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A B S T R A C T 

This dissertation is concerned with the dynamics and bifurcations of a large 

flexible column with a tip mass-pendulum arrangement. Throughout, the dynam

ical systems approach is emphasized. The system may be thought of as a con

ceptualization of a vibration absorbing device for large flexible structures with tip 

appendages. The excitation is along the axial direction of the undeformed column. 

The research comprises of obtaining time-averaged dynamics via the Krylov-

Bogoliubov averaging theorem. The solution (bifurcation) diagrams are obtained 

numerically, by the pseudo-arclength continuation algorithm. The bifurcation dia

grams indicate that the system loses stability via two distinct routes. One leading 

to a saddle-node bifurcation, normally associated with the jump phenomena. The 

second instability is due to the Hopf bifurcation, that results in amplitude mod

ulations or motion on an invariant torus. A parameter range has been identified 

where these two types of bifurcation coalesce, this phenomenon has important 

global ramifications, in the sense that as the Hopf bifurcation point approaches 

the saddle-node; the periodic modulations associated with the Hopf bifurcation 

tend to have an infinite period. This is a strong indicator of existence of homo

clinic orbits. In addition to the regular solution branches that bifurcate from the 

zero solution, the system also possesses isolated solutions (the so-called "isolas") 

tha t form isolated loops bounded away from zero. As the forcing amplitude is 

varied, the isolas appear, disappear or coalesce with the regular solution branches. 

The response curves indicate that the column amplitude shows saturation. The 

pendulum acts as a vibration absorber over a range of frequency where the column 
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response is saturated. However, there is also a frequency range over which a reverse 

flow of energy occurs, where the pendulum shows reduced amplitude at the cost 

of large amplitudes of the column. 

The experimental analysis required an accurate measurement of the angular 

displacement of the pendulum. To accomplish this, an opto-digital angular mea

surement device was developed by incorporating an optical encoder with a digital 

programmable controller. The phase-space of the experimental system is recon

structed via Takens Embedding technique, by embedding the phase space in delay 

coordinates. GenericaUy, the state can be reconstructed by delaying the measured 

quantities. The results of the experimental dynamics indicate that as one sweeps 

through the resonance region under investigation, the periodic motion breaks down; 

and quasiperiod motion is observed confirming the existence of invariant tori. Fur

thermore, within the quasiperiodic regions, there are windows containing intricate 

webs of phase-locked periodic responses. The quasiperiodic and the phase-locked 

responses are clearly visuaBzed on the cover of the torus. Increasing the amplitude 

of the excitation, results in distortion of the invariant 2-torus due to the resonance 

overlap. This results in the non-invertibility of the first return maps extracted 

from the experimental data. Furthermore, a burst of frequencies appear on the 

Fourier spectrum. This scenario is similar to many experimental observations of 

hydrodynamical instabilities; the break-up of 2-tori in these experiments is related 

to the onset of turbulence. 
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C H A P T E R I 

L ITERATURE REVIEW AND BACKGROUND 

1.1 Introduction 

A large variety of mechanical structures may be modeled as flexible beams, with 

appendages at tached along the span. For instance, as a model for an "autopara-

metr ic" vibration absorber, Haxton and Barr (1972) studied a flexible column with 

tip-mass fixed to a heavy block undergoing parametric vibration. Yoshizawa et al. 

(1984) investigated the response of a simply supported beam, traversed by a heavy 

body with a pendulum, as an example of vibration of bridges. In more recent 

years, large flexible structures with appendages have found widespread appHcation 

in aerospace, due to the availability of durable lightweight materials. However, 

these lightweight materials also have low internal damping, and, in the absence 

of other forms of external energy dissipation mechanisms, such as air resistance, 

these structures are susceptible to large amplitude motions. The vibrations may 

be initiated by orbit or altitude maneuvers, deployment of satellites or weapons, 

or impacting meteorites and other space debris. 

In this dissertation, a new model for a vibration absorbing device is proposed. 

This model of the large flexible structure consists of a flexible column, with an 

appendage consisting of a mass-pendulum attached to its t ip. The appendage may 

be located anywhere in the span; however, here, only a tip appendage is considered. 

This type of device may find widespread application in, for instance, large space 

stations, where heavy sensitive equipment may have to be moved by long flexible 

arms. Any small motion of the base results in large amplitude vibrations of the 
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arm and the payload, causing damage to the equipment. To absorb these large 

ampli tude vibrations of the mass, a simple pendulum is at tached, that , when 

properly tuned by adjusting the mass, damping and length, would be capable of 

absorbing a large portion of the energy. In outer space applications, the effect 

of reduced gravity, which acts as a restoring force for the pendulum, may be 

compensated for by incorporating a torsional spring. 

1.2 Summary of Current State of Knowledge 

In recent years, activity in the area of nonUnear dynamic systems has accel

erated. A large number of nonhnear systems have been identified as chaotic (see 

Moon, 1987 and Thompson and Stewart, 1986). There is evidence that the obser

vation of chaotic behavior was detected before the current era of chaos, but was 

overlooked or dismissed as noise. The work of Evenson (1967) on the vibrations 

of cylindrical shells, and tha t of Tseng and Dugundji (1971) on the vibrations of 

buckled beams are examples. This change in outlook has come about because 

the applied scientists have accepted the fact that real deterministic systems are 

capable of exhibiting strange chaotic turbulence-Hke behavior previously classified 

as "noise." Already the identification by Hendricks (1983) of chaotic printing in 

impact print hammers , chaos in gearbox models by Hongler and Streit (1988). and 

by Paidoussis, Li and Moon (1989) of chaotic vibrations of flexible pipes conveying 

fluid has shown tha t the modern approach of nonlinear dynamical systems can 

have relevance to real situations if one is trained to appreciate its usefulness. 

Experimental methods in nonlinear dynamics play a vital role, since it is only 

by observing real systems tha t mathematical theories can be validated. This is 



particularly t rue for systems suspected of being chaotic, as numerical solutions 

have been known to produce erroneous results. Although a variety of measurement 

techniques is available, there is a need for developing economical devices to measure 

large ampli tude motions of mechanical systems. Thus, introduction of any new 

experimental setup is likely to open new avenues of research and development in 

observing nonlinear behavior. In this dissertation, a new angular measurement 

device is presented. 

1.3 Local Dynamics of Beams 

Local dynamics is related to small but nonlinear motions about some equilib

rium configuration. Beams and structures with complicated boundary conditions, 

and/or loading, with or without geometric nonlinearities, have long been of interest 

to engineers. Chow and Sethna (1965) gave a detailed account of nonlinear effects 

of material damping and large amplitude steady-state vibrations of beams. The 

theoretical results for a simply supported beam are compared with experimental 

data . They found tha t the response depends on support conditions. For rigidly 

hinged ends, the response is hard-spring type, whereas, simply supported beams 

showed a softening behavior. The nonlinear damping modifies the response curves, 

which generally show an increase in the softening behavior. Evensen and Evan-

Iwanowski (1966) investigated the effects of longitudinal inertia on the parametric 

response of columns. The analysis led to a stability criterion, imposed on the 

load and the longitudinal inertia. A certain degree of scatter of the experimental 

da ta was a t t r ibuted to small misalignments and departure from axiality of load. 

Evensen (1968) studied the large amplitude vibrations of a simply supported beam 



and developed an amplitude-frequency relationship using a perturbation method. 

Francis (1968) applied the Galerkin procedure to the problem of the stabihty of 

the parametr ic response of a simply supported Euler-Bernoulli beam, the elastic 

modulus of which varies linearly along its length. The axial harmonic forces lead to 

a single Mathieu equation for a single mode approximation. For second and higher 

approximations, the Galerkin method produced coupled equations. Bennett and 

Eisley (1970) developed a multimode analytical and numerical technique to ob

tain steady-state free and forced response and stability for the large amplitude 

motion of a beam with clamped ends. The experimental results show that while 

single mode analysis is adequate, there are circumstances in which the nonlinear 

coupling term significantly affects the response, and a multimode analysis may be 

essential to predict the observed results. Tseng and Dugundji (1971) investigated 

the nonlinear vibrations of a buckled beam by reducing the partial differential 

equation to a modified Duffing equation. The numerical and experimental results 

indicated multiple solutions and snap-through behavior, strongly dependent on 

the initial conditions. Haight and King (1971) studied the stability of plane steady 

oscillations of a slender rod subjected to lateral harmonic excitation and found 

tha t , for certain values of excitation amplitudes and frequencies, the planar re

sponse is unstable, and nonplanar motions are parametricaUy excited. The results 

show that planar instability is not a large amplitude phenomenon, and the notion 

that nonlinearities are only important when amplitudes are large is not correct for 

their problem. Supporting experimental evidence is also presented. Handoo and 

Sundararajan (1971) investigated the parametric instability of a cantilever elastic 

column having longitudinal inertia and a tip mass. L'nder the assumption of small 



slope, the governing differential equation is reduced to a modified Mathieu-HiU 

equation, which gives the stability criteria. The results are compared with those 

obtained experimentally. Anderson and Thomas (1971) studied the forced vibra

tions of elastic structures with boundary conditions involving time derivatives. The 

time dependence in boundary conditions is removed by decomposing the solution 

into a quasi-static part and a dynamic part . Forced thickness-stretch vibrations of 

an elastic plate are considered as an example. Lee (1971) formulated a dynamic 

theory for thin beams undergoing large deflections but small strains, with geo

metric nonlinearities and linearly elastic material. A simplifying assumption gives 

a modified Timoshenko beam equation, valid for large deformations. The equa

tions are solved by the method of characteristics. Wave propagation speeds and 

jump properties are discussed. Atluri (1973) treated the large amplitude transverse 

vibration of a hinged beam with nonlinearities arising from large curvature and 

inertia. Using the Galerkin and modal expansion methods, the problem was re

duced to a system of coupled nonlinear differential equations, that are solved using 

the method of multiple time scales. Frequency response relationships obtained are 

compared with previously pubHshed results. Dugundji and Mukhopadhyay (1973) 

investigated lateral bending vibrations of a thin plate-like beam and observed com

bination resonance for the coupled Mathieu equations. Most of the work on beams 

and beam-like structures done in the 1960's and 1970's was infiuenced by Bolotin 

(1964). In his book Bolotin, gives extended coverage to the parametric vibration 

of various structural elements under a variety of loading and boundary conditions. 

Verma and Krishna Murthy (1974) have considered large amplitude oscillations 

of cantilevered beams of variable cross-section with concentrated masses along the 



span. They applied the method of averaging to the nonlinear differential equa

tion to obtain approximate solutions and the stability boundaries, and concluded 

tha t the concentrated loads increase the nonlinear hardening effect on the natural 

frequency. Watanabe (1978) considered forced vibration of a beam with nonlin

ear boundary conditions described by piece-wise linear functions. The results for 

the continuous system are compared with those of a single-degree-of-freedom sys

tem.. Tezak et al. (1978) treated parametric oscillations of a column. The partial 

differential equation is reduced to an ordinary differential equation by using the 

orthogonality of linear eigenfunctions and using the derivative expansion method 

to obtain uniformly valid asymptotic approximations. The results show the exis

tence of j ump phenomena, and that the same excitation can produce two different 

responses. In the case of an internal resonance, two different excitations can pro

duce similar responses. Saito et al. (1976) studied nonlinear forced vibrations of 

a simply supported beam with ends restrained and carrying a concentrated mass 

and subjected to harmonic force. By using single mode approximation and ap

plying Galerkin's method, they obtained a Duffing-type equation. Approximate 

response was obtained by applying the harmonic balance method. The effects 

of location of the concentrated mass on the vibration amplitude and natural fre

quency are discussed. Later, a similar approach was applied to investigate the 

steady-state response of a parametricaUy excited horizontal beam carrying a con

centrated mass (see Sato et al., 1978). Zajaczkowski and Lipinski (1971) applied 

Bolotin's approach (see Bolotin. 1964) to a get of linear ordinary differential equa

tions with t ime-dependent parameters . Formulas to find the regions of instability 

and to est imate the steady-state response amplitude of the forced vibration are 



derived. Eisinger and Merchant (1979) considered parametric amplification of the 

transverse motion of a uniform clamped beam with a concentrated mass. The 

investigation indicates that parametric excitation of primary and secondary types 

occur in beam systems, making a mechanical amplifier possible. 

Crespo da Silva (1980) used a canonical perturbation method based on the 

Hamilton-Jacobi theory, along with Galerkin's method, to analyze the nonhnearly 

coupled transverse free oscillations of a column subjected to constant end load. 

Saito and Koizumi (1982), using one-mode approximation and applying Galerkin's 

technique, investigated the steady-state response of parametric vibration of a sim

ply supported horizontal beam, carrying a concentrated mass at one end and sub

jected to periodic axial displacement excitation at the other end. The ordinary 

differential equation with periodic coefficients is solved using the harmonic balance 

method. The results in the amplitude-frequency parameter space, agree well with 

those obtained experimentally. These results show that , in addition to the para

metric resonances, the forced resonances occur in the neighborhood of the second 

parametr ic resonant frequency. Sugiyama et al. (1982) treated Beck's column us

ing finite difference approximation to discretize the partial differential equation. 

The estimates for the first and second natural frequencies showed that the reduced 

discrete system expressed the corresponding continuous system with good accu

racy. The resonance regions compared well with the experimental results. Miodu-

chowski et al. (1983) obtained the large amplitude free vibration response of an 

inextensible thin viscoelastic cantilevered strip. The approximate solutions were 

obtained using Galerkin's method and the Runge-Kutta technique. Yoshizawa et 

al. (1984) studied the flexural vibration of a simply supported beam, aJong which 



a body with a pendulum moves slowly at a constant velocity. The equations of 

motion are solved using the method of multiple scales for smaU amplitudes of the 

pendulum. The results of the analysis are compared with those of the experiment. 

Huang and Hung (1984) studied the stability for simply supported beams under 

periodic axial excitation by using the method of averaging and Routh-Hurwitz 

stability criteria for the first two coupled modes. In a similar stud}-. Sunakawa 

and Higuchi (1984) investigated the behavior of a simply supported column with 

a tip mass. In the theoretical and numerical analyses, the characteristics of the 

beat phenomenon as well as the stability of large ampHtudes of excitation were 

investigated. Kojima et al. (1985) investigated the parametric nonlinear forced 

vibrations of a beam with end mass subjected to an alternating electromagnetic 

force. The results obtained by the harmonic balance method are compared with 

those obtained by the Newton-Rapson method and with those of the experiment. 

Bux and Roberts (1986) showed that under the conditions of internal resonance, 

for a system of coupled beams, small nonlinear interactions of the autoparamet-

ric type may have a considerable effect on the forced oscillatory behavior. Under 

these conditions, the system of coupled beams undergoes violent nonsynchronous 

tension and bending vibrations due to the existence of quadratic coupling terms 

and internal resonance effects between modes three and four. Experimental results 

are included to illustrate the four-mode interactive response. Kim and Dickinson 

(1988) used the Rayleigh-Ritz method with orthogonally generated polynomials as 

admissible functions to analyze the free vibration response of beams subject to the 

effects of concentrated masses, intermediate supports, axial loading, and variation 

of the beam cross-section. Results compiled for various complicating effects show 



tha t accuracy may be improved by increasing the number of terms taken in the 

series at the cost of numerical difficulties. Zavodney and Nayfeh (1989) obtained a 

multiple-scale solution for a cantilevered beam carrying a lumped mass under para

metric excitation and compared the results with the experiment. Nayfeh and Pai 

(1989) used a combination of the Galerkin procedure and the method of multiple 

scales to construct a first-order expansion for the interaction of the two resonant 

modes of a nonlinear, nonplanar parametric response of an inextensible beam. 

1.4 Concepts in Global Dynamics 

The local behavior of beams and structures is mostly concerned with the de

scription of the dynamics in a small neighborhood of some equilibrium configura

tion, either a stationary point or a periodic orbit. The global dynamics, on the 

other hand deals with motions far away from such equilibria. Particularly, one 

is interested in understanding how structures behave under external excitations 

in presence of multiple equilibrium configurations. Furthermore, one is also in

terested in investigating how various equilibria are created, and change stability 

characteristics, as system parameters are varied. The simplest structure capable 

of displaying global behavior is a column. For a small, time varying axial load, 

the undeformed configuration is the only stable position. As the load is increased 

beyond a certain critical value, the originally undeformed position becomes unsta

ble, and two stable equilibria are created, corresponding to the buckled state of 

the column. If the excitation is sHghtly higher than the critical value, one would 

expect the column to oscillate about either one of the newly created equilibria, 

depending on the initial condition. This corresponds to the local behavior, and 
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asymptotic methods like averaging and multiple scales give fairly accurate results 

for small forcing. However, for high value of excitation, a snap-through behavior 

is observed, as the column jumps back and forth about the equilibria. This corre

sponds to the global behavior, and generally, asymptotic analysis gives erroneous 

results. The global dynamics of the column depends on how the global manifolds 

behave as a parameter , such as the axial load is varied. The global manifolds, 

roughly speaking, are extensions of local manifolds, which in turn are tangent to 

the eigenspaces. This is the so-called stable manifold theorem. In the following 

section, we discuss some of the concepts pertaining to the global dynamics, specif

ically the homoclinic bifurcation, mathematical details are given in Guckenheimer 

and Holmes (1983) and Wiggins (1988). 

1.4.1 Dynamics near Homoclinic Orbits in 3f?̂  

Consider the dynamical system 

x = f[x)-t eg{x.t)\ 2; = (xi,2;2) G 5?" ( l - l ) 

where g{x,t) is periodic in t with period T. The unperturbed system, with c = 0. 

is Hamiltonian, H{x) : ^^ —> 9R, and so the vector field f{x) can be expressed as 

0x2 UX\ 

Recall tha t equation (1.2) is the standard form of the equation of motion for a 

Hamiltonian system. The solutions of the unperturbed system are the level curves 

of the Hamiltonian H[x). From the uniqueness of the solutions of the differential 

equation, one can infer that these level curves do not intersect: furthermore, due 

to the energy-conserving nature of the above system, the volume in (xi,a;2) phase 
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space is conserved. The action of the vector field f{x) is therefore restricted to 

constant volume distortion. The key assumption regarding the unperturbed system 

is tha t it possesses a hyperbolic fixed point p^j. with a saddle connection FQ or a 

homoclinic orbit, which connects po to itself. An equilibrium point p is hyperbolic if 

the Jacobian of the vector field Dj-f[p) evaluated at p has eigenvalues with nonzero 

real par ts . The stable (̂ '̂  ' (p)) and unstable (W'"(p)) manifolds of the hyperbolic 

fixed point p are locally tangent to the stable and unstable eigenspaces E" and E". 

respectively (the stable manifold theorem, see Guckenheimer and Holmes, 1983) 

as shown in Figure 1.1. 

Since the per turbat ion eg(^x,t) is periodic in t of period T, i.e.. g{x, t) = g(x. t — 

T ) , one can rewrite the dynamical system as autonomous system in n — 1 = 3 

dimensions, called the suspended system, as 

i = / ( - ) + ^ s ( ^ . ^ ) | ( ^ ^ ^ ) g 3 j ' ^ 5 ' (1.3) 

where S^ is a circle of length T corresponding to the period. Due to the above 

suspension, the homoclinic orbit FQ, corresponds to a two-dimensional surface as 

shown in Figure 1.2a. 

We now define a cross-section for the flow of the suspended system at 0 = t , . 

as 

s'° = {{x,e) e^'xs' \e = toe [O.T)} . (i.4) 

Note tha t this is equivalent to identifying the two sections 1'° and I ' ^ . shown in 

Figure 1.2b and contructing a torus in 5R̂  x S^ phase space. It is now convenient 
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to define a Poincare Map, which takes points on S'° to itself, i.e.. 

For the unper turbed system, the Poincare map is T-flow map of equation (1.1). 

Due to the time invariance of the unperturbed system, the Poincare map P* = P^ 

is identical along each section taken between iy and ti in Figure 1.2c. 

For the per turbed system, the Poincare map captures all the dynamics of the 

original system (1.1), in the sense that the fixed points of the Poincare map cor

respond to T-periodic orbits of equation (1.1), and A;T-periodic subharmonic solu

tions of equation (1.1) appear as periodic points of period k. i.e.. P^(xi,) = x,,. and 

stability properties carry over. Since the perturbation is small, the local structure 

of the flow in the neighborhood of the hyperbolic fixed point pi,. is preserved (Guck

enheimer and Holmes, 1983, Lemma 4.3.2). The Poincare map of the perturbed 

system P^° has a hyperbolic saddle point p': = pQ + 0(e). 

Note tha t by an orbit of the Poincare map, we mean a sequence of points 

{P'^{x)} obtained by iterating the starting point x, A;-times under the map. whereas 

the orbits of flows are smooth curves obtained by integrating the differential equa

tions. It is much easier to study Poincare maps of differential equations, because 

by taking a cross-section of the flow, one reduces the dimension of the system by 

one. These concepts are further discussed in Chapter II. 

Under the per turbat ion £g{x,t), the homoclinic orbit TQ, breaks up. This 

gives rise to two scenarios. First, the stable (ir"(p^J )) and the unstable (^'^(p^/)) 

manifolds do not intersect, then either the unstable manifold Res completely inside 

of the stable manifold, as shown in Figure 1.3a, or vice versa. In either situation, 

the resulting dynamics is well-behaved, and there is a stable or an unstable fixed 
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point of the Poincare map inside of the broken saddle loop. The second situation 

arises when these manifolds intersect transversely at a point q, shown in Figure 

1.3b. The point q is called a homoclinic point to the hyperboHc fixed point p. Note 

tha t the orbit of q under the Poincare map P approaches the saddle point p under 

forward and backward iteration, i.e., 

lim P"(g) = lim p - " ( g ) = p. (1.6) 

i.e., q lies in the intersection of the stable and unstable manifolds of the saddle 

point p, i.e., q G W'*(p) f) H "(p). Moreover, the intersection is transverse, which 

means tha t the tangent vectors at the point of intersection of the manifolds span 

the whole plane. An important consequence of the existence of the transverse 

intersection of these manifolds is that one such intersection implies an infinite 

number of intersections, and each one of these intersections in turn is transverse. 

This situation is shown in Figure 1.3c. In the following paragraphs, we discuss 

some of the dynamic consequences of these transverse intersections. 

1.4.2 Some Consequences of Homoclinic Points 

In the following, we present the behavior of two-dimensional maps possessing 

homoclinic points, with the understanding that these maps represent a time-one 

return of the dynamical system (1.3). The presentation follows Wiggins (1990). 

Consider a map P : 5?̂  —* 5R'. Since P is the Poincare map of the system (1.3). 

it is subjected to similar hypothesis as the dynamical system that it represents, 

namely, tha t it possesses a hyperboHc fixed point p. and a saddle-connection FQ 

tha t connects p to itself. Furthermore, under smaU perturbations, the saddle-

connection is broken and the stable and unstable manifolds intersect transversely 
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at a point g, the homocHnic point. By definition, q is asymptotic to the hyperboHc 

fixed point p under backward and forward iterations of the map P. i.e.. 

lim P"(o) = p 
ri —• o c ' 

lim p-^q) = p . (1.7) 

Consider a smaU neighborhood U of the fixed point p, and points q^.qi G U. 

Due to the asymptotic property (1.7) of the homocHnic point q, and referring to 

Figure 1.4a, we have 

p-k,f N } (lo,qieU (1.8) 

from which we get 

P'°^''{q,) = 9«; (1.9) 

thus , with ko + ki iterations of the point qi, one ends up at go- Now consider two 

regions Vo,Vi C U (shown in Figure 1.4b), bounded on two sides by stable and 

unstable manifolds. Under similar reasoning, one can show that 

p/co+Ai(^/) = \^ . (1.10) 

We have therefore defined a map P^, that maps points in Ui to points in \\. 

The map P^ is called the transversal map. The domain V(P^) of P^ is a set 

of all points in VQ tha t end up in V'l. after n-iterations (for some n < oc), i.e.. 

P ( 5 ) . P - ( 5 ) , P ^ ( 5 ) , . . - , P " - i ( 5 ) G U. RecaU that P^(Ui) = V^.k = ko ^ k,, i.e.. 

P'^ : \\ —> To, also P ^ : V{P^) C To —^ T'l, combining the two maps, we have 

V{P^)CVo^\\ ^To (1.11) 
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and the composition P^ o P ^ is a map that takes the points lying in the domain 

V{P ) to To. Not all the points in To are in V{P'^)\ points that do not He in 

V{P ), leave T u before n-^k i terations. Note that after each n~k iterations, some 

points leave T u, and never return. Those points that survive these iterations, form 

an invariant set of the transversal map P^ o P^. The behavior of this invariant set 

is extremely complex, and forms the basis for the foUowing theorem: 

T h e o r e m (Moser, 1973): The map P^ o P ^ has an invariant Cantor set on which 

it is topologicaUy conjugate to a fuU shift on TV symbols. 

For the outHne of the proof see Wiggins (1990). We make some remarks re

garding the above theorem. 

Remark (1): An Invariant Set: A set A is an invariant set for a map / . if 

/ " ( A ) C A for all n. Thus aU iterates of points lying in A, end up in A. 

Remark (2): A Cantor Set: A set A is a Cantor set if it is closed, totally discon

nected and a perfect subset of T'u- A set is disconnected if it contains no intervals, 

and is perfect if every point in the set is a Hmit point of other points in the set. As 

an expample consider the classic middle-third Cantor set which is constructed by 

removing the middle-thirds of an interval IQ = [0,1]. Deleting the middle-third, we 

get a subset Ii = lO,\][j[lA]i ^^ ^^^ ^^^^^ iteration, remove the middle-thirds of 

each of the two sub-intervals, we get P, = [0, | ] U[|^ I] Ulf, I] U[ | -1]- Thus at k'^ 

step of the construction, we remove 2^ open intervals. The middle-third Cantor set 

is the most basic example of a fractal, see Bansley (1988), and has a self-similar 

s t ructure , i.e., if we magnify by a factor three at each step of the construction, then 

the resulting interval resembles the original interval, /p. Furthermore, as fc —• oc. 

the points tha t remain form a Cantor Set. 
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Remark (3): SymboHc Dynamics: Consider a set of two symbols 5 = {0 .1} . 

We now construct a space E2 of sequences of elements of S (O's and I 's) , i.e., 

E2 = {5 = (50, 5 i , 52 • • •) i 5j = 0 or 1} . 

E2 is an infinite collection of sequences over the set of two symbols. 0 and 1. 

Generally speaking, one can construct a space SA" of infinite sequences of integers 

between 0 and N — 1. Sequences in S2 can represent outcomes of a coin-tossing 

experiment, with 0 for tails and 1 representing heads. Define a shift map a : 

S2 > S2 acting on elements 5 G £25 such that if 

S = ( 5 o , 5 i , 5 2 • • • ) , Sj = Ooil 

then 

a{s) = ( 5 1 , 5 2 , 5 3 - - - ) , 

i.e., appHcation of a, results in a new sequence by eHminating the first symbol. 

The dynamics (i.e., the iterates) of the shift map on the space S2 is the essence 

of symbolic dynamics. The map a has two fixed points, namely a sequence of 

aU zeros and that containing aU ones. The periodic points of a correspond to 

repeating blocks of O's and I ' s . For example, if 5 = (01 01 01 - - -). then cr'^{s) = 5, 

and (T is periodic of period 2. In general, a point 5 ' G S2 is periodic if 

(7^(5-) = s" . 

If q is the least such integer for which the above equation is satisfied, then 5' is 

said to be a periodic point of cr of period q. Intuitively, one can say that a has 
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a countable infinity of periodic points, and an uncountable infinity of nonperiodic 

points. 

Remark (4): Topological Conjugacy: Two maps / : .4 —^ A and g : B — • B 

are topologicaUy conjugate, if there exists a continuous mapping (homoemorphism) 

h : A —^ 5 , such that the following diagram commutes 

AM A 

B-^ B 

and so we have h o f = g o h, where h is caUed the topological conjugacy. Two 

dynamical systems are topologicaUy conjugate if there exists a homoemorphism 

that takes the orbits of one to those of the other. Furthermore, two topologicaUy 

conjugate dynamical systems are structuraUy stable, if they belong to the same 

equivalence class, and so topologicaUy conjugate dynamical systems are equivalent. 

Due to the orientation-preserving nature of Poincare maps, and as a conse

quence of the A-Lemma (see Greenspan, 1981), one can infer that a single transver

sal intersection of the stable and the unstable manifolds imply an infinite number 

of such intersections. AU intersections give rise to homoclinic points, and the 

collection of all these points constitutes the invariant set. 

According to the above theorem, the restriction of the map P^ o P^ to the 

invariant set, is topologicaUy conjugate to the shift map. We have seen that the 

shift map has a countable infinity of periodic orbits and an uncountable infinity of 

nonperiodic orbits. Furthermore, the shift map a is topologicaUy transitive, i.e., 

has the property of spreading points from one arbitrarily smaU neighborhood to 
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another. These properties make the shift map cr and aU its topological conjugacies 

sensitive to initial conditions, and hence, according to Devaney (1990), "chaotic." 

Poincare was the first mathematician to detect the occurrences of the homo

cHnic points, however it was Smale (1963), who formulated the detailed structure 

of the homoclinic orbits, by constructing a horseshoe-type of map. defined on 

a rectangle, and possessing an invariant set that is a Cartesian product of two 

Cantor sets. The result was the following theorem: 

T h e o r e m (Smale-Birkhoff): Let P : R^ —> ^' be a diffeomorphism possessing 

a transversal homoclinic point g to a hyperboHc saddle point p. Then, for some 

N < oc, P has a hyperboHc invariant set, A on which the iV'^ iterate is topologi

caUy conjugate to a shift on two symbols. 

The key observation here is that the occurrence of the homocHnic point q which 

Hes in the transversal intersection of the stable and the unstable manifolds of a 

hyperboHc saddle p. In the following section, method of detecting transversal 

intersections of the manifolds, due to Melnikov, is described. The significance of 

this method Hes in the fact that abstract quaHtative notions are employed to yield a 

quanti tat ive creterion for the homocHnic bifurcation. Melnikov method is of great 

practicle importance for the forced osciUations of nonhnear systems, possessing 

saddle-connections. 

1.4.3 HomocHnic Bifurcation: The Melnikov Technique 

Once again, we consider the dynamical system 
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under the assumption tha t the unper turbed system, e = 0. is Hamiltonian. with a 

hyperbolic saddle point po, and a homocHnic orbit 9u(0 ^^^^ connects po to itself, 

also let 

To = {qo{t)\te^}[j{po} . (1-12) 

Referring to Figure 1,5, the orbits lying on the stable and unstable manifolds are 

given as 

qrit.to) = qo{t - tu) + eqnt.tu) + 0{r) (1.13) 

where q'{t,to) G W'{p,) and q^{t,to) G TU"(p,). Define the distance between the 

stable and the unstable manifolds across a normal to the unperturbed homocHnic 

as 

d{t,t,) = q:(t,to) - q:{t,to) 

= qt{t,to) - q^t.to) ^ 0{e') (1.14) 

also define 

M{t,to) = f{qo{t - to)) A d{t,to) (1.15) 

with the wedge operator "A" is defined as aAb = a-ib2-a2bi, where a - [a^.ao^.h — 

(61,62). Expanding equation (1.15) and using the definition of the wedge operator, 

we rewrite equation (1.15) as 

M( i , i o ) = M ^ X ^ - ^ o ) - M " ( ^ i u ) (1-16) 

with 

M'-^i.io) = f{qo{t - ^u)) A qnUt^') • (1-1') 
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Differentiating equation (1.17) with respect to t 

M'-^'it^to) = Df{qo{t-to))qo{t-to)Aq:"{t.t,) 

+ f{qu{t-to))Aql''(t,U,) . (1.18) 

Note that 

qr(t,to) = Df{qo{t - t o ) ) g r ( t , i o ) + giqo{t - to).t) (1.19) 

which is the first variational equation for the solutions lying in the stable/unstable 

manifolds. Substituting (1.19) in equation (1.18), we get 

M'-m,to) = TiDf(qo{t - to))M'-^{t,to) + f{qo[t - to)) A g{qo{t - to).t) (1.20) 

where TiDf{qo{t — to)) is the trace of the Jacobian of / evaluated at qo{t — tn). 

Since the unper turbed system is Hamiltonian, the trace of the Jacobian is zero, 

and so equation (1.20) reduces to 

M'-''{tAo) = fiqo{t-to))Ag{qoit-to),t) . (1.21) 

To obtain the distance between the stable manifold and the unperturbed homo

clinic orbit, we integrate equation (1.21) from t = to to t = oc. and get 

M'{oc,to)-M'(to,to)= / f{qo{t-to))Ag{qo{t-to)J)dt (1.22) 

where 

M'{oc,to)= ]imlf{qo(t-to))Ag{qo{t-t.).t)] . (1.23) 
* — D C 

Since qo{t — to) lies on the homocHnic orbit 

Hm qo{t - to) = Po and f{po) = 0 
; — o c 
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we get 

M'{to, to) = - r fiqo{t - to)) A g{qo{t - to).t)dt . (1.24) 

SimUarly, we compute the distance between the unstable manifold and the unper

turbed homocHnic orbit by integrating equation (1.21) from t = to io t = -oc, 

and obtain 

M^{to, U) = - r f{qo{t - to)) A g{qo{t - to). t)dt (1.25) 
J — oc 

to calculate the total distance, we add (1.24) and (1.25) and obtain 

/

DC 

f{qo{t - to)) A g{qo{t - to),t)dt (1.26) 
-oc 

which is the Melnikov function. According to Greenspan (1981) and Greenspan 

and Holmes (1983), if M(to.to) has simple zeros, and maxima and minima of 0 ( 1 ) . 

then for £ > 0 and sufficiently small, W^{p.) and W"{p.) intersect transversely. If 

M{to,to) remains bounded away from zero, then the manifolds do not intersect. 

Thus the existence simple of zeros of the Melnikov function is the condition for 

homocHnic bifurcation for a system with two-dimensional Poincare map. 

1.5 Global Dynamics of Beams 

The basic equation governing the behavior of a buckled beam, as derived by 

Tseng and Dugjundji (1971) is 

where w[x,t) is the deflection of the beam and Wo{x) corresponds to the initiaUy 

buckled shape. N^. corresponds to the axial load, Wb{t) is the base excitation and 
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c the damping. Tseng and Dugundji apply Galerkin's method to equation (1.27), 

and assuming first two modes as significant, they come up with two coupled second-

order ordinary differential equations. Setting the contribution of the second mode 

to zero, results in a Duffing-type equation, with negative Hnear stiffness term 

—— + 2nC^/a— -f n'^k^aqi ^ n-k,aq^ = n'^ksAr sin nr (1.28) 
at~ at 

where fci = — 0.5, a is the square of the frequency ratio and ujft = nr. where ujf 

is the forcing frequency and n is any integer. FoUowing the method of harmonic 

balance, the solution of equation (1.28) can be approximated as 

3 

qi{'^) = 2/0 + ^{^k sin kr -f yk cos kr) (1-29) 
A - = l 

where the first three harmonics and a constant are used to describe the motion. 

For n = 1, substituting (1.29) in (1.28) results in a set of four equations that 

represent the variation of amplitude as a function of frequency ratio. The re

sponse curves show a soft-spring type behavior, where the jumps in the solutions 

indicate snap-through behavior. Experimental results showed that the beam dis

played soft-spring type behavior for smaU amplitude forcing before snap-through, 

and a hard-spring type behavior after the snap-through. The harmonic balence 

method employed by Tseng and Dugundji gives valuable information, before and 

after the snap-though. As discussed below, the sustained snap-though behavior 

corresponds to the intersection of stable and unstable manifolds. In this region 

the method of harmonic balence is laible to give errorneous results. Furthermore, 

bifurcation to superharmonic motion was observed where the simple harmonic mo

tion lost stabiHty. Important global behavior was also detected, in the sense that 

multiple solutions were observed that showed sensitivity to initial conditions. A 



very significant observation was the " intermit tent" snap-through, the beam jumped 

erratically between the two buckled states, before settHng down to one. This be

havior may now be explained as the onset of homocHnic bifurcation, as the stable 

and the unstable manifolds of the saddle point become tangent to one another. 

This situation is, however, highly degenerate and smaU perturbations tend to dis

rupt the motion, causing it to be at t racted to one of the stable periodic at tractors 

stiU present. This casual observation of the snap-through behavior has proved to 

be of significant importance, as regards the global dynamics of buckled structures. 

To investigate the global behavior of the buckled beam, Holmes (1979a), re

considered the buckled column model, originally derived by Haung and Nacobar 

(1968). The partial differential equation in nondimensional form is given as 

v"" + Tv" -k[[ {vU)y-dC]v" -^Si;^v = P(x.t) (1.30) 

where k represents the membrane stiffness and F is the axial load. Assuming that 

r is greater than the first Euler load, so that the column takes the buckled shape as 

the stable rest position. Subjecting (1.30) to Galerkin modal truncation. Holmes 

obtained 

X-r Tx — I3x-\-ax"^ = f cos u)t (1-31) 

which is a Duffing equation with negative stiffness. Holmes showed that for smaU 

and large values of the forcing / , the method of averaging gives accurate results. 

However, for a medium range of / , tha t Hes within these extreme values, the results 

from the averaging analysis are grossly in error. Losing Melnikov's method, Holmes 

calculated a critical value of forcing ampHtude as 

4 f)^^ 
/ e ^ - [ (2a)]sinh(7rc.V2/?0 (1.32) 

O TTU! 
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fixing the values of a = 100,/? = 10, (̂  = 1.^' = 3.76. the critical value of the 

forcing was obtained as fc ^ 0.79. For fixed values of the parameters, one expects 

the homocHnic motion to occur for | / |> f^. In fact, analog computer studies 

confirmed the homocHnic criterion, and the Poincare maps show that at / = 0.76. 

the stable and unstable manifolds touch each other. However, for the transversal 

intersection of these manifolds, the value of / must be greater than / , . As / is 

increased beyond / c , transversal homocHnic intersections occur, however, periodic 

at t ractors are also present. The solutions start to wonder around in irregular 

fashion before settling down to a periodic at tractor. This scenario is similar to 

the one observed by Tseng and Dugundji in their experiments with the buckled 

beam. On further increase in the forcing amplitude, the Poincare map shows period 

doubling bifurcation, until the accumulation point is reached at / = 1.08. after 

which the successive iterates of the Poincare map do not seem to settle down to 

any periodic point, the motion is said to take place on a "strange at tractor ." An 

important observation here is that although the Melnikov criterion was satisfied 

at / = 0.76, the first occurrences of the strange motion were not detected tiU 

/ = 1.08. 

The first experimental evidence of a strange at tractor, the so-caUed "magne

toelastic strange a t t rac tor" in a buckled beam was provided by Moon and Holmes 

(1979). The experimental setup consisted of a cantilevered beam, clamped verti-

caUy at one end. The free-end was suspended between two magnets, positioned 

such tha t the verticaUy downward position was unstable, so that when released, 

the beam buckled either to the left or right, as shown in Figure 1.6. A strain 

gage was at tached at the root of the beam to measure the strains developed in the 
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beam. The whole setup was rigidly attached to an electromagnetic shaker. For 

small ampHtudes of the excitation, the beam performed osciUations about one of 

the buckled positions. For large excitation ampHtudes. the beam jumped back and 

forth between the equilibria in a chaotic manner. This type of motion persisted 

for over an hour without ever settling down to any regular motion. The Fourier 

transform of the strain gage signal showed a broad frequency content, typical of the 

motion on a strange at t ractor . A criterion for the chaotic motion for this system 

was also obtained in the frequency-amplitude space. Fixing the driving frequency 

and increasing the amplitude till the response showed chaotic behavior; the point 

was then marked as chaotic on the frequency-amplitude plot. The curve thus ob

tained was compared with the Melnikov criterion for the creation of the homocHnic 

orbits. It was observed that the theoretical criterion represented a lower bound 

for the transient chaotic behavior and not sustained chaotic motion. This notion 

was confirmed experimentaUy by observing that although a motion may start in 

an irregular manner, it ultimately approached a periodic motion. This observation 

is similar to Tseng and Dugundji 's. 

Moon (1980), using Poincare maps and catastrophe theory, developed a heuris

tic criterion for strange at t ractor motions for the magnetoelastic strange at t ractor . 

Later, Moon and Li (1985) obtained the dimension of the Poincare section and 

found it to He between two and three. Pezeshki and DoweU (1989) calculated the 

Lyapunov exponents for magnetically buckled elastic beams. Lyapunov exponents 

provide quaHtative and quanti tat ive characterization of an at t ractor and provide a 

measure of average rate of convergence or divergence of nearby orbits in the phase 

space. Any system containing at least one positive Lyapunov exponent is defined 
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as chaotic, with the magnitude of the exponent reflecting the time scale on which 

systems dynamics on the a t t ractor become unpredictable. Wolf et al. (1985) and 

Pezeshki and DoweU (1987) also obtained fractal basin boundaries for the effects 

of higher modes for the magnetoelastic strange at tractor. To depict a class of me

chanical systems with play or ampHtude constraining stops. Moon and Shaw (1983) 

studied the forced vibrations of a cantilevered beam with an ampHtude Hmiting 

stop at the free end. The single-mode Galerkin approximation showed evidence 

of a strange at t ractor in time histories, Poincare maps, and F F T spectra. Poddar 

et al. (1988) observed chaotic motions in an elasto-plastic beam and suggested 

the possibiHty of the disagreement of finite element codes with the analysis of the 

transient response of such structures. Li and Moon (1990) determined the crite

ria for chaotic vibrations of a nonlinear elastic beam having three stable and two 

unstable equiUbrium positions. Using Melniknov's technique, necessary conditions 

for chaos are derived based on homoclinic and heterocHnic bifurcations. 

1.6 Dynamics of Pendulum Systems 

Many important physical phenomena, ranging from the dynamics of 

Josephson's Junction in soHd state physics (Salam and Sastry. 1985) to the roUing 

motion of ships (Lee, 1988; and Nayfeh et al., 1973) and the rocking motion of 

buildings and structures under earthquakes (Mustafa. 1987), are modeled by vari

ous versions of the equation of motion of a pendulum. 

Crossley (1952 and 1953) studied the free and forced osciUations of a centrifu

gal pendulum and concluded tha t , for smaU ampHtudes of the pendulum, theory 

does not suggest adequate tuning. The centrifugal pendulum is used in rotating 



27 

machinery to absorb unbalanced disturbances that cause variations in rotational 

speed. When tuned, the centrifugal pendulum can reduce these variations. Shaw 

and Wiggins (1988) used a variation of Melnikov's method to show that , for certain 

parameter ranges, the centrifugal pendulum possessed chaotic dynamics. Sevin 

(1961) considered free vibrations of pendulum-type vibration absorbers consisting 

of a flexible beam simply supported at the ends by hangers. Autoparametric en

ergy exchange, not possible in the Hnear analysis, was observed. Struble and Hein-

bockel (1962) used asymptotic methods to investigate the energy transfer observed 

by Sevin (1961) in his numerical integration of the equations of motion. Later. 

Struble and Heinbockel (1963) investigated forced osciUations of the beam-pendulum 

system and observed tha t the envelopes of the resonant osciUations are periodic of 

long period and tha t there is an intermittent energy transfer between the pendu

lum and beam modes. Newland (1964) studied the effects of tuning of centrifugal 

pendulums when several of these are used to absorb torsional vibrations of recipro

cating engines. Struble (1963) obtained perturbation solutions for a parametricaUy 

excited pendulum and obtained primary resonant solutions when the exciting fre

quency is nearly twice the natural frequency. The bifurcation results matched the 

experimental data . Phelps and Hunter (1965) obtained an analytical solution of 

the inverted pendulum problem, and Ness (1967) performed experiments to obtain 

stabiHty regions of the inverted pendulum problem. Hatwal et al. (1982) consid

ered nonhnear vibrations of a spring-mass-damper system with a parametricaUy 

excited pendulum. Harmonic balance method was used to obtain the system re

sponse. For large ampHtudes of excitation, nonperiodic responses were obtained. 

Performance of the system as an autoparametric vibration absorber was also 
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studied. Later, Hatwal (1982) replaced the simple pendulum with an elastic pen

dulum. Such absorbers can be optimaUy tuned for satisfactory performance over a 

broad frequency range. NonoptimaUy tuned absorbers result in high peaks of the 

primary system. Hatwal et al. (1983a) extended their previous work to include the 

effects of moderately higher excitations and nonharmonic responses. It was noted 

that for nonperiodic motion, the numerical integrations did not converge. Hatwal 

et al. (1983b) considered chaotic oscillations. The statistical analysis of numer

ically integrated nonperiodic responses was shown to be a reasonable description 

of the mean square values and the frequency contents of the responses. The re

sponse of the primary mass was measured experimentaUy; however, the pendulum 

response could not be measured and was observed only visually. Leven and Koch 

(1981) investigated the chaotic behavior in a parametricaUy excited pendulum. As 

the ampHtude of excitation increased, period-doubHng bifurcations were observed: 

the Feigenbaum number obtained from these bifurcation ampHtudes approached 

the limit of 4.669 (see Moon, 1987). The Lyapunov exponents and power spectrum 

confirm the existence of the strange at tractor motion. McLaughlin (1981) also 

studied period-doubHng and chaotic motions of a parametricaUy forced pendulum; 

he also included the effects of air resistance. Miles (1984) looked at the resonant 

motions of a spherical pendulum. It was observed that , as control parameters are 

varied, Hopf bifurcation leads to a cascade of period-doubHng and chaos. Beckert 

et al. (1985) performed experiments on a harmonicaUy forced torsional pendulum. 

The results show period-doubHng, chaos, and periodic responses. Using Melnikov's 

method, Koch and Leven (1985) calculated the boundaries of subharmonic and ho

mocHnic bifurcations of a parametricaUy forced pendulum. \ ery good agreement 
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was found between analytical and numerical results. Leven et al. (1985) performed 

experiments on a parametricaUy forced pendulum. The coexistence of different pe

riodic, as weU as periodic and chaotic motion was demonstrated, and transitions 

between them were studied. The transition from metastable chaos to sustained 

chaotic behavior was investigated. Gwinn and Westervelt (1986) showed that the 

horseshoes in the driven damped pendulum can produce fractal basin boundaries, 

and the folding of phase space under such maps results in complex intermittent 

dynamics on a chaotic a t t ractor . Moon et al. (1987) developed a criterion to detect 

homocHnic bifurcation in a magnetic pendulum. A permanent magnet rotor was 

placed in a time-varying magnetic field. Critical values of magnetic torque and 

forcing frequency were measured for the chaotic osciUations of the rotor and found 

to be consistent with a lower bound for the existence of homocHnic orbits derived 

by Melnikov's method. Numerical simulations agreed both with experimental and 

theoretical criteria for chaos. 

1.7 Experimental Dynamics 

Recent developments in dynamical systems theory, coupled with the state-of-art 

measurement techniques, have opened new avenues for observing dynamics of real 

physical systems. Most natural systems are complex in the sense that they have 

a "high information content," and elude exact or even approximate mathematical 

description. Most physiological and biological systems fall under this category. In 

the absence of any plausible mathematical formulation, one is forced to investigate 

the underlying dynamics experimentaUy. 
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GeneraUy speaking, most complex dynamical systems have high dimensional 

s tate space (if not infinite dimensional), i.e., if the mathematical description was 

available, it would be in terms of a large number of ordinary differential equations 

(or partial differential equations). This impHes that if one were to measure the 

state of the system under investigation, a large number of sensing devices may be 

needed. In practice, however, one is Hmited by the type and number of such devices 

and the da ta storage and acquisition limitations. Not to mention that some of the 

variables may not lend themselves to measurement, because of their nature, or 

unavailabiHty of any reliable measurement device. Fortunately, physical systems 

are inherently dissipative in nature . The dissipative nature of these systems has 

the effect of reducing the dimension of the system. Although the fuU system 

may possess a large number of degrees-of-freedom, in reaHty, only a smaU number 

of these are active. It is this fact that justifies the modal truncation in elastic 

continua. The motion therefore takes place on a much lower dimensional manifold. 

This essentially impHes tha t one does not have to measure aU the state variables. 

Of course for complex systems, we seldom have any knowledge of the number or the 

type of variables that are to be measured. There are now mathematically justifiable 

techniques available to reconstruct the dynamics of complex systems from Hmited 

measurements . Some of these techniques will be addresses in Chapter \ ' , when a 

detailed analysis of the experimental dynamics of the column-pendulum osciUator 

is presented. 
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1.8 Proposed Research and Objectives 

A large body of pubHshed Hterature is avaUable on nonhnear dynamics of beams 

and pendulum systems. However, no pubHshed work is avaUable concerning the 

coupled nonhnear dynamics of large defiections of columns with an appendage 

consisting of a mass-pendulum system. The only reported work that is remotely 

similar to the proposed model, is by Yoshizawa et al. (1984) concerns the flexural 

vibration of a simply supported beam, along which a body with a pendulum moves 

at a constant velocity. 

Nonlinear equations of motion for a column-pendulum osciUator wiU be derived. 

The averaging technique due to Krylov and Bogoliubov wiU be used to transform 

the t ime-dependent nonlinear ordinary differential equations to a set of autonomous 

system. The steady state equilibrium of these averaged equations corresponds to 

periodic solutions, while the periodic solutions of the averaged equations are related 

to ampHtude modulated motions of the original system. These concepts wiU be 

applied to unfold the local bifurcation behavior of the coupled column-pendulum 

oscillator. 

Experimental testing is an indispensable tool to investigate the dynamics of 

nonhnear systems. A significant contribution of this research is the development 

and appHcation of a novel digital angle measurement system to accurately measure 

the fuU 360-degree response of the simple pendulum. The pendulum equation is one 

of the very important nonhnear equations that accurately model an actual physical 

system, and has been a favorite research and instructional tool to demonstrate 

the complexities of nonUnear systems. The new measurement technique wiU help 

researchers gain more insight into one of the oldest nonhnear equations. 
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Furthermore, experimental observations wiU supplement the theoretical results. 

The outcome of this research wiU reveal the scope and Hmitations of the column-

pendulum osciUator as a potential vibration absorbing device in appHcations. 
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Figure 1.1: The stable and unstable manifolds of the hyperbolic fixed point p. The 
local structure of these manifolds is also shown. 



34 

(a) 

(b) 

(c) 

Figure 1.2: The homoclinic manifold and the Poincare sections. 
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Figure 1.3: Perturbed homoclinic orbits. (a)The stable W'{pl°) and the unsta

ble Wipl"") manifolds do not intesect. {h)W'{pl°) and iy"(p^°) intersect at q. 

(c)Consequence of the transverseJ intersection. 
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Figure 1.4: Iterations of a map with a homoclinic orbit. (a)Iterations of the 
homoclinic point q under the Poincare map. (b)A neighborhood Vj C C/ is mapped 
to Vb C U. 
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Figure 1.5: The perturbed manifolds and the Melnikov distsmce function. 
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Figure 1.6: The magnetoelastic strange attractor experimental setup of Moon and 

Holmes (1979). The phase portrait of the unperturbed system is shown at the 

bottom. 



C H A P T E R II 

MATHEMATICAL FORMULATION OF THE PROBLEM 

2.1 Introduction 

AU structures, in addition to inertia, have flexibihty. which causes them to de

form and osciUate under the imposed load. For some of these structures, flexibihty 

does not play any significant role and may be ignored; such structures are termed 

as rigid. These structures undergo rigid body motions, translations, rotations, etc. 

Many complex structures can be modeled as a coUection of inter-connected rigid 

bodies with flexible Hnks. For a large class of structures, however, flexibihty plays 

an important role. Such structures are caUed flexible. Flexible structures, depend

ing on the type of contraints and loading, may undergo rigid body motions as weU 

as elastic deformations. If these deformations and rigid body motions are small, 

linear theories suffice to describe the behavior. Linear problems are easier to for

mulate and analyze; they do not, however, represent a very realistic picture. Most 

flexible structures are susceptible to large deflections making them unsuitable for 

Hnear analysis. Such structures show a myriad of complex behaviors. 

In this chapter, we present a mathematical formulation of such a structure, 

undergoing large deflections. The structure under investigation consists of a slen

der column, rigidly clamped at the base. The tip of the column consists of an 

appendage, that comprises of a lumped mass and to this mass a pendulum is at

tached. The system is subjected to an external excitation along the undeformed 

axis of the column. This configuration may be thought of as a conceptuaHzation 

39 
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of a vibration absorbing mechanism; "tuning" the pendulum may cause the large 

motions of the tip mass to subside. 

This chapter proceeds as follows. In section 2.2. we derive the complete equa

tions of motion of the problem, retaining aU the nonhnear terms resulting from 

large deflection. Section 2.3 deals with the modal truncation via Galerkin tech

nique. In section 2.4, the hybrid-parameter, integro-differential equation is con

verted to an ordinary differential equation, representing the time evolution of the 

t runcated mode. The final section 2.5 is concerned with recasting of the ordi

nary differential equation as a dynamical system. In this section, some geometric 

concepts in dynamical systems are presented. We transform the truncted modal 

equation into a Taylor-expanded dynamical system. 

2.2 Equation of Motion 

2.2.1 Column Dynamics 

We start by deriving the equations of motion for the column dynamics. It is 

assumed tha t the column behaves Hke an Euler-BernoulH beam, i.e., plane sections 

before bending remain plane after bending. The effects of the variations of the shear 

stresses across a section, and the rotary inertia of the beam are neglected. These are 

reasonable assumptions for thin slender beams, i.e., for beams whose length is 10 

times greater than its thickness. For short and stubby beams, Timoshenko theory 

gives be t te r results. Furthermore, it is assumed that the first natural frequency 

of the torsional mode is very high compared to the one in flexural mode. This 

assumption states that the beam is more susceptible to flexural motions than the 

torsional ones, which may be excited due to eccentricities inherent in the system. 
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The model is shown in Figure 2.1. The beam has a length L and stiffness EI. Oxy 

is the reference frame in the undeformed state. ( is the deformed elastic axis of 

the beam. u{^,t) and v{(,t) are axial and transverse deflections with respect to 

the deformed axis at (, and at time instant t. Now referring to Figure 2.1, one can 

write 

/ 

u — 

/ 
V = 

du 

di 
dv 
— 
di 

the strains along the axial and the transverse directions at (. Let 0{(.t) be the 

angle which the beam section d( makes with the Ox-axis, at ^ = 5. From Figure 

2.1, we get 

dx - %di 
cos 6 = 

sin 6 = 

d^ 

5 

d^ 

di 

Assuming the beam to be inextensible, then dx ^ di. and we get 

cos^ = 1-u' (2.1) 

sin^ = v' (2.2) 

here (') denotes differentiation with respect to ^. From equations (2.1) and (2.2). 

one can write the inextensibihty condition as 

^l_u'y-+v" = 1 (2.3) 

or eliminating u' from equation (2.1) we get 

cos^ = V(l - v") . (2.4) 
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Differentiating of equation (2.1) or (2.2) gives the slope-curvature relationship 

(2.5) 
86 V 

di \/(i - v'^) • 

At this point, a prevalent procedure adopted by most workers, see, for example. 

Zavodney and Nayfeh (1989), is to expand the slope-curvature relationship in bino

mial series and retain the desired nonhnear terms. The reason for undertaking the 

expansion is tha t it makes the evaluation of the various moments very convenient. 

We, however, overcome this temptat ion and retain equation (2.5) as is; the reason 

for doing so wiU become clear later on during the derivation. 

The bending moment at ^ = 5 now becomes 

v" 
M(s) = EI . . (2.6) 

The moment of the forces in the u-direction acting on the beam element di, located 

at i is 

Mu = l\pA{u-g)}l\in9(rj,t)dr,di . (2.7) 

- v ^ • \ / -

Force MomeniArm 

Similarly, the moment of forces in the t;-direction is 

M, = -f {pAv + cv)l^ cos 0(rj,t)dr]di (2.8) 
s 

force Momtnt Arm 

where c is the damping for the beam. 

We now proceed on to write the moments due to the tip appendage. Referring 

to Figure 2.2, note tha t the direction of the inertia forces has been reversed, in 

accordance with the D'Alembert principle, according to which the system is in 

equiUbrium under a force equal to the actual force plus a "reverse effective force*' 

/ 
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(see Goldstein, 1980). The moment of the forces action along iz-direction at ( = Z 

is given as 

Mu^ = (M ^m){u-^g)-rml{^\os(f)^ij)sin(f)) 
^=L 

Fore 

/ sin 6{rj,t) drj 
J s 

(2.9) 

MomentArm 

Moment of the forces acting along t>-direction at { = Z is 

M„, = {M-^ m)v-^ ml[(f)COS (f> — ̂ "^ sin (l))\ 
^=L 

Force 
'L 

/ COS 9{Ti,t) drj 
J s 

MomentArm 

(2.10) 

In equations (2.9) and (2.10), m and / are the mass and length of the pendulum, 

and (f) is the angular displacement, measured counter clockwise positive. 

At this point in the derivation, we can equate the internal moment to the ex

ternal moments at any section i = s, and obtain a second-order integro-differential 

equation of motion. But note that we have the moment and shear force boundary 

conditions to satisfy at ^ = Z. These conditions require second and third deriva

tives of the transverse displacement, respectively. We therefore, need a fourth-order 

equation to satisfy these boundary conditions. This procedure is suited to all beam 

problems, as one can satisfy aU four boundary conditions (two at each end). 

Differentiating the bending moment equation (2.6). twice with respect to s. we 

get 

d''M{s) 

ds-
= EI 

V 
nil V 

113 I.."..Ill + 3v'v"v + 3v''v /2„,//3 

( 1 - T ; ' 2 ) 7 ( 1 - I ; ' 2 ) 2 {I - V'-)^ _ 
(2.11) 
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From the inextensibilty condition (2.3) one can write 

u'ii.t) = l - v ^ l - i ; ' 2 ( e , 0 . (2.12) 

Integrating equation (2.12) from zero to ^, the total axial displacement at any 

point i along the beam becomes 

Ai.t) = i - f Vl-v'~drj^xg{t) (2.13) 

here Xg{t) is the excitation of the base at ^ = 0. Since the integral equation (2.13) 

is evaluated with respect to the spatial coordinate, one can differentiate equation 

(2.13) twice with respect to time and obtain the axial acceleration as 

u{i,t) = f 
Jo 

i'^ -f v'v' + 
' /2 I '12 

d7] -^ Xg{t) (2.14) 
. (1 - t ; ' 2 ) ? ( 1 - T ; ' 2 ) 2 

Substituting equation (2.14) into equations (2.7) and (2.9), one obtains moment 

equations that depend on the transverse displacement and its derivatives only. 

Using Liebnitz's rule for the differentiation under the integral sign, we differ

entiate equations (2.7) and (2.8) and obtain 

d-M, d ( I r^ . r^fv'- ^ v'v' 

ds^ di 

+ pA{i,-g){L-s)y] (2.15) 

and 

d'^Mr 
'^'^ ,^ , I [pAi + ci) di-{\- v'^y^[pAi -̂  cv) . (2.16) 

1 — v'-)"^ •'» (1 - v'-'Y 

Differentiating twice the moment equations at (̂  = Z, we get 

d_ 

~ds 

d_ 

ds 

ri ( T}'2 _ v'v' v'- ^ v'- \ 

{M+ m){xg{t)-g)-^ml{j)~ COS (j)^ <j) sin <l>)^ _ i ; ' | (2.17) 

U=L 
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and 

52 M 
VL v'v" 

ds'' (1 -v'^)^ h=L 
( M ^ m)v — ml(<^cos (j) - <P' sin (f)) 

From equations (2.11), (2.15)-(2.18), we write the equation of motion as 

v'""-r Zv'v"v"' 3v'-v"^ 
EI 

V 
nil 

T ^ .{l-V')^ ( l - 7 ; ' 2 ) f ( l - i ; ' 2 ) f 

-f (1 - v'^)^{pAv + CT}) + — — / (pAv ^ ci))di 
(1 — V'-)-^ Ix \ J 

[Js ^ Jo [(1 - V'^)^ ^ (1 - V''')l ) ^ ^ 
d 

+ ^ 
OS 

ds I [Js • Jo \(l -7 ; '2 ) t (1 -v''^)-

pA[xg-g)[L-s) v'^ 

[M + m)v -f ml[(j) cos (f) — ^'^ sin (f)) 

V 

v'v" 

( l - t ; ' 2 ) ^ L 

<9 

U=L 

V 

i=L 

= 0 

[M + m){xg{t) — g) -{• ml[(t) cos cj) -r (f) sin (f)) 
U=L 

V 

(2.18) 

(2.19) 

While deriving equation (2.19), we have retained the nonlinear terms arising due 

to curvature and inertia, except those that result from rotary inertia. For thin 

beams, the rotary inertia terms are negligible, and moreover are linear and cause 

only smaU perturbat ions in the Hnear problem, as suggested by Tezak. Mook and 

Nayfeh (1978). 

To estabUsh confidence in our derivation of equation (2.19). we now proceed to 

compare it with those derived by others. We start by dropping the mass-pendulum 

effects and retaining cubic order terms 

EI 
1 

v""{l + -v")^v"^-^Sv'v"v -\- V v / {pAv ^ cv)di 
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d - \v'l pAv -\- cv 

+ pA{x, - g){L - s)]v'^ 

Ult'^/^i''-'-^''')''^''^ 
0 . (2.20) 

Equation (2.20) is as obtained by Zavodney and Nayfeh (1989) and Crespo da 

Silva and Glynn (1978), except for the sign of the last term in brackets. This term 

is the result of axial acceleration, and its direction is assumed opposite to that of 

Zavodney and Nayfeh. Furthermore, when we include the effects of the tip-mass 

and retain linear terms, we obtain 

EIv""-^pAv + ci) + — I pAJ^ x{i,t)di + pA{ig - g)(L - s) 

M(£)^^^^M{xg-g)Y'^ = 0 (2.21) 

which is identical to that obtained by Handoo and Sundararajan (1971). In the 

above equation, x{i,t) is the axial acceleration, given by equation (2.14). 

As mentioned earlier, we have refrained from expressing the slope-curvature 

relationship, equation (2.5), by its binomial expansion. The reason behind this 

exercise was to eliminate the error caused by differentiating an approximate func

tion, as differentiation accentuates the error. Furthermore, it eliminates terms of 

order higher than three, thus eliminating the option of including the effects due to 

these terms if one chooses to do so. 

We now expand the nonlinear terms and retain cubic order terms, and get 

EI 
1 *? 

^ ( 1 ^ 0 ^ ^ ) ^ ("̂  ^ovvv )(1 - - r •••) + 

1 
+(1 - ^,v'^ 

d 

) \pAv -^ cv ^ v'v" / {pAv ~ cv)di 

-£{[1 P^l (i-" + v'v)dr,di^ pA{x,-g){L-s)jv'^ 



-\-v V 

d 
i=L 

di 

(M -f m)v -f ml{(j)cos (f) — (j)' sin cj)) 

[M ^m) j [ij'~ + v'v') di^{M-h m){ig(t) -9) 

^ml{(j)^ cos (̂  ^ ^ sin (f)) v = 0 . 
i=L 

(2.22) 

Equation (2.22) still contains some higher order terms, which wiU be dropped 

subsequently. This equation represents the column dynamics. Before we derive 

the equation of motion for the pendulum, we outHne the boundary conditions, 

which equation (2.22) is subjected to. 

2.2.2 Boundary Equations 

It is assumed that the beam is rigidly clamped at the osciUating end at 5 = 0, 

thus we have the zero displacement and slope conditions 

7;(0,t) = 0 

v'{{),t) = 0 (2.23) 

The free-end of the beam consists of the appendage, which produces nonzero shear 

force and bending moment . Referring to Figure 2.2, the component of the shear 

force along f-direction can be expressed as 

SLCOSO = ( M + m)i; + m/(<^ cos <^-(/>'sin 0) (2.24) 

or 

EI' 
V 

III 

+ 
/ 112 V V 

( l - i ; ' 2 ) ^ {l-v'^)^ 
'2\k {l-v'^)^ 

- = L 

= {M-\-m)v{L,t)-\-ml{<j) cos 4> - 4>^ sin (f)) (2.25) 
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SimUarly the ti-component of the shear force at 5 = Z is 

- ^ L s i n ^ = ( M - m)ii + m/((^ sin (;̂  +</)-cos <̂ ) (2.26) 

or 

EL 
V 

III 

+ 
/ 112 

V V 

{l-v''-)^2 ( l - i ; ' 2 ) ^ J 
V 

s=L 

= —(M-f m ) u ( Z , i ) — 7n/(^ sin (̂  — (;̂ ^ cos (;/>) (2.27) 

Referring to Figures 2.2 and 2.3. we can write the bending moment equation at 

5 = Z, as 

EI 
V 

II 

JO - d{e + if)) (2.28) 
. ( 1 - T ; ' 2 ) 2 J . = L 

where J is the rotary moment of inertia of the tip-mass, and d is the damping 

of the pendulum pivot. In equation (2.28), the last term represents the moment 

created by the pendulum about the pivot. The angular velocit}- and acceleration 

of the tip-mass can be calculated as follows. From equation (2.5). one can write 

e\Lt) = 
V 

.11 

Vl - v'^ 

which implies tha t 

(̂̂ '*' = L ^ ' ^ (2.29) 

differentiating the above equation we get the angular velocity 

.1^.11^.1 

di 
r" V V V V 

^^''^^ " Jo [{1 - v'^-)y {1 - v'^^)l 

and the angular acceleration as 

/•« r V V v 

^^' '^^ " Jo [{I - v''')l ^ {1 - v'^)l ' ( 1 - r ' O l 

di. 

(2.30) 

v"v'H'^ 

I • II' I 1 // • ' ' / // ••/ 
V V V - f V V — V V V 

(1 - v'^Y-
(2.31) 
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2.2.3 The Pendulum Dynamics 

Referring to Figure 2.3, we can write the equation of motion for the pendulum 

as 

mf (f)^mlv[L,t) cos 4)-^ mlu{L.t)s\n(j) - -mgl sin (f) - d{^-^ 9) . (2.32) 

Substi tuting u,v and 9 and rearranging equation (2.32). we get 

d 

ml' 
(t>-^0[L,t) cos 0 -f 3_ , ^{L;t) 

I I 
sincf) = 0 . (2.33) 

Equations (2.22) and (2.33) along with the boundary equations wiU be used to 

analyze the dynamics of the problem. Before undertaking the analysis, however, 

the equations should be converted to a form suitable for such an analysis. We 

start by transforming the hybrid parameter integro-differential equation (2.22) to 

an ordinary differential equation. This task is usuaUy achieved by utihzing the 

weighted residual methods. In the foUowing section, we outHne some relevant 

details of the Galerkin procedure, which is one of the weighted residual methods. 

This procedure is equivalent to projecting the dynamics onto a much lower, but 

finite dimensional manifold. 

2.3 Modal Truncation By Galerkin Method 

The partial differential equation (2.22) is defined on a suitable infinite dimen

sional function space. In applying Galerkin method, we start by the assumption 

tha t the solution v{s, t) can be represented by the modal series, and that the spatial 

and temporal variables are separable, we can then write 

3C 

v{s,t) = Y.'-yA'M^) (2-34) 
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where r is some scaUng factor and yj{s) belong to a set of orthonormal func

tions, usuaUy a solution of the corresponding Hnear eigenvalue problem. Zj{t) are 

the unknown time modulations of the corresponding eigenfuntions or modes. It 

is physically plausible to assume, based on the energy dissipative nature of the 

problem, tha t most of the energy imparted to the system is expanded to excite 

the lower modes, thus less and less energy is available for the modes higher up in 

the spectrum. This is also the physical manifestation of the fact that aU natural 

processes proceed on the pa th of least resistance, i.e.. it is much easier to excite 

lower modes than the higher ones. From the dynamical systems perspective, the 

Galerkin modal t runcation corresponds to projecting the dynamics on a much lower 

dimensional center manifold. The dimension of the center manifold depends on 

the number of modes that are destabihzed. The stable modes do not contribute 

to the dynamics, and hence to the dimension of the center manifold. For further 

discussion on the center manifold projection of the infinite dimensional systems, 

refer to Guckenheimer and Holmes (1983) Chapter 7. One can, therefore, t runcate 

the modal series, equation (2.34), with the understanding that such an action wiU 

result in only smaU error. Rewrite equation (2.34) as 

n 

^(^ '0 = IZ^2/j(^)2j(0 n<oc . (2.35) 

In t runcat ing the modal series, we have impHcitly assumed that as one includes 

higher modes, the solution v{s,t) converges to the true solution. With this back

ground, we introduce the t runcated modal series, equation (2.35), into the partial 

differential equation. Since the modal series is not the true solution to the prob

lem, we have also introduced an error into the equation. In the terminology of the 

Galerkin method, the eigenfunction yj{s) are caUed the test or coordinate func-
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tions, and belong to the space of analytic functions, defined on the domain of the 

problem under investigation, in our case (0, Z) . As is common to aU weighted resid

ual methods , we orthogonalize the error with respect to some weighting function. 

Contrary to other weighted residual methods, where the weighting function can be 

different from the test function, in Galerkin procedure one uses the same weighting 

function as the test function. Thus the Galerkin method consists of substituting 

equation (2.35) into the partial differential equation, and multiplying by yj{s) and 

integrating over the domain. Then using orthogonality of the Hnear eigenfunc

tions and certain other relationships obtained by integration by parts , we obtain 

a set of ordinary differential equations, defining the time evolution Zj{t) of the 

corresponding linear modes. We have thus transformed a PDE defined on infinite 

dimensional function space to an ODE defined on a finite dimensional Euchdean 

space. In the following section, we will apply the above mentioned procedure to 

obtain a t runcated modal evolution equation. However, we wiU restrict ourselves 

to the first mode. It has been confirmed in the laboratory observations that this 

is a physically viable restriction, particularly if the excitation frequency is close to 

some integral multiple of the first natural frequency. 

2.3.1 The Linear Eigenvalue Problem 

Retaining the Hnear terms, and eHminating the pendulum dynamics from the 

partial differential equation (2.22), we get 

/9 r nA 1 
= 0 (2.36) EIv"" + pAv -f c{; + P{xg{t) -9)-Q-^ ( 1 _ —.s)v 

here 

P = [pAL -f M) . 
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Introducing a change of the independent variable 

pA 
s = X 

into equation (2.36), and rearranging terms one gets 

d'^v pA P 1-1 

v — EI pA\ 
i ~ ao{xg{t) - g)— (1 

C/2/ L 

. dv 

d X 

wh ere 

(2.37) 

= 0 (2.38) 

a, £/(M)- ' • 

Neglecting the beam damping we obtain 

d^v pA 

'd^^'^'EI VpA 
PV d 

V + ao{xg{t) - g) d X L ̂ '-^^dx 
= 0 (2.39) 

Equation (2.39) is the equation of motion of a column with a tip-mass, under base 

excitation. Let 

Per = cto{xg - g) 

Then equation (2.39) becomes 

d^v pA 
+ 

dx^ EI pAl 
V^ Per 

d 

d X 

(^ \^'" = 0 (2.40) 

which is the equation of motion obtained by Storch and Gates (1985) for transverse 

vibrations of a column under axial excitation. Assume the defection v[s.t) to be 

of the form 

iu;t v{x,t) = y{x)e'^ (2.41) 

Substituting in equation (2.40) we obtain 

y"" + P, 
dx 

(l-x) 
dy^ 

dx. 
0'y = 0 (2.42) 



53 

Incorporating the Hnearized boundary equations derived earher. we have the fol

lowing Hnear eigenvalue problem 

y -r Pcr-y-
dx 

{l-x) 
dy_ 
dx 

0'y = 0 

2/(0) = y'{0) = 0 

EIy"'{L,) = -Mu;'y{L,) 

EIy"{L,) = Joo'y'iL,) 

(2.43) 

where /3 is the eigenvalue and 

Zi = 
pAL 

Corresponding to the problem (2.43), we have the foUowing Hnear differential op

erator 

Z Q : 
dx^ OtPcrT~ 

dx 
(^-^)5J - A (2.44) 

where we have introduced a smaU perturbation a, and caU La the perturbed Hnear 

operator. The unperturbed operator (for a = 0) is therefore 

d' 
T . ^ \ 0 

dx' 
(2.45) 

The eigenvalue problems associated with (2.44) and (2.45), respectively, are 

L^y = \y (2.46) 

Loy = \'y • (2.47) 

We are interested in investigating what happens to A" under smaU perturbations. 

We have the foUowing result: 
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T h e o r e m (Stagold, 1971): For smaU a, there exist k numbers A](a) . • • • . AA:(a) 

and k elements 2/1 ( a ) , • • • ,yk{ct), orthonormal for real a. satisfying 

L^y,{a) = \,y,(a), Hm X,(a) = A^ (2.48) 
Q—»U 

lim span[yi{a),--',yk{a)] = A ' . 
Q—*() 

Remark (1): For detailed proof of the above, see ReUich (1969). 

Remark (2): The nuU space (A/*) of the operator (ZQ — AQZ) is k-dimensional with 

orthonormal basis[2/1, ...,2//;.]• 

Remark (3): The theorem estabhshes that as a ^ 0, the eigenvalues and eigen

functions of the per turbed problem approach those of the unperturbed problem. 

The reason behind this exercise is to justify that the perturbed problem being 

a differential equation with variable coefficients has solutions that can only be 

expressed in the form of series; however, the unperturbed problem is a differential 

equation with constant coefficients and does offer a nice closed-form solution. As 

the per turbat ion parameter , which corresponds to a smaU tip mass and small axial 

acceleration, approaches zero, the solution of the perturbed problem approaches 

tha t of the unper turbed one. Therefore, for small axial load, one can use the 

solution of the unper turbed problem. The general solution for the unper turbed 

problem is 

y (5) = ^ i cos /95 +.42sin/35 + .43Cosh/35 + .44sinh35 . (2-49) 

After applying the zero slope and displacement boundary conditions at 5 = 0. one 

gets 

2/(5) = Al cos /3 s — cosh/35 - , 4 . sin (3 s — sinh. l3s (2.50) 
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The shear force and bending moment condition, repeated here. a.t s = L are. 

respectively. 

y"'{L) + ~y{L) = 0 

y"(L) - ^-^y'{L) = 0 , 

Applying these boundary conditions to equation (2.50), we obtain 

(2.51) 

W21 W22 

A^ 

A2 
= $ (2.52) 

\V[3) 

where the 2 x 2 matr ix is the Wranskian. Since we are interested in nonzero 

solution, we have the following characteristic equation 

detfW(/5)j - 0 (2.53) 

The solutions of (2.53) are the eigenvalues of the unperturbed problem, for which 

the problem (2.47) has nontrivial solution. From equation (2.52). one can express 

A2 in terms of Ai , as 

A2 = -A, w 11 

.W12 
(2.54) 

Substi tut ing (2.54) in equation (2.50) and normaUzing with respect to .4i, we 

obtain 

y{^) = cos /3 s — cosh/35 - . 4 sin 3s — sinh 3s (2.55) 

.4 is the ratio given in equation (2.54). In writing equation (2.55). we have used .4i 

as the scahng factor, which may be determined from the experimental observations. 
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and can be made to correspond to the maximum deflection observed at the free-

end. 

To end this section, we remark that symboHc algebra programs were written to 

obtain the solution of the perturbed and the unperturbed problems. The remarks 

made earlier, regarding the eigenvalues and the corresponding eigenfuntions were 

confirmed, and compared with those given in Storch and Gates (1985). 

2.4 Truncated Modal Evolution and Galerkin Coefficients 

Having obtained the solution to the Hnear eigenvalue problem, equation (2.55), 

one can write the beam deflection as 

v{s,t) = ry{s)z(t) . (2.56) 

Note tha t here we assumed that only the first mode wiU be excited. This as

sumption has been confirmed in the laboratory with experiments on a parametri

caUy excited column. However, note tha t , by eliminating higher modes, we have 

excluded the possibiHty of modal interaction, which might be of importance for 

higher ampHtudes of excitation, as the energy spiUs over to excite higher modes. 

Substi tut ing equation (2.56) into the partial differential equation (2.22) and 

orthogonaHzing the error with respect to the eigenfuction. we get the following 

ordinary differential equation 

z-^Ci + aiz' + (3zi'^ -r {OJ^ -f ^I'ig)-- + (^i ' ^2X9)^"^ 

-f ^1 [(jr coscj)- <j) s in (t>)z -^ /X2(</> cos </> - </>̂  s in (j))z'^ 

-{-p,s{^cos (j) — 4>^ sincf))z = 0 (2.57) 

dots represent differentiation with respect to t ime. \ 'arious coefl^icients in equa-
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tion (2.57) are the outcome of the Galerkin procedure, and given in Appendix A. 

The integrations indicated were performed symboHcaUy using the symboHc algebra 

package MAPLE. This is in contrast to, for instance Zavodney and Nayfeh (1989). 

where they have used Simpson's rule to perform the integrations. 

From equation (2.34), one can write the equation for the pendulum dynamics 

as 

(f) -\- ai'z cos <f) + u^l + ^ - Mi'- ^i) sin (f) 

+C]</>^C2i = 0 . (2.58) 

The coefficients in this equation are also defined in Appendix A. 

2.5 Differential Equations as Dynamical System 

2.5.1 Autonomous Systems and Their Bifurcations 

Consider the foUowing n'^ order Hnear homogeneous ordinary differential equa

tion 

introducing n new dependent variables as 

x = Xi 

dx\ 
dt 

dxo 

dx 
-—^ = -a„_ia;n_i an^2Xn-2-•" - o.^^X\ (2.60) 
dt 
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or writing in the matrix form 

dt 

dx 

~dt 

/ ^ i \ 

Xo 

\Xrt I 

— Ax . 

( 0 
0 

1 

0 
0 

1 

0 

0 
0 \ 
0 

\ — f l n - l —Q'n-2 — a n _ 3 

l^\\ 

— do I V 2; n / 

(2.61) 

Equation (2.61) is the dynamical system corresponding to the ODE (2.59). We say 

that xePJ".^ i.e., x belongs to the n-dimensional state or phase space. The phase 

space is the collection of aU possible states x of the system. The solution of the 

dynamical system (2.61) is given as 

X {t) = e'-^xo (2.62) 

where xo = â (̂ o) is the initial state, and the exponential operator 

e-^ = I ^tA + 2! 
(2.63) 

is the flow generated by the vector field Ax, the right-hand side of the equation 

(2.61). To calculate e*''^, one starts by computing the Jordan Normal form A of 

the matrix A, and then expressing 

A = 5 + 7V (2.64) 

where S is called semisimple and is an n x n diagonalizable matrix, and \ is caUed 

nilpotent and has the property 

(TV)''" = 0. for some k (2.65) 

this reduces the series of e'"̂  to a finite sum, which can be easily computed, details 

are given in Hirsch and Smale (1974). Most differential equations in appHcations 
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are nonhnear, of the form 

dx 
Tt = ^("1 (2.66) 

where xeR'' and / is a smooth function that maps some subset U of i?" to i?". i.e.. 

/ : t/ C J?" -> i?". We say that the vector field / generates a flow (l)t{x) : U ^ R". 

although no general formula Hke e'-̂  can be written, as for the Hnear case. For the 

autonomous case, equation (2.66), the flow has group properties, i.e., 

^0 = identity (2.67) 

we say that < </>, ^ is a one parameter group (of C diffeomorphisms. r > 1). 

A usual procedure for analyzing the nonhnear system (2.66) is by obtaining the 

system equilibria by solving 

fix) = 0 . (2.68) 

The solutions of (2.68) are the singular or equihbrium points of the system. One 

can then Hnearize the system about the equilibrium x, and write the Hnearized 

system as 

i = Df{x)i (2.69) 

where ^ei?" and Df[x) is the Jacobian matrix evaluated at a; = x. If the eigen

values of Df{x) have nonzero real parts, the point x is caUed a hyperboHc or non-

degenerate flxed point. Then, according to the Hartman-Grobman theorem (see 

Guckenheimer and Holmes, 1983), the flow of the nonhnear system near x = x 

looks Hke the linear one, i.e., e^^^^^K If, on the other hand, one or more of the 
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eigenvalues of Df{x) have zero real par t (s) . one cannot approximate the flow near 

X by Hnearization. In this situation, the point x is degenerate or nonhyperboHc. 

and the effect of nonUnear terms become important in order to determine the local 

properties of the flow near x. If all the eigenvalues of Df{x) have negative real 

par ts , then x is said to be asymptotically stable in the sense of Lyapunov. For 

autonomous systems, under the uniqueness hypothesis, the solution curves do not 

intersect, thus given an initial point x{to) in the phase space, <f)t{xo) is unique. 

HyperboHc systems, i.e., systems for which i?e(A,) 7̂  0. for eigenvalues A,, are 

robust to smaU perturbations of the vector field f{x). This necessarily impHes 

that smaU changes in the vector field do not have any profound quaHtative effect 

on the flow. One can always deform the perturbed flow to the unperturbed one 

via a smooth change of coordinates. Such systems are said to be structurally 

stable dynamical systems. One can define a space of aU dynamical systems and 

structuraUy stable systems form an open subset of this space. It is required that 

aU physically reaUzable systems be structuraUy stable. The reason behind such a 

requirement is tha t one can determine the parameters and the initial conditions 

only approximately. If smaU errors in measurements affect the system drasticcdly. 

one can never expect the mathematical model to represent the actual physical 

reaUty. By requiring the dynamical system to be structurally stable, we have 

impHcitly assumed that the system is insensitive to smaU variations of the vector 

field, tha t arise due to inaccuracies of parameter measurement or specification of 

the initial conditions. 
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Dynamical systems and the physical phenomena they model depend on param

eters. To express this parameter dependence, we rewrite system (2.66) as 

J = f{x-^) (2.70) 

here again xeR"^' and XeR"^, i.e., A belongs to an m-dimensional parameter space. 

As A changes, so does f{x,X). If the change is such that one cannot deform the 

resulting vector field via smooth change of coordinates, we say that the dynamical 

system has undergone a bifurcation. If S is the set of structurally stable systems, 

then its complement S' is called the bifurcation set. The main goal in studying the 

bifurcations of a system is to determine what happens to the nature of solutions 

of 

f{x,X) = 0 (2.71) 

(where / : J?" x R"^ —^ i?") as the parameters are changed. It then boils down 

to an algebraic problem of finding the roots of a nonhnear vector valued function, 

and how they change with A (more on this in Chapter III). 

2.5.2 Nonautonomous Systems and Poincare Maps 

If the vector field has expHcit time dependence than 

J = nx,t) (2.72) 

where f : U C R^ x R -^ R"". If the time dependence is periodic, for example in 

case of periodic forcing, with u; as the forcing frequency, we have 

J = f{xM) • (2.73) 
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One can introduce an additional dependent variable as 

0 = Lvt . (2.74) 

The resulting system is called the suspension of the original n-dimensional system 

mto an n + 1-dimensional space. This system is an n - 1-dimensional autonomous 

system 

X = f{x,9) 

9 = uj (2.75) 

where 

9{t) = ujt + 9o mod(2'K) (2.76) 

the 9 values He on a circle 5^ and 9 \ S^ -^ S\ the point (x,^)ei?" x S^ belongs 

to a cyhndrical phase space. The flow (t)t{x) now Hes on a cyhnder R"^ x S^. Now 

introduce a plane at ^ = ^^ into the cyhnder as shown in Figure 2.4. Note that 

this plane, caU it a cross-section Eg*, is transverse to the vector field at ^ = ^", 

i.e., f{x,9).n{x,9') ^ 0, where n{x.9'') denotes the normal to S^.. at ^ = 9'. This 

cross-section TIQ* of the vector field is an n-dimensional surface and is given as 

S,. = \^{x,9)eR" xS' \9 = re(0,27r)} . (2.77) 

In this sense T,o* is a global cross-section of the vector field. One is interested to 

know what happens to the flow as it crosses the cross-section S^).. In other words 

we want to construct a function that takes points on S^,. and maps them back to 

ZJO* , I . e . , 

P:^e^ ^ S , . . (2.78) 
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The construction of P is Hke samphng the phase space once every period of the 

vector field. Construction of such a map converts a continuous time dynamical 

system to a discrete t ime system, this also results in the reduction the dimension of 

the system by one, i.e., the discrete time system is independent of the 9 coordinate. 

The discrete t ime map P is caUed the Poincare map, and the section D^- is caUed 

the Poincare section of the vector field. It is much easier to analyze the Poincare 

map than the original continuous time system, as it results in reduction of the 

dimension and the da ta for such an analysis. The fixed points of the Poincare map 

correspond to — periodic orbits of the system. The stabiHty of the periodic orbits 

may be determined by Hnearizing the Poincare map about its fixed points and 

computing its eigenvalues. If the spectrum of the Hnearized Poincare map Hes in 

the unit circle, the periodic orbit is stable. Furthermore, the bifurcation behavior 

of the Poincare map is also related to that of the original system. This is further 

discussed in Chapter III. 

2.5.3 The Column-Pendulum as a Dynamical System 

Introducing the displacements and the velocities as the coordinates of the phase 

space, we get 

i i = Z2 

z., = -(z2 - az\z2 - ^z\z\ - {^\ -^ ^\Xg)z\ - ( - ) ! - ^lXg)z\ 

-pi{<f)l cos (1)1 + (/>2sin(^i)ci - ii2{4>2 cos (f)i - (/)2sin(/)i)£f 

— P3{(f)2 COS (̂ 1 — (̂ 2 Sl^ </'l)^l 

4>i = h 



64 

(f)2 — —0CjZ2 COS (̂ 1 — 

- ( i h - C2Z2 - C,?,Z\Z2 

') Xg n I > • \ 
sin (f)i 

(2.79) 

EHminating (i2,</>2) from the above equations, and expanding in Taylor series and 

retaining terms 0{\ z p) and 0 (cos (/>!. sin (/)i), we obtain 

2i 

Z2 

<̂ 1 

(f)2 

= Z2 

= -{u;^ ^ TiXg)z: - Cz2 - Oiz\z2 - ^z\z-, - (7, ^ V2Xg)z\ 

+/̂ i(Ci<?^2 sin</)i - (\)\ cos(f)i)zj -\- fi2((f>l sin(f)i - (̂ ](̂ 2 cos(l)i)z^ 

+M3(Ci<?̂ 2 sin(^i — (pl cos(f)i)z^ -\- (2(^1 sin<^i + p.2Zi cos(f)i)ziZ2 

= (f>2 

~{^2 + -r)-5iri(/)i - Ci(f)2 - C2Z2 - C3zlz2 -r ai{u;l ^ TiXg 

-\-ai{azi + ^Z2 -f (^2) cos <̂ i + i3i{Czi - 22)22 sin ĉ i . 

Zi cos 01 

(2.80) 

The above system represents the dynamics of the coupled column-pendulum oscil

lator. In the derivation, it is assumed that only the first flexural mode of the beam 

is excited. Assuming the excitation to be of the form Xg(t) = f^,cosu;t. Again, 

expanding in Taylor Series and retaining cubic order terms, and introducing the 

non-dimensional t ime cut ^^ r 

Z. = 2 9 

Zo = - ( — ) ' 2 i + <̂  - / i COS r2i - ai2i -
UJ I 

/ ^ 1 N 2 r 

^2 + a,3( — j —/2 COS r Zi "~ a^z^z^ 

<t>\ = 

-jSziz; -

-\-a-ZiZ2(t>\ + 

4>2 

ai/X]( ) - - /X2( — j ^ 7 3 COST 
a; u) 

( - ) ' + /4C0sr 
L u; 

2j(/>i + ar,z-^<f)2 + aQZi(f)i(f)2 

z\(t>\ - ;X]2i(^2r 
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<l>2 = - ( Y(f>\-\- \-fACOST(i)i -hizlz2-h2ZiZ2(l)\-h2Z2-h^zl(l>2-hz](f)i4>2 

—he,(f)2 — hiZ2(t>\ + bgZizl — P\z\(i)i -\-

hi2 - t i i ( — ) ^ + /6Cosr zl<f>i -

bg -\- t io (—)^ - f / o c o s r 

<^l/'^l\2 , I /^2>.2 , r 
- ; r ( — + M — ) + / 7 C O s r 

. 2 u; a; 

+Q;I ( ^ ) 2 + /8COsr 2̂1 + tl42l<^2 + 7 ( ^ ) ^ + / , c o s r l 4 

Zl<t>\ 

(2.81) 

the coefficients in these equations are given in Appendix A. 
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ĝ v(tt) 

Figure 2.1: Column with a tip appendage. 
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u(5,t) 

e(^,t) 

-•v(^,t) 

ĝ 

Figure 2.2: The free body diagram of the colunm and appendage. 
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ml(̂  

m\(f 

Figure 2.3: The free body diagram of the appendage. 
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Figure 2.4: The cyhndrical phase space of a periodic vector field. The Poincare 
section consists of the iterates x, P(x), P^(x), • • • of the point x under the PoinceLre 

map. 



C H A P T E R III 

AVERAGED DYNAMICS AND LOCAL BIFURCATIONS 

3.1 Introduction 

In general, most differential equations arising in physics and engineering neither 

admit close-form solutions nor render a complete quaHtative description. Under 

most circumstances, perturbation theory offers a wide collection of techniques to 

obtain approximate solutions of the many intractable problems arising in appHca

tions. The books of Nayfeh (1979) and Kervorkian and Cole (1968) are excellent 

references in per turbat ion methods and provide an extensive bibhography. 

The origin of perturbat ion theory dates back to the 18^^ century. Soon after 

Newton formulated the laws of motion, it was possible to describe the planetary 

motion by writing the equations of motion. It soon became apparent that the 

motion described by considering two interacting bodies only, under mutual grav

itation was inadequate, and the influences of other planets had to be taken into 

account. The effects of these "perturbations" manifest themselves by modifying 

the original "unper turbed" eUiptic orbit. Thus, while describing the motion of the 

Ear th around the Sun, one has to consider the effects that the gravity field of the 

Moon has on the orbit of the Ear th . These considerations led to the "perturbed 

two body problem," and hence to the perturbation theory. 

To apply the perturbat ion theory, one begins by choosing an equation close 

to the given one, whose solution is required. The equation chosen, called the 

unper tu rbed system, is much simpler to solve than the original problem. The 
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per turbat ion theory deals with quaHtative effects that smaU changes have on the 

unper turbed system. 

In this dissertation, the method of averaging wiU be used to transform the time-

dependent system to a time invariant system. In this sense, averaging corresponds 

to taking a Poincare section of the time-dependent system. The choice of the 

method is based firstly on the mathematical rigor on which the method is based, 

and secondly, on the ease with which the method can be implemented by using 

computer algebra. 

3.2 The Method of Averaging 

3.2.1 Mathematical Basis of Averaging 

As a result of modal truncation, we obtain an ordinary differential equation, 

describing the t ime evolution of the truncated modes. We can write these nonlinear 

ordinary differential equations as a first-order system, as outhned in the previous 

chapter. Consider the dynamical system 

i = ef(x,t,e) (3.1) 

where a; G 5?", and / is a smooth function, T-periodic in t (sometimes this restric

tion is relaxed to include almost periodic functions, see Hale [1969] for details), s 

is some smaU parameter , sometimes a system parameter, such as damping, cou

pling between the modes or forcing, more often introduced artificially to stress the 

fact tha t the perturbat ions (mostly the nonlinearities) are smaU. In the foUow

ing paragraphs, we describe the method of averaging, mostly at t r ibuted to Krylov 

and BogoHubov, see BogoHubov and Mitropolsky (1961), although variations of 

method have been in use ever since the time of Clairaut, Laplace and Lagrange, 
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see Sanders and Verhulst (1985) for historical perspective on the averaging the

ory. Our account of the averaging is based on Guckenheimer and Holmes (1983). 

Sanders and Verhulst (1985), Rand and Armbruster (1987) and Hale (1969). We 

start by expressing the function / in equation (3.1) as 

f{x,t,E) = f{x)i-f{x,t,e) (3.2) 

where f{x) is the mean of f{x,t,e), defined as 

1 'T 

/ (^) = £ ; ^ / / (^ ,«,0 (3-3) 

1 Jo 

where T is the time period of / and f[x,t,e) is the osciUating part with zero mean. 

Introduce a near-identity transformation 

X = y ^ ew{y,t,£) (3.4) 

w{y,t.,£) will be chosen later on in the analysis. Substituting equations (3.2) and 

(3.4) in the original nonautonomous system and differentiating, we obtain 

y = ell + eDyw]-' [f{y -f ew) + f{y -¥ew,t.e)- —w] . (3.5) 

Expanding the RHS of equation (3.5) in powers of e and choosing 

^w = f{y,t.^) (3-6) 
at 

we get 

y = ef{y) + e-\Dyf{y.t,^)w{y.t.(i)-D,w(yA,fi)f{y) 

+ y{y,tM + 0{e') (3.7) 

or 

y = ef{y)^e''h{y,t,e) . (3.8) 



Neglecting the 0{e^) terms, we get 

y = ef{y) . (3.9) 

Based on the above, we have the foUowing result: 

A v e r a g i n g T h e o r e m (Guckenheimer and Holmes, 1983): There exists a C" 

change of coordinates x = y ^ ew, under which equation (3.1) can be transformed 

to (3.9), where / is T- periodic in t. Moreover: 

(i) If x(t) and y{t) are solutions of (3.1) and (3.9) based at a:;,,, T/O, respectively, at 

f = 0, and \xo — yo\ = 0(e)., then \x{t) — y{t)\ = 0{e) on time scale t = 1/e 

(ii) If Po is a hyperboHc fixed point of (3.9) then there exists eo > 0 such tha t . 

for all 0 < e < Co, equation (3.1) possesses a unique hyperbolic periodic orbit 

'^.{t) = Po -f 0{e) of the same stability type as po-

(in) If x^(t) E W*(7e) is a solution of (3.1) lying in the stable manifold of the 

hyperboHc periodic orbit -yeit) = po -\- 0(e), y^(t) G W'(pu) is a solution of (3.9) 

lying in the stable manifold of the hyperboHc fixed point po and |x*(0) - 2/*(0)| = 

0{e), then \x^(t) — y^{t)\ = 0{e) for t G [0,CXD). Similar results apply to solutions 

lying in the unstable manifolds on the time interval t G ( -oo .Oj . 

For proof of the above theorem see Guckenheimer and Holmes (1983), Hale 

(1969) also BogoHubov and Mitropolsky (1961). 

Remark (1): Neglecting 0{e-) terms, we see that the method of averaging re

duces the original nonautonomous system to an autonomous one which impHes 

tha t the averaged system is an approximation of the Poincare map of the original 

system. Figure 3.1 is a graphical representation of the averaging theorem. Refer

ring to this figure, note tha t p . which is the fixed point of the approximation of 

the Poincare map can be expressed as Pc = Po-r 0{e). Furthermore, the per turbed 



periodic orbit 7^ intersects the Poincare section at p., implying that p . is the fixed 

point of the Poincare map . 

Remark (2): According to (i) and (n), fixed points of the averaged system rep

resent periodic limit cycles of the original system. Whereas the periodic solutions 

correspond to quasiperiodic solutions and are related to "ampHtude modulated" 

or "drift" oscillations of the original system, see Bajaj (1987). Hale (1969) caUs 

such solutions as lying on a hyperbolic invariant n-torus. Such a torus forms an 

invariant manifold T" , to which aU the trajectories are at tracted, and is '"coordina-

tized" by the n phase angles 9^ {i = 1, 2, • • • ,7i), of the quasiperiodic motions lying 

on T". The existence and numerical construction of such an invariant manifold is 

dealt with in Chapter V. We also give an algorithm due to Battehno et al. (1989). 

for the construction of such an at tractor . 

Remark (3): The formulation presented above produces the first order averaged 

system. To obtain higher order approximations, we extended the near identity 

transformation (3.4) to include terms of higher order such that 

x = y + ew,{y,t,e) + e'w2{y,t,e) + 0{e^) (3.10) 

then a simUar procedure as described above gives 

y = eMy) + e'f2{y) + 0{e'). (3.11) 

The method of averaging can be extended to include terms of 0 ( e " ' ) . In this sense, 

averaging is a special form of the normal form theory (see Wiggins. 1990. Guck

enheimer and Holmes, 1983 and of course Arnold, 1983). in that one successively 

eliminates the so-caUed "nonresonant" terms at an increasing order of e. without 

modifying the lower order terms. One then studies the behavior of the transformed 
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and truncated system with an objective of obtaining results regarding the original 

system. Rand and Armbruster (1987) give algorithms and program Hstings for 

calculating normal forms and m'^ order averaging using symboHc algebra system 

MACSYMA. Unless the analysis by first-order averaging is inconclusive, it is rare 

to proceed to higher orders. 

3.2.2 Local Bifurcations of the Averaged System 

Assuming that the dynamical system under consideration depends on a pa

rameter /x G 3f?. We express the parameter dependence by writing the system as a 

one-parameter family 

i = ef^{x,t,e) . (3.12) 

We have seen that averaging transforms a time-dependent dynamical system to 

an autonomous one. The associated one-parameter family of averaged systems is 

expressed as 

y = efM • (3.13) 

If the averaged system (3.13) is hyperboHc, i.e., the Hnearized system 

i = eDf,{yo)i (3.14) 

(where f^{yo) = 0) has eigenvalues with nonzero real parts, then the bifurcations 

of the original system (3.12) are related to the averaged system (3.13). and we 

have the foUowing result. 

T h e o r e m (Guckenheimer and Holmes, 1983): If at ^ = /Lto (3.13) undergoes a 

saddle-node or a Hopf bifurcation, then for /x near /ZQ and e sufficiently smaU, the 



Poincare map of (3.12) also undergoes a saddle-node or a Hopf bifurcation. 

Remark (1): The proof is given in Guckenheimer and Holmes. 

Remark (2): We have already seen that the Poincare map of the original system 

(3.12) is approximated by the averaged system according to the averaging theorem. 

This theorem essentially states that if the bifurcations occur in the averaged system 

at /Li = //,u, then for e smaU, the original system also undergoes a similar bifurcation. 

Based on the above formulation, various researchers in the past decade, or so, 

have obtained extremely compHcated bifurcation sets. Holmes and Rand (1978) 

obtained the bifurcation set for the forced van der Pol osciUator and proved the 

existence of bifurcations of saddle-connection type. Holmes and Lin (1978) ana

lyzed the qualitative behavior of a nonlinear differential equation used to model 

a wind-loaded structure. The analysis showed that cross-wind oscillations are 

likely to be more dangerous than along-wind vibrations. They also obtained some 

qualitative estimates of the stability margins. Holmes (1979b) extended the previ

ous work to include heterocHnic bifurcations. Using Melnikov's method to detect 

the intersection of the stable and unstable manifolds, he showed that for Hghtly 

damped structures , the domain of stabiHty has an extremely complex boundary. 

The averaging method is extremely useful in uncovering global bifurcations. Holmes 

(1980) showed tha t if an average system possessed a saddle-connection, then us

ing Melnikov's method, one can show that under certain conditions, the global 

stable and unstable manifolds belonging to a normaUy hyperboHc equihbrium. 

intersect transversely, giving rise to homocHnic tangles, which are the precursor 

to sensitive dependence on initial conditions and chaotic behavior. Holmes and 

Holmes (1981) carried out a second-order averaging to uncover some subharmonic 
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bifurcations in Duffing's equation with negative Hnear stiffness. For certain param

eter values, period-doubHng was observed. Rousselet and Herrmann (1981) used 

the method of averaging to study stabiHty conditions for cantilevered pipes convey

ing pulsating fluid. Tousi and Bajaj (1985) obtained period-doubHng bifurcations 

for a weakly nonUnear multi-degree-of-freedom system with cubic nonhnearities 

and internal resonance. For small damping, the period-doubhngs lead to chaotic 

motions, furthermore, these sequences seem to lead toward the Feigenbaum Univer

sality constant . Johnson and Bajaj (1989) apphed averaging to nonhnear resonant 

motions of a stretched string, subjected to harmonic, planar excitation. They ob

served Hopf and saddle-node bifurcations. The results of the averaging analysis 

were found to be in agreement with the numerical simulation of the actual equa

tions of motion. Bajaj (1987) obtained a partial bifurcation set for a nonhnear 

parametricaUy excited oscillator that included van der Pol as weU as Duffing type 

nonlinearities. The local bifurcations included saddle-node, pitch-fork and Hopf bi

furcations. Yagasaki et al. (1990) investigated a nonhnear single-degree-of-freedom 

system subjected to combined parametric and external excitation. Applying Mel

nikov's technique to the averaged system, they proved the existence of transverse 

homocHnic orbits that lead to chaotic motions. Schmidt (1990) apphed averag

ing to a rotationaUy flexible pendulum, and observed that due to an additional 

rotational degree-of-freedom, some additional equihbrium positions are created. 

These include an upward vertical position and a downward nonvertical position. 

Yang and Sethna (1990a) studied nonhnear flexural vibrations of a nearly square 

plate , subjected to parametric excitation. The local bifurcations of the averaged 

equations show that the system is capable of extremely complex standing as weU 



as traveUng waves. Global bifurcations show existence of heterocHnic loops, which 

break up, leading to Smale horseshoe and chaotic behavior on an extremely long 

time scale. The analysis was extended, see Yang and Sethna (1990b), for the an

tisymmetric case. They observed that due to Hopf bifurcations, the ampHtude 

modulated traveUng waves lead to period-doubHng and chaos. The global analysis 

showed chaotic phenomena similar to those observed in the case of water waves. 

3.2.3 Averaging for Mildly Nonlinear Systems 

In the pervious subsection, we discussed how averaging could be apphed to 

systems of the kind 

i = ef{x,t,e) . (3.15) 

A system expressed as (3.15) is said to be in the standard form for averaging. 

However, most differential equations describing physical phenomenon are not in 

the standard form. In this subsection, we consider systems of the form 

X = Ax + eg{x,t.e) (3.16) 

where A is SL constant n xn matrix, and ^ is a smooth function. FoUowing the 

method of variation of parameters, we introduce a change of coordinates 

x = ^t)z (3.17) 

where ^{t) is the flow of the Hnear system 

i = Ai (3.18) 
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given by $ ( t ) = e^-\ Differentiating (3.17) with respect to t and substituting in 

(3.16), we get 

i = e^-\t)gmt)z.t.e) (3.19) 

which is in the s tandard form for averaging,equation (3.15). where f{x.t.e) = 

^-\t)gmt)z,t,e). 

3.3 Averaged Dynamics of the Column-Pendulum OsciUator 

In this section, we obtain the averaged dynamics of the Taylor expanded system, 

as formulated in Chapter II. Rewriting the system as 

2 , = 22 

2o = - ( —)^2i + e\ -fi cosTZi - aizi -
UJ I 

aifii( — ) - pL2{ — ) - f / a c o s r 

0-2 + 0.3{ ) " + J2 COS 
.,3 ^ . , 2 , 
Z-^ ~ a ) 2 j ^2 

1^2 N,2 

2j(^i + a-^z\4>2 + aezi(f>i(f>2 

( — ) ' + /4COsr 2l</>? - /^l2l02 

4>2 

-l3ziZ2 -

+ a72i220i + 

(f)2 

- ( — )^(f)l + £< - / 4 COST(j)i - hiz\z2 - h2ZxZ2(t)l - hz2 - b4Z\(f)2 - h-^Z\(j)i02 

— be<f)2 — ^722^1 + h^ziz^ — (3\z.-,(f)^ + 
.uox 

h + 6io( — ) " " /oCosr .3 
1 

•^\ x 2 
^12 - & i i ( — ) + / 6 C O S r 

+ a i 

a; 

[ — ) ' - f / g c o s r 
a; 

2f(/) i -
a;o O l̂ / ^ l N2 , T / '* '2 \ 2 /• 

— ( — ) - +6l3( — ) ~ fjCOST 

2i -f 6i42i<^^ + - ( ) -r / 4 C O S <^\ 

Z,<^\ 

(3.20) 

Here 0 < e < 1 has been incorporated to emphasize that the nonhnearities are 

smaU. Rewriting the system (3.20) as 

= Z2 
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^ 1 s2 
- ( — ) Zi + £ F ( 2 I , 2 2 - < ; / > 1 , < / > 2 , T ) 

<^2 

= <^2 

UJ 

UJ2 .2 
= -{-^) (i)i^ EG{zi.Z2,(f)i.(f)2.r) 

UJ 
(3.21) 

This system is in the quasihnear form as dealt with in the previous section. 

Before obtaining the averaged form of the equation, we introduce a small detuning 

parameter eS, into the system. The idea behind this is to indicate that we are 

interested in obtaining the averaged dynamics, as one passes through the (m ,n ) 

resonance region, where m and n are integers indicating external and internal 

frequency ratios, respectively, i.e., ma;i % uj and nuji ^ uj2. More precisely, we 

have 

UJ 

u;. 

LJn = 

— e-
m ' 

2 2 
n UJ 

m' 

m' 
n^<^ 

— e-
m-

(3.22) 

Substi tut ing equation (3.22) in (3.21), we get a detuned (m.n ) system 

2-, = 2 ) 

/ 
22 -2i + 6 : ^ — 7 - / 1 cosr2 i - ai2i -

m- Im-
,2 

0-3 
0.2 "̂  T + A' COS T 

m-

3 2 
z^ ^ a^z^z. 

1̂ 

(l>2 

-^z,zl-

-\-a7ZiZ2(f)\ 

<i>2 

OL\pL\ /^2n 

m- m-
-f /a cos r Z\(f)\ + a-^Z\(l)2 + a62](/)i<^2 

n 

m^ 
+ /-4 cos r z\(l>\ - fllZiCJ)] 

— -(f)i 4- e\ - fj[COST(t)i — biZlZ2 - b2ZiZ2(f)\ — 63^2 - &4-f0.' — b-Z'^(f)i(j)2 
m-' I m-

-66<^2 - b7Z2(f)\ + 68^122 - (3\zl(f)i + 69 + ^ + /o COS T 
m^ 
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0\2 o ^ 76 COST 
m-

27(^1 -
Q] 6,3n-' 

2m- m-
~ f- cos T z\4>\ 

+«] 
m' 

^ /g cos r 2i + 6i42i(/)2 -f n" 

m^ 
- JA cos - ct> 3.23) 

or 

/ ' ^ i \ 
4 

/ 0 0 

- - ^ 0 0 

0 \ / 2 l \ 

rn' 
0 0 0 

V 0 0 - 4 

0 

1 

0/ 

^2 

V<^2/ 

+ e 

( 0 \ 
F ( z i . Z2. 4>\. (f)2: '^'. ^) 

0 

\ G ( Z ] . Z 2 . (t)i,<f)2',T. 6) ) 

z' = Az + ef{z,r,6) (3.24) 

To transform the system (3.24) into the standard form, we use the van der Pol 

invertable transformation 

Zj 

Z2 

^ 2 

COS 

— sm — 
m m COS nr 

^ s i n ^ 
m m 

— sm — 
m 

- — COS — 
m m 

— sm — 
ni 

- ^ c o s ^ 
m m 

2/1 

2/2 

2/3 

2/4 
(3.25) 

or 

2 = $(r)2/ (3.26) 

$ ( r ) = 

where z - [zi^zo^z^^z^) and y = (2/1,2/2,2/3,2/4) and 

$ i ( r ) 0 

0 ^2[r) 

where $ i ( r ) and $ 2 ( T ) are the 2 X 2 block diagonals given in (3.25). Introducing 

(3.26) in (3.24); we obtain the standard form as 

y' = e^T)-'f[^T)y,T.8) (3.2-

FoUowing the method of averaging and transforming the non-dimensional time r 

to the slow time er , i.e., r ^ er , and integrating the RHS of (3.27) over (0.27r), 
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we obtain the detuned (m ,n ) averaged system 

y' = f[y.S) (3.28) 

where 

Ky) = ^ / Hr)-'f[^T)y,T,8)dr (3.29) 
ZTT Jo 

the averaging is performed over the slow time. 

3.3.1 The Detuned (2 ,^ ) System 

To obtain the averaged system specific to particular resonance, we set m = 2 

and n = ^, PhysicaUy, this corresponds to exciting the column-pendulum oscillator 

with the external frequency that is twice the natural frequency of the first column-

mode, and the pendulum frequency set at one-half the natural frequency of the first 

column mode. The algorithm described in the pervious section was implemented 

on the symbolic algebra package MAPLE. Setting the desired values of m and n. 

M A P L E generated the FORTRAN code of the averaged vector field that consisted 

of more than 500 lines. To reduce the number of hues in the code and to obtain 

a compact form of the vector field /(?/) , the following procedure was implemented 

on MAPLE. 

The Taylor expansion of the vector field indicates that only Hnear and cubic 

terms in (2/1,2/2,2/3,2/4) will be present in the averaged system. We can write the 

components of the vector field as a summation of terms like cfjf.iy\y^,y^y[. The 

superscript a of the coefficient cf̂ ĵ ., corresponds to the component of the vector 

field, a = 1 ,2,3,4. The subscripts i,j.kj correspond to the powers of 2/1-2/2,2/3,2/4. 

respectively. Note tha t i^ j ^ k - l = 1 or 3. Thus if z = 1 then ; - fc ̂  / = 2, or if 
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I = 2 then j -f A; ^ / = 1 and so forth. We thus collect the coeflicients of y'^y^y^A 

and write the averaged dynamical system in a compact form as 

2/1 = c^s^yi -r cĴ (̂ 2/2 -r c'^sh3 -r c%6yA -r c^^^^y, + c^.^.y. -f cS,,„2/3 - Cui2/4 

+c?iio2/i2/2^3 + <iui2/i2/22/4 + c"ouyiy3yA ~ cfJi 1̂ 2̂2/32/4 - 4iuo2/r'2/2 

+4oio2/?2/3 + cJuoi2/?2/4 + c5uuo2/? + cJi2o2/22/3 - cJj„22/22/4 - Co2\^^yiy3 

+ cS2oi2/22/4 + CS3002/2 + d22/32/! + <02i2/32/4 + cSo3o2/3 "̂  C:;M,.2/4 (3-30) 

where c^^ are the coefficients of Sy^, and <̂  is the detuning parameter. The coef

ficients ĉ ^ ,̂ generated by MAPLE for (2, \) resonance are given in Appendix B. 

Only the nonzero coefficients are given. 

3.4 Concepts in Local Bifurcation Theory 

The word bifurcation was originaUy introduced by Poincare to imply the spht-

ting of solutions of a differential equation as a control parameter is varied. In the 

more modern context, it is used to indicate the qualitative changes in the behavior 

of the objects under the variation of parameters. The objects under investigation 

can be real or complex functions or mappings, vector fields, integral or differential 

equations. 

We consider a system of ordinary differential equations 

i = f^{x) (3.31) 

where a; G 9^" and /x G 3??"*, i.e., the dynamical system depends on m parameters . 

The basis of the bifurcation theory is the concept of structural stabiHty or topolog

ical conjugacy. A system is structurally stable if all small perturbations generate 
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flows tha t are topologicaUy equivalent. The system is said to have undergone 

bifurcation if the perturbat ions of it belong to a different topologicaUy equiva

lence class. The orthonormal transformation that is frequently used to transform 

the multi-degree-of-freedom vibratory system to a simpler system (and hopefuUy 

a decoupled one), belong to the same topologicaUy equivalent class. For Hnear 

systems, the orthonormal transformation produces a system matrix that is in the 

Jordan canonical form. The solutions of the transformed system are the normal 

modes of vibration. The idea is to transform the system into a simpler system that 

can be readily solved. In case of nonhnear systems, the situation is not so straight 

forward. There is however, a way of simplifying the dynamics by successively eHm

inating the so-caUed non-resonant terms from the dynamical system and obtaining 

the normal form of the dynamical system. The non-resonant terms do not affect 

the dynamics, and so their ehmination results in algebraic simplicity, as weU as 

reduction of parameters . Normal forms play a central role in bifurcation theory, in 

the sense tha t only a bare minimum number of parameters are retained to study 

the essential behavior of the system. We give a brief outHne of the normal form 

theory, the details are in Guckenheimer and Holmes (1983) and Wiggins (1990). 

3.4.1 Normal Forms of Dynamical Systems 

Consider the dynamical system in the form 

X = Jx^ f{x) (3.32) 
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X E ^^ the linear part has already been transformed such that J is in the Jordan 

form. Next we expand the nonhnear part in Taylor series, so that 

X = Jx^ f2[x) ^ h[x) + . . . ^ fr-Ax) - 0{\xY) (3.33) 

eliminate 

where fi{x) are the i^^ order terms of the Taylor series of the nonhnear part of f(x). 

The main objective of the normal form theory is the ehmination of aU fi(x),i > 2. 

This, however, is not always possible, in the process one does obtain the simplest 

form of the dynamical system. Introducing a near-identity change of coordinates 

x = y + h2{y) (3.34) 

where /i2(2/) is of order 2 in y. Substituting equation (3.34) in (3.33). we get 

[I + Dh2{y)] y = Jy^ Jh2{y) + My) + Uy) + •' • + /r-i(2/) - 0{\ y ;') (3.35) 

or 

y = [I+Dh2(y)]-'[jy + Jh,{y) + h{y) + Uy)^-- — 

/ , . i(3/) + 0 ( l 3 / r ) } (3-36) 

for 2/ smaU, we can expand 

[/ + Dh2[y)]-' =1- Dh2{y) + 0{\ y D . (3.37) 

Equation (3.36) becomes 

y = JyJr Jh2{y) + f2{y) ' ^^2(2/)/3(2/) + " ' ' + fr-M ' 0{\ y V) . (3.38) 

This procedure results in the modiflcation of the higher order terms. To ehminate 

the second-order terms, we choose /i2(2/) such that 

Dh2{y)Jy - Jhi[y) = f2[y) (3.39) 
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which is caUed the homology condition. Define a Hnear map 

Lj{h2{y)) = Dh2{y)Jy - 7/12(2/) (3.40) 

with this definition of the Hnear operator, the homology condition (3.39). can 

be viewed as a Hnear equation Ax = h. Consider a space H2 of homogeneous 

polynomials of degree 2, with Lj : II2 ^ II2, Si linear operator on H2. From Hnear 

algebra point of view, we ask, can one solve 

LAh,iy)) = -f2{y) ? (3.41) 

The answer depends on the form of f2{y)- If f2{y) G Im(Lj), where Im(Lj) is 

the image space of the operator (Xj), then one can solve equation (3.41), and 

hence eliminate all order 2 terms. In general, this is not true. Define G2 as 

a complementary space of ^7(^2) , such that H2 = Im(Lj) @ G2, then we can 

separate f2{y) in two parts and write 

f2{y) = niy) ^ fAy) (3-42) 

where 72(2/) ^ Ini(Lj) and f2{y) G G2. The part that Hes in Im(Lj) corresponds to 

the non-resonant terms and can be eliminated, the remaining part / . . consists of 

the essential "resonant" terms. This concept is analogous to the one adopted in the 

method of multiple scales, where one successively retains the so-caUed "secular" 

terms, that form the essential part of the dynamics. After removing the non-

resonant terms, we write the system as 

y = Jy^ Jh2{y) -r f ^ + h{y) + """ + /r-i(2/) + ^(1 2/ D • (3.43) 
eliminate 



Next, we simpHfy terms of order 3. As before, introduce the near-identity change 

of coordinates 

2 / ^ 2 / + ^3(2/) (3.44) 

substi tuting (3.44) into (3.43) gives the homology condition for hsiy) 

Dh:,{y)Jy - Jh,{y) = ^y) (3.45) 

where the RHS of (3.45) is the Hnear operator Lj{h3{y)) and Lj : H3 — H3. H3 

being a space of homogeneous polynomials of degree 3. As before, one eHminates 

the non-resonant terms fl{y) from 73(2/) and the resulting normal form becomes 

y = Jy^ 7/12(2/) + f2{y) + /3(2/) + h.o.t (3.46) 

where h.o.t denotes higher order terms. In this fashion, we can eliminate non-

resonant terms up to any arbitrary order. Although the series produced by normal 

form may not always be convergent (see Arnold, 1983), the first few terms are 

usually sufficient to study the local dynamics of the system. Furthermore, normal 

forms are the start ing point for any bifurcation analysis. Verhulst (1990) shows 

tha t the method of averaging, as discussed in the previous section, is equivalent 

to obtaining the normal form of the dynamical system under consideration. After 

obtaining the normal form of the system, one is essentiaUy ready to study the 

bifurcation behavior of the system. 

3.5 Numerical Bifurcation 

3.5.1 Int roductory Remarks 

Bifurcation is inherently a nonUnear phenomenon, and hence is very closely re

lated to multiple solutions to nonlinear problems. Bifurcation theory is concerned 
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with the branching or spHtting of solutions to nonhnear systems, dependent on 

some physically relevant control parameter . As the parameter is varied, the solu

tions change. Typically, a smaU change in the parameter produces only a smaU 

change in the solution, without affecting the quaHtative nature of the solution. 

There are, however, instances where a smaU change in the parameter produces a 

drastic change in the quaHtative nature of the solution. At such points, the system 

ceases to be structurally stable, the new and the old solutions belong to different 

topological classes. The points where such changes occur are rather atypical. A 

working definition of the bifurcation theory might be stated as the analysis of these 

exceptional points, along with the effects they have on the solution set produced 

by such points. 

To investigate the bifurcation behavior of dynamical systems, one preceeds as 

foUows. 

We start with the derivation of the mathematical model that appropriately 

describes the behavior of the system. These models are usuaUy expressed as a 

set of ordinary or partial differential equations or difference equations. We than 

simplify the dynamics with procedures such as the normal forms, center manifold 

and averaging, etc. One then embeds the system in a parametrized family of 

dynamical systems. This produces what is referred to as the unfolding or the 

deformation of the vector field. The minimum number of parameters required to 

study the bifurcation behavior is the codimension of the bifurcation. Thus, by 

introducing the detuning parameter into the averaged system, we have opted to 

investigate the codimension one bifurcation of the column-pendulum osciUator. 
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One can note tha t as the codimension of the bifurcation increases, so does the 

complexity of the dynamics and the analysis of the resulting behavior. 

Assuming tha t we have completed the above mentioned procedure, which re

sults in a parametrized family of vector field 

i = f{x,X) (3.47) 

where 2; G 3f?" and A G 3f? and / is a C" vector field on 0?" x SR. One is now interested 

in the steady state solutions of the dynamical system (3.47). In particular, the way 

these solutions change, i.e., how these solutions are created, destroyed or change 

stabiHty as the parameter A is varied. Finding the steady state solution ( i = 0). 

of (3.47), corresponds to the algebraic problem of finding the zeros of a nonhnear 

vector valued function 

f{x,X) = 0 (3.48) 

This by itself is a formidable task, in the sense that / being nonhnear impHes that 

one may expect more than one root for a single value of the parameter A. In the 

foUowing sections, we describe some of the methods used to obtain steady solutions 

of (3.47). 

3.5.2 The Brute-force Method 

The simplest and the most general method of obtaining steady state solutions 

is the so-caUed brute-force or parameter stepping method as discussed by Parker 

and Chua (1989). The method essentiaUy consists of solving the set of ordinary 

differential equations numericaUy, at equal intervals of the parameter A. For each 

value of the parameter , the solution is obtained for a predetermined length of 
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t ime Tioiah with the assumption that the steady state is reached at the end of this 

duration of t ime. The first half of the simulation time, Tt, is assumed to correspond 

to the transient response and is discarded. The rest of the duration, T,. corresponds 

to steady state . The bifurcation diagram consists of the local maxima of one of 

the components Xk{t) of the vector field, computed over T,., plotted against the 

parameter A. One then increments the parameter by a smaU amount AA and 

the procedure is repeated. Note that once the steady state is reached for any 

A, the next s tate is located close by, and so. one could reduce the simulation 

t ime Tfotah It is straightforward to interpret the brute-force bifurcation diagrams. 

Responses of period one appear as a single smooth curve across the interval over 

which these responses are stable; k-ih. order subharmonic responses are represented 

by k continuous curves. Quasiperiodic and chaotic responses appear as a smear of 

points. There are several shortcomings associated with this method. First, there 

is no way to determine tha t the steady state has been reached. In the brute-force 

method, one bhndly assumes that the steady state is reached at the end of Ttotai-

This requires long simulation times. Second, only stable solutions are obtained, 

although for invertible systems, unstable solutions can be obtained by running the 

simulation in reverse t ime. 

To overcome some of these shortcomings, one can incorporate a Newton-Rapson 

root finding algorithm. Let / : R̂" ^ 5?" whose roots are required. Starting from 

an initial guess x^\ Newton's method gives 

x'^' =x'-Df{x')-'f{x') (3.49) 

where Df{x') is the Jacobian o f / evaluated at a;'. The hybrid brute-force-Newton-

Rapson procedure (see Parker and Chua, 1989) starts by brute-force simulation 
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of the dynamical system. Because of the definite convergence of the brute-force 

method, one is assured that the steady state is reached. At this time, the control 

is passed over to the Newton-Rapson. Being close to or at the steady state, the 

convergence of Newton-Rapson iterations is very fast. The solution is continued 

as long as the Newton-Rapson procedure is convergent. At the bifurcation point, 

the Jacobian is singular, and the Newton-Rapson fails to converge. At this t ime. 

we switch over to the brute-force, and resume Newton-Rapson after the steady 

state has been reached. One needs to be aware of certain shortcomings associated 

with the brute-force method and its enhancements, these include false bifurcations, 

bifurcation transients and of course the inabihty to locate unstable solutions (for 

details of these phenomena, refer to Parker and Chua, 1989). 

3.5.3 The Pseudo-Arclength Continuation Algorithm 

Consider a nonlinear equation 

/(a;,A) = 0 (3.50) 

where ic G 3?" and X e U and / : 3^" x 9f? —̂  5R" may be a vector field associated 

with a continuous or a discrete time dynamical system. Let (a;o,Ao) be a point 

that satifies /(a;o,Ao) = 0. We are interested in calculating the solution set of 

f{x,X) = 0, for {x,X) close to (2:0, Ay). This is basicaUy the statement for the 

so-called pseudo-arclength continuation algorithm. 

The pseudo-arclength continuation is based on the ImpHcit Function Theorem, 

which states tha t if the function / : 5?" x 3R -^ 3f?" is continuously differentiable 

in some neighborhood containing the point (10,^^0) that satisfies /( lo-Ai,) = 0 

and the Jacobian fr{xo-,Xo) is non-singular, then in an interval around AQ and a 
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neighborhood around Xo G ?R", there exists a continuous function x = x{X) with 

Xo = x{Xo). 

From a computational point of view, a;(A) is the solution one is interested in. 

We can write equation (3.50) as 

/(a;(A).A) = 0 (3.51) 

differentiating (3.51) with respect to A 

dx 
f,{x(X),X)~^f,(x{X),X) = 0 (3.52) 

when the Jacobian f^{x{X),X) is non-singular, the ImpHcit Function Theorem ap

plies and one can write 

dx 
— = -[/ ,(^(A),A)]-V,(x(A),A) (3.53) 

which can be solved for ^ . The predicted value for x{X -\- A A) is obtained from 

dx 
x^ = xo + AX{ — ) . (3.54) 

dA 

We then solve f{x,X -\- AA) = 0 by Newton's method, with x^ as the starting 

point. Using this procedure, a smooth branch of steady state solutions is obtained 

for A G (Ai,A2). 

This computational procedure runs into serious trouble when fj:{x{X),X) be

comes singular. To overcome this difficulty, Keller (1977) proposed that one can 

represent a smooth arc of solutions 

ri,2 : [x(5),A(5)], s, <s< So (3.55) 

as a one-parameter family of solutions to (3.48), where s may be defined as the 

arclength of the solution curve. We can rewrite (3.48) as 

f(x(s),X(s)) = 0 . (3.56) 



93 

Differentiating (3.56), we get 

dr d\ 
fAx(3), X{3))— + fAxs)^ X(s))- = 0 . (3.57) 

ds ds 

We append this equation with the normaUzing equation defining the arclength 

(5)^.($)^'.....(^)^.(£)^' = l. (3.58) 

Equations (3.57) and (3.58) define a continuous solution curve in an n — 1 dimen

sional space, and form the basis of the pseudo-arclength continuation algorithm 

as proposed by Kubicek and Marek (1983) and Parker and Chua (1989), and is 

briefiy outline below. 

Rewrite equation (3.57) as 

[Mx{s),X(s))Mxs),X{s))](i] =0 (3.59) 

nx(n+l) 

the term in the square bracket is an n x (n-f 1) matrix. Using Gaussian ehmination 

with pivoting, we get 

^ = / 3 , ^ , i = l , 2 . - - - , f e - l , f c + l , • • • . « + ! (3.60) 

ds ds 

where A = Xn+i- In the above equation, k is the column index with (-/^,) in 

column k. From equations (3.58) and (3.60), we have 

( ^ ) ' = [1 + E A']'" • (3-61) 

Any integration routine can be used to solve equations (3.60) and (3.61). Kubicek 

and Marek (1983) propose the expHcit Adams-Bashforth methods. To improve the 

accuracy of the solution, Newton's method is apphed to (3.50). Thus the solution 

to equations (3.60) and (3.61) acts as predictor and Newton's method appHed 
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to (3.50) acts as corrector. Figure 3.2 shows the schematic of the computation 

procedure. 

The normaUzing equation (3.58) impHes tha t the independent coordinate is the 

arclength of the solution curve. Each integration step corresponds to a unit in

terval along the arclength. The turning points on the solution curve, i.e., the 

points tha t have a vertical tangent , render the Jacobian singular, present no 

computat ional difficulty. Because, even though fj.{x(s),X{s)) may be singular. 

[fj^{x{s), X{s)), fx{x{s),X{s))] is not. The continuation algorithm described above, 

gives a smooth curve of solution in n + 1 space, and passes through the turning 

points smoothly. At bifurcation points, where two or more solution curves intersect 

transversely, the solution continues at random, but generaUy foUows the original 

branch. To complete the solution diagrams, one generally scans the parameter A. 

by providing different starting points. 

3.6 StabiHty and Bifurcations of Steady States 

Bifurcation theory in general and the arclength continuation as described above, 

in particular, are local in nature , and are concerned with the local change in 

the na ture and number of solutions, as a parameter is varied. We are therefore 

interested in the local stabiHty properties of the solutions. Let xo be a steady 

s tate computed by the algorithm. To study the stabiHty, we perturb â o by a smaU 

amount ^ The new state is therefore Xo + 6 Expanding the vector field f{x.X) 

about x = a;o in Taylor Series and retaining terms Hnear in ^ gives 

i = Df(xo.X)i (3.62) 
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where Df{xo,X) is the Jacobian (n x n) matr ix, evaluated at a; = xo. and is depen

dent on the parameter A. From the dynamical systems point of view. Df{x,.,X) 

belongs to a one-parameter family of n x n matrices, with real entries. As A varies, 

the eigenvalues of Df{xo,X) move about in the complex plane. 

Equat ion (3.62) being linear, the flow generated by the Hnearized vector field 

is given by e^-^(^0"^)'. If Df{xo,X) has aU eigenvalues with negative real part than 

the norm || e^-^ '̂̂ -'̂ '̂̂ d ||—^ 0 as t ^ oc. Then, Xo is said to be asymptoticaUy 

stable in the sense of Liapunov. If, on the other hand, any of the eigenvalues He 

in the right half of the complex plane, then || e^^^'^'-^^^io | | ^ oo as ^ ^ oc; and so 

Xo is an unstable solution. In this manner, one can determine the stabiHty of each 

of the steady states generated by the continuation algorithm. 

There are two types of bifurcations one is generaUy interested in, while inves

tigating the dynamics of averaged systems, as mentioned earher, one corresponds 

to the saddle-node and the other the Hopf bifurcation. 

Saddle-nodes generally appear as turning points on the bifurcation diagram. 

The tangent to the bifurcation diagram at the saddle-node is a vertical Hne. per

pendicular to the A-axis. Let A = Â  be the critical value of the parameter for 

which a saddle-node appears, then the solution curve Hes entirely on one side of 

Ac, either to the left or to the right in (2;, A)-plane. A saddle-node appears as one 

of the eigenvalues passes through zero along the real axis. Thus a stable solu

tion loses stabiHty, or an unstable solution becomes stable. On either side of the 

saddle-node, either there are two solutions or none at aU. Of the two solutions, 

one is a saddle and the other a node. As one follows the two solution branches, 

toward the saddle-node located at A = A ,̂ the two solutions approach each other 
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and ult imately coalesce giving rise to the saddle-node. To detect a saddle-node, 

one keeps track of the determinant of the Jacobian. As the determinant changes 

sign, one of the eigenvalues has passed through zero along the real axis: determi-

nent being the product of the eigenvalues. Saddle-nodes appear as jumps in the 

response diagrams of mechanical systems. 

Hopf bifurcation is a very important and widely studied phenomenon. It ap

pears when a steady state loses stability and gives rise to an oscillatory periodic 

solution. In s tructural mechanics, examples include fiow-induced, self-excited flut

ter of panels and piped conveying fluids (see Holmes, 1977). For flexible pipes 

conveying fluids, as the flow velocity increases beyond a certain critical value, the 

steady position of the pipe becomes unstable, and the pipe begins to perform 

limit-cycle oscillations, as discussed by Paidoussis et al. (1992) and the references 

therein. The most important observation of the Hopf bifurcation is during the 

transition to turbulence in fluids. In fact, Eberhard Hopf in his celebrated work 

(Hopf, 1942), for translation see Marsden and McCracken (1976). described the 

mechanism of the introduction of a new frequency in the fluid flow. Based on 

Hopf's mathemat ica l formulation. Landau (1944) suggested a route to turbulence 

via an infinite sequence of Hopf bifurcations, as a control parameter, Hke Reynold's 

number is varied. Landau conjunctured that a fuUy developed turbulence occurs 

when an unspecified large number of incommensurate frequencies have been intro

duced as a result of varying a control parameter Hke Reynold's number. However, 

experiments on Taylor-Couette flow in concentricaUy located rotating cyHnders 

and Rayleigh-Bernard convection in heated fluid ceUs (see Schuster, 1989) sug

gested tha t turbulence in these systems occurs much earher than suggested by 



the Hopf-Landau model. Based on these experimental results, RueUe and Takens 

(1971) and later Newhouse, RueUe and Takens (1978) suggested that only three 

incommensurate frequencies introduced by three Hopf bifurcations were required 

for the on set of turbulence. In fact they showed that the introduction of third 

frequency would render the system structurally unstable: at this time a burst of 

frequencies would appear, leading to turbulence. \'\'hile there have appeared ex

periments confirming the Ruelle-Takens scenario, others have appeared where a 

higher number of frequencies appeared before the onset of turbulence. 

In chemical engineering, Hopf bifurcations have been observed in a continuously 

stirred tank reactor (CSTR) . Doedel and Heinemann (1983) studied bifurcations 

in a CSTR with A ^^ B ^ C reactions. The response diagrams show stable as well 

as unstable periodic solutions that contain multiple limit points, indicating that 

the reactor may j u m p from one steady state to another. Furthermore, bifurcations 

to higher period motion, leading to homoclinic orbit were also detected. 

We now state the Hopf bifurcation theorem. 

H o p f B i furca t ion T h e o r e m (Arrowsmith and Place, 1990): Suppose the para

metrized system x = f{x,X), x G 5R', A G 5? has a fixed point at the origin for aU 

values of the real parameter A. Furthermore, suppose the eigenvalues pi{X) and 

/i2(A) of Df{0, X) are pure imaginary for A = A \ If the real part of the eigenvalue 

Re/Xi(A) (=Re//2(A)) satisfies 

-^{Re/zi(A)}, .A- > 0 (3.63) 
dA 

and the origin is asymptotically stable fixed point when A = A" then 

(i) A = A' is the bifurcation point of the system; 

(n) for A G (Ai,A''), some Ai < A", the origin is stable focus; 
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(in) for A G (A'',A2), some A2 > A', the origin is as unstable focus surrounded by 

a stable Hmit cycle whose size increases with A. 

Remark (1): Note tha t although the theorem is stated for 9f?-. the extension to 

9f?" may be accompHshed via the center manifold theorem, as explained in Guck

enheimer and Holmes (1983). The center manifold is tangent to the eigenspace 

corresponding to the two purely imaginary eigenvalues, is two-dimensional, and 

hence the above theorem applies. 

Remark (2): The condition j^{Refii{X)}x=X' > 0 impHes that the root locus 

/1.1(A) crosses the imaginary axis of the complex plane transversely from left to 

right. 

Remark (3): The situation described in the theorem is referred to as super

critical Hopf bifurcation when the branch of the periodic solution lie to the right 

of A". The reverse situation, when the periodic branch Hes to the left is caUed a 

subcritical Hopf bifurcation. 

Remark (4): An important consequence of the Hopf bifurcation theorem is that 

the periodic solution created at A = A'' has a period T = û T̂xyi-

To detect the Hopf bifurcation point on the steady state solution generated by 

the continuation algorithm, one keeps track of whether the eigenvalues have crossed 

the imaginary axis with non-zero velocity. Note that as opposed to the saddle-

nodes, tha t correspond to the turning points on the bifurcation diagram. Hopf 

bifurcation points do not have any special features. They can appear anywhere 

on the solution curve. These points mark the beginning of a branch of periodic 

solution emanat ing from the steady state solution. 
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Figure 3.1: A pictorial representation of the averaging theorem. The dotted Hnes 

on the Poincare section E correspond to the stable and unstable manifolds of the 

unperturbed system. 
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Solution of Equations 
(3.60) and (3.61) 

t'^i-hl'^i-hllP t̂ i-H2»^+2]P 

[xi+2,Xi+2] 

Figure 3.2: A schematic showing two iterations of the pseudo-arclength algorithm. 



C H A P T E R IV 

RESULTS OF (2, | ) AVERAGED DYNAMICS 

4.1 Introduction 

In this chapter, we give detailed results of the averaged dynamics of the column-

pendulum oscillator for the chosen external and internal resonance combination 

( 2 , | ) , where the excitation frequency is twice the natural frequency of the first 

column-mode, and the linearized pendulum frequency is one-half that of the first 

column-mode. 

In Chapter II, we outhned a complete mathematical formulation of the column-

pendulum oscillator. Assuming the column to behave like an Euler-BernouUi beam, 

the equations of motion were derived (equation 2.19), taking into account the 

efl'ects of the tip appendage which consists of a concentrated mass and a simple 

pendulum. NonHnear terms arising from the nonlinear slope-deflection relationship 

were expanded to retain cubic order terms (equation 2.22). The equation of motion 

of the pendulum was derived by using Newton's Second Law (equation 2.33). We 

then assumed tha t the spatial and the temporal variables are separable, and that 

the solution to the column dynamics can be represented by the modal inflnite series. 

The spatial variable is assumed to satisfy the Hnear eigenvalue problem. Note 

tha t due to the dissipative nature of physical system not aU the infinite modes are 

excited, most of the excitation energy is consumed by lower modes. This forms the 

basis for the Galerkin method, used to transform the partial differential equation to 

a set of ordinary differential equations. Furthermore, since the excitation frequency 

is assumed to vary about the so-called principal parameteric resonance of the 

101 
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column-mode, only the inclusion of the first column-mode was deemed necessar}'. 

We thus obtain a nonhnear ordinary differential equation, describing the time 

modulation of the first column-mode. 

In chapter III , we reviewed the mathematical basis for the method of averaging 

from the dynamical systems point and transformed the Taylor expanded dynamical 

system (equation 3.20) from a nonautonomous system to an autonomous one (equa

tion 3.30). The averaging was performed for (2, ^) resonant sj'stem as explained 

above. From the s tatement of the averaging theorem, the averaged system corre

sponds to an approximation of the Poincare map of the original nonautonomous 

system. Hence the steady state solutions of the averaged system correspond to — 

periodic solutions of the original system, and the periodic solutions of the averaged 

system represent quasiperiodic motions of the original system. Furthermore, the 

local bifurcation behavior of the two systems is also related, in the sense that in 

the neighborhood of a bifurcation point of the averaged system, there is a simi

lar bifurcation for the original system (these bifurcations are of codimension one, 

specifically, the saddle-node and the Hopf bifurcation). We also reviewed some ba

sic concepts related to the bifurcation theory, specially from a computational point 

of view and outUned the pseudo-arclength continuation algorithm for obtaining the 

steady state solutions of an autonomous set of ordinary differential equations, de

pendent on a parameter . In the present case, the bifurcation parameter chosen is 

the detuning parameter 6. 
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4.2 System Parameters 

The numerical results obtained for this chapter apply to the system with fol

lowing parameters . 

EI = beam fiexural rigidity = 4.0096 x 10" N - m m ^ 

pA = beam density = 3.133 x 10""^ kg /mm; 

L = length of the beam = 432.0 mm; 

M = t ip mass = 0.204kg; and 

772 = pendulum mass = 0.0544kg. 

Wi th these parameters , the natural frequency uji of the column with tip mass was 

calculated as 2.264 Hz. Setting the pendulum frequency uj2 = ^uJi-, the length of 

the pendulum was calculated as / = 193.84mm. The scahng factor r which corre

sponds to the arbitrary constant in the linear eigenvalue problem was set at 25.0. 

this corresponds to approximately a one inch of tip displacement of the column. 

With these values of the parameters , the numerical values of the coefficients of the 

ordinary differential equations were computed and are given in Appendix A. 

The linear damping coefficients for the beam and the pendulum ^ and Ci. 

respectively, were determined experimentally using logarithmic decrement, and 

came out to be 0.165 and 0.170, respectively. To obtain the steady state solution 

diagrams, the damping coefficients ( ( , d ) , and the forcing ampHtude /,, were varied, 

grouped as foUowing: 

1. Case I: (CCi) = (0.165,0.17), 3.0 < /o < 10.0 

2. Case II: (CCi) = (0.165,0.25), 3.0 < fo < 10.0 

3. Case III: (CCi) = (0.10,0.170). 2.0 < /o < 12.0 
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Case I corresponds to the actual measured values for the damping coefficients. 

In Cases II and III, the pendulum and column damping coefficients are varied 

about the measured value. For each of the three cases, the forcing ampHtude fo is 

varied between the limits indicated above. 

4.3 Bifurcation Results via the Pseudo-Arclength Continuation 

The solution diagrams, sometimes referred to as bifurcation diagrams, were 

obtained by considering the detuning parameter 6 as the bifurcation parameter. 

The pseudo-arclength continuation, as discussed in Chapter III was appHed to the 

averaged system 

y = f{y, 6), where y G 5^^ <5 G I C SR 

and f:^' x ^ - ^ ^ ' . (4.1) 

Changing the parameter 6 corresponds to varying the excitation frequency UJ about 

the resonance under consideration. The averaged system is four-dimensional. 

i.e., y = (3/1,2/2,2/352/4)5 ^o draw the solution diagrams, one could plot either 

2/j, i = 1 ,2 ,3 ,4, versus the detuning parameter 6, or the norm of the solution vec

tor II y II versus 5. For the solution diagrams presented in this chapter, the norm 

of the solution vector is spHt in two. The first half rj = ^Jyi -r yj corresponds to 

the beam ampHtude and the second half ro = y2/3 + 2/̂  to the pendulum ampH

tude , respectively. For each value of the parameter(s) , we draw two diagrams, one 

representing the beam-mode response and the other, the pendulum-mode response. 
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4.3.1 Case I: ( C O ) = (0.165,0.170), 3.0 < /o < 10.0 

The solution diagram for /o = 3.0 is shown in Figure 4.1. Arrows on the dia

gram indicate the way the solution proceeds, physicaUy it corresponds to sweeping 

from a higher frequency of excitation to a lower one, about the resonance a.\ S = 0.0. 

Referring to Figure 4.1, and proceeding along the directions of the arrows, the zero 

solution becomes unstable at (̂  ^ 0.28. Immediately, the beam-mode tends to sat

uration at (5 ~ 0.02, and reaches the maximum amplitude ri ~ 0.19. On the other 

hand, the pendulum-mode continues to grow, indicating that after the beam-mode 

is sa tura ted, aU the additional input energy in channeled to the pendulum-mode, 

which continues to grow and reaches a maximum ampHtude of approximately 1.20, 

at (5 % —0.23. In fact, as the pendulum-mode grows, the beam response begins 

to die, indicating tha t the pendulum is actually absorbing energy from the beam. 

Ai 6 ^ —0.252, the beam-mode reaches its minimum value and the pendulum, its 

maximum. Based on this observation and referring to Figure 4.1, we state that 

for fo = 3.0 and —0.23 < 6 < 0.02 the pendulum acts as a vibration absorber, 

for this range of <̂ , one would expect that the column-pendulum osciUator behaves 

as a viable vibration absorbing device. However, there is a Hmit to which the 

pendulum can absorb energy from the beam; this Hmit is reached a,t 6 ^ -0 .252 , 

after which there is a sharp decrease in the pendulum ampHtude and an accompa

nying sharp increase in the beam response. In fact the "reversed'" flow of energy is 

drastic enough to cause the system to become unstable via a saddle-node bifurca

tion, indicated as 81 on the solution diagram. This loss in stabiHty is due to one 

of the eigenvalues of the Jacobian crossing over to the right-half of the complex 

plane along the real axis. The unstable solution is indicated by a dashed Hne. 
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Smce the unstable solutions are physically unobservable, the real system would 

j u m p to the nearest stable branch. At 81 , the beam response jumps up. indicat

ing a sudden increase in ampHtude, while the pendulum-mode jumps down to a 

lower ampHtude. Reversing the direction of arrows in this diagram corresponds to 

sweeping up from a lower frequency to a higher one. In this direction, the beam 

and the pendulum show steady increase in ampHtudes untU the saddle-node 82. 

after which the beam jumps down and the pendulum jumps up. In between 81 

and 82, 6 G (—0.2,-0.262) , the system shows multiple solutions, two stable ones 

separated by an unstable solution branch. To which stable solution the column-

pendulum osciUator settles, depends on whether the initial conditions He in the 

basin of a t t ract ion of one stable solution or the other. Clearly, it is not advisable 

to set the operating range between the saddle-nodes 81 and 82, where the system 

shows dependence on initial conditions, hysteresis and jumps. 

As fo is increased beyond 3.0, part of the root locus closest to the imaginary 

axis becomes tangent to it. This indicates a degeneracy in the dynamical system. 

in the sense tha t a smaU perturbation either moves the root locus away from the 

imaginary axis or it crosses this axis transversely, satisfying the Hopf bifurcation 

theorem. In fact, if fo is increased beyond 3.05 the root locus crosses the imaginary 

axis, giving rise to a periodic solution, with period 4^7, where A, is the purely imagi

nary eigenvalue. One of the periodic solutions is shown in Figure 4.2, for /Q = 3.10, 

the Hopf bifurcation occurs for 8 = -0.26751420, with Im(Ai) = 1.4232591 x lO"''". 

Figure 4.3 shows the solution diagram for fo = 4.0: H represents the Hopf bifur

cation point, and marks the beginning of a branch of periodic solutions. Since the 

pseudo-arclength traces only the steady statesolutions, one is unable to follow this 
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branch of periodic solutions emanating from H in Figure 4.3. As fo is increased, 

the Hopf bifurcation point H and the saddle-node 81 located close to it move about 

on the solution curve, the actual movement of these points is described in detail 

when we discuss Case III. The proximity of a saddle-node and a Hopf bifurcation 

point by itself is indicative of complex behavior. In fact, increasing fo beyond 3.70 

makes the point of intersection of the root locus with the imaginary axis, approach 

the origin, i.e., Im(Ai) -^ 0, implying that the period associated with the Hopf 

bifurcated solution to approach infinity. At fo = 4.30, the root locus becomes 

tangent to the imaginary axis at the origin. This indicates the coalescence of two 

primary bifurcations; a steady state bifurcation corresponding to the eigenvalue 0 

(in this case a saddle-node) and a Hopf bifurcation corresponding to the eigenvalues 

(-j-j^^ _ i ^ ) . The situation as to how the root locus crosses the imaginary axis as 

fo is varied is shown in Figure 4.4. RecaU that in Chapter I. we defined the homo

cHnic orbit as a periodic orbit of infinite period. This definition, coupled with the 

fact tha t the averaged system represents an approximation to the Poincare map of 

the nonautonomous system, indicates that in the neighborhood where the Hopf bi

furcation and the saddle-node coalesce, there is a homocHnic orbit. We know from 

the brief review presented in Chapter I, tha t the existence of homocHnic orbit indi

cates complex global dynamics. A pictorial depiction of how a saddle-node and a 

periodic solution due to a Hopf bifurcation interact to form a homocHnic manifold 

is shown in Figure 4.5. There is some work related to the interaction of steady 

s ta te and Hopf bifurcation (see Langford, 1983) that indicates that these generic 

codimension one bifurcations can interact nonhnearly to give rise to very complex 

behavior, such as quasiperiodicity, phase-locking, intermittency. homocHnic orbits. 
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appearance of invariant tori and various type of aperiodic and chaotic behavior. 

To investigate such interactions, Langford (1984) studied normal form of a system 

showing Hopf bifurcations interacting with hysteresis bifurcation. Since only three 

eigenvalues are involved in such interactions, one can reduce the dimension of the 

system to a three-dimensional center manifold. Langford considered the normal 

form on such a manifold, and found that these interactions can give rise to an at

tract ing invariant torus. Furthermore, phase-locking, period-doubHng bifurcations 

and a family of strange at t ractors were also observed. 

On the basis of theoretical results, and the literature cited, it is plausible to 

expect somewhat similar behavior in the column-pendulum osciUator in the pa

rameter range for which saddle-node and Hopf bifurcation points co-exist in close 

proximity. The solution diagrams obtained for Case I show that the Hopf bifurca

tion exists for 3.05 < fo < 4.30, with detuning parameter -0 .2649 < 8 < -0 .3712. 

Further inspection of the solution diagram for fo = 4.0 shows that between the 

saddle-nodes 81 and 82, 8 G ( -0 .1562 , -0 .3712) , the averaged system possesses 

multiple solutions, two stable solutions indicated by soHd Hues and two types of 

unstable solutions (one due to saddle-node bifurcation and the other due to the 

Hopf bifurcation). The ones produced by the Hopf bifurcation are periodic, there 

may be several periodic or quasiperiodic solutions in this parameter range, not 

shown in the solution diagram. Note that the instabihty range is considerably 

wider for fo = 4.0, than was for fo = 3.0. The intersections of the solution 

branches for the beam response do not have any special significance except that 

the norm of the solution at these points is equal. 



109 

On further increasing fo beyond 4.0, the part of the solution curve close to 82, 

s tarts showing a "necking" behavior, and finaUy at fo = 4.18, the solution curves 

break in two. One corresponding to the primary solution which starts and ends 

at the zero solution, and the second one which forms an isolated, closed curve, 

bounded away from zero. Such isolated solutions have been termed as "isolas"" 

in the l i terature. A solution curve for /„ = 4.20 is shown in Figure 4.6. As a 

parameter is changed, the isolas change shape and location or shrink and finaUy 

coUapse at a point called the isola center. Conversely, as a parameter is changed, 

an isolated solution begins to form, starting from the isola center. Isolas in solution 

diagrams pose special problems, in the sense that they are difficult to detect. In 

most bifurcation problems, one normaUy begins by a known solution, and foUows 

the evolution of this solution as a control parameter is varied. Unless at least one 

of the points on the isolated solution is known, a continuation algorithm cannot 

locate isolas. The isola in Figure 4.6 was detected by random search away from 

the known family of primary solutions. Kubicek, Stuchl and Merek (1982) give an 

algorithm for detecting isolas in solution diagrams. 

Note that the Hopf bifurcation point now exists on the isola, this impHes that 

if one were to follow the primary solution curve emerging form the trivial solution, 

the existence of the periodic solutions could not be detected. The saddle-nodes 

81 and 82 again mark the region of multiple responses; furthermore, these saddle-

nodes are located at the extreme ends of the isola. Thus, in addition to multiple 

solutions, the region between 81 and 82 also contains isolated solutions. Isolas also 

pose detection problems in actual physical systems, unless the initial conditions 

are deUcately chosen, isolas stay elusive. 
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Increasing fo sHghtly beyond 4.0 does not produce any quaHtative change in the 

nature of the primary solution. However, the isola tends to wiggle at fo = 4.30. and 

the Hopf bifurcation disappears into the nearest saddle-node by the mechanism 

discussed above. In addition, a burst of the saddle-nodes appear giving rise to 

several stable and unstable solutions. It is not clear how the disappearance of the 

Hopf bifurcation point is related to the sudden burst of saddle-nodes, but this may 

have some relevance to the fact that the vector field becomes highly degenerate at 

the points where the saddle-node and the Hopf points merge. A solution diagram 

for fo = 6.50, iUustrating such a situation is shown in Figure 4.7. A part of the 

originally unstable solution changes stability, and a new branch of unstable solution 

is formed between S3 and 84. 

Notice the kink appearing in the primary curve in Figure 4.7. with an increase 

in the forcing ampHtude, this kink starts to grow, and the saddle-node S4, located 

on the isola, tends to move toward the primary curve. FinaUy, at /o ^ 6.58. the 

isolated curve re-unites with the primary solution. In fact, just preceding the re

unification, the primary curve breaks due to appearance of two saddle-nodes at the 

kink. One of these coalesces with 83 and forms a stable branch, the other merges 

with 84 and forms the unstable branch. Furthermore, note, that the formation and 

the re-unification of the isola occur at a different location on the primary curve. 

Figure 4.8 shows the situation a Httle after the re-unification, for fo = 6.62. The 

re-unification marks the end of the isolated solutions that exist for Case I in the 

range 4.18 < fo < 6.58. Any further increase in /o causes both the beam and the 

pendulum to display a "softening" spring-type behavior, around the resonance.as 
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indicated by the backward bending of the solution curves and creation of two 

additional saddle-nodes, 81 and 82, as shown in Figure 4.9, for /Q = 10.0. 

Referring to Figure 4.9, note that there is a jump associated with each saddle-

node. To visuaUze these jumps, a simpHfied solution diagram for Figure 4.9 is 

shown in Figure 4.10. The straight Hne from 0 to 1 represents the solution diagram: 

solid lines are stable and broken lines unstable solutions. Moving from 0 to 1 is 

Hke sweeping down on the frequency axis. As one starts from 0. along the stable 

solution, the first jump is encountered due to 81, shown by a curve starting from 

81 and ending on the stable branch between 82 and 83. After the first jump, the 

beam response shows a very sharp decrease, while the ampHtude of the pendulum 

shows a steady increase. This is the region where the pendulum acts as a vibration 

absorber. The second jump is encountered at S3, and ends on the stable branch 

between 86 and 1. Note that S3 marks the turning point on the solution . Figure 

4.9; dropping a vertical tangent from S3 determines the destination of the jump. 

After this second jump, the pendulum drops to a very low ampHtude, whUe the 

beam shows a drastic increase in ampHtude, indicating a reversed flow of energy 

from pendulum to the beam. Note that the stable branch lying between 84 and 

85 is completely bypassed due to the second jump. A brute-force type of solution 

diagram would faU to detect this branch of stable solutions. A similar behavior 

is observed while sweeping from 1 to 0. The hysteresis created by 86 and 83 

short-circuit the stable solution lying between 85 and 84. 
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4.3.2 Case II: {(,(,) = (0.165,0.25), 3.0 < fo < 10.0 

Solution curves for fo = 3.0 and 4.0 are shown in Figure 4.11. For fo = 3.0. 

the response curve consists of one single curve of stable solutions, with beam-mode 

showing saturat ion and the pendulum-mode absorbing the energy. For fo = 4.0. 

the response is simUar to fo = 3.0 of Case I; with multiple responses between 

the saddle-nodes created at 81 and 82. The region over which the zero solution 

is unstable, grows with the increase in the forcing ampHtude. Increasing forcing 

ampHtude causes a pair of complex conjugate pair of eigenvalues to cross the 

imaginary axis at fo = 4.50 and gives rise to a Hopf bifurcation point on the 

solution diagram of Figure 4.12 for fo = 4.75. The periodic solution that originates 

at H, as shown in Figure 4.13, with period, T = j ^ ^ with Im(Ai) = 2.60559166 x 

10~"' . As the forcing amplitude is increased, the Hopf bifurcation point moves 

up , indicated by an arrow in Figure 4.12, with the saddle-node following. The 

period associated with the Hopf bifurcated solutions increase with the increase in 

the forcing ampHtude, as indicated by Figure 4.14. According to this figure, as 

the forcing ampli tude is turned up, the period Tpenod- at first decreases slightly, in 

mid-range is almost constant. As the saddle-node 81 catches up with H, the period 

approaches infinity. For Case II, the Hopf bifurcation persists for 4.5 < fo < 6.24, 

in the detuning range -0 .5502 < <̂  < -0 .3976 . 

At /o = 4.875, an isola starts to form at 82, shown in Figure 4.15. The 

isolated solution behaves differently for beam and the pendulum responses. For 

the beam, an increase in fo causes the isola to elongate, while remaining mostly 

inside of the primary solution, where as for the pendulum, it shrinks in size while 

moving away from the primary solution. Such a behavior is shown in Figures 
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4.16 and 4.17, for fo = 6.0 and 7.0, respectively. Note that for /.j = 7.0. the 

Hopf bifurcation point has disappeared, with the accompanying distortion of the 

isolated solution. Any further increase in the forcing ampHtude does not have any 

quaHtative influence on the primary curve. The isolated solution on the other hand 

develops two additional saddle-nodes S3 and 84, shown in Figure 4.18 for fo = 8.0. 

A part of the originally stable branch between 81 and 82 for fo = 7.0 (refer to 

Figure 4.17) now becomes unstable via two saddle-nodes, 81 and 82 of Figure 4.18. 

Notice the kink developing in the primary curve, as observed in Case I. At /~8.50 

this kink breaks in two saddle-nodes (Si and 82). On the isolated curve, the stable 

and unstable branches get stretched and folded. These details are shown in Figure 

4.19 and its insets. Increase in the forcing amplitude, causes the saddle-nodes 

81 and 86 to coalesce. For higher values of forcing, beam and pendulum show 

softening behavior, by creating two saddle-nodes and bending backward. We note 

that for Case II, the isolas exist for 4.875 < fo < 8.540. This range is considerably 

higher than the one observed for Case I, which was 4.18 < fo < 6.58. 

4.3.3 Case III: ( C d ) = (0.10,0.170), 2.0 < fo < 12.0 

In this subsection we present a relatively complete picture of how the Hopf 

bifurcation points are created and the mechanism under which these coalesce with 

the saddle-nodes. 

The Hopf bifurcation point for this case first appears at /=2.3, as a result of 

the root locus becoming tangent to the imaginary axis. In the neighborhood of the 

point of tangency H, the root locus Hes entirely on the left of the imaginary axis. 

Increasing the forcing ampHtude causes a part of the curve to intersect transversely 
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with the imaginary. In fact, there are four points of intersection, two above and 

two below the real axis. The original Hopf point H has spHt in two, HI and H2. 

This situation is shown in Figure 4.20, for fo = 2.50. The dashed Hne between HI 

and H2 represents where the steady state solution is unstable, however, a branch 

of stable (or unstable) periodic solutions exist. This branch of periodic solutions 

emanates from HI and ends at H2. Since we are unable to track the periodic 

solutions, it is not exactly clear how these solutions proceed from HI. It is highly 

probable that this branch of periodic solutions undergoes bifurcation itself. If such 

is the case, then there are several possibilities. We wiU discuss some of these in 

the foUowing paragraphs. 

To investigate the stability of the periodic solution emerging from HI, we Hn

earize the system about the periodic orbit, say 7. Note that near HI, the period T 

of this solution, as given by the Hopf bifurcation theorem is approximately ^^^^,.. 

We now study smaU perturbations, y{t) — y{t) + i{t), of the periodic solution, 

where y{t) is the original periodic solution, then Hnearizing about y{t). we get 

i = Df(y(t))^ (4.2) 

where Df(y(t)) is an TI x TI, T-periodic matrix. According to the Floquet the

ory (refer to Hartman, 1964), the solution to the above equation with periodic 

coefficients, can be written as 

y ( 0 = Z ( O e ' ^ Z{t)^Z{t^T) (4.3) 

where Y, Z and i l are TI x TI, T-periodic matrices. One can choose 7(0) = Z(0) = I 

(where I is TI x TI identity matrix), so that 

y ( T ) = Z(T)e^^ = Z(0)e^'^ = e^^ . (4.4) 
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The bifurcational behavior of the periodic solution depends on the eigenvalues 

(also called the Floquet multiphers) of the constant TI x TI matrix e^^, caUed the 

monodromy matr ix . For averaged dynamics of the column-pendulum osciUator, 

there wiU be four multipliers (Ai, As, A3, A4). The multiplier associated with the 

periodic orbit is always 1.0, let A4 = 1.0. If the moduH of the rest of the three 

multiphers is less than one, then the periodic orbit 7 is stable. If any of these 

multiphers crosses the unit circle, the periodic solution is unstable. The type of 

instabihty depends on how these multiphers cross the unit circle. For this partic

ular problem, there are three different ways the stable periodic solution can lose 

stabiHty. If one of the multiphers leaves the unit circle along the real axis through 

— 1, then the originaUy stable T-periodic solution becomes unstable, and a subhar

monic periodic solution of period 2T is created. This is called the period-doubHng 

bifurcation. Under the change parameter 8, the system can show a sequence of 

period-doubHng bifurcations, the so-called Feigenbaum scenario. If a multipHer 

leaves the unit circle along the real axis through - f l , the stable solution gives rise 

to a saddle-cycle or flip bifurcation, this is analogous to the saddle-node bifurca

tion observed in the steady state. And finally, if a pair of complex conjugate pair 

of multipliers leave the unit circle, the originally stable T-periodic solution gives 

rise to a quasiperiodic solution lying on an invariant 2-torus. This is sometimes 

referred to as torus bifurcation. As in the case of period-doubHng bifurcations, the 

system can show a sequence of torus bifurcations. Each such bifurcation introduces 

a new frequency into the solution, thus increasing the dimension of the invariant 

torus by one. Whereas, there is no upper Hmit on the number of period-doubHng 

bifurcations, Ruelle and Takens (1971) suggested that only two bifurcations to 
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invariant tori are genericaUy possible. Third, bifurcation makes the torus struc

turaUy unstable, and gives rise to a strange at t ractor (a term coined by RueUe and 

Takens). The Ruelle-Takens scenario is the most widely accepted model for the 

onset of turbulence in fluids. We wiU later, whUe investigating the experimental 

dynamics, discuss how the Ruelle-Takens conjuncture is relevant to the column-

pendulum osciUator. The important thing to note in the present context is that 

the above discussed behavior is Hkely to occur between HI and H2 (refer to Figure 

4.20), the points where the periodic solutions start and end. 

Increasing fo, causes the Hopf bifurcation points HI and H2 to move apart: 

while the Hopf point H2 and the saddle-node Si approach each other, as indicated 

in the insets of Figure 4.20. This is apparent in Figure 4.21, which is the solution 

curve for fo = 2.80. Note the extreme closeness of H2 and 81. Finally, at fo ~ 2.85, 

these two points coalesce. We have already discussed a possible outcome of such 

a coalescence. One further point to note here is that the periodic solution branch 

that originates from HI has possibly undergone several subharmonic as well as 

torus-adding bifurcations, finally culminating at 81 , which may be thought of as 

periodic solution of infinite period. For fo > 2.85, there is only one Hopf point, 

as shown in Figure 4.22, for fo = 3.0. Beyond fo = 2.85, 81 and H move in the 

same direction; however, the speed of 81 is higher than that of H. and so finaUy 

at fo = 4.257, 81 catches up with H. 

DetaUs of aU this behavior could be explained on the complex plane of eigenval

ues of the Jacobian. Figure 4.23 shows root loci for fo = 2.3,2.7,2.85 and 4.257, 

respectively. Figure 4.23a shows the root locus for fo = 2.3. when it becomes 

tangent to the imaginary axis. In the small neighborhood of H, the curve Hes 
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entirely to the left of the imaginary axis. SmaU perturbations have a quahtatively 

significant effect on the dynamics, in the sense that , either the curve moves away 

from the imaginary axis, in which case no bifurcation occurs, or it intersects the 

imaginary axis transversely, in accordance with the Hopf bifurcation theorem, and 

gives rise to a periodic solution. The later situation is shown in Figure 4.23b, which 

is the root locus for fo = 2.7. H i and H2 mark points where the periodic solutions 

begin and end (referring to Figures 4.20 and 4.21). Increase in /(, causes the point 

H2 to move closer to the origin where 81 is located. At fo = 2.85, H2 and Si 

coalesce, shown in Figure 4.23c. Notice that for 2.3 < fo < 2.85, the steady state 

solution loses stabiHty due to a Hopf bifurcation at HI , moving along the arrows of 

Figures 4.20 and 4.21, HI represents a supercritical Hopf bifurcation point. This 

branch of periodic solution tha t started at H I , ends at H2, which is a subcritical 

Hopf bifurcation point. This assignment of HI and H2 is, of course, based on the 

assumption tha t locally, the periodic branches lie to the left of HI and to the right 

of H2. The assignment is based on brute-force location of the periodic solutions 

in the neighborhood of HI and H2, and seem to justify the assignment. Far away 

from HI and H2, the branches of periodic solutions may wind back and forth. In

creasing fo beyond 2.85, causes HI to move closer to the origin, and finaUy coUapse 

at /o = 4.257, when the root locus becomes tangent to the imaginary axis at the 

origin, where 81 is located. Here, the Jacobian has a double zero eigenvalue. This 

situation is shown in Figure 4.23d. 

An important observation here is tha t for 2.85 < fo < 4.257, a part of the 

root locus stays tangent to the origin. For this range of fo. there is one Hopf 

point HI and a saddle-node 81 . This saddle-node 81 is not the ordinary "generic" 
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bifurcation point, in the sense tha t it has already consumed one Hopf point H2. 

and is located at a point on the solution diagram where the root locus is tangent to 

the imaginary axis. This makes 8 1 a highly degenerate singularity of the averaged 

vector field. We have already referred to Langford's work on the coalescence of 

steady s tate and Hopf bifurcation, and based on the arguments presented there, 

we can infer tha t 81 represents a point on the periodic branch (emanating from 

H I ) , with infinite period, i.e., a homocHnic point. Since the nature of 81 does 

not change over this range of /o, we expect very complex global behavior of the 

averaged system, to persist. We can thus split the interval of existence of Hopf 

points for Case III (2.3 < fo < 4.257) in two sub-intervals. For the sub-interval 

2.3 < fo < 2.85, there are two Hopf points HI and H2. The branch of periodic 

solutions starts at HI and ends at H2. The second sub-interval 2.85 < /o < 4.257 

contains a single Hopf point H I . For this sub-interval, the periodic branch that 

originates from HI may end with a homoclinic at 81. Finally, one of the periodic 

solutions lying on the branch of periodic solutions is shown in Figure 4.24. This 

solution was obtained by starting at HI calculated for fo = 2.85. The averaged 

system was integrated numericaUy, with initial conditions and parameter values 

at which the Hopf bifurcation was detected, as computed by the pseudo-arclength 

algorithm. At H I , we also know the time period T , of the solution, and so we know 

how long to integrate. After integrating for a time interval, say 2T. we increment 

the detuning parameter 8, and integrate again with the initial conditions obtained 

from the pervious run. As long as the periodic solution is stable, we get a nice 

periodic orbit , as shown in Figure 4.24. 
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The averaging theorem provides answer to some of the questions regarding the 

relationship between the solution of the averaged system and the original nonau

tonomous system. We know that steady state solutions correspond to — periodic 

solutions of the original problem. Periodic solutions of the averaged system, gen

erated by Hopf bifurcation, correspond to a two-frequency, quasiperiodic solution 

to the original problem. The second frequency is due to the slow modulations of 

period ^ V .̂•., superimposed on the periodic solution. The averaging theory, basi

cally local in nature , does not provide a definite relationship regarding the global 

nature of the solutions. However, if the averaged system is structuraUy stable, then 

under some restrictions (see Guckenheimer and Holmes, 1983, Theorem 4.4.1) the 

global behavior is also carried over. The condition of structural stabiHty impHes 

tha t there are no homocHnic orbits, so one cannot directly apply the results of the 

averaged system. In most cases, however, one can recast the problem as a pertur

bation of a Hamiltonian system. The perturbation need not be Hamiltonian. One 

can then apply the Melnikov technique, as discussed in Chapter I, to study the 

behavior in the neighborhood of homocHnic orbits. DetaUs of this procedure are 

in Wiggins (1988) and, of course, Guckenheimer and Holmes (1983). 

The rest of the behavior for Case III is simUar to that in Case II. Isolated 

solutions exist in the range 4.41 < fo < 6.16. For higher forcing ampHtudes. 

there is an additional saddle-node for Case III, not observed previously. Referring 

to Figure 4.25, which is the solution curve for fo = 12.0, note the saddle-node 

81 . Thus for higher amplitudes of excitation, the zero solution becomes unstable 

through a j u m p from zero to 81 . The rest of the solution curve is similar to the 

one obtained for higher forcing ampHtudes for Cases I and II. 
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4.4 Concluding Remarks on the Averaged Dynamics 

From the appHcation point, we observe that the column-mode shows saturation 

and the pendulum response indicates relatively large ampHtude motion. Over the 

range where this behavior is observed, the pendulum acts as a viable vibration 

absorber. However, there is also a response range, where a revered flow of energy 

occurs and the pendulum response is drastically reduced, the column, on the other 

hand, shows a sudden increase in the ampHtude. These two types of distinct re

sponses are separated by the first type of instabihty. caused by saddle-nodes, see 

for example Figure 4 .1 . This type of instabihty gives rise to jumps and hysteresis 

phenomena in actual physical systems. Between the saddle-nodes, there are mul

tiple solutions, some stable, others unstable. For low ampHtudes of excitation, the 

solution curves are fairly well behaved. 

As the ampHtude of excitation is incresed, the second type of instability, caused 

by the Hopf bifurcation, sets in. This instability gives rise to quasiperiodic motions 

of the actual system. The results presented in this chapter show that the two 

types of instabilities mentioned above, interact in a very complex manner. The 

numerical evidence presented, suggests that as the saddle-nodes approach the Hopf 

bifurcation points, the periodic modulations associated with these points, tend 

to have an infinite period. This indicates that there is a homocHnic orbit in the 

neighborhood of the point where there two types of instabilities coalesce. Of course, 

this coalescence sets stage for a myriad of global phenomena, such as the existence 

of invariant tori, period-doubHng cascades, intermittency and chaos etc. These 

possibilites have not been explored, see Chapter VI, where details of future work 

are presented. 
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For intermediate range of the forcing amplitude, in addition to the primary 

solution curves tha t bifurcate from the zero solution, a famUy of isolated solutions 

is formed. These isolated solutions, form closed loops, bounded away from zero. As 

the forcing ampHtude is increased, a part of the primary solution curve dissociates, 

forming the isolated loops, caUed "isolas." The isolas wiggle and move with the 

increase in the forcing ampli tude, and finally re-unite with the primary solutions. 

The physical significance of these solutions is tha t , even though they are stable, yet 

are difficult to detect . The reason being that one normally tracks solutions that 

bifurcate from zero. Since isolas are far removed, they are not detected, unless the 

initial condition happens to lie in the basin of attraction of such solutions. The 

summary of range of existence of Hopf points and isolated loops is given in Table 

4.1. 

For higher amplitudes of forcing, the solution curves are very convoluted, and 

several stable and unstable branches of solutions criss-cross each other. All this 

complex behavior Hes on the lower end of the frequency axis, ioi 8 < 0. Futhermore, 

parts of the solution curves show a "softening" type behavior. This behavior is 

more dominant in the pendulum response, as opposed to the column. 

Quahtatively speaking, the most significant behavior detected is the creation 

of quasiperiodic solutions due to the Hopf bifurcation, and the coalescence of these 

with the saddle-nodes. We wiU see that this type of motion forms the basis of 

the experimental dynamics. In fact the experimental investigation may be looked 

upon as an extension of the averaged dynamics. Since the periodic solutions of 

the averaged system were not followed, we are not able to confirm the bifurca

tions associated with these solutions. There is, however, no such Hmitation on 
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the experimental system, and so one can study the quasiperiodic behavior of the 

experimental system in a greater detail. 
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Averaged Dynomics 

-0 .013122 -0 .004470 1.15939 1.20269 

y, y. 

Averoged Amplitudes 

•o . 

0.027158 0.055798 

Figure 4.2: Periodic solution as a result of Hopf bifurcation for 

(CCi) = (0.165,0.170),/o = 3.10. 
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Figure 4.5: A pictorial representation of interaction of saddle-node and Hopf bi
furcation in three dimensions. 
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0 

Figure 4.10: Simplified Solution diagram of Figure 4.9. — stable; unsta
ble; • saddle-nodes (Sl,S2,---,S6). Curves indicate jumps associated with the 
saddle-nodes. 
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cô  

• 
, 

CM 
CO 
t - H 

ro 
OT 
O) 

13 

;-n
o 

vu 
TJ 

sa
d 

n 
• *» (U 

j Q 
crt 

<«.:> 
OT 

3 

S220 002-0 S^IO 0 « 0 
T ' ' 

6210 0040 S^OO OSOO 
S20'0 0000 



141 

Vy> 

in 

o 

.5
0 

o 

in 

o 

o 

t - l 

3 
s 
a f-, 

^ 
TJ 

io
n 

-!.:> 
a 
o CO 

0 ) 

CM •<•* 

—. o 
e n CO 

QJ 

a> 

0) 
t-l 
:3 
ho 

CJ 

c 
Xi 

CO 

C 

ji -a 
-jQ 5 
03 «a 
OT ^ 

3 Ĉ  
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Table 4.1: Range of existence of Hopf points and Isolas. 

Case I 

Case II 

Case III 

Hopf Points 

3.05< /o <4.30 

4.50< /o <6.24 

2.30< /o <4.275 

Isola 

3.18< /o <6.58 

4.875< /o <8.54 

4.4K /o <6.16 



C H A P T E R V 

EXPERIMENTAL DYNAMICS OF T H E OSCILLATOR 

5.1 Introduction 

In this chapter, we present some relatively modern concepts in the experimen

tal observation of nonlinear phenomena, particularly from the dynamical systems 

point of view. These concepts have been developed for over a decade or so. and are 

widely accepted in theoretical and experimental physics communities. Engineers, 

however, have been mostly indifferent towards these ideas. Where as engineers 

have concentrated on specific quantitative results, with Hmited generalization, the 

dynamical systems approach is based on universal qualitative behavior in nonlin

ear systems. Indeed this universal approach has produced remarkable results that 

most engineers find hard to resist. One specific example is the period-doubHng 

bifurcations observed in an overwhelming number of engineering systems. 

The dynamical systems approach demands newer ways of interpreting experi

mental observations. NonHnear phenomena occurring in nature are far more richer 

than the mathemat ica l models they represent. One should, therefore, look at the 

theoretical results as the types of behavior expected, rather than the xerographic 

duplication of the experimental observations. More so because the experimental 

results themselves contain observational and measurement errors. 

Natura l phenomena can be classified in three broad categories. First, there are 

phenomena where the observations meet their theoretical expectations. Electri

cal circuits containing nonlinear elements predominantly belong to this category, 

see Matsumoto , Chua and Takunaga (1987). Second, there are those phenomena 

149 
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where the experimental observation show a far greater variety of structure and 

variation than their mathematical counterparts. Experiments in hydrodynamical 

instabihty faU under this category (see Swinney and GoUub. 1978). The third 

category is an intermediate class, where the theoretical results partly match with 

the experimental observations. Most experiments in chemical reaction dynamics 

belong to this class (see Roux et al. 1983). 

The discrepancy between the theoretical results and the experimental obser

vation does not necessarily imply a total rejection of the theoretical model (for 

the reasons stated above), but rather is an indicator of our poor understanding 

of the physical reaHty. Of course, the simplifying assumptions to make the theo

retical model mathematically tractable also contributes to this discrepancy. One 

normally opts for a mathematically simple object to depict a physical phenomena, 

as opposed to a messy formulation, that really is not much more accurate. L'nfor-

tunately, it is difficult to assess a priori the effects of these simplifying assumptions 

(neglecting h.o.t, etc.) , of course, for nonlinear systems these can have a remarkable 

effect on the overall dynamics. To put these arguments in perspective, consider 

the mechanism of fluid flow. Navier-Stokes equations are undoubtedly one of the 

finest mathemat ical models. But how does that relate to our understanding of 

the onset of turbulence- unfortunately very little. A plausible argument given by 

Stewart (1989) is that the inaccuracies in the Navier-Stokes equations are due to 

the instabilities of atomic dimensions tha t propagate through the flow, increasing 

in size, tha t ultimately manifest themselves as turbulence. Do we then totaUy dis

card theseequations-certainly not. Because for the flow regimes where these atomic 
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scale instabihties are not present (for low Reynold's numbers) , Navier-Stokes equa

tions give results tha t are experimentaUy verifiable. 

Wi th this backdrop, we comment on the dynamics of the column-pendulum 

oscillator, specifically, what is to be expected of the experimental dynamics of the 

oscillator. From the quaHtative point of view, the most significant behavior pre

dicted by the theoretical analysis is the existence of the quasiperiodic solutions 

created by the Hopf bifurcations and the way these interact with the saddle-nodes. 

These quasiperiodic solutions arise because of the interaction of the competing 

internal and external frequencies. The extent of the interaction amongst these 

frequencies may be significantly different for the theoretical model compared to its 

experimental counterpart . RecaU that while transforming the partial differential 

equation of motion for the column to an ordinary differential equation, we assumed 

that only the first mode is significant. Therefore, we neglected the contribution 

due to the higher modes. This simplifying assumption is based on the fact that 

for dissipative systems, the actual behavior is much lower dimensional: therefore, 

it makes sense to include only the first few modes. To make the problem mathe

matically t ractable , we included the contribution of the first mode only. This has 

the effect of put t ing constraints on the column, and hence stiffening it. The over-

aU effect is the reduced interaction between the column and the pendulum. We, 

therefore, expect that the experimental model to show significantly greater inter

action (and hence richer dynamics) than the theoretical model. These interactions, 

according to the theoretical predictions, result in quasiperiodic motions. 

This chapter proceeds as foUows. In section 5.2, deals with the analysis of 

quasiperiodic motion. In this section, we begin with two interacting frequencies. 
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assuming that the phase space of such a system contains a two-dimensional torus. 

The Poincare section of the torus is a smooth circle. Hence, the Poincare map of 

such a system corresponds to the map of a circle to itself. The dynamics of systems 

with two interacting frequencies is therefore related to the dynamics of maps of a 

circle. So we give some details of the d3^namics of circle maps. We then proceed to 

systems with three interacting frequencies. For quasiperiodic motions, the Poincare 

map of such systems is a map of 2-torus to itself. In section 5.3, we introduce some 

ideas regarding the reconstruction of the phase space of the experimental system 

using delay coordinates from the experimental observables. Particularly, we show 

that the delay map that generates these delay coordinates, is an embedding. From 

these delay coordinates, we construct the experimental torus map. and give an 

algorithm for one such construction. Note that a slice of this reconstructed torus 

is a topological circle, and so one could relate the experimental dynamics of the 

column-pendulum oscillator to tha t of the maps of a circle. These sections complete 

the quaHtative framework, on which the experimental dynamics is based. In section 

5.4, we introduce a new measurement device for the angular measurement of the 

pendulum. The device has been developed here in the Department of Mechanical 

Engineering, and its use in an experimental setup is reported for the first t ime. 

We also give details of the experimental setup and instrumentation. In section 5.5. 

details of the experimental results are discussed. We conclude this chapter with 

section 5.6, where some concluding remarks are made regarding the extension of 

the experimental investigation. 
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5.2 Quasiperiodicity 

5.2.1 Reduction of Dynamics to Maps of a Circle 

Quasiperiodicity is the outcome of several independent frequencies interacting 

with each other. The most universal quasiperiodic behavior is the orbital motion of 

planets, the Moon orbits the Ear th , the Earth orbits the Sun and the Sun circles 

around the center of the Milky Way. The basic idea comes from Hamiltonian 

mechanics, with several degrees-of-freedom. To simplify the analysis, consider a 

two degrees-of-freedom system 

X -{- uj^x = 0 

y^u;ly = 0 (5.1) 

where uui and uu-j are two independent frequencies. The corresponding dynamical 

system is 

Xi = Xo 

X2 = —UJ^Xi 

2/1 = 2/2 

y2 = -^22/1 • (^-2) 

Introduce the Hamilton-Jacobi canonical transformation (see Goldstien. 1980) 

{x„y,) ^ {h{x,,y,),9,[x,,y,)), z = 1,2 (5.3) 

where / , and 9, are the actions and angles, respectively. More specificaUy. let 

Xi = \ — ^ s i n ^ i . X2 — j2IiUJiCos9i 
V ^1 

yi = \l—=-sin^25 y2 = y 212^2 COS 92. (5.4) 
UJ2 



154 

Under this change of coordinates, the system (5.2) is transformed to 

/ i = 0 , 9i = uji 

/2 = 0, 4 = UJ2 . (5.5) 

This transformation produces actions that are "slaved" by the angles. Integration 

of (5.5) gives / , as constants, and 

9i=u;jt + 9,o (5.6) 

92=U)2t + 920 (5.7) 

eHminating t from (5.7) using (5.6) gives 

O2 = —{9i - 9,0) + 920 (5.8) 
^ 1 

assuming ^10 = 0, and 9i,92. mod 27r, we can write (5.8) as 

UJo 

92 = —9i^92o m o d 2 7 r . (5.9) 
UJi 

We can now define a two-dimensional torus, with coordinates (^1,^2)- as shown 

in Figure 5.1. Note tha t 9^ : [0,27r] H^ [0,27r] is a map of a square of sides 27r to 

itself, and corresponds to straight Hnes on this square with a slope =^, also shown 

in Figure 5.1. This square represents the covering space of the 2-torus (T"). Note 

that if the frequency ratio =^ is a rational number, i.e., there are two integers 

p and q such that =^ = E, then the orbits on the torus are periodic, and the 

motion repeats after intersecting q-times with ^j-axis and p-times with ^2-axis. 

The motion is said to be periodic with period (q, p) . If on the other hand, the 

rat io ^ is irrational, i.e., there are no two integers such that ^ = E. In this case 

the motion on the torus is quasiperiodic, and the trajectories on the torus never 
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close. On the cover of the torus, ^ , represents the slope of the orbits. If the slope 

is rational, the motion is periodic, and the orbits close upon themsleves. For an 

irrational slope, the cover becomes dense with orbits that do not close. 

To study the quasiperiodic motions on the 2-torus, we take a Poincare section 

T, = {9 \ 9i = 9o} of the torus at a fixed 9i = 9o. This is shown as a straight Hne 

in Figure 5.1, on S , ^2 varies as 

UJo 
92^ 92 + 271— mod 27r (5.10) 

UJl 

which is a map of a circle onto itself, the so-caUed circle map. The map (5.10) is 

linear and defines rigid rotations on the circle, with Q = =^, caUed the rotation 

number or winding number. In the following paragraphs we study the properties 

of the nonhnear version of (5.10), called the sine circle map, given as 

9^+1 = ^, + Q sin27r^,. (5.11) 
27r 

An important thing to note here is that we have reduced the original four-dimensional 

system (5.2) to a one-dimensional scalar map, and in doing so. have encoded all 

the dynamics into the circle map (5.10). 

5.2.2 Properties of the Circle Map 

We star ted by two linear osciUators with natural frequencies LJI and 0^2. In ap

pHcations, however, one of the frequencies may be an external driving frequency. 

Let us assume tha t uJi is the internal frequency and 0)2 the external driving fre

quency. Now express the frequency ratio as Q = ^ . Note that for the unper turbed 

problem K = 0, the winding number w = Q. For K f̂  0, we define the winding 
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number as 

w = hm : (5.12) 

which measures the average number of rotation per iteration, i.e., w corresponds 

to the actually measured frequency ratio in an experiment. This impHes that the 

nonhnear system adjusts its frequency according to the variations in the external 

frequency. When the winding number becomes a rational number 2. the inter-

nal frequency locks onto the driving frequency and a phenomenon caUed '"mode-

locking" or "phase-locking" is said to have occurred. Mode-locking is a nonhnear 

resonant response (of period q), of systems with two or more competing frequen

cies. Historically, mode-locking was first observed by the Dutch physicist Christian 

Huyghens in 1665. Huyghens observed that two clocks placed back to back tend to 

synchronize. For K = 0, no mode-locking is observed, and essentiaUy aU responses 

are quasiperiodic. 

The circle map displays two distinct type of behaviors. In the first type 0 < K < 

1. For K equal to zero, as mentioned, no mode-locking takes place, aU responses 

are quasiperiodic. As K is increased beyond zero, the winding number w locks 

on to each and every rational number -, over a non-zero interval of the frequency 

ratio (ft) axis. As one varies the external frequency, the system passes through 

regimes that are mode-locked (periodic) and those that are not (quasiperiodic). 

If the frequency of response is plotted against the external frequency, the mode-

locked responses appear as a staircase with infinite steps, the so-caUed "Devil's 

Staircase," shown in Figure 5.2. The Devil's Staircase has a self-similar s tructure. 

i.e., if one enlarges any interval on the ri-axis, the structure of the fuU staircase 

is repeated, as indicated in the inset of Figure 5.2. Furthermore, the width of the 
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steps decreases with the increase in the denominator q of the winding number. 

Thus , the width of the step | is bigger than the step ^. Let ^ and ^̂  be winding 

numbers corresponding to two steps. The widest step lying between these steps 

has a winding number ^ . Wi th increasing nonhnearity K. the width of the steps 

in Figure 5.2 increases. Therefore, with increasing K (or coupHng between the 

modes), the system shows greater mode-locked resonant behavior. In other words, 

the probabiHty of observing mode-locked response increases with the increase in 

the parameter K; in other words, for K = i , the chances of observing periodic 

and quasiperiodic responses are almost equal. For K % 1, almost aU the responses 

are periodic, mode-locked. The regions in (Q.K) plane where the system shows 

mode-locked behavior (w assumes rational values) form narrow triangular bands, 

called "Arnold Tongues", shown in Figure 5.3. Each tongue represents a particular 

rational winding number. The tongues emanate from each rational on the Q-axis, 

and increase in width with increasing K. For K < 1, the tongues are unique, and 

do not intersect. At K = 1 (indicated by the dashed Hne in Figure 5.3), caUed the 

critical Hne, almost aU the responses are resonant mode-locked. The quasiperiodic 

responses are confined to isolated points on the critical Hne, and form a Cantor set 

(see Chapter I for definition). 

The second type of behavior occurs for K > 1. In this region, the circle map 

ceases to be a diffeomorphism (i.e., becomes non-invertible). The Arnold Tongues 

continue to grow wider with K. Jus t beyond K = 1, they begin to intersect 

and then overlap. This is indicated by dotted Hnes in Figure 5.3. Note that 

as the tongues overlap, the steps in the Devil's Staircase also overlap, causing 

hysteresis. As these steps overlap, an infinity of smaUer steps are squeezed out. 
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These conditions are very favorable for the occurrence of the chaotic behavior. 

Inside the tongues, chaos is observed due to resonance overlap, as a result of 

erratic jumps (caused by hysteresis) between overlapping resonances, resulting in 

subharmonic period-doubHng cascades leading to chaos. Outside the overlapped 

region, the remaining quasiperiodic orbits disappear abruptly, giving rise to chaos 

(the so-called quasiperiodic route to chaos). 

A large number of experimental systems have nearly dupHcated the results 

discussed above. An important observation here is that although most of these 

experimental systems are very complex and have high dimensional phase spaces, 

the dynamics displayed by them is essentiaUy one-dimensional, i.e., one that can 

be modeled by scalar maps Hke the circle map. Glazier et al. (1986) studied the 

Y^ tongue of a forced Rayliegh-Bernard convection in mercury. The structure of 

the ^ tongue is developed on the forcing ampHtude-forcing frequency plane. As 

the ampHtude is increased beyond a critical value, a smooth transition to a period-

doubled state is observed. Inside the period-doubled state, there are discontinuous 

transitions to higher order subharmonics. Resonance overlap (modal interaction) 

and chaotic responses are also observed. Martin and Martienssen (1986) investi

gated the mode-locking behavior of the electrical conductivity of barium sodium 

niobate crystals. These crystals under elevated temperatures, exhibit osciUatory 

and chaotic behavior. A good agreement with the dynamics on the circle map 

was observed. Furthermore, experimental observations showed that the universal 

properties of the circle map do not depend on the detailed form of the nonhnearity. 

This conjuncture has also been confirmed in numerical experiments with various 

type of nonlinear terms. SzempHnska-Stupnicka, Plant and Hsieh (1989) studied 
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the s t ructure of - Arnold Tongue (the so-caUed principal parametric resonance) 

of an equation of motion of a shaUow arch subjected to horizontal and vertical 

periodic loads. Numerical simulations were performed to obtain phase portraits 

and Poincare maps . Period doubUng and chaotic behavior was observed. How

ever, no mention is made of reducing the dynamics to the circle map. which seems 

to be very weU-suited for studying parametric resonance. A detailed structure of 

the Arnold Tongues have been obtained by ScheU, Fraser and Kapral (1983); it is 

observed that after a critical value of the nonhnear term, the mode-locked state 

undergoes Feigenbaum period-doubHng, leading to chaos. 

The circle map to study mode-locking and quasiperiodicity has been used in 

electrical circuits (Bohr, Bak and Jensen, 1984 , and Endo and Chua, 1990), in 

driven damped pendulum (Alstrom et al. 1986, and D'Humieres et al. 1982) in 

hydrodynamics and convection problems (Stavans, Heslot and Libchaber. 1985. 

and Hauke and Ecke, 1987) in lasers (Midavaine, Dangoisse and Glorieux, 1985). 

and in cardiac cells (Guevera, Glass and Shrier, 1981). 

We have seen that for a system having two interacting frequencies, there may 

be a smooth at t ract ing two-dimensional torus T ' coordinatized by (^1.^2)- The 

Poincare map of such a system is the circle map. By analogy, for a system with 

three interacting frequencies, there .may be a smooth three-dimensional torus T \ 

The Poincare map of such a torus is / : T" ^ T^, a map of a two-dimensional 

torus to itself. Baesens et al. (1991) have studied torus maps of the type 

^1 -^ ^1 + Qi sin 27r^o 
27r 

92-^ 92 + ^2 sin 27r^i. (5.13) 
27r 

Instead of having a scalar winding number, torus maps have a winding vector that 
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measures the average ratio of the frequencies. The dynamics of maps of a torus 

is far more complex then that of a circle map. In addition to having mode-locked 

and three frequency quasiperiodic orbits, there are orbits that are partiaUy mode-

locked, which have a single rational relationship between the average frequencies. 

The details are in Baesens et al. (1991). In section 5.3, we give an algorithm to 

construct such a torus for a dynamical system with three interacting frequencies. 

This algorithm is utiHzed to visuaHze the experimental dynamics of the column-

pendulum oscillator. 

5.3 Reconstruction of the Experimental Attractor 

5.3.1 The Delay Coordinate Embedding 

The biggest challenge in experimental dynamics is the observation of the struc

ture of the underlying at t ract ing set. Most experimental systems have phase spaces 

with dimensions that are far greater than the number of variables that can be mea

sured. For instance, in experiments with hydrodynamical systems, the actual phase 

space is infinite dimensional, the observed dynamics although is finite dimensional, 

yet one does not have a priori knowledge of its exact dimension. In experiments 

with flow between rotat ing cylinders (the Taylor-Couette flow), one normally mea

sures one velocity component at a particular point in the flow by the laser Droppler 

technique. By this single measurement , one is observing the projection of the at

t ractor in one dimension. To give one specific example, to investigate the circular 

and spiral waves in the Belousov-Zhabotinskii reaction, Roux. Simoyi and Swinney 

(1983) used more than 30 chemical constituents, however they measured the con

centrat ion of only one of the constituents. High dimensionality is just one of the 
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difficulties, a more severe problem arises when one or more of the variables do not 

lend themselves to measurement , because the technology may not be available to 

perform the measurement . In light of the above difficulties, we state the so-called 

"s ta te space reconstruction problem" (referring to CasdagH et al., 1991) as the 

re-creation of states when the only information available in contained in a (scalar) 

t ime series. 

To put in the dynamical systems setting, let 

i = f{t,x) (5.14) 

be the dynamical system whose experimental reconstruction is desired, and let 

/ : 3R X M —̂  M, with dim(M) = n. Let ij; be the measurement function I/J :M ^ ^. 

tha t produces the scalar t ime series z{t), i.e., 

z{t) = i){x{t)) . (5.15) 

Note that the vector field / , representing the real dynamics and the measurement 

function ip tha t generates the time series are both unknown. Packard et al. (1980) 

suggested tha t , for almost any measurable quantity z{t). and a suitable time delay 

T, one could construct vectors of the form 

z{t),z{t-T),---,z{t-2nT) . (5.16) 

The map $ : M —̂  3f^^"+\ that generates these delay coordinates is the delay 

reconstruction map , defined by ^x) = {i>{x),iP{(j)i{x)). • - - .'tjj{(t)2n{x))}- where </>, 

is the flow generated by the vector held / . Motivated by the work of Packard et al. 

(1980), Takens (1981), showed that $ is an embedding, i.e., a smooth one-to-one 

coordinate transformation with a smooth inverse. And if $ is an embedding, then 
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there is a vector held F, such that 

Fi^x)) = ^{f{x)) (5.17) 

where F is the vector held induced on the space of reconstructed delay vectors. 

Since F is equivalent to / (from the above relationship), one can use F to study 

the dynamics of the system, in ways simUar to / . The embedding dimension 

m ( > 2n + 1) is important , details are given in CasdagH et al. (1991). 

The choice of delay r is currently an important research topic in reconstruction 

dynamics. If the delay is too smaU, the delayed coordinate is almost the same as 

the original one. If it is too large (of the order of some characteristic time scale) 

then the points that were far apart appear to be too close. One way of determin

ing the delay is by calculating the mutual information amongst the coordinates 

reconstructed (Fraser, 1989). If one could observe any periodicity in one of the 

coordinates, the projection of the orbit on a plane will be a smooth elHpse. By 

changing the delay t ime, it is possible to obtain a reasonable shape of this eUiptic 

orbit, with a ratio of major to minor axes that changes with delay time. 

5.3.2 Reconstruction of T^ 

We now outline an algorithm due to BatteUno et al. (1989) to reconstruct 

the experimental a t t ractor from the delay coordinates. Note that the Poincare 

map of the column-pendulum experimental system, taken at a fixed phase of the 

forcing, is four-dimensional. However, only two components are measured, namely 

the column amplitude and the pendulum angular displacement, z(t) and (f){t). 

respectively. The other two components are the delay vectors z{t — r) and (^(t — r ) . 
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A point p{j) on the Poincare section is given as 

P{j) = {^t(j).Z^_r{j);(l>t{J)^<f>t-r{j)}. (5.18) 

Assuming that the motion is quasiperiodic, the phase space contains a three-

dimensional torus T^. The Poincare section of which is a two-dimensional torus 

T^. A 2-torus is formed by taking a Cartesian product of two circles, 5] and 5^, 

i.e., T ' = 5i X ^2. These circles can be seen by projecting the Poincare map on 

{zt{j),Zt-r{j)) and ((j)t{j).(l)t^r{j)) planes (the column and the pendulum planes, 

respectively). Let the circles ^i and ^2 be represented as 

S^ = {{ztiJ),Zt.rU))J = l,-'-.N} 

S2={{MJ).^i-rU))J=h---;N} (5.19) 

where N is the number of points lying on the Poincare section, the 2-torus T'. In 

general Si and 5*2 ma}'' be far removed from the origin, we next move each of these 

circles, so that the origin Hes in the interior of these circles. Let 5] and 50 be the 

centers of each of these circles Sj and 52, respectively. Now coordinatize T' with 

two angles 9i and 92, such that 

9i{j) = arct an ^tU) 

92ij) = a r c t a n ^ ^ - ^ . (5.20) 
Ml) 

Then for each point p{j). that Hes on the attractor, we can associate two angles 

9i{j) and ^2(^)5 respectively. Furthermore, the Poincare map can be represented 

by the map of a 2-torus 

Si{j + i) = f,mj),e,{j)) 

Hi + i) = f2{9i{j)Mi)) (5-21) 
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where / = ( / i , / 2 ) : T' —> T^ is the experimentally extracted map. To study the 

s t ructure of the torus, one can take a sHce of the torus at any specified angle, say 

^2 — ^20- On this slice, ^2 is a constant and 9i varies according to 

0i{3^l) = f^{9,{j).92o) (5.22) 

which may be thought of as a map of the circle located at 9,o- We thus have 

extracted a one-dimensional map of a circle from the experimental data. When 

the surface of the torus is smooth, the circle map is one-to-one invertible map; 

sections of the torus at any two locations ^2 = ^20 and ^2 = ^21 are topologicaUy 

conjugate to a circle. However, when the torus starts to wrinkle, additional surfaces 

appear, and the circle map ceases to be one-to-one. This situation is commonly 

known as the break-up of the 2-torus, and is associated with higher dimensionality, 

and complex dynamics. 

5.4 Angular Measurement and Instrumentation 

5.4.1 The Opto-Digital Angular Measurement System 

In this section, we introduce an opto-digital angle measurement system capable 

of measuring angular displacement of zero to 360 degrees in real time. 

TraditionaUy, RVDTs (Rotary Variable Differential Transformers) were used to 

measure rotat ion. The RVDTs are based on the principle of mutual inductance. 

i.e., the output from these devices is proportional to the mutual inductance of the 

secondary and the primary coUs. These devices have a Hnearity range of =F 60 

degrees, therefore, are not suitable for large ampHtude measurements. A sHght 

improvement on the RVDT is a rotary differential capacitance transducer, that 

operates on the principle of mutual capacitance. The instrument consists of a 
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paraUel plate capacitor. One of these circular plates is a stator. the other the 

rotor. As the rotor is displaced, with respect to the stator, the capacitance varies, 

proportional to the overlapping area of the plates. The output from this device 

has a Hnear range of ^ 90 degrees. 

The opto-digital angle measurement system consists of an optical incremental 

shaft encoder (Disc Inst ruments , E20 series), that produces 4096 pulses per rev

olution of the shaft. The encoder has three outputs , channels A and B and an 

index. The outputs from channels A and B are square waves that are slightly out 

of phase. The encoder houses a perforated disc, with a Hght source on one side 

and a photo sensor on the other. As the disc is rotated, the light passes through 

the perforations and is detected by the sensor, which produces an electrical pulse. 

The pulses are then counted by an optical encoder/counter module (Allen-Bradley 

1771-IJ). The encoder module, by comparing the phase relationship between chan

nels A and B, can detect a change in direction of rotation; hence it can count up or 

down. This count is passed to the programmable controUer (Allen-Bradley PLC 

2/16) and then to an analog output module (Allen-Bradley 1771-OFE), where it is 

converted to an analog signal proportional to the count. The system has a Hnear 

response as shown in Figure 5.4. It should be noted that the technique described 

represents a digital alternative to the conventional analog devices and is not free of 

measurement error. The error introduced is due to digitization, which is common 

to aU A / D or D / A convectors. Figure 5.5 shows a sample output from the opto-

digital system, compared with the numerical solution. The discrepancy in the two 

responses is due to the difficulty in assessing the damping and the air resistance. 
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5.4.2 Experimental Equipment and Setup 

Following is the Hst of equipment used in the experimental investigation: 

1. MB Dynamics Model CIO 1200 lb Electrodynamic Shaker. 

2. MB Dynamics Model S Power AmpHfier. 

3. Trig-Trek Sinusoidal Vibration Control System. 

• Sweep Generator Model 701 LM 

• Signal Compressor Model 801 B 

• Vibration Monitor Model 610 B 

• Multi-Level Programmer 831 

4. Apple Macintosh Ufx computer containing National Instruments NB-MIO-

16X, 16 bit A/D Converter to accept 16 analog input channels and IEEE 488 

GPIB to interface with an HP 7475A Color Plotter. 

5. National Instruments Lab View 2 data acquisition and analysis software. 

6. Data Precision Model Data 6000 4 channel digital storage and analysis scope. 

The complete experimental system is shown in Figure 5.6. The model is ex

cited by the shaker table, the ampHtude and frequency of which are controUed by 

the vibration control system. The outputs from the Opto-Digital angle measure

ment system and the piezo-film transducer attached to the column are fed into 

the Macintosh Ufx computer, where a 16-channel analog-to-digital card (National 

Instruments NB-MI0-16X) stores and displays the data. 
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5.5 Discussions and Results of Experimental Dynamics 

To visuaHze the dynamics of the experimental system, three types of plots have 

been produced. The first plot is the experimental response. The data for this plot 

were obtained by sweeping between two frequencies that contain the resonance 

condition under investigation. AU the response plots shown, correspond to a down 

sweep from a higher frequency to a lower one. The reason for this being that at 

the lower frequency end of the response, the system showed extremely complex 

behavior. This can be explained on the basis of the results of the averaged sys

tem. Following any of the plots along the arrow, note that before the response 

curves join the zero solution, both the column and the pendulum show several 

stable and unstable solutions. The observed response in this region is therefore 

dependent on the initial conditions. Therefore, while sweeping from a lower to 

a higher frequency, one cannot hope to obtain consistent results. The actual ob

served response depends on the initial conditions, which vary from experiment to 

experiment. While sweeping down, the amplitude of the excitation was held con

stant . The da ta (amplitudes of the column and the pendulum) were recorded; the 

sweep rate was set at 0.01 Hz, This is the smallest sweep rate available for the 

equipment used. It is assumed that the system reaches steady state within each in

crement of the frequency. This is a reasonable assumption, since the perturbations 

(frequency increments) are smaU, the steady states are located nearby, and so the 

transition between the states is smaU. However, when a change of steady state is 

encountered, i.e., the system undergoes bifurcation, the new stable state may not 

be located close by, or even worse, may be of a different type (i.e., steady state 

periodic motions losing stabiHty to quasiperiodic ones). In that case the transition 



168 

from the old state to the new one is longer. To obtain the response plots, we look 

for the local maxima of the recorded response. The idea is that if the response is 

periodic, of period one. there wiU be exactly one local maximum per period. For 

the frequency range where this period one solution is stable, one obtains a single 

smooth curve. However, if the response is not periodic, but is quasiperiodic or 

chaotic, there are several local maxima for a single value of excitation frequency, 

and therefore a smear of points (without any discernible pat tern) appears over 

the range of frequency where such behavior persists. If, on the other hand, the 

response is periodic of some high period, the trajectory prefers certain regions of 

the phase space more than the others, and one could observe some kind of pat

tern in the response plot. This idea is similar to the one for obtaining bifurcation 

diagrams by brute-force discussed in Chapter III. 

The second plot displays the cover of the 2-torus, its slice at a specified section 

and the first return map on the slice. This plot utilizes the delay coordinates 

and the reconstruction of the at t ractor discussed in the pervious section. If the 

response is periodic, the cover of the torus shows discrete number of orbits. The 

orbits tha t run off at the top, start at the bot tom, and those that leave at right, re

enter at the left. We call a periodic orbit an (m,n)-periodic, where m corresponds 

to the number of times the orbit intersects the ^i-axis, and n is the number of 

intersections with the ^2-axis. Note that 9i and ^2 correspond to the phases of the 

column and the pendulum responses. An (m,n)-periodic response is a mode-locked 

resonant response, and appears as an intricate web on the response plots. A sHce of 

the torus is indicated as a pair of parallel Hnes, the distance between these Hnes is 

equal to the thickness of the sHce. Thinner sHces give a closer approximation of the 
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section of the torus and the return map. The orientation of the sHce is also shown 

schematicaUy. If the sHce is located paraUel to ^]-axis at a fixed 9^. the section 

of the sHce shows m discrete clusters of points for an (m.n)-periodic motion. If 

the sHce is located in the other direction, n clusters appear. The return maps are 

extracted from the points lying on the sHce, for an (m.n)-periodic solution we have 

/ f"(^i) = 9i and /"(^2) = ^2- For quasiperiodic responses, the surface of the torus 

is dense with orbits, and the sHces are now smooth circles, representing the section 

of the torus. The return maps are a parametrized family of circle maps. As the 

frequency or ampHtude of excitation is varied, the shape of the torus changes. In 

some situations, the torus begins to wrinkle, as additional surfaces appear. The 

slices of wrinkled tori are not smooth, and so the return maps of these cease to be 

one-to-one. This is an indicator of the increase of the dimensionality of the torus, as 

a large number of frequency components creep into the response. This situation is 

termed as the break-up of 2-torus, and is an indicator of complex behavior. When 

the motion is periodic, the data requirement is low, since orbits repeat at the end 

of each period. But for quasiperiodic motion, the orbits are dense, and hence to 

obtain a recognizable shape of the cross-section of the torus, a greater number of 

points is required. The situation worsens with the break-up of the 2-torus. 

Note that before the break-up, the torus has a smooth surface. The cross-

section along ^2 and 9i are circles, and to each circle, there corresponds a circle 

map . Under this condition, one would expect quasiperiodic motions separated by 

mode-locked behavior. This behavior corresponds to K < 1 for the circle maps, as 

discussed. As the coupling between the modes increases (K > 1), the mode-locked 

regions begin to interfere with each other and resonance overlap occurs. Due to 
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this overlap, several frequencies are created, that result in the break-up of the 

2-torus and the non-invertibiHty of the return maps. 

The third plot consists of the measured and the reconstructed responses, time 

histories and fast Fourier transforms of the measured signal. The significance of 

this plot is tha t one can see the effects of changing the delay r, on the projection 

on {zn^Zrir) and [4>ri-,(t^nr) plaues. A good delay is the one that produces clear 

projections. The same time-delay is then used to reconstruct the at tractor. FFTs 

give frequencies and their contributions. In case of break-up of the 2-torus, one 

expects a burst of frequencies in F F T spectra. 

The parameters chosen for the experimental system are the same as those 

for the averaged system. In the averaging analysis we assumed that there is no 

internal detuning, i,e,, "^ = \ (^i and uj2 are column and pendulum frequencies 

respectively). However, in an experimental setting, the detuning is inevitable, so. 

the internal frequency ratio in the experimental system is ^ % 0.48. Experiments 

were performed for three ampHtudes of excitation, fo = 475,650 and 750 mV, 

corresponding to the gain of the power amplifier to the shaker table. The response 

plots were obtained by sweeping down between the range UJ G (3.75.3.0). with 

increments of 0.01 Hz. 

Figure 5,7 shows the response for fo = 475 mV. The motion is predominantly 

quasiperiodic, within the quasiperiodic region, there are windows containing pe

riodic responses. Each of these response plots contain 75000 points. In order to 

obtain a bet ter visualization of the periodic and quasiperiodic responses, experi

ments were conducted in several smaUer ranges of the excitation frequency. Figure 

5.8 shows one such segments where UJ G (3.18,3.14). Webs of periodic windows 
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is immersed in quasiperiodic responses. In fact it is quite Hkely that the thick 

band of quasiperiodic motion in this figure, may contain, periodic windows of high 

period, i.e.. (m,n) are large integers. To identify the periodicity associated with 

these windows, tests were conducted with stiU finer frequency changes. Figures 5.9 

and 5.10 shows the detaU in u; G (3.155,3.145) and a; G (3.135.3,125). respectively. 

The windows clearly show that the pendulum response is periodic; however, the 

column response shows some scatter, which has to do with the behavior of the 

piezo-film transducer, rather than the dynamics. To determine the periodicity of 

a response, we isolate the da ta where a periodic window is located, and subject 

the data to delay coordinates and reconstruct the at tractor. Figure 5.11 shows the 

periodic response around 3.13 Hz. The delay time for this figure is 0.5T, where T 

is the forcing period. The acquired data are shown in Figure 5.11(b), from which 

(a) and (c) are extracted. Clearly the response is periodic. Figures 5.12 and 5.13 

show the dynamics on the a t t ractor . From these figures it is clear that the motion 

around 3.13 Hz is (4,9)-periodic. The slices taken along ^2 and 9\ directions con

tain clusters of 4 and 9 points, respectively. Figure 5.14 shows the quasiperiodic 

response around 3.15 Hz. Notice that the return map is a smooth one-to-one map. 

Figure 5.15 shows reconstructed dynamics, the time histories and the FFT spectra 

for the quasiperiodic motion of Figure 5.14. Figures 5.16 and 5.17 show details in 

UJ G (3.37,3.34) and UJ G (3.36,3.35). Figures 5.18 and 5.19 show the (3.7) and 

(5, l l ) -per iodic responses, respectively, around 3.35 and 3.36 Hz, 

Figure 5,20 shows the response curve for /o = 650 mV, the periodic windows 

appear as blank spots in the diagram. Figure 5,21 shows the details of the webs of 

the periodic windows in greater detail. Figures 3.22. 5.23, 5,24 and 5.25 give details 
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of (4,9)-periodic window. Comparing Figures 5.10 and 5.22, which correspond to 

the (4.9)-periodic response for /Q = 475 and fo = 650 mV. respectively, note that 

the response in strongly locked for fo = 650 m^^ and persists over a wider range 

of the excitation frequency. This is in accordance with the behavior of the mode-

locked responses of the circle map, when the coupHng parameter K is increased, the 

width of the periodic mode-locked regions increases. It was mentioned earher. that 

before the non-zero response loses stabiHty, the column-pendulum osciUator shows 

complex motion, similar behavior is observed for the averaged system. Figure 5.26 

shows a response plot for fo = 650 mV, just before this situation. It should be 

mentioned that it was extremely difficult to obtain data in this region, because 

smaU variations in input kiU the motion. Note that there is no obvious pat tern 

in this plot; furthermore, from Figure 5.27, which shows the time histories and 

F F T s , the noticeable difference here is the burst of frequencies. This amounts to 

increasing the dimension of the torus or the break-up of 2-torus. The cover of such a 

wrinkled torus is shown in Figure 5.28, unfortunately, there are not enough points 

to obtain a clear sHce. An interesting observation regarding the cover of T' in 

Figure 5.28 and the one shown in Figure 5.14, which shows a quasiperiodic motion, 

is tha t for quasiperiodic motion, the map of the torus is orientation preserving, i.e.. 

the cover is fiUed in waves that move in one direction. After seeing a few orbits 

being drawn, one can more or less predict how the rest of the orbits wiU move 

on the surface of the torus. In Figure 5.28, no such regularity was observed, the 

points on the torus j ump around in a pseudo-random fashion, the predictabiHty is 

lost. 
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To observe the phenomena of resonance overlap, i.e.. how a particular (m.n)-

periodic window expands with increase in coupHng and interacts with other mode-

locked responses, the (5, l l )-periodic window was selected. The response was ob

served for three levels of excitation ampHtudes, fo = 725. 740 and 775 m \ ' . respec

tively. The response plots are shown in Figures 5.29. 5.30 and 5.31. respectively. 

Notice that for low ampHtude, the (5.11) mode-locked response is very dominant, 

increase in the forcing amplitude causes the neighboring windows, as weU as the 

(5,11) window to expand and overlap. This results in a progressive disappearance 

of a regular pa t te rn in the response plots. Figures 5.32. 5.33 and 5.34 show the 

cover of the tori for these amplitudes. For fo =725 mV, the cover of the torus 

is filled with (5,11) orbits, and the sHce consists of 5 cluster of points, the re

turn map consists of f-'{9i), ji = 1, • • • ,5 points. Increasing fo to 740 m \ ' causes 

the mode-locked windows to overlap, and consequently, destruction of the original 

(5,11) orbit. The cover of the torus is dense with orbits, yet the cross-section is 

stiU fairly nice and the return map a one-to-one circle map (Figure 5.33). Further 

increase in the forcing amplitude to 775.0 mV, causes more frequencies (modes) to 

appear in the response, causing the break-up of the 2-torus and the corresponding 

non-invertibiHty of the return map (see Figure 5.34). This phenomenon is further 

iUustrated by Figures 5.35, 5.36 and 5.37, which show the time histories and F F T 

spectra. Observe tha t with the increase in the forcing ampHtude, more and more 

frequencies creep into the response. 
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5.6 UniversaHty in the Column-Pendulum 

To end this section, we make some comments regarding the universal behavior 

in nonhnear systems, which forms the basis of experimental dynamics. By seeking 

universaHty, we look for simUar quaHtative behavior in systems. This by itself is a 

remarkable program, in that the dynamics is not restricted to the particular physi

cal system under investigation, but rather is universal, in the sense that the results 

hold for a large variety of systems. One is then able to classify physical phenomena 

that have absolutely nothing in common, according to the dynamics they display. 

Thus aU systems tha t undergo period-doubHng cascades, have embedded in their 

dynamics a parametrized famUy of quardratic maps. And it is this family of maps 

that is responsible for the period-doubHng behavior. 

We have seen in this chapter, that the column-pendulum oscillator displays 

quasiperiodic behavior, and the prototype of such a behavior is the map of a cir

cle, and its higher dimensional version, map of a torus. Thus from universaHty 

arguments , aU systems showing quasiperiodic behavior should display similar dy

namics. This in fact is the case, we give the examples of hydrodynamical instability 

in the Taylor-Couette flow in concentrically located cylinders, Swinney and GoUub 

(1978) performed these experiments and observed that the flow shows a quasiperi

odic behavior. They showed that there is an invariant torus embedded in the 

phase space of the experimental system. Increasing the relative rotational speed of 

the cyHnders, the smooth 2-torus breaks up. with a resulting burst of frequencies, 

observed in the Fourier spectrum. The results from their experiments are shown 

in Figure 5.38. Recently, Pfister, Buzug and Enge (1992) performed the same ex

per iment . Using delay coordinate embedding, they came up with results that bear 
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striking simUarity to those obtained for the column-pendulum osciUator, Figure 

3.39 shows a sequence of reconstructed at tractors obtained by Pfister, Buzug and 

Enge. The simUarity of these results with those of Figures 5.32 to 5.37. for the 

column-pendulum osciUator is indicative of the fact tha t , although these two phys

ical systems are totaUy different, but the difference is merely superficial. And that 

the dynamics is essentially the same (i,e,, that of maps of n-tori, n = 1.2.3. etc.). 

5.7 Concluding Remarks on Experimental Dynamics 

The observed behavior of the experimental system gives ample evidence that 

the underlying dynamics is that of a map of a 2-torus to itself. The osciUator shows 

rich dynamics, consisting of quasiperiodic motions interrupted by webs of mode-

locked periodic windows. With each of the periodic windows, one can associate two 

integers (m,n) which characterize these periodic responses. Furthermore, as the 

coupHng between the external mode and the internal modes increases, resonance 

overlap is observed, causing the break-up of the 2-torus, and the accompanying 

non-invertibiHty of the first return map extracted from the experimental data. 

The particular evidence presented in this chapter suggests that this situation is 

accompanied by an increase in the number of frequencies in the response. How this 

compares with the RueUe-Takens-Newhouse (R-T-N) scenario for the destruction 

of 2-torus is not exactly clear. But on the basis of the formulation presented 

here and with careful experimentation with the column-pendulum osciUator, one 

would hope to obtain a plausible answer to the above question. If the answer 
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is positive, i.e., if the destruction of the 2-torus (resonance overlap) is foUowed 

by a strange attractor, then we have shown that the column-pendulum osciUator 

satisfies R-T-N criterion for the onset of turbulence, i.e., the "occurrence of strange 

Axiom A attractor," RueUe, Takens and Newhouse (1978). 
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Cover of T 

Poincare 
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Figure 5.1: The invariant 2-torus (T )̂ in the phase space of two coupled oscillators. 
The Poincare section corresponds to a circle and the covering space of T̂  is a square 
of sides 27r. 
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Figure 5.3: Arnold tongues of the circle map. Below the critical Hne ( ), K < 1 
the tongues are unique. For K < 1 resonance overiap ( ) occurs (From Jensen, 
Bak and Bohr, 1984), 
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Figure 5.4: The calibration chart for the opto-digital angular measurement system. 
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Figure 5.5: A comparison of numerical (—) and the experimental ( ) response 
of the simple pendulum measured by the opto-digital angular measurement system. 



182 

Optical 
Encoder 

Opto-Digital Angle 
Kfeasurement System 

Multi-Channel P®^"^ 
Vibration Monitor & Amplifier 
Sweep Generator Electrodynamic Shaker 

y//////////y 

Data Acquisition/ 
Analysis 

Plotter V 

Vibration Control Data Acquisition / Analysis & Display 

Figure 5.6: The complete experimental setup to investigate the colunm-pendulum 
dynamics. 
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Figure 5.7: Experimental response for /o = 475 mV and u € (3.75,3.0). The 
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Figure 5.8: Experimental response for /o = 475 mV and u € (3.18,3.14). The 
quasiperiodic motions are separated by webs of periodic reponses. 
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Figure 5.12: Motion on T^ for /o = 475 mV and u; = 3.13 Hz. The motion 
is (4,9)-periodic. The location of the slice is indicated by the pointing arrow, 
oriented parallel to ^i-axis and contains a cluster of 4 points. 
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Figure 5.13: Motion on T^ for /o = 475 mV and u = 3.13 Hz. The motion 
is (4,9)-periodic. The location of the slice is indicated by the pointing arrow, 
oriented parallel to ^2-axis and contains a cluster of 9 points. 
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Figure 5.27: Reconstructed dynamics, time histories and FFT spectra for /o = 650 
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Figure 5.29: Experimental response for /o = 725 mV and u € (3.135,3.125). The 
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Figure 5.35: Reconstructed dynamics, time histories and FFT spectra for Figure 
5.29. 
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C H A P T E R Vl 

F U T U R E OF THE COLUMN-PENDULUM 

6.1 Introduction 

In this final chapter, two possible extensions of the averaged dynamics are pre

sented. In Chapter IV. it was observed that tlie averaged system loses stability 

by saddle-node as well as by Hopf bifurcations. The pseudo-arclength alogrithm 

was able to detect each of these bifurcations, however, was unable to follow the 

branches of periodic solutions originating from the Hopf points. As mentioned 

there, the periodic solutions lying on these branches, undergo bifurcations them

selves. To detect these bifurcations, one needs to follow the periodic solutions, in 

a manner similar to the one outlined in Chapter III. 

Furthermore, we also observed the coalescence of the saddle-nodes with the 

Hopf points. The evidence presented there suggests that in the neighborhood of 

the point of coalescence, the averaged system may possess a homoclinic orbit. We 

mention some of the difficulties associated with the homoclinic bifurcations of the 

averaged system. 

6.2 Continuation of Periodic Branches 

Consider the averaged system 

y = f{y, 8), where y e ^ \ 8 elC^ 

and f :9?-' X 5 R - Sf?-* . (6.1) 

We have seen that for some value of the parameters , the averaged system undergoes 

Hopf bifurcation, as detected by the pseudo-arclength continuation algorithm. The 
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objective now is to foUow the branch of the family of periodic solutions, emanating 

from the Hopf point. The two tasks mentioned above, i.e.. the detection of the Hopf 

points and the continuation of the branch of periodic solutions emanating from 

such points, forms the basis of the numerical investigation of the Hopf bifurcation 

phenomenon. 

Since we are interested in the periodic solutions of (6.1). and so each computed 

solution should satisfy 

y{t + T) = y[t) (6.2) 

where T is the period. Note that as the bifurcation parameter 8 is varied, the 

period associated with the underlying solution will also change. So that there are 

two unknowns, the solution y[t) and the period T. To incorporate T into the 

solution algorithm, we map [0,T] -^ [0,27r], by the transformation t -^ ^ . and so 

write (6.1) as 

y = ^f{y,S) (6.3) 

and according to (6.2) 

2/(0) = 2/(27r) . (6.4) 

In doing so, we have transformed the averaged system (6.1), to a two-point bound

ary value problem, with non-separated boundaries (equations 6.3 and 6.4): we seek 

a solution of period 27r. Note that due to the condition (6.2). the computed peri

odic solution, y{t), can be translated freely in time, and so makes the computed 

solution non-unique. To constrain the solution, we define the following anchoring 

condition 

(5 - SoY (T - T„f ; j - (y - yofjy - y„)dt 
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where {yo,To,8o) is the known solution and 5 represents the arclength of the 

parametrized branch of solutions. One can base the continuation algorithi 

(6.3), (6.4) and (6.5), for details of one such algorithm, see Doedel (1981). G< 

ally, an algorithm, similar to the one described in Chapter III can be implemented. 

These algorithms result in smooth curves of periodic solutions, originating from 

Hopf points on the steady state branch. 

To investigate the bifurcation behavior of the computed solutions. Floquet 

multiphers are computed. These multiphers are the eigenvalues on the monodromy 

matr ix, as explained in Chapter IV. The Floquet multiphers are used to determine 

the secondary periodic bifurcations. This is accompHshed by keeping track of the 

number of multiphers residing inside of the unit circle. Note that due to the 

periodicity of the computed solutions, one of the multiphers is always equal to 

unity. This may be used to check the accuracy of the computation. If rest of 

the multipliers are inside of the unit circle, the periodic solution is asymptoticaU}' 

stable. If any of the multiphers leaves the unit circle through - 1 . the original T-

periodic solution becomes unstable, and a new solution of period 2T is created; the 

so-caUed period-doubling bifurcation. If on the other hand, a complex conjugate 

pair of multiphers leave the unit circle, bifurcation to an invariant torus is said 

to have occurred. And finally, if any of the multiphers leaves the unit circle via 

+ 1, a pitch-fork bifurcation is said to have occurred. Note that these secondar}^ 

bifurcations may lead to more complex global behavior, i.e., bifurcations to periodic 

solutions with infinite period, or the homoclinic orbit. 

The numerical evidence presented in Chapter lY. suggests that the coalescence 

of a saddle-node with a Hopf point gives rise to a periodic solution with infinite 
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period. The Jacobian of the corresponding steady state has a double zero eigen

value. This makes the vector field, at the point of coalescence, highly degenerate. 

In the foUowing section, we present some of the difficulties associated in analyzing 

the behavior of the averaged system in the neighborhood of this degeneracy. 

6.3 Perturbation of the HomocHnic Orbit 

In this section, we outHne some concepts related to perturbation of the homo

cHnic orbit detected in the averaged system. In particular, we briefly state the 

difficulties in undertaking such an analysis. The formulation presented is ad-hoc. 

and needs much refinement. 

Rewrite the averaged system as 

y = f{yJo.8) (6.6) 

where we have included the forcing amplitude fo and the detuning 8 as parameters. 

Assume tha t at /o = / J and 8 = 8", (6.6) has a homocHnic orbit. Now let 

f^ = f^ -\- ef, 8 = 8' + e8, where ef and £8 are smaU perturbations, and so (6.6) 

becomes 

y = f{yJo^ef,8' + e~8) (6.7j 

expanding (6.7) in powers of e, and retaining 0(e) terms, we can write 

y = f{yJo.n^^h{yJ^'^) (6-8) 

call (6.8), the per turbed homoclinic system (PHS). Note that the unperturbed 

system, £ = 0, has a homocHnic orbit. We want to investigate what happens 

under small perturbat ions to the homocHnic orbit. In particular, we are interested 



220 

in whether the stable and unstable manifolds associated with the homocHnic orbit 

intersect transversely. 

Note tha t the Melnikov technique presented in Chapter I is not appHcable to 

(PHS) . Firstly, because (PHS) is a four-dimensional system, where as the one 

studied in Chapter I was planar. Secondly, the unperturbed system in the classical 

Melnikov analysis is assumed to be Hamiltonian, whereas the unperturbed system 

for (PHS) is not. Gruendler (1985) has obtained a multidimensional extension of 

the Melnikov theory, but in his formulation, the perturbations are time-dependent. 

It , however, seems plausible that one could re-cast the column-pendulum problem 

as a per turbed Hamiltonian system, and so the averaged system wiU also belong to 

the class of per turbed Hamiltonian systems. In doing so, one could take advantage 

of Gruendler 's formulation. 

The difficulties presented above, are mostly, mechanical in nature, in the sense 

tha t one could cook-up some clever techniques to re-cast the problem in the de

sirable form. There is, however, a serious mathematical difficulty related to the 

analysis of the (PHS) . RecaU that according to the averaging theorem, for some 

0 < £ < £o, the dynamics of the averaged system is related to the original system, 

provided tha t the averaged system (which is an approximation of the Poincare 

map of the original system) is structuraUy stable. However, as one approaches 

the parameter range for which the homocHnic orbit exists, the £-neighborhood for 

which the results of the averaging theorem apply, shrinks considerably. And so 

naive methods based on averaging, normal forms and expansion in powers of e are 

Hable to produce erroneous results. For further detaUs on global bifurcations in 

averaged systems refer to Holmes, Marsden and Scheule (1988) and Guckenheimer 
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and Holmes (1983), section 4.4. Also note that the (PHS) contains terms of 0(€') 

in the original time scale. This suggests that to retain important global effects, the 

averaging should be carried out to second order, see Holmes and Holmes (1981) 

for details on second order averaging. 
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APPENDIX A 

GALERKIN COEFFICIENTS 

The expressions in appendices A and B are obtained by the symboHc algebra 

packages: 

• MACSYMA. 

• MAPLE. 

• MATHEMATICA. 

This Appendix contains the coefficients for equations (2.57) and (2.58). as a 

result of Galerkin modal truncation. The integrations are performed by MAPLE. 
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In the above expressions, y = y{s), is the solution of the linear eigenvalue problem. 

The solution of the eigenvalue problem, equations (2.47) and (2.51), is obtained 

by MATHEMATICA. Now substi tute these coefficients in the following: 
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FoUowing are the coefficients of the Taylor expanded system, equation (2.80). The 

Taylor expansion of the vector field is performed by MACSYMA. 
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FoUowing are the numerical values of the coefficients, for the parameters given in 

Chapter IV. 

a = 0.6320945 x 1 0 " ^ -

b = -0.7609786 x lO'^r"* - 0.4144992r 
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PL3 = -0.9857466 x 10"^^ - 5.369286 

uj] = 0.5127677 x 10^ 

UJI = 0.1281919 X 10^ 

y{L) = -1.597915r . 

It is assumed that fii = /X2, where jii and p^ are terms, that couple the pendulum 

to the column, in equation (2.57). r = 25.0 is the scaUng factor in equation (2.56). 



APPENDIX B 

COEFFICIENTS OF THE AVERAGED \ 'ECTOR FIELD 

This Appendix contains the coefficients of the averaged system, equation (3.30) 

y' = f(y.S) 

where 2/ E 9?"̂  and y = (2/1,2/2,2/352/4), 8 is the detuning parameter, and is used 

as the bifurcation parmeter in the continuation of solutions. The averaged vector 

field is f = ( / i , /2 , /3 , /4 ) : 5?"̂  X 9? —̂  ^^. The averaging is performed over the 

slow time er. 

The superscripts in the foUowing coefficients, 0"̂ /̂ /, correspond to the component 

of the vector field thus n = 1. 2,3,4. The coefficients ĉ ^ are the coefficients of 8yk. 

for k = 1,2,3,4. The averaging is performed by MAPLE. 

The coefficients of the first component of the averaged vector field are: 
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The coefficients of the third component of the averaged vector field are: 
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The coefficients of the fourth component of the averaged vector field are: 
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