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ABSTRACT 

The quiescent inverse scattering problem for multi-component hyperbolic sys

tems of first order in spatial one dimension involves the reconstruction, from 

boundary data for V', the real inhomogeneity matrix B{z), under the assumption 

that i/j satisfies the system of equations, 

Here I/J = 'tl){z,t) is a.nn vector, and J4 is a known constant nxn diagonal matrix. 

The approach to be adopted in this work towards the solution of this problem 

deals with the scattering operator for L, rather than the above differential system 

itself. Thus the first significant result of this dissertation is the development of a 

set of integro/partial-differential equations (the time-dependent invariant imbed

ding equations) satisfied by the scattering operator. The initial value of this set 

of equations is obtained by computing the discontinuities in the Riemann-Green 

function for the operator L. These discontinuities are directly related to the off-

diagonal elements of B{z), and thus the relation between the discontinuities in 

the Riemann-Green function and the elements of B{z) defines a local one-to-one 

correspondence between the elements of B{z) and the reflection and transmis

sion functions, the latter being defined in terms of the Riemann-Green function 

(matrix). This one-to-one correspondence, which supplies an important link be

tween the inverse problem data and the elements of B{z), is also used to induce 

a natural decomposition of B{z) in terms of the data to be used in the inversion 

scheme (e.g., right reflection data only, right reflection and left transmission data 

only, etc.). This one-to-one correspondence between the kernels of the scatter

ing operator and the elements of B{z) constitutes the second significant result 

obtained here. 

The major result of this dissertation is the solution of the inverse scattering 

problem for semi-infinite media, for which only the invariant imbedding equation 

for the left reflection function (matrix) is utilized. The algorithm described for 
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this solution requires B{z) to be of the special form, 

B^^=G^\B^^) B^^ = G^\B''^) 
521 .^" = ^22(521) 

where the G*̂  are known matrices, and the above partition of B{z) is defined 

in accord with the positive and negative eigenvalues of A. Thus recovering the 

elements of B^'^{z) at each z yields B{z). Several examples of the reconstruction 

scheme are also presented. 

In addition, we fully analyze and describe the solution of the inverse scatter

ing problem for two-component systems in both the semi-infinite and bounded 

geometries. The majority of the results described in this dissertation for this 

problem may also be found in the literature. Our emphasis is on the meth

ods used to solve the inverse problem for the various geometries and a priori 

assumptions. This discussion includes, for instance, a brief description of the 

classic layer-peeling algorithm for semi-infinite media, as presented by Bube and 

Burridge, and the solution of the second-order hyperbolic equations by invari

ant imbedding for bounded media, as presented by Corones, Kristensson and 

Krueger. The method we employ later in this dissertation for the solution of 

the inverse scattering problem for n-component systems in semi-infinite media 

is an extension of the ideas used by Corones, Kristensson and Krueger, and in

cludes the layer-peeling algorithm for two-component systems as a special case. 

Our major contribution for the solution of the inverse scattering problem for 

two-component systems is in collecting the various results and presenting them 

under one framework. Finally, we briefly discuss how it might be possible to ex

tend this set of ideas to solve the general inverse scattering problem on bounded 

domains. 

It should be emphasized that the results of this dissertation are obtained 

by working entirely in the time domain, as opposed to the frequency-domain 

approach that often is used for such inverse problems. Further the reconstruction 

algorithm to be presented for the elements of ^ (2) in the semi-infinite setting is 

non-iterative. We also assume throughout this dissertation that the given inverse 

problem data is noise-free, and hence no smoothing of the data will be considered. 
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CHAPTER I 

INTRODUCTION 

1.1 PreUminary Remarks 

This dissertation is concerned with various aspects of the problem of recover

ing, as much as possible from boundary data for tp, the elements of an interaction 

matrix B{z) such that ^ satisfles a first-order hyperbolic system of the form, 

L(V') = a,V + Ad.tl^ -f B{z)'ip = 0, (1.1) 

where -0 = '^{^•,i) is an n-vector of real valued functions. The known matrix A 

is assumed to be of the form A = diag(/Xi)^_j, where, 

/Lii > . . . > /X,. > 0 > flr+l > ...> fin-

Throughout this work, we will assume that the information available for the 

reconstruction procedure are boundary and overposed boundary data only (i.e., 

noninvasive measurements). In particular, we assume that the system (1.1) is 

subject to zero initial conditions. 

Ideally one might wish to solve the above inverse problem on bounded do

mains with no a priori assumptions about the elements of B{z). This, as will be 

seen in Section 1.3, is impossible. It is a consequence of a result of Romanov [1] 

(see Theorem 2 of Section 1.3 for a more detailed discussion of this result) that B 

is not uniquely determined by even complete boundary data as described above, 

but this nonuniqueness is primarily associated (in a certain precise sense) with 

the diagonal elements of B. In particular, if the diagonal elements are a priori 

known, then the result of Romanov implies that the remaining elements of B 

are uniquely determined by such data. However, this result gives no method for 

constructing these elements while it is such constructive methods for determining 

B that are at the core of this dissertation. 

A brief summary of the contributions of this dissertation towards the de

velopment a constructive method follows. We derive a set of equations (the 



time-dependent invariant imbedding equations) that describe the behavior of 

the kernel of the scattering operator for the operator L appearing in (1.1) with 

respect to the endpoint(s) of the medium. The initial values for these equations 

are obtained by computing the discontinuities in the kernel of the scattering 

operator. These discontinuities are found to be constant multiples of the off di

agonal elements of B. Certain of these equations (the time-dependent imbedding 

equations for the reflection function) are utiHzed to solve the inverse scattering 

problem for semi-infinite media. This is the only geometry in which the inverse 

problem is solved in this work. Moreover, in this case some a priori assump

tions must be introduced about the elements of B[z). We now elaborate on this 

summary. 

The method we wish to pursue in constructing the solution of such inverse 

problems rehes on a set of integro/partial-differential equations for the kernels of 

the reflection and transmission operators of (1.1) (the time-dependent invariant 

imbedding equations, see Chapter 7 of Bellman and Wing [2]). These equations 

are of interest in their own right, for they describe the behavior of the reflection 

and transmission kernels with respect to the endpoint(s) of the medium. The 

equation describing the behavior of the reflection fiuiction with respect to the 

left endpoint of the medium is the basis for the solution of the inverse scattering 

problem in semi-infinite media, as will be described shortly. The initial values 

for the invariant imbedding equations are obtained (in Section 3.2) by computing 

the discontinuities in the Riemann-Green function for the operator L of (1.1) (see 

Courant and Hilbert [3], pp. 727-735). In Section 3.2, it will be seen that the 

discontinuities in the Riemann-Green function are directly related to the off di

agonal elements of ^ ( 2 ) , and this relation furnishes a one-to-one correspondence 

between the elements of B and reflection and transmission functions which are 

defined in terms of the Riemann-Green function (see Section 3.3). Moreover, the 

inverse problem data (i.e., the overposed data) is precisely all or certain of these 

functions evaluated at the physical boundaries (or boundary) of the medium. 

Hence this one-to-one correspondence establishes the first major link between 

the inverse problem data and the elements oi B[z). 

In order to explain how these ideas are utilized, and give a more precise de

scription of the problem and results of this work, we need the following concepts. 



V' out 

Zr+ 

v-i out 

Z 2 

Figure 1.1: The reflection and transmission functions. 

The reflection and transmission operators: Denote by 3?''"(9f?") and 2^"'"(^~) 

the reflection and transmission operators for the (vector) input i^tii'^in) (i-^-? 

V't̂  are the direct problem data). The " ± " on -01^ denotes the direction of 

propagation, that is, ip^ means that the input is propagating in the ±2 direction, 

see Figure 1.1 for a description, and Section 3.3 for precision (the preceding 

sentence is by no means intended to be a definition of these quantities). Denote 

by t/j^^ the output field, with " ± " having the same meaning as above. In the 

last Proposition of Section 3.3 we obtain the relation, 

^tut 
t out 

s+ 
9R-

3?-

5 -
tn (1.2) 

where 9R̂  and 5 * are Volterra integral operators. Let R^ and T* be the kernels 

of these operators (see Section 3.3 for details). 

The decomposition of ^ (2 ) : Rewrite ^ (2 ) in the form, 

B{z)^ 
B" B" 
B" B" 

(1.3) 

where the decomposition is defined in accordance with the positive and negative 

eigenvalues of A (see Section 1.2 for details). 

Remark: A consequence of the one-to-one correspondence between the ele

ments oi B{z) and the reflection and transmission functions is a natural identi-



fication of the form (see Section 3.3), 

B 11 >12 

}2\ B 22 

r+ 

i2+ 

R-
(1.4) 

Some crucial information is missing in equation (1.4), namely the points and 

times at which the reflection and transmission functions are evaluated, but this 

is not important for the present discussion. 

These ideas are exploited in the following manner. The algorithm we develop 

to solve the inverse scattering problem requires that if the B"^^ block of B{z) is 

to be reconstructed, then one must have access to the corresponding reflection 

or transmission data, which, as can be seen from (1-4), is the reflection data i?"*" 

(that is, the reflection data at the left end of the medium). Further, if this is all 

the data that is available, e.g., for the inverse scattering problem for semi-infinite 

media, then one must have some a priori relation between the B^^ block and the 

remaining B^^ blocks, and hence we have that B[z) must be of the form 

B(z) = 
B" = G"(B") B" = G'"(B") 

B" B" = G''^(B^^) 
(1.5) 

where G*̂  are known matrices. With these remarks in mind, we now state more 

precisely the problem central to this dissertation. 

Suppose we are given the system of equations, 

L{i,) = dti^ + Ad^ij^ + 5(2)V' = 0, (1.6) 

where the following conditions hold (see also Section 1.2). 

1. V = V'(2,0 = ({V'i(2,<)}r=i) ^̂  ^^ n-vector of real valued functions. 

2. ^ is a known diagonal matrix with distinct constant entries, none of which 

is zero. It will be assumed that the entries of A are Hsted in descending 

order along the diagonal such that the first r of these are positive. 

3. 5 (2) is an unknown real matrix that has compact support in the interval 

[a, 6] of the 2-axis. The elements hij[z) are assumed to belong to C(a.6), 



where C[a,b] denotes the space of continuous functions with domain in the 

interval [a, 6]. We will further assume that B{z) is of the form (1.5), where 

B^'^{z) is an (n - r) X r matrix (see Section 1.2). Let M C R^'^"^)^'' be 

the range of B^'^(z). The (known) matrices G'^ appearing in (1.5) will be 

assumed to satisfy the condition that G'^i (i.e., the {k,l) element of the G'^) 

is a continuous function from M into R. 

4. The system (1.6) is subject to the initial condition, 

V'(2,0) = 0, a < 2 < 6 , (1.7) 

and the boundary conditions, 

i^i{a,t) = ji[a,t), i = l , . . . , r , (1.8) 

where fi{-,t) G C(0,oo) has compact support in the interval [0,7i]. 

The problem we wish to address in this dissertation is: assuming that the above 

conditions are satisfied, and given the overposed data, 

i)i{a,t) = gi{a,t), i = r + l , . . . , n , (1.9) 

reconstruct the elements of ^2^(2), and hence, using the (known) G*^ matrices, 

reconstruct B{z), for a < z < b. 

Even though our interest is to solve the inverse scattering problem in semi-

infinite media (i.e., utilizing reflection data only), it is more convenient (and 

easier) to carry out the preHminary analysis for finite media. With this, we now 

state the major steps involved in obtaining the solution algorithm. 

1. The first step involves obtaining the integral representation 

-^outit) = Srl^Ut); (1.10) 

see Section 3.1 for details. There it will be seen that 5 is a Volterra integral 

operator. Denote by 5 the kernel of this operator, which will be defined in 

terms of the Riemann-Green function for the operator L oi (1.6). It is clear 

from (1.10) that 5(or 5) contains a wealth of information, in particular, 

S = S{B;a,b-t), 



where a and b are the endpoints of the medium. 

2. Obtaining the discontinuities in 5 . Let B'^{z) be the matrix with entries 

{^"(^)}r=i along the diagonal and zero otherwise, and let B°{z) = B[z) -

B'^{z). In Section 3.2 it will be seen that, for any a<x<b, 

S{B-x,x,0)^B''{x), (1.11) 

where ~ means 'directly proportional to. ' Since the reflection and trans

mission functions are defined in terms of 5 , the relation (1.11) furnishes 

the important link between the inverse problem data and the (to be re

constructed) matrix B°{z). The relation (1.11) provides the one-to-one 

correspondence between the reflection and transmission functions, and the 

elements of B°{z) mentioned eariier. This is carried out in Sections 3.2 and 

3.3. 

3. Obtaining the time-dependent invariant imbedding equations. This is the 

set of integro/partial differential equations that describe the behavior of 

the scattering matrix S with respect to the endpoints of the medium, i.e., 

dS ^ dS , , 
a^' ^"' -db' (̂ -̂ 2) 

This will be carried out in Chapter 4. The initial values for (1.12) are 

obtained from (1.11). 

4. The solution to the inverse scattering problem in semi-infinite media is ob

tained by utilizing a subset of the invariant imbedding equations obtained 

in step 3 above, namely the imbedding equations governing the behavior of 

the reflection matrix i?"*" with respect to the left endpoint of the medium. 

Because this set of equations is nonlinear, the solution is obtained numer

ically. In Chapter 5, the discretization scheme is described together with 

several examples utiHzing this scheme to solve the inverse scattering prob

lem in this setting. 

It should be emphasized at this point that our interest here is in solving 

the inverse scattering problem (in semi-infinite media) for hyperbolic systems 



of more than two components (i.e., when n > 2). Nevertheless, the inverse 

scattering problem for two-component hyperbolic systems is one of the most 

apphcable special cases of the problem, and thus warrants a special attention. 

The inverse problem for this case has been studied extensively over the past 

three decades, resulting in numerous research articles published in the field, and 

a variety of methods have been proposed to tackle special cases. Despite all of 

this, the full problem, in the sense of addressing the methods of solution as a 

function of the independent paTameter(s) to be reconstructed, has not yet been 

addressed. This we do in Chapter 2. The majority of the results (i.e., methods of 

solution) presented in this chapter are not original. Rather our main contribution 

is in collecting and presenting these results under one framework. Under this 

framework, the problem is decomposed into four separate cases, depending on 

the number and the location of the independent parameters to be reconstructed. 

Two of these cases have received all of the attention of researchers in the field, 

and thus the methods of solution are well known. Under this framework we are 

able to obtain the solution for the third case by reducing the problem to one of 

the earlier cases, while the fourth case does not admit a unique solution. The 

methods of solution discussed in this chapter include, for instance, the classic 

layer-peeUng algorithm, a recent summary of which may be found in the article 

by Bube and Burridge [13], and the integral equations methods (e.g., the time-

dependent Gopinath-Sondhi integral equation), a recent summary of which may 

be found in the article by Burridge [26]. We remark here that these methods of 

solution are special cases of the solution algorithm obtained in this dissertation. 

Also included in this chapter is a discussion of the method for solving the inverse 

scattering problem for 5econ(f-or(/er hyperbolic equations by invariant imbedding, 

the algorithm of which is due to Krueger [4]-[6], Corones and Krueger [7] and 

Kristensson and Krueger [8]-[ll]. 

It is appropriate at this point to mention that our results may be viewed as 

an extension of those of Krueger [4]-[6], Corones and Krueger [7] and Kristensson 

and Krueger [8]-[10]. Krueger and Weston [29] were the first, to the best of the 

knowledge of this author, to solve the inverse problem for dissipative and disper

sive second-order hyperbolic partial differential equations. These are equations 
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of the form, 

Uzz - utt + A[z)uz + C{z)ut = 0, (1.13) 

where the inverse problem here is to reconstruct the functions A{z) and C{z) 

from the overposed data. Next, Corones and Krueger [7] were the first, again 

to the best of the knowledge of this author, to recognize the utihty of the time-

dependent invariant imbedding equations for the solution of the inverse problem 

of (1.13). Even though the ideas of time-dependent invariant imbedding have 

been known for some time (see Bellman and Wing [2]), the necessary time-

dependent invariant imbedding equations needed by Corones and Krueger were 

not available, but were obtained by these authors using the techniques of the 

Redheffer star product [12]. Unfortunately, their derivation of these equations is 

too specialized for equations of the form (1.13), and does not easily generalize to 

two-component hyperbolic systems (recall that (1.13) is equivalent to a system 

of two-components, as shown in detail in Chapter 2), even less to systems having 

more than two components, which is where the main emphasis of this work lies. 

Thus Chapter 4 is devoted to the derivation of these equations as they would 

apply in the general situation. Section 4.2 includes a discussion of the relation 

between the time-dependent invariant imbedding equations obtained by Bellman 

and Wing [2], Corones and Krueger [7] and those derived here. 

As a final comment in these introductory remarks we mention two related 

points that lie in the background of this work. The reconstruction algorithm to 

be given is a time-domain scheme. Moreover, it will be assumed throughout that 

the inverse problem data are exact, and hence no smoothing of the data will be 

considered. 

A brief outline of the dissertation now follows. In Section 1.2, some back

ground information about hyperbolic systems of first order will be sketched, and 

the notation and the terminology to be used will be defined. A proof of the 

existence and uniqueness of the solution (in the classical sense) to the forward 

problem (1-1) will also be presented. This in particular furnishes smoothness 

conditions on the inverse problem data. The presentation follows along the same 

Hnes as that of Courant and Hilbert [3]. This section closes with some remarks 

about energy and its conservation for systems of the form (1.1), which, in turn. 

^ 



furnishes some conditions on the elements of B{z) that insure conservation of 

energy. In Section 1.3, we present some background material on inverse scatter

ing. The main objective of this section is to present some results related to the 

uniqueness of the inverse problem. It is appropriate to mention here that we do 

not have uniqueness results for the inverse problems to be considered. Section 

1.3 includes a discussion of various aspects of this difficulty. 

In Chapter 2, we consider the inverse problem for the simplest version of 

(1.1), the case n = 2 (the two-component system). Given an arbitrary 2 x 2 

interaction matrix B(z), we introduce a classification scheme in terms of the 

number and location of the independent parameters to be reconstructed, and 

briefly describe the available methods of solution for each of these cases. In 

Chapter 3, we obtain a representation of the solution to the forward problem on 

bounded domains in terms of the Riemann-Green radiation kernel (Courant and 

Hilbert [3], pp.727-735). In Section 3.2, the discontinuities in the Riemann-Green 

kernel are calculated. It will be seen there that these discontinuities are directly 

related to the n'^ —n off-diagonal elements of B{z). As was mentioned above, it is 

this one-to-one correspondence between the reflection and transmission functions 

and the off-diagonal elements of B{z) that lies at the heart of the algorithm for 

the solution of the inverse problems to be exploited here. The chapter closes 

with the definitions of the left and right reflection and transmission functions. In 

Section 4.1, the time-dependent invariant imbedding equations for the reflection 

and transmission operators and their kernels are derived, and in Section 4.2, we 

describe the relation of these equations to those obtained by Bellman and Wing 

[2] and those obtained by Corones and Krueger [7]. 

Chapter 5 is concerned with the solution of the inverse scattering problem 

for semi-infinite media presented earlier. The {n — r) x r equations for the right 

reflection functions, obtained in the previous chapter, are discretized (using the 

method of characteristics), from which the inverse problem data is generated 

first (i.e., the forward problem is solved first). An analytical example for the 

solution of the forward problem is also presented. This allows us to compare 

the accuracy of the above mentioned discretization. A slightly modified version 

of the discretization for the forward problem is applied to the overposed data 

to generate the solution to the inverse problem. Some examples of this are 

J9A 
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also presented. Chapter 6 concludes this work with a brief discussion of various 

possible further problems related to this work, 

1.2 General Remarks on Hyperbolic Systems 

The intent of this section is to present some definitions, notation and termi

nology to be used in this work, while at the same time collecting some basic facts 

about hyperbolic systems of first order. The sense of hyperbolicity that will be 

adopted here is that of Friedrichs [14]. That is, if E' is a real definite square 

matrix, A is a real synametric square matrix, and ii tp = -0(2,/) is an n-vector of 

real valued functions, then the system of equations 

EdtiJ^ ^Ad^ij) ^B7P = 0, (1.14) 

is called a symmetric hyperbolic system, (a hyperbolic system for short). Here 

B = B{z) = {bij{z)}^j^j is a real, bounded square matrix with entries in C[a,b]. 

In case the semi-infinite geometry is considered, we assume that there exists 

6 < oo such that JB(2) = 0 for 2 > 6. The matrix B is cdled the interaction 

matrix for it specifies how the vector if) reacts to the presence of the medium 

characterized by the elements of B. 

In what follows we take E to be the identity matrix. The majority of the 

results Hsted below may be found in Courant and Hilbert [3] or Friedrichs [14]. 

1. More generally, a system of the form (1.14) is called hyperbohc if A has 

real eigenvalues, a condition that is automatically satisfied if A is real symmetric. 

In this case it is well known that A is unitarily equivalent to a diagonal matrix. 

Without loss of generality, it will be assumed that a change of basis has been 

performed so that A as it appears in (1.14) is diagonal. 

2. For hyperbolic systems it is customary to call the components of V' waves. 

3. In case B(z) is constant on [a,t], the medium is said to be homogeneous, 

otherwise inhomogeneous. The interest here is in wave propagation in inhomo-

geneous media. 

4. The propagation velocities are the eigenvalues of A. There are no a priori 

constraints to rule out the cases of either multiple or zero eigenvalues. Moreover. 

if A is not a constant matrix, these eigenvalues could undergo a sign change 
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in [a, 6]. Each of these situations will present certain difficulties that are best 

avoided at this point. The subsequent material will be restricted to the case 

where A has real constant eigenvalues that are simple and bounded away from 

zero. Further, and without any loss of generality, the diagonal of A may be put 

in descending order. To summarize then, A = diag{/Xi}"_i, where the /x '̂s are 

real, constant, and are scaled and ordered so that, 

1 = /Xi > . . . > /Xr > 0 > flr+l > . . . > /X„. (1.15) 

5. It will be convenient to set, 

A± = diag(o-±(A)), 

where 

cr^(A) = {^i € A : ±^i > 0} 

(1.16) 

(1.17) 

and (r[A) denotes the spectrum (diagonal) of A. By i G (T'^(A) it is meant that 

i € { 1 , . . . , r } in the "+" case, and i € {r-f 1 , . . . ,n} in the " - " case. Notice that 

in the latter definition, cr'^iA) is used as an indexing set. Hopefully no confusion 

will arise from this double use of the symbol a^{A). 

6. Similarly, V' and B are partitioned in accord with the positive/negative 

eigenvalues of A. That is, 

V'±(2,0 = (Wi(^.0W±(A))'^. (1.18) 

(1.19) 

B^\z) = {bij{z)}i,i^.nA). 

B^^{z) = {bij{z)}ie^+(A)Je<r-{A), 

^ 2 1 ( 2 ) = {6ij(2)}iecr-(>l); je^+M), 

B^\z) = {bij{z)}ijec-{Ay 

The components V'+/- represent right/left travelling waves. With the above 

definitions, the coupled system (1.14) becomes a two-component problem, 

atV'++ >i+^.V'++ ^ ' V + + ^ ' V - = 0, 

atV'- + ^-^. '0- + ^ 'V+ + -S'V- = 0. (1.20) 

7. The classical theory of well-posedness (in the sense of Hadamard) (see 

Courant and Hilbert [3], pp. 226-230), dictates that the boundary conditions for 
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(1.14) are to be specified in accordance with the eigenvalues oi A: At 2 = a 

(respectively at 2 = 6) one specifies the vectors V'+(V'-). That is, 

^-(6,0 = /_(6,t). / ^^''^^ 

In case 6 = 00 we take /_(6, t ) = 0. It will be assumed that the boundary data 

has compact support in time, say in [0,1'], and that / i(- ,<) € C(0 , r ) . Ii B{z) is 

known, equations (1.14) and (1.21) together with the initial conditions, 

V'±(2,0) = 0, a<z<b, (1.22) 

constitute a forward problem. The issue of whether this problem admits a unique 

solution is addressed below. 

8. In order to specify the data for the inverse problem, one completes the 

specification of ip at the boundaries. This physically amounts to measuring the 

wave exiting the medium. That is, 

Mb,t) = s46,t) \ 
V'-(a,<) = s.(a,<), J ^ ' 

ii b < cx) and, 

tP.{a,t) = g.{a,t), (1.24) 

if 6 = 00. 

Before proceeding further, we consider some physical models giving rise to 

such problems. The important point here is that a particular physical model 

may provide some a priori information about B{z), or certain of its elements. 

To this end we have two application areas in mind: The first is the discrete-

ordinates approximation to the time-dependent neutron transport equation (or, 

what is the same thing, the radiative transfer equation) in either bounded or semi-

infinite geometries. The second area of applications is multi-component wave 

propagation in the same geometries as above. The neutron transport equation 

will be considered first. The source-free version of this equation in either setting 

has the form (see Chapter 1 of Duderstadt and Martin [15]) 
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= y^ A;(2,/x,/x') V'(2,i,/x')<i;x', (1.25) 

where 'ij){z,t,fi) is interpreted as the angular flux of particles at {z,t) traveUing 

in the direction /x = cos^, with 6 being the angle that the velocity vector makes 

with the 2-axis. The quantity is the total cross section, and l / S y is called the 

mean-free path. If z is measured in units of mean-free paths, we can take S^ 

to be unity. The scattering kernel, k{z,fi,fi), describes the expected number 

of particles originally travelling in the direction /x , suffering a collision at 2, 

and travelling in the direction fi. If the medium is assumed to be absorbing or 

conservative, we have, 

/ k{z,fi,fi') dfi < 1. (1.26) 

Notice that one integrates over different variables in the above and (1.25). In the 

discrete-ordinates approximation for (1.25), one assumes that the particles travel 

only along a finite set of direction cosines {/xi,... ,/x„}. In this approximation, 

one replaces /x —̂  /x̂  and '(l)[z,t,fi) —> ij)[z,t,fii) = xl)i(z,t). The scattering kernel 

k is approximated by a quadrature, 

k{z,fi,fi')il}{z,t,fi')dfi' ~ "^u;jkij(z)i)j{z,t) 

= J2iij{z)^Pjiz,t). (1.27) 

Equation (1.25) now reads, 
n 

dtM^,t) + fiidz-iPiiz^t) + ii^i{z,t) = Y,bij{z)ti:j{z,t). 

Upon letting, 

r f . f 1 - hi^) î  ^ = i' 
\ -btj{z) if I / ;, 

we obtain a system of the form (1.14). In the next section, where energy and 

dispersion relations for hyperbolic systems are considered, some restrictions on 

the elements of 5 (2) in this setting will be introduced. 

As another physical model, one can always obtain a system of first-order 

hyperbolic partial differential equations by reducing a higher order equation. 
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The most commonly encountered practice in this area is to reduce a second-

order hyperbolic equation to a coupled system of first-order equations. Chapter 

2 abounds with examples of such reductions, and hence a discussion of these 

approaches will be deferred until then. Otherwise, it is not easy to come up 

with systems of the form (1.14) such that A satisfies the stringent requirements 

imposed above. Two examples of such systems are the one-dimensional Lamb 

problem arising in the theory of elasticity, and Maxwell's equations. Both of these 

examples suffer from the fact that A has both zeros and multiple eigenvalues, 

and hence our methods do not directly apply to them. See Romanov [1], pp. 

166-207 for details. 

Next we address the existence and uniqueness of a solution ij) to the system 

defined by (1.14), (1.21) and (1.22). 

1.2.1 Existence and Uniqueness 

For any continuous vector function f[t) of the real variable t, and a fix:ed 

T > 0, we define the usual oo-norm, 

/lloo = max max | fi{t) |, 
0<t<T 1 

and let 

B ||oo= niax max | bij{z) |, 
a<z<h i,j 

denote the corresponding oo-norm on matrices. In case the problem is considered 

on semi-infinite media, we assume that there exists a b such that B{z) = 0 for 

z > b. Also, for r > 0 (fixed), let the oo-norm, for any ip{z,t) G C{[a,b] x [0,r]), 

be given by 

„ = max max max I tj^Az^t) I, 
0 < t < T a < z < 6 1 

and define Q by 

Q = { V ' ( 2 , 0 : V ' e C ( [ a , 6 ] x [ 0 , r ] , and HV'lloc < M } . 

Given the system of equations, 

dti^ +Ad,iJ; +Bil^ = 0, (1.28) 
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subject to the initial conditions, 

V'(2,0) = 0, - o o < 2 < oo, (1.29) 

and additional boundary conditions, we need to demonstrate the existence of a 

solution •ip{z, t) e C^([a, b] x [0, r]) . This would imply in particular that the inverse 

problem data (i.e., the overposed data) g±{t) are in C^([0,r]). But unfortunately, 

in order to demonstrate that i(y{z,t) £ C^{[a,b] x [ 0 ,T ] ) , we would have to assume 

that B{z) € C^la,b]. With regard to the inverse problem, it is best to relax 

the smoothness conditions on B{z) as much as possible in order to allow for 

as many appHcations as possible. Because differentiability requirements on the 

inverse problem data are not required in the ensuing analysis, we will require a 

solution of (1.28)-(1.29) to lie in Q only, i.e., a continuous but not necessarily 

differentiable solution. The following argument is along the Hnes of Courant and 

Hilbert [3], pp. 461-475. We consider the semi-infinite case first. 

P r o p o s i t i o n 1.1 Suppose that B{z) € C[a, oo) with \\B\\oo < Mi. Suppose fur

ther that the boundary data, 

i^^a^t) = f4t), (1.30) 

is such that, 

1. f4t)eC{o,oc), 

2. | | / + | | o c < M 2 , 

3. / - r (0 " compatible with the initial data, that is, /+(0) = 0. 

Then the system (1.28), (1.29) and (1.30) has a unique solution i}{z,t) in the 

class C([a, oo) x [ 0 , T ] ) . 

Proof: The idea is standard. At every {C,,T) 6 ([a,oo) x [ 0 , T ] ) we pass the n 

characteristics { ^ ^ ( C T ) } " ^ ! , and extend each of these backward in time until 

each characteristic intersects either the boundary 2 = a or the initial time t = 0 

(see Figure 1.2). Integration of the above system of equations between these 

initial times and the time t = r yields a system of Volterra integral equations 
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C - fliT + flit 

• 2 

to = 0 

Figure 1.2: The characteristic curves and the initial times, 

with a continuous kernel. The existence of the solution is then obtained by a 

contractive mapping argument. 

Let P = iCi'^) be such that ( > a and r > 0. Through P pass the n 

characteristics Ci{P) along which we have. 

Zi[t) = (, - fiiT-^ flit, fiiea-{A). 

Next rewrite equation (1.28) in component form. 

(1.31) 

n 
dtM^,t) ^Ad,M^,t) - f ^ 6 i , ( 2 ) V i ( 2 , 0 = o. (1.32) 

Upon replacing z by Zi{t), the above equation becomes a differential equation 

along the i*'̂  characteristic, 

d 

di 
'il^i{zi{t),t) =-'£bij{zi{t))'tPj{zi{t),t), i = l,...,n. (1.33) 

j = i 

Let 4 be the initial time at which the i*̂  characteristic intersects the boundary 

2 = a or t = 0, hence, 

T - (C - a)/fii, if fii e (T^(A), and r > ^ 

ti= \ 0, if fii e eT^{A), and r < 

0, if fii € CT-{A). 

[. — a 

Mi 
(1.34) 
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Integration of (1.33) between t = fp and t = r yields, 

MC.r) = i:i{zi{t\,),tl) - rY.hi5{zi[t))i,i{zi{t),t) dt. (1.35) 
*o j = l 

If we now let 

= (V ' i (2 : (4) ,4) , . . . ,V ' . (2 , ( i J ) , t ; ) ,0 , . . . ,0 ) , (1.36) 

then by the compactibiHty of the data it follows that the components of '̂0(2^(^0)7^0) 

are continuous functions. Equation (1.35) may be rewritten more compactly as, 

V>(C,T) =Vo(^(M,*o) - r B{z[t))xl^[z[i),t)dt. (1.37) 

For any "0 G (?, define the operator T by, 

(rV')(C,T) = - rj2^ij{zi{t))i(^jizi{i),t)di, i = l,...,n, 

and notice that T is bounded, 

iriloc < rMi, 

where Mi is the bound on .^(2). Thus T is a bounded Volterra integral operator 

with a continuous kernel, it foUows that T : Q -^ Q (see p. 37 in Fritz John 

[32]). Moreover, for any two elements tl^{z,t) and <f){z,t) G Q, notice that 

iTil^-T<f>){Cr) = - rB{zi{t)) [^{zi{t),t) - (l>{z{t),t)] dt, 

and thus 

\\Til;-T<f>\\oc<rMi\\ij;-(f>\\oo, 

that is, for r < Mi , the mapping T is contractive on Q, hence so is the mapping 

V -^ "00 + Ttl^-

The desired result now foHows from the contractive mapping theorem (Kreyszig 

[33], p. 300). • 
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t = T 

t = rj 

t = T2 

t = ri 

Figure 1.3: Existence and uniqueness for large r by iteration. 

In order to obtain the solution for large r , one performs the time integration 

in small steps, as shown in Figure 1.3. We emphasize here that the size of 

these steps is independent of the initial and boundary data. It is also clear from 

Figure 1.3 that the domain-of-dependence of any point is the region cut out by 

the characteristics with the largest positive and least negative slopes emanating 

backward from that point. This statement can be made rigorous by using the 

energy argument, which is briefly presented below. It is also clear from Figure 

1.3 and the above proof that the number of conditions one must specify at the 

boundary 2 = a, is equal to the number of characteristics pointing into the region. 

For a discussion of the preceding statements, see pp. 461-475 of Courant and 

Hilbert [3]. 

The above proposition needs only sHght modification in the bounded domain 

setting, which is addressed next. 
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P r o p o s i t i o n 1.2 Suppose that B{z) 6 C{[a,b]) with \\B\\^ < Mi. Suppose fur-

ther that the boundary data, 

V'+KO = /+(a,0, 
V'-C^O = f-{b.t), (1.38) 

is such that, 

1- f±{-.t)ec{o,oc), 

2' | | / ± | | o o < M 2 , 

3' f±(",t) are compatible with the initial data, that is, / ± ( . , 0 ) = 0. 

Then the system (1.28), (1.29) and (1.38) has a unique solution i}{z,t) in the 

class C{[a,b] x [ 0 , T ] ) . 

Proof: AH tha t needs to be changed from the above proof is tha t the initial t imes 

now read. 

t l = < 

T - (C - a)/fii, if fii e a-'^{A), and r > ^ 

0, if fii G o-+(>l), and r < ^ 

T -f (6 - C ) M , if fii G <T-(A), and r < ^ 

0, if fii G (r~{A), and r > ^ . 

(1.39) 

The remainder of the argument follows through essentially unaltered. • 

1.2.2 Energy and Dispersion Consideration 

The intent ion of the present subsection is to present conditions on the ele

ments oi B{z) t ha t insure conservation of energy. These conditions will be used 

later in construct ing examples. This development is slightly different from the 

s t anda rd energy arguments one encounters when dealing with hyperbolic sys

tems . In the la t te r case, the energy arguments are used for the analysis of the 

system. We briefly outline the la t ter set of ideas first. 

One identifies the positive definite quadrat ic form, 

e = \V'^. (1.40)^ 
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as the energy density, and 

i = i v ' ' ^ V ' , (1.41) 

as the Poynting vector. Multiplying equation (1.14) on the left by V'̂  (where 

r denotes the transpose), and the transpose of (1.14) on the right by V', and 

adding the two resulting equations we obtain the energy relation (or continuity 

equation), 

dte + dj + \i^^{B + B^)V' = 0. (1.42) 

Set 

B ' = i ( B + 5 ^ ) . (1.43) 

The term tj;^ B' tp describes the interaction of the wave with the medium. The 

first result we are aiming at in this subsection is to obtain conditions on the 

elements of B(z) in the case where it describes dissipative or dispersive media, 

the precise meaning of which will be made clear shortly. This presentation is 

adapted primarily from Mciinardi [16] and Chapter 11 of Witham [17] for the 

wave setting, and Section 11.12 of Reed and Simon [18] for the transport setting. 

The starting point in the former setting, which will be considered first, is the 

dispersion relation. 

One of the difficulties with discussing dispersion relations or properties of a 

given system is that conditions are made on the solution of the system, rather 

than the system itself, requiring one to know or assume beforehand a form of 

the solution. By definition, B{z) is said to describe a dispersive medium if (1.14) 

admits a solution of the form, 

Tp{z,t) = Re{<j> exp(iJb2 - uD t), (1.44) 

where Re stands for the real part of, i = \ / ^ , k is the wave number, iv is 

the (com,plex) frequency and ^ the amplitude. Solutions of (1.14) of the form 

(1.44) are called elementary solutions. For truly elementary solutions, <f>, k and 

a) are constants, but in general we have (f) = <l>{k) and u) = a)(fc) = iv{k) — 17. 

The medium, characterized by B{z), is called conservative if 7 = 0, dissipative 

(absorbing) if 7 < 0, and otherwise, the medium is called multiplying. 
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Denote by (e) the average value of the energy density (1.40) (averaged over a 

wavelength, 27r/fc), and by (jf) the average value of the Poynting vector (averaged 

over a period, 27r/u;). The energy velocity is defined by, 

V = 0-)/(e). (1.45) 

Propos i t ion 1.3 If (I.I4) adm,its elem,entary solutions of the form (I.44), ^»^^ 

a) = u; - 17, and B' = \{B -\- B^), then: 

1. The energy velocity is bounded by the extreme characteristic velocities, 

Â n < ^ < Ml. 

2. If B is skew symmetric, then B describes a conservative medium, i.e. 7 = 0. 

Proof: Upon substituting (1.44) in (1.14), one obtains the eigenvalue problem 

[kA-iB- CJl)<t>{k) = 0. (1.46) 

Next, from equation (1.14) and the expressions for (j) and (e), we have 

y _ U) _ {VM) 

(e) ( i j r^) • 

Upon using (1.44) in the above, there results 

(V^^V') = ie-'-"(<^^^^), 

where "f" denotes the Hermitian conjugate. It then follows that 

Now since, 
min U^Acf}) < ((f>^A(l>) < max (<^t^^) 

then 

flr.<V<flu 
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Figure 1.4: Domain-of-dependence. 

which yields (1) above. In order to show (2), we need to be able to write the real 

and imaginary parts of a) in terms of <i> and B. MultipHcation of (1.46) on the 

right by (f>*, and the Hermitian conjugate of (1.46) on the left by <̂ , followed by 

addition of the two resulting equations, gives 

u; = k- — X 
(<^t<^) (<^t<^) ' 

..^^(^W)^^(^t^^ 
(<^t<^) (<^t<^) 

From this it follows that . 

7 = -Im(a;) = "g^C^ " ^*) 

(<^tBV) 
(1.47) 

(<^t<^) • 

Clearly if 5 ' = 0 then 7 = 0, which yields (2). D 

One can obtain further results. For instance, using the above ideas one can 

show the equivalence of the energy and group velocities in this setting, but these 

results do not concern us here. See Mainardi [16] for further details. 

The result of Proposition 1.3, together with the definition of the energy den

sity, equation (1.40), and the Poynting vector, equation (1.41), may be combined 

to obtain the domain-of-dependence result, which will only be stated. Consider, 

dt-^ -h Ad^'^ + ^V = 0, (1.48) 

and let (^, r ) be any point in the plane. Through (^, r ) draw the n characteristics 

Ci,... ,Cn as shown in Figure 1.4. Borrowing from the notation of Courant and 
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Hilbert [3], page 446, let Pj and P^ be the points where Ci and C„ intersect the 

2-axis. Let Tp be the region bounded by Ci,Cn and the Hne segment [Pi,P„]. 

The domain-of-dependence result (also called the energy argument) is as follows. 

Propos i t ion 1.4 If the system (1-4^) " subject to the initial condition ilf{z,0) = 

Oforze [Pi,Pn], then TPiCr) = 0. 

For a proof, we refer the reader to Courant and Hilbert [3], pp. 445-449. This 

result impHes that the solution V'(C>''') depends only on the values of ip in Tp. 

Thus the domain-of-dependence of the point {C,T) is the region Tp. Using a 

similar idea, one can obtain domain-of-influence results, where the reader is 

referred once more to the above cited reference for details. The utility of these 

ideas in analyzing hyperboHc systems stems from the idea of the energy norm 

(see, for instance, Lajc and PhilHps [20], Chapter 4), 

e' \=- f edz. (1.49) 
2 Jz£R t£R 

In fact, customarily one defines the underlying Hilbert space for systems of the 

form (1.14) to be the space of all initial data that are finite under the above 

energy norm. 

In the transport theory setting, the results are sHghtly different. The starting 

point is the conservation relation of the total number of secondaries per scatter

ing, namely, 

' ' k{z,fi,fi')dfi = l. (1.50) 
/ ' - 1 

This impHes that the quadrature approximation satisfies. 

n 

E M ^ ) = i- (1-51) 
t = i 

That is, the row sum of the hj is equal to 1. If one assumes further that k 

is symmetric in /x and /x', i.e. k(z,fi,fi) = k{z,fi ,fi), then we have that the 

column sum of bij is also equal to 1. We wiU utiHze some of these results in 

Chapter 5, when some examples are considered. 
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1.3 Remarks on Inverse Scattering 

In the present section we address the well posedness of the inverse scattering 

problem. We state exactly what is meant by this, and discuss some of its as

pects. The discussion in this section pertains to the inverse scattering problem 

on bounded domains only. 

We first summarize the problem. Consider the first-order hyperboHc system, 

dtij^-\-Ad,i^-\-B(z)tf^ = 0, a<z<b, (1.52) 

subject to the initial, boundary and overposed data, 

i/^{z,0) = 0, (1.53) 

il>+{a,t) = /+(a , t ) , t G [ 0 , f ] , 

i^.(b,t) = f.{b,t), t G [ 0 , f ] , 

V'+(6,t) = g^{b,t), 

i}-{a,t) = g+{a,t). 

(1.54) 

The data /±( . , t ) are assumed to satisfy the smoothness conditions presented in 

Section 1.2. The inverse problem is to reconstruct B{z) utiHzing the data of 

equation (1.54) only. 

For the purposes of this section, it is beneficial to restate the above inverse 

problem in the language of mathematical scattering theory. We start by com-

pactifying the notation. In terms of the data (1.54), let 

'iPin = iPiM = {f^(a,t),f_{b,t)f 

V'out = ^out{t) = {9-,(h.t),9-{a,t)f' 

A fundamental problem in scattering theory involves the construction of the 

scattering operator, S, with the purpose of mapping the incident field, V'irn at an 

object B{z), to the scattered or out field, rj^out- That is, to obtain and analyze 5 

in the representation, 

V'otit = S'^in- (1.55) 

It is immediately clear that 5 contains a wealth of information. In particular, 

5 is a function of B{z): S = S{B). Obtaining the representation (1.55) is then 
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equivalent t o constructing the map 

A:B^ S{B), (1.56) 

on an appropriately defined domain and range. 

If B{z) and Vin are given, the problem of constructing 5 , or alternatively 

A: B ^ S{B), is the forward problem of scattering theory. On the other hand, 

if the Vout corresponding to all possible Vm is given (i .e. , 5 ) , then the problem 

of constructing the m a p .4"^ : S{B) ^ B is the inverse problem of scattering 

theory. Often / ± ( . , t ) are taken to be Dirac delta functions, in which case S is 

simply ipout{t). Otherwise, as is the case here, S may be obtained from V'm and 

fpout by a deconvolution process, as 5 is a Volterra integral operator, see Section 

5.1 for detail . We temporarily take 5 to be the inverse problem da ta in this 

section. 

Then , simply pu t , the inverse scattering problem is that of inverting the map 

A : B *-^ S{B) on a,n appropriately defined domain and range. One can rephrase 

this as follows. 

1. (Existence) Given 5 , is there any reason to believe that there exists a .B to 

which this S corresponds? 

2. (Uniqueness) Does there exist only one B to which S corresponds? 

3. (Construction) How can B be reconstructed from 5? 

The construction of B from S is the topic that will occupy Chapters 2-5 of 

this work, and hence a discussion of this problem will be deferred until then. On 

the other hand , the existence, uniqueness and (not mentioned above) continuous 

dependence on the da ta constitute the three basic ingredients needed to demon

s t ra te the classical well-posedness of the problem in the Hadamard sense. But 

since in order to pose an inverse problem one must overpose the forward problem, 

and hence render it ill-posed in the Hadamard sense, it is clear tha t a different 

sense of well posedness is needed. See Chapter 1 of Romanov [1] for a more 

elaborate discussion. The new sense commonly adopted for inverse problems is 

tha t of Tikhonov (see for instance Chapter 1 of Romanov [1], or Chapter 2 of 

m^ 
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Lavrent'ev, Romanov and Shishshat-skii [19] for a discussion of this). Briefly, 

the Tikhonov sense of well posedness assumes a priori the existence of a B to 

which the given 5 corresponds (this follows from the uniqueness of the direct 

problem), and requires one to demonstrate its uniqueness only. This is the sense 

of weU posedness that wiU be adopted here, and for the remainder of this work, 

weU posedness and imiqueness of the inverse problem wiU be used synonymously. 

With these remarks in mind then, we mention that we do not have a uniqueness 

result for the inverse problem at hand. The remainder of this section is a discus

sion of various aspects of this difliculty. See also Chapter 6, where the possibHty 

of obtaining the uniqueness of the inverse problem by use of the time-dependent 

invariant imbedding equations is briefly discussed. 

The uniqueness of the inverse problem is a sensitive issue that, in general, de

pends on every aspect of the problem, e.g., zero versus nonzero initial conditions, 

finite versus semi-infinite domains, etc. (see below for some examples). That is, 

uniqueness results are very problem-specific. This is by no means a surprising 

result, and is partially due to the standard arguments one utilizes to demon

strate uniqueness: (i) By contradiction and/or, (it) by a contractive mapping 

argument. On the other hand, the mathematical scattering theory (see Lax and 

Phillips [20], or Reed and Simon, vol. I l l , [18]) may offer just the framework 

suitable for addressing the uniqueness of the inverse problem for a large class of 

problems, including the present. Under this framework, all that is necessary is 

to give conditions under which the map B *-* S{B) is invertible. In general, it 

is fairly straightforward to demonstrate that 5 is an isometry on the underlying 

Hilbert space Ti of, say, initial and boundary data that satisfy the energy norm. 

One can also isolate a subspace, H± C 7i, over which 5 is unitary and hence in

vertible. These properties of S are demonstrated in Chapter 6 of Lax and PhilHps 

[20] in the context of scattering theory for second-order hyperboHc equations, in 

Chapter 6 of Amrein, Jauch and Sinha [21] in the context of quantum mechanical 

scattering, and in Chapter 11 of Kaper, Lekkerkerker and Hejtmanek [22] in the 

context of scattering theory for the Hnear, time-dependent transport equation. 

For the present purposes, the stumbling block is to obtain a direct relation of the 

subspace 'H± to B (or certain elements of B). 
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In order to better appreciate this, a look at the available uniqueness results 

is of some help. The first remark is that there seem to be only two uniqueness 

results available in the Hterature for inverse problems for hyperboHc systems of 

first order. Moreover, the weU posedness of such inverse problems seems to be 

almost completely ignored outside a few Soviet research circles. In fact, it appears 

that most research on inverse problems in the West centers on the reconstructive 

aspect of the problem, while in the Soviet Union the research centers on well 

posedness. As a case in point, the two uniqueness results mentioned above appear 

in the Soviet Hterature; see for instance Section 7.4 of Lavrent'ev, Romanov and 

Shishatskii [19], or Chapter 5 of Romanov [1], and the references therein. 

In presenting these two results below, I will essentially rephrase Romanov's 

presentation [1]. The only difference between the two cases to be presented is 

the role of the initial and boundary conditions. Thus the underlying geometry 

is the same. That is, let D = {(z,t) : z G [0,5^],and t > 0}, where we take the 

interval to be [0,H] in order to conform with Romanov's notation. 

Problem 1: Consider the n systems of equations, 

(dt-\-Ad,-\-B)7lj^ = 0, / = l , . . . , n , (1.57) 

subject to the initial, boundary and overposed data (/ = ! , . . . ,n ) , 

V''(2,0) = v\z), 0<z<H 

iP\(0,t) = h[(t), i = l,...,r, 

7P\(H,t) = h\(t), i = r + l , . . . , n , 

tPKH^t) = g\(t), i = l , . . . , r , 

V',-(0,t) = 9l(t), i = r-hl , . . . ,n . 

Here B = B(z) is the unknown nxn matrix. The elements bij(z) of B are 

assumed to be C(0,H). The problem is to prove the uniqueness of a .B on the 

interval [ 0 , ^ ] . 

Denote by ^ ( z ) the matrix with columns v^(z) = {v{ , . . . , vj,}^, where I = 

X • • • • • iL» 

Theorem 1: (Romanov [1], p. 154) If the foUowing conditions are met: 

( I ) ^ G C ^ ( O , ^ ) , 
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(2 ) / i i ( t ) and^J ( t ) a reC^(0 ,oo) , 

(3) One has compatabiHty of the data, 

v\(0,0) = h'i(0) = g\(0), i = l . . . , r , 

v[(H,0) = h\(H) = 9l(H), i = r - h l . . . , n , 

(4) Finally if 

d e t ^ ( 2 ) ^ 0 , 2G[0 , jy ] , 

then there exists an H* such that for any H G (0,H*) Problem 1 has at most 

one solution B(z) with entries in C[0,H]. 

The proof is by contradiction, and may be found in the above cited reference 

or in Lavrent'ev, Romanov and Shishatskii [19]. 

The second result pertains to the case of zero initial data and Dirac delta 

function boundary data, as opposed to the C^ boundary data. 

Problem 2: Again consider the n system of equations. 

(dt-\-Ad,-\-B)Tl;^ = 0, / = l , . . . , n , (1.58) 

subject to. 

V'̂  IKO = 0 

V';(0,0 = 6(t)6ii, i = l,...,r, 

'ipl(H,t) = 6(t)6ii, 1 = r 4 - l , . . . , n , 

iP\(H,t) = g\(t), i = l , . . . , r , 

V'!(0,0 = g\(t), i = r - h l , . . . , n . 

Here B = B(z) is the unknown nxn matrix. The elements bij(z) of B are 

assumed to be C(0,H). The problem is to prove the uniqueness of a B on the 

interval [0,11]. 

For this problem, the matrix B will be assumed to be of the special form, 

0 otherwise. 
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Gj t ^ 1 , . . . , r 

Cj j = r - | - 1 , . . . , n 

2 = 0 z = H 

Figure 1.5: Romanov's proof. 

The reason for this choice wiU be become clear shortly. 

Theorem 2: (Romanov [1], p. 159) If B(z) is of the form (1.59) with entries 

in C(0,H), then there exists an H* such that whenever H G (0,5"*), the above 

inverse problem has a unique solution. 

The proof of this theorem is slightly long and involved, but is of interest, and 

hence it will be outlined. It essentially involves the following two major steps. 

One starts out by separating t/) in equation (1.58) into singular and piece-

wise continuous components. The piecewise continuous components, which now 

satisfy homogeneous boundary conditions, are integrated along the correspond

ing characteristics. The result is that one now isolates constant multiples of the 

various fe,j's (i ^ j). These terms are of the form. 

l^i 
•bii 

'fll(z - flit) 
X other terms + other terms. 

where as before, the ^^'s are the eigenvalues of A. The next step in the proof, 

and this is the important one for this discussion, tries to bring all the 6jj's as 

given above to the same space point. This is accompHshed by the foUowing 

clever maneuver. Consider the l^^ characteristic C/ emanating from (0,0). For 

any point 2 = x on C/, it follows that t = xjfii. Then through the point (x,x/fii) 

pass the r — 1 positive characteristics, and the n — r negative characteristics. See 

Figure 1.5. 

Integrating the i^^ equation obtained in the previous step along this V^ char

acteristic, and using the overposed data, one is able to write. 

biA^) = 
f^i - fJ'i 
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+ L ZL bik(s)w^(8, r ) |.=^.,+.(i_^,/^,) dr \ , 

^6D k=l J 

i , / = l , . . . , r , i ^ l . (1.60) 

With a similar looking expression for the case i = r -|- 1 , . . . , n and / = 1 , . . . , r 

(w in the above equation represents the piecewise continuous component of V*)-

Similarly, considering the l^^ characteristic (/ = r -|- l , . . . , n ) emanating from 

the point (H,0), and intersecting this with the remaining n - 1 characteristics, 

one obtains two other systems similar to the above vaHd for the two cases: i = 

1 , . . . , r , / = r - I - 1 , . . . , n, and x, / = r + 1 , . . . , n, i / /. The end result is that one 

has an n^ - n nonHnear system of the form (1.60) to solve for the fe^j's. The proof 

then concludes with the statement 'The system of equaHties (equation (1.60) and 

its counterparts) is a closed system of equations in the domain D with respect to 

bij and ly .̂ At small H the principal of contractive mapping can be appHed,... , 

the lemma is proved.' The crucial idea in the above is the intersection of the 

characteristics. 

Recall that the problem in this work involves the foUowing initial and bound

ary conditions (1.54), 

V'±(2,0) = 0, a<z<b, 

7P4a,t) = f4a,t), t£lO,f], 

iP.(b,t) = f_(b,t), t G [ 0 , f ] . 

That is, these data do not fit the conditions of either of the above results. At

tempts to modify either of the above two proofs to fit this case have not been 

successful. 

Notice that the result of Theorem 2 excludes the diagonal elements of B (in 

case it is not zero to begin with). It may appear that the reason the diagonal 

of B was outside the reach of the above theorem is due only to the 'crossing of 

the characteristics' method of the proof, for it is not possible to cross the i*'* 

characteristic with itself at a single point, whereas it is possible to do this with 

all the remcdning n — 1 characteristics. Hence, the method by which one isolates 

all the fcij's for i ^ j does not work for the i = j case. It is for this reason 

that Romanov considers B to be of the special form (1.59). Actually, in [1], 
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Romanov starts out with a B that has a nonzero diagonal, and then transforms 

to a problem of the above form by attenuating the field. For our purposes here, 

the form in which Theorem 2 is stated suffices. 

The difficulty with the first theorem is the assumption of nonzero (and nonre-

dundant) initial data (condition 4 of that theorem). These are rather stringent 

requirements. Physically this impHes that one can measure the field (i.e., the 

solution) inside the medium as weU as on the boundaries. Being able to mea

sure the field inside the mediimi is an invasive measurement. The problem to 

be addressed in this work assumes noninvasive measurements of the field, and 

hence zero initial conditions (one can always subtract out steady-state sources 

inside the medium by taking measurements at the boundaries before and after 

illumination). The case of nonzero initial conditions is of no concern to us here. 

In order to put the above two results of Romanov in a sHghtly different 

perspective, we consider the foUowing example. 

Example: Consider the foUowing problem. 

= 0, (1.61) 

subject to the conditions, 

V'±(2,0) = 0 , 0 < 2 < 1 , 

V»+(0,0 = h^t), 
Mht) = ^+W, 
V'_(l,t) = h.(t), 
V'-(0,t) = 9-(t)' 

This system has the solution, for 0 < C ̂  1? 

(1.62) 

MCr)={ 
' h^(T - C)exp(- / i bu(s)ds), T > C 

0, otherwise. 

V'-(C,r) = 
/ i_(T-hC-l)exp(-/^ '622(5)(f5), r > l - C 

0, otherwise. 
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In particular, using the overposed data (1.62) we have, 

e(-rM.)^*) ^ g^(l^r)/h^(r-l), r > 1, 

e(-rM-)«^0 = g_(0,T)/h.(T-l), r > l . 
(1.63) 

Thus the problem may now be stated as, could 611(2) and b22(z) be recovered 

uniquely from (1.63)? The answer is clearly no. AU that may be recovered are 

the quantities 

/ bu(a)ds, and / b22(s)ds. 

Note that the left-hand side of (1.63) is independent of time. 

We make a couple of observations. First, the interaction matrix given in 

(1.61) describes Httle interaction. Actually, all that this matrix describes is 

the attenuation/ampHfication that the field xf) suffers. There is no scattering 

occurring, and hence there is no inverse scattering to be described by this system. 

Let us call this situation interaction-free. This heuristic argument indicates the 

difficulty with recovering the diagonal elements: These elements do not describe 

scattering processes. It is due to this reason that Romanov, in Theorem 2 above, 

multiplies the off-diagonal elements of B by the attenuation coefliicients, thus 

obtainig an equivalent problem, where now B has zero along the diagonal. 

Second, notice that according to Theorem 1 (Problem 1), the above exam

ple with nonzero initial condition in (1.62) has a unique solution (it is easy to 

construct this solution also). To rephrase, if in addition to knowing the solution 

V'±(.,t) at the boundaries one knows the field il}±(z,t) inside the medium, then 

the inverse problem has a unique solution according to Theorem 1 (actually, all 

that is needed is knowledge of V'i at one time line, say t = 0). On the other 

hand, from the above example we see that the loss of knowledge of 'tl>±(z,t) for 

2 inside the medium destroys the uniqueness. Pictorially, the situation may be 

depicted as in Figure 1.6. 

Here, the operator Ti maps the space of all n x n real bounded matrices 

with entries in C(a,b) (call it the Af-space for short) to the solution space. This 

map is the differential operator of (1.1) together with its initial and boundary 

conditions. The map T2 picks a slice of this solution space, namely the values 

of V'± at the boundaries (a projection). Let us call its range the overposed data 
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M-space. 

Ti 

> - i Ti exists. 

solution space 

M^.t) 

solution of the 
inverse problem 

Tj ^ may 
not exist. 

T2 may 
not be 1 — 1. 

Figure 1.6: Solution of the inverse problem. 

space. Finally, T3 (assuming it exists) maps this latter space to the Af-space. 

It is clear that T3, if it exists, is the solution of the inverse problem. Theorem 

1 (Problem 1) asserts that Ti is invertible on its range (under suitable technical 

conditions on the data). The above example demonstrates that in general T2 

is not invertible. Ideally then, what is desired is the exact connection between 

the map T2 and the M space. In particular, how can a subspace of the M 

space be chosen so that T2 is invertible on its range? This is exactly where the 

mathematical scattering theory may prove useful. See further remarks in Chapter 

6, where the issue of the possibility of obtaining the uniqueness of the inverse 

scattering problem by use of the time-dependent invariant imbedding equations 

(presented in Chapter 4) is briefly discussed. 



CHAPTER II 

THE INVERSE SCATTERING PROBLEM 

FOR TWO-COMPONENT SYSTEMS 

The present chapter is concerned with one of the simplest and probably the 

most widely appHcable systems of the form (1.1), namely the two-component 

system, 

I 611(2) 612(2) 

\ 621(2) 622(2) 

We consider this system subject to the initial conditions, 

V'±(2,0) = 0, 0 < 2 < 6 , 

where 6 = 1 in case the problem is considered on bounded domains, otherwise 6 = 

00. The system (2.1) is also subject to various boundary conditions appropriate 

for the particular geometry and application area. 

The inverse problem for this case has been a rather popular area of research in 

the past two to three decades, as a result of which an enormous volume of research 

articles has been published on the topic. In order to help us better present these 

results, a classification scheme that utiHzes the a priori information about B(z) 

will be considered. It is of course not our intention to present a full survey of 

the results and methods developed for such systems. We concentrate mainly on 

the underlying ideas, specifically those that have a direct bearing on the present 

work, and briefly sketch the method(s) of solution. It is not our intention either to 

give an exhaustive Hterature survey, or a historical account of the subject, and 

hence most references cited in this chapter are the most recent survey papers 

pertaining to the particular class of problems. For details, the reader is asked 

to consult the cited articles. Throughout we assume that the 6,j's appearing in 

(2.1) are continuous, for otherwise the methods described below require sHght 

modification. Again, please see the cited references for these situations. 

34 
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A brief outline of this chapter now follows. We first present the inverse scat

tering problem in semi-infinite media for the two-component systems. This is 

labeled Case 1 below, which is also called the one-parameter problem. Included 

in this discussion is a brief description of the differential inverse scattering meth

ods, e.g., the layer peeling algorithm, and the time-dependent integral equations 

method, e.g., the Gopinath and Sondhi integral equation. Next we present two 

separate two-parameter problems, which are labeled Cases 2 and 3 below. Case 

2 addresses the inverse scattering problem for a class of problems that arise from 

reducing dissipative and dispersive second-order hyperbolic partial differential 

equations to systems of first order. We describe the solution to this class of of 

problems as was presented by Krueger [4]-[6], and Kristensson and Krueger [8]-

[11], mainly by employing the ideas of time-dependent invariant imbedding. The 

second two-parameter problem, labeled Case 3 below, addresses an inverse scat

tering problem that arises in neutron transport theory. We obtain the solution 

to this case by reducing the problem to where the method of Case 2 may apply. 

We remark here that this case has not been treated in the Hterature. Finally, 

Case 4 is the general inverse scattering problem, i.e., the case where no a priori 

assumptions are introduced about B{z). Here we rely on one of the results of 

Romanov [1], presented in Section 1.3, to conclude that this case does not admit 

a unique solution. At the end of this chapter, the results for the inverse scattering 

problem for the time-dependent transport equation are also briefly reviewed. 

It is clear from (2.1) that there are at most four different coefficients to 

reconstruct at every z. We thus classify the various problems and results into 

four separate cases, depending on the a priori information assumed about B(z). 

Case 1: The one-parameter problem. Here B has the form, 

/i(6(^)) f2{b{z))\ ^2 2) 
6(2) /3(6(2)) ) ' 

with the functions (or functional relations) / i , / 2 and /a known. It is clear that 

reconstructing 6(2) at some 2, one immediately recovers the whole interaction 

matrix at that point. This case is weU suited for the inverse problem in semi-
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infinite domains. At 2 = 0, one prescribes the boundary and overposed data, 

V-(0,0 = 9[t). J ^'-'^ 

Examples of problems that faU under this case include for instance the seismic 

wave propagation problem, which in its simplest form may be modeled by the 

system, 

where \ \ is the 2-component of the particle velocity and VL represents the pres

sure. The inverse problem here is to reconstruct the characteristic impedance 

profile, C,(z). Upon changing basis, with 7/(2) = (^'^(z) and 

V'̂  = l/2(ryT/, +77-^1/.), 

ij^. = l/2{-r)\\ + rj-nL), 

one obtains a system similar to (2.1) with B oi the form (2.2), namely, 

The article by Bube and Burridge [13] contains an updated summary on this 

problem and its solution (see below for an outHne of the method of solution). 

As a second example, consider the inverse problem for conservative transmis

sion Hne theory, in which case the interaction matrix has the form 

(1 - ik2)i/2 _jfc 

k (1 - ifc2)l/2 

where k = k(z) is the local reflection coefficient. For details of this problem and 

its solution, see Bruckstein and Kailath [23]. 

There are two classes of methods by which one solves problems lying in this 

case: Differential methods, where one deals directly with the differential system, 

and integral methods, where an integral equation is derived the solution of which 

is related to the desired quantity. In either method, one assumes that the medium 

is composed of layers, over each of which 6(2) is assumed constant. One then 
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proceeds by "peeHng" these layers one at a time, as described below. As was 

mentioned earlier, we are interested in the underlying ideas, thus we disregard 

any rigor in what follows. 

For most of the differential inverse scattering methods, the problem is sim-

pHfied by deaHng with delta-function boundary data, say at 2 = 0. We follow 

Bruckstein, Levy and Kailath [24]. By causality, it is not difficult to see that the 

general solution to (2.1) in these situations is of the general form, 

il;^{z,t) = 6(t-z)+u4z,t)H(t-z), 1 

il;.(z,t) = u.(z,t)H(t-z), J ^ • ^ 

where u± are piecewise continuous and H(z) is the Heaviside function. Substi

tuting equation (2.4) into (2.1), and equating terms involving the delta function, 

we find, 

u4z,z^) = -lb{z). (2.5) 

Now Tx_(0,/) is the inverse problem data, and hence is known. From (2.5), one 

immediately recovers 6(0) from which B(0) is obtained. Next, the solution u± 

is propagated to 2 = A using the discrete analogue of (2.1). Thus u±(A,A) are 

known. Applying (2.5) to ii_(A, A) yields 6(A) and hence B(A). This algorithm 

is continued until B(z) is recovered over the desired interval. Methods based on 

this idea are known as layer peeling, or downward continuation algorithms. For 

review, specifically as these methods would apply to seismic wave propagation, 

see Bube and Burridge, cited above. 

For integral methods, one again encounters a variety of equations developed to 

deal with the problem. Nevertheless they all basically share the same underlying 

idea. We consider only one of these methods, the integral equation of Gopinath 

and Sondhi [25], who considered the inverse problem for a system of the form, 

subject to the initial conditions and impulse-response boundary data, 

p(z,t) = u(z,t) = 0, t<0, 

p(0,i) = 6(t)-\-h{t), 

u(0,t) = S(t), 

(2.7) 
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where h(t) is assumed to be known from measurement. The inverse problem 

here is to reconstruct the function ^(a;) on the half Hne. Again, it is possible to 

transform basis so that (2.6) is of the form (2.1), but we choose to deal with the 

problem in the form (2.6). Gopinath and Sondhi first obtained the non-causal 

Green's function (Ki.Kz)'^ for the time integrated variables dtp{z,t) = p{z,t) 

and dtu(z,t) = u(z,t). This allows the representation of the input field u(z,t) in 

terms of the output field p(0,<), 

-u(z,t) = J^ p(0,s)K2(z,t-s)ds. (2.8) 

One now chooses special solutions for u and p, obtained by considering two other 

sets of Green's functions that satisfy the differential equation (2.6) with two sets 

of auxiHary conditions. These special solutions, obtzdned for - 2 < t < 2, when 

combined with (2.6) and (2.8) yield an integral equation for K2(z,t), 

K2{z,t) + - y_'̂  h[\t - s\)K2{z,s)ds = 1, (2.9) 

valid for \t\ < 2. By propagation of singularities arguments (Courant and Hilbert 

[3], pp. 618-626, or Bube and Burridge [13] or Section 3.2), a relationship between 

K2[z,t) and A(z) is obtained, namely, 

Kl(z, 2) = Kl(z, - 2 ) = A(z). (2.10) 

Equation (2.9) is a Volterra-type integral equation to be solved for K2(z,i), which 

when combined with (2.10) j^ields A[z). Various versions of this idea have been 

developed. Examples of these are the time-dependent Gelfand-Levitan theory, 

the time-dependent Marchenko integral equation, and Krein's integral equation. 

The time-dependent integral equations methods are summarized in the article of 

Burridge [26]. 

The method to be developed in Chapters 3-5 of this dissertation may be 

viewed as a combination of the above two classes of methods. From the integral 

representation of the solution to our problem, we develop a coupled system of 

integro/partial differential equations, the initial values of which are related to 

the scattering parameters in a manner analogous to (2.5) or (2.10). The simplest 

version of these equations was appHed by the author and Nelson [27] to the 
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problem of recovering the concentration profiles of particles in the atmosphere 

from Hdar measurements. Since the general version of this algorithm wiU be 

presented shortly (in Chapter 5 specificaUy), we defer further discussion until 

then. This method is more in Hne with the solution to Case 2 below. 

Next, we have the two-parameter problems. There are two possible such 

problems, which are Cases 2 and 3 below. 

Case 2: The two-parameter problem-1. Suppose the interaction matrix has the 

form. 

hl(z) f2{W2{z),bn{z)) j ' ^ • '' 

with no known or assumed relation between 612(2) and 621(2), but the relations 

/ i and /2 are known. Interaction matrices of this form arise for instance when 

introducing a particular splitting for the second order hyperbolic equation, 

Uz;: - utt + a{z)uz + I3{z)ut = 0. (2.12) 

This latter problem, without reduction to a first order system, was the topic 

of intensive investigations by Weston [28], Krueger and Weston [29], Krueger 

[4]-[6], Corones and Krueger [7], Corones, Davison and Krueger [30] and finally 

Kristensson and Krueger [8]-[11]. The ideas used by these investigators in re

constructing ot(z) and /3(z) in (2.12) from the boundary data are central in the 

present work, and hence will be described with some details. At the end of the 

discussion of this case, we remark on the exact connection between the above 

inverse problem and the one to be addressed here. For the solution of this case, 

one needs reflection data at both ends of the medium, as weU as transmission 

data at only one end. Hence this case is considered on bounded domains only. 

For the following summary, we follow the terminology and notation of [8]. 

Thus consider (2.12), where 2 and t represent the normalized space-time coordi

nates, and where oc(z), ^(z) have compact support in the interval [0,1]. Outside 

the interval [0,1], we have that a(z) = I3(z) = 0, and hence equation (2.12) 

reduces to the wave equation in free space, the general solution of which is well 

known to be of the form (see Haberman [31], p. 423) 

u{z,t) = f{t-z)-^g(t + z), 2 < 0, 
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u(z,t) = F{t-z)^G{t + z), 2 > 1 . 

This solution is known as d'Alembert solution, since it was first obtained by 

him in 1747. The functions f(F) and g(G) are interpreted to be, respectively, 

right and left travelHng waves. Thus if the boundary data for equation (2.12) is 

specified at the 2 = 0 interface, with zero boundary data at the 2 = 1 interface, 

then the general solution, for z ^ [0,1], is 

u{z,t) = u\(t-z)-^ul(t^z), 2 < 0 , 1 

u{z,t) = u'^(t-^z), z>l, j 

where now it*̂  is interpreted as the incident wave, propagating in the -h2-direction. 

In terms of the boundary data for equation (2.12), u\, is given by a suitable 'spHt-

ting' of u(z,t), e.g., one of the form, 

u]j^(t — z) = dtu{z,t) — dzu{z,t). 

We remark here that this splitting is not unique. Similarly, u^ and ui^ are 

interpreted as the reflected and transmitted waves. If on the other hand the 

boundary data for equation (2.12) is specified at the 2 = 1 interface, with zero 

boundary data specified at the 2 = 0 interface, then in an analogous manner we 

have that the solution to (2.12) outside of [0,1] is given by, 

u(z,t) = ixL(< + 2), z<0,) 

U(z,i) = ixi(< ^ 2 - l ) - f u l ( t - 2 + 1), 2 > 1 , J 

where now u^_ is interpreted as the incident wave propagating in the — 2-direction. 

In this setting, Krueger [4], demonstrated the existence of the scattering 

operators R^ and T^ that provide the representations 

« ; , ,(<) = / fl='(0,l,<-*'K±(<'X {2-15) 
Jo 

uUt) = m^(0,l)u'^(t)^ ['T^(0,l,t-t')u'^{t')dt', (2.16) 
Jo 

where m^ are 

m±(0,1) = exp [T\ I Hs) ^ f3{s)]ds^ • 
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The arguments 0 and 1 on ij!^ and T^ refer to the location of the end points of 

the interval, and they wiU come to play a significant role shortly. Krueger [4] 

accompHshed this by use of the weak Riemann function (see [3], pp. 449-461, or 

[4]). Equations (2.15)-(2.16) are Volterra integral equations of, respectively, the 

first and second kind. Denote by W"^ the resolvent kernels of T* (see Linz [39], 

p. 38). Using W^, equation (2.16) may be solved for u^ in terms of u[^, 

<{i) = m^{0,l)-'u'^(t) 

+ fw^(0,l,t-t')u'^(t')dt'. (2.17) 
Jo 

Substituting this value of u^. in equation (2.15), we obtain, 

ix;(t) = m±(0 , l ) -^ fv^(0,l,t-t')u'^(t')dt', (2.18) 
Jo 

where 

F ± ( 0 , l , t - O = i2^(0,l,<) + m±(0 , l ) [' R''{0,l,t-s)W''{0,l.s-t')ds. 
Jf 

If we let 

T(x,y,t) = T^(x,y,t)/m^(x,y), 

W(x,y,t) = W''{x,y,t)m^{x,y), 

it then follows that T and W satisfy the equation, 

T{x,y,t) + W(x,y,t) + f T{x,y,t - t')W(x,y,t')dt' = 0. (2.19) 
Jo 

These kernels allow one to write the field at one end of the medium in terms of 

the field at the other end, as opposed to the R^ and T^ which allow one to write 

the output field in terms of the incident one. 

The next major step is to obtain the differential equations satisfied by R^ and 

T. These are the time-dependent invariant imbedding equations, which together 

with their initial conditions, were obtained in [7] by Corones and Krueger using 

the Redheffer star-product [12]. For instance, the R^ equation is, 

d,R^(x,y,t) = 2dtR^(x,y,t)-l3{x)R^(x,y,t) 

-ha(x)-^/3(x)] fR-'(x,y,t-t')R^(x,y,t')dt', (2.20) 
z Jo 

R^x,yX) = - i [ a ( x ) - / ? ( x ) ] . (2.21) 
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The imbedding equations for the resolvent kernel W(x,y,t) and an auxiHary 

equation needed for the inversion scheme are derived next 

dJV(x,y,t) = -[a(x) -f /9(x)] S^R+(x,y,t) -f J^ W(x,y,t)R-^(x,y,t - t')dt'\ , 

(2.22) 

^ ' W(x,l,2(l-x)-t')R-(0.l,t')dt' + i 2 - ( 0 , l , 2 ( l - x - ) 

= jWa^) + /5 (a^) ]exp |£ /9(^Vx '} (2.23) 

with 

R^(x,l,0^) = --^[a(x)-l3(x)]. 

Now given the overposed data, 

i ^ - (0 , l , t ) , for 0 < < < 2 , 

T(0,l,t), for 0 < f < 2 , 

G(l) = exp {-S^ 0(s)ds} , 

the inversion algorithm proceeds as follows. 

(2.24) 

(2.25) 

1. From T(0,l,t), the resolvent W(0,l,t) for 0 < < < 2 is obtained by solving 

equation (2.19) at a; = 0. Equations (2.23) and (2.24) are solved for a(0) 

and 13(0). This constitutes the initialization step. 

2. Equation (2.22), or actually a discretized version of it, is used to step 

W(x,l,t) from 2; = 0 to, say a; = A. 

3. Similarly, equation (2.20) is used to step il"*" to x = A. 

4. Equations (2.23) and (2.24) are used again to solve for " (A) and /3(A). 

5. Equation (2.20) is used implicitly to deconvolve R^ a.i x = A. 

6. Steps 2-5 are repeated at a; = 2 A, etc. 

In order to appreciate the connection of the above scheme to the present work, 

one must first know the exact location of the two parameters to be reconstructed 

in relation to the 2 x 2 interaction matrix. Before answering this, the splitting of 
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the field u(z,i) must first be addressed. This reduction is not expHcitly carried 

out or worked with in any of the above mentioned references, and only in an 

appendix of [8] is a portion of the problem dealt with in its reduced form. 

There are several ways by which one can reduce a higher order equation, 

specifically a second-order one, to a system of first order equations. The crucial 

issue here is whether or not one wishes to retain the eUipticity in the space 

derivative in case one has this to start with. The connnon practice is to reduce 

the time derivative to first order but to keep the space derivative second order. 

For the present purposes, reduction of both the time and space derivatives to 

first order is desired. One way to accompHsh this is to introduce the spHtting 

(V'+,'0-)^ = (d,u + dtu,d,u - dtu)'^. 

Substituting this in (2.12), and diagonalizing the velocity matrix, one obtains 

the system. 

U-.(z)-^iz) - W + Z'WU^^. 1^0. (2.26) 

It is clear then that reconstructing any element from each column produces 

two linearly independent equations at that particular z, from which cx.(z) and 0(z) 

may be recovered. The solution algorithm described above, when reformulated in 

the first-order systems context, reconstructs specifically the 621 and 612 elements. 

If these elements were dependent in (2.26), the above scheme does not apply, at 

least not without modifications. See Case 3 below for an example of this. 

The two solution algorithms just presented summarize essentially all that is 

known so far about (time-domain) reconstruction schemes for the inverse scat

tering problem for hyperbolic systems. 

Case 3: The two-parameter problem-2. Here again the interaction matrix B has 

two independent elements and is of the form, 

6n(^) / ,(i2i)(^) , (2 27) 

mm 
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with no a priori relation assumed between 611 and 621. Systems where the inter

action matrix is of the above form appear for example in the study of the rod 

model for the neutron transport equation with left/right symmetry (see [2]), or, 

the two-stream approximation for the radiative transfer equation (see also [2]). 

For a nonhomogeneous rod situated between 2 = 0 and 2 = 1 and imbedded in 

free space, the governing set of equations with left/right symmetry are. 

a(z) f3(z) 
/3(2) a(z) 

= 0. (2.28) 

For simplicity, we wiU consider this problem in the context of impulse-response. 

Then the initial, boundary and overposed data are, 

V'±(2,0) = 0, 0 < 2 < 1 , 

xh4Q,t) = 6(t) il^.(l,t) = 6(t), (2.29) 

il^+(l,t) = g^(t) il^.(0,t) = g.(t). 

What makes this problem distinctively different from the previous one is that 

the off-diagonal elements are exactly the same. Without modification (see below) 

to either this problem or the algorithm given by Kristensson and Krueger [8]-[ll], 

the above problem is not directly solvable by the methods of Case 2. Even though 

this case has not been treated in the literature, it is presented here because its 

solution constitutes an important part of the inverse problems for two-component 

systems. 

The easiest thing to do is to transform this problem to one where the off-

diagonal elements are independent. For this purpose, we introduce the attenua

tion coefficient, 

E^(xo,xi) = exp ( ± £ a(C)dc) • (2.30) 

If we change basis to 

^±(2 , t ) = i ;^(o,2)v±(2,<), 

multiply the first equation in (2.28) by E-^(0,z) and the second by £" (0 ,2 ) , and 

use the above ba^is, we obtain. 

+ 0 
d. 

0 612(2) 

621(2) 0 

^ + 
^ _ 

= 0, (2.31) 
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where, 

61.(2) = ^--=(0,2)/5(2), ) 

b2.(z) = ^-•^(0,2)/3(2). j ^''^'^ 

It follows then that 612(2)621(2) = /3\z) and 612(2)7621(2) = ^+-^(0,2). 

Knowing a priori the sign of /3(z) (for instance, in the present case 0(z) is as

sumed to be negative for aU 2 G [0,1] due to energy arguments, see Section 1.2), 

allows a and ^ to be recovered uniquely from 612 and 621. Notice further that 

the boundary data (2.29) are unaltered, since ^±(bndry , l ) = E+(0,1), where 

bndry= 1 in the " + " case and 0 in the " - " case, and hence for t > 1, 

94t) = '^M.t) = ^ (1 ,0 /^ (1 ,1 ) , ) 
-̂(̂ ) = V-(0,t) = ^_(0,i)/^_(0,l). J ^̂  ^ 

Thus, the inverse problem for (2.28)-(2.29), or alternatively that for equations 

(2.31), (2.29) and (2.33) is now solvable by the methods of the previous case. 

Notice that in this case we were able to recover the diagonal elements of B(z)\ 

Case 4: The four-parameter problem. Here, there are no a priori assumptions 

imposed on the elements of B. That is, one has the system, 

5.rM + (' ' U.rM + r"̂ '̂ M )̂W.̂ . 

with the boundary/overposed conditions 

V'+(o,/) = /i+(0 ^-(1,0 = ^ -̂(0, 
V'+(i,0 = p+(0 V'-(o,0 = p-(0-

= 0, (2.34) 

(2.35) 

For this case, the inverse problem (2.34)-(2.35) with the initial conditions 

'^±(ZfO) = v±(z) 7̂  0, has a unique solution, at least under certain technical 

conditions on the initial data (see Section 1.3). On the other hand, the inverse 

problem (2.34)-(2.35) with the initial conditions xl;±(z,0) = 0 does not have a 

unique solution. This result follows from that of Romanov, presented in Section 

1.3 (Theorem 2 of that section). 

This concludes the analysis and survey of results as they would pertain to 

systems of two components. We close this chapter with a brief discussion of 
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general results on the inverse problem for the time-dependent transport equation. 

Admittedly, this problem does not fit under the title of this chapter, but it fits 

under its general theme. Recall from Section 1.2 that this equation has the form, 

dtip(fi,z,t) + fid,iP(fi,z,t) + 'LT(z)^(fi,z,t) 

= J_^K(z,fi,fi')i,(z,t,fi')dfi'. (2.36) 

The inverse problem here is to reconstruct K(z,fi,fi') from the initial, boundary 

and overposed data. The common practice in this area is to consider homoge

neous but anisotropic scattering media. 

The analysis for this problem thus far has centered on expanding the scat

tering kernel in a finite sum of the Legendre polynomials. In the notation of 

McCormick [34], 

K(z,fl,fl') = Y. fnPr.(^)Pn(fi% ( 2 . 3 7 ) 
Tl=0 

notice no 2 dependence in the right-hand side. The inverse problem then be

comes that of estimating the coefficients /^ in the above expansion. The term /o, 

for instance, is the albedo of single scattering. These ideas are discussed in detail 

in McCormick and Sanchez [35], and summarized in McCormick [34]. Our pre

sentation here over-simplified the problem tremendously, but the crucial point 

is the nature of the method used. That is, this line of attack for this inverse 

problem will not be adopted in this work. Rather, the point of view we take 

is to introduce the discrete-ordinates approximation directly to (2.36), and thus 

reduce it to a system of the form (1-1), as was mentioned in Section 1.2. This 

latter method has been applied only recently to the inverse transport problem, 

by Kreider [36], based on the results to be derived here. 

As a final remark in this chapter, we note that the expansion (2.37) utilizes 

the rotational symmetry of the scattering function, a property that is weU known 

in transport theory (e.g., see Section 2.1 of Case and Zweifel [37]). As was 

mentioned above, the work of McCormick [34], McCormick and Sanchez [35] and 

several other researchers in the field of inverse transport theory relies heavily on 

this rotational symmetry. In the discrete-ordinates approximation, if one uses a 

quadrature set that is symmetric with respect to 2 = 0, and assumes left/right 
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symmetry, then the resulting interaction matrix B(z) is symmetric about both 

diagonals. In this situation, one has a priori a considerable amount of information 

about B(z) that could possibly be utiHzed to yield the uniqueness of the inverse 

problem. The exact role of symmetry (rotational or left/right) in the solution of 

the inverse scattering problem is a topic that requires further investigation. 



CHAPTER III 

SOLUTION TO THE DIRECT PROBLEM 

In the present chapter we will be concerned with results pertaining to the 

direct problem. In Section 3.1, the problem is rewritten in an integral equation 

format, which is more convenient for scattering/inverse-scattering analysis. The 

kernel of this integral representation, the Riemann-Green radiation kernel, pos

sesses some interesting and useful properties, some of which will play a crucial 

role in obtaining the solution to the inverse problem. In Section 3.2 some of these 

properties are explicitly derived. In particular, the discontinuities at the initial 

timeline (t = 0) are obtained, as is an alternate representation for the diagonal 

elements of this kernel. In the final section of this chapter, the reflection and 

transmission operators and their kernels are defined. For the material in this 

chapter, we consider the problem on bounded domains only. 

3.1 Representation of the Solution 

For later convenience, we will consider the direct problem on the interval 

[xo,yo]. Let D = {(z,t) : z G [xo,yo], t > 0} and for a fixed r > 0, denote by 

Dr the set {(z,t) ^ D : t < r} with dDr as its boundary. Recall first the direct 

problem, 

dttl^-hAd,i^ + B(z)il^ = 0, (3.1) 

with 
^^(2,0) = 0, Xo<z<yo, 

il^i(xo,t) = fi(xo,t), tG[0,7x], iecT^(A), 

Myo,t) = fi(yo,t), tG[0 ,7 i ] , i£cT-(A), ^ 

(3.2) 

where the interval [0,7i] represents the support of the i^^ component of the bound

ary data. Denote by Ti. the Hilbert space C^(D) of real valued functions il> sat

isfying (3.1), (3.2). This space is endowed with the usual C^ inner product and 

48 
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norm. 

(il^,<t>) = j i^'^(t>dzdt, II V !! '= (V',V'). 

The main objective of this section is to write the inverse problem data tl^+(yo, t) 

and 7l}.(xo,t) in terms of the boundary data (3.2). In the terminology of Section 

1.3, this translates into writing V'out(0 i^ terms of V'm(0- To faciHtate this, rather 

than considering the forward problem as above, we will use Hnearity to consider 

the n forward problems, 

L(i,^) = dtil^' + Ad^il^^ + 5V'' = 0, / = 1 , . . . ,n , (3.3) 

subject to the conditions, for Z = 1 , . . . ,n , 

V''(2,0) = 0, Xo<z<yo, (3.4) 

V'!(xo, t) = /i(xo, t) Sii, iecT^(A), (3.5) 

'^l(yo^^) = fi(yo,t)Sii, ie(T-(A). (3.6) 

Here the 6ii stands for the Kronecker delta function. The '^\(z,t) is interpreted 

as the component of the wave at (z,t) travelling along the z*^-characteristic due 

to input along the /'^-characteristic only. 

Let P = (z,t), Q = ( C , T ) with P,Q ^ I>r, and let G = G(P;Q) = 

(Gij(P;Q))^--^ be the Riemann-Green radiation kernel (see [3], pp. 727-734) 

satisfying: 

1. The adjoint equation, 

L'G(P;Q) = 0, (3.7) 

where unless explicitly stated otherwise, the differentiation in L' is to be 

carried out with respect to the first set of independent variables. Recall 

that for an arbitrary partial-differential operator L, the formal adjoint, L', 

is defined by the requirement that the expression 

(G,i(V. ')>-(X>(G),V'> (3.8) 

be a divergence expression. In the case L is defined by (3.1), the definition 

(3.8) yields that L" (the formal adjoint of L) is given by, 

LpG(P: Q) = -d,G(P', Q) - d, IAG(P', Q)] + B''(z)G(P: Q) = 0. (3.9) 



50 

2. The causality condition, 

G(P',Q) = 0, if t>r. (3.10) 

3. The terminal condition, 

G(P;Q) = 6(z-C)In, at t = r, (3.11) 

where 7„ represents the nxn identity matrix. 

4. The boundary conditions, 

Gij(xo,t;Q) = Q, iea-(A), j e CT(A), (3.12) 

Gij(yo,t; Q) = 0, ie a^(A), j G <r(A). (3.13) 

Proposi t ion 3.1 If if) satisfies (3.3)-(3.6), and G satisfies (3.7)-(3.13), then at 

fflTiy Q G Dr and for i = 1,... ,n, the solution to (3.3) is given by 

'^iiQ) = J2 Gii(xo,t;Q)fiifi(xo,t)dt- Y] / Gii(yo,t',Q)fiifi(yo,t)dt. 
1 = 1 -̂ 0 Z=r+1 "̂ 0 

(3.14) 

Notice that the fi'iS are negative in the second sum. 

Proof: Let xl)i(z,t) = <f)]'(z,t) + <f>i'(z,t), where the <^,'(2,t) satisfy, for / = 

1 , . . . , n and A; = 1 or 2, 

L((l>''^^) = 0, (3.15) 

<i)^'\z,0) = 0, Xo<z<yo, (3.16) 

(l>l'\xo,t) = fi(xo,t)Sii, i G <T^(A), (3.17) 

<f>y(yo,i) = 0, iecr-(A), (3.18) 

cf>l\xo,t) = 0, iecT^A), (3.19) 

cl>V(yo,t) = fi(yo,t)Sii, iea-(A). (3.20) 
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From the definition of L*, we have 

0 = (G,L(^'.'))-(i>(C?),<6'' ') 

J DT 

= £^ [-G'^4>''\G''A<i^^^')-dl, (3.21) 

where dl = (dz,dt). Define the vector M(P) by 

M(P)= (-GV'',G'^A(^'=''), 

and let 

dDr = /i U Z2 U /a U U, 

where 
li = {t = 0,xo <z< 2/0}, /2 = {2 = 7/0,0 < < < r } , 

3̂ = {̂  = r,T/o < 2 < lo}, U = {z = xo,T <t< 0}. 

Then the integral (3.21) may be rewritten as 

0 = 1' = i l-G^cl>''\G'^A<f>'A-dl 
JdDr ^ ' 

= / 
Jdi 

M 'dl 
l8Dr=ll+h-^l2-^-l4 

= Ji'^+Z^ + Ja' + iJ, (3.22) 

where I^ is the integral 7* over Ii. We consider each of these integrals separately. 

1. /f: here t = dt = 0 and thus 

[M-dl = - f G'^(z,0;Q)(f>'\z,0)dz 
Jh 'fii 

= 0, 

where we have used (3.16). Hence 

/* = 0. (3.23) 

2. /g: here t = T and dt = 0, and thus 

[M-dl = - I G'^(z,T;Q)4>'\z,T)dz, 
J12 Jh 
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Jh 
= - I 8(z-Q<t>'\z,T)dz, 

= 4>''\C.,r), 

where we have used (3.11). Hence 

r* _ AJ^,I l3=r'(C.r). (3.24) 

Before computing the integrals / j and 74 , it is helpful to compute the foUowing 

quantities. Notice that 

G^A<t,''''= h : G i ^ ( P ; ( ? ) f t # ' ' ( P ) 
n 

i=l j = l , 

and thus, for fc = 1, and by (3.12) and (3.17), we have 

G'^AcP'''] = (lJ2Gij(xo,t;Q)fiJi(xo,t)6ii 

-- {{Gij(xo,t',Q)fiifi(xo,t)}';^^f, l = l,...,r, (3.25) 

2 = X 0 
> 

i= i / 

and from (3.13) and (3.18), we have 

G^A(I>^'^ = 0. 
i = y o 

(3.26) 

For k = 2, and from (3.12) and (3.19), we have 

and from (3.13) and (3.20), we have 

z=xo 
= 0, (3.27) 

n 
T A A^J G'Acj) 

z=yo 
^ Gij(yo,t',Q)fiifi(yo,t)8ii 

i=T + l 

" \ 

i = lj 

= {{Gij(yoJ;Q)fiifi(yo,t)}%iY . / = r + l , . . . , n . (3.28) 

We now return to the computation of the integrals I2 and I, 

3. 72: here z = yo and dz = 0, and thus 

I^= r G''(yo,t\Q)Aci>'\yo.t)dt. 
Jo 
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It then foUows from (3.26) that , 

II = 0, (3.29) 

and from (3.28) it follows that 

^2=1 {{Gij(yo.t;Q)fiifi(yo,t)}^^y dt, / = r + l , . . . , n . (3.30) 

4. 7*: here z = XQ and dz = 0, and thus 

7* = - r G'^(xo,t;Q)A<i>'\xo,t)dt, 
Jo 

from (3.25) it follows that, 

^l = - £ {{Gij(xo,t-Q)fiifi(xo,t)}';^^f dt, l = l,...,r, (3.31) 

and from (3.27) it foUows that 

II = 0. (3.32) 

Then, upon combining (3.23), (3.24), (3.29) and (3.31), we obtain 

0 = I' = 4>'^\C,T) - £ {{Gij(xo,t;Q)fiifi(xo,t)}';^^f dt, l = l,...,r, (3.33) 

and upon combining (3.23), (3.24), (3.30) and (3.32), we obtain 

0 = 7^ = 4>^^\C.T) + £ {{Gij(yo,t-Q)fiifi(yo,t)}';^,Y dt, l = r^l,...,n. 

(3.34) 

Finallj^ combining the fact that 

^\{(i,r) = 4>V{(.,r) + 4>]\C,r), 

and 

V',-(C,T) = X:V';(C,r), (3.35) 
/=1 

with equations (3.33) and (3.34), equation (3.14) results. D 

An alternate representation that is more convenient for calculations than the 

above is: 
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Propos i t ion 3.2 Under the conditions of the previous proposition, 

^.•(C. '') = I Gii(xo, t;C,r) fii fi(xo, t) dt, if / G (T^(A), (3.36) 

'^'•(^'^) = - ^ Gu(yo,t;C,r)fiifi(yo,t)dt, iilea-(A). (3.37) 

In the remainder of this dissertation, it wiU be more convenient to work with 

the adjoint function of the Riemann-Green function introduced above. Thus 

let O = (v,ri) and recaU that P = (z,t). Let K = K(P;0) be the function 

satisfying, 

h.,t) (K(P; O)) = dtK(P', O) -f Ad,K(P; O) + B(z)K(P; O) = 0, (3.38) 

with 

K(z,t;v,ri) = 0, if t<rf, (3.39) 

K(z,ri',i^,ri) = 8(v - 2)7„xn, (3.40) 

Kij(xo,t',i^,ri) = 0, if i^cr^(A), 3 e(T(A), (3.41) 

Kij(yo,t\v,'n) = 0, if ie(T-(A), j ea(A), (3.42) 

Proposit ion 3.3 (The reciprocity relation) If the Riemann-Green function G 

satisfies (3.7), (3.10)-(3.13), and if K satisfies (3.38)-(3.42), then 

K(C,T',u,ri) = G^(v,rf-(i,r). (3.43) 

Proof: Proceeding formally, we have 

0 = {G,L(K))-(r(G),K), 

= J ^ [dtlG^K] + d,[G^AK]) dzdt, 

= i [-G^K,G^AK)-dl, 

where D' = {(z,t) ' XQ < z < y^, r) < t < u} and dD' represents the bound

ary of 7)". Upon carrying out the integration above, and employing the ini

tial/terminal conditions (3.11), (3.40), and the boundary conditions (3.12)-(3.13), 

(3.41)-(3.42), equation (3.43) results. D 
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Combining the results of Propositions 3.2 and 3.3, we obtain the desired 

integral representation, 

Propos i t ion 3.4 7/'0 satisfies the conditions of Proposition 3.1, and K satisfies 

(3.38)-(3.42), then 

V'!(C,r)= r Kii(C,r;xo,t)fiifi(xo,t)dt, if I E CT^(A), (3.44) 
Jo 

V'!(C,T) = - r Kii(C,r;yo,t)fiifi(yo,t)dt, if / G <r-(A). (3.45) 

We will refer to the function, K, as the Riemann-Green kernel also. Outside 

the interval [xo,2/o], the interaction matrix B is zero, and hence the solution is 

simply a free (non-interacting) wave propagating along the corresponding char

acteristic (the d'Alembert solution). This estabHshes the following. 

Proposi t ion 3.5 (i) If P and Q are such that ( > yo, then the solution to (3.1) 

and (3.2) is given by, 

^̂ .̂̂ ' ^"JO, iea-(A), r<^. 

HC.r)={ and 2/0 < C ̂  2/0 - Mi7j, 

0, JecT-(A), r > 7 , - ^ , 

and C > 2/0 - f^jlj-

(ii) Similarly, if C < ^0, tb,en the solution to (3.1) and (3.2) is 

and Xo — fiifi ^ C £ ^JQ, 

0 iea^A), T > 7 i - ^ , 

a n d ( < XQ - fii'^i. 

i'M,r) = { 

i'i{C,r) = 
_ j ,/,. [xo,r - ^ ) , je^-{A), T > i - g p 

0 jea-(A), r < ^ 
' ^ j 
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3.2 Properties of the Riemann-Green Kernel 

From either of the representations (3.44) or (3.45), the reflection and trans

mission functions (i.e., the scattering matrix) can easily be defined. In fact, the 

definition of the scattering matrix involves no more than evaluating K at certain 

values of ^, r, 2 and t. Before doing this though, there are a couple of points that 

are best (and most easily) addressed here. The first involves the calculation of 

the discontinuities in the off-diagonal elements of K induced by the delta func

tion singularities introduced along the diagonal elements. As will be seen, these 

discontinuities axe scalar multiples of the scattering parameters of the medium 

(that is, the off-diagonal elements oi B) and hence they will furnish the first 

direct relation between the boundary data and the (off-diagonal) elements of B. 

This direct relation is the one-to-one correspondence between the reflection and 

transmission functions and the off-diagonal elements of B(z) mentioned in Sec

tion 1.1. The second point is partly cosmetic in nature and involves the rewriting 

of the diagonal elements of K in (3.14) into a singular and a piecewise smooth 

component, which wiU ease some of the subsequent manipulation. 

Proposi t ion 3.6 If the Riemann-Green kernel K(z,i;iy.ri) satisfies equations 

(3.38)-(3.42), then K(z,t;u,rj) is unique. 

The proof relies on the energy inequaHty (see Proposition 1.4 of Section 1.2.2), 

and wiU be omitted here. 

Proposi t ion 3.7 If the Riemann-Green kernel satisfies equations (3.38)-(3.42), 

then K(z,i;u,ri) depends on the time variables only through their difference, i.e., 

K(z,t',u,rj) = K(z,u;t-r,). (3.46) 

Proof : For any /? such that rf < 13 <t, notice that the function K(z,t-fi; v,r]-(3) 

satisfies the differential equation (3.38) together with the initial and boundary 

conditions (3.40)-(3.42). By the uniqueness of K, it foUows that 

K(z,t-v,ri) = K(z,t - ^;v,ri - 0). 

In particular, a t / ? = rj, K(z,t;u,'n) = K(z,t - rj;i^,0). We set K(z,u;t - rj) = 

K(z,t-ri;u,0). • 
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In order to calculate the discontinuities in K, one needs to solve the n^ ter

minal boundary-value problems (3.38), reproduced here for convenience in com

ponent form 

dtKij(P; O) + fiid,Kii(P; O) + b,i(z)K^i(P', O) + f^ bit,(z)K^i(P; O) = 0, 

(3.47) 

subject to the conditions (3.40)-(3.42). Notice first that (3.38) or (3.47) are only 

coupled colunmwise, and hence they constitute n independent problems. The 

solution is rather straightforward but somewhat tedious. Let D = {(z.t) : XQ < 

z "^ yo^t > Tj > 0} and (ot,/3) G D. Through (ot,/3) draw the n characteristics, ex

tended backward in time, to the boundary of D and let the i^'^ such characteristic 

be given by 

z^ = z\t) = a — fii/3 ^ flit, i = 1,.. .,n. (3.48) 

Let 0̂ be the time at which the i*"^ characteristic through (a,/?) intersects the 

boundary of D (see Figure 3.1), hence 

r max(7,, ^ +/?) , if iec^A)., 

" \ max(7,,Ji!^ + /3), if i€<r'{A). 

In what follows, and for ease of space we define, 

_ Xo ii i e o-'^(A), 

^ ° " ^ 2/0 if iecT-(A), 
(3.50) 

an d for i, j = 1 , . . . , n with i ^ j , let 
fiju - fija fijfij . „ . . . ^ 

'^ fii-fij fJ'i-N 

Also denote by II(x) the Heaviside function 

m = {' I ' ^ !' (3-52) 
^ ^ ^ 0 if X <0. 

Defini t ion 3.1 Define the attenuation coefficients Ef(xo,z) for alii G (r(A) by, 

Et(xo, z) = exp (— r bii(s) ds] . (3.53) 
\ f^i •'a:o / 
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z = yo 

Figure 3.1: The initial times to-

P r o p o s i t i o n 3.8 If K satisfies equations (3.38)-(3.42), then the elements Kij 

of the Riemann-Green kernel may be represented as: 

1. The diagonal-elements, 

Kjj(a,jy',l3-r,) = dj(a,pi;l3 - rj) Er(z^(ri),a)6(z\rj) - u) 

^Nj(a,i^;l3-r]), j = l,...,n (3.54) 

where 

Nj (a, i / ; /9-77) = - Yl / 'dj(a,pi;(3-r}-s)bjk(ocj(s)) 

X Ej(aj(s), a)Kkj(aj(s), u;/3 - T) - s)ds. 

and 

aj(s) = a- fijs, 

^ i (a , r f ; / ? -rj) = H(0-rj)-H(l3-r)-
Q - P o 

(3.55) 

(3.56) 

(3.57) 

2. The off-diagonal elements: For i,j = l,...,n with i y^ j we have, 

^ii(a,u;l3 - r))i^ij(a,u',0 - 7j) \ ^ \ ^o w 
K,j(a,u;(3-rj) = ''^ ' ^ /^ ^ V ^ 6.,(U;,,(2/,Q) + A.,(/?-77)) 

^^^ - Mj 
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xE-(u;ij(u,a) + X,j(/3 - ri),a)E-(iy,u;,j(u,a) + Xij(0 

+ Iij(a, I/; ̂  - 77) + Iij(a, I/; /? - 77), 

- v ) ) 

where 
riS-T, 

7r.(a,r/;/?-77) = - / ' ' i ? i (a , r t ;^ - 77 - 5) x 
t/o 

^u(Q^t(^))^r(c^i(5),ct)7V,(a,(5),i/;^ - 7} - 5)^5, 

(3.58) 

(3.59) 

Iij(a,iy;^-Tj) = -J2 f ^ U<^,PU/3 - V - s) E-(ai(s),a)x 

and 

bik(ai(s))Kkj(ai(s),u;l3 - Tj - s)ds. 

^.,(a,.,/9-ry) = ff|"-" + ^ - t ^ - ^ ) ] - f f / ^ o - ^ 

(3.60) 

Mi - /^i /^i 
(3.61) 

' 1 if 0 < '^-"^^••(^-^) < /? - 77, 

and 0 < /? - 77 < «-PS 

i?i,(a,i/;/3-7y) = < 1 if 0 < °-*^-^^(^-^) < Ẑ££L 

0 

and /9-77 > ^ , 

otherwise. 

Mi 
(3.62) 

A description of the regions described by •dij(a,u;0 — r])^(a,i/',/3 — rj), for some 

special cases, may be found after the proof. 

Proof: Multiply (3.47) by E^(xo,z) and replace 2 by 2*(t), whence the left-hand 

side of each row of (3.47) becomes a total differential along the i^^ characteristic. 

If we integrate each component from t = to to t = 0 we obtain. 

Kij(a,l3;u,rj) = E-(z'(t\,),a)Kij(z\ti),ti,u,v) 

k=l,kji:i''^l 

It is now necessary to distinguish two cases for equation (3.63): the case i = j 

and the case i j^ j . 

- E £bi,(z'(t))Er(z'(t),a)Kij(z\t),t',u,r,)dt. (3.63) 
I -I I L' *'*'t\ 
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1. The case i = j : Suppose first that tj = 77. From (3.49) it then follows that 

O<0-r)<(a- pi)/fij, and recall from (3.50) that pi = xo ii j = 1,... ,r and 

Po = 2/0 if j = r + 1 , . . . ,n . Upon employing the end condition (3.40), equation 

(3.63) becomes, for 0 < /3 - 77 < (a - pi)/fij, 

K^j(a, (3-, V, 77) = E-(z\rf), o.)8(v - z^(r))) 

- E f Ej{^'W.oc)bik(z^(t))K,i(z\t),t',v,rj)dt, (3.64) 

or, upon making the substitution -s = t - jS and setting Kjj(a,u]l3 - rj) = 

Kjj(a,^;v,Tf), there results 

Kii(a, v;(3-rf) = Ej(z^(ri), a)8(v - 2 (̂77)) 

~ Z^ Bj(a-fijs,a)bjk(a-fijs)Kkj(a-fijs,i^;l3-r)-s)ds, (3.65) 

where aj(s) = a — fijS. 

Now suppose that tj 7̂  77, hence tj = (<̂  — PO)/MJ? ^.nd from (3.49) we have 

that 0 — Tj > (a — Po)/fij. Also notice from (3.48) and (3.49) that in this case 

z-'(to) = Po' Next we evaluate the functions Kjj appearing in the first term on 

the right-hand side of (3.63): (1) from (3.41) Kjj(xo,to;i/,r]) = 0, for j = 1 , . . . , r , 

and, (2) and from (3.42), Kjj(yo,to; 1̂ ,77) = 0, for j = r -f 1 , . . . ,71. Thus equation 

(3.63) becomes, 

Kjj(a,^;i^,rj) = - f^ / L E-(z^(t),a)bj,(z^(t))K,^(z^(t),t;u,r,)di. 
k=i,kjtj''^+l^ 

(3.66) 

If we make the substitution - 5 =t-^, and set Kjj(a, u;(3 -r]) = Kjj(a, I3\v>,r}) 

we obtain. 

n 

Kjj(a,u',/3-rj) = - fi / E-(aj(s),a)bjk(aj(s))Kkj(aj(s),u;0-rj-s)ds. 
k=i,k^j'^° 

(3.67) 

Define the characteristic function I ? J (Q,PJ ; /5 - 77) for the region 0 < /3 - 77 < 

(a-pi)/fij by 

^j(a,pl;^- r}) = H(i3-ri)-H(i3-rj- ^ ^ ] , (3.68) 
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with the aid of which equation (3.67) may be rewritten as, 

Kjj(a,u',0-rj) = - J2 r^M<^,pi;i3 -rj - s)Er(aj(s),a) 

fc=i,Mj ° 

xbjk(aj(s))Kkj(aj(s),u;l3 - 77 - s)ds. (3.69) 

If we multiply both terms on the right-hand side of (3.65) by the characteristic 

function 'Oj(a,pl]r - /3), we can combine equations (3.65) and (3.69) into 

Kjj(a,iy;0-rj) = ^j(a,pi;/3 - r,)E-(z^(v),a)8(u - z^(r})) 

- E r^^j(cc,pi',^-v-s)E-(aj(s),a) 
k=\,kizj''^ 

xbjk(ccj(s))Kkj(ccj(s), u;l3-T]- s)ds, (3.70) 

which is equation (3.54) where. 

)(a,u-J-v) = - E / " ' i ? i ( a , p j ; / 5 - 7 7 - 5 ) 
I . - - , L-L • Jo k=\,kt3 

E-(aj(s),a)bjk(ctj(s))Kkj(aj(s),iy;0 - 7) - s)ds. (3.71) 

2. The case i ^ j : Going back to (3.63), notice that the first term on the 

right-hand side of this equation is zero, since if t^ — Vi then from the initial 

condition (3.40) we have that, for i ^ j , Kij(z*(Tj),ri;i',r}) = 0. On the other 

hand, if VQ ^ rj. then from (3.48) and (3.49) it follows that z^(to) = p^, and from 

the boundary conditions (3.41)-(3.42) it follows that Kij(pQ,tQ;i/,r)) = 0, and 

thus equation (3.63) reduces to 

Kij(a,0',u,r]) = -Y, [^ Er(z\t),a)bi,(z\t))K,j(z\t),t;u,rf) 

= - / . E-(z\t),a)bi^(z\t))Kjj(z\t),t;u,r^)dt 

- E £E-(z\t),a)bi,(z'(t))K,j(z\t),t',u,ri)dt, (3.72) 
fc?^i,i *« 

where the diagonal elements Kjj were singled out from the sum in (3.72). The 

remaining manipulations are similar to those outlined in the previous case, and 

thus we describe them only briefly. 
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1. Evaluate (3.70) at a = z^(t) and /? = < and substitute the result in (3.72). 

2. Next, compute the integrals containing the delta function, and combine the 

remaining (piecewise-smooth) portions together to yield (3.59) and (3.60). 

The result of this is equation (3.58). In this step, we also introduce the 

characteristic iunciion 'di(a,Po;/3 — 77) in the functions lij and lij in order 

to combine both cases where 0̂ = 7̂ ̂ ^^ ^o ¥^ V-

3. Finally, the various 1?̂ ^ are obtained by solving the set of inequalities which 

ensures that the zero of the delta function (in the preceding step) lies 

between the limits of integration. • 

Remark: More properly, the functions E~, E~ as they appear in (3.58) should 

read, 

E^(a,u;ij(u,a)^Xij(0-Tj)), if i G o--(A), 

El(u,ij(u,a) + Xij(l3-r)),i^), if iecT^(A). 

But reversing the arguments on the above changes the sign in the exponent. 

Next we describe the characteristic regions $ij(a,z/;/? - T))'dij(a,i/;/3 - rj), 

reproduced here once again for convenience. 

^,j(a,u;t) = H 
v — a -\- flit 

f^i - H 
-H (3.73) 

'dij(a,u\t) = < 

1 if 0 < "~^^^'* < i, 

and 0<t<^^ 

1 ii 0< 

0 

Mi 
a—u—uit til < 

Mi-Mj Mi 

and t > tt-Po 

otherwise. 

(3.74) 

w here t — ^ - r\. It is rather cumbursome to compute the various inequalities 

in ^i and -dij for arbitrary a and v. But notice from Proposition 3.4 that each 

of the functions Kij(oL,v,t) is evaluated at 1/ = x j if 3 G o-+(A) or 1/ = T/Q if 

j G (T~(A). Thus we describe the regions ^ij(oL,v',t)'&ij(oL,v,t) for the special 

case when 1/ = x j or 1/ = 2/̂  only. Even then, there are four separate cases to 
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consider: (1) fii, fij G <T^(A), (2) fii,fi^ G <T-(A), (3) fii G a'(A), fij G a^(A) 

and, (4) fii G (r^(A), fij G o--(A). 

We wiU carry out the computation of ^ij-dij for the case fii G (T'^(A) and 

fij G o'~(^). The remaining cases are treated in a similar fashion. If /x, G o-~(A) 

and /Xj G o-+(>i), then u = x j , pj = xo and pj, = yo. Thus, 

= H 
gj" - Q + Mt-t 

Ml - Mi 

/^j 

from which we obtain, 

t > 
XQ - a 

(3.75) 

Now the function i9ij(a,Xo',t): 

1. If 0 < t < ^ ^ ^ , i.e., 0 < ^ < Jf^ , we need to solve 
— — Mt ' ' — — iMii ' 

f^jt ^ Q - go ^ fJ'jt 
(3.76) 

/Xi - /Xj /Xi - fij fii - fij 

Notice that if fii G <T~(A) and fij G o-'^(A), then fii — fij < 0, and thus (3.76) 

reads 

flit < a — Xo < fijt. 

from which we obtain. 

j ^ 2/0-0: Xo- a a - Xo 
t < —; ;—; t > —; ;—; t > , l/̂ i l/̂ i H 

(3.77) 

2. If i > ^ ^ ^ , i.e., t > J f^ , we need to solve 
^ii ' ' iMil ' 

fijt a - Xo . a - yo ^ fiit 

/^i - Mj Mi - Mj 

from which we obtain. 

Mi Mi - Mi 

2/0 - a a - Xo . . yo - Oi yo - XQ 
t > —,—r-; ^ > ' ^ ̂  ~—^—^ 

iMi Mj Mil Mj 

(3.78) 

(3.79) 

M 
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Upon combining equations (3.77)-(3.79), there results 

eij(a, Xo', t) = ^ij(a, Xo; t)'dij(a, XQ; t) 

1 if 2:^ < i < i^p" + 2«-i£o 
Mj — — iMil Mj 

= < and < > 2 p s 
— iMi I 

0 otherwise. 

In an analogous manner , the remaining cases may be computed. The result is, 

P r o p o s i t i o n 3 .9 The regions described by ^ij(a,u',t)'i^ij(a,i/;t), for the special 

case when v = XQ if j £ ^^(A) or u = yo if j G ^•~(A) are: 

1. If fii, fij G cr^(A), 

eij(a,xo;t) = ^ij(a,xo;t)'dij(oc,xo;t) 

1 if ^ < i < ^ ; M i - M i > 0 , 
Mt Mj 

1 if - z ^ < t < ^ ; fii-fij <0, 
Mj Mt 

0 otherwise. 

2. If fii.fij e<T-(A), 

6ij(a, yo; t) = ^ij(a, yo; t)t?ij(a, yo; t) 

1 if ^ ^ < t < ^ ; t^i-N>^^ 

< t < ^ ; fii-fi,<0, 1 if ^ 

0 otherwise. 

3. If fii G o--(A) and fij G CT+(A), 

eij(a, xo;t) = ^ij(a, XQ; t)'dij(a, XQ; t) 

= < 

' 1 if Q-»o < ^ < ^^('~° -1- »̂ '*~°'t) 
MJ — — iMil Mj 

and t > îL-'* 

0 
1M>I 

otherwise. 

4. If fii G o-'^(^) and fij G o" (A), 

eij(a,yo;t) = *i i (a ,2/o;0^i i (^ '2 /o; t ) 

1 I i 1^,1 ^ ^ - M. ^ iMjl 

0 

and t > ^ 

otherwise. 

(3.80) 

(3.81) 
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The functions 6ij(a,u;t) are the characteristic functions for the region influ

enced by the discontinuity resulting from the delta function singularity. Essen

tially what they say is that these discontinuities He between the characteristic 

over which the delta function propagates and the characteristic over which the 

integration is carried out. See Figure 3.2. 

From the representation (3.58), the discontinuities at the initial time are 

easily computed. But in order to proceed with this, the regularity of G needs to 

be (briefly) addressed. To this end, we present the following conjecture, as it is 

stated in Morawetz [38]. 

Conjecture (Morawetz [38], page 55) The Riemann-Green function K is sin

gular only on the characteristics issuing from the point at which the delta func

tions are introduced and their subsequent reflections, elsewhere K is infinitely 

diflferentiable. 

The second statement of this conjecture is verified in Morawetz for the case 

of scattering by a cylinder (more specificaUy, in the exterior of a cylinder). We 

will assume this result for the present case, and verify the first statement of the 

conjecture only. For this we use the method of propagation of singularities (see 

Courant and Hilbert [3], pp. 618-635, or Bube and Burridge [13] for details). The 

first observation to make in that regard is that the elements of K are coupled 

columnwise, hence it suffices to consider an arbitrary column of K only. Let 

(K)j be the j-ih column of K, hence (Ki)j = Kij is the i-th. element of the j-th. 

column. From (3.38) and (3.40) it follows that (K)j satisfies, 

dt(K)j + d:,A(K)j + B(K)j = 0, (3.82) 

(Kj)j = 8(z-u) a t < = 0. (3.83) 

Following standard procedure (see the above cited references [3], [13]), one as

sumes a solution of the form, 

(K)j = E Mt)Sk(z - 4>(t)) + U(z,t), (3.84) 
k=o 

where the column vector U(z,t) is a solution of (3.82) that is assumed to be as 

smooth as desired, and <̂ (<) is a phase function. The (column) vector coefficients 
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a 

a = Xo OL = yo 

fii- fij> 0; fii, fij G o-+(A) 

ib) 

\ 

\ t = ^ ^ 
iMil 

\ 
\ 

^ i i T ^ O \ 

* a 

a = Xo OL = yo 

fii-fij >0; fii,fij e cr-(A) 

ic) (d) 

A _ . v o - Q I yo-XQ 

iMi I Mi 

a 

a = Xo OL = yo 

fii G (T-(A), fij G (T^(A) 

a = Xo OL = yo 

fii G cr-^(A), fij G (T-(A) 

Figure 3.2: The characteristic regions 9 t j -
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Uk(t) are to be determined, and are required to satisfy Uk(t) = 0 ioi k < 0. The 

terms Sk(t) are assumed to be known functions (scalars) satisfying the recursion 

relation, 

SI = Sk-i, (3.85) 

where the prime denotes differentiation. We take 5o to be the most severe sin

gularity, which in this case is a delta function. The sequence {S^} is then given 
by, 

So(t) = 8(t), Si(t) = H(t), ..., Sr,(t) = jf^^H(t). (3.86) 

where H(t) is the Heaviside function. It follows that the terms {Sk} are piece-

wise smooth for A; > 1. Notice also that the singularities or discontinuities in 

5^(77) occur at 77 = 0. Specifically, from the solution (3.84) it is clear that the 

singularities or discontinuities occur at 2 — (t)(t). 

P r o p o s i t i o n 3.10 If the series on the right-hand side of (3.84) is to satisfy 

(3.82)-(3.83), where the terms Sk are defined by (3.85) and satisfy (3.86), then 

the function 4> (that appears in the argument of Sk in (3.84)) rnust be such that 

2 = (f>(t) is a characteristic curve of (3.82). 

Proof: Upon substituting (3.84) in (3.82), there results, 

E(^fc-i - "^kcf)' + Auk + Buk-i)Sk-i = 0. 
k 

Next, equate the coefficients of Sk-i to zero. For A; = 0, 

(A - <f)'I)uo = 0, 

that is, (j)' is an eigenvalue of A, and since A is assumed diagonal, it foUows that 

<t>'(t) = fii for some i, which in turn impHes that <̂ (<) = fiit -h c, where c is an 

arbitrary constant. This demonstrates that the singularities propagate along the 

characteristic curves 

2 = <f)(t) = flit + c, 

which are the wave fronts. • 
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Thus we need to compute the jumps in Kij across the characteristics only. 

This wiU be accompHshed in the foUowing manner. Set < = ^ - 77 in equation 

(3.58), and denote by [Kij(a,u;t)]t=o the jump in Kij (i 7̂  ; ) ^X t = 0. Hence, 

[Kij(a,v;t)]t:=o = ^mKij(a,i/;t)- ]iinKij(a,iy;t) 
t=o+ •'̂  ' t=o- •' ' 

= ^jriKij(a,iy;t), (3.87) 

where (3.39) was used. Next, notice that [Kij(a,iy;t)]t=o = 0 if (a,t) lies in the 

region such that eij(a,i/;t) = 0. This follows from Proposition 3.9 and by noting 

that the functions lij, I;;., and Nj in equation (3.58) are aU continuous since 

they involve the integrals of piecewise smooth functions, moreover, as t —> 0"̂  

lim lij = Hm 7;, = lim Nj = 0. (3.88) 

lit-^0'^ such that 6ij(a,i/;t) ^ 0, then a ^ j/ = p^. Combining these results, 

and from (3.58), we have: 

Propos i t ion 3.11 If (a,t) is such that 6ij(a,u;t) j^ 0, then for all i,j with 

i 7̂  j , 

[Kij(cc, u; t)l^^^. = I " ^ .bij(a). (3.89) 

That is, the discontinuity in the (i,j) element of 7f is a constant multiple 

of the (i,j) element of B. This result is of great importance, for it links the 

Riemann-Green function to the off"-diagonal elements of B. In the next section, 

where the refiection and transmission functions are defined through the function 

K, the analogue of equation (3.89) furnishes the one-to-one relation between the 

reflection and transmission functions, and the ofi"-diagonal elements of B. Notice 

also that the diagonal elements of B are already excluded in (3.89). For now, we 

calculate two other sets of discontiniuties in K. 

Propos i t ion 3.12 1. For fii, fij G a-'^(A), 

[Kij(a,Xo;t)]^^^^ = ~'^''^^'~l''\^j(xo)E-(xo,a). (3.90) 
i^i IMi ~ Mil 
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2. For fii, fij G (T-(A), 

[Kij(a,yo;t)]^^a^ = '^f^' ^Aij(yo)E-(yo,a). 
Mi \fli - flj\ 

(3.91) 

Here sgn(x) is the sign function 

sgn(x) = < 

1 if X > 0, 

0 if X = 0, 

- 1 if X < 0. 

(3.92) 

Proof: For instance, in order to show (3.90), notice from equation (3.59) and 

(3.60) t ha t , 

[Iij(a,xo;t)\^o-^= Ilj(a,xo;t)\^ o-xn = 0. (3.93) 
M i '• 

Denote by Fij(a,i/;t) the free term in (3.58), thus 

eij(a,iy;t) 

t=- Mi 

Fij(a,i/;t) = bij(u^ij(i^,Oi) -rXijt) 
IMi - M i l 

X E~(u}ij(u,a) -\- Xijt,a)E~(u,Wij(u,a) + Xijt), 

where. 
fiiu - fija 

^i: = 
f^iN 

f^i - f^j fJ'i - f^j 

and the functions 9ij(a,v;t) are given by (3.80) from which we have 

(3.94) 

(3.95) 

[^ij(Q,xo;t)]^^a-^ = 
1 ii fii — fij > 0, 

— 1 if fii — fij < 0, 

= sgn(fii -fij). (3.96) 

By a straightforward copmutat ion, from (3.95) we find 

U}ij(l',a) -\- Xijt\^_o-T^ = XQ. (3.97) 

By combining (3.93)-(3.97), equation (3.90) results. Equation (3.91) is obtained 

in an analogous manner . • 

Similarly the foUowing may be verified. 

• i ^ ^ 
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P r o p o s i t i o n 3.13 1. For fii G o - ( ^ ) and fij G (T^(A), 

[K,j(a,xo;t)\^^^ y^,^^ = •bij(yo)E-(yo,a)E-(yo,Xo). (3.98) 
M. M J \fli-flj\ 

2. For fii G (T^(A) and fij G «^"(A), 

[Kij(a,yo;t)\^a-^_y,,-^ = ^ -6ij(xo)-E:r(xo, 0)^7(7/0,2=0). (3.99) 
^^ '̂ j iMi - Mi I 

Next we consider the rewriting of the diagonal elements of K as they appear 

in (3.44) and (3.45), which are singled out and reproduced again, 

V ' K C T ) = r Kii(C,xo;r-t)fiifi(xo,t)dt, i£(T^(A), (3.100) 
Jo 

V'KCr) = - r Kii(C,yo;r-t)fiifi(yo,t)dt, ie<T-(A). (3.101) 
Jo 

Recall that the terms Ni((,p\^;t) are the piecewise smooth components of the 

diagonal elements of K, and are given by equation (3.55), and that the fi(-,t) 

are the boundary data for the direct problem, defined by (3.2). 

Propos i t ion 3.14 An alternate representation for II)\((^,T) is, 

^ K C , T ) = E-(i:,xo)H(r-Xi)fi(xo,T-Xi) 

-H r Ni(C,xo;r-t)fiifi(xo,t)dt, i G o-+(A), (3.102) 
^0 

V ' K C T ) = Et(yoiC)H(T + X,)fi(yo,r--Xi) 

- r Ni(C,yo;r-t)fi,fi(yo,t)dt iea-(A). (3.103) 
^0 

Here H(x) is the Heaviside function and 

^ _ J ( C - X o ) / M . , rea-(A), ^^^^^^^ 

[ (yo - C)/f^i, i e o- (A). 

Proof: By straightforward substitution of equation (3.54) in (3.100) and (3.101), 

and evaluating what results. • 

The terms Xi are the characteristic times. That is, they are the width C - 2=0 

or yo - C scaled by the velocity fii, which is the time required by an input at 

z = Xo say, to reach z = ( while propagating along the i*^-characteristic. 
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3.3 The Refiection and Transmission Operators 

The reflection and transmission operators and their kernels will be defined 

below, and subsequentlj' two alternate ways of viewing them are presented. 

Definition 3.2 For XQ < C, < yo and 0 < t < r, define 

7;t(xo,7/o,T) = Ni(C,xo;T)\c=y„ iea^(A), (3.105) 

Tr(xo,yo,r) = Ni(C,yo;r) \c=:.,, iea-(A), (3.106) 

where the Ni are the functions given by (3.55). 

Notice from (3.55) that the T^ are continuous, and that the jumps in Ta at the 

initial time are, 

[i;f (xo,2/o,r)].=o = 0, for T/O > ^̂ o- (3.107) 

The functions T^ just defined are the transmission kernels for the component of 

the wave propagating along the f*'^-characteristic, due to input along the same 

characteristic. 

Definition 3.3 The positive and negative diagonal transmission operators, re

spectively ^"^ and S~, are defined for 

1. i G (T+(A) by 

iPi(yo,r) = Er(xo,yo)H(r-Xi)fi(xo,r-Xi) 

+ / Tti(xo,yo,r-t)fiifi(xo.t)dt 

= (^U)[r). (3-108) 

2. and for i G <T~(A) by 

V;J(XO,T) = E-(yo,xo)H(T^Xi)fi(yo,r-YXi) 

- f T-i (xo, 2/0, T - t) M. /i(2/o, t) dt 

= (^:ifi)(r). (3.109) 

where now, 
Xi = (yo-xo)/f^ri i = l , . . . , 7 i , (3.110) 

so that X,>Oifie cr^(A) and Xi < 0 otherwise. 
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The diagonal transmission operators , ^ ^ , defined above, are obtained by 

combining Proposit ion 3.14 and Definition 3.2. For instance, ^ + is defined in 

(3.108) by evaluating (3.102) at C = 2/o, and then using (3.105). Similarly (3.109) 

is obtained. 

D e f i n i t i o n 3.4 We define the off-diagonal transmission and the reflection func

tions (kernels), T^ (i ^^ j), and Rf-, as follows: 

1. The (right) transmission function along the i^^-characteristic (i G a'^(A)), 

for the interval \xo,yo\, with input data at z = XQ along the j*^^-characteristic 

(j G o-^(A) and i ^/^ j), is defined to be 

T,'j(xo,yo,r) = Kij((,xo;r)\t^=y,, i,jea^(A), i ^ j . (3.111) 

2. The (left) transmission function along the i^^-characteristic (i G cr~(A)), 

for the interval [xo,yo], with input data at z = yo along the j^^-characteristic 

(j G o-'^(A) and i ^ j), is defined to be 

T-j(xo,yo,r) = Kij(C,yo;T)\^=:,,, i,j e (T-(A), i ^ j . (3.112) 

3. The (right) reflection function along the j*"^-characteristic (j G a'^(A)), for 

the interval [xo,yo], due to input data at z = Xo along the z* -characteristic 

(i G a-~(A)), is defined to be 

Rtj{^o;yo,r) = K,j(C,xo;r)\c=.„ iea-(A), jea^(A). (3.113) 

4. The (left) reflection function along the j^^-characteristic (j G a~(A)), for 

the interval [xo,yo], due to input data at z = Xo along the t* -characteristic 

(i G (T'^(A)), is defined to be 

R:j(xo,yo.r) = Kij(C.yo;r)\c=yo, iecr^(A), je<T-(A). (3.114) 

The foUowing remarks might help the reader keep track of the various sub

scripts and superscripts. For the purposes of iUustration, we consider the re

flection functions Rfj only. The " ± " refers to the input end: " ^ " = left and 

" _ " = right, tha t is, the " ± " means tha t the input is propagating along the 
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i2-direction. Then R"^ is the reflection function for an input that was propa

gating in the -r2-direction. The subscripts ij should be read i *— j . That is, 

the field scatters from the characteristic with slope fij to the characteristic with 

slope fii. The arguments on these functions do not refer to where and when these 

scatterings took place. That is, Rfj(xo,yo,t) does not mean that the refiection 

took place at 2 = XQ (or 2 = 7/0) and time t, but rather that this is the refiection 

function for a medium extending from 2 = Xo to 2 = yo, where the scatterings 

could occur anywhere in [xo,7/o] ^P to time t. A better way to think of this is 

that if an impulse moving along the positive z-axis is introduced at 2 = Xo along 

the j^'^-characteristic, then 7lJ(xo,2/o?0 i^ ^^^ resulting response at 2 = xo again 

at some later time t, propagating along the z*^-characteristic. 

The refiection and transmission operators will be defined next. From (3.44)-

(3.45), (3.111)-(3.114), we have. 

Def ini t ion 3.5 The reflection and off-diagonal transmission operators, 9R̂  and 

^ - , are defined by 

1. For i,j G cr^(A), with i ^ j , 

V'i(2/o,T) = J T+j(xo,yo,T-t)fijfj(xo,t)dt, 

= ( ^5 / i )M. (3.115) 

And from (3.90), the kernel T^(xo,yo,t) satisfies, 

!,+(,„,j,„,i!i^^) = zf£!fc^fc,,(x„)f;-(x„,3,o), (3.116) 
f^i I f^j Mt I 

Tt,{xo,yo,t) = 0, if t < y ^ . (3.117) 
M» 

2. For i,j G (T~(A), with i / j , 

il^i(xo,r) = -J Tr(xo,yo,r - t)fijfj(yo,t)dt, 

^ (^7jfi)ir). (3.118) 

And from (3.91) the kernel T-(xo,yo,t) satisfies, 

T-,(xo,yo.'-^) = '-J^^Z^ (2-^^^) 

T-,(xo,yo,t) = 0, if t < ^ ^ - (3-120) 
J fxj 
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3. Fori^<T-(A), j £cT^(A), 

V'-(a;o,T) = / Rtj(xo,yo,r-t)fijfj(xo,t)dt, 
Jo 

= iKfj)i'r)' (3.121) 

And from(3.89), the kernel R+(xo,yo,t) satisfies, 

Rtj(xo,xo,0) = - — :6i,(xo), (3.122) 
I Mi - Mi I 

Rtj(^o,yo,t) = 0, i f / < 0 . (3.123) 

4. Foriecr+(A), j ea-(A), 

V'-(2/O,T) = - f R~j(xo,yo,r-t)fijfj(yo,t)dt, 
Jo 

= {K:ifj)(r)- (3.124) 

And from (3.89), the kernel R~j(xo,yo,t) satisfies, 

R:j(yo.yo,0) = =- •bij(yo), (3.125) 
I f^j f^i I 

RTj(xo,yo,-t) = 0. i f < < 0 . (3.126) 

The "initial conditions" above are obtained by combining equations (3.89), 

(3.90) and (3.91) together with (3.111)-(3.114). Thus notice that the reflec

tion and transmission functions have a one-to-one correspondence with the ofl"-

diagonal elements of B(z). This result is of great practical importance. With 

regards to the general inverse scattering problem, this result unfortunately does 

not suffice to obtain the solution by the algorithm of layer peeHng (see Chapter 5) 

because certain of the elements of B are obtained at 2 = T/Q while the remainder 

are obtained at 2 = x©. Thus what is desired is a "bridging" of the elements of 

B to either 2 = XQ or 2 = T/O- Please see further remarks at the end of Chapter 

6. Next we compactify the notation. 

Definition 3.6 Let, 

t. = ;2;--*'^>' ) (3.127) 
5i = {^o}»e«rT(>i),i€^±(>i)- J 
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That is, 9R* and ^ ^ without subscripts refer to the matrices composed of ^ij and 

^ij. Also recall from Section 1.2 that 

V'±(2,0 = ({V'i(2,<)}i6cr±(A))' (3.128) 

We conclude this chapter with the following equivalent representations. 

Propos i t ion 3.15 From the representation (3.14) and from equations (3.108), 

(3.109), (3.115), (3.118), (3.121), (3.124) and (3.127) we have. 

V'+(2/o,0 
V'-(xo,0 3R+ 

^ • 

^-

tl^+(xo,i) 

^'-(2/0,0 
(3.129) 

that is. 

i>out(t) = S(B;xo,yo;t)fl^ir,(t). 



CHAPTER IV 

INVARIANT IMBEDDING 

In the present chapter the dependence of the scattering operator on the phys

ical width [xo, t/o] of the medium wiU be investigated in detail. In particular, a set 

of integro/partial differential equations describing the behavior of the reflection 

and transmission kernels with respect to the endpoints 2 = x© and 2=7 /0 will 

be derived. These are the time-dependent invariant imbedding equations for the 

system at hand. Recall that in the previous chapter, the initial values for these 

equations were obtained. For the purposes of the present chapter, it is best to 

rename the endpoints, and thus let XQ ^ x and T/O —> 2/-

4.1 The Invariant Imbedding Equations 

In keeping with the idea of the introductory paragraph to this chapter, it is 

desirable to start out by rewriting the system of equations, suppressing the time 

variable and expHcitly singling out the space variable. The starting point is the 

reduced two-component system, equation (1.20), 

dtlr.^ 
A+ 0 

0 A. 
5.+ ^ 2 1 ^ 2 2 

tlj+(z,t) 

ii>-(z,t) 
= 0. (4.1) 

Which may be rewritten as. 

di_ 

dz 
V'+(^) 

i^-(z) 

- A ; i B " -A-\d,u + B'') 
-AZ'B^' -Az'(dtln.r-^B'') 

iP^(z) 

i^.(z) 

where 7,. stands for the r xr identity matrix. Defining 

C'\z) C'^z) 

C'\z) C'^(z) 

-A-\dtIr^B'') -Al'B'' 

-AZ'B^' -Az'(dtIn-r + B'') 
(4.2) 

we have, 

A 
dz 

V'+(^) C''(z) G''^(z) 

C2i(2) C''^(z) 

Mz) 
Mz) 

(4.3) 

76 
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Further, from the last section of the previous chapter we have the represen

tation, 

'^+(y) 
V'-(x) 

= S(x,y) 
i}+(x) 

'^-(y) 

5R+ S-

i)+(x) 
(4.4) 

P r o p o s i t i o n 4.1 If the scattering operator S is differentiable with respect to 

endpoints z = x and z = y, then S satisfies the differential equations. 

g^S{.,y) = -

-^S{x,y) = -

^ + 

3R+ 

-Ir 

0 

0 

-In-r . 

3 f ? - " 

£y-

" ( 

( 

C'\z) C'^z) 

C2^(2) C''''(z) 

C'\z) C'''(z) 

C^'(z) C^'^z) 

Ir 0 

5?+ £y-

5+ 

0 In-r 

(4.5) 

(4.6) 

Or in component form, 

5,3R+ = C2^(x)-3f?+C'H2') + C'"(x)5R+ 

d,Ss^ = -S+C'^ (x ) -5+C' ' (x )3R+, 

d,^- = C"(x)^--9f?+C^'(x)5-, 

d,R- = -^^C'\x)^-, 

3f?+C3R+. (4.7) 

(4.8) 

(4.9) 

(4.10) 

and. 

dy^- = C''(y)-^-C''(y) + C''(y)^--^-C'\y)^-

dy^- = -^-G''(y)-^-C'\y)^-, 

dy^^ = C'^y)^-" - ^-C'\y)^\ 

CV+ a„3f?+ = -^-G'\y)^ 

(4.11) 

(4.12) 

(4.13) 

(4.14) 

Proof: For example, in order to obtain (4.5), differentiate (4.4) with respect to 

X. Upon rearranging the terms, and using (4.3) evaluated at 2 = x, we have, 

VJ+(X) 

V'-(y) 
0 

d;rS(x,y) 

0 
c2i(x) a"(x) 

- S(x,y) 
C^\x) C^\x) 

0 0 
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Using the first equation of (4.4), namely 

V'+(x) 

V'_(x) 

Ir 0 V'+(x) 

V'-(2/) 

in the above, and carrying out the indicated multiplication yields the desired 

result. Similarly one obtains (4.6). • 

The set of differential equations (4.7)-(4.14) is to be written next in terms of 

the kernels Rij and Tij. Recall from the previous chapter that 

Xi = (y - x)/fii. 

P r o p o s i t i o n 4.2 Element-wise, the time-dependent invariant imbedding equa

tions (4.7)-(4'14)} together with their initial values, are: 

1. For i G <^~(A) and j G o'^(A), 

d.Rti{x,y,t) - ( - - - ] d,Rt{x,y,t) = -j^hi{x)Rt,{x,y,t) 
\f^j t^iJ ^3 k=l 

- - J2 bii(x)Rtj(x,y,t) 

+ E t.bki(x)l RU^.y,rj)Rtj(x,y,t-rj)dTj, (4.15) 
i=r+lk=l 

- 1 

2. Fori,] G (T^(A), 

Rt(x,x,0) = - = :6,^(x). 

d,T,^(x,y,t)--dtT,^(x,y,t) = 

1 ^ 

(4.16) 

(1 _ Sij)^-d^E-(x,y)6(t - Ai) + - E 6.i(x)7;t(x,y,t) 
f^ifJ'j N k=i 

+ 1 J2 bii(x)E-(x,y)Rtj(x,y,t - X,)H(t - Xi) 

y-i Z=r+1 

+ E jlbki(x) fTtk(x,y.rf)Rtj(x,y,t-ri)dri, (4.17) 
•'0 

/ = r + l k = \ 

HUM 
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y - X 
Ttj(x,y,'-^^) = 

f^i 

j;i-~ribij(y)E, (x,y) if i^j 

0 if ^ = i. 
(4.18) 

3. Fori,j G (r~(A), 

QxTij(x,y,t) + —dtT-.(x,y,t) = 

( 1 -
bij(x) 

tMi '^•^•)'iS^^'(^'2/W + ^^)-:^ E M-)rz-(^,2/,o 

- ; ^ E^*i(^)^;(a^,2/)i?i(a^,2/,< + A,)^(< -f A,) 
1 ^ 

n r 
+ E T.bki(x)fTi.(x,y,rj)Rf^(x,y,t-r))dri, (4.19) 

/ = r + i ;t=i •'o ' ' V y 

^ii(2;,2/, ^) ^ ) ^ J i;:r;i-M^)Er(x,y) a i^j 
^' j o iii^j. (4.20) 

^. T'or i G «r+(A) aTirf j G <7--(^), 

d.R~j(x,y,t) = -Mfl£;-(^^2^)£;+(^^ 
MiMi 

2/)̂ [< - (A, - A,)] 

1 ^ 
- 7 - E bkj(x)El(x,y)Ttk(x,y,t + A,)^(< + A,) 

^^3 k=l 

+ - E M^)£^r(^,y)^zJ(^,2/,<-A,)^(^-A,) 
^^ /=r + l 

n r 

+ E Ilbki(x) f Ti(x,y,r))Ti](x,y,t -rf)dTf, (4.21) 

7?-.(x,x,0) = - 1 

Mi - f^i 
•bij(^y (4.22) 

5. T̂ or i G <'''*"(̂ ) a7i(f j G «^~(^), 

e,il-.(x,2/,0 + ( 1 - 1 ) d,RT.{r,y,t) = 
\ Mt f^j / 
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1 ^ 
--E'>ikix)R',.ix,y,t) + l £ 6«(yR7(^,!/,t) 

* - ^ ^J l=T + l 

n r 

/JtiS^''^^^^^*''^'''^'''^^^"^-^^'^'^-'')^^' 

R7j(y,y,0) = - 1 

Mi -M 
-i^ijiy)-

(4.23) 

(4.24) 

5. 7^ori,j G o-(^), 

dyT,.(x,y,t) dtT-.(x,y,t) = 

- ( i - ^ , ) k k ) £ . ( , , , ) , ( , ^ , ^ ^ ^ l ^ j,^.(^)j,-(,^^^,^ 
^J' /=r + l 

+ ~ E^i*(2/)£^;^(aJ,2/)i2;-(x,3/,< + Xi)H(t ^ Xi) 

ll^T.bik(y) j^ TiT(x,y,rf)R-.(x,y,t-r})dri, (4.25) 

1 ^ 

r j ( ^ , 2 / , ^ ^ ) = / ^ : r ^ M y ) ^ ^ ( ^ , 2 / ) , if i^i 
^^ (0 iii^j. (4.26) 

7. Fori,j e (T^(A), 

dyT,^(x,y,t)^^d,T,^(x,y,t) = 

^' - '--^T^^^^^^'^W - A,) - ^±bik(y)T-(x,y,t) 

1 A 
- — E bij(y)E. (x,y)Rr^(x,y,t - Xj)H(t - A,) 

" tt 

E E bik(y) T;^j(x,y,v)R~i(x,y,t-ri)dTf, (4.27) 
fc=lZ=r + l •'O ^ ^ A:=l Z=r + 

' ' ' ' ^i j o if i = j . (4.28) 
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8. For i G (T~(A) and j G <r^(A), 

dyR±(x,y,t) = hME^(x,y)E-(x,y)6[t - (A, - A,)] 
H'iH'j 

+ ^ E bik(y)Et(x.,y)Ti:.(x,y,t^ Xi)H(t -^ Xi) 
Mt k=i 

- " 7 E bij(y)E-(x,y)T;[(x,y,t - Xj)H(t - Xj) 
r-i /=r+l 

r n 

/c=l / = r + l 
- E E bik(y) I Tr,(x,y,rf)Ti:.(x,y,t-rf)drf, (4.29) 

L _ 1 1 , . / O "̂  

^,^-(2/,2/,0) = I -i--6i,-(2/). (4.30) 
I t^j f^i I 

Note: By the causality condition (3.10) we have that 

R'^(-,-,t) = T;^(-,;t) = 0, if t < 0 . (4.31) 

Proof: There are several methods by which this may be accompHshed, almost 

all of which are rather cumbersome. A straightforward method for the present 

purposes is via the Laplace transform technique (in the time variable). For 

any function f(t), denote by f(s) = L(f)(t) its Laplace transform, if the latter 

exists. Upon taking the Laplace transform of (4.7)-(4.14), and carrying out 

the indicated matrix multiplication, there results a set of 7î  weakly coupled 

differential equations. As an example, a generic 9f?J equation from (4.7) is of the 

form, 

- t '-^^t, + t± Jfi^*;- (4.32) 

where i G o--(A), j G o-^(A) and 

m = R^f^if. 
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One now goes about taking the inverse Laplace transform of the above d^^ 

a somewhat indirect manner. Define 
x>"'tj m 

kij(x,y,s) = -k±, (4.33) 
s 

and notice that 

R^(x,y,t) = L-\ktj(x,y,s)) = L-\sill(x,y,s)) = d,R±(x,y.,t). 

Upon rewriting equation (4.32) in terms of R-- and taking the inverse Laplace 
transform, we have 

a.flj.(x,y,t) - ( ^ - ) RUx,y,t) = 

_hM^J2nux..y,t)b,,{x)- ± M£)^5( ,̂j,,t) 
f^* k=l l=r + l ^^i 

+ 
I 

n r t 
E E / bki(x)Rtk(x,y,ri)Rtj(x,y,t-ri)dr}. 

= r + i fc=i -̂ 0 

Upon differentiating this with respect to t, we obtain equation (4.15). 

The T^ are also straightforward, but one needs to be careful in treating the 

diagonal elements whenever they appear. For instance, a generic dx'^tj is of the 

form, 

eM. = -H + t ^tM^ +±± 5 i ^ s j . (4.34) 
f^j k=l Mfc Z=r-hl k=i Mfc 

Where i.j G o-'^(A), and 

'^^ \ Er(x,y)exp{-s(^)] f-^ttfuf, if i = j . 

SingHng out the terms where i = j and rewriting the above in terms of T^, we 

obtain 
6-(x) 

fijdtt^j(x,y,s) = st^(x,y,s) ^ (I - 6ij)E-(x,y)-^exp[-s(y - x)/fii] 

f^i ^ 4-
J^i [x,y)Oiiyx) - ^ ' 

/=r + l 

+ Y, E-(x,y)bii(x)-^Rtj(x,y,s)exp[-s(y - x)/fii] 
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n r 
+ E ^ t ( ^ , 2 / , ^ ) 6 , , ( x ) ^ Yl J2^'^'^^U^^y,^)bkl(x)R•ti(x.,y,s). 

K = l / — • J . I t —1 /=r + l/c = l 

Equation (4.17) is now obtained by taking the inverse Laplace transform. Equa
tion (4.19) is derived similarly. 

One needs to be careful in obtaining equation (4.21) also. The generic ^;-
equation is of the form, 

r n 

5x»o = E E sj 
k=l/=r+l Mfc 

c^_+bki(x)^_ 
(4.35) 

where 

%j = -fijRij. 

After rewriting (4.35) in terms of the kernels A", f;f and singHng out the diagonal 

T^ terms, we have 

-fijd^R:^ = bME-(x,y)El(x,y)^xp 
f^i 

-s(i^^^y^i) 

-^Jlbkj(x)Ef(x,y)exp[+s(y - x)/fij]fi(x,y,s) 
k=i 

- E bii(x)Ei (x,y)exp[-s(y - x)/fii]fi.(x,y,s) 
Z=r+1 

n n 
- M i E E I'iki^^y^^)bkj(x)fij(x,y,s). 

k=ll=r+l 

By taking the inverse Laplace transform, equation (4.21) results. The remaining 

equations are treated similarly. • 

For the purposes of the next chapter, the full set of the invariant imbedding 

equations (4.15)-(4.29) is not necessary, but rather we use only equations (4.15)-

(4.16). In Section 5.3 we demonstrate one method by which (4.15)-(4.16) may 

be integrated numerically in order to obtain the solution of the inverse scattering 

problem in semi-infinite media. This wiU be, to be sure, cumbersome. 
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4.2 Relation to Earlier Work 

In this section we are interested in demonstrating the relationship between the 

t ime-dependent invariant imbedding equations obtained in the last section, and 

those obtained by other researchers in the field, namely Bellman and Wing [2]. 

and Corones and Krueger [7]. We briefly describe the context under which these 

equations were developed, and Hst the particular equation(s) obtained by these 

researchers, omit t ing any details about the method(s) by which these equations 

were obtained. The reader interested in the particular methods is asked to consult 

the two references cited above. 

Bellman and Wing [2] (Chapter 7) considered the 'rod-model' problem, that 

is, the interactions of particles (e.g., neutrons) with a background homogeneous 

rod extending from 2 = 0 to 2 = y. The specific model chosen by BeUman and 

Wing is governed by the set of equations (see p . I l l of [2]) 

dtu -j- cd,u — cav = 0, 1 , , 

OtV — co^v — cau = 0, J 

where u = u(z,t) and v = v(z,t) are scalar functions and represent the expected 

densities of, respectively, right and left moving particles at (z,t). The term a is 

called the macroscopic cross-section (assumed to be constant), while c represents 

the particle velocity (also assumed to be a constant) . Bellman and Wing were 

interested in obtaining the solution to the direct problem, hence the quantities c 

and a were assumed to be known. The above system of equations was considered 

subject to the initial and boundary conditions, 

u ( 2 , 0 ) = 7 ; ( 2 , 0 ) = 0, 0<z<y, ) 

u(0,t) = 0, v(y,t) = 6(t), J 

tha t is, the input is specified at the right end of the medium only. The reflection 

function, r(T/, t ,T), is deflned next by (seep . I l l of [2]):"cr(7/,t,T) = cr(y,t-r) = 

the expected tota l number of particles emergent at the right end z = y, up to 

t ime t, due to the injection at 2 = y of a single particle at time r, 0 < r < f\ 

The function r(y,t) is assumed to satisfy the relation 

•(2/rO = / n(y,s)ds. 
Jo 
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The equation governing the behavior of r with respect to the right endpoint z = y 

was obtained next by particle-counting techniques and by Laplace transform. 

Using either technique, the result is (see pp. 111-120 of [2]), 

2 

with 

2 /•< 
V ( 2 / . i) + 'dtr(y, t) = ca r(y, s)r(y, t - s)ds, (4.38) 

c Jo 

r(3,,0) = | . (4.39) 

This is the only time-dependent invariant imbedding equation obtained by Bell

man and Wing. We remark here that the initial condition (4.39) comes in a 

sHghtly unexpected manner in the derivation of Bellman and Wing. 

In terms of the notation used in this dissertation, the function r defined above 

is the analogue of the function R~ defined in Section 3.3, as the latter would apply 

to two-component systems (in which case R~ is a scalar function), and in which 

case equations (4.23)-(4.24) reduce to, 

dyR-(0,y,t)-^2dtR-(0,y,t)== 

- (bii(y) + b22(y))R-(0,y,t) - b2i(y)R- * R-(0,y,t), (4.40) 

R-(y.y,0) = -\bi2(y), (4.41) 

where R~ * R~(0,y,t) denotes the convolution in time. Upon normalizing the 

time variable in (4.38) by letting T = ci, the system (4.38) becomes analogous 

to the two-component version of (4.1), where 

6n 1̂2 \ [ 0 -CT 

621 622 j I - ^ 0 
(4.42) 

and equation (4.38) becomes 

dyr(y,T)^2dTr(y,T) = aJ^ r(y,s)r(y,T - s)ds. (4.43) 

Using the relation (4.42), equation (4.40) reduces to (4.43). 

Corones and Krueger [7], to the best of knowledge of this author, were the first 

to realize the utiHty of the ideas of time-dependent invariant imbedding for the 
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solution of the inverse scattering problem for second-order hyperbolic equations 
of the form 

Uzz - Utt + A(z)u^ + C(z)ut = 0. (4.44) 

Here A(z) and C(z) are assumed to have compact support in the interval [x,y] of 

the 2-axis (we choose the interval [x,y] as opposed to [0,1] considered in Chapter 

2 in order to better pinpoint the relation of the work of Corones and Krueger 

[7] to ours). The general solution to (4.44), outside the interval lx,y], can be 

written as (see Chapter 2, Case 2), 

-^(z^t) = ul(z-t)^u1(z-\-t), 2 < X , ) 

u(z,t) = u%(z-t)^u^_(z + t), z>y, j ^^-^^^ 

where u^ and u^L denote, respectively, the right and left moving incident waves, 

whUe u'_ and ul denote the resulting scattered field. Krueger [4] demonstrated 

the existence of the scattering functions /?* and T^, which allow the represen

tation 

u'_(t) = f R^(x,y,t-s)ul(s)ds^m-(x,y)u'L(t) 
JO 

+ J^ T-(x,y,t-s)u^_(s)ds, (4.46) 

ul(t) = m+(x,y)ul(t)^ fT+(x,y,t-s)ul(s)ds 
JO 

+ y" R^(x,y,t-s)u'L(s)ds, (4.47) 

where 

m (x,y) = exp (^q:- JjA(s) if C(s)]ds^ . (4.48) 

Using the technique of the Redheffer star-product (see [7] or [12] for details), 

Corones and Krueger [7] were able to obtain the time-dependent invariant imbed

ding equations for the functions R^ and T^ in this setting. For ease of space in 

what foUows, we list the equations obtained by Corones and Krueger describing 

the behavior of the reflection and transmission functions with respect to the left 

endpoint, z = x, only. The second set of equations, i.e., where the differentiation 

is carried out with respect to the right end point, z = y, is symmetric with the 

first set. The former set of equations is. 
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1. 

d.R-'(x,y,i) - 2dtR^(x,y,t) = -C(x)R+(x,y,t) 

- 2 W ^ ) + C(x)]R-' * R^(x,y,t), (4.49) 

R^(x,x,0) = -^[A(x)-C(x)]. (4.50) 

2. 

a . r+ (x ,2 / , 0 = 5[A(^) - C(x)]T^(x,y,t) 

- 2 W ^ ) -̂  C(x)] {m^(x,y)R^(x,y,t) + r + * R'-(x,y,t)} , (4.51) 

r'"(2/,2/,0) = 0. (4.52) 

3. 

dxT-(x,y,t) = - i [ ^ ( x ) + C(x)] {T-(x,y,t) 

m-(x,y)R+(x,y,t) + T" * R^(x,y,t)} , (4.53) 

^~(y,2/,0) = 0. (4.54) 

4. 

d,R-(x,y,t) = - [ ^ ( x ) + C(x)] {m+(x,2/)r-(x,2/,< - 2(2/ - x)) 

m-(x,y)T+(x,y,t- 2(y - x)) + T+ * r-(x,T/,< - 2(y - x))} , (4.55) 

^ " (y ,y ,0 ) = 0. (4.56) 

In order to see the relationship between equations (4.49)-(4.56) obtained by 

Corones and Krueger, and the equations obtained in the previous section, we 

need first to rewrite the invariant imbedding equations (4.15)-(4.22) as they 

would apply to two-component systems, and then address the particular spHtting 

that reduces equation (4.44) to a specific two-component system, from which we 
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can reduce the invariant imbedding equations (4.15)-(4.22) to those obtained by 

Corones and Krueger. 

In case the matrix A in equation (4.1) is a 2 x 2 matrix, specifically ii A = 

diag(l,—1), then B(z) is a 2 x 2 matrix, in which case equations (4.15)-(4.22) 

reduce to, 

1. 

dxR-'(x,y,t)-2dtR-'(x,y,t) = 

[bii(x) + b22(x)]R-'(x,y,t) -r bi2(x)R+ * R^(x,y,t), 

i?+(x,x,0) = - -62 i (x) 

(4.57) 

(4.58) 

d,T^(x,y,t) - dtT^(x,y,t) = bii(x)T^(x,y,t) 

- bi2(x)E:(x,y)R-^(x,y,t- Xi)H(t - Xi) + 612(2^)^+ * R-^(x,y, t), (4.59) 

T^(x,y,y-x) = 0, y<x. (4.60) 

d.T-(x,y,t) - dtT-(x,y,t) = b22(x)T-(x,y,t) 

+ bi2(x)E;(x,y)R^(x,y,t + X2)H(t + A2) + bi2(x)T- * R^(x,y, t), (4.61) 

T-(x,y,y-x) = 0, y<x. (4.62) 

d.R-(x,y,t) = bi2(x)E-(x,y)Et(x,y)S(t - (Xi - X2)) 

+bi2(x)Et(x,y)T^(x,y,t-^ X2)H(t + A2) 

+ bi2(x)E:(x,y)T-(x,y,t- Xi)H(t - A,) + bi2(x)T- * T-(x,y,t), (4.63) 

i?~(2/,2/,0) = —;:bi2(x). (4.64) 
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In this case. 

^ ? = ^^?(±I^bii(s)ds), 
Et = ^%p(^r,b22(s)ds), 

Ai = -A2 = y - X. 

(4.65) 

(4.66) 

Next we address the spHtting. Upon integrating equation (4.44) with respect 
to time, we obtain 

where 

Now let 

T^zz -Ut-\- A(z)u^ + C(z)u = 0, 

u(z,t) = / u(z,s)di 
Jo 

u'^(z,t) = u(z,t)^dzu(z,t). 

(4.67) 

(4.68) 

(4.69) 

Upon substitution of (4.69) into (4.67), we obtain the two-component system 

' u^ ' 

u 
+ 

" 1 

0 

0 

- 1 
dr 

' U^ ' 

U~ 

1 
+ -2 

A-C -A-C 
A-C -A-C 

u 

u 

+ 
= 0, (4.70) 

that is. 

611(2) 612(2) 

62i(-z) 622(2) 

1 
2 

A(z)-C(z) -A(z)-C(z) 
A(z)-C(z) -A(z)-C(z) 

(4.71) 

Using (4.71), we wiU now demonstrate how some of the invariant imbedding equa

tions, equations (4.57)-(4.62), reduce to those obtained by Corones and Krueger, 

i.e., equations (4.49)-(4.54). We remark here that equations (4.63)-(4.64) do not 

reduce to (4.55)-(4.56). 

1. The R^ equation. Upon substituting the values of bij(z), defined by (4.71), 

in equations (4.57)-(4.58), we obtain (4.49)-(4.50). 

2. The r + equation. First notice from (4.60) that T+(x,y,y - x) = 0. Hence 

ioT t > y - X, equation (4.59) reduces to, 

dxT^(x,y,t) - dtT^(x,yj) = bii(x)T^(x,y,t) 
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+ bi2(x)E-(x,y)R-^(x,y,t) -f 6i2(x)r+ * R^(x,y,t). (4.72) 

Now let (C, r ) be any point in the plane such that r > y - a; and x < C < y. 

The equation of the characteristic through (C,r) with slope - 1 is given by, 

x = (^T-t, or t = C^T-x. (4.73) 

If we rewrite (4.72) along the characteristic the equation of which is given 
by (4.73), we obtain 

d,T^(x,y,t) = bii(x)T^(x,y,t) -^ bi2(x)E-(x,y)R+(x,y,t) 

+ bi2(x)T^*R-'(x,y,t). (4.74) 

Using (4.71) in (4.74), and noting that 

E-(x,y) = exp \^-J bii(s)dsj 

= exp(^-yjA(s)-C(s)]ds) 

= '^'^(x.y), 

equation (4.74) reduces to (4.51). 

3. The T~ equation. The reduction of (4.61) to (4.53) is obtained in a similar 

fashion to that of the T'^ equation considered above. 

4. The R~ equation. This author has not been able to reduce equation (4.63)-

(4.64) to (4.55)-(4.56). Further, it is not clear at the moment that such 

a reduction is even possible. It is also not clear where the origin of this 

difficulty is, but the problem is currently under investigation. 

The time-dependent imbedding equations obtained by Bellman and Wing, 

equation (4.38), and those obtained by Corones and Krueger, equations (4.49)-

(4.56), are the only other sets of time-dependent invariant imbedding equations 

that this author knows about. The invariant imbedding equations developed in 

the previous section are by no means the most general such equations. From an 

application point of view, it is desirable to further generalize these equations by 
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considering, for instance, non-constant characteristics, and allowing for the cases 

of multiple or zero eigenvalues of the matrix A. But we leave such matters for 

future work. 



CHAPTER V 

THE INVERSE SCATTERING PROBLEM 
FOR SEMI-INFINITE MEDIA 

5.1 General Remarks 

For the inverse problem in a semi-infinite medium, one has access to refiection 

data only. In this chapter we demonstrate how this data may be used together 

with the invariant imbedding equation for the (left) reflection matrix, equations 

(4.15)-(4.16), to solve the inverse problem in this case. For convenience, we 

reproduce these equations, 

d,R%(x.,y,i) - ( - - - ) d,R%{x,y,t) 

= - E 6,i(x)ii;,(x,2/,t)-- Y bji(x)Rl(x,y,t) 

+ E E bki(x)fRlk(x,y,ri)Rti(x,y,t-rj)drj, (5.1) 

subject to the conditions (for ; e (T~(A) and i e a'^(A)), 

Rt(x,x,0) = - . ^ Mx). (5.2) 

Notice first that among the invariant imbedding equations (obtained in Section 

4.1) where the differentiation is carried out with respect to the left endpoint of 

the medium, i.e., equations (4.15)-(4.22), the equation governing the behavior 

of the left reflection function R-^ is uncoupled from the rest. RecaU next the 

subdivision of B (see Section 1.2), 

/ B'^(z) B " ( . ) \ 

^^ ' [ B"(2) £"(z) j ' 

where 
511 = (6,j)ije^+(^), B^^ = (brj)iea^iA),jecr-{A)-

5 ' ' = (b^j)ie<r-{A),je<r^{A), ^ " = (^». )r.je«r-(A)-

92 
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Denote by [i?+] the matrix (Rtj)i€a-iA),je.nA)- With this notation, the initial 

values, equation (5.2), may be written more compactly as, 

[R^(x;x,0)]^B'\x), (5.4) 

where " - " means proportional to. Now, as was mentioned above, for the inverse 

scattering problem in a semi-infinite medium one has access to the left reflection 

data only, which, through (5.4) and the algorithm described in Section 5.3, may 

be UtiHzed to reconstruct the ^^i bi^^k of B. Thus, if this is the only data 

available for the reconstruction scheme, and according to the scheme we wiU 

present in Section 5.3, one must, a priori, have some relation between the B^^ 

block and the remaining blocks of B at every z, that is, B(z) must be assumed 

to be of the form, 

5^ ,^ (̂  ^ " = ^ " ( ^ ^ ^ ) B^^ = G^^(B^^)\ 
\ B^l ^22 = ^ 2 2 ( ^ 2 1 ) ) ' ^ ^ 

where G^^ are known matrices of the appropriate dimension. 

The general strategy is as foUows: First, in order to generate the inverse prob

lem data, we assume a particular form for the elements of B(z) (more specifically, 

for the elements of ^2^(2)), solve the direct problem on some interval, say [xo,yo], 

then from the boundary data [R^(xo.yoit)], the inhomogeneity matrix is recon

structed. That is, there are two problems to be addressed in this chapter: the 

direct problem in order to generate the inverse problem data, and the inverse 

problem in order to reconstruct B(z). 

In the remainder of this section we summarize the problem, elaborate some 

on the basic method for our solution algorithm and describe (briefly) the decon

volution of the overposed data. In Section 5.2, we address the solution to the 

direct problem. The objective of this section, as far as the overall aim of this dis

sertation, is to generate the inverse problem data. Nevertheless, the solution to 

the direct problem is of interest in its own right. In order to obtain the solution, 

we present a discretization scheme for equations (5.1)-(5.2) that is based on the 

method of characteristics. In Section 5.3, the solution to the inverse scattering 

problem in a semi-infinite medium is addressed. We describe a discretization 

scheme similar to that of Section 5.2, and an algorithm that is an extension of 
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the basic idea of the classic layer-peeling algorithm, that may be applied to the 

overposed data in order to obtain the solution to our inverse problem. It should 

be emphasized that our main interest in Sections 5.2 and 5.3 is in developing 

the algorithms and the discretization schemes only. That is, for the moment we 

are interested in developing a method of solution and not in the analysis of this 

method. We leave more theoretical aspects of the problem for possible future 

work. FinaUy, in Section 5.4, we present several examples. In particular, we first 

describe and obtain an analytical solution to the direct problem which aUows us 

to compare the accuracy of the discrete scheme of Section 5.2. We also present 

several examples where the inverse problem is solved using the algorithm and 

equations derived in Section 5.3. As was mentioned above, the remainder of this 

section contains background material. 

We begin by summarizing the pertinent information. Suppose we are given 

the system, 

dtip + Adzil^ + B(z)iP = 0, (5.6) 

where B(z) is assumed to be of the form (5.5), with G'^ known matrix functions 

of the appropriate dimensions. It wiU also be assumed that B(z) € C(a,oo) and 

that there exists a z such that B(z) = 0 for 2 > 2. The system (5.6) is subject 

to: 

1. the initial conditions 

V'(2,0) = 0, Xo < 2 < oc; (5.7) 

2. the boundary conditions 

V'+(xo,t) = /+(xo,0; (^-8) 

3. and the overposed data 

V'-(^o,0 = ^-(2^0,0- (̂ -9) 

Here f+(',t) € C(0,oc) and f+(;t) > 0 ioi t > 0 (this last assumption is needed 

for the deconvolution process only). Recall also that, 

ll^_(z,t) = (ll^r + l(z,t)."-^'^r.(z,t)f, 
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and from Proposition 3.2, we have 

V'j(jco,0= E V'KaJo,^, je(T-(A). (5.10) 
teo-+(^) 

where from Proposition 3.2 and (3.121), the components il^'j(xo,t) are given by, 

V'}(̂ o,0 = (KMi) 

= / R'ji(xo,yo,t - r)fiifi(xo,T)dT, (5.11) 
Jo 

such that the elements of the matrix [J?+(i,i/,<)] satisfy 

d,R%{x,y,t) -iL^l.\ d,R±{x,y,t) 
\ Ml f^j / 

= 7" E bki(x)R%(x,y,t)-- Y bji(x)Rri(x,y,t) 

+ E E bki(x) f R%(x,y,r^)Rti(x,y,t-ri)drf, (5.12) 

k^tr^[A)l^a-{A) ''^ 
subject to the conditions (for j € (T~(A) and i € (T^(A)), 

R%(x,x,0) = ^ •6,i(x). (5.13) 

The basic steps involved in obtaining the solution to the inverse problem are: 

1. Equation (5.11) is deconvolved to obtain R'^i(xo,yo,t). 

2. Equation (5.12) is discretized and solved for i?J(x,T/o,0) where XQ < x < T/O 

(T/O will be specified shortly). 

3. Equation (5.13) is used to recover B^^(x). 

4. The matrices G*^ in (5.5) are used to recover B(x). 

Step 2 is rather involved. Steps 1, 3 and 4, on the other hand, are extremely 

straightforward. The issue of deconvolving equation (5.11) wiU be considered 

first. There are several methods by which one can generate an approximate so

lution, the most straightforward of which for the present purposes is by applying 
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a rectangular rule approximation to the integral. Divide the interval [0,t] into 

K subdivisions each of width At. It then foUows that, 

1 ^ - 1 
--—Mxo,K) ~ R±(xo,yo,0)fi(a,K)^Y R%(xo.yo.K - p)fi(xo,p), (5.14) 
^ » ^ ^ p = i 

where R'^i(xo,yo,k) = R'^i(xo,yo,kAt) and similarly for fi(xo,k). For fixed i and 

j , and any k = l , 2 , . . . , i i ' , equation (5.14) constitutes a linear system of K 

equations in the K unknowns (i?J(xo,T/o, fc))^i, the augmented matrix of which 

is positive definite lower triangular with ToepHtz structure, and hence this system 

has a unique solution. In real appHcations, this simple deconvolution scheme may 

not work very well due to two reasons:(i) the functions '^^(xo,^) usually contain 

some noise and (ii) a convolution operation in general performs a certain amount 

of smoothing of the data, and hence the deconvolution process tends to ampHfy 

any errors (e.g., due to discretization). This latter difficulty is not as severe here 

as when solving a Fredholm integral equation of the first kind, but nevertheless 

it is present. For a discussion of more elaborate deconvolution algorithms, see 

Chapter 9 of Linz [39]. In the remainder of this chapter we will assume that the 

deconvolution process has been performed, and treat the [-Rji(xo,T/o,0] ^^ ^^^ 

inverse problem data. The above discussion of step 1 could have been shortened 

considerably by simply proposing that the inverse problem be considered in the 

context of impulse-response. We next turn to steps 2-4 above. 

Except for relatively simple situations, equation (5.12) subject to the bound

ary conditions Rji(xo,yo-/l) = 9)(xo,t), is difficult to solve in closed form (see 

Section 5.4 for a case where [R^(xo,yo,t)] may be obtained exactly). In general, 

one must resort to numerical schemes. In the next section, one such scheme 

based on the method of characteristics wiU be described. 

.̂ •2 Discretization of the Direct Problem 

By the direct problem we mean solving the system (5.12), reproduced once 

again, 

d.R±(x,y,t)-[----]dtRi(x,y,t) 

= 1 ^ hi{x)R%{x,y,i)-^ Y: bi,{x)R*{x,y,t) 
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+ E E bki(x) I R^^(x,y,ri)Rti(x,y,t-Tf)drf, (5.15) 
k^a^[A)l^<T-{A) ''^ 

on the interval [XO,T/O], subject to the conditions (for j € (T~(A) and i € (r^(A)), 

R%(x,t) = 0, if t < 0 , 

iet-(x,x,0) = -6,i(x). (5.16) 

In particular, we are interested in obtaining the values Rji(xo,yo,t). In order to 

help keep better track of the various subscripts, the following convention wiU be 

adopted in this chapter: i and k € c-'^(A), and j and / G o-~(A). Our objective in 

this section is to present a discretization scheme for (5.15) subject to the initial 

condition (5.16), and present an algorithm, by use of which the above direct 

problem may be solved. Set 

X,. = J!±^^ i^j^ (5.17) 

and notice that for i G <T'^(A) and j G (T~(A), A^J'S are negative and that there are 

r(n — r) possible A^j's. Moreover, by assumption, 0 < |/i.,| < 1 for all i = 1 , . . . ,n 

(see Section 1.2). It then foUows that \fii\ > \fiifij\ for all i,j = l,...,n. Now, 

since in equation (5.17) i G o-'^(A) and j G <T~(A), then 

and thus /x,- + \fij\ > \fiifij\, which when combined with (5.17) impHes that 0 < 

\Xij\ < 1 for a lH G o-'^(A) and j G (T~(A). Denote by Mr the number of distinct 

Xij^s, and order them such that, 

e(l) = max \Xij\ > e(2) > . . . > e(Mr) = niin \Xij\. (5.18) 
t,j t.i 

It is beneficial at this point to digress and discuss the relationship between the 

interval on which the direct problem is to be solved to that on which the inverse 

problem is to be solved. RecaU first that the scattering operators were obtained 

for bounded media. Thus information about the presence of the back waU at 

2 = T/o is already included in the functions i?J(xo,T/o,0- Then, in order to solve 
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the inverse problem on a particular interval, the location of the back wall must 

be chosen appropriately so that its presence is not felt in the inverse problem 

data (see below). In other words, one needs to solve the direct problem on a 

larger interval than that of the inverse problem. This difliculty of course would 

not arise for the solution of the inverse problem on bounded domains, or if the 

reflection data are obtained from physical measurements. Now suppose that the 

direct problem is to be solved on the interval [XQ, T/O], whereas the inverse problem 

is to be solved on the interval [XO,T/I]. In order to pinpoint the relationship 

between T/O and 2/i? we remark first that there are two considerations that need 

to be accounted for. First we need to ensure that the inverse problem data, 

[R^(xo,yo,t)] is not contaminated by the effect of the back wall, and second, in 

order to solve the inverse problem, we need enough data, i.e., [R'^(xo,yo,t)] where 

0 < t < T,is such that the slowest signal (that is, the component propagating on 

the characteristic with the largest slope) have completed one round trip into the 

medium. In order to quantify these ideas, if the direct problem is to be solved 

on the interval [XO,T/O]? then the effect of the back wall at 2 = T/O will first be felt 

(back at the front wall 2 = XQ) at the time when the signal travelHng along the 

fastest characteristic has completed one round trip in the medium. The slope of 

the fastest characteristic, as can be seen from (5.18), is l / e ( l ) . Hence, the effect 

of the back wall, at the front wall, will be felt at the time 

h = ^-^- (5.19) 
€(1) 

Thus, the data that may be used in the solution of the inverse problem He in the 

interval 0 < t <ti. As was mentioned above, with regards to the solution of the 

inverse problem, the data needed corresponds to one complete round trip in the 

medium, in the sense that the component travelHng along the characteristic with 

the slowest speed has completed one round trip. From (5.18), it can be seen that 

the slope of the characteristic with the slowest speed is l / e (M) . RecaU that the 

inverse problem is to be solved on the interval [XO,T/I]. The time at which the 

component of the wave travelHng along the slowest characteristic has completed 

one round trip in the medium [XO,T/I] is given by. 
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Upon equating ti to tz, we obtain the relation between T/O and T/I, namely 

2/0 = - ^ 7 ^ I2/1 - Xo] + xo. (5.21) 

To summarize then, if the inverse problem is to be solved on the interval [XO,T/I], 

then the direct problem needs to be solved on the interval [XO,T/O], where T/O is 

given by (5.21). 

Next we describe the support of each of the functions Rt(xo,yo,t). Recall 

that the R^- were defined in terms of the Riemann-Green function, see (3.113), 

and thus the support of i?J is contained in the support of the corresponding 

Kij. From the characteristic functions 6ij(a,p\^; t) (see Proposition 3.9, equations 

(3.80)-(3.9) and Figure 3.2 also),and the representation (3.58), we have that 

the support of R'^i(x,y,t) (we have dropped the subscripts on x and y for the 

moment), is a tetrahedron-type region in the x — y — t coordinate space. In 

the X — y plane, the support is contained in the region given by T/ > x, x > 

Xo and y < yo- For the purposes of the present chapter, we are interested in 

keeping y fixed at either T/O or T/I, and considering the variation of R^i(x,yo,t) 

with respect to the x and t variables only. Thus, in the x — t plane, the support 

of Rj^i is contained in the region given by the x > Xo and t > 0 coordinate axis, 

and the characteristics emanating from the point x = yo with slope 1/Xij (see 

Figure 5.1). It is these characteristics, the equation of each of which is given 

by X = x(t) = 2o 4- Xijt, that R'ji may suffer a discontinuity across. In order to 

ensure that any discontinuities do not get diffused by an arbitrary and uniform 

mesh structure (e.g., finite difference scheme, which if not chosen carefully will 

essentially diffuse any wave front), the cell widths need to be chosen so that 

the characteristics pass through the corners of the ceU, where the computation 

takes place. The manner in which this is implemented wiU be described in the 

paragraph below, but a glance at Figure 5.2 now may help clarify what was said 

above. For the remainder of this chapter, we take XQ = 0, and for the remainder 

of this section, we will omit writing the second variable on R'ji, i.e., we let 

Rt(x,t) = Rt(x,yo,t). 

We now describe the numerical scheme for the solution of the direct problem. 

Denote by r the region bounded by the positive coordinate axis and the line 



100 

slope 

= -lle(Mr). 

X = Xo X = yo 

Figure 5.1: The support of [i?J] in the x - t plane. 
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t X = Xo X = T/o + X = Xo X = T/o + X = Xo X = yo \ 

Figure 5.2: The mesh structure for the solution of the forward problem. 

mmmmm 
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^ = yo - ^(r)t (notice that ' r ' in this context is an index for the regions, and 

bears no relation to the r used in the summation index, the later being the 

number of positive eigenvalues of ^ ) . Thus there are Mr distinct regions. Let, 

^-.(20,2,) = exp [ r ( - ^ ^ + ^ ^ ) ^ ^ l . (5.22) 
L̂o fii H I 

Through any point (C,r) such that ( > 0 and r > 0, let 

X = x(t) = C- XijT + Xijt. (5.23) 

Upon multiplying equation (5.15) by E'j and replacing x by x, we obtain, 

J {E-.(0,x)R;i(x,t)) = ^E-^(0,x)Y:bki(x)R%(x,t) 
ki^i 

-^E-j(0,x)Y:bji(x)Rti(x,t) 
H i^j 

+ XijE-.(0,x) Y: E bki(x)Rtk*Rrdi,t). (5.24) 
kecr-^{A)lS(T-{A) 

where the * denotes the convolution in time. Equation (5.24) constitutes an 

r(n — r) system of ordinary differential equations. Now depending as to which 

region the point (C-,"^) belongs to, say the m-th region, we cover that region with 

a mesh of widths At = A and Ax^ = e(m)At. See Figure 5.2 for the mesh 

structure. Equation (5.24) is next integrated along the characteristic with slope 

l/Xij, from t = T-A tot = r. Notice that x(r) = (, and x(r-A) = (-XijA = rfij. 

Figure 5.3 depicts a generic cell in the m-th region. The above mesh structure is 

chosen so that aU required values lie within the boundaries of one ceU. Carrying 

out the integration in (5.24), there results 

- ^ - RjiiC,^) T RjiiVij^^- Aj -
Aij '^ij 

1 f T 

- y r E-,(0,x)bki(x)Rli(x,t)dt - - Y , E-j(0,x)bji(x)Ri(x,t)dt 

+ E E r E-j(0,x)bki(x)Rjk*Ri{^.t)dt- (5.25) 
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T-A 

** €(T) 

C + A x ^ 

Figure 5.3: A generic forward problem mesh ceU. 

The integrals are now approximated using the trapezoidal rule (which is second 

order accurate in A). Similarly, each of the convolution terms (there are two of 

them, one evaluated at (C,T) and the other at (r)ij,T — A)) is approximated by 

use of the trapezoidal rule also. For instance, 

R%*Rti(i,r)~^R%{C,mtM,-r) 

T / A - 1 

+^^ i (C ,T) i ? , t (C ,0 ) + A E R%(^.r-pA)Rti(C^,pAy 
p = i 

Upon performing these approximations, and moving terms that are evaluated at 

r to the left-hand side of the equation, there results. 

1 r>*. ^RUi,r) - ^ j:bUORU(^r) + A ^i,,(C)iJ,t(C,r) 

E E M O (fi«(C,o)'R;kK.̂ ) + •R<t(C,T)flt,(C,o)) 
k I 

Xij 

AE-j(C,mj) 

A ^ - ( C , % ) 

k:^i 

^'Er,(C.riij) 

^^3i^MR^^^r,ij,T- A) + ^ ^ ^ ^ ^ ^ ^ A) 

EM%)^^t(%-,^-'^)+ 4 E E ^ w ( r y . j ) x 
k I 
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{Rjkilij^''- A)Rti(vij,0) + R%(r)ij,0)Rtdmj,r - A)) 

+ ^ E E M C ) E" RUC,r-pA)Rti(C,pA) 
k I p=i 

A^E-(C T}-) ^/'^-2 
+ — V ^ ^ I ^ I ^ M % ) E RUvrj,'r-p^)Ru(vij,pA). 

k I p=l 

which may be rewritten as. 

(5.26) 

1 - -r̂ >̂ E ;̂.(c,o)6,,-(c)^Ebii{ORi(c,o) RUC^r) 

- f ^ o E (^6,,(o + ^EMC)i^zt(c,o)) i?;,(c,r) 

+#^oE (-J-fc.KC) -^E^k{c,o)bki(c)] Ri(Cr) 

= RHS of (5.26). (5.27) 

The quantities R^i(7}ij, •) in the above are to be evaluated using Hnear interpola

tion. For i = 1 , . . . , r and j = r -\- 1,... ,n, equation (5.27) constitutes a Hnear 

system of r(n — r) equations for the unknowns [i?J^(^,T)]. In order to solve this 

system, we first map the (n — r) x r matrix [R'^] into an r(n — r) column vector 

X by, 

X[(,_a)(n_.H,-_.)](C, r ) = it:t(C, r ) , (5.28) 

which gives the inverse transformation. 

RUCr) = XK(C:r), (5.29) 

where, 

i = integer 
K -1 

+ 1 
n — r y 

j = r + K-(i-l)(n-r). (5.30) 

Define the matrix Q(C) by: 
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1. For i = l , . . . , r and j = r + l, . . . ,Ti, 

Q[{i-l){n-r)+j-r,{i-l){n-r)+j-r](0 

= 1 - T^'^ {Ebkj(C)RUCO) + E^/t(C,0)6,z(C)j . (5.31) 

2. For i,j as above, and A; = 1 , . . . , r , ifc / i, 

Q[ii-l){n-r)+j-r,{k-l){n-r)+j-r](0 

^ 'JJTi^'^^''^^^ - T^'^ (T.bki(C)Rri(C,0)^ . (5.32) 

3. For i,j as above, and I = r-\-1,... ,n, I ̂  j , 

Q[ii-l)in-r)+j-r,{t-l){n-r)+l-r](C) 

= JiT^iMQ - ^ A , , [Zbki(OR%(C„0)^ . (5.33) 

Thus Q(C) is an r(n - r) x r(n - r) matrix. FinaUy, for each i,j as above, set V 

to be the r(n - r) column vector the components of which are given by, 

% - l ) ( n - r ) + , - r ] ( 7 7 i i , T - A ) = R H S of ( 5 . 2 6 ) . ( 5 . 3 4 ) 

Then the system (5.26) may be written as, 

(?(OX(C,r) = F ( , , i ^ , r - A ) , 

or. 
X(<:,r) = Q-\QV('nij,T-A), (5.35) 

assuming that Q~^ exists. Starting with region 1, the system (5.35) is solved by 

marching up in time and right to left in space. In region 2, the values of [R"^] 

(i.e., X) need to be computed in the region [region 2 —region 1] only, and so on. 

The end result is that [R'^] are known in region Mr, in particular, [R'^(0,t)] are 

known. This yields the solution to the forward problem. As a final remark, notice 

that the time steps A^ = A were uniform for all regions, whereas Ax varied. For 
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the solution of the inverse problem, this choice must be reversed, for otherwise 

some not yet computed values of [i?+] enter into the computat ion, which in turn 

makes the solution algori thm an impHcit one. We prefer, for simpHcity, to avoid 

this s i tuat ion. 

5.3 Discretization of the Inverse Problem 

We now describe a discretization scheme and an algorithm for the solution of 

the inverse problem. For simplicity, in the remainder of this section we set 

Rti(x,t) = Rt(x,yi,t), 

where [0,T/I] is the interval over which the solution is desired. Recall tha t by the 

inverse problem we mean integrating equation (5.15) subject to the boundary 

condition [R'ji(0,t)], in order to recover the initial values, where by use of (5.16) 

and (5.5), the matr ix B(z) may be reconstructed. The algorithm to be described 

in this section is essentially layer peeling (see Chapter 2 also): we assume that 

at a part icular ^, the values of [R^(I^,T)] for r > O are known, and demonstrate 

how the values at (( -\- AX,T) for r > O may be obtained. The first step in this 

direction is to obtain the values of {R^(C + Ax ,0 ) ] , from which B^'^(C + Ax) 

may be recovered (see equation (5.13)) and hence B(( -r Ax). CaU this step the 

initialization step. Once [i?'*"(C + Ax,0)] are known, one marches up in time to 

recover [i?^(C + A X , T ) ] for r > O. 

In order to ensure tha t all the required values of [i?"^] and B to be used in 

the calculations are known, the mesh to be used needs to be of fixed spatial 

width , say Ax = A , and possibly of variable time width that depends on the 

par t icular region tha t the point (C,r) at which the calculations are performed 

Hes in. In relation to the discretization for the solution of the forward problem, 

the scheme to be presented differs in two aspects: the initialization step and the 

mesh s t ructure . 

The s tar t ing point is equation (5.24), which is now to be integrated from 

t = r to / = T + A/\Xij\ = Tfij. RecaU that x is given by equation (5.23) from 

which it foUows tha t x(r) = C and x(ry,,) = C - A. Figure 5.4 depicts a generic 

ceU used for the solution of the inverse problem. The ceU structure is chosen so 

t ha t aU quanti t ies required for the calculations He between the two space Hnes 
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t = T-^ 2At m 

t = T-hAt m 

i = r 

Figure 5.4: A generic inverse problem mesh ceU. 

X = ^ and X = ^ -L A. Set Atr = A/e(r ) . Upon carrying out the integration in 

(5.24), where again we use a trapezoidal rule to approximate the integrals on the 

right-hand side, and rearranging the terms so that quantities evaluated at x = (̂  

appear on the left-hand side of the equation, there results. 

^-•^AE ^;*«. o)*'.i(0 + E bAORUC 0) ^J(C.T) 

- - E 
k^i 

-#E 

-MC)--^:EMO^i;(C,o) 

2 T^ilN 
-*i'(c)-AEMO-R;.(C,O) 

6(r) 

i?;*(C,r) 

mCr) 

= E-,{C - A,()R±(C - A,%) + ̂ Er{C - A,C)EM< - AJ-R/JC - A,r,;,) 

_A£-.(C-A,C)EMC-A)i2,t(C-A,Ty,,)+^^o(C-A,C)EEMC-A)x 
k I 

(i?;,(C - A,0)RUC - A.Tjii) + RtkiC - A,7?o)«,t(C - ^.0)) 

^ f i + ^ U - ( C - A, C) E E **'« - A)iJ-(c - A, ̂ AQRUi - A, r) 

^mM 
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~ £ n ( C - A , C ) E E M C - A ) Y: RU(-^,Vi-pAU)RrA<:-\PAQ 
^ ^ k I p = l 

^ 2 r / A t - l 

+ 2 ^ E E M 0 E Rtk{C,r-pAtr)Rti(C,pAtry 
V W /c / p = l 

(5.36) 

The terms Rt(-,riij) are evaluated using Hnear interpolation. The initiaHzation 

step wiU be described shortly. Assuming for the moment that [R^((,0)] are 

known (and hence B(C)), the above system, for i = 1 , . . . , r and j = r + 1 , . . . , n 

constitutes a linear system of r(n - r) equations for the unknowns {R'^(C,r)]. 

As in the previous section, let %_i)(„_,.)+j_^](C - A,?/^) be the right-hand side 

of equation (5.36) (similar to (5.34)), and define the r(n - r) column vector 

^(CT''') as in (5.28)-(5.30), and the augmented matrix Q(C) in a manner similar 

to equations (5.31)-(5.34). The system (5.36) may be rewritten as, 

Q(OX(C,r) = V(C-A,ri,j) 

or. 
X(C,r) = Q-\C)V(C-A,r,ij), (5.37) 

where we have assumed again that Q~^ exists. Since the right-hand side of the 

above equation involves quantities evaluated at rfij < r , and since Q~^(C) is 

assumed to be known (it is in fact obtained from the initialization step), one can 

use equation (5.37) to march up in time. Thus [R^((,T)] are known for r > 0. 

We now turn to the initialization step. Set r = 0 in (5.36). There results. 

1 -
4e(r) 

E^;^(C,o)6,,-(C) + EMC)i2i^(C,o) RUCO) 

- E 
k^i 

- E 
2 " ^ 

-MO--^ :EMOi?n(C,o) 
Mi e(r) Y 

R%(C.o) 

-MC)-^EMC)i? ; . (C ,o) 
fij <r) k 

RTiiCO) 

e(r) 
= %_i)(n_rHJ-r](C " A, ^ — A t , . ) , (5.38) 
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where Vk(-,e(r)Atr/\Xij\) is evaluated by linear interpolation. This system is to 

be solved for [il"^(i^,0)] which in turn are used to recover B((). But note that 

the (bij)^j_^ appearing on the left-hand side of (5.38) are as of yet unknown. 

It is here that the assumption about the particular form of B, namely (5.5) is 

invoked. In order to simplify the notation in what follows, assume that B^^(x) = 

G^^(B^^)(x) = (B^^)^(x) (only minor modifications needs to be made below if 

this is not the case). Recall that 

For brevity, set 

bji(x) = -\fij -fJ'ilR'ji-

Khj) = ItJ'i- N\' (5.39) 

Making these substitutions in (5.38) yields. 

1 + 

A 

,Yfi(j,k)R%'(C,0) + Yfi(l,i)RnCO) ^S(C,o) 

, Y.Gl]([R^])(ORUC^o) + — YG]m^])(ORi(C,o) 
ki^i 

where we have used the relations. 

^^/ . (A: ,Z)i i i (C,0) i? ; , (C,0) i? , t (C,r) = 0, (5.40) 

6.^(0 = G]^i([R^])(0. for k,i^a\A), 

6,7(0 = Gf,([R^])(0. for j.lecr-(A). (5.41) 

The system (5.40) is to be solved for [ie+(C,0)]. Since this is a nonHnear sys

tem, the easiest (and safest) method for obtaining its solution is by employing 

Newton's algorithm. For i = 1,. • . , r and j = r -f 1 , . . . , n, define F([i?+]) by, 

%-i)(n-.)+i- .]( l^"(C,0)]) = the LHS of (5.40) = 0. (5.42) 

And define the r(n - r) x r(n - r) Jacobian matrix J of F by. 
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1. for i G o-^(A) and j G o-~(A), 

Jlii-^)ir.-r)^J-r,ii-.)ir.-r)^,.rm^]m = ^ - ^ [ ( - ^ 2 ^ — ) ^ ^ - ] 

3 A2 

dR± (0 

= 1 + 
2e(r) M^i)^r(C,o)-A^,e;,(c,o)||i + A ^ ^ . ( ^ , o ) ^ 

2/̂ ife dRti 2fij 
i^j dRfi 

+ 

2. For k ^ i. 

2 ^ (E^(:''.«=) ;̂.'(C,0) + i:M',0-R,t'«,0)J . (5.43) 

J|,.-lXn-.W-^(^-l)(n-.)+.-.l([iS^])(0 = ^^" '"g '^r '^ '" ' ' (C) 

M(j\fc)i?;jc,o)iit(c,o)-:^i2;,(c,o)^ + - ^ E ^ i t ( c , o ) ^ 
6(r) 2/ii ^ ^ i . 2,x, ,^. 

+ ^EMfc,/Wt(C,o)iiJ(C,o)-AGiJ([i?^j. 
2e(r j ^̂ .̂ 2fii 

9R-jk 

(5.44) 

3. For / 7̂  J, 

J [ ( i - l ) ( n - r ) + j - r , ( i - l ) ( n - r ) + Z - r ] ( [ - R ^ ] ) ( C ) = Q^+ ^ *" (C) 

22 

| l , ( z , T ) i . . t ( C , o ) i ^ t ( C , o ) - A ^ J ( C , o ) | | | 

+ 2 ^ EM^'^)^^'i^(^'0)^i'^(^'^) - ^ ^ ^ ' ' ( f ^ ^ ! ) - (5.45) 

4. For k ^ i and j 7̂  /, 

J[{i-l)(n-r)+j-r,{k-l){n-r)+l-r]({R'^])(C) - ^ ^ + (C) 
4fc 

•fi(k,l)RlkiC,0)Rti(C.O) 
2e(r) 

-i^.^UC,0)^^-:^RiiCO):^ A_ 
2fii 

dGj] ^ 
dRtk ^ 2fi, 

22 90% 
dR], 

(5.46) 



I l l 

Assuming that J"^ exists, set 

By Newton's algorithm, the solution is given by the iterates, 

'•R^(C,o)]* = 5([i j+]*-i) 

= R^{i,0)f"-J-'{\R^]'-')F{[R^]'-'), (5.48) 

where we use, 

'R^(C,0)]'= [R^(C-A,0)], (5.49) 

as the initial guess. This choice of initial guess reUes on the fact that B(z) is 

assumed to be continuous in the interval of interest. Once [R^(C,0)] is known, 

B^\C) is recovered by applying equation (5.13), from which B(C) is recovered 

by applying (5.5). To summarize then, the algorithm for the solution of the 

inverse problem proceeds as follows. Given the values of [i?+(0,i)], we perform 

the foUowing steps (see Figure 5.5 for pictorial description). 

1. From [R^(0, 0)], B^^(O) is recovered using equation (5.13), from which B(0) 

is obtained with the help of equation (5.5). 

2. At a; = A, equations (5.48) and (5.49) are used to recover [il+(A,0)], and 

hence B^^(A) and B(A). 

3. Equation (5.37) is used to obtain the values of [R'^(A,r)] for r > 0. 

4. Steps 3 and 4 are repeated for x = 2A, 3 A , . . . 

5.4 Examples and Discussion 

In this section, we first describe an example where an analytical solution to 

the direct problem is obtained, and then we present some results on the solution 

of both the direct and the inverse problem by use of the algorithms and schemes 

presented in the previous two sections. 

It might be guessed from the previous two sections that due to the large 

number of subscripts, superscripts and equations involved, the chances of com

mitting errors in either the derivation of the equations or in the computer coding 
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I known 

t 
B(0) from (5.13) and (5.5) 

(1) 

I [i?+(A,0)] from (5.48) 

and hence B(A) from (5.13), (5.5) 

(2) 

march up in time 
as described by Eq. (5.37) 

(step 3) 

(3) 
I[i2+(2A,0)] from (5.48) 

and hence B(2A) from (5.13), (5.5) 

(4) 

Figure 5.5: Pictorial representation of the solution algorithm. 
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are large. The major problem to be avoided is committing multiple errors that 

somehow cancel out, and as a result one ends up with only the impression that 

the inverse problem was solved. Due partly to this, an analytical solution for the 

forward problem was sought first. This at least ensures that the data to be used 

for the solution of the inverse problem does indeed correspond to the particu

lar B(z) chosen. Before describing this analytical solution though, it should be 

noted once again that the emphasis in this dissertation is on systems larger than 

two-component systems (the solution of the inverse problem for two-component 

systems may be found in Chapter 2), and the examples chosen in this section 

refiect this emphasis. The first simple and nontrivial such system is the case 

where ^ (2 ) is a 4 x 4 matrix (we chose a 4 x 4 rather than a 3 x 3 in order to 

retain some symmetry). Even in this case, B(z) needs to be chosen so that the 

system is weakly coupled, in the following sense. Consider, 

dttj^ + Ad.i) -f B(z)xl^ = 0, (5.50) 

where A =diag(/xi,/X2,/X3,/i4) with /xi > ^2 > 0 > /u-s > Â45 and V' = "^(zjt) = 

(V'l, V'2?V'3?V'4)^- Choose B(z) to be of the form. 

B(z) 

^ bii(z) 0 0 0 ^ 

62l(^) 622(^) 0 0 

631(2) 632(2) 633(2) 0 

\̂  641(2) 642(2) 643(2) 644(2) j 

(5.51) 

This has the effect of making il^i(z,t) uncoupled to any other ipj, hence one can 

solve for ^ '1(2,^ exactly. Similarly, tp2(z,t) is coupled to V'i(2,0 only, which is 

a known function. Thus ^'2(2,^ ^^^y ^^ obtained exactly, and so on. Even with 

this simpHfication, the bij(z) needs to be chosen so the required integrations are 

simple enough to be carried out in closed form. 

The system (5.50) with B(z) of the form (5.51) wiU be solved on the inter

val [20,2/0], where Xo and yo are arbitrary but fixed. This wiU be done by first 

applying the Laplace transform in time, next solving the remaining set of (or

dinary) differential equations, and then taking the inverse Laplace transform of 

what results. This solution is rather cumbersome and long, and so it wiU only 
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be sketched. Consider, for i , / = 1 , . . . , n = 4, 

n = 4 

subject to. 

Let 

and define. 

dtrPi ^ fiidzxl^l-^ bii(z)^[ = - Yl bij(z)'^'.. 

tl^l(z,0) = 0, Xo<z<yo, 

il^[(xo,t) = fi(t)Sii, i = l,2, / = l , . . . , n = 4, 

'^\(yo,t) = fi(t)6ii, i = 3,4, Z = l , . . . , n = 4. 

i^i = i>l(z,t) = L(il:\(z,t)) = r e -V!(2, t )d t , 
Jo 

bij(z) = bij(z)/fii. Si = s/fii. 

(5.52) 

(5.53) 

(5.54) 

(5.55) 

(5.56) 

Upon taking the Laplace transform of (5.52) and using (5.56), there results, 

with. 

Let 

az j ^ . 

ii^l(xo,t) = fi(t) 6ii, i = l,2, / = l , . . . , n = 4, 

'^\(yo,i) = fi(-t)Sii, i = 3,4, / = l , . . . , n = 4. 

Ei(z,s) = ^xp{— j^(s + bi^dr]\, 

= exp (si + 6ii)(2 - Xo) 

where, for simpHcity, the ba were taken to be constants. Define, 

_ J_ _ J_ 
Cij — ~ , 

f^i H 

dij = bii — bjj, 

OLij = CijS + dij. 

(5.57) 

(5.58) 

(5.59) 

(5.60) 

(5.61) 
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Upon multiplying (5.57) by Ei(z,s), letting 

^; = v5;.(2,5) = £;,(2,5)^1(2,.), (5.62) 

and, 

A. = 0ii{', s) = I -^<'(^)*^P ['̂ •i(̂  - *»)] 'f > < ' • - ! -
otherwise, 

(5.63) 

the system (5.57) becomes, for i and / = 1 , . . . ,4, 

with, 

i^\(^o,s) = fM^ih 1 = 1,2, 

^'(2/0,5) = Ei(yo,s)fi(s)6ii, i = 3,4. 

(5.64) 

(5.65) 

From (5.63) it foUows that in order to be able to solve (5.64) subject to (5.65), 

one must be able to analytically carry out the integrals. 

/ ^ij(z,s)dz. 

It follows from (5.63) that the simplest choices for bij(z), other than simply 

constants, are those that combine with the exponentials. Hence let. 

h(^) = 
(Vijlt^x) exp [lijz] if j <i-l, 

(Vij/f^i) if j = h 

0 ii j > i, 

(5.66) 

where Tjij and 7̂ ^ are constants. By choosing 7ij = 0, we also obtain the solution 

for the case 6^^=const ants. 

The remaining steps are as follows: One integrates (5.64) subject to (5.65), 

multiply the result by E~^(z,s), thus obtaining ^,-(2,5), and then take the inverse 

Laplace transform of what results. For instance, the solution for the il^l(z,t) 

element, in the case fij 7̂  0, is. 

i^l(z,i) = -
632 ( ^ 2 3 ( 2 , 2 0 ) - A23O 

M2 - f^3 
exp ^23(^33 - 622) 
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H(t-lZ^)-H(t + ^-l^-y^^^) * / i2 /2 (0^ (5.67) 
fJi'2 Ms M2 

where the * denotes the convolution in'time, H(t) is the Heaviside fimction, and, 

fliZ - fljXo 
U}ij[z,Xo) = — , 

Aij — 

Mi - N 

îfc = 

Mi - Mi 

2 - Xo - flit 

(5.68) 

(5.69) 

(5.70) 
MJ - Mfc 

Now from the representation of the solution, equation (3.44) of Section 3.1, we 

also have, 

il^l(z, t) = K^2(xo, z; t) * /X2/2(t), (5.71) 

where the convolution is with respect to the t variable. By the uniqueness of the 

solution, and from (5.67), it then foUows that. 

^. , v̂ 632(aJ23(^,a:o) - A23O K32(xo,z:t) = ^ exp 
M2 - M 3 

^23(^33 - 622) 

i,(<_i^f£)_ff(t + Ki^-l!i::^) 
M2 Ms M2 

(5.72) 

where from (3.113) we obtain 

7^+2(2^0,2/0,0 = -^^32(250,2,01x0=0 -

_ 6 3 2 ( X 0 - A 2 3 0 ^ ^ p [-/X2t(633 " 6 2 2 ) / ( M 2 " Ms)] 
M2 - M s 

H(t)-H(t + M2 - M s 

M2MS 
(3/0 - Xo) (5.73) 

That the solution given by (5.67) is in fact a solution of the above system of 

differential equations was verified by direct substitution in the differential equa

tions. The manipulations for this verification were carried out using MACSYMA, 

which was also used to simpHfy some of the expressions in obtaining the solution. 

Because the function Ks2 has a simple form, it may be helpful at this point to 
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digress slightly and verify some of the properties of these fimctions obtained in 

Chapter 3. Notice first that the support of K32, in the z - t plane, is contained 

in the region bounded by the characteristic 2 = fi2t -f xo emanating from 2 = XQ, 

and the characteristic 2 = fi^t -\- (yo - Xo)fi^lfi2 + 2/0 emanating from 2 = 2/0 and 

^ = (2/0 - xo)lfi2' This is the region of one round trip in the medium. It can 

be seen clearly from this how the back waU 2 = 3/0 enters in the solution. Next 

notice from equations (5.68)-(5.70), that at 2 = XQ and t = 0, u)22(z,xo) = xo 

and e|3 = 0. Hence from (5.73) 

1 
•^32(2^0, 2 5 0 , 0 ) = • 632(250)-

M2 - M s 

The remaining solutions, for jij ^ 0, are too long to write down. But in the 

case jij = 0, the solutions V'3 and V'l (and hence K31, K42, R31 and R'^2) are 

simple enough to present. For comparison purposes only, we present the K31 

function ( the diagonal elements, ba, were set to zero in order to further simplify 

the expression), 

631 Ml 632621 
Ksi(xo,z,t) = H(t-^-^) 

Ml 

M2 632 621 

+ 

_^(t-lZ^) 
M2 

M l - M s (fii - fi2)(fii - fis) 

yo- z 

(t-i^) 

X 

( M I - M 2 ) ( M 2 - Ms) 

Ml 632621 

( * - ^ ^ ) 
M2 

+ ir(< + 

'31 

M l - M s ( M I - M 2 ) ( M I - M s ) 
{i + 

yo- z 

Ms 

2 - Xo 

Ml 

2/0 - 2:0 

Ml 

-YH(t + yo- z yo- Xo 
fJ'3 

) 
M26326 32 "21 

M2 L ( M I - M 2 ) ( M 2 - M S ) 
(t + 

Ms Ml 

7 / 0 - 2 2 - Xo 

Ms M2 
(5.74) 

Figures 5.6 and 5.7 contain plots of the exact solution for K3i(xo,z;t) and 

K42(xo,z;t), in the case where bij's are constant (here they were simply taken to 

be - 1 ) . This solution was obtained using the values. 

fi^ = 1.0, fi2 = 0.5, fi3 = - 0 . 5 , fi4 = - 1 . 0 , (5.75) 

and Xo = 0, 2/0 = 2.0 and 0 < t < 8 (in the language of t ransport theory, this is 

equivalent to solving the problem for two mean free paths along the characteris

tics iMil = I5 and ^o^^ mesLii free paths along the slant paths |/Xi| = 1/2). Beneath 
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o 
cvin 

'X 
^ • ^ 

Figure 5.6: The surface 7̂ 31 (XQ, 2;/). 

o 

p:: 
o 
d 

Figure 5.7: The surface ii'42(xo, 2;<). 
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each of these surface plots is a contour plot. The effect of the characteristics is 

clearly visible in these contour plots. 

Next, the direct problem was solved using the discretization scheme presented 

in Section 5.2. This was carried out on the same interval, [0,2], and using the 

same values for B(z) and /x '̂s as before. Figure 5.8 contains a plot of the boundary 

value of R^^(0,2,t) obtained using this discretization scheme, and the values 

obtained using the exact solution from above, i.e., using equation (5.73). The 

solutions agree fairly weU almost everywhere, but a large discrepancy occurs for 

b <t < 6, and at this moment, the origin of this discrepancy is not clear. It is at 

t = 6 where the presence of the back wall is first felt in this boundary data. Notice 

the sharp drop in the value of R^^ at t = 6. The remaining functions, R^2(^,2,t), 

R^i(0,2, t) and Rt2(0,2, t) (not shown here), mirror in their behavior the function 

R2i(0,2,t). Specifically, they also suffer from the same discrepancy between the 

exact and approximate solutions at the time when the effect of the back waU is 

first felt. These results though seem to indicate that the discretization scheme 

presented in the previous section for the forward problem does indeed yield a 

good approximation to the correct solution, at least for these simple cases. This 

discretization scheme was used to generate the data [R'^(0,l,t)], needed for the 

inverse problem, using several different forms for the elements of B(z). Then 

the algorithm for the solution of the inverse problem in semi-infinite media was 

applied to each of these data sets. These results will now be described. 

Example 1: For the first example, B(z) was chosen to be of the form. 

B(z) = 

0 0 0 0 ^ 

- 1 0 0 0 

631(2) 632(2) 0 0 

V b,i(z) 642(2) - 1 0 J 

(5.76) 

where 

6,,(2) = - ^ (sin2[47r2] + i ) 6"^% j = 3,4, i = 1,2. (5.77) 

The lower left-hand corner 2 x 2 submatrix of B(z) is the B^'^ block in this 

case (this foUows from the above choice of fii's). The reason for choosing all 

the elements in this block the same wiU be elaborated on shortly. Using (5.76) 
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8 0 

Figure 5.8: The exact and approximate i?3i(0,<). 
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and (5.77), the data was first generated using the discretization of the forward 

problem, then the inverse problem algorithm was appHed to this data. The 

results of the reconstruction scheme are shown in Figure 5.9. The calculations 

were performed using two different values for the number of mesh ceUs on the 

2-axis, namely Nz = 75 and N^ = 150. Unfortunately, the reconstructed solution 

does not seem to improve with increasing Nz- These calculations were carried out 

in single precision on a VAX 8650 machine, and the various plots were produced 

using DISSPLA. Currently the programs used for these calculations are being 

translated to double precision so that error analysis may be performed. 

Notice from the figure that even though all the 6ij's were the same to start 

with, they are not all reconstructed with the same degree of accuracy. This is the 

reason behind choosing aU the 6ij's to be the same in the B^^ block: to examine 

how weU the inverse problem algorithm reconstructs each of these elements as 

a function of its position in the B^^ block. Notice that the 641(2) element is 

reconstructed fairly weU with using even as little as 75 mesh points on the 2-

axis, whereas the element 632(2) has the worst agreement between exact and 

reconstructed values, using as much as 150 mesh points on the 2-axis. 

Example 2: Now, in order to reconstruct the element 641 in the above example, 

one needs the function R'^i(x, l,t), the differential equation of which is solved on 

the characteristic with slope A14 = —1/2, whereas in order to reconstruct 632, one 

needs il32(x, l,t), the differential equation of which is solved on the characteristic 

with slope A23 = —1/4. The results of Example 1 (Figure 5.9) seem to suggest 

that the larger the slope of the characteristic along which the R^ equation is 

solved, the better the reconstruction scheme is. In order to examine the effect 

of the slopes of the characteristics on the reconstruction procedure, the above 

example was implemented again, keeping all the parameters the same except this 

time the values chosen for /i^'s where, 

fii = 1.0, fi2 = 0.75, fi3 = -0 .75, fii = -1 .0 , (5.78) 

Thus A23 = - 3 / 8 and A14 has the same value as before. The inverse problem data 

were generated again, and the reconstruction algorithm was appHed to this data. 

The results are shown in Figure 5.10. No appreciable improvement is obtained 

(but nevertheless, the reconstruction results here are sHghtly better than those 
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^.xa^ct _b(3 J) 
^ calculated. nz=75 

e_xact _b(4 J} 
^ calculated. nz=75 

6 -n calculated. nz=150 6 ^ calculated. nz=150 

ifD 

N 
no' 

0.0 0.5 

Z 

1.0 

__ exact _b(3̂ 2)_ 
^ calculated. nz=75 

irt = — — — - ' — -
6 -s calculated. nz=15Q 

c_x_act _b(4,_2) 
^ calculated. nz=75 
6-n calculated. nz=15Q 

Figure 5.9: Example 1. The reconstruction of B'^^(z). 

n 
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of Example 1). 

Example 3: As a final example, we examine the case where some of the 

elements of B^'^(z) suffer from jump discontinuities in the interval of interest. 

The matrix B(z) was chosen to be of the form (5.76) again, where now 6^,(2) 

were taken to be the 'double staircase' function shown in Figure 5.11. The slopes 

of the characteristics were chosen again to be, 

fii = 1.0, fi2 = 0.5, fi2 = - 0 . 5 , fi^ = -1 .0 . 

The results of the reconstruction are shown in Figure 5.11. Notice that once 

again, the element 641(2) seems to be reconstructed the best. The reconstruction 

of the remaining 6ij's seems to exhibit a Gibbs type phenomenon. 

The results of these examples indicate that there is a considerable amount of 

work that needs to be done in order to improve the accuracy of the reconstruction 

procedure. Nevertheless, as an initial attempt, the reconstruction algorithm 

seems to reconstruct the general shape of the bij elements. 
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ex_^ct _b(3 J.) 
^ calciifated. nz=75 
m = — ^ — -d -] calculated. nz=15Q 

ex_act _b(4,_l) 
in "ca^lcufated. nz=75" 
6 -, calculated. nz=150 

in 
o - i 

e_x.act_b(3^2). 
calculated. "nz=75 
calculated. nz=1^0 

in 
b - i 

ex_act_b(4,_2) 
calculated. nz=75 
calculated. nz=150 

Figure 5.10: Example 2. The reconstruction of B^'^(z). 
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d-1 

ex_act _b(3i.l3 
ca'lcufated. nz=75"" 
calculated. nz=150 lO 

e_x_act _b(4,_l) 
calciirated. nz=75" 

6 -, calculated. nz=150 

m 

ex.act_b(3^2)_ 
calculated. nz=75 

6 -| calculated. nz=150 

c_x_act _b(4,_2) 
^ calculated. nz=75"" 
6 -n calculated. nz=15Q 

Figure 5.11: Example 3. The reconstruction of B^'^(z). 



CHAPTER VI 

CONCLUSION 

It is appropriate to begin this chapter by summarizing the main results. Sup

pose we are given the system 

L(il}) = dti^ + Ad.xj^ + B(z)xl: = 0, (6.1) 

the problem was to reconstruct B(z), subject to additional constraints, from the 

boundary and overposed data. The results obtained towards the solution of this 

problem, in chronological order, are the following. 

1. In Chapter 2 we outlined the methods of solution for the special case where 

ijj is a two-component vector. This is the case that has received the most attention 

from researchers in the field, and except for the inverse transport problem (e.g., 

the work of McCormick and Sanchez [34], [35]), the Hterature on time-dependent 

reconstructive algorithms deals almost exclusively with this special case. Our 

main contribution here is in collecting and presenting the various methods of 

solution under one general framework. Under this framework, the problem is 

decomposed into four subcases depending on the number of parameters one has 

to reconstruct in order to obtain B(z). The number of unknown parameters is 

related to the type of data one needs or utiHzes to solve the problem, e.g., refiec

tion data at one end of the medium only (the one-parameter problem. Case 1 of 

Chapter 2), or reflection data at both ends of the medium as weU as transmis

sion data at any one end (the two-parameter problems. Cases 2 and 3 of Chapter 

2). Using the classification scheme of this chapter, we are able to obtain, rather 

easily, the solution of the inverse problem for Case 3, which has not been treated 

in the literature before. 

2. The main result of Section 3.1 is in obtaining the integral representation 

for ij^cmt in terms of tpin- The kernel of this integral representation, the Riemann-

Green function, played a crucial role in the remainder of the dissertation. Ob

taining the discontinuities of the Riemann-Green function is the main result of 
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Section 3.2. These discontinuities are central to the method we pursued toward 

the solution of the general inverse problem, for among other things, they are 

directly related to the elements of B(z), and hence they furnish the Hnk between 

the overposed da ta and the required elements. In Section 3.3, the reflection and 

transmission functions are defined in terms of the Riemann-Green function. 

3. Chapte r 4 is solely devoted to the derivation of the t ime-dependent invari

ant imbedding equations. The initial values of these equations (obtained from 

the discontinuities in the Riemann-Green function), are constant multiples of the 

unknown elements of B(z). Further, the inverse problem da ta is the boundary 

values of these equations. Hence, in essence, the solution of the inverse prob

lem involves integrat ing the invariant imbedding equations subject to the given 

boundary conditions, in order to obtain the initial values. See the final paragraph 

of this chapter for further discussion. 

4. In Chapte r 5, we demonstrated how the equations governing the behavior 

of the refiection function may be integrated to obtain the initial values. This 

was done by discretizing the problem and solving the resulting set of equations 

numerically. Several examples of the reconstruction algorithm were also given. 

Before discussing any extensions of this work, we mention several unfinished 

results t ha t are directly related to the material presented in Chapters 1-5. 

1. The uniqueness of the inverse problem: RecaU first the difficulty with this 

issue. Given an interaction matr ix B(z), and an input field tl^in, one can solve 

the forward problem and obtain V'out- The uniqueness result of Subsection 1.2.1 

assures t ha t , under certain conditions, ijjout is unique. This is of Httle help for the 

uniqueness of the inverse problem. The subtle point here is, could two different 

interact ion matrices give rise to the same (unique) rj^out'^ If so, then the solution 

to the inverse problem could not possibly be unique. Example 1 of Section 1.3 is 

one such case. Then exactly what conditions must a particular interaction matrix 

satisfy so tha t there corresponds only one 'il)out to a given B(z)l The author has 

assumed throughout tha t the result of Romanov [1] (see Section 1.3) extends to 

the case where the boundary da ta are continuous functions. The discussion of 

this issue will be continued at the end of the next point. 

2. The well posedness of the invariant imbedding equations: Recall tha t 

the invariant imbedding equations obtained in Chapter 4 are integro/part ial-

.:ar\. 
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differential equations. Ideally, one needs to have existence and uniqueness results 

for these equations before using them. In particular, the equation governing the 

behavior of the reflection function i^+ -with respect to the left endpoint of the 

medium was the basis for the inversion scheme presented in Chapter 5. We have 

assumed that this equation is weU posed (in the Hadamard sense). But this is an 

assumption that is far from obvious, rather difficult to verify and, in fact, under 

certain circumstances may not be true. 

Suppose for the moment that one has uniqueness theorems for the imbedding 

equation for [i?"*"], subject to the various initial conditions. This would guarantee 

the uniqueness of [i?+(0,t)], i.e., the data for the inverse problem. Next one 

needs a uniqueness theorem asserting that the imbedding equation for the [R^] 

function, subject to the boundary condition [R'^(0,t)], has a unique solution. 

This now will be equivalent to proving the uniqueness of the inverse problem for 

this special situation, because such uniqueness theorem would imply that there 

is a one-to-one correspondence between the boundary values [R'^(0,t)], and the 

interaction matrix B(z). If such results were available for the imbedding equation 

for the refiection function i?"*", then it is assumed (or hoped) that the extension 

of these results to the remaining invariant imbedding equations should follow 

similarly. 

There has been one attempt so far, to the best of knowledge of this author, 

to prove such uniqueness results for the imbedding equation for the reflection 

function. Consider the second-order hyperboHc equation, 

Uzz Utt + a(z)uz = 0, 0 < 2 < 1. (6.2) 

This is a special case of the equation considered by Corones and Krueger [7], Kris

tensson and Krueger [8]-[ll], namely when ^(z) = 0 (see Case 2 of Chapter 2). 

The invariant imbedding equation for the reflection function R'^, corresponding 

to (6.2) is (please see the discussion of Case 2 of Chapter 2), 

dzR^ - 2dtR^ = - ^ fR-'(z,t-s)R^(z,s)ds, (6.3) 
2 ^0 

R-{z,0) = - ^ . (6.4) 
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Vogel [40] presented a proof for the existence, uniqueness and continuous depen

dence of a(z) on R^(0,t). Unfortunately, this proof is not complete even for this 

special situation [41]. 

3. The discretization: This concerns the material presented in Chapter 5. 

Our objective in this chapter was only to obtain a discretization scheme and an 

algorithm. Needless to say, there were no attempts at proving any of the re

sults obtained. In particular, one needs theorems assuring the invertibaHty of 

the matrices Q and J (see Section 5.1), and some results about error analysis 

(e.g., order). Moreover, it is clear from the examples presented in Section 5.2 

that our algorithm for the solution of the inverse problem needs a lot of improve

ment. From Subsection 5.1.2 we see that the algorithm involves two major steps: 

the initialization step, and the marching up in time. Each of these steps may 

be improved in a variety of ways, and currently such improvements are being 

pursued. 

In the final remarks of this chapter we address some extensions of this work. 

RecaU that the general problem involves reconstructing the off-diagonal elements 

of B(z) without a priori assumptions. For this, the fuU set of refiection and 

transmission data at both ends of the medium needs to be utilized, which in turn 

implies that the fuU set of the invariant imbedding equations obtained in Chapter 

4 needs to be utiHzed. The results in Chapter 5 indicate that the utiHzation of 

the full set of imbedding equations will be cumbersome and long. But this is not 

aU that is involved either, because the inverse problem data R^(0,t) and T~(0,i) 

are given at one end of the medium (here, z = 0), while the data R~(zo,t) and 

T'^(zo,t) are given at the other end (here z = 2o). Hence some 'bridging' of 

this data is required, if we are to employ the basic idea of layer-peeHng. This 

bridging possibly could be accompHshed using similar methods as those employed 

by Kristensson and Krueger [8]-[11], namely by use of the invariant imbedding 

equations for the resolvent kernels of the i?^ and T^ kernels. This in turn requires 

obtaining these equations first, and then their subsequent discretization. 
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