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CHAPTER I 

INTRODUCTION 

In March of this year, an international symposium on superheavy 

elements was held in Lubbock, Texas. This synposium was designed to 

provide an opportunity to present and discuss the latest results 

pertaining to superheavy elements and related subjects. Extensive 

searches that have been made both to find superheavy nuclei in nature 

and to produce them in the laboratory were reported. Despite consider

able efforts, no conclusive evidence for the existence of superheavy 

nuclei has yet resulted from, those atterrpts. However, some proton-

induced X-ray spectra from microscopic crystalline monazite inclusions 

in biotite mica were interpreted earlier as evidence for the existence 

2 
of primordial superheavy elements by Gentry et al_. In spite of the 

author's doubts in the existence of those papers, it has sparked a 

4 very enthusiastic discussion on this frontier. Further workds of 

5 6 7 . 

Brosch et al̂ ., Stephen et ad., and Ketelle et al_., categorically 

negated the reported evidence for the existence of such primordial 

superheavy elements, incliiding the later work of some of the authors 
of ref. 2. 

The purpose of this work is to describe some of the main features 

of superheavy elements. In designing an ejq̂ eriment to create and/or 

detect superheavy nuclei, it is very important to have accurate 

information regarding energies and half-lives of spontaneous fission. 

1 



alpha-decay, and beta-decay. In this work, we propose to stvidy the 

alpha-decay energy, their half-lives and spontaneous fission for 

superheavy nioclei with 108 ̂  Z ̂  128. For this study, the nonlocal 

nucleon-nucleus potential is introduced in the Schrbdinger equation 

for solving the single particle energy and wavefunction. The way the 

nonlocal potential is treated has been described earlier.^ We follow 

the same approach and \2se the same program modified to suit our needs. 

Essentially from the nonlocal form, an explicitly momentum dependent 

potential is developed. The momentum-dependent potential is then 

transformed into an effective energy-dependent form and finally this 

effective potential is approximated to a potential so that an analytical 

solution to the Schrodinger equation is obtained. For the purpose of 

the self-consistency, we describe this method briefly in the following 

chapter. 

Once the single particle energies are obtained for a given nucleus, 

the alpha-decay energies and half-lives can easily be calculated. In 

this work, we differ with the work of Waak° in calculating the alpha-

decay energies. He does not consider the "shell breaking" effect and 

limits his studies to N = 184 isotones with 108 - Z ̂  128. We extend 

the calculations for N = 228 isotones with 108 ̂  Z ̂  128 and invoke 

shell breaking effect and thus estimate their half-lives also. We 

further study the effect due to the variation in the range parameter 

and skin thickness for 12̂ :̂ 184 ̂ ^^ 126^228* 



CHAPTER II 

THE NOSILOCAL NUCLEON-NUCLEUS POTENTIAL AND SOLUTION 

2.1. Nonlocal Potential 

A nonlocal potential means that the energy of a particle at point 

? depends not only on the wave function at r but also on the wave 

functions at other points r' near r. In the central part of a large 

nucleus, v^ere the surface effects are negligible, there would be no 

average position-dependent potential acting on the nucleus. The 

properties of each particle are the same at all points in the interior 

and the energy of a particle cannot depend on its location, but may 

depend on its momentum. From the phase shift analyses for p-p, n-p 

and n-n scattering, it is evident the nucleon-nucleon interaction 

seems to have significant amounts of dependence of the relative 

momentum of the particles involved. Under these conditions, the 

potential can be considered as a nonlocal potential. More explicitly, 

it influences the probability of finding a particle at r due to the 

presence another nucleon at position r' in the neighborhood of r. In 

other words, the use of nonlocal potential replaces the hard core to 

invoke the short-range cojnrelations. Moreover, a saturating system 

like a nucleus, with an independent-particle structure may be described 

in terms of a nonlocal potential. Thus the generalized Schrodinger 

equation is given by: 



^ V̂ il'(r) + /V(r,r')i|^(r')dr'= Eii;(r) , 
2m (1) 

v^ere m is the reduced mass of a system in which a particle of mass M 

is moving in an average potential due to remaining particles of that 

system. A potential of this form can be understood as reflecting the 

correlations existing in nuclear matter, whereby the presence of a 

particle at position r' influences the probability of finding another 

nucleon at point r in the neighborhood of ?'. 

The direct solution of the integro-differential Schrodinger 

equation (1) , of course, would represent the straightforward mathematical 

approach to such a problem is one knew precisely the kernel VC^,^') . 

However, in the absence of detailed knowledge of the kernel V(r,r') 

these assumptions are made to solve equation (1): 

(a) The kernel must be Hermitian, which means that VC$-,'t') must 

be syirmetric in its dependence on ? and f"' if it is real; 

(b) V{f",?') must be translationally invariant in infinite nuclear 

matter; 

(c) The approximate validity of calculations enploying local 

potentials indicates that nonlocal effects should not be too large; 

(d) The potential V(f",f"') can be separated in the variables 

^(r+r') and (?-?'). 

From the assumptions, the potential is then given by: 

-^ ->- - ) - - » • 

V(r,r') = V(^')6j^{r-r) + v {^)6(r-r') , (2) 

r-V -*• 
where 6, (r-r')is a sharply peaked even function of its argument with 



the range b, whose integral properties are 

/6^(s)b3ds = 1, 
^ b (3) 

and 

/s26j^(s)b3ds = I . (4) 

, - > • - > • . 

In the limit of zero range, 6, (r-r') becomes the usual Dirac delta 

function 6 (r-r') and on integration over ?', eq. (1) reduces to the 
->.->-. 

usual Schrodinger equation. V (£lE_) accounts for effects no included 
P 2 

in the 6, part and is characterized as the residual part. 

2.2. Momentum-Dependent Potential 

Follcwing the effective mass approach taken by Frahn and Lemer, 

the nonlocal potential can be thrown into the momentum dependent form 

given by 

/V(r,r')ip(r')dr' 
b2 

^ -> 
= V(r)ip(r) + — [v2v(r) + 2W(r)V + V(r)v21 ,j;(r) 

16 

+ V {r)rp (r) 
P 

(5) 

The form (5) is obtained by setting r' = r + bs, and expanding the 

V(r + ^Ds) and ^lix + bs) in Taylor's series about bs = 0 and keeping 

the terms in b only up to the second order. The higher order terms 



in b will thios involve momentum dependent terms of hi^er orders. The 

first and last terms on the r i ^ t hand side of (5) represent the usual 

static potential and perturbation respectively. The coefficient of b^ 

is the momentum-dependent part. The treatment and influence of the 

higher order terms on the single particle spectra has been discussed 

in detail earlier. In order to demonstrate the method in which we 

handle the momentum-dependent part (obtained from the nonlocal potential) 

we keep the second order terms only for the sake of simplicity. The 

method, in principle, can be extended to any desired degree, of course. 

2.3. Energy-dependent Effective Potential 

Introducing the dimensionless variable x = r/a, where "a" is some 

convenient unit of length, from equations (1) and (5), we get 

-5_V2TP(X) +V(x)ti;(x) + TT-^ {4V (x) ^H (x) 
2ma2 16a^ 

•±_,->v t-^.^ 
+ 4[w(x)l. lv(x)] + if;(x)v2v(x)} 

+ Vp(x)ip(x) = Ei|̂ (x) (6) 

The wave function ij;(x) is assumed to be separable into radial, angular, 

and spin parts, so that it can be written as 

n,£,m,s X z (7) 

v/here the solution s of the angular part Ŷ (e,(j)) are well known spherical 



harmonics of order X and Cg are the solutions for a spin 1/2 particle. 

With the aid of the transformation 

Xn^(x) = [ 1 + 6f(x)I ^ / \ ^ ( x ) . (8) 

the radial part of the Eq. (6) can eventually be written as 

x ; , ( x ) - [ v ( x , e 2 ) - f E _ J x ^ ^ ( x ) = 0 (9) 

where 

V (x,s ) = -E2I1^ + 1/4 - ^ - ^ ^ - 1/4 [Mi2EL ] 
^ l+f(x) 1+6 f(x) 1+6 f(x) 

[ l + f ( x ) ] x x2 - l 4 T l + 5 f ( x ) 

1+6 f(x) (10) 

The following definitions are used in eq. (8) and (10) : potentials 

V(x) = V^f (x) and V (x) = -V f^(x) where V and V are strength 

parameters, the dimensionless parameters £:'s are energy dependent and 
2 

given by e| = E/E^, c^ = v ^ ^ , and t^ = Vp/E^, viiere E^ = 1 ^ 2 is 

A-1 the unit of energy, m = (m̂,̂  + m̂ )̂ —^ where m^ and mp are the neutron 

and proton masses respectively. The parameter 6 = —-- V = ^ 
2fĉ  ° 4a'̂  

is a measure of the degree of momentum dependence, where b is the 
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"range" of the nonlocality; and I is the orbital angular momentum 

quantum number. The functional form of f (x) is chosen to be the well 

known Vfood-Saxon function in the form 

f (X) = [1 + exp i ^ l V ^ 
d/a 

-1 
(11) 

v^ere 

R = R = r A-*-/̂  + C 
n,p on,op (12) 

2.4. Perturbation 
ê f (x) 

The perturbation _£_£ in eq. (10) is a sum of terms in order 

1+f (x) 5 

to account for several features. The perturbation chosen for this 

work include the following effects: the spin-orbit splitting, the 

nuclear symmetry energy, the coulomb energy for protons, and the 
2 

proton potential anomaly. Hence, the e f (x) is chosen as a sum of 

several effects given by: 

^r^r^^) = ^'sf^s^-^ ^ ^Lfsm(^)^ ^c ^c^^^ ̂  ^a ̂ a^^^ 
(13) 

These symbols are defined as follows: 

(a> ^L ^£s ^̂ ^ = -̂ ?<.̂ ô (i2<-s)f'(x)/a2>h2x • £s so 

= -e^gago Af'(x)/a^x (14) 
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v^ere ^zs - '̂ jis'̂ o' ̂ £s ^^ ̂ ^ spin-orbit strength, a^ is the spin-

orbit parameter, and 

<'̂» ^sm fsm'^) = 

A 

4 

= 1/2 ; 

£ + 
2 

= 0; 

.^2 N-Z 
-^sm A 

for 

1 . . 

for 

f ( x ) . 

J = 

for 

£ = 

= £ 

j = 

= 0 

+ 1/2 

= £ - i 
2 

(15) 

where e 2 = sni 
'sm E_ 

, and V is the potential strength. Ihe plus sign 
sm 

refers to the proton and the minus sign to the neutron case. 

(c) z^ f^(x) = ^ e^, for X ̂  R/a 
ôax 

Z-1 
E R 
o 

, 3 1 a^x^ . 
( 2- 2-R2-) e2, 

for X ̂  R/a (16) 

(d) The proton potential anomaly denoted by z^t^{x)i.s approximated 

by minus one-half the coulomb potential. For conputational simplicity, 

the coiiLomb potential plus the proton potential anomaly is taken as 

one-half the couloirb energy. 

2.5. Morse Function and Solution of Radial Equation 

The nonlocal, nucleon-nucleus potential (2) has been transformed 

into a momentum-dependent potential (5) . The momentum-dependent 



10 

potential has been further transformed into a siitpler form (10), which 

is independent of the angles involved. This sinpler, energy dependent 

form is the effective potential used in the radial eigenvalue equation 

(9) . The eigenvalue equation with the effective potential (10) , 

however, is not analytically solvable. Since an analytic solution of 

(9) is desirable, we try to find an appropriate similar potential V (x) 
a 

so that the original effective potential can be replaced by V (x) with 
a 

the result that (9) is now analytically solvable. 

A class of siitple potential is available for v^ch the Schrbdinger 

equation can be solved in terms of special functions. Ihe Morse 

function is used in this analysis since its general shape is nearly 

the same as the nucleon-nucleus potential it replaced. It can be 

written in the form 

V (x) = D {1 - exp [- 6a(x-x-,)]}2 - D_ 
m ^ Kj 

(17) 

v*iere D, D , XQ are dependent on nuclear parameters. A, Z, n, £, and j 

on parameters involved in Eq. (9) . Conforming to the dimensionless 

form introduced in Sec. 2.3., the Morse function (17) , used as the 

analytically solvable potential V^(x) assumes the form 

V^(x) 
a = ^M (̂ /̂̂c 

DQ ^ DQ 

— {1-exp [- 6a(x-x̂ )]}̂  - ^ (18) 
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.2) 
'E^ 

Substituting V^(x) for v(x;ep in Eq. (9) and defining the change 

of variable 

Z(x) = - i /(D/EJ exp [-6a(x-x„)] , 
3a ^ " 

(19) 

yields 

^;i'2' ^t^A.'2) - [ K' i ; - ^ ^ iixn/̂ ' = 0 (20) 

where 

K2 = IE-
D_ e 

E^ 1+6 
^ ] /BV (21) 

The single particle functions as solutions of eq. (20) are readily 

given in terms of generalized Laguerre Polynomial; 

^liV^' (2k+l) 
2k 3 -Z/2 ̂ 2k) (2) 

n 
(22) 

and the corresponding energy as: 

E = -(1+6) [D -2Ba )^7 (n+i) + 62a2 (n+i) ̂  1 (23) 

where 



( r )^ = r ( r+ l ) 
n 

and 

( r )^ = 1 

12 

(r + n - 1 ) , 



CHAPTER III 

SHELL STRUCTURE FOR SUPERHEAVY NUCLEI 

3.1. Nuclear Parameters 

In Chapter 2, a method has been developed whereby a momentum-

dependent potential is replaced by an analytically sovable potential 

(in this case, the Morse function) . The parameters of the Morse 

function for each state are determined by the energy eigenvalue and 

by the parameters of the effective, energy dependent potential. The 

parameters we used are as follows: 

unit of length a = 1 ^^ 

"range" of the nonlocal 

interaction b = /2/3 fm 

unit of energy E 

^ A 
(ir̂ +̂n̂ ) A - 1 

= 20.735 A MeV 
A - 1 

and 

6 = V0/6E0 

13 



14 

The neutron parameters are 

radius of the form factor R^ = 1.2 A^^^ fim 

central well depth strength V = 70 MeV 

spin-orbit parameter a2 = 2/3 fm2 

and 

strength of the neutron excess V„_ = 22 MsV 

The skin thickness parameter d and the spin-orbit strength V are 

varied from nucleus to nucleus. 

The proton parameters differ from the neutron ones in only two 

ways, the coulomb term and the radius of the proton distribution 

e2 = 1.44 MeV-fm 

Rp < R^ for A > 40 

The variation in d, V„ and r is guided by the following 
s op 

constraints: 1) . That the separation energy of the last filled 

shell is approximately 5-7 MeV. 2) . For a closed shell, the Q^ 

should be much larger than the Q. of neighboring nuclei. 
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3-2. The Variation of the Skin Thickness 

In order to fix the adjustable parameters mentioned in chapter 2, 

we first take the diffusibility parameter d and vary it with 0.50 fm 

- d ^ 0.70 fm for ^26^228' ^'^ neutron and proton single-particle 

separation energies are calciilated for nuclei near the Fermi surface 

by using formula (23) . 

Fig. 1 shows the energy levels of neutron of -,̂ X̂,„, versus 
126 184 

skin thickness. Here we use r̂ ^̂  = 1.20 fm and Vs = 70 MsV. We can 

find out that the effect is very small when the value of skin thickness 

is changed from 0.50 fm to 0.70 fm, except that the order of 4ic/2 

^^^ 21/2 ̂ ^ changed. Fig. 2 shows the energy levels of proton of 

126^184 ' ^ ^ ^ skin thickness. Here we use r^p = 1.17 fm and Vs = 70 
MeV. We also find out the changes are very small, except the order 

1- 2 
of 1-13/2 ̂ ^^ ^7/2 ^^ changed. But we also find out that the energy 

level of hg/2 increases its value from -12.6 MeV to -10.9 MeV when 

skin thickness is increased from 0.50 fm to 0.70 fm. Combining Figs. 

1 and 2, it is clear that the separation energies of neutrons and 

protons are not affected very much. Hence the alpha-decay energy and 

the half-life of alpha-decay are not changed very much. 

Fig. 3 is the same as Fig. 1 except it is for 126^228* "^^ 

value of the energy level ^17/2 changes very much, from -4.1 MeV to 

-3.2 MeV, v^en the skin thickness is changed from 0.50 fm to 0.70 fm. 

The energy gap between '^c/2 and k .̂  ̂ ^ also smaller when skin 

thicJoiess is increased. In other words, the skin thickness can not 

be larger, or we will lose our energy gap above neutron 228. 
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In addition, other energy levels are almost unchanged. Fig. 4 is 

almost the same as Fig. 2 except it is for ^2.^^ instead of ^26^184 

and r is equal to 1.128 fm instead of 1.17 fm. From this figure, 

we find out the changes are very small, it neans the skin thickness 

parameter affects the neutron's energy levels more than the proton's. 

From Figs. 3 and 4, the separation energies of neutron and proton are 

almost constant, so the alpha-decay energy and half-lives of alpha-

decay are also almost unchanged. We finally can get a conclusion 

that the effect of the variation of the skin thickness is very small. 

Hence in our later work we take the same value of skin thickness as 

mentioned in the earlier work, which is equal to 0.6485 fm. 

3.3. The Variation of Range Parameter 

In order to fix the best acceptable value for the range parameter, 

we first vary r and keep r fixed. For the one value of r = 1.2 

fm, single-particle energy levels for neutron in ]_26̂ 184 ̂ ^ar the 

Fermi surface are calculated and presented in Fig. 5. 

-I o 298 

The effect of r on the ^-^2/2 ^ ^ '^3/2 ®^^9y states of -,. .X^g^ 

is illustrated in Fig. 6. A change of 0.12 fm in r changes the energy 

of ^^.-./o Iŝ '̂ l ̂ y 1^ ̂ ^ ^^^ ̂ ^^^ °^ '^'\n ^y about 6 MeV. In other '3/2 

words an increase in r by about 11% causes an enhancement of energy 

by 500% and 200% in •'•113/2 and •̂ P3/2 levels respectively. Also, the 

effect of rQp on a state is dependent on £. In the hi^er angular 

nementum states the energy changes more rapidly than in the lower angu

lar momentum state. The £ dependence of the energy change of a state 

resiiLts in the level crossings which may yield entirely different sets 
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of magic or semimagic numbers. In Fig. 5, the large gap at N = 184 

is a good candidate for a magic number. In Fig. 7, the most prominent 

gap in the superheavy region occurs at Z = 126, but there are also 

some shell effects at Z = 120 and Z = 118. Ihe proton nurrbers at 

v̂ iich energy gaps occur can be changed by varying some of the potential 

parameters. In particular, if the radius of the proton distribution 

is changed, a new level ordering and new energy gap may appear. The 

effects of changing r are illustrated in Figs. 6, 7, 8, and 9. For 

exanple, in Figs. 7 and 8 with r = 1.1148 and 1.128 respectively, 

3 1 
the order of P-3/2 and 13/2 levels have interchanged thus showing a 

new level at Z = 114 in Fig. 8. Fig. 9 illustrates the extreme case 

with r^p = 1.20, where the gap above Z = 114 is significantly larger. 

The "̂ 1-13/2 level merges on this scale, with the ^-jn level, and the 

2f appears below the ^^/2 states as opposed to their ordering in 

Figs. 7 and 8. This interchange of levels yields Z = 124 for a 

possible shell effect. As seen in Figs. 7, 8, and 9, the energy 

levels are very sensitive to the parameter r . 

A systematic variation in r and V^ affecting the level structure 

of 114X134 is shown in Fig. 10. We can find that if we increase the 

values of r , then the value of energy level is decreased. If we 

increase V , then some are increased and some are decreased, 
s 

The next set of figures, 11, 12, 13, and 14, show the neutron and 

proton energies for N = 228 isotones with 108 ̂  Z ̂  128. This set 

differs with the previous one only in the spin-orbit potential strength 

paraneter Vg by 15 IVfeV. Here Vg is 85 MeV vdiereas the previous one 
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has been calculated with Vg = 70 MeV. The corresponding levels in 

this set are much deeper than those in Figs. 5-9 and those lines 

v^ch are missing or barely open in the set with V_ = 70 MeV are wide 

enough to be taken as magic niinbers. This effect is in fact primarily 

because of the change in the half-way radius R which increases as A 

or r^p increase. In this set the N number being 228 has enhanced the 

value of R compared to the one with N = 184. 

From Figs, 3 and 9, we find out the order of energy levels of 
2 3 
^5/2 ^^ Pl/2 ̂ ^ changed, when the value of r is changed from 1.128 

to 1.20. Additionally, we also find the values of the separation 

energies are changed from about 3 MeV to about 7 ̂ feV. Hence we think 

that maybe for some special value of r^p, the value of the separation 

energy is a reasonable value, i.e., the value of the separation energy 

is between 5 MeV to 6 MeV. In Fig. 15, we change the values of r 

from 1.13 fm to 1.20 fm, r = 0.02 fm, and we find that when r = 1.17 

fm, the values of ^1/2 and f̂ /2 are equal to 5.7 MeV and 6.0 jyteV 

individually. The separation enrgy for r = 1.17 fm is equal to 5.7 

MeV. It is a very reasonable value. Hence we will use r =1.17 for 

the element of 126^184 instead of r = 1.128 or 1.20 fm. 
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CHAPTER IV 

ALPHA-DECAY ENERGY AND THE HALF-LIVES OF ALPHA-DECAY 

4.1. Q-values for Alpha-decay 

Magic numbers can usually be identified by large energy gaps in 

the energy level diagrams. The Q values for alpha decay calculated 

from the single-particle energies in this work may be used as addition

al supporting data for the magicity. Ihe Q-value for alpha-decay is 

calculated from the relation 10 

Qa = ^a - 2 (% + Ep) + A 

where Q and B are the alpha-decay energy and binding energy of a 

free alpha-particle respectively, E^ and Ep are the separation energies 

of the outermost occupied neutron and proton levels respectively, and 

A is the correction for shell breaking effects. The values of A are 

taken to be as follows: 

A = 0 

A = 300 A"^-^^ 

for nuclei with tavo nucleons 

beyond shell closure; 

for nuclei with closed shells 

of tirjo neutron or proton hols, 

The results, shown in Figs. 16 and 17 demonstrate the most stable Z 

34 
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value for a particular value of r^^. For r = 1.1148, the Z value, 

op op 

Showing the greatest stability, is 118 in Fig. 16 v^ereas the energy 

tap above Z = 112 in Fig. 6 is small. The results of Q values and 

energy gaps do not conplement each other. Thus, Z = 118 should not be 

considered as a magic number. In Figs. 16 and 17 both minimurre exist 

for Z = 126, v*iich also corresponds to a very large energy gap in 

Figs. 6-10 and 14, thus this Z value may show some magic shell effect. 

The variation in Q for r^^ = 1.20 is an extrerre case and represents 

a limit on what to expect for changes in r . Both r = 1.128 and 
op op 

rQp = 1.20 show the minimum in Q to be located at Z = 114. In Fig. 

8, the energy gap at Z = 114 is just beginning to form, so Z = 114 

is not a magic number for r = 1.128 contrary to what is observed 

from Figs. 13, 14, 16, and 17. The Q values for r = 1.128 show a 

minimum at Z = 118 and 126. As in the case for Z = 114, the value 

Z = 118 is not a magic number due to the smallness of the energy gap. 

The value Z = 126 again corresponds to a large energy gap. The energy 

gap at Z = 114 for r =1.20 (Fig. 9) is substantial and the 

corresponding Q value is negative, so a nucleus with this neutron and 

proton number and radii:is can be expected to be stable against alpha 

decay. Nevertheless, other decay processes and fission must be 

investigated before Z = 114 can be said to be a magic number. The Q 

values for r =1.2 also show a minimum at Z = 118 and 122, but the 

corresponding energy gaps are small (Fig. 9) so they are not magic 

numbers. From the sets of Figures 5-17 the magicity for Z = 126 is 

maintained within the reasonable degree of variation in the potential 
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parameter and neutron number whereas that of Z = 114 is inconsistent in 

the following way. For nuclide 114X223 the atomic number 114 is 

magic with a reasonable set of potential parameters. It, on the other 

hand, does not show any shell closure in nuclide _ ,X,„, with a 
114 184 

reasonable set of potential parameters in this model. 

4.2. The Half-lives of Alpha-decay 

We discuss here first the relationship between the half-live of 

alpha-decay and alpha-decay energy. From WKB barrier penetration 

formulas, we obtain the ej^ression: 

•r' 
- 2/V(2nvti^) rV(r)-Q Idr 

R (25) 

In the al{±ia-decay of a parent nucleus of atomic nurrber Z, the 

potential is 

V(r) = 2 '^ - ^^^' 
r 

thus 

. 3 -2-/^>2nv^^) [ l ( ^ ^ 2 ) e i . ^ J d r (26) 

using 

Q = i l i j L l > ^ 



and changing to the variable g defined by 
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cos2^ = 
2(Z-2)e2 

r = £ 

the integrand becores sin^? and the in t eg ra l immediately gives 

2 ) ^ ^ R.. .R R 

P = e 

^ r ' [ co s - i (f ' ) - ( ^ , ) _ ( i - ^ . ) j , ] 

Since R/r' is fairly small compared to 1, the term in the scjuare 

bracket may be expanded. The result is 

2/2MQ 

P =̂  e 
n 

^r'[J-2(|.)M 

2 fZ-2^e^ Eliminating r ' , t h i s becomes with r e l a t i on r ' = ^ ^ 
Qr 
-a 

h 

I> ^ e 
[ 3 ^ (Z-2)^R^ - 2 . ( 2 M ) V (z_2) Q -h J 

ft 

which gives 

p ^ ^ 2.97(Z-2)^R^ - 3.95(Z-2)Q^"^ 

= C + D e " ^ 
-h 

(27) 



vdiere C, D are some constants 

Because 

h P 

v^ere T i s the h a l f - l i v e of alpha-decay, we get 

3R 

log T a - log P 

a C + D Q "^ (28) 

4.3. The Calculation of the Half-lives for Superheavy Elements 

Ihe alpha-decay half-lives have calculated using the formula: 

-k 
logioTi/2 (sec) = A^Q^ ̂  + B^ (29) 

where the constant A and B_ are Z dependent coefficients to be 
z z 

determined fran fitting the experimental data. They are taken as^2,13 

A = 2.11329 Z - 48.9879, 
z 

(30) 

and 

B = -0.39004 Z - 16.9543 
z 

(31) 
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The life times thus obtained are given in Tables (1) and (2) along 

with those obtained from another empirically fitted relation 
14 

log^Q "̂ 1/2 " ^'^^ [̂  ~ 2 - (Z - 2)2/3 J _ 28.9 (32) 

15 Another method developed by Jackson et al. recently for calciiLating 

the alpha-decay half-lives gives an alternative formula. A brief 

description of this method is given here. 

The first step is to represent the initial state iĵi as an 

eigenstate of an unperturbed Hamiltonian K so that the difference 

between K and the exact Hamiltonian H is the perturbation which leads 

to alpha-decay. An expression for the width r of the decaying state 

can then be obtained using time-dependent perturbation theory. It 

16 
yields, to first order 

r = 27T/dp(Ef) |<ip^|H-K|ipi> (33) 

where i|> represents the final state with energy E^ and dp (Ê ) is the 

density of state per unit energy interval. As an exanple, we will 

calculate for decays of even polonium isotopes to isotopes of lead, 

for which the lifetimss and alpha-decay energies are well known. 

For the O"*" -> 0+, L=0, ground state to ground state transitions, 

equation (30) reduces to 
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ab = 2^1/r. ̂ o(^) [Uoi^)- U ^ M ^o ^^^^ (34) 

v^ere u^, UQ are respectively the L = 0 bound and scattering wave 

functions of alpha particle whose asynptotic forriB are 

.-YR 2m a, ( R ) . e - n y 2 . ^[uc^(,^) . Q j (35) 

u (R) ̂  sin (kR - n log 2KR + n ) , k^ = ĴJ Q 
° o' ' ^ ^a (36) 

and U^ is the sum of the nuclear and Coulomb interactions between the 

alpha particle and the residual nucleus A. If we neglect the nuclear 

potential beyond rĵ , vdiere r̂^ is the position of the peak of the 

barrier, we obtain 

UoA (̂) - U ^ (̂ b̂  =-2ze2 ( l - l ) , R ^ r (37) 

The asymptotic form of u(R) given by equation (33) is likely to be 

appropriate beyond the outer turning point r , which for L=0 is given 

2 
by rû  = 2Ze /Q . Between r, and r. the WKB approximation can be used 

17 to give 

rR 
u(l) (R) - A [K(R)] "^ exp{i/ K(r)dr} (38) 

with iK(r) = 6(r), where 
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2m 

^Hr^) = Ŷ  

3^(rt) = o 

- Qa]' 

(39) 

Since 3̂  is slowing varying, we further approximate the scattering 

wave function to 

u(2)(R) ~e^(R)R (40) 

so that expression (34) becanes 

r a I / 
t -YR ,2ze2 2Zê  

( 
R 

) e^^ dR + 

2 9 
-yR 2̂Ze _ 2Ze^ r e 

t̂ 
(-
R 

1_ sin(kR - n log 2kR47T J d R ^ (41) 
rj3 o 

Neglecting the second integral and retaining only the leading term 

of the first integral, we obtain the approximate expression for 

the half lives '^1/2' 

log . "̂ 1/2 = C {A(Q ) + log ^^^""^ } 
^ e a e 

(42) 

where, with x = 2Ze2/ru,, C i s a constant 

, , ^ , 2Ze2 ^ Q^ 1/2 
(43) 

a 
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and 

B(Q^) _ „2 / 2mx r^(4^) a-Qa) -1 (44) 

FrOTi the lifetimes and alpha-decay energies we had known, we can fix 

the value of constant C, then use this value of C and formula (39) , 

(40) and (41) to estimate the half lives of alpha-decay for superheavy 

elements. The half-lives calculated from this method are also shown 

in Table (1) and (2) . 
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CHAPTER V 

SPONTANEOUS FISSION 

5.1. The Theory of Fission 

After finding the alpha-decay energy and the half-lives of alpha-

decay, we studied about the spontaneoijis fission on superheavy elenents 

with 108 ̂  Z ̂  128. 

To explain the process of nuclear fission and find associated half-

lives, we need some nuclear models. The reasons are: (1) The exact 

character of the nuclear forces is not known. (2) Even if their exact 

nature were known it woiiLd still not be possible to solve the resulting 

many body problem accurately. The main object is then to make 

approximations which reduce the exact but insoluble problem to a 

soluble one allowing as little error as possible. It is, therefore, 

desired to construct a model system which approximates the actual 

system as closely as possible and is mathematically capable of being 

easily controlled. 

The spherical liquid-drop model is perhaps the simplest of all 

the models, and could be used to describe the process of fission in 

1 o 

some details. We can understand it from Fig. 18.-̂ ° 

47 
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^•2- "^e Iheory of the Spherical Liquid-drop Mcxlel 

In the spherical liquid-drop nucleus, the shape of the drop 

depends on a balance involving the surface forces and coulomb repulsive 

force. To treat the energy changes connected with distortion, the 

figure of the nucleus is described by a surface of revolution for 

vdiich R(e) = R^f(e). Since one may express an arbitrary continuous 

function of periodic variables as an expression in the Legendre 

polynomials, let us write 

f (e) = 1 + z a_p-. (cos G) 
n=2 ^ ^ ^ (45) 

and the a's are a set of constants which characterize the distortion. 

For any given f (6) the deformation parameters (the a's) can be 

found by use of 

Qi^ = /̂  f (e)Pn (oos e) sine de 

Pp„ (cos 9) sine de •"on (46) 

an equation which depends on the well-known orthogonality properties 

of the Legendre functions. That values of a and a, must be zero 

comes from the condition of nuclear inconpressibility and the constancy 

of the centre of mass coordinate individually. 19 

The surface energy is proportional to the surface area and for 

a spherical drop is siiiply 
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E (e) = 4 R S 
s o (47) 

v^ere S is the surface tension. The surface energy of the deformed 

19 
drop is 

E (a a ....) = 4TrS/V(e) (1 + i - ^M. ) sinede (48) 
^ -̂  ^ R(e) de 

If the deformation parameters are small, this may be written 

% (^2' "^3 ..) = 47TRQS (1 + I a^ + _ _ j (49) 

To obtain the coulomb energy, one must solve a rather complicated 

problem in electrostatics. For a spherical distribution, we get 

3 2, 1/3 E (0) = r-(Ze)V1.2A (50) 

and for small distortions we obtain: 

E^ (̂ 2,̂ 3 ....)=-
3 (Ze) 

1.2A 1/3 

,̂ 1 2 10 2 
..) (51) 

The deformation energy is 

AE== (£a^+|a^ + 
1 2 10 "2 

..)E (0) 
c 

(52) 
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Restricting ourselves to quadupole deformations we have -^ 

^̂  ' 1 % ̂ s^°^ 1̂ - X) 2 S 
(53) 

where x is the fissility parameter 

_ Z2 ,3e' 
X = ̂  ( 

4O7T(1.2)-^S 
) (54) 

When X < 1/ the drop is stable against spontaneous fission, and for 

X > 1, the nucleus is imstable against spontaneous fission. Ihe 

critical case x = 1 implies 

z2 
( ^ ) . ^ A 'crit 

4oiTr̂ S 

1^ (55) 

Using the parameters of the semi-empirical mass formula, we find 

2 
the critical value of Z /A 

Z2 2 
( A ^ crit 

^ 40TT(1'2) S 

3?̂  =^40-50 (56) 

In Fig. 19, we again reproduce the plot of spontaneous fission 

2 
half-lives versios Z / A, and we see that there is an approximately 

2 
straight line envelope intersecting the axis at Z / A == 45. For the 

superheavy element i26%84' 
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A- = 51.2129 > 50 

So it should have spontaneous fission, 

For another element X 
126 228' 

^ = 44.8472 
A 

So maybe it also has spontaneous fission. 

Hence, we can expect that 126^^84' ̂ ^ perhaps ;L26^228 ^ ^ ° ' 

have spontaneous fission. Furthermore, we will try to find the 

half-lives of them. 

5.3. Ihe Half-Lives of Spontaneous Fission 

So far, we already knew that the equilibrium shape of the nucleus 

will be the result of a balance between the surface energy and coulcnb 

energy. If we now consider the syirmetric scission of the drop, then 

for two spherical touching daughter nuclei, the surface energy has 

only increased by 25 per cent, while the coulomb energy has fallen 

to only 16 per cent of its value for the parent sphere. Hence the 

energy of the drop during the fissioning process must have the form 

illustrated in Fig. 20. In other words, we can suppose the schematic 

fission barrier is the same as Fig. 20. 

In Fig. 20, e is the deformation parameter, V(e)is the potential 

energy barrier, E is the energy of the nucleus in the fissioning 

state and E is the barrier high. According to the sinple WKB theory-. 



the probability for the penetration of a barrier is given by the 

expression 
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P = ^2 
= (1 + e:q5 2 / / 2B(e) 

2- (V(e) - E) de} 
_1 

(57) 

= {1 + ej^ k} -1 

Where B(e) describes the inertia of the nucleus with respect to 

deformation. 

The quantity P is the probability of penetration through the 

barrier for a given "assault" towards fission. The nunber of assaults, 

n, on the barrier per second is usually equated to the frequency 

of the beta-vibrational motion at the equilibrium point. Setting 

20 38 
n = 10 * corresponds to a vibrational energy of t̂co ., =1 MeV. We 

have thus the half-life (in seconds) given by 

£n2 1 

T = _ n 

= 10-20.54 p-1 (sec) (58) 

If one introduces the fission frequency noj^: 

'tio).- = /B(e)/h2 
(59) 
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v̂ iere C is the curvature at E ^ ^ , one can get the result: 

27: (Eg - E) 

K 
^, ii). (60) 

Hence, we get a conclusion: if we know E , E, C^, B(e) , then we 
s r 

will know P, and we can get the life tiine T^_. The penetration energy 
sp 

E relative to the ground state minimum in V(£) is the zero point energy 

in the fission degree of freedom, which we take as ̂  hw =0.5 MeV in 

all cases, i.e. E = 0.5 MeV in all cases. 
However, the half time of spontaneous fission that even pairing 

and shell corrections introduced are still very fail. For example, 

20 
according to Nix and Bemis, the accuraoy with which the predictions 

can be made is only 10~ for the half-lives for spontaneous fission. 

The reason is that we oversimplify the problem in calculating the 

half time of spontaneous fission. For exanple, according to Nilsson 

21 
and Nix, a one-dimensional WKB approximation is employed which is 

too simple because we assume that the zero-point vibrational energy 

in the nuclear ground state is 0.5 MeV for all cases; besides, we also 

over-estimate the barrier thickness. 

Because the method of finding the half-lives for spontaneous 

fission is so uncredible, incorrect and unsatisfied, we will not 

do further research about it. 



CHAPTER VI 

SUMMARY AND CONCLUSION 

Staorting from a nonlocal potential, the single particle level 

structure for N=184 and N=228 isotones with 108 ̂  Z =̂  128 has been 

obtained in a self-consistent manner. This nonlocal potential is 

reduced to an effective potential which is further approximated to 

the Morse fimction which is leads to the solution of the Schrodinger 

equation. The single particle functions are readily obtainable in 

terms of the generalized Laguerre polynomials and the corresponding 

energies in terms of the Morse parameter. Further, we study the effects 

on the level structure due to the variations of skin thickness and 

range parameter. 

22 
Although Nilsson et al. and others claim that the single particle 

energy level and thus shell structure and shell correction are very 

sensitive to skin thickness, these calculations do not seem to support 

such a trend. The variation of skin thickness in this work is from 

0.50 fm to 0.70 fm, but the single paorticle energies do not alter 

over 5% and the energy levels keep the same level orders at the shell 

closure. Some very close levels within a major shell do show a slight 

crossover. However, such a variation cannot be accounted for by any 

shell correction and further within the accuracy of this program used 

for these calculations, such a small variation could not be taken 

56 
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seriously. 

The variation in range parameter produces very significant changes 

in the level ordering and thus the magic number. For example, from 

Fig. 6, it can be seen that a change in r by about 11% causes an 

enhanconent of energy by 500% and 200% in ^i^^ and ^p levels 

respectively, and their level ordering is also rearranged. The energy 

change is proportional to I, thus states of highest il-values undergo 

the greatest energy change as the range parameter is varied. Definite 

anomalous energy gaps after Z=114, 118 and 126 are observed in Figs. 

7, 8, and 9 for isotones N=184, similar gaps after Z=114 and 126 are 

observed in Figs. 12, 13, and 14 also. 

The Q-values for alpha-decay for 1^184 isotones with 108 ^ Z ̂  128 

have been calculated and are presented in Fig. 16. The results support 

the following Z values are magic numbers for some specific r : 

Z=114 for r__ = 1.20; Z=118 for r^^ = 1.1148 and 1.128; Z=124 for r 

op op op 
= 1.20; and Z=126 for r^ = 1.1148, 1.128 and 1.20. However, the 

energy gaps sipport Z=114 for r = 1.1148, 1.128 and 1.20; Z=124 for 

r = 1.20; Z=126 for r = 1.1148, 1.128 and 1.20. Thus the proton 
op op ^ 

magic numbers predicted are Z=114 and Z=126. So we can get a conclusion 

^^^ 126^184 ̂ ^^ 126^228 ̂ ^® nore magic nuclides for a large variation 

of r _, and we also show that the most probable value of r is 1.17 

for 126^184 ^ ^^^' -̂^ ̂ ^^ 1.128 for 126^228 ^ ^^^' "'""̂* 

The half-lives of alpha-decay for the isotones of N=184 and N=228 

are also calculated by three different methods: Taagepera and Nurmia 

msthod, Viola and Seaborg method,"̂ -̂  and Jackson method.-'̂  All of 
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the results show that although they do not give the identical results, 

they are close. The Jackson method gives the largest lives, v^ereas 

the Taagepera and Nurmia method yeilds the shortest. 

Spontaneous fission is discussed also, and the method of finding 

the half-li fa for spontaneous fission because of the uncertainty in 

the calculations arriving from shell structure, the approximation from 

the potential energy surfaces, etc. It is therefore not presented 

further in these studies. The half-lives differ for the same species 

of nuclei by the order of magnitude to about 20 for different set of 

20 
parameters v*iich give a reasonable single particle spectra agreeing 

with each other. 
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