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CHAPTER I 

INTRODUCTION 

During the 1930s, Presidents Hoover and then Roosevelt designed policies to 

battle the Great Depression on the basis of such unreliable data as stock price indices, 

fi-eight car loadings, and incomplete indices of industrial production. At the time, 

comprehensive measures of national income and output did not exist. But, the 

Depression, together with the increasing role of government in the economy, mended the 

way to the development of a comprehensive set of national income accounts. The national 

income accounts is divided into a product side and an income side. The product side 

measures sales and production, while the income side measures the distribution of the 

proceeds from sales. Gross national product (GNP), and gross domestic product (GDP) 

are the two widely used measures of overall production. The difference between these 

two measures, lies in their treatment of international transactions. GNP includes the 

earnings of U.S. corporations overseas and U.S. residents working overseas, while the 

GDP does not. On the other hand, GDP includes earnings from current production in the 

U.S. that accrue to foreign residents or foreign-owned firms, while GNP excludes these 

items. There is little difference between these two product measures for the U.S., since 

there are only a few U.S. residents working abroad, and the overseas earnings of U.S. 

firms are about the same as the U.S. earnings of foreign firms. The U.S. national income 

accountants decided to shift emphasis from GNP to GDP in 1991. 



Gross domestic product (GDP) can be defined as a measure of all currently 

produced final goods and services evaluated at market prices. It includes only goods and 

services produced during a specific time period-for example, per quarter or per year. 

GDP does not count the goods that are used in the production of other goods 

(intermediate goods). Intermediate goods are not accounted for in GDP, since they 

contribute to the value of the final goods in whose production they were used. But, there 

are two types of intermediate goods which are included in GDP. The first type is currently 

produced capital goods (business plant and equipment purchases), and the second type is 

inventory investment, which is the net change in inventories of final goods awaiting sale 

or of materials used in the production process. GDP is the value of goods and services 

determined by the common measuring rod of market prices. That is how one is able to 

measure, for an example, cars plus beer plus oranges and so forth. Thus, goods and 

services that are not sold in markets, such as the service of homemakers or the produce 

from home gardens, and the underground economy (gambling, prostitution, drug 

trafficking, etc) are excluded from the GDP. 

GDP can be dissected into four different components. The largest component of 

GDP is consumption. It consists of the household sector's purchases of currently 

produced goods and services, and in recent years, accounts for between 60 and 69 percent 

of GDP. The next component of GDP is investment. Business fixed investment 

(purchases of newly produced plant and equipment), residential construction investment 

(building of single and multifamily housing units), and inventory investment (change in 

business inventories) are the three subcomponents of the investment component of GDP. 



Government purchases of goods and services is the third component of GDP. This is 

the share of the current output of goods and services bought by the federal, state, and 

local governments. The final component of GDP is net exports, which equals total 

(gross) exports minus imports. 

The objective of this paper is to use time series analysis techniques to model the 

stochastic mechanism that gives rise to the GDP series, and to predict or forecast future 

values of the series based on the history of the series. Since GDP {nominal GDP) is the 

output of currently produced goods and services evaluated at current market prices, this 

value will change when the overall price level changes, as well as when the actual volume 

of production changes. In order to construct a measure of output that varies only with the 

quantities of goods produced and not with the price levels, what is known as real GDP, 

we need to measure output in terms of constant prices or constant-valued dollars from a 

base year. Thus, for the analysis in this project all the values of GDP will be in billions of 

1987 dollars. 



CHAPTER II 

ALGORITHM 

2.1 Introduction 

2.1.1 An Overview of Box-Jenkins Methodology 

A time series is a chronological sequence of observations on a particular variable. 

It can be thought of as consisting of four components. The components of a time series 

are: (1) trend, (2) cycle, (3) seasonal variations and (4) irregular fluctuations. Trend 

refers to the upward or downward movement that characterizes a time series over a period 

of time. Thus trend reflects the long-run growth or decline in the time series. Cycle refers 

to recurring up and down movements around trend levels. Cyclical fluctuations can have a 

duration of anywhere from two to ten years or even longer measured from peak to peak or 

trough to trough. Seasonal variations are periodic patterns in a time series that complete 

themselves within a calendar year and are then repeated on a yearly basis. It is usualy 

caused by such factors as weather and customs. The irregular fluctuations component of a 

time series, refers to erratic movements that follow no recognizable or regular pattern. 

Many irregular fluctuations in a time series are caused by events that cannot be forecasted 

such as earthquakes, wars, and hurricanes. 

In this project, the Box-Jenkins model-building strategy will be utilised. The Box-

Jenkins methodology consists of a four-step iterative procedure as follows: (1) model 

identification, (2) model fitting, (3) model diagnostics and (4) forecasting. In model 

identification, the historical data are used to tentatively identify an appropriate 



Box-Jenkins model. We look at the time plot of the series and compute many important 

statistics of the data, such as the sample autocorrelation fiinction and the sample partial 

autocorrelation function to tentatively choose a model. Model fitting consists of finding 

the best possible estimates for the parameters of the tentatively identified model. In this 

stage, methods of estimation such as the method of moments, least-squares estimators and 

maximum likelihood estimators are considered to estimate the parameters. In model 

diagnostics, various diagnostics such as the method of autocorrelation of the residuals and 

the Ljung-Box-Pierce statistic are used to check the adequacy of the tentatively identified 

model. If the model is found to be inappropriate, we would return back to model 

identification and cycle through the steps until, ideally, an acceptable model is found. 

Once a final model is obtained, it can be used to forecast future time series values. 

The Box-Jenkins methodology requires that the model to be used in describing and 

forecasting a time series to be both stationary and invertible. Thus, in order to tentatively 

identify a Box-Jenkins model, we must first determine whether the time series we wish to 

forecast is stationary. If it is not, we must transform the time series into a series of 

stationary time series values through the process of differencing. A time series is said to 

be stationary (second-order stationary) if the statistical properties such as the mean (first 

moment) and the variance (second moment) of the time series are essentially constant 

through time. From the plot of the time series values, if the observed values of a time 

series seem to fluctuate with constant variation around a constant mean, then it is 

reasonable to believe that the time series is stationary, otherwise, it is said to be 



nonstationary. We will also look at the behavior of the sample autocorrelation function, 

and use the Dickey-Fuller test to decide whether the time series is stationary. 

Any Box-Jenkins model can be used to express z,, an observation made at time t , 

as a function of past z-observations. A Box-Jenkins model is considered not invertible, if 

the weights placed on the past z-observations when expressing z, as a function of these 

observations do not decline as we move further into the past. A model which is invertible 

on the other hand, implies that these weights do decline. Intuitively, this condition should 

hold, since it seems only logical that a recent observation should count more heavily than 

a more distantly past observation. The conditions of stationarity and invertibility implies 

that the parameters used in the model under consideration satisfy certain criteria. When 

we obtain the final least squares point estimates of the parameters in our model, we should 

verify that these point estimates satisfy the stationarity and invertibility conditions. The 

model will be considered inadequate if those conditions are not met. 

2.1.2 Time Series Models 

In this section, we present a general discussion of time series models which will 

include white noise process, moving average models, autoregressive models, and mixed 

autoregressive-moving average models. Before we proceed, it is important that we define 

the concept of covariance stationarity, and introduce the theoretical autocorrelation 

function (TAC), and the theoretical partial autocorrelation function (TPAC). The 

importance of TAC and TPAC stems from the fact that the time series models are 

characterized by these functions. 



The behavior of a Gaussian time series Z, can be adequately described by a 

knowledge of its mean value function p. and covariance kernel K that is, 

m = E(ZJ and K^,= Cov(Z„ZJ s,t e Z (2.1) 

A time series Z,is said to be a Gaussian time series, if the joint distribution of any finite 

number of Z,'s is multivariate normal. In other words, for any positive integer n and any 

n integers ti,t2,...,tn, we have that the joint distribution of Z(ti),Z(t2),...,Z(tJ is multivariate 

normal (In this result, we temporarily write Z(t) = Zjto avoid subscripts on subscripts). 

Henceforth, we shall assume that the time series Z, is a Gaussian time series. 

A time series Zjis said to be covariance (or weakly) stationary if its mean value 

function is a constant, that is, E(ZJ = fi, and if there exists a flinction {Yk, k e Z} such that 

K,,= Cov(Z„ZJ = Y,.s- (2.2) 

that is, the covariance of any pair of Z,'s that are the same distance apart is the same. The 

function y is called the autocovariance function of Z,. In this paper, the term stationary 

when used by itself will always imply covariance stationary. 

For a stationary time series Z„ the TAC is given by 

Cov{2^2^_;^ 
p̂  = Corr{;i^^^ = 

K̂oKẐ FoKẐ .̂ ) 

(2.3) 

Yo" 

since, Y-k = Yk and Var(Z,.k) = Yo (fô " ^ k e Z). Thus, we can also conclude that Po = 1 

and p.k= Pk. 



The TPAC on the other hand is given recursively as follows: 

*-i 

**. = 1̂̂^ • (2.4) 

where 

•v = **-iJ " •tt**-!.*^ /*»• J = 1.2,...^-1. 

The simplest type of time series model is the white noise process, which is defined 

as a sequence of independent, identically distributed random variables {a,}. A time series 

Z, is said to be a white noise process with variance o,̂  if E(Z,)=0 and if 

Y, = Cav(Z^,.,) = °- ' *̂  = .̂ (2.5) 
I 0 , it ^ 0 

The model 

Z, = a, - 6ia,.i - 62a,.2 -... - Ô a,̂ . (2.6) 

is called the moving average model of order q. A convenient shorthand to denote the 

qth-order moving average process is MA(q). The term moving average refers to the fact 

that this model uses the past random shocks at.i,at.2,. .,a,̂  in addition to using the current 

random shock a,. Here, the parameters 6i,62,...,6q are unknown, and have to be estimated 

based on the observed time series Zi,Z2,...,Zn. For an MA(q) process, the TAC has 

nonzero autocorrelations at lags l,2,...,q and has zero autocorrelations at all lags afl;er q. 

In other words, this would imply that 
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Pk^O fork=l,2,...,q 

Pk = 0 fork>q. (2.7) 

The TPAC of an MA(q) model on the other hand, would exhibit an exponential decay. 

We define the characteristic polynomial for an MA(q) process as 

6(x)=l-0iX-e2x'-. . .-6qXV 

and the corresponding MA characteristic equation is given by 

l - e i X - 0 2 X ^ - . . . - 0 q X ' ' = O. 

An MA(q) model is then said to be invertible, if and only if the q roots of the MA 

characteristic equation all exceed unity in modulus. 

The model 

Z. = cl),Z,i + 4)2Z,.2+ ... + (l)pZ..p + a,. (2.8) 

is called the autoregressive model of order p. For convenience, the pth order 

autoregressive process will be denoted by AR(p). The term autoregressive is used, since 

the model expresses the current time series value Z„ as a function of past time series 

values Z,.i,Zt.2,...,Z,.p. The parameters ^1,^2^.-^^^ ^^^ unknown, and have to be estimated 

based on the observed time series Zi,Z2,...,Zn. For an AR(p) processs, the TAC exhibits 

an exponential decay. On the other hand, the TPAC of an AR(p) process has nonzero 

partial autocorrelations at lags l,2,...,p and has zero partial autocorrelations at all lags 

beyond lag p. Thus we can write 

())y,#0 fork= l,2,...,p (2.9) 

(t)yj = 0 for k > p. 



We define the characteristic polynomial for an AR(p) process as 

c|)(x)=l-ct)^x-(l)2x'-...-(|)pXP. 

and the corresponding AR characteristic equation is given by 

1 -C|)lX-4)2X2-...-(t)pXP = 0. 

An AR(p) model is then said to be stationary, if and only if the p zeros of the AR 

characteristic equation all exceed one in absolute value. 

A natural extension of the MA and AR models would be a class of models having 

both autoregressive and moving average terms. This would be a model of the form 

Z, = ^,Z,., + (1)2Z,.2+ ... + (|)pZ,.p + a, - ê a,.! - 62a,.2 -... - 6,a,̂ . (2.10) 

which is referred to as the mixed autoregressive-moving average process of orders p and 

q, or simply ARMA(p,q). For an ARMA(p,q) process, the TAC decays exponentially 

after lag q, while the TPAC decays exponentially afl:er lag p. Note that a process with a 

nonzero mean OQ, may be obtained by adding OQ to the right-hand side of Equations 

(2.6),(2.8), and (2.10). 

2.2 Model Identification 

2.2.1 Data Set 

The data for this project was obtained from the 1994 issue of the Economic Report 

of the President, and is listed in the Appendix. It consists of the 35 annual GDP values 

from 1959 to 1993 measured in billions of 1987 dollars. The time plot of this data set is 

given in Figure 2.1. Here we observe an overall upward linear trend. Since it is clearly 

nonstationary and nonseasonal, a differencing filter will be used to make it stationary. 
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Figure 2.1 The GDP in Billions of 1987 Dollars 

2.2.2 Stationaritv through Differencing 

A time series {z,} is said to follow an integrated autoregressive-moving average 

model, if the dth difference w, = V*z, is a stationary ARMA process. The differencing 

operator V* is defined by (l-L)** (where the lag operator L, in turn is defined by L"z, = z,.n). 

11 



If w, is ARMA(p,q), we say that z, is ARIMA(p,d,q). The first difference of the series {z,} 

is obtained by using the following equation: 

w, = Vz, = z, - z,.i where t = 2,3, ,n. (211) 

Note that the new series {w,} will contain only 34 observations, since one observation will 

be lost due to differencing. The plot of w, is shown in Figure 2.2 (on the next page). 

From the plot, it appears as though the first difference is sufficient to obtain second-order 

stationarity. We will next perform the Dickey-Fuller test to confirm whether the 

differenced series is stationary. 

2.2.3 Testing for Stationarity 

A non-stationary series is said to be integrated of order k (I(k)), if the series must 

be differenced exactly k times to achieve stationarity. Thus, a stationary series is 

integrated of order zero (1(0)). At present we are interested in determining whether {wj 

is 1(0) or 1(1). A common test for stationarity is the Dickey-Fuller unit root test (Banaijee 

etal 1993). 

Consider an AR(1) process with a constant term OQ, 

w, = Oo + pw,.i + a,. (2.12) 

where a, is independently and identically distributed with mean 0 and variance G^. The 

relationship can also be stated as 

Vw, = w, - w,.i = 00 + (p - l)w,.i + a, = 00 + Pw,., + a,. (2.13) 

One can test for stationarity by testing whether or not the coefficient p in Equation (2.13), 
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Figure 2.2 The First Difference of the GDP Series 

is significantly different from zero. This is done by examining the t-ratio of the 

coefficient p. The hypothesis can be constructed as follows: 

Ho:P=0 (p = l) 

H . : p < 0 ( p < l ) . 

(2.14) 

If the null hypothesis that p is zero is rejected, we conclude that the series w, is stationary. 
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On the other hand, if we fail to reject the null hypothesis, then we do not reject the 

nonstationarity of the series. It should be noted here that the t-ratio used in this test, does 

not come from a standard student's t-distribution, but from a distribution which is skewed 

to the left called the Dickey-Fuller distribution. 

A problem often encountered when using Equation (2.13) to test for stationarity, is 

that the residuals are not white noise. The autoregressive model is misspecified and the 

coefficient P in Equation (2.13) will not be efficient when the residuals are not white noise 

(Kmenta, 1971). The misspecification is due to omitted explanatory variables, namely, 

excluded past values of Wj. Hence, our estimate of the impact of past values of w, on the 

change in w, will not be the best estimate. One way to remedy the situation, as suggested 

by Dickey and Fuller (1979), and Said and Dickey (1984), is to add enough Vw,.; terms to 

"whiten" the residuals. The modified model is given as follows: 

Vw, = 00 + P w,.i + S (j)iVw,.i + a». (2.15) 

where 4)4 is the coefficient on the lagged values of Vw,. Testing for stationarity by using 

Equation (2.15) is known as the "augmented" Dickey-Fuller (ADF) test (Banaijee et al. 

1993). As in the previous case, a test for stationarity can be performed by computing the 

t-ratio of the coefficient P, and comparing it to the appropriate critical value in the 

Dickey-Fuller table. 

Coming back to the problem in hand, the following equation will be utilized to test 

for the stationarity of {wJ: 

Vw, = 00 + Pw,.i + <t)i Vw,.i + a,. (2.16) 

where the Vw,.i term has been added to ensure that the residuals are white noise. The null 

14 



and alternative hypothesis of interest are formulated as shown below. 

Ho: P = 0 (Time series is nonstationary) 

H,: p < 0 (Time series is stationary) 

The t-ratio related to P will be denoted by x, where the i statistic is 

(2.17) 

(2.18) 

In Table 2.1, we provide the parameter estimates, standard errors, t-ratios, and the 

probability-value obtained from SAS, associated with the ADF test using Equation (2.16). 

From the table, since the probability-value for the ADF test statistic x is less than 0.01, we 

would reject the null hypothesis at the 5% significance level. Thus, we conclude that {wJ 

is stationary or 1(0). Also, note that both the (jĵ  and 0o terms are significant at the 5% 

significance level, since their t-ratios exceed 1.96 (t(32,0.025)). 

Table 2.1 The Parameter Estimate, Standard Error, t-Ratio, and Probability-Value 

Parameter 

p 

<t>. 

9„ 

Estimated 
Value 

-1.06831 

0.34327 

102.701 

Standard 
Error 

0.21982 

0.17404 

23.869 

t-ratio 

-4.86 

1.97 

4.30 

p-value 

<0.01 

2.2.4 Sample Autocorrelation Function (SAC) 

The Box-Jenkins forecasting models are tentatively identified by examining the 

behavior of the sample autocorrelation flinction (SAC), and the sample partial 
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autocorrelation function (SPAC), for the original time series Z^,7^,...T^, and the differenced 

time series W2,W3,...w„. The SAC at lag k, denoted by r̂ , is 

T. = 
^k 

n-k 

r-l 

n 2 

E (^ -'') 
(2.19) 

t'l 

where 

^ = E - • (2.20) 
r-l n 

The SAC measures the linear relationship between time series observations separated by a 

lag of k time units. The value of r̂  will always be between -1 and 1. A value close to 1 

indicates that observations separated by a lag of k time units will have a strong tendency 

to move together in a linear fashion with a positive slope, while a value of r̂  close to -1 

indicates that observations separated by a lag of k time units will have a strong tendency 

to move together in a linear fashion with a negative slope. 

In order to employ the Box-Jenkins methodology, we must first examine and try to 

classify the behavior of SAC. A spike at lag k is said to exists in the SAC if r̂ , the sample 

autocorrelation at lag k, is statistically large. We can judge whether a spike at lag k exists 

in the SAC by looking at a t statistic related to r̂ , denoted by t̂ ,. 

The trfj statistic is 

'»* = 7̂ - (2.21) 

where ŝ ,, the standard error of rt is 

16 



* H f c = 
^ 

'':3^' (2.22) 

Concluding that r̂  is statistically large, is equivalent to rejecting the null hypothesis that 

the theoretical autocorrelation at lag k equals zero. The theoretical autocorrelation is 

denoted by the symbol p̂ , and it is a measure of the linear relationship between all 

possible time series values separated by a lag of k time units. 

Our goal is to recognize patterns in r̂ , that are characteristic of the known patterns 

in p̂  for common ARMA models. We know for an example, that p,̂  = 0 for k > q in an 

MA(q) model. A test that the series is MA(q) can be carried out by using the following 

hypothesis: 

Ho: Pk = 0 for k > q (2.23) 

H,:p, ^0 fork=l,2,...,q 

For large-sample approximations, we can compare the statistic given in (2.21) with the 

critical values of a standard normal distribution, and determine whether the magnitude of 

the statistic exceeds 2 (rather than 1.96) to test at the 5% significance level. 

A plot of the SAC for the z, series (original series) is shown in Figure 2.3. This 

output was obtained from SAS. In Figure 2.3, each r̂  value is represented by a row of 

asterisks. Although SAS does not give the t̂ , values, it presents related "two-standard-

deviation dotted bands." For an example, consider Figure 2.3, and note that the 

"centerline" on the plot of the r,̂  values is positioned at 0. Given any lag k, the dot to the 

left of the centerline is 2(SriJ less than 0 and the dot to the right of the centerline is 2(8̂ ^ 
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greater than 0. Therefore, the dotted bands are symmetrical around the centerline. In 

Figure 2.3, the dots to the right of the centerline corresponding to lags 1-3 cannot be seen, 

because they are covered by the asterisks representing the r̂  values. In general, if the last 

asterisk representing r̂  coincides with the corresponding two-standard-deviation dot, then 

|r,,| is approximately equal to 2(8̂ .̂ This of course implies that \t^\ roughly equals to 2. 

If the last asterisk is beyond the corresponding dot, then \t^\ exceeds 2, and if it does not 

reach the corresponding dot, then It̂ ,! is less than 2. 

- 1 9 8 7 6 5 4 3 2 1 0 1 2 3 4 5 6 7 8 9 1 
* * * * * * * * * * * * * * * * * * * * 

* * * * * * * * * * * * * * * * * * 

* * * * * * * * * * * * * * * * 

* * * * * * * * * * * * * * * 

* * * * * * * * * * * * * . 

* * * * * * * * * * * 

* * * * * * * * * 

* * * * * * * * 

* * * * * * 

Figure 2.3 SAC for the Original Values of GDP 

As was mentioned eariier, SAC can also be used to help us determine if a time 

series is stationary. If the SAC of the time series values either cuts off fairiy quickly or 

dies down fairly quickly, then the time series values should be considered stationary. On 

the other hand, if the SAC of the time series values dies down extremely slowly, then the 

time series values should be considered nonstationary. We say that the SAC cuts off after 

lag k if there are no spikes at lags greater than k in the SAC. From Figure 2.3, it can be 

interpreted that the SAC dies down extremely slowly, since we observe a very slow and a 

reasonably steady decrease in the r̂  values. Thus, the original values of the GDP are 

Lag 
0 
1 
2 
3 
4 
5 
6 
7 
8 

Correlation 
1.00000 
0.91144 
0.82223 
0.73470 
0.64288 
0.55041 
0.46138 
0.38059 
0.30666 
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nonstationary, and this result is consistent with our eariier conclusion which was obtained 

from the plot of the series (Figure 2.1). 

In Figure 2.4 we present the SAC for the first differences (wJ of the GDP, and in 

Table 2.1, we present the standard errors of the sample autocorrelations and also the t̂ , 

statistics. 

Lag C o r r e l a t i o n - 1 9 8 7 6 5 4 3 2 1 0 1 2 3 4 5 6 7 8 9 1 
0 1.00000 
1 0.20991 
2 -0.28177 
3 -0.29853 
4 -0.16813 
5 0.07950 
6 -0.06813 
7 0.00641 
8 0.04901 

* * * * * * 

* * * * * * 

* * * 

* * * * * * * * * * * * * * * * * * * * 

* * * * 

* * 

Figure 2.4 SAC for the First Difference of the GDP 

Looking at Figure 2.4, we observe that the SAC for the first difference dies down 

fairly quickly. This implies that the first difference is sufficient to achieve second order 

stationarity. We note here that this conclusion is in line with our previous conclusion, 

which was obtained by analysing the plot of the differenced series (Figure 2.2). Also, 

observe that for all lags greater than 0, the r,̂  values are contained within the two-

standard-deviation dotted bands. This means that there are no spikes in the SAC after lag 

0, and that the r,̂  values are not significantly different from zero. Thus, we cannot reject 

the null hypothesis that the theoretical autocorrelations at lag k (for k > 0) equals zero. 

From above, it is obvious that we should tentatively identify a moving average model of 

order zero (MA(0)), with a constant term present, for the differenced series. The reason 

for incorporating a constant term into the model, is because from Figure 2.2, we observe 

that w, is a stationary process with a nonzero mean. 
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Table 2.2 The Standard Error of SAC and t Statistic for the First Differenced series (wJ 

Lag (k) 

1 

2 

3 

4 

5 

6 

7 

8 

Standard Error (ŝ J 

0.171499 

0.178896 

0.191505 

0.204735 

0.208756 

0.209645 

0.210295 

0.210301 

t Statistic (t J 

1.223972 

-1.575049 

-1.558863 

-0.821208 

0.380827 

-0.324978 

0.030481 

0.233047 

Consider the MA(0) model, with a constant term for the differenced series, 

w, = 00 + a,. (2.24) 

where 0o is the constant term, and the a's are assumed to be independently and identically 

distributed with zero mean and variance o,̂ . Here, 

E(w,) = 00. (2.25) 

and 

Yo = Var(wj = Var(0o + aj (2.26) 

= Var(a,) 

Oa^. 

and in general for k ^ 1, 

Yk = Cov(Wj,w,.k) = Cov(0o + at,0o + a..̂ ) (2.27) 

= Cov(a„aj.O 

= 0 (since the a's are independent). 
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Therefore, 

= ll 
Vo 

Thus for an MA(0) process, the theoretical autocorrelations are zero at all lags 

Pk = Corr(w„w,J = I* = o. (2.28) 
Vo 

2.2.5 Sample Partial Autocorrelation Function (SPAC) 

The SAC is a good indicator of the order of an MA(q) process, since the 

correlation function is zero for lags beyond q. However, the autocorrelations of an AR(p) 

series does not remain zero after a certain number of lags, so we utilize a different 

function, called the partial autocorrelation to determine the order p. The partial 

autocorrelation at lag k, denoted by (t)̂ ,, is defined as the correlation between Z, and Z,.,̂ , 

after removing the effects of the intervening variables Z,.i,Z,.2, ,Z,.,,+i. 

A general method for finding the partial autocorrelation function for any stationary 

process with autocorrelation function p^was shown by Anderson (1971). For a given lag 

k, it can be shown that (Jĵk satisfies the following Yule-Walker equations: 

Pj = *kiPj-i +4>k2pj-2+ ••• + 4>kkPj-k, J = 1,2, ... ,k. (2.29) 

and by letting Po= 1 and p.k= PkWe get more explicitly. 

Pi = 't>w + •fcjPi + ••. + 4>ttPk-i 

P2 = *k/Pl * ^k2 ^ ••• "• *ttPk-2 

Pk = •wPfc-i * •fc2Pk-2 * • "• * » • 

(2.30) 

The sample partial autocorrelation function (SPAC) denoted by î .̂is found by replacing 

p's with r's in Equation (2.30), and then solving the resulting linear equations. Here the r's 

are calculated by using Equation (2.19), and the computed values are shown in Figure 2.4. 
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Levinson (1947) and Durbin (1960) gave an efficient method for obtaining the solutions 

recursively as follows: 

k-l 

'•k - E Kij ^k-j 
***= Ti • (2.31) 

where 

•î  = ^k-\j - ikkik-i.k^ M J = 1.2,...^-1. 

For example, by letting (̂ ,j = r, to get started, we have from Equation (2.31) 

*22 = 

= 

— 

'"2 -

1 -

'"2 -

1 -

•ii'-i 

*ii'*i 

2 
''1 

2 

-0.34085 . 

To compute 3̂3, we need to first calculate ^^i 

A A 

*21 = *11 " *22*11 

= 0.28146 . 

Thus, 

*33 = : 1— 
1 - 4>2i'-i - <l>2/2 

= -0.17478 . 

Using the above procedure, we may numerically compute as many values for i^^ as 
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desired. In our case, eight ^^^ values were calculated and the results are presented in 

Figure 2.5. 

Again, in order to employ the Box-Jenkins methodology, we must examine and 

attempt to classify the behavior of the SPAC. We say that a spike at lag k exists in the 

SPAC if (̂ jŷ , the sample partial autocorrelation at lag k, is statistically large. This is 

basically determined by looking at the t statistic related to i>^, denoted by t̂ -̂

The t̂ k statistic is 

'^ = —• (2.32) 
* < j * 

where ŝ k> the standard error of i^,^ is 

V = 7 : (2.33) 

Concluding that ^^^ is statistically large, is equivalent to rejecting the null hypothesis that 

the theoretical partial autocorrelation at lag k equals zero. Our goal once again, is to 

recognize patterns in î ,̂ that are characteristic of the known patterns in (()y, for common 

ARMA models. We know for an example, that 4)̂ , = 0 for k > p in an AR(p) model. A 

test that the series is AR(p) can be carried out by using the following hypothesis: 

Ho:ct)kk = 0 fork>p (2.34) 

H,:(|)kk''0 fork=l,2,...,p. 

For large-sample approximations, we can compare the statistic given in (2.32) with the 

critical values of a standard normal distribution, and determine whether the magnitude of 

the statistic exceeds 2 to test at the 5% significance level. 
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In Figure 2.5 we present the SPAC for the first difference (wJ of the GDP, and in 

Table 2.2, we present the standard errors of the sample partial autocorrelations and also 

the t̂ k statistics. When analyzing the SPAC, the two-standard-deviation dotted bands are 

interpreted in the same way as they are when analyzing the SAC. From the figure, we 

observe that with the exception at the second lag, the ^̂ ^ values are contained within the 

two-standard-deviation dotted bands. At lag 2, the last asterisk corresponding to 

•22coincides with the two-standard-deviation dot. 

Lag C o r r e l a t i o n - 1 9 8 7 6 5 4 3 2 1 0 1 2 3 4 5 6 7 8 9 1 
1 
2 
3 
4 
5 
6 
7 
8 

0.20991 
-0.34085 
-0.17478 
-0.17994 

0.01079 
-0.29495 

0.02645 
-0.11090 

Figure 

However, since 

2.5 

• 
* * * * * * * 

* * * 

* * * * 

, * * * * * * 

* * 

SPAC for the First Diffe 

M = 
A 

•22 

^•2 
= 

= ] 

-0.34085 

0.17150 

1.99. 

is slightly less than 2, this implies that there are no spikes in the SPAC, and that the itj^ 

values are not significantly different from zero at all lags. Thus, we cannot reject the null 

hypothesis that the theoretical partial autocorrelations at lag k (for k > 0) equals zero. 

Based on this outcome, we tentatively identify an autoregressive model of order zero 

(AR(0)), with a constant term present, for the differenced series. 
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After analyzing both the SAC and SPAC, we conclude that an ARMA(0,0) model 

with a constant term present, appears to be the most appropriate model for the differenced 

series. The model is given by 

w, = 60 + a,. (2.35) 

This would imply then, that the original series can be represented by an ARIMA(0,1,0) 

model, also known as the random walk with drift. The random walk with drift is defined 

by 

Zt-Z,.i+0o+at. (2.36) 

For the pupose of model fitting, we shall define the tentative model in terms of the 

differenced series as given in Equation (2.35). 

Table 2.3 The Standard Error of SPAC and t Statistic for the First Differenced Series (wJ 

Lag (k) 

1 

2 

3 

4 

5 

6 

7 

8 

Standard Error (ŝ k) 

0.171499 

0.171499 

0.171499 

0.171499 

0.171499 

0.171499 

0.171499 

0.171499 

t Statistic (t̂ k) 

1.223972 

-1.987475 

-1.019131 

-1.049219 

0.062916 

-1.719835 

0.154228 

-0.646651 
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2.3 Model Fitting 

Once a tentative model has been identified, the next step in Box-Jenkins 

methodology, consists of finding the best possible estimates for the unknown parameters 

in the model. The method of moments will be used here, since it is one of the easiest, if 

not the most efficient methods for obtaining parameter estimates. This method consists of 

equating sample moments to theoretical moments, and solving the resultant equations to 

obtain estimates of unknown parameters. Consider the model obtained from Equation 

(2.35), 

w, = 60 + a,. 

where E{2i^) = 0 for all t. We wish to estimate OQ with our differenced time series 

W2,W3,...,w„. The most common estimate of 60 is the sample mean or average: 

- = - E - . - ^ E -r (2.37) 
n t'2 34 f-2 

Using Equation (2.37), we then obtain 

6Q= w = 94.23235. (2.38) 

The final parameter to be estimated is the noise variance o^ We can estimate Yo = 

Var(wt) by the sample variance 

_. E K - - - ) \ § K - - - ) ' (2.39) 

(« - 2) 33 

and use the known relationship between YO and ô  to estimate o^ In particular, we know 
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that 

Yo = Var(w;) = a]. (2.40) 

Using Equations (2.39) and (2.40), we then obtain 

A2 . 2 _ 
a^= s^ = 5052.644. (2.41) 

SO that the estimated model for the differenced series is given as 

w, = 94.23235 +a,. (2.42) 

where {a,} is zero-mean white noise process with variance 5052.644. 

Associated with the point estimate of each parameter in a Box-Jenkins model is its 

standard error and t-value. In our case, if we let ê  denote the point estimate of ê , and 

s^ denote the standard error of the point estimate ê , then the t-value associated with ê  is 

calculated by the equation 

% 
t = —. (2.43) 

\ 

A test to determine whether we should include the parameter ê  in the Box-Jenkins 

model, can be carried out by using the following hypothesis: 

^0 : ^0 = 0 

H,.&o* 0-

(2.44) 

Once again, for large sample approximations, we can compare the statistic given in (2.43) 

with the critical values of a standard normal distribution, and determine whether the 
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magnitude of the statistic exceeds 2 at the 5% significance level. From SAS, the 

approximate standard error of the point estimate e» is 

sx = 12.37378 ao= 12.37378. (2.45) 

Using equations (2.38), (2.43), and (2.45), we then obtain 

% 94.23235 
t = — = = 7.62. (2.46) 

jrg 12.37378 V^-'W "0 

Since the t-value obtained from (2.46) is greater than 2, we should reject the null 

hypothesis. Thus, we have strong evidence that 6̂  is important, and should be included in 

the model. 

2.4 Model Diagnostics 

Once the model is estimated, the next step is to assess how well the model fits the 

data. If the model chosen is correct, and if the estimated parameters are close to the 

actual values, then the residuals should have nearly the properties of//J normal random 

variables. From Equation (2.42), the estimated model is given as 

w, = 94.23235 +a,. 

so that the residuals are defined as 

a^ = w, - 94.23235 . (2.47) 

The adequacy of the overall estimated model, can first be analyzed by using the 

Portmanteau test statistic (or Ljung-Box-Pierce statistic). This statistic is given by 
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M f2 

Q = nin ^ 2)5: '—• (2.48) 
jfc-1 (M - k) 

where r\ denotes the sample autocorrelation function of the residuals. This test is based 

on the fact that autocorrelations of a white noise process are equal to zero, and that 

sample autocorrelations squared, appropriately standardized, will follow a chi-square 

distribution with one degree of freedom, where the sample autocorrelations are 

asymptotically independent for different lags. Thus, if the correct ARIMA(p,d,q) model is 

fitted, then for large n, Q has a chi-square distribution with (M - p - q) degrees of 

freedom. 

If the estimated model does a good job of explaining and accounting for the 

relationship between the time series observations, then the residuals should be unrelated, 

and hence the autocorrelations of the residuals should be small. The larger the 

autocorrelations of the residuals are, the larger is the value of Q, and the more related are 

the residuals. Hence, a "large" value of Q would imply that the model is inadequate. 

The hypothesis to test for the adequacy of the model can be constructed as 

follows: 

HQ : model is adequate (residuals are white noise process) (2.49) 

Hj: model is inadequate (residuals are not white noise process). 

In Table 2.4, we present the Ljung-Box-Pierce statistic Q, plus other pertinent information 

obtained by using SAS on the fitted model. 
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Table 2.4 The Portmanteau Statistic, Degrees of Freedom and the Probability-Value 

To Lag (M) 

6 

12 

18 

24 

Q 

9.81 

11.76 

17.04 

21.77 

df 

6 

12 

18 

24 

p-values 

0.133 

0.465 

0.520 

0.593 

At the 5% significance level we do not reject the HQ, since the probability-values 

associated with Q for M = 6, 12, 18, and 24 are all greater than 0.05. Thus, we conclude 

that the model is adequate from the Portmanteau test. 

The adequacy of the model can be further investigated by examining the individual 

sample autocorrelations of the residuals (SACR). In Figure 2.6, we present the SACR 

obtained from SAS. The SACR is interpreted in the same manner, as was done previously 

with the SAC and SPAC. From the figure, we observe that for all lags greater than 0, the 

f̂  values are contained within the two-standard-deviation dotted bands. This implies that 

there are no spikes in the SACR after lag 0, and that the r% values are not significantly 

different from zero at the 5% significance level. Thus, there is no reason to question the 

adequacy of the fitted model. 
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Lag 
0 
1 
2 
3 
4 
5 
6 
7 
8 

Correlation 
1.00000 
0.20991 

-0.28177 
-0.29853 
-0.16813 
0.07950 

-0.06813 
0.00641 
0.04901 

- 1 9 8 7 6 5 4 3 2 1 0 1 2 3 4 5 6 7 8 9 1 
* * * * * * * * * * * * * * * * * * * * 

* * * * 

* * * * * * 

* * * * * * 

* * * 

* * 

Figure 2.6 SACR for the Fitted Model 

31 



CHAPTER III 

FORECASTING 

Once the model is considered acceptable and adequate, the final step in Box-

Jenkins methodology is to forecast future time series values. We would like to forecast 

the value Z,+;, / time units into the future, based on the available history of the series up to 

time t, Z„Z,.i,...,Zi. Here, the time t is referred to as the origin of the forecast, and / is 

called the lead time for the forecast. 

Consider the random walk with drift defined by 

Z,= Z,.i+0o+a,. (2.50) 

Replacing t by t + / in Equation (2.50) produces 

Zt./=Zt.M+0o+V/- (2.51) 

The minimum mean square error forecast, denoted by z (̂/), is given by 

z,(0 = E(Z,,i I z^z,.,,...,z,). (2.52) 

Plugging Equation (2.51) into Equation (2.52), we get 

z,(/) = E(Z,,,_, + ê  + a^,i I z^z,.,....,z,) 

= E(Z,,j_^ I Z^Z,.j,....Zi) + E(e, I Z^Z,.,,....Z,) + E(a^,i | Z^Z^.,,...,Z{) (2.53) 

= Z,(/- l) + OQ. 

since from Equation (2.52), E(Z,+,.i |Z„Z,.i,...,Zi) = z,(/-l)and, for / > 1, a,̂ / is independent 

of Z„Z,.i,...,Zi. Iterating backwards on / yields the explicit expression 
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z,(o = z, + /e^. / i 1. (2.54) 

But, since Z, = 5132.7 (1993 GDP value measured in billions of 1987 dollars), and from 

Equation (2.38) we know ê  = 94.23235 , equation (2.54) now becomes 

Z,(/) = 5132.7 + 94.23235/. (2.55) 

In Table 3.1, we provide the forecast values, and the lower and upper 95% 

confidence limits, obtained from SAS. The lower and upper 95% confidence limits are 

denoted by L95 and U95, respectively. 

Table 3.1 The Point Forecasts and 95% Prediction Intervals 

Year 

1994 

1995 

1996 

1997 

1998 

1999 

2000 

Forecast 

5226.9324 

5321.1647 

5415.3971 

5509.6294 

5603.8618 

5698.0941 

5792.3265 

L95 

5085.5192 

5121.1763 

5170.4622 

5226.8030 

5287.6523 

5351.7040 

5418.1823 

U95 

5368.3455 

5521.1532 

5660.3319 

5792.4558 

5920.0713 

6044.4843 

6166.4706 

In Figure 3.1, we present a plot of the actual time series together with the forecast 

series, L95 and U95. Values of the actual time series are labeled with a dot, and the 

points are not connected. Values of the forecast series are labeled with an open circle, and 

the points are connected with a straight line. Values of L95 and U95 are labeled with a 
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Figure 3.1 The Actual and the Forecast GDP Series 

star, and the points are connected with a smooth curve. From the plot we observe that all, 

but two of the actual time series values falls within the interval between L95 and U95. 
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CHAPTER IV 

SUMMARY AND CONCLUSIONS 

The objective of this paper is to use the Box-Jenkins methodology to model the 

stochastic mechanism that gives rise to the GDP series, and to predict or forecast future 

values of the series based on the history of the series. The Box-Jenkins technique consists 

of a four-step iterative procedure, which includes model identification, model fitting, 

model diagnostics and forecasting. Since the GDP is a nonstationary series, the first 

difference was taken to make it stationary, and the "augmented" Dickey-Fuller test was 

performed to confirm the stationarity of the differenced series. The model identification 

process yielded a random walk model for the GDP series. Once the model is fit, the 

Portmanteau test statistic was used to analyze the adequacy of the overall estimated 

model. Finally, the adequate model was used to forecast future time series values. 
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APPENDIX 

DATA SET 

Table A. 1 Gross Domestic Product (GDP) in Billions of 1987 Dollars 

YEAR 

1959 

1960 

1961 

1962 

1963 

1964 

1965 

1966 

1967 

1968 

1969 

1970 

GDP 

1928.8 

1970.8 

2023.8 

2128.1 

2215.6 

2340.6 

2470.5 

2616.2 

2685.2 

2796.9 

2873.0 

2873.9 

YEAR 

1971 

1972 

1973 

1974 

1975 

1976 

1977 

1978 

1979 

1980 

1981 

1982 

GDP 

2955.9 

3107.1 

3268.6 

3248.1 

3221.7 

3380.8 

3533.3 

3703.5 

3796.8 

3776.3 

3843.1 

3760.3 

YEAR 

1983 

1984 

1985 

1986 

1987 

1988 

1989 

1990 

1991 

1992 

1993 

GDP 

3906.6 

4148.5 

4279.8 

4404.5 

4539.9 

4718.6 

4838.0 

4897.3 

4861.4 

4986.3 

5132.7 
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