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ABSTRACT
The nonlinear diffusion equation, {w{u)ux)x — Ut, has application in many
areas of science and technology. We discuss exact solutions of this equation for
three weight functions-w"^, e", and \n{u). We obtain these solutions in each case
by "inverting the weight function," that is, we make the substitution v = w{u) and
solve the resulting equation for v. Although we do not use similarity techniques,
most of our solutions turn out to be similarity solutions-a brief look at similarity
methods is presented. The solution we find for ln{u) appears not to have been
published.

IV

CHAPTER I
INTRODUCTION
1.1 Purpose
Our purpose is to explore methods of obtaining exact solutions for the autonomous quasilinear diffusion equation
{w{u)ux)^ = Ut.

(1.1)

Before proceeding, we remark that the equation
{w{au-\-P)ux)^ = Ut

(1.2)

can be solved in essentially the same manner as (1.1); if we simply let v = au-{- P,
(1.2) becomes

or,
\w

«OJ.=G),

which, after multiplication by a, is identical in form to (1.1).
We will consider (1.1) with various weight functions, finding some exact solutions for certain boundary conditions. Our principal means of deriving solutions
will be a simple technique which we will refer to as "weight inversion," which we
will use in combination with separation of variables. Also, since several authors
have suggested that what are known as similarity methods appear to encompass
many previously developed approaches [9, 11, 14, 15], we will briefly discuss these
techniques and compare our results with those obtained by similarity.
It is perhaps unconventional to look for solutions of differential equations without a statement of the problem that includes boundary condition. The reader is
referred to Logan's [20, p. 443] statement comparing similarity solutions for these
equations to asymptotic solutions and notes that solutions without boundary conditions are useful for understanding the behavior of the system modeled by the
equation in question.

1.2 Weight Inversion
By weight inversion we simply mean that we will "invert the weight function"
w(u) in (l.l)-that is, introduce v{x,t) = w{u{x,t)) and solve the resulting partial
differential equation (PDE) for v. Sections 2.1, 2.2, and 2.3 examine (1.1) ioi w{u)
equal to u"^, e", and ln(?z), respectively.
1.3 Similarity Methods
A similarity method is an approach to solving both ordinary and partial differential equations in which new independent and/or dependent variables are introduced to simplify the equation. The introduction of these variables effectively
transforms the equation to a simpler one (for example, changing a partial differential equation to an ordinary differential equation, or reducing the order of an
ordinary differential equation). In Chapter IV, we describe the classical similarity method in some detail, and look briefly at how most of the solutions we have
obtained can be characterized in terms of similarity methods.
1.4 Relevant Applications
The applications of (1.1) are numerous. For w{u) = constant, (1.1) is the
classical heat equation. In this form, it is used to model, for example, heat flow
in a homogeneous rod. The derivation of this equation uses Fourier's law, which
states that heat flow is proportional to the gradient of the temperature of the
medium [2] (this is equivalent to "Fickian diffusion" which describes the motion of
a large number of individually moving units as being proportional to the gradient
of the population density).
We will demonstrate in Chapter V that using the Fickian diffusion model is
essentially equivalent to modeling the movement of the population as a random
walk of a large number of independently moving particles. Hence the equation
is of interest to biologists, who are often concerned with populations that exhibit
random walk type movement at the individual level [23, 24].
With w a nonconstant function of li. a density dependence in introduced. In this
case, the particles are no longer moving simply at random, but are now affected by
the local population density. Hence, for certain functions w{u), (1.1) can be useful
in modeling a population, say, of insects that move in a somewhat random fashion

but always attempt to move away from areas of high population. In such cases
w{u) is related to the "pressure" that the population puts on itself-in a sense, how
badly they want to get away from each other [23, Ch. 9].

CHAPTER II
EXAMPLES OF WEIGHT INVERSION
This chapter considers the weight inversion method as applied to three different
weight functions: w"^, e", and In(ii). For the first case, we compare the weight
inversion method to separation of variables.
2.1 Power Law: w{u) = u^
In this section we consider (1.1) with w{u) = u'^. That is,
(u^Ux)^ = ut

(2.1)

Of the weight functions we consider, this is by far the most often referred to in
the literature [6, 7, 11, 19, 21, 23, 24]. The applications are many, and solutions
for certain boundary conditions have been known since the early 1950's [6, 7, 10,
11, 14, 15, 18, 19]. We will first examine the solution obtained by separation of
variables. In the examples throughout, we exclude the special cases m = —2 (which
is discussed in detail in [18]) and m = — 1.
2.1.1 Separation of Variables
First we will use separation of variables to obtain from (2.1) a pair of ordinary
differential equations. Assume u = X{x)T{t) to obtain
{{XTr{XT)x),
(X'^T'^X'T)^
(where X' denotes -^X, and T' means ^T).
left, and factoring out the time dependence

= [XT\
= XT'
Taking the second derivative on the

T'^+^X'^X" + m.X'^-'iX'Y)

= XT'

divide through by XT"^-^^ to obtain

(x'^x"^mX'^-\x')'^)

r

^ ^

Each side of (2.2) must be independent of both time and space, so set them both
equal to some separation constant A. For T, this gives

which can be straightforwardly integrated to obtain

{mX)t-\-k
or, by renaming the arbitrary constant.

^^^lAmA)

m

p3^

t-to
The equation for X is a bit more involved. From (2.2),
{X'^X" + mX'^-^X'Y)

= XX

which can be rewritten
1 .(^X'^+iy = XX.
m-l-1
Let V = X^'^^ (assume here that m, ^ —1) to obtain
v" = {m-\- l)Av^^^+i".
Make the substitution y = v', then
v" = y'
,

dy
dy dv
dy
.
Now, since y = -r = -,—7- = -rV, we have
dx
dv dx
dv
dy
,
^. , _L_
-—y = (777,-1- I j A v ' ^ + i ,
dv
which is separable, giving
ydy = {m + l)A'U"^+irf'u.
Integrate to give
y^

2

(772-|-l)A i . ^ _

l + ;di
771+1

^

(2.4)
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with Co a Constant of integration. Put v' back in for y, and rearrange to get

V =

2A(m-hl) i+_j_
^
/2A(m-hl)2 ^
^
'--U^+m + l + Co = A/
^
—^yrn + l + CQ
772 - h 2
m+1

(2.5)

\ ^ + ^.

from which we can see that Co is the value of v' when v = 0.
For initial conditions with u{oo,0) = 0, Co = 0. Thus (2.5) becomes
V
V

m+2

^

= 1

m+2
2m+2

which is easily integrated to obtain
1

V

•y

_-ni±2._|_i
2m+2~-'

„2;;rF2

/2(m + l)2A

771

777-f2

2771 + 2

-ym + l

:=

(2.6)

2(m+l)2A _JZL±2_ i ^ = X — Xo
m+2
2m+2

'2(m + l)2A 771
(X
777 -h 2 2771 + 2

2_
m

-

XQ)

{x - Xo)
j_

2(m-H)2A
m^
(X
771 + 2 4(771+1)2

-

XQ)'

(2.7)
or,
1

-ym+l

^

m^A
(x
2(771 + 2)

m

- Xo)^

Recalling that V^^HT = X , we have the solution

W =

7772A ,
.oA'" f — l/imX)
' ^-to
2(m + 2) ( x - x o ) ^ '
—771

( x — Xo)'

2(771 + 2) [t-to)

_

(2.8)

Note that the separation parameter A does not appear in the solution explicitly,

2.1.2 Weight Inversion
In this section we will use weight inversion, that is, make the substitution
v = w{u), to obtain a solution that has (2.8) as a special case. We begin with the
substitution
v = u'^
then u = vm and
1 i-i
Ux=

—Vm

1 x_i

'Vx

Ut=

m

Hence (2.1) becomes

^

'Vt.

m

[v—V^
\ 771
V"'Vxx-\

—Vm

Vx]
Jx

=

—V^
777

1ym>-l..
..
VxVx

=

Vm

Vt

..^-1.'Vt

m
vvxx H

"^x^x = Vt

(2.9)

777,

Note that if v is polynomial (say of degree n) in x with the lead coefficient a
function of t, the summands on the left of (2.9) will be of equal degree, namely
2n — 2, while the term on the right will be of degree n. Thus if TI = 2, both sides
of (2.9) will be polynomials of degree 2, and we can attempt to set the coefficients
of the various powers of x equal to each other to determine the remainder of the
solution. Thus, let v = a{t)x'^ + b{t)x + c{t) in (2.9) to obtain
(ox^ + 6x + c)(2a) H (2ax + bf = a'x^ + b'x + c'
771

where primes denote differentiation with respect to t. Upon multiplying and equating the various powers of x we obtain

a^ h + —) = a'
ab(2-\-—)
2ac+—6^

(2.10)

= b'

(2.11)

= c'.

(2.12)

771

These three equations are autonomous and first order and can be integrated by
standard methods. Introduce for convenience 7 = 2 + ^ ; integrating (2.10) by
separation of variables gives us
a=—

-1

r.

(2.13)
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Substitution of (2.13) into (2. 11) gives
-1
t-to

b'
6'

which is integrated to give
bo

h —

(2.14)

{t-toY
Finally, substitution of a and b into (2.12) yields

'

j(t - to)

.c+

*°

m{t - toY

This equation can be integrated using an integrating factor to yield
c-

Since 7 = 2 +

^^
1
"'^
77l(^-l)(t-to)
(t-to)'

m'

4
771 =

so

,2

4

r77(

1) = 7

7

then c is

7-2'
(2-7)
—

=

(7-2)

7

,

7^0

c =

4

7

Co

+ — ^ ^ .
4(t-to)
(t-to)^

(2.15)

Hence v is
iJ

7(^-M

X + 7

-TX

(^-^0)

- -—

—r H

4(t-to)

(t-to)

Regrouping as before, we can write
- 1 (x - 7^0/2)' ^
V —

T.

7

n

(^ - ^0)

r

Co

(t - to)

and then for u we have

._ /-i(x-7fto/-^r
' - l ( x _ - 7 W 2 £ ^,
7

(^ - ^0)

C^o
(t - to)^

r

27

(^-Ib)

Note that if CQ = 0, (2.17) is identical to (2.8). The advantage of inverting the
weight in this case is that the form (2.9) makes the underlying symmetry of the
equation easier to see, which lead us to the more general solution.
Finally, we remark that equation (2.17) solves the point source problem
{u'^Ux)x

=

u{x,0)

Ut

= 6{x)

in the "weak" sense given in [19] {6(x) is the classical delta function).
2.1.3 Applications
The applications of (2.1) include, but are not limited to, the motion of a viscous
fluid spreading on a surface under gravity [19], the shoaling of fish [27], modeling
heat transport in an ionized gas and signals in transmission lines [7], and long lists
of other things. See especially the survey by Hill [15], in which lists of applications
are mentioned and many references are given, and [19], which also lists applications
like elastic bearing theory, soil science, and boundary layer flow past a flat plate
and includes references for each as well as references to other lists of references.
2.2 Exponential Weight: w{u) = e"
In this section we will find a solution for the equation
(e'^Ux)^ = Ut

(2.18)

using the weight inversion technique combined with separation of variables. We
use
V = e",

(2.19)

so u = ln^;. Substitute into (2.18) to get
{v{\nv)J^ = {\nv)^
Vx^
)

v—
V /'x
Vxx =

—

Vt

V

v

(2.20)
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Assume v can be written v = X(x)T{t)

to get
V

Where A as a separation constant. Thus X is quadratic with leading coefficient
A/2, and for T,
f T'
,

y ^ = At + A:i
-1

= Xt-\-k2

1
-Xt + k
Thus, V = (|x2 + ax + b)/{-Xt + A:), and our solution is
T =

u = \n

(A/2)x2 + Qx + 6
-At + A:

or.
w = In

- ( X - Xo)2 + C

2t - to

(2.21)

for a slightly different choice of arbitrary constants. Note that, as in the last
chapter, the separation constant is absorbed into the other arbitrary constants.
One might also make a comparison between (2.20) and (2.9), and ask whether the
same approach might be taken here as in section 2.1.2. Assume, then, that v can
be written
a{t)x^ + b{t)x + c{t)
and substitute into (2.20) to obtain
(ax^ + 6x + c)(2a) = a'x^ + b'x + c'
(with primes denoting differentiation with respect to t). Identifying coefficients
gives the following equations:
2a2 = a'
(2.22)
2ab = b'

(2.23)

2ac = c'.

(2.24)

11
As in section 2.1.2, (2.22) has the solution
a =

1
2(t-to)'

which can be substituted into (2.23),
_ -1
b = b'
'2(t-to)
or.
^ = 2.

-1

2(t - to)

which is integrated to obtain
l n ( ^ | =-ln(t-to)
or.

b
bo

t-to'

and (2.23) is of course identical to (2.24), so c =
simply
1

I"

^

[ 2(t-to)

2 ,

^0

2(t-to)

t-to
,

. Hence the solution is
Co

2(t-to)_

which is equivalent to (2.21).
One is led to wonder what is different between these two equations that causes
one equation to yield a more general solution by the "method of polynomials in
X with coefficients unknown functions of time" while the other simply produces
the same solution as separation of variables. Some insight might be gained by
considering, as will be discussed in chapter III, that w{u) = e" is in some sense a
limiting case of w{u) = u^ asm goes to infinity. As TTI goes to infinity, the "extra"
term discovered by the second method becomes absorbed into the first term, since
then 7 tends to 2 and the last term inside the brackets on (2.17) becomes j ^ .
2.2.1 Applications
Equation (2.18) has been studied in an effort to gain further understanding of
the similarity method (see [15, 28, 29]). Also, as mentioned above, it seems related
to the (2.1), so applications of (2.18) are related to applications of (2.1).
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2.3 Logarithmic Weight: w{u) =\iiu
Here we will find a solution for
{{\nu)ux)^ = ut.

(2.25)

Using weight inversion, we write v = \jiu to obtain

the chain and product rules give
Vxe^Vx + vVxe^Vx + ve^Vxx = e^Vt.
This implies
(Vx)^ + v{Vx)^

+ VVxx = Vf

(2.26)

Try (the word "try" is used here because this attempt will not succeed, although
it will lead us to the correct solution) v = X{x)T(t), obtaining
{X')^T^ + X{X')'^T^ + XX"T^ = XT'.

(2.27)

Observing that the first and third terms on the left side of the equation are of the
"same power" if X is of the form (ax + 6)", we try this substitution to see if we
can make these terms vanish. First note
(X')' = {na{ax + 6)"-^)^ = n''a\ax + 6)2"-2
X" = 7i(7i-l)a2(ax + 6)"-2
thus we have
Ti^a^ (ax + 6 ) 2 " - 2 T 2 + (ax + b)''n^a^ {ax + b)^''-'T^ + (ax + b)''n{n -l)a\ax-h

b)''-^T''

= (ax + 6)"T'
{n'a' + n{n - l)a'){ax + b)'^-^T' + n'a^{ax +

6)^"-'T^

= (ax + 6)"T'

Causing the aforementioned terms to vanish would require that
Ti^a^ + n{n - l)a^ = 0
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a^(2n2 - n) = 0
a^n(27i - 1) = 0
thus 71 = 1/2. It will be seen that this is a serendipitous requirement. First, note
that the remaining terms in (ax + b) are not of the same order,
(^-j a2(ax + 6)-^T^ = (ax + 6)2r'.

(2.28)

However, if we consider a different choice of initial function, with b a function of
time rather than simply constant, and omit T altogether, then the differentiation
with respect to time on the right would cause (2.28) to become
/1\ 2

f - j a2(ax + 6)-^ =6'(ax + 6)-2

(2.29)

with b' = db/dt. Clearly, since the left side is not multiplied by a function of time,
we want b' to be constant, so we will try the original substitution again with a
linear function of time (7t + k) in place of the constant b, and omit T completely.
To this end, instead of the substitution v = XT we make the substitution
V = {ax + 7t + /j)2 into (2.26), which changes (2.27) to
( - ] a2(ax + 7t + A:)"^ = ^(ax + 7t + A;)"2
2

Thus, let 7 = Y and we have

as a solution to (2.25).
It is natural to ask if solutions exist that do not grow in time-a first guess
^2

1

miffht be e-(°^+V^+'^)^; in checking this solution, it seemed reasonable to consider
2

1

instead ec(ai+v<+*:)^ _ Let us consider this solution in (2.25) to see if it works.
fln(e^("^+^'-^^)^) (e^^°^+^'+^)^) ) I (e'^^^^"^'+'^^^\

(c{ax + ^ t + k)'^\ac{ax + y t + )t)-^e^(-^^^+^)^) =

(2.30)
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( i ) jc{ax

+jt

+ fc)-le<^('"-+T'+'=)*

iac^c (I) a{ax + ^ t + A:)-^e^(-+^^+^)U^c(ax + - t +
2
V2/
2
4
2

k)-^'^^''-'^'^'^'

Equality holds here iff c^ = c which implies c e {-1,0, l}-however, note that the
2

constant — multiplying the right side is a result of the chain rule in differentiating
4
with respect to t. Thus, in order to get equality in (2.30) for any value of c, we
a2

a2

need only replace the constant -—, which multiphes t, with c^ —. This essentially
does nothing to the above calculation except to introduce a factor of c2 to the right
side, which is insures the desired equality. Hence we have
u = e^(«^+4^*+*^)^

(2.31)

a solution to (2.25) with c, a, and A; arbitrary.
This equation affords the best example (as we will see later) of how a similarity
method can simplify the problem of obtaining a solution to a nonlinear problem.
The similarity method we employ will be considerably less circuitous than the
above derivation.
2.3.1 Applications
This equation was not discussed in either of two survey articles [15, 17] on
solutions of (1.1), nor did it appear in other works that considered (1.1) for different
functions w{u). If it has been considered, this fact is as yet unknown to the author.
See Hill's comment concerning the usefulness of having as many solutions of (1.1)
for as many cases as possible (in which he refers to [25]), and [19] on the comparison
theorem of Oleinik.

CHAPTER III
GENERALIZED WEIGHT INVERSION
Since both sections (2.2) and (2.3) solve equation (1.1) by making the substitution v = w{u), it is a natural question to ask whether it is possible to determine
for which weight functions w{u) this method is well suited. Let us then consider
the general case and see if we can gain some insight. Beginning with (1.1).
{w{u)Ux))x

= Ut

and letting v = w{u), we have
u = w~^{v) = f{v)
Ux = f{v)vx
where we have defined / to be the inverse of w to avoid crowding superscripts.
Note also that f'{v) here means •^f{v) Then (1.1) becomes
{vf'{v)vx)x = f'vt
Vxf'{v)Vx

+ vf"{v)VxVx

+ vf'{v)Vxx

(3.1)
=

f'Vt

As we are now considering only invertible weight functions, / is not constant, so
we can divide through by / ' to get
f"{v)
VxVx + VVxVx-JTTT

+ VVxx = Vt-

f{v)
As we are interested in which weight functions yield easily to this technique, we
f"{v)
want to look specifically at the term vVxVx .,, .. For example, for what choice of
f'{v)
f"(v)
1
^ will LJLJ. = — ? Since the derivatives in question here are with respect to v,
f'{v)
V
this is just an ordinary differential equation, and in fact a simple one:
f"{v)
f'{v)

^

1
V

vf"{v) + f'{v) = 0
15
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{vf'{v))' = 0
vf{v) --= c
1

f'iv) = c-V

/ = c In v + C2 = cinkv
Recall that f{x) = w~^{x), so this result gives us
w[u) = 76^".
k
By this we see why the case of the exponential weight function reduced to such a
simple problem when the weight inversion was applied. Given what we know from
section (2.1), it might also prove fruitful to investigate

nv) ^ 1
f'{v)

V

since then (3.1) would be separable, with the space part of the form (2.9).
f"{v)
f'{v)
vf'iv)

1
V
= f'(v)

vf"{v) - f'iv) = 0
for V ^ 0,

vfiv) - /'M ^ 0
y2

implying that

V
f'{v) = CiV
f{v) = cv"^ + A:?; + 7.
So the suggested weight function is a branch of a square root function.
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Another possibility that suggests itself is for 7 ^ = 0, which is true if/"(^) = 0
and f'{v) ^ 0. It is straightforward to then obtain f{v) = av-hP (with a 7^ 0 and
P arbitrary).
We can unify these three examples by simply considering the case in which
f"{v)
f'{v)

_ c
V

for various values of c. This gives us

{\nf'{v))' = V

which integrates to
\nf'{v) =

clnvo
(with Vo a constant of integration) which implies that
/'(.)=(^)"

(3.2)

so that finally (if c 7^ —1),

/(.) = ^(iLrv,,
C+ 1 \Vo/

where k is an arbitrary constant (the case c = — 1 is discussed below). The weight
function is the inverse of / ; inverting we obtain
w{u) = Vo {{c + l){u -k))^

.

(3.3)

Hence with c = 0 we obtained the linear case, with c = 1 we have a weight function
which is a power of 1/2 in 7/, etc.
For the case c = — 1, (3.2) gives us a logarithmic / , and thus corresponds (as
we saw earlier) to the exponential weight function. This is an interesting fact when
we consider that as c ^> — 1 in (3.3) the weight function is essentially a power law
with the power approaching infinity. Of course the expression ^ does not tend
to any limit since it approaches negative infinity from one direction and positive
infinity from the other, but in some sense we can think of the exponential weight
function as the limiting case of high (in absolute value) values of m for the weight
function u'^.
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f'iv)
Interestingly, the logarithmic weight function fits another simple case of —fiv)'
namely when this ratio is constant. Let
f'iv)
fiv)

=X

then
ln/'(7;) = Xv + lnk
(where In A: is an integration constant), so
fiv)

= A;e^"

and we obtain

Invert to get the corresponding weight function,
/

X

1 ,

w{u) = j\ii—.

ATZ

.

,.

(3.4)

The factor of j here can be taken care of with a time scaling, and the resulting
equation is a form of (1.2), thus the procedure in section 2.3 will solve (3.4).

CHAPTER IV
SIMILARITY METHODS
More than a century ago, Sophus Lie attempted to find a unifying way to
look at the solution of differential equations by associating algebraic groups with
differential equations. His work, and that of others building on his work, has shown
promise as a somewhat general tool for working on nonlinear partial differential
equations [8, 9]. Referred to as group or similarity methods, these tools both
expand our ability to find exact solutions or reductions to simpler forms of the
nonlinear PDE's in question as well as subsuming most existing methods.
The basic idea behind the classical similarity method is to find a one parameter group of transformations under which the differential equation in question is
invariant. For example, the family of differential equations
y' = F{x)
is invariant under the one parameter group of transformations
7/i = 2/ + e,
since

xi=x

(4.1)

£=£g-(>=^(^)=-(-)'

we have
y'l = F{x,).
The "new" equation has exactly the same form as the original, hence the term
"invariant."
The system (4.1) is a one parameter group of transformations because it satisfies
the following:
1. The transformation with e = 0 is the identity.
2. The transformation with - e is the inverse transformation; that is, if the
transformation with 6 = a is followed (or preceded) by the transformation
with e = - a , the result is the identity transformation.
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3. The composition of transformations with e = ei and 6 = 62 is the same as
the transformation with e = ei + e2.
As is implied by 3 above, the group is closed and associative under composition.
Similarity methods generally proceed as follows:
1. Find a one parameter group of transformations under which the ODE or
PDE in question is invariant (that is, has exactly the same form with the
transformed variables as it did with the original variables).
2. Using this group, determine a new set of dependent and independent variables called invariants of the one parameter group. An invariant of a one
parameter group is a variable unchanged by any transformation in the group.
In the example above, x is an invariant of the group. For the one parameter
group
7/1 = e^y,
xi = e^'x,
(4.2)
- ^ is an invariant, since - ^ = 4=.
y/X

'

y/Xl

y/X

3. Rewrite the equation in terms of the invariants, and attempt to solve this
new equation.
Of course, step one can be difficult, but there are algorithms and general procedures that help. For discussion of these methods, excellent references include
Bluman and Cole [8], Hill's book [14] and survey article [15], Bluman and Kumei's
comprehensive reference [9], and Dresner's brief but informative notes [11].
4.1 Similarity for Diffusion
Hill's treatments ([14] and [15]) discuss groups for diffusion in a fair amount of
depth. He discusses possible groups of transformations not only for the classical
similarity method, but indicates the direction one might take to explore nonclassical similarity groups. As we mentioned in section 2.1.1, he demonstrates that
most of the existing solutions to (1.1) are obtainable through similarity methods.
4.2 Our Solutions as Similarity Solutions
In this section we will demonstrate that most of the solutions that we have obtained can be considered similarity solutions. Note that this is not a demonstration
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of how one would go about discovering the similarity solutions of these equations.
What we are going to do here is demonstrate the fact that our solutions are similarity solutions. See [8, 9, 14, 21] for details of how to use the similarity method to
obtain these solutions. (Actually, what we are about to do gives a small glimpse
of how the similarity method works, but we determine the similarity variables by
inspection of known solutions, which is not generally an available option.)
1. For w{u) = u^, we have
(a) from separation of variables (2.8)
—m

(x — xo)^

m

u = 2(777 + 2) ( t - t o )
The apparent similarity variable is z = x'^/t. Since, operationally, ^ =
l l ^ and similarly | = | f , (2.1) becomes

or,
4x2

X

— {u^'u,), =

-^u,

2

dividing by ^ , we have
A{u'^u,)z = -Uz
which is an ordinary differential equation for 7i as a function of z.
(Which might as well be written A{u'^u')' = -u'.) A first integral gives
iu'^u' = -u-\- ko.
The arbitrary constant A:o can be taken to be zero in the point source
problem, giving
iu'^-^u' = 1,
which can be easily integrated by separation of variables to obtain
^u"^ = z + k.
m
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Solving for u we have
u = m ij{z-zo))m^
or,
m I x^
As in [15], we observe that (4.3) is also a solution of (2.1) if we replace x
with X-Xo and t with t - t o , in which case (except for the multiplicative
factor of 1/(771 + 2) being replaced with 1/4) (2.8) is a special case of
(4.3).
(b) from weight inversion (2.17),
^ ^

- 1 (x - 760/2)^ ^
Co
7
{t-to)
(t-to)^

m

In this case it might first appear that there is not a similarity variable.
In fact, there are two, which are more easily seen by factoring the term
_ 2,

( t - t o ) ^ out of the parentheses
1

{_x_-jbo/2l
,
u=
2r ^ - + Co
.
(4.4)
( t _ t o ) ^ V ^ (^-^0)'"^
Now it is easier to see the two similarity variables; the independent vari2
2
able z = x2/t^~^ and the dependent variable v{z) defined by T^ = t "^^v.
Substitute these two variables into the original equation to obtain

tm-r )

(

I

\tmy

) ^) ^

Vt-^

Change the differentiating variables from x and t to z:
2x / / 1 \ "

2x / 1

^ \,

^; ,

= _

t^-f v u - y ^^-' u ^ I J.

i.
, 1

-

2\

-

x2 / 1-^V

— ^

V 7; t^" vt^

factor out x's and t's on both sides:
^ l - - + 7+ l-7+m7

\

1J

t

-^ '^•^
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which becomes
^v'^v')'

=

Recall that 7 = 2+4/771, so 1 - 2 / 7 = 4/(7777). Making this substitution
and integrating once gives
mjv'^v'

=

-v-\-kc

As above, take A:o = 0 and integrate again (by separation of variables)
to get
77;'" =

-z-{-k

or.
V = (—z^-k)m,
7
2

Recalling that 7/ = ( l / t ^ ) ? ; , we have
1 . 1
u = — 2 j ( — z + A;)'",
t^
7
and since z = x /t

T we have
X

u =

tm-r

\

ryfa-^
7

+ A:

Finally, put the first term into the parentheses to find
x2
k
u= I — T + —
7t
t^
2. For 77;(77) = e".
7i = In

&0

Co

2 ( t - t o ) -x^ + 2 ( t - t o ) x + 2 ( t - t o ) .

This solution has not yet been characterized in terms of similarity methodsit is not clear that it can be (see Hill [15]).
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3. For w{u) = ln(7i), recall (2.31)
^ _

^c(ax+s^t+k)h

The similarity variable here corresponds to that used when seeking traveling
wave solutions: z = x - Xt. The change of variables is trivial, giving
(ln(«)«')' =

-\u'

with
\n{u)u' = -Xu + A:o
a first integral. For ko = 0 (the nature of the problems in the literature
are
often such that when the weight function is zero, so is u),
7 /

\U

ln{u)— = -A,
u
or,
ln{u){\n{u))' = -A.
Note that \n{u){ln{u))' = i [(ln(7z))']', so we have, upon integration (by
separation of variables)
i(ln(77))2 = -Az + ^
or,
ln(77) = ± ( - 2 A 2 + A:)2,
so
^ ^

^±y/{-2Xz+k)

and thus

(Note that the sign in front of the radical here gives us the same amount of
freedom as (2.31) in choosing arbitrary constants, as it simply corresponds
to the sign of c in that equation.)

CHAPTER V
AN APPLICATION TO BIOLOGY
In this chapter we will discuss how (1.1) becomes involved in biological models.
Just as the motion of individual particles in a fluid exhibit random walk type
behavior, individual biological entities can also move about in essentially random
patterns. As we will see, the behavior of a group of organisms that move purely
at random can be modeled by the linear heat equation. However, if the movement
of the organisms changes based on the population density of the organisms, we
need (1.1) to accurately model the situation. For example, such behavior has been
observed in fish and grasshoppers [24].

5.1 Random Walk
To illustrate, let us consider a large number of drunks in a hallway, stepping
either up the hallway or down the hallway, one step each second, one yard per
step, and with equal probability stepping up the hall or down the hall each time.
Identify the hall with the x-axis, and suppose there is a door into the hallway at
X = 0 through which 50 drunks are released at time t = 0. If the drunks move
according to the above rules, we can compute the probability of finding a number
of drunks a distance of x yards from the door t seconds later.
First let us frame our model in a slightly more abstract setting, we will parameterize as follows: let the length of each step be A, and the time step be r, and
consider the problem of finding the probability that an individual will be found in
the interval (x, x + A) after A^ time steps, i.e., at time t = NT.
For any individual, we can summarize the "journey" by a sequence of /'s and
r's, denoting whether a left or right step was taken at each time step. After A^
steps, the individual's position will be determined by adding up the total number
of Vs and r's in the sequence (let the total number of r's be denoted R, and the
sum of the Vs be L). Taking right to be the positive direction, the individuaFs
position is{R- L)X. Conversely, the only way an individual can be at a position
mX {m < N) is ii R - L = m. Since it must also be the case that R-\- L = N,
we know that R = ^ ^^ and L = — ^ . There are A^ letters in the sequence,
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and thus there are 2^ possible sequences, out of which C(A^, R) =
^
have
exactly R r's (and thus N-R
= L Vs). Hence the probability P{m/N) that an
individual ends up at mX after A^ steps is
P{m,N)

=

,, ^-

/riN

This is simply the binomial distribution. We would like to move from this discrete
case to the continuous analog achieved as r and A approach zero. First we note
that, for large values of A",

(the derivation is in Appendix A).Then, let
X = mX

and
t = A^r
to obtain
P(.,iV)./^exp(-(|{^).

(5.3)

In the limit A —^ 0, the intervals become infinitely small as well as infinitely
numerous, so the probability of finding an individual a certain number of steps
from the origin will of course vanish. The probability to look at, then, is p{m, N) =
^^'^^, a sort of "normalized" version of P.
Then from (5.3) we have

^(-•^)4/5^''H-^i'

^'-'^

or,

Now if we assume that A and r go to zero in such a way that the ratio ^ tends
to a finite limit, call it D, then in the Umiting case

K^.O = V^-p(-g^)-

(^-6)

This shows us that the distribution that we expect after a properly formulated
random walk is essentially the same as the point source solution of the linear
diffusion equation,
Duxx = Ut.

(5.7)

This leads us to ask if a more rigorous look at the random walk might lead
us directly to (5.7). This is in fact the case. Following Edelstein-Keshet [12], we
consider a random walk on a line by a large number of (independent) individuals.
If we use 7i(x.t) to represent the population density (per unit length) at point x,
time t, then the number of individuals in the region from x to x + A is 7i(x, t)A.
For the random walk we are discussing, in time step r half of the individuals (on
average, of course) from the region (x — A, x) will step into (x, x + A) and half of
the ones from (x, x + A) will go back to (x — A, x). This is also happening between
the two segments (x,x + A) and (x + A,x + 2A). Hence after time step r, the
concentration at x is
7i(x, t-\-T)=

7Z(X, t) + -U{X - A, t) - -U{X, t) + -U{X + At) - -7i(x, t)

or,
1
1
u{x, t + T) = -u{x - A, t) + -u{x + A, t).
Write a Taylor expansion of each term to get
U{x^t)+T^

1
2

du

du
+ 0{T') =
~dt
,du

1

A2 d'^u

X^ d'^u

.^.,3x

-(^'^)-^a^ + Ta^^^('^ + 2

Now collect terms and divide through by r.
u

[x,t)

du

u(x^l

>^^

Q(>?\

Now, as in the appendix, we let A and r go to zero in such a way that AV2r
D / 0, so

^o

dt '

dx''
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Hence the linear diffusion equation is consistent with the random walk model; we
remark again, however, that the potential complexity of a biological system urges
caution when applying models of microscopic behavior to macroscopic systems
[24].

5.2 Density Driven Diffusion
For some animal movement models, linear diffusion may provide an adequate
approximation to reality. However, observation confirms that many species exhibit
nonlinear diffusion. Often, a more accurate model is obtained when the effect of
population pressure is taken into account (see Okubo [24]), in which case the
diffusion becomes nonlinear.
Since animals often are responding to conflicting influences in their movement,
for example the tendency to spread out to reduce crowding in opposition to the
tendency to group for social or protective reasons, a good model often must at
least begin with a somewhat more complicated expression than (1.1). However,
at times transformations can be applied that lead to the consideration of (1.1) for
some function w{u), and in these cases the methods and techniques applied here
can be used without modification. For example, in [13] Gurtin and MacCamay
discuss the equation
Ut = {u'^Ux)x + au,
(5.8)
. in which an is a term modeling (exponential) population growth. The authors
demonstrate that a weak solution of (5.8) can be transformed to a weak solution
of (2.1) and proceed to use the Barenblatt [6] solution (2.17) to solve the point
source problem (2.18). It is possible that other models will yield to similar transformations; moreover, on particular parts of the solution domain, some models
can be reasonably approximated by (1.1) even though the complete model is more
complicated. See, for example, [27] or [23] where a model is considered for small
values of t (early in the dispersal).
Furthermore, considering the diversity of biological species, it is not unreasonable to suppose that some yet to be observed (or studied quantitatively) behavior
may fit (1.1) for weight functions other than u^. Hence it may be worthwhile
later to have as many solutions for as many different weight functions as possible, thereby allowing a researcher to fit a curve to experimental dispersion data
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and have, for example, a point source solution already available. See [27] for a
description of a procedure like this.

CHAPTER VI
IDEAS FOR FURTHER RESEARCH
In conclusion of this phase of this work, several possible directions for further
research are apparent.
1. One might ask under what conditions the separation constant does not appear in the solution of a PDE solved by separation of variables, as in Sections
2.1 and 2.2.
2. It would seem useful to investigate the exact nature of the weight function
e" being a limiting case of the weight function u"^ (see [15, 17]).
3. It would be interesting to carry out a derivation of the nonlinear heat equation
from a density dependent random walk model (see [24]).
4. In each of the cases in which the constant of integration is taken to be zero
because of initial conditions, it might be interesting to see what happens
when the constant is nonzero.
5. Further work on weight inversion may yield other solutions for other equations.
6. Other recently developed methods for nonlinear PDE's should be considered
for (1.1).
7. The solutions obtained here could be used as test functions in a numerical
algorithm developed to solve (1.1).
8. It would be interesting to describe the behavior of a population moving
according to (2.18) or (2.25) and ask whether it might be expected to arise
in a biological setting. Particularly, one might consider the traveling wave
solution and its implication in a population model.
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APPENDIX A
A RANDOM WALK TO THE NORMAL DISTRIBUTION
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In this appendix, we show that, for large N,

This is almost entirely an algebraic exercise, but since I failed to complete it
successfully the first couple of times I attempted it, it seemed appropriate to save
the next guy the trouble. Recall that
A"'
P(^' ^ ) = 2^(^^^)!(^^)!-

(^-2)

For any fixed m, as A' goes to infinity so do A" + TTI and N - m, thus we will use
Stirling's formula [1] to approximate all ofthe factorials in (1.2). Stirling's formula
gives, for large A',
N\ ~ V2^N^e-^.

(1.3)

Use (1.3) in (1.2) to obtain, for large N,
V2^N^e-^

^^^'"^^ 2 ^ y ^ ^ ^ e - ^ ( ^ ) ^ ^ ^ ^ e - ^ ( ^ ) ^ '
2

27rN

^^ , N+m , iV-m
-I^+Il±rn^l!L^

7r2(Ar + TTi)(A^ - m)

^^'^^

N^

2 ^ - ' ^ - ^ ( A r + TTi)^(Ar 27V

m)^

N^

7r(A^2 _ ^2) ( ^ _^ m)^{N

-

m)"^

li. \ 2
(A^')

'2N
7r(A^2 _ ^ 2 ) ( ^ ^ jn)^{N

- TTi)T(A^ + TTi)f (A^ -

m)

m
• 2

N

2N
I N"^
;r(Ar2_m2) \N'^-my

\^/'N-m\2
\N-hm
N

1

~'iHN-f)\i-i^yj

\ ^ / I — —\ 2
N
I m

VI "^ AT

Remember that our approximation is for large N, so that the last expression
becomes approximately
2

_mi
-e 2;v
NTT
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which gives us (1.1), although perhaps in a less than rigorous sense. A problem in
Rudin [26] gives an estimate on the error in using (1.3), but none of the authors I
read atteinptccl a rigorous estimate on the approximations implicit in the last step
above. It might be interesting to give this a try.
It should be noted that Okubo [24] presents a table comparing the random
walk model to the diffusion model showing that with N as small as ten the models
agree to within a percent. It should probably be assumed that there will be other
factors in any real biological model that would dwarf this error.
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