the following case. If the preheating drift curve is linear 

in time, it is reasonable to assume that it would have continued to 

lose or gain energy as before if the perturbation had not occurred. 

Likewise, if the postheating drift curve is linear in time it will 

appear as a second thermodynamic system, identical to the first except 

at a higher initial temperature. Therefore the extrapolation of the 

drift curve amounts to taking the difference in energy of the two 

idealized systems in the limit as the transition time approaches zero. 

Several drift periods were monitored over long periods of time 

with respect to the heating cycle, all of which were linear in time. 

The slope of the drift curves changed only slightly with temperature, 

remaining positive (i.e. heat flow to the sample) when the specimen 

temperature was below that of the bath, and negative (i.e. heat flow 
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from the sample) when its temperature was above that of the bath. 

This indicates that the dominating contribution to heat leakage was 

due to conduction through the leads. Approximate calculations, based 

14 
on a scheme described by White, have shown that this term dominates 

both the radiation between the sample and can, and the conduction 

through the extremely rare gas in the sample chamber. Furthermore, 

if radiation or conduction from the top were significant, the slope 

would always be positive. Since this heat leakage is attributed to 

conduction through the leads, it is suggested that in future work 

longer leads should be used, as the conduction is inversely proportional 

to the length of the wire. 

A correction was made for the glyptal, which was used to insure 

good thermal contact between the heater and sample and between the 

thermometer and sample. The specific heat of glyptal was investigated 

by Pearlman and Keeson and found to be: 

2 -4 
C = 0,22 T X 10 erg/gm deg. 
V 

Using this equation, the heat capacity of the glyptal was calculated 

and subtracted from the total heat input to the sample. This cor

rection was calculated for each data point, and amounted to about 

.8% at 2.0*'K, and became smaller at higher temperatures. 

Since the heater and thermometer were separated by a small dis

tance in a real, rather than ideal, thermodynamic system, the question 

of how long it takes the system to come to thermodynamic equilibrium 

should be considered. It was found that at the extremely low tem

peratures considered in this experim.ent, essentially no time lag 

existed between heat pulse and temperature change. At higher tem-
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peratures, however, the time required to reach equilibrium became 

noticeable. Consequently, it was deemed necessary to extrapolate 

the postheating drift curve from several minutes after the heating 

period for temperatures above 6*'K. 

Results of these measurements are shown in Table 2 and plotted 

versus temperature in Figure 6. 

Continuous Cooling Specific Heat 

The characteristics of the continuous cooling method are the 

same as those of the "continuous warming" method described by Chochran 

16 

et al, who have given a complete and detailed analysis of the pro

cedure and its associated systematic errors. In the continuous cooling 

procedure a small controlled heat leak is established between the sam

ple and calorimeter. The magnitude of this heat leak is then deter

mined by balancing it with power in the heater until an equilibrium 

condition is reached. This procedure is repeated at successively 

higher temperatures until the heat leak as a function of temperature 

gradient has been established. The power of the heat leak may then 

be expressed as: 

9. P = 0 = G(T -T ) 
s o 

where G(T -T ) is an experimentally determined function of T , the 
s o s 

sample temperature, and T , the zero power equilibrium temperature. 

The temperature of the sample is raised, by supplying pov/er to 

the heater, and then allowed to drop back to the zero power equilib

rium temperature. During the cooling period the temperature of the 

sample ii.- measured as a function of time. The heat capaci':y is then 



TABLE 2 

HEAT PULSE SPECIFIC HEAT DATA 

IN UNITS OF lO'"̂  cal/mole-CK) 

24 

Tempera ture 
("K) 

2 .125 
2 .183 
2 .195 
2 .273 
2 .401 
2 . 4 4 1 
2.516 
2 .523 
2.539 
2 .546 
2 .595 
2 .685 
2 .690 
2.819 
2 .841 
2.972 
3.297 
3.704 
3.992 
4 .204 
4 .532 
4 .699 
4 . 9 6 1 
6.012 
6 .615 
7.570 
8.447 
9.502 

4 .521 
5.290 
4 .620 
5.820 
6 .538 
6.039 
7.976 
7.885 
8.108 
7.612 
8.704 
8.163 
8.555 

10.16 
10.90 
11.20 
16 .51 
22.24 
32 .13 
35.35 
45 .43 
52 .28 
6 6 . 4 1 

136.2 
206.5 
335.6 
4 8 9 . 1 
827 .3 
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given by 

10. C^= (dE/dT)^ = f^=P/(dT/dt) 

where P is given by G(T - T ). 

The value of G(T -T ) was observed several times throughout the 
s o ° 

experiment and was found to remain constant as long as the cryostat 

configuration was not changed. It was found that each time T was 
o 

changed, by changing the vapor pressure above the liquid helium bath, 

a new G had to be determined. This was due to the fact that G in

cluded all heat leaks both to and from the sample. 

By observing the temperature of the sample in its isolated po

sition, it was determined that stray heat leaks were positive and on 
-3 

the order of 10 ergs/sec. It is believed that the dominant factor 

in stray Iieat leak was radiation down the pumping tube, and therefore 

constant in time. The electrical leads in this experiment were 

longer Lhan those used in the heat pulse experiment, which accounts 

for the reduced thermal conduction through the leads. 

The vapor pressure of the liquid helium bath was monitored con

stantly with a mercury manometer to insure its stability. A closer 

measure of variation of bath temperature was to note the zero power 

equilibrium temperature of the sample at the end of each measurement. 

It was found that in all but one case T remained constant. 
o 

The results of the continuous cooling measurements are shown 

in Table 3, and plotted versus temperature in Figure 7. 

Discussion 

The elastic constants of Csl have been measured from 80°K to 
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TABLE 3 

CONTINUOUS COOLING SPECIFIC HEAT DATA 

IN UNITS OF 10~^ cal/mole-(°K) 

Temperature C 
C'K) 

1.895 3.084 
1.932 3.322 
1.971 3.911 
2.013 3.788 
2.059 4.240 
2.109 4.359 
2.164 4.816 
2.225 5.497 
2.294 5.704 
2.372 6.625 
2.462 7.139 
2.565 8.140 
2.686 9.145 
2.717 9.949 
2.788 10.12 
2.828 11.02 
2.865 11.63 
2.948 11.74 
2.995 12.76 
3.039 13.71 
3.137 14.74 
3.217 15.86 
3.273 17.50 
3.332 18.38 
3.490 20.31 
3.663 23.23 
3.836 27.06 
3.966 32.15 
4.051 33.82 
4.306 41.89 
4.640 53.52 



28 

O 

10 

lO 

o ^ 
o 

CO 

z o 

2 t 

O 

o 
lO 

ID 
cvi 

o 
CM 

bJ 
ct: 
r> 
H 
< 

a: 
(jj 

CL 
:E 

K 
< 

UJ 
X 

o 
u. 
o UJ 
OL 
CO 

IN
G

 

_J 
o 
o 
o 

CO 
u o 
r> 
z 
i~ 
z o 
o 

UJ 
a 3 
1-
< 
Q: 
UJ 
0 
2 
111 K 

co 

R
S

U
 

UJ 
> 

o 
1 

UJ 
J o 
s 
\ 

-J 
< 

o 

If) 

UJ 
cc 
3 
o 
u. 



29 

300°K by Reinitz. During the course of this work, Vallin et al 

published their results for Csl at 4.2*K and at 77**K. Table 4 shows 

a comparison of the results obtained for overlapping temperatures. 

Figures 8, 9, and 10 show the temperature dependence of c,,, c, , , 
11 44 

and c respectively, extended to higher temperature by the measure

ments of Reinitz. From the figures it is seen that the temperature 

variations of c^^, c^^, and c » are 10.7%, 25.8%, and 16.2% respec

tively, from 4.2 to 300°K. The relatively strong temperature depend

ence of c, , is characteristic of other body-centered alkali halides 
19 

as reported by Marshall. The small temperature dependence of c-^, 

as compared to face-centered cubic lattices, is also characteristic 

of other alkali halides of the CsCl type structure. 

Using the Madelung constant ot = 1.762670 and the compressibility 

at 4.2''K, the lattice energy at O^K has been calculated to be 

U = 139 K cal/mole. 
o 

The general expansion for the specific heat at low temperature 

may be expressed as: 

11. C = AT"̂  + BT^ + CT^ 
v 

This general expansion corresponds to a frequency spectrum of the 

2 4 6 
form av + bv + cv which was derived for a perfect crystal utilizing 

the hamonic approximation mentioned in the introduction. According 

20 3 

to Debye's theory, however, the specific heat should obey a T law 

at sufficiently low temperatures. In Debye's theory, most of the 

atoms are considered to be in their zero-point energy states at very 

low temperatures. The characteristic Debye temperature (6 ) then 



TABLE 4 

A COMPARISON OF THE ELASTIC CONSTANTS OF Csl 

IN UNITS OF dynes/cm^ x 10'̂"'̂  

30 

Temperature 
("K) 

77 

4.2 

Reinitz 

11 

'44 

12 

11 

'44 

12 

2.669 

.812 

.769 

Vallin 

2.678 

.789 

.771 

2.737 

.825 

.793 

Present 
Work 

2.667 

.819 

.730 

2.725 

.873 

.767 
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serves as an empirical parameter relating the elastic properties of 

a crystal to its calorimetric properties. 

The Debye characteristic temperature, as determined from spe

cific heat measurements, is plotted versus temperature in Figure 11. 

The solid line represents a least squares fit to the expression: 

12. 9 = A + BT + CT^ 
o 

The values of the coefficients have been determined as follows: 

A = 129.313, B = -0.4444, C = 0.001359 

From the least squares fit the Debye temperature at T = 0*'K is found 

to be 129.3°K. On the other hand, if one assumed an exact T depend

ence of the specific heat below 4°K, the value of 9 is found by an 

o ^ 
arithmetic average of the data points below that temperature which 

o 

gives 125.6*'K. Figure 12 shows a plot of C /T versus T. The solid 
v 

line is a least squares fit to equation 11, with the following values 

for the coefficients: 

A = 4.195 X 10~^, B = -0.05834 x 10~^, C = -4.136 x 10~^. 

3 

A more realistic fit to the data seems to be that of a T de

pendence below 4°K, as shown by the dashed line in Figure 12. Below 

4**K it appears that most of the oscillators are in their zero-point 

energy state. At temperatures above 4'*K the specific heat shows a 

rapid increase, indicating that a large number of normal modes of 

oscillation are being excited out of their zero-point energy state. 

At this point it should be noted that the scatter in the con

tinuous cooling data did not show significant improvement over the 
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heat pulse data. It was found, however, that the number of data 

points per unit temperature could be significantly increased using 

the continuous cooling procedure. The time required for a single 

heat pulse data point was much greater than that required for a con

tinuous cooling data point. During the experiment the liquid helium 

bath was constantly boiling as a vacuum was held above it. There 

was, therefore, only a limited amount of time (usually about two 

hours) in which to take measurements before the level of the helium 

fell below the top of the calorimeter. For this reason it was pos

sible to obtain many more continuous cooling data points than heat 

pulse data points in a single run. 

The increased number of data points reduces the uncertainty in 

the data for a given percentage scatter and is therefore advantageous 

On the other hand, continuous cooling data requires that thermal cur

rents be present for the system to function, and hence does not rep

resent an equilibrium condition in the sample. In order that the 

continuous cooling data may approximate an equilibrium condition, it 

is necessary that the heat leak and heater power level be kept small 

in comparison to the thermal conductivity of the sample. 
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APPENDIX I 

ORIENTATION OF SINGLE CRYSTALS 

BY THE USE OF 

X-RAY DIFFRACTION 

(With special emphasis placed on the Laue 

Back Reflection technique of aligning 

cubic single crystals) 



ORIEOTATION OF SINGLE CRYSTALS 

BY THE USE OF 

X-RAY DIFFRACTION̂ -"" 

In studying the properties of solids one finds that most of 

them are composed of atoms arranged in a pattern which is periodic 

in three dimensions. Such a solid is called a crystal. If the same 

periodic relation holds throughout the solid it is called a single 

crystal. Since these patterns are in general, anisotropic, the phys

ical properties of the crystal are usually directionally dependent. 

As an example of this dependence, the velocity of sound in a crystal 

depends on the direction of propagation with respect to the crystal 

axes. Therefore if one wishes to measure any of these physical 

properties it is necessary to know the orientation of this periodic 

structure within the sample. 

Crystal Lattices 

The periodic structure referred to above is called the lattice 

structure of the crystal. In crystal orientation one usually works 

with point lattices which may be defined as an array of points in 

the crystal so arranged in space that each point has identical sur

roundings. These points are called lattice points. If we now pass 

planes through the rows of lattice points we will find that the solid 

is divided into a set of unit calls each one identical to all the 

others. A general point lattice is shown in Figure 13a. 

The French crystallographer, Bravais, has demonstrated that there 

40 
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Figure 13a. A Point Lattice 

41 

Figure 13b. A Unit Cell 
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are fourteen possible arrangements of point lattices. Thus the four

teen lattice groups are called "Bravais Lattices." Tne differences 

between the various point lattices may be described in terms of the 

angles between the lattice planes and the distances separating them. 

If one lattice point is picked as the origin and vectors are drawn 

along the intersections of the planes from the origin to each of the 

nearest lattice points, the unit cell is described (see Figure 13b). 

The vector coordinates of any point in the lattice then are Pa, Qb, 

Re. If the point is another lattice point then P, Q, and R are in

tegers. Of particular interest to us is the case in which a = b = c, 

and a = 3 = Y = 90°. This is the configuration of a cubic lattice. 

As can be seen from Figure 14 there are three variations of the 

cubic lattice, the simple cubic in which there is a lattice point at 

each corner of the cell, the body centered cubic in which there is 

a lattice point located in the geometric center of the cell in addi

tion to the lattice points at the corners, and the face centered 

cubic which has the corner points plus a point in the center of each 

face of the cube. 

It would seem on first consideration that there would be more 

than fourteen possible arrangements of lattice structures, but upon 

further study we find that any other structure can be divided further 

into one of the basic fourteen. As an example, a face centered cubic 

crystal could also be classified as rhombchedral structure, but we 

prefer to look at it as a variation of a cubic structure because of 

the higher syrmietry displayed by than crystal group. 

It is important to note at this time the syirjcietry displayed by 
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the various lattice structures. We immediately recognize the high 

degree of symmetry possessed by the cubic cell. There is a four fold 

rotation axis through the center of two opposite faces, a three fold 

rotation axis along the body diagonal, and there is two fold rota

tional symmetry about an axis through the center of two opposite 

edges. The other crystal systems display other symmetry operations. 

This concept of symmetry should be kept in mind as it is helpful in 

analyzing x-ray diffraction pictures of a particular lattice struc

ture (see Figure 15). 

We may define a direction in the crystal by drawing a line par

allel to the particular direction under consideration through the 

origin and specifying the vector coordinates of any point on the 

line. The unit vectors for this specification are along the inter

sections of the lattice planes and are of length equal to the separa

tion distance between the respective lattice planes. Let u, v, and 

w be the coefficients of the unit vectors; then we may write [uvw] 

in square brackets to specify any direction, where a bar is used to 

express a negative index ([uvw]) as shown in Figure 16. Because of 

the symmetry of certain lattices some directions are equivalent. 

They are directions of a form. Angular brackets are used to indicate 

all equivalent directions (<uvw>). 

The direction of a plane may be specified by the direction of 

its normal in the manner described above, or in a manner made popular 

by an English crystallographer. Miller. In the manner described by 

Miller, we take the crystal axes as the coordinate system and describe 

the plane by its intersection with these three coordinate axes (see 
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Figure 15. Symmetry Elements of a Cube 

(a) Reflection plane 
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(c) Inversion center 
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Figure 16. The Equivalence of Directions 
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Figure 17). Using this method the plane crosses the a axis at pa, 

the b axis at qb and the c axis at re. If a plane is parallel to a 

given axis then the coefficient of that unit vector is taken as in

finity. The Miller indices are then h, k, and 1 where h:k:l = 1/p: 

l/q:l/4 and are written (hkl). The Miller indices are always divided 

by the largest common denominator making them the smallest integers 

which conform to the ratio prescribed for them. Thus there is no 

ambiguity since all planes which are parallel to each other are equiv

alent. 

Although not generally true of all crystal systems, it is con

venient to remember that since in the cubic system the crystal axes 

are mutually orthogonal, a plane (hkl) in that system has the normal 

[hkl]. It should also be remembered that since all parallel planes 

are equivalent the Miller indices (hkl) not only represent the plane 

nearest the origin but all planes which are parallel to that plane. 

As is the case with crystal directions, the symmetry of a particular 

crystal system causes certain crystal planes to be equivalent. These 

are called planes of a form and are represented by {hkl}, which stands 

for the whole set of equivalent planes. 

Another generalization which is helpful in analyzing x-ray diffrac

tion pictures is the concept of zones. Any set of nonparallel planes 

are. all parallel to a common line when they all intersect at the same 

line. Their line of intersection is then parallel to all of the planes 

and is contained in every plane. It is called the zonal axis. The 

zone, which is the set of planes parallel to the zonal axis, is spec

ified completely by giving the directional indices of the zonal axis. 



Figure 17a. Direction of a Plane 

lA 2A 3A 4A 

Figure 17b, Miller Indices 
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The normals to all the planes of a zone form a disc which is normal 

to the zonal axis. 

The Stereographic Projection 

Although crystal drawings made in perspective or in the form of 

plan and elevation have definite usefulness, they are not sufficient 

to show the proper angular relationships between planes. But in 

crystal orientation it is the angular relationships that we are pri

marily concerned with. We must therefore use some method of repre

senting and measuring these angles between planes graphically. The 

equiangular stereographic projection serves this purpose. 

Consider the sample crystal located at the center of a large 

sphere. We can now represent the planes of the sample crystal by 

the normals to those planes which radiate outward from the center 

of the reference sphere. These plane normals will then intersect 

the surface of the sphere to form a set of points called poles. The 

orientation of the plane may then be determined by the position of 

its pole. The orientation of the plane may also be determined by 

the intersection of the plane itself with the reference sphere. The 

trace of this intersection will be a great circle since the plane 

passes through the center of the sphere. By the definition of a zone 

it is easily seen that the intersections of the normals to the planes 

of a zone with the sphere also lie on great circles. The angle between 

two planes is the angle between their traces or the angle between 

their normals. The normals are represented by poles and the angle 

between them must then be measured along a great circle, as shown in 

Figure 13. 



*0I0 

100 

Figure 18. Representation of a Plane on a Reference Sphere 

projectioa pUoe 

bfcsic circle 

4-
ob«rv«r 

reference 
sphere 

point of 
projectior 

SECTION THROUGH 
AB AND PC 

Figure 19. The Stereographic Projection 



50 

Since we prefer to measure angles on a flat sheet of paper rath

er than on the surface of a sphere, we must use a projection of the 

sphere on a plane. Since we are interested in measuring the angles 

between planes we would choose a projection which preserves the an

gular relationships characterized on the sphere. We therefore choose 

an equiangular stereographic projection with the plane of projection 

placed tangent to the sphere. The projection source is then placed 

on the opposite end of the sphere diameter which is normal to the 

projection plane. The observer views the projection from the side 

opposite the source, as depicted in Figure 19. 

It will be noted that the great circle on the reference sphere 

which is parallel to the projection plane will be projected as a 

great circle. All points between this great circle and the projec

tion plane will fall inside this circle and points between the great 

circle and the source will fall outside this circle. We usually 

therefore, project only one hemisphere at one time and reverse the 

direction of projection to see the other side of the sphere. 

A useful tool in constructing the stereographic projection is 

a Wulff net (see Figure 20). It consists of a circle connected at 

the top and bottom by a series of circular arcs which are the projec

tions of great circles separated by equal angle increments (usually 

2"). It is ruled horizontally by a set of arcs which are the pro

jections of lateral small circles on the'reference sphere separated by 

equal angle increments (also 2"). 

The angles between two planes can be measured by the angular 

separation between their poles if and only if their poles lie on the 
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F igure 20. Wulff Net (Drawn to 2** I n t e r v a l s ) 
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same great circle. In any case, the angle between two planes can 

always be measured between the traces of the planes which lie on the 

great circles 90° from the poles of the planes. This method, however, 

is usually not as accurate as the measuremer:t between poles. The 

normal procedure, therefore, is to plot the poles on drafting vellum 

placed on top of the Wulff net. Then the Wulff net is rotated under 

it (shown in Figure 21) until the poles lie on the same great circle. 

Since any two nonparallel planes constitute a zone it is easily shown 

that some great circle can be found which contains the poles of any 

two planes. In fact that same great circle contains all the poles 

of the zone described by the two planes. 

Now since the angular relationships between planes in any par

ticular lattice structure remain fixed, the problem of determining 

the orientation of the crystal is reduced to that of identifying the 

poles. This is done by measuring the angles between planes or their 

poles and comparing these angles to a prepared table of angular re

lationships for the particular lattice under consideration. Table 5 

gives angular relationships for cubic crystals. 

Another helpful tool in analyzing a set of poles is the stand

ard projection. Typical standard projections are shown in Figure 22. 

It is a projection of the important poles of the crystal with some 

principal plane used as the plane of projection. It shows at a glance 

the symmetry to be expected in the chosen direction. It also shows 

the relative positions of the principal poles. A standard projection 

is useful when we are just trying to check the orientation of a crys

tal which has already been aligned. 



53 

Figure 21a. Method of Finding the Trace of a Pole 
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Table 5. Interplanar Angles (in degrees) in Cubic Crystals 

Between Planes of the Form {h,k,l} and {h2k2l2^ 
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X-Ray Diffraction 

In order to obtain the stereographic projection for a given spec

imen, we must be able to find the orientation of several lattice 

planes within the sample. The stereographic projection may then be 

used to determine the direction of orientation. This may be accom

plished by the use of x-ray diffraction. First used by Max VonLaue, 

the method of x-ray diffraction was simplified and explained by 

W. H. and W. L. Bragg over fifty years ago. It was found that since 

the wavelength of x-rays were on the same order of magnitude as the 

interatomic spacing in a typical crystal, a diffraction pattern sim

ilar to that obtained by light incident upon a diffraction grating 

could be observed. The same model used to explain the diffraction of 

light may then be applied to describe the diffraction of x-rays by 

crystal specimens. The condition for reinforcement of the scattered 

x-rays being that the difference in path length between the diffracted 

beams must be equal to an integral number of wavelengths of the in

cident radiation (see Figure 23). This condition is satisfied when 

the Bragg equation is satisfied: 

nA = 2dsine 

where X is the wavelength of the incident radiation, d is the inter

atomic spacing, 9 is the angle of diffraction and is equal to the 

angle of incidence, measured between the diffracted beam and the 

diffracting plane and between the incident beam and the diffracting 

plane respectively. The order of the diffraction is given by n. It 

will be noted that since the angle of incidence is equal to the angle 
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of diffraction the effect is similar to that of light reflected from 

a mirror, thus the term back reflection. 

It should be pointed out at this time that monochromatic radi

ation incident at an arbitrary angle in general will not satisfy the 

Bragg equation and therefore will not in general produce diffraction. 

We are faced then with the experimental problem of assuring that 

diffraction will occur in a number of directions in any particular 

photograph of a crystalline sample. This is accomplished by one of 

three methods. One is by allowing a monochromatic x-ray beam to fall 

on a powder sample. The random orientation of the powder particles 

assures us that enough of them will satisfy the Bragg law to produce 

diffraction. This method is obviously not very useful in crystal 

orientation. Another method of satisfying the Bragg law is to cause 

monochromatic radiation to be incident on a rotating single crystal. 

It is then assured that the Bragg angle will be passed through in 

the rotation. But again this method does not lend itself easily to 

crystal orientation. The third method and the most applicable to 

crystal orientation is the Laue method. It consists of a beam of 

white radiation directed toward a stationary single crystal. The 

crystal acts as a filter then, choosing the wavelengths that satisfy 

the Bragg law and diffracting them. 

The geometry for two variations of the Laue method is shown in 

Figure 24. The first is the Laue transmission method, so called be

cause the diffracted beam is partially transmitted through the crys

tal and recorded on a flat piece of film on the opposite side of the 

crystal from the x-ray source. The second is the Laue Back Reflection 
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(•) 

(b) 

Figure 24. Location of Laue Spots 

(a) Transmission Method (b) Back Reflection Method 
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Figure 25, Laue Photographs 

(a) Transmission (b) Back Reflection 
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method in which the diffracted beam is recorded on a flat sheet of 

film located between the crystal and the x-ray source with a hole in 

the middle to allow the incident beam to pass through without exposing 

the film. In each case, the diffracted beams appear as a pattern 

of spots on the film (see Figure 25). 

Laue Back Reflection 

Using the back reflection method, the crystallographer must 

transfer the diffraction spots from the film to a sheet of drafting 

vellum which in turn is placed under a Greninger chart. A Greninger 

chart is a plot of the polar and azimuthal angles on the reference 

sphere as they would appear projected on a flat piece of film from 

a reflection. We may construct a Greninger chart in the following 

manner. From the vantage point of the crystal construct a coordinate 

system such that the incident beam proceeds along the z axis and the 

x and y axes lie in the plane of the film. Then as in Figure 26a 

consider the zone with zonal axis c inclined at an angle <^ with respect 

to the z axis. The disc described by the normals to the planes of 

a zone intersects the film in a straight line AB. Now since the zone 

normals bisect the angle between the incident beam and the reflected 

beam; 

x = OS sin y, y = OS cos y, 

and OS = OC tan2a 

where OC = D - the specimen to film distance. Then 

FN CF tan6 tan6 
tany = FO CF siny siny 
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ON ^ FN 1 ^ CF tan5 1 
OC siny CF cosy siny CF cosy 

tan6 

siny cosy 

Now for constant values of y and 6 one can vary the parameters y and 

a to plot the Greninger chart as in Figure 26b. Now from the Greninger 

chart the angular coordinates of the normal to the plane which pro

duced the spot can be read directly. 

There are several existing methods of transferring poles to the 

stereographic projection. Probably the most straightforward method 

is to determine the hyperbola common to one particular zone, then 

transfer the poles on this hyperbola directly to the stereographic 

projection by means of the angular coordinates y and 6 (see Figure 27), 

remembering that 6 must be measured along a great circle since all 

the poles of a zone lie on a great circle. The trace of a zone and 

the zonal axis may then be determined. Figure 28 shows a stereographic 

projection corresponding to the back reflection pattern of Figure 25b. 

The analysis is then carried out according to the method prescribed 

previously. 

It is helpful in the analysis to remember that the zonal axis 

will usually be of low indices and the intersection of two or more 

zones is always in a direction of low indices. Once the poles are 

plotted the analysis is primarily a problem of trial and error. One 

pole is assumed to be in a chosen direction and the angles between 

it and other poles are measured to see if they correspond to known 

angular relationships. If they do, then the assumption was correct 
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a Reflecting Plane on a Stereographic Projection 
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Figure 23. Stereographic Projection Corresponding to 

Figure 25b. 
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and the direction of other, spots may be found accordingly. If the 

angular relationships for this direction do not correspond to the 

known angles then the initial assignment was incorrect and the di

rection should be reassigned. 
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THE THEORY OF SPECIFIC HEATS OF SOLIDS^^ 

A central result of classical statistical mechanics states that 

in thermal equilibrium the average value A of any quantity A(p,q) 

which is a function of the coordinates q and the conjugate momenta 

p of a system is given by: 

2.1 I - /A(p.q)e-^(P'^>^'-^ dSdS 

where E(p,q) is the energy of the system. 

If there are N particles and cartesian coordinates are used, 

we have 

P ' KV Pyl' Pzl' Px2' Py2' Pz2 ••• Pxn' Pyn' Pzn>' 

and 

q H (x^, y^, z^, x^, y^, Z2 ••• \ ' y^' \'>-

The integrals in equation 2.1 are to be taken over the entire 

region of variation of each independent variable. 

Here it is assumed that the atoms in a solid interact with har

monic forces, (i.e. forces which are proportional to the relative 

displacement from some equilibrium position). The total energy of 

a harmonic oscillator in thermal equilibrium is given by the sum of 

its potential and kinetic energies: 

2 
E = -^ + 1/2 Kq where o) = K/m 

2m ^ 

2 
Thus E = ̂  + 1/2 mo) q . 

Zm 
65 
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The average energy of the oscillator is then given by 

2 ^ 2 
r,£^ a- 1 2 2 " 2^ - ̂ '̂  ̂  /2kT 

2 • • 

r e- 21̂  - - -j'/̂ l̂ T dpdq 

Upon evaluating 2.2 the average energy is found to be 

E = kT 

for a simple harmonic oscillator in one dimension. Then for N har

monic oscillators in three dimensions the internal energy is 

U = 3NkT. 

For one mole of a substance N is equal to Avagadro's number, and 

U = 3RT 

where R is the gas constant. The specific heat capacity of a body 

at constant volume is defined as 

C = (-̂) V ST^V • 

The lattice contribution to molar heat capacity is the 

2.3 C = (nr=r~) = 3R - 6 calories/deg mole, v 9T V ' & 

This result, known as the classical Dulong-Petit Law, is i.n good 

agreement with the observed heat capacities of many solids at high 

temperatures, but the agreement fails drastically at low temperatures, 

The heat capacity of non-metallic crystals has been observed to obey 

3 
a T dependence at very low temperatures. 

Einstein Model of Lattice Heat Capacity 

Einstein developed a simple model to account for the tendency of 

the lattice heat capacity to decrease at low temperatures. In his 
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model, Einstein treats the vibrations of a lattice of N atoms as a set 

of 3N independent harmonic oscillators in 1 dimension. Each oscil

lator has the identical frequency v. He then quantizes the energies 

of the oscillators into discreet energies hv, with E = nhv possible 

energy levels. Here h is Planck's constant and defining-ti as h/27T 

we see that: 

E = nfioi. 

The average energy for each oscillator may then be described as 

V , -nTico/kT I nhwe 

2.̂  E = ̂ =° 
-nfioo/kT 
e I 

n=o 

Upon reduc t ion , equation 2.4 y i e l d s 

flu) 
2 .5 E = fioo/kT 

e - 1 

At high temperatures, kT >> hco and the denominator of 2.5 can 

be expanded as 

f̂ia3/kT _ 1 = 1 + ̂ .̂/î T + (1103/kT)̂  + . . . - 1 =̂  ll . 

- 9E 
Thus E ^ 3NkT or C = (-rrr)̂^ ^ 3R 

V d i V 

and the Einstein value approaches the classical value at high tem

peratures. At low temperatures "fia) >> kT and we see that: 

- -. -fica/kT 
E == -nooe 

As T approaches zero the heat capacity approaches zero as 
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2.6 C - Nk (^)2 g-̂ /̂̂ T 

V k̂T 

The exponential factor is dominant in the limit as T approaches zero. 

Therefore the low temperature Einstein specific heat varies as 
-^oj/kT . 
e . This expression gives a fairly good approximation of the 

observed low temperature drop in heat capacity provided a proper 

choice of w is made. It is convenient to discuss the model results 

in terms of a characteristic temperature d„ defined as: 
£ 

9 = -Ka)/k. 

The Einstein characteristic temperature is said to have a particular 

value when the resulting characteristic frequency produces a moder

ately good fit from equation 2.6 to the experimental values over a 

wide: range in temperature. 

Debye Model of Lattice Heat Capacity 

The Einstein model predicts a decrease in C with temperature 

that is much more rapid than is observed experimentally. This result 

is a consequence of the oversimplified frequency characteristics of 

his model. In actuality the atoms in a crystal are not independent 

but large regions (relative to the lattice spacing) oscillate together 

coherently (for low frequencies). More realistic results were ob

tained by Debye, who considered the vibrational modes of the crystal 

as a whole assuming a "continuum crystal." 

Consider a continuous medium in the shape of a cube of edge L 

and assume the faces to be fixed. The three-dimensional wave equa

tion assuming u(x,y,z,t) represents the deflection of the string at 
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the points x, y , and z at the instant "t" i s 

9^u , i j J ^ ^ ^ 1 9^u 

ax^ 3y^ 92^ c^ 9t^ 

where C is the velocity of the wave. 

Since the faces are fixed, the possible standing wave solutions 

are 

u(x,y,z,t) = Asin(n w—)sin(n 7i7-)sin(n Tr7-)coscjt. 

X L y L z L 

Substituting this solution into the differential equation, we obtain 

for the possible modes of vibration 

s 

Debye assumed that the velocity of sound (C ) would hold for low 

frequencies. 

To determine the number of possible normal modes of vibration, 

Z(v)dv in the frequency interval between v and v + dv, we consider 

a network of points, each point being determined by three cartesian 

positive integer coordinates n , n , n . Thus the radius R to any 
X y 2 

point in this space is given by 

o2 2 _̂  2 _̂  2 _ 4L^D^ 
R = n + n + n = — z — • 

X y z ^2 
s 

The volume of this section of the shell between R and R + dR is 

2 
1/8(4TTR dR). Therefore, if we assume that each point occupies a unit 

volume in integer space, the number of points in the shell is 

l/8(47TR^dR). 
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Thus each point corresponds to a set of three integers, n , n , n , 

and each set of integers determines a possible mode of vibration. 

Since R 2 = ^ ; R = 2 ^ ; dR = f^ dv 
Cg s s 

C 

or ^^ ̂  "21 '^^' 
2 2 

Thus: Z(v)dv = i/8(4TT)(-̂ ^̂ -)(|̂ )dv 
C^ s 
s 

or: Z(v)dv = (-^)v^dv. 

s 

In the case of elastic waves the velocity of C transverse waves 

and C longitudinal waves will not be equal. To set up the expres

sion for Z(v)dv it should be distinguished that for each frequency 

or wavelength, there are two transverse modes and one longitudinal 

mode: 

Z(v)dv = 4TTV(-|+ ^)v^dv. 

Debye Approximation 

Debye assumes that a continuum model may be employed for all 

possible vibrational modes of the crystal. Furthermore, the fact 

that the crystal actually consists of atoms (discreet particles) is 

taken into account by limiting the total number of vibrational modes 

to 3N, N being the total number of atoms. In other words, the fre

quency spectrum corresponding to a perfect continuum is cut off so 

as to comply with a total of 3N modes. 

The Debye cut-off procedure leads to a maximum frequency v . 
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or 

/ ^ Z(v)dv = 47TV(-4 + -i) / ̂  ̂ ^dv = 3N, 
D Ĉ^ Ĉ^ 0 

3 
2 1 ""D 

^t ^i 

Thus 

3 9N . 2 ̂  l.-l 
D̂ = 4^(;3 + 3) • 

^t ^l 

This method assumes that the velocities C„ and C are independent of 
2, c 

the wavelength as in a continuum. 

Associating with each vibrational mode a harmonic oscillator of 

the same frequency, we can use the average energy of the oscillator 

already derived for the Einstein case. Thus: 

;; r̂ D ^/ < hv , , „. 2 ̂  1. /̂ D hv d 
^ " -̂  ^^""^ "hWkT '̂' " "̂"̂ "̂3 '^1^ ^ "hWkT • 

0 e'̂ ''̂ ^̂  - 1 cr Cf 0 ê ""̂ *̂ ^ - 1 t i 

Let X = hv/kT 

and define 0^ = hv^/k, x = e_/T 
D D m D 

X 3 
,9N. ,kT.3.kT., r m x dx 

or 

-D " " 0 e^-1 

E = 9N( / ) \T r"'"" 
% 0 e"" - 1 

For high temperatures, T >> 9 , x is small compared with unity 

for the whole range of integration. The denominator then becomes 
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e - 1 = 1 + X + xV2 + ... - 1 - X. 

Tv3, m 2 Thus E = 9N(-T̂ )-̂ kT / °* x^dx. 
0 

.8E, Thus E = 3NkT and C^ = (|^)^ = 3Nk = 3R. 

For very low temperatures, 9̂ ^ » T. Then the upper limit of 

integration becomes very large and may be replaced by =°. Thus 

« 3, 00 4 
X dx = 5 y _i ̂  £_ 

0 e'^-l' l h * " l 5 

and 

Thus 

E = 3/5 TT̂  NkT(T/9 )^. 

C^ = TT̂  12/5 Nk(T/9j^)^. 

This T law should hold for T < 9/50. 




