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CHAPTER I 

INTRODUCTION 

A. Historical Note 

Girard Desargues was a mathematician, an engineer, 

an architect, and a teacher. He was born in 1593 in Lyon, 

probably the son of a notary of the same name. It is known 

that in 1626 he was in Paris, and in 1628 he was at the siege 

of La Rochelle, where he was one of Richelieu's engineers and 

highly regarded by him. Later he returned to Paris and de

signed various buildings there, one of v;hich was the Palais 

Cardinal, the town house of Cardinal Richelieu. This house, 

much remodeled, is known today as the Palais Royale. Through 

his attendance at philosophical gatherings in Paris, he be

came friends with Descarte, Pascal, Roberval, Format, and 

Mersenne. He held what is equivalent to our present day 

adult education classes for mechanics, stone masons, and 

tradesmen. To teach them he had to adopt a vocabulary that 

was both strange and offensive to many of the intellectuals 

of the day. The only one of his terms used today is the word 

involution. The plates for his books were made by a pupil, 

Abraham Bosse. About 1650 Desargues left Paris and returned 

to Lyon, where he made his will in 1658 and died in 1661. 
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It is strange that these few facts^ constitute all 

that is known about the man who, as late as the seventeenth 

century, proved to be the first mathematician to take a new 

look at the old cut and dried, "true" geometry and do some

thing about it. Desargues sidestepped the old, metric ideas, 

invented a method of projection, and applied it in deducing 

the results stated in the theorem dealt with In this paper. 

This method of projection was used by Pascal in proving his 

theorem of the "mystic hexagram," known today as Pascal's 

Theorem, and he gave Desargues full credit for his inven

tion.^ The method, much refined, is the basis of our present 

day projective geometry. 

VTien Desargues' work was presented it was not gener

ally accepted.-̂  This was because it involved such a break 

with the past, and because Descarte had just published his 

algebraic method of dealinp; with the old methods of geometry. 

By the end of the seventeenth century all of his work had 

disappeared from circulation even though he had been praised 

and regarded so highly by Pascal and Descarte, and by Bosse, 

who had published several books and pamphlets trying to popu

larize his methods. 

•̂ W. K. IVIHS, Jr., "A Note on Girard Desargues," 
Scripta Mathematlca. Volume IX, Number 1 (March, 19l|3), P. 
276. 1 

E. T. Bell, Men of Mathematics (New York: Simon 
and Schuster, 1937), pp. 7^-79. 

•̂ Ivins, o£. clt. p. 273. 
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It was not until the nineteenth century, when Ponce-

let and Chasles called attention to his work and added to it, 

that he or his methods were noticed again. At this time an 

effort was made, especially by Chasles, to find Desargues' 

work, and in l86U Pouda brought together all that had been 

found in his Oeuvres de Desargues. Since then only two unim

portant additions have been made. The more important of 

Desargues' extant texts are^ the pamphlet on perspective, 

the treatise on conies, the stereotomy, and Desargues' 

Theorem. 

Poncelet gave projective geometry a tremendous impul

se in the very early part of the nineteenth century largely 

through work he had done while in a Russian war prison. Next 

in the l81|0's, it was helped again by the work of Boole, Cay-

ley, Sylvester, and others through their work with the alge

braic theory of invariance. The projective geometry played 

a large part in developing the theoiy of invariance. It was 

largely Cayley who translated the geometrical operations of 

projection into algebra. It has been said that Isaac Newton, 

the young man of twenty, would have been astonished to know 

that the humble link forged by his elderly contemporary was 

later to become part of the strong chain that was to pull his 

law of universal gravitation from its supposedly immortal 

pedestal.*^ 

^Ibld., p. 275. 

^ell, o£. clt,, p. 213. 
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It is interesting to note that Pappus' Theorem about 

the hexagon inscribed within two lines is a special case of 

Pascal's Theorem. Also, there is a curious resemblance be

tween Desargues' Theorem and the porlsm of Euclid quoted by 

Pappus in the preface to his book on the jorisms.^ There is 

no indication as to whether or not Desargues or Pascal got 

their ideas from porism. 

B. Statement of Theorem and Converse 

Desargues' Theorem is the name usually given to the 

proposition, dealing with the sides and vertices of two tri

angles, that was discovered by Desargues. This theorem is 

also, at times, called Desargues' Triangle Theorem, and occa

sionally it is referred to as the Two Triangle Theorem of 

Desargues. For our purposes it will be called simply Desar

gues' Theorem and will be stated as follows: 

Theorem; If two triangles are such that the lines 

joining their vertices in pairs are con

current, then the intersections of cor

responding sides are collinear. 

Converse: If two triangles are such that the sides 

meet in pairs in three points that are 

collinear, then lines joining their cor

responding vertices are concurrent. 

Ivins, o£. clt. p. 273. 



CHAPTER II 

PROJECTIVE PROOF 

A. When the Triangles Are Non-coplanar 

Let the two triangles be ABC and A'B'C with vertices 

joined by the lines AA', BB', and C C . These lines are con

current at 0 since they join homologous points. To prove 

that the two triangles are perspective from a line we must 

prove that the homologous sides AB, A'B' and BC, B'C and AC, 

A'C meet in three points which are collinear. 

In Figure 1 notice that we actually have five planes. 

Two of these planes are the ones in which triangles ABC and 

A'B'C* lie. The other three planes are the ones that are 

determined by lines AA' and BB', BB' and CC, AA» and CC». 

The four points A, A', B, B» lie on the same plane. There

fore the lines AB and A'B' lie in the same plane and inter

sect at some point S. In like manner AC, A'C intersect at 

T, and CB, C B ' intersect at R. But line AB lies in the 

plane of ABC and line A'B' lies in the plane of A'B'C. 

Therefore point S must lie on the line of intersection of the 

two planes. Similarly, points R and T must lie on the line 

of intersection. Since all three points R, S, T lie on the 

line of intersection the two triangles must be perspective 



6 

with respect to the line of intersection. Therefore we have 

proved the theorem. 

It is interesting to notice the case where the two 

triangles are noncoplanar but parallel. Since lines AB, A'l̂ ' 

are parallel they intersect in an ideal point. Similarly, 

lines BC, B'C and lines AC, A'C intersect in ideal points. 

But the two parallel planes of triangles ABC and A'B'C in

tersect in an ideal line. The three ideal points must lie 

in both planes; hence, they must lie on the ideal line of 

their intersection. Again the three points are collinear 

and, therefore, the triangles are perspective from a line. 

The converse of the theorem, as stated in Chapter I, 

is easily proved. In Figure 2 let the triangles be ABC and 

A'B'C and the three pairs of homologous sides be AB, A'B' 

and AC, A'C and BC, B'C meeting in collinear points R, S, 

T. To prove that the two triangles ABC and A'B'C are per

spective from the point 0 we must prove that lines AA', BB' 

and CC' are concurrent. 

Since lines BC and B'C intersect at T they determine 

a plane I. For the same reason AB, A'B' and AC, A'C deter

mine planes II and III. Since the planes lie on the sides 

of triangles they are not parallel and must intersect. Let 

the point of intersection of the three planes be 0. Then 

the lines of intersection of I, II and II, III and I, III 

must pass through the point 0, But these lines of intersec

tion are the lines AA», BB', and CC connecting homologous 
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vertices. Thus we have proved the converse of the theorem. 

It is again interesting to notice a case that would 

be special In metric geometry. This is the case where the 

three lines of intersection of the planes are parallel. The 

three lines, of course, v;ill Intersect at an Ideal point and 

the two triangles will be perspective from that point. 

B. VHien the Trianp:les Are Coplanar 

The proof of the theorem in the case where the two 

triangles lie in the same plane, as will be seen is really 

a space proof and is dependent on the proof of the non-

coplanar case. 

Let the two triangles be A'B'C and A"B"C", as shown 

in Figure 3, with pairs of homologous vertices joined by the 

lines A'A", B'B", and CC" meeting at the point S. We wish 

to show that B'C, B"C" and C'A', C"A", and A'B', A"B" inter

sect in three collinear points X, Y, and Z. 

The lines B'C, B"C" intersect at a point X because 

the two triangles, of which these lines are homologous sides, 

are coplanar. Similarly the other two pairs of homologous 

sides C'A', C"A" and A'B', A"B" intersect at Y and Z. 

Now choose points S' and S" on a line with S but not 

in the same plane. Project A'B'C from S» and A"B"C" from 

S". S'A' and S"A" are coplanar and meet at A because they 

lie in the plane determined by ?'S" and A'A" which, by 
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construction, meet at S. Similarly the lines S»B» and S^B" 

intersect at B and S'C and S"C" meet at the point C. 

The non-coplanar triangles ABC and A'B'C are per

spective from S». Therefore, by the non-coplanar proof, they 

are perspective from a line lying in the plane of both. Sim

ilarly ABC and A"B"C" are perspective from S" and therefore 

perspective from a line lying in both planes. Since A'B'C 

and A"B"C" lie in the same plane vre only have two planes 

which can intersect in only one line. Therefore the lines 

of perspective of the two pairs of trianrles must be the one 

line L. 

Now ABC and A'B'C are perspective from L and ABC 

and A'*B"C" are perspective from L. This means that the lines 

BC and B'C meet on L and that BC and B"C" meet on L; there

fore all three lines must meet at the same point X on the 

line L, Similarly the points Y and Z lie on the line L. 

Therefore the two triangles A'B'C and A"B"C" are perspective 

from the line L and the theorem is proved. 



Fir.. 1.-•Non-coplanar Project ive 
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Pig. 2 Non-coplanar Projective (Converse) 
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Fig. 3 . Coplanar Projec t ive 



CHAPTER III 

AUALYTIC PROOF 

In the analytic proof of the theorem it is necessary 

to use homogeneous cartesian coordinates. These coordinates 

are defined as any number triplet (x,, x^, Xy) such that 

— = x , ± L ^ j , (1) 
•^5 X3 

where (x, y) are the old nonhomogeneous cartesian coordin

ates. Furthermore, any number triplet (x,, x̂ ,̂ o) for which 

X i 

_ = m (2) 

constitutes a set of homogeneous coordinates of the point at 

infinity in the direction of the slope m. ^̂ ith the above 

definition we have given coordinates to all points in the 

extended plane, and have used all triplets except (0,0,0), 

We will agree not to use this triplet, notice from equations 

(1) and (2) above that 

(x, , Xj, x^) = {'kx^, kx^, kx^) 

so that every finite point has any number of triplets as 

long as k^o. 

12 
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If, in the equation 

a,x + a^y^. a3 ĉ  0 (3) 

of a straight line, we substitute 

X = iii- _ 3̂ 0. 
X3 ' ^ " Xi 

and multiply by Xj, we obtain the equation 

a,x, ̂. ajX3,-/:ajX,= 0. ik) 

Equation (1|) is an equation in homogeneous coordinates of a 

line. 

!• ith this definition of homogeneous coordinates and 

the equation of a straight line in homogeneous coordinates 

we proceed with the proof of the theorem. By hypothesis tho 

triangles are perspective from point 0, This means (Figure 

l|.) that the lines AA', BB', and C C are concurrent at 0. 

Let the coordinates of A, B, C be a:(a,, a^, aj), b, c and 

the coordinates of A', B', C be a', b', c' and the coordin

ates of the point 0 be d:(d,, d̂ ., dj). Three points are 

linearly dependent if they lie on a straight line. But if 

three points are linearly dependent their sets of homogeneous 

coordinates are linearly dependent. Since 0 lies on the lines 

AA', BB', and C C we may write 

Aa-A»a' = Bb-B'b'=:Cc -C'c'= d. (5) 
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This is a continued equation expressing' the linear dependence 

of the homologous vertices. In equation (5) the capital 

letters are constants and not to be confused with the verti

ces of the triangles. 

From (5) we may obtain 

Aa-Bb= A'a'-B'b'^ e, 

Aa-Cc^A'a'—C'c'= f, 

Bb-Cc=B'b»- C'c':= g. 

(6) 

These are equations expressing the linear dependence of the 

vertices lying on the lines AB, AC, BC, B'C, A'B', A'C, 

with the points A", C", and B" the intersections of those 

lines. 

Now the condition that three points be collinear is 

that they be linearly dependent. This means that the deter

minant of their coordinates must equal zero. This coordinate 

determinant 

e / e^ Oj Aa,— Bb, Aaj.— Bbj. Aa^— Bb^ 

Aa,— Cc, Aa^—CCx Aa^—Cc^ 

Bb, — Cc, Bbi—Cc-t Bbj—CC3 

The determinant on the right Is seen to vanish if we subtract 

the second row from the first and add the difference to the 

third row. Therefore, we have proved the theorem. 

To prove the converse we need to start from the fact 

that the three points A", B", and C" lie on the line L and 

show that the lines AA», BB', and CC pass through point 0. 
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If we understand c< =0, to mean ô  = &,x, -j- e^X2_'heii^^'^G, we 

can let the sides opposite the vertices A, B, and C be u- 0, 

&-=• 0, ir = 0 and the sides opposite the vertices A', B», and 

C be o<'= 0, ^ ' - 0 , y'^0. Then «< = 0 and o<' = 0 inter

sect at A", ^=0 and ^'=0 intersect at B", and 3"= 0 and 

y» =: 0 intersect at C". 

The line L passes through A"; therefore, it is a 

linear combination of the lines c< = 0, ô  ' - 0 and may be writ-

ten 

A(a,x,^a2X5,^ajX3)=A'(a» x, +a». x̂ -f a» x,) :=0. (l) 

Likewise it is a linear combination of fi^ 0, /5'=^0 and 

y^o, ^'-0. Therefore 

B(b.x, + b,x, + b3X3)-B'(b,'x,4-bix̂ -tT:>'3̂ 3) • ^2) 

C(c,X,-^C,X^-^C3X3) = C'(c;x,^-Cix,+ c;X3) . (3) 

Since equations (l), (2), and (3) are all equations 

of the same line L we may write the identity: 

A.<- A'o<' = B ^ - B ' / ' r C y - C y . (U) 

From identity (U) ̂-̂̂e can obtain the identities: 

k^- B^ £ A' o<' ^B/^' 

Ao(- C r 5 A»-<'- C y (5) 

B^^ C 2r ̂  B'/^'-C r' 
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The first of these identities says that A o^-B/= 0 

and A' -<'-B» ^»= 0 represent the same line. This line is a 

linear combination of w = 0 and /5 - 0 and therefore goes 

through C. It is also a linear combination of oc •= 0 and 

;^'=0 and hence goes through C . Therefore, it is the line 

C C . 

In the same way the second identity gives equations 

for BB' and the third identity equations for AA». 

Now the condition that three lines be concurrent is 

that they are linearly dependent and three lines are linearly 

dependent if the detenninant of the coefficients in their 

equations is equal to zero. We need only to write either 

side of the three identities (5) In coefficient form and test 

them in a determinant. The coefficient forms are: 

(a,- bjx, -h (aj,- b5,)xj.-f (a3-b3)x3-0, 

(a,- c, )x, H- (a^- cjx^ + (a3- c^)x^:^0, 

(b,— c, )x, -^(bx- C2)x2.+-(b3-c^)x3=0. 

The determinant, then, is: 

a , - b, 

a, - c, 

b , ^ c, 

Bi^ — bi^ 

a^ —Ci 

b^-Ox. 

a j - b } 

a ^ - c j 

b 3 - C 5 

which is seen to vanish if we subtract the second row from 

the first and add the result to the third row. We have proved 

then that the three lines AA», BB», and CC are concurrent. 
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t i g . U. Analyt ic — 



CHAPTER IV 

PROOFS BY OTHER THEORî IIS 

A. Proof by Menelaus' Theorem 

According to Menelaus' Theorem, if the points R, S, 

and T lie on the sides AC, AB, and BC of a triangle and the 

relation 

AS BT CR , /.x 

holds true then R, S, and T are collinear. In Figure 5 

notice that R, S, and T lie on the external sides of both 

triangle ABC and triangle A'B'C. If it can be shown that 

the above relation holds In either case then Desargues* Theo

rem will be proved. 

If we consider the triangle OCA and the transversal 

RA'C, which is known to be a straight line, by Menelaus' 

Theorem we get the relation (l). 

O C l . C R ^ A O ^ , ^ ^ (1) 

C C RA 0A» 

Now consider triangle OBA and the transversal SA'B' 

which is a straight line. V/e get relation (2), 

18 
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2B1.BS^A0__ _ ^ (2) 
B'B SA OA' 

Finally consider triangle OBC and the transversal 

TCB» which is a straight line, '̂e get relation (3). 

O C ^ C T . B B l ^ ^ l (3) 
C C TB B'O 

Multiply equation (2) by equation (3) to get equa

tion ik). 

!§.. ̂i2_. 2£1 .£1^1 ik) 
SA * 0A» C C 'TB "̂  

Divide equation (l) by equation (I4) to get equation 

(5). 

SA TB CR , ,^. 
— • — • — = -1 v5) 
BS CT RA 

This equation is equivalent to equation (6) because 

we can change the direction of the lines in both the numera

tor and the denominator without affecting the sign of the 

equation. 

AS,BT^CR^_3L (6) 
SB TC RA 

Now equation (6) is equivalent to relation (A) and v.e 

have proved that R, S, and T actually do fall on a line. Th 

line is the transversal cutting the extended sides of 
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triangles ABC at R, S, and T and therefore we have proved 

Desargues' Theorem. 

B. Proof of Converse by Ceva's Theorem 

For variety we shall prove the converse of Desargues' 

Theorem, as stated in Chapter I, by the trigonometric form 

of Ceva's Theorem. 

Ceva's Theorem states that the lines joining the ver

tices of a triangle to a given point, the Ceva point, deter

mine on the sides of the triangle six segments such that the 

product of three nonconsecutive segments is equal to the pro

duct of the remaining three segments. As is obvious, the 

lines from the vertices to the Ceva point divide each of the 

three angles into two leaving a total of six angles. The 

trigonometric form of the theorem says that the product of 

the sines of three nonconsecutive angles is equal to the pro

duct of the sines of the remaining three angles. 

Take the figure as shorn in Figure 6. It is the 

usual figure lettered in the usual manner except that each 

line is lettered. Each line is designated by the letter de

signating the angle opposite it except for the three concur

rent lines p, q, and r and the line o on which the points 

X, y, z are located. Notice that we are considering the line 

as a whole and not just as the side of a triangle where it is 

lettered. 
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Since we are given that points X, Y, Z lie on the 

line o, let us choose three triangles which involve line o, 

as a side, and each of the points X, Y, and Z. Three such 

triangles are AXZ with sides obc and Ceva point A», CYZ with 

sides abo and Ceva point C , and BXY with sides aoc and Ceva 

point B». The lines from the vertices to the Ceva point are 

easily picked out. 

Now if we write the equation, described in the theo

rem, for each of the above triangles we get the following 

three relationships. 

Sin cc' 3' Sinbp Sin ob' . . 
— . • * • — — — — — —-I (T ) 

= 1 (2) 

Sin c'o Sin pc Sin b'b 

Sin aa' . Sin br .Sin ob' 
Sin a'o Sin ra Sin b'b 

Sin cc' Sin aq Sin oa' •. /̂ \ 
Sin c'o Sin qc Sin a'a 

\'!e have designated the angle in each case by the in

cluding sides and have traversed each triangle in the same 

direction. 

Now if we set equation (l) equal to equation (2) and 

the result equal to equation (3), this is equivalent to divi

ding one equation by each of the other two in turn, we get 

eq\iation (ij.). 

Sin bp Sin ra . Sin qc ̂  ̂  (̂ j 
Sin pc Sin br Sin aq 
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Upon inspection of equation ik) It becomes apparent 

that it is the Ceva eqiiation for triangle OAB with sides pqc 

and Ceva point C. Since we have shown that OAB is a triangle, 

the lines p, q, r must meet at point o. Therefore we have 

proved the converse of Desargues' Theorem. 
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F i g . 5 . Menelaus ' Theorem_ 
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F i g . 6. Ceva's Theorem. 



CHAPTER V 

VECTOR PROOFS 

A. Coplanar Vector Proof 

For the vector proof we draw Figure 7b. The vertices 

of the triangles are A, B, C and A', B', C , the point of 

concurrence of the lines joining the vertices is S, and the 

three points where like sides intersect are P, Q, and R. 

Take some point 0 in the plane and draw vectors to each of 

the points mentioned above. In the figure only a represen

tative group of vectors have been drawn to avoid confusion. 

Each vector will be designated by the capital letter desig

nating the point to which it is drawn. Small or lower case 

letters will be used for scalers. 

When three vectors terminate in a straight line, as 

shown in Figure 7a, one can be expressed In terms of the 

other two. This expression is 

R=kA4.(l-k)A« (1) 

which can be rewritten, by simply redesignating the scalara, 

as 

R=aA + a»A'. (2) 

25 
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If we put equation (2) in the form 

R-aA-a»A'= 0 

it is easily seen that the conditions that three vectors ter

minate in the same line are equation (2) and 

l-a~a' = 0 (3) 

which states that the sum of the scalers of the three vectors 

must be equal to zero. 

With these two conditions we can prove Desargues' 

Theorem in the plane. 

In Figure 7b the equation of S in terms of A and A», 

by equation (2), will be 

S:r aA -f a'A' 

and i n l i k e manner 

S=:bB-«-b'B' , 

S = c C + c ' C . 

We can combine these last three equations into a continuing 

equality as in (k)* 

Sir aA-f a'A'-bB-f-b'B'r: cC-f C C (1|) 

In like form the condition of equation (3) may be written as 

a + a»=^b+b» = c+c»r=l . (5) 
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Now there is some scalar k for which equation (6) is 

true. 

kR=S (6) 

But i f we choose to r e d i s t r i b u t e (1|) as 

aA-bB =b 'B ' -a 'A ' 

there are also k's for which the equations (?) and (8) are 

true. 

kR:raA-bB (7) 

kR-b'B»-a'A' (C) 

In fact, since the vectors R, A, B and the vectors R, A', B' 

terminate respectively in two straight lines, the k's in (7) 

and (8) must be equal to a-b and b'— a' respectively. 

vnth this in mind we may write the equations of P, Q, 

R as 

ĵ  _ aA - bB _, a'A'- b'3' (<j) 
a-b a'-b' 

p_ bB-cC -_ b'B' - c'C ^ (10) 
b - c b» -c' 

Q_ cC - aA _ c'C- a'A' ^ (n) 
c— a c '— a' 

Now write the first equality of equations (9), (10), 

and (11) as 
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( a - b ) R = aA-bB , (12) 

( b - c ) P = bB-cC , (13) 

(c -a)Ci = cC-aA . ( l l | ) 

I f we add equations (12 ) , (13 ) , and ilk) we get eq\ia-

t i o n ( 1 5 ) . 

(a -b )R-^ ( b - c ) P 4 - ( c - a ) Q = 0 ( l 5 ) 

This equation is of the same form as equation (2) and from 

it we get equation (16). 

(a-b)4- (b-c) + (c-a) =0 (16) 

This proves the second condition and therefore that 

vectors P, Q, and R are termino-collinear. The theorem is 

proved. 

From the primed parts of equations (9), (10), and 

(ll) we can also get the proof in the following equations. 

(a»- b')R-^-(b'- c')P-H(c»- a»)Q-0 (17) 

(a»-b»)-^(b'-c»)H-(c»-a') = 0 (l8) 

To prove the converse we write the equations (9), 

(10), and (11) which in the form of (15) and (16) show that 

vectors P, Q, and R are termino-collinear. But this could 

be true even if the lines through corresponding vertices did 

not meet in a point. To insure that they do meet in a point 

It is necessary to choose an h and a k so that 
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ft'-b* __ b t -~ c' ^ c'-a* 
c~ a a-̂ b - T^T" " -r—-h , (19) 

(a'-ha)^ (b»-hb) = (c'-hc) = v . (20) 

In other words we have chosen an h and a k so that 

a»—ha-k =0 , 

b»-hb-k-0 , 

c»-~hc-k-0 , 

which l8 the condition that the sum of the scalers equal zero. 

How from equations (9), (10), and (ll) we can write 

the equation 

a»A«-haA= b»3»- hbB = c»C^ hcC = kS (21) 

where S is the point common to AA*, BB*, and C C . 

Equation (21) is equation (Î ) and we have set the 

sum of the coefficient equal to zero in choosing h and k. 

Therefore we have proved the converse of the theorem. 

B. Non»coplanar Vector Proof 

Tho proof that was given in the last section for the 

coplanar case will serve equally as well for the non-coplanar 

case. But if one wishes to prove only the non-coplanar case 

it is much simpler proved by another method. That other 

method, iî ioh is really a proof by observation or inspection, 

will be given here. 
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Let the two triangles ABC and A'B'C be in different 

planes, as shown in Figure 8, with lines through correspond

ing vertices meeting at 0 and like sides meeting at the 

points P, Q, and R. 

Now if vector P terminates on the line AB, Q on AC, 

and R on BC they must all terminate in the plane of ABC. But 

vectors P, Q, and R also terminate in the plane of A'B'C be

cause they terminate respectively on the lines A'B', A'C, 

and B'C. 

Since vectors P, Q, and R all terminate in both 

planes ABC and A'B'C they must terminate on the line of In

tersection of those planes. Therefore they terminate on a 

line and the theorem is proved. 
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P ig . 7a, Three Terrnino-Collinear Vectors 

Fig . 7b. Coplanar_Vector 
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FiF . 8. Non-coplanar vector 
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CHAPTER VI 

PROOF BY CROSS RATIO 

The proof of the theorem by cross ratio is probably 

the simplest one except for the proof in three dimensions. 

The proof does not depend on any particular value of cross 

ratios, only on their equality and the following well known 

properties of ranges and pencils. 

(1) A pencil cuts any two transversals in equicross 

ranges. 

(2) If the pencil O(ABCD) is cut by a transversal in 

the four points a, b, c, d, the cross ratio of 

the pencil will be equal to that of the range 

(abed), and will have the same sign. 

(3) If two equicross pencils of four corresponding 

rays have a common ray, then the other pairs of 

corresponding rays will intersect in three points 

which are collinear. 

The notation used will be the same as in (2) above 

where O(ABCD) is a pencil with vertex 0 and rays or lines 

A, B, C, D and (abed) is the range of points a, b, c, d 

where the corresponding rays meet a transversal, 
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Then, as in Figure 9, let the triangles ABC, A'B'C 

be such that AA', BB', CC meet at 0. Let BC, B'C meet at 

P; CA, C'A' at Qj and AB, A'B' at R. Let OAA' cut BC in S 

and B'C in S'. Draw lines from 0 through P, from A through 

P, and from A' through P. 

Then we have the pencil O(PBSC) cut by two transver

sals so that by (l) the range (pbsc) = the range (pb's'c'). 

By (2) the pencil A(PBSC)-the pencil A'(P3'S'C'). Both the 

ranges and the pencils are equicross. 

A(PBSC)- A(PROQ) because they are the same pencils 

and for the same reason A'(PB'S'C ) r: A'(PROQ). 

This makes A(PROQ)=: A'(PROQ) and they are equicross. 

Now A(PROQ) and A'(PROQ), which are equicross, have 

the ray OAA' in common therefore by (3) the points P, Q, R 

are collinear and the theorem is proved. 

To prove the converse let the points P, Q, R be col

linear. It is required to show that the lines AA», BB', CC 

are concurrent. 

Since the pencils A(CSBP) and A'(C'S'B»P') are such 

that the intersections of three pairs of corresponding rays 

are collinear and the fourth pair of rays are common, the 

pencils are equicross by (3). Therefore, A(CSBP)^A'(CS'B'P') 

and by (2) (csbp) = (c's'b'p') and C C , SS', BB' are concurrent 

because if two equicross ranges have a common point, then the 

straight lines joining the other pairs of corresponding points 

are concurrent. 
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Fig , 9. Cross Ratio 



CHAPTER VII 

APPLICATIONS 

The theorem of Desargues is well suited to problems 

in a field, such as drafting, surveying, and design, where 

geometry is used extensively. The accuracy of a solution 

arrived at by use of some sort of Desargues confi^^uration is, 

of co\irse, dependent upon the accuracy of the person doing 

the work. V̂ ith reasonable care a Desargues solution should 

fall within the bounds of engineering accuracy. 

There are four rather simple problems that give a 

good illustration of the application of Desargues' Theorem 

to the solution of a problem. These problems will be given 

in the following paragraphs. 

The first application is so simple that it is obvious 

and needs no drawing. The problem is to determine whether 

three given lines are conc\u?rent. The solution is that if 

they are and the vertices of two triangles are placed on 

them, one vertex of each triangle on each line, then when the 

sides of the triangles are extended they will meet in pairs 

in three points on a line. 

The second problem is, that given a point and two 

lines that intersect in a point in some inaccessible region, 
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to draw a line through the given point In the direction of 

the inaccessible point. In Figure 10 the given lines are the 

lines a, b and the point is X. From X draw a line to Inter

sect a at A and another line to intersect b at A', Draw line 

AA' and on it choose point 0, the point of perspective. Now 

from 0 draw a line to intersect those just drawn at B and B' 

and draw another line to intersect a and b at C and C . Now 

draw lines CB and C B ' to intersect at Y, then the line YX 

is the desired line because the points X, Y, and the inacces

sible point Z are the Intersections of like sides of the per

spective triangles ABC and A'B'C. 

The next problem is that given a quadrilateral. Fig

ure 11, with sides a, b, b', and a' and two opposite vertices 

intersecting in accessible regions, to draw the diagonal be

tween the inaccessible vertices. The solution is to draw 

the other diagonal CC and choose a point 0, the point of 

perspective, on it. Now draw a line intersecting a at A and 

a' extended at A' , draw another line intersecting b extended 

at B and b' at B'. This gives the tx̂ o triangles A B C and 

A'B'C perspective from 0 and the sides B A and B'A' extended 

intersect at the point X. This is the only point obtained 

as the points Y and Z fall in the inaccessible rer.lons. But 

if we repeat the process on the other side of the line CC 

we will obtain the point X' and so we have two points on the 

desired diagonal and may draw it. Vhat we have done is held 

two sides of each triangle constant and varied the other side 
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of each triangle to slide a point into two different posi

tions on the same line. 

The fourth problem is to extend a line past an ob

stacle. In Figure 12 the line is L and the obstacle is P, 

Choose a point X on the line and draw two lines from the point 

to extend to the other side of the obstacle in the manner 

shown. Draw a third line to cut the first two at points C 

and C and choose a point 0, the perspective point, on this 

third line. From 0 draw another line to cut the first two 

at B and B' and nov; draw a third line from 0 on the side of 

BB' opposite to the obstacle. Now draw a line from B to any 

desired point A on this last line drawn and draw a line from 

B' cutting the same line at some convenient A'. Now we have 

the vertices ABC and A'B'C of the perspective triangles and 

need only to extend the sides to get the points Y and Z, 

through which we can draw the extended line L. 
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Pig. 10, Inaccessible Point, 
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Fig, 11. Two Inaccessible Points 
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Fig. 12, ,Obstruction Problem 
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