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CHAPTER I 

INTRODUCTION 

Nonparametric Tests for the Two-Sample Problem 

Nonparametric statistical inference encompasses 

procedures for testing and estimating in which the dis

tribution of the test statistic is independent of the 

population from which the sample is drawn and tests of 

hypotheses which are strictly speaking nonparametric, in 

the sense that the hypothesis is not a statement about 

parameter values for the distribution of the parent pop

ulation. This paper is concerned with the former area 

and particularly with testing the hypothesis that two 

samples are drawn from identical populations against the 

alternative hypothesis that the populations are not iden

tical. The location, scale, and Lehmann type alternatives 

are all included in this general class. The literature 

contains many tests derived for this purpose. In fact, 

according to Gibbons [lO], this two-sample situation is 

perhaps the most frequently discussed problem within the 

realm of nonparametric statistics. Among the better known 

tests are the Wald-Wolfowitz runs test, the Kolmogorov-

Smirnov two-sample test, the median test, and the 



Mann-Whitney-Wilcoxon test for the general alternative; 

the Terry-Hoeffding test, the van der Waerden test, and 

Gastwirth's percentile modified linear rank tests for the 

location alternative; and the Mood test, the Freund-

Ansari-Bradley-David-Barton test, the Siegel-Tukey test, 

the Klotz normal-scores test, the percentile modified rank 

tests for scale, and the Sukhatme test for the scale alter

native. Any comprehensive comparison of the various non

parametric tests, either with each other or with the clas

sical parametric tests based on normality assumptions, is 

impossible. Where power comparisons have been made, the 

relative merit of a test has depended upon the specific 

distribution assumptions. It is the purpose of this paper 

to present some properties of the sum of squared ranks 

test, including simulated power functions for several 

small size samples from the gamma distribution and Pitman 

efficiencies relative to the best test for various discrete 

distributions, and to relate these results to existing com

parisons among nonparametric procedures. 

The Sum of Squared Ranks Test 

The sum of squared ranks test was suggested by Taha 

[22] as a modification of both the Wilcoxon and the Mood 

test statistics to be used for the two-sample scale problem 

restricted to asymmetric one-sided distributions. Subse

quently, Duran and Mielke [7] obtained limiting Pitman 



efficiencies for the sum of squared ranks test relative 

to the Wilcoxon test and to best tests for scale alterna

tive detection for some specific distributions of this 

class. Recently, Woinsky [30] constructed a composite 

test using the Wilcoxon statistic for the two-sample scale 

problem with one-sided continuous distributions. 

We first compare the asymptotic efficiency of 

Woinsky's composite test to that of the sum of squared 

ranks test. Then we compare the best, Wilcoxon, sum of 

squared ranks, and Savage's T tests for several small 

sample sizes from distributions considered by Duran and 

Mielke. In order to evaluate the random number generator 

used, the analytic power of the locally most powerful test 

is presented and compared to the simulated value. Tables 

of critical values for the given sample sizes have been 

compiled for Savage's T, the Wilcoxon, and the sum of 

squared ranks tests. Also, in connection with Woinsky's 

results, asymptotic comparisons between Savage's T and 

the sum of squared ranks tests are made for gamma distri

butions . 

Recently, the asymptotic theory of linear rank 

tests has been extended to certain cases where no assump

tions are made regarding the nature of the underlying 

distributions [4] or where these distributions are assumed 

to be discrete [25]. With regard to this. Pitman effi-
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ciencies for the sum of squared ranks test relative to 

the best test are presented for specific Poisson, binomial, 

uniform discrete, and negative binomial distributions when 

a method for resolving ties has been predetermined. 



CHAPTER II 

ASYMPTOTIC RESULTS FOR THE GAMMA DISTRIBUTION 

Introduction 

Let ^^''-''^n^ r̂id Y,,...,Y be independent random 

samples from populations with distribution functions F(x) 

and G(x) respectively. The general two-sample problem is 

to test the null hypothesis 

HQ: F(X) = G(x) 

against the alternative 

H^: F(x) 7̂  G(x) 

The scale alternative is 

U^: F(x) = G{x/e) where 0>1 

Since the classical F test is not particularly robust with 

respect to normality assumptions, many nonparametric tests 

have been proposed to deal with this problem including the 

rank tests of Mood, Freund and Ansari, and Siegel and 

Tukey. Most of these tests are in turn sensitive to asym

metry and skewness. In addition they all require knowl

edge of the relative location of the parent population. 
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However, Moses [17] has shown such restrictions to be 

inevitable. Tamura [23], [24] has demonstrated that for 

given classes of distributions more powerful tests can 

be derived by modifying the known tests. Hence, we ini

tially restrict our attention to certain asymmetric one

sided continuous distributions (î .e. F(x)=0 if x<.0) . 

For asymmetric one-sided distributions a transfor

mation of the form 

u = log X 

leaves the distribution of the ranks unchanged while trans

forming the scale parameter into a location parameter. 

Hence, the Mann-Whitney-Wilcoxon-U and the Savage T are 

appropriate rank tests for the scale problem restricted 

to these distributions. 

The class of gamma distributions is an example of 

the above class and provides at least two parametric models 

of interest. Many meteorologists participating in weather 

modification programs feel that if a change in precipita

tion occurs due to cloud seeding, it is essentially a 

change in scale, and that the gamma distribution is at 

least a crude approximation of any specific precipitation 

distribution. Another model of interest arises in a target 

detection problem where the X and Y data are obtained by 

spectral analysis of a stationary Gaussian time series. 

The known shape parameter is the time-bandwidth product 



used in the analyzer and the unknown scale parameter is 

inversely proportional to the input noise power in the 

analyzer band. The presence of an input sinusoid induces 

a noncentral gamma density which at small signal-to-noise 

ratio can be characterized as a scale alternative. If the 

form of the distribution of the input time-series data is 

unknown, then the form of the distribution of the spectral 

data is unknown, and a nonparametric formulation is appro

priate (cf. Woinsky [30]). 

Asymptotic Efficiency of the Sum 
of Squared Ranks Test 

Let N = m + n. The sum of squared ranks test sta
tistic, L̂ ,̂ is defined by 

N 

N 2 
L^ = .̂  (i/N) ZN. 

1=1 1 

where Z., = 1 if the ith smallest value in the combined 
Ni 

sample of X's and Y's is an X and Ẑ .̂ = 0 otherwise. Sim

ilarly, the Wilcoxon test statistic, W^, is defined by 

1 = 1 1 

and the Savage statistic, T^, by 
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N N 
T = E (E j ^)Z 

i=l j=N+l-i N. • 
1 

Woinsky [30] defines a statistic Ẑ , as follows: 
N 

Z^ = (j)log (X/Y) 

where J = (m/N)(X/S) + (n/N)(Y/S ), S^ and S^ are the 

X y "̂  y 

sample variances; and proves Z and X/Y asymptotically 

equi-efficient. 

We will determine the asymptotic relative effi

ciency of the test with statistic L,, relative to the test 
N 

with statistic Ẑ ,, denoted by e(L„,Z,J. Since the suffi-
N -̂  N N 

cient conditions of Pitman's theorem are satisfied by both 

N̂ ^""^ h' 

where 

^(^j) = % ^e^^N^ 
9 = 1 

)^/(mn/N)V^(A^) 

is the efficacy of a test statistic A^. y^ and V repre

sent the mean and variance of A^ under H^, and ŷ  and W^ 

represent the mean and variance of A^ under H^. 

We know 

G(ZJ^) = (mn/N) i\i/a) 
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where \i and a are the mean and variance of the parent 

population of the X's. For the sum of squared ranks test, 

the efficacy for large sample sizes is, by [7], approxi

mately 

4 5mn/N[/°°xf ̂  (x) F (x) dx] ̂  . 
0 

Thus we have 

e(L^,Zj^) = 45(a/M)^ [/°°xf ̂  (x) F (x) dx]^ . (2.1) 

For the problem considered and the gamma density, X/Y is 

equivalent to the likelihood ratio statistic, and, there

fore, so is Z asymptotically. Thus, e(L ,Z ) equals the 

result obtained by Duran and Mielke when comparing the sum 

of squared ranks test to the locally most powerful rank 

test for the gamma density. 

For future reference we state the following results 

from Woinsky: 

e(Ŵ ,,Ẑ J = 12(a/M)^ [/"xf^(x)dx]^ (2.2) 
M N Q 

e(T̂ ,,Ẑ J = (a/M)^ [/°°xf^(x)dx/(l-F(x))]^. 

(2.3) 
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Application to the Gamma Distribution 

For f(x) = x^'-^e'^^^/T {p)h^, x >_ 0 and p a non-

negative integer, (2.1), (2.2), and (2.3) are as follows 

__ 1 

e ( L „ , Z ) = ( 4 5 / p ) [ r ( 2 p ) / 2 2 P r^ (p) - Z oJA^^l^^ ^^' 
N N j ^ Q 3.^p+D r ^ ( p ) j ! 

( 2 . 4 ) 

e (W^ ,Z^ ) = ( 1 2 / p ) [ r ( 2 p ) / 2 ^ P r 2 ( p ) ] ^ , ( 2 . 5 ) 

e ( T , , , Z , J = l V p 2 ^ P r ^ ( p ) ) , ( 2 . 6 ) 
N ' N ' 

I = Tdxe-VP-Vd - ^ ^ t e ^ ) (2.7) 
0 ^ ̂ P^ 

where Y(p,x/2) is the incomplete gamma function. It might 

4p be noted that [30] incorrectly replaces the factor 2 

with 2 P in the denominator of (2.6). 

e(W ,Z ) is a monotonically increasing function of 
N N 

p limited by 3/IT. Tabulated values of (2.4) in [7] indi

cate that max {e(L^,,Z.J} occurs for p* where 5£p*£6. For 

all greater p the asymptotic relative efficiency monoto

nically decreases to .8952. From some unpublished results 

related to [7] we have the following portion of a table 

showing that for all p less than some p**, ll<p**<12, 

e(L^,Z^) > e(W^,Z^). 
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TABLE 2.1 

EFFICIENCY COMPARISONS OF THE WILCOXON TEST, 
W , AND THE SUM OF SQUARED RANKS TEST, 

L̂ ,, FOR GAMMA ALTERNATIVES N 

P ^(^N'^N^ ^(^N'^N^ 

11 .9336 .9335 

12 .9328 .9352 

For the exponential distribution when p = 1, 

e(T ,Z ) = 1. From [30], for p>l it decreases monoto

nically to .816. Thus, we evaluate e(T̂ ,̂Ẑ J for 2<p<12 
^ N N —^— 

to determine whether there are values of the shape param

eter of the gamma distribution for which the sum of squared 

ranks test is asymptotically preferable to both the 

Wilcoxon and Savage tests. The efficiencies appear in 

Table 2.2 and indicate that for the gamma distribution 

with values of the shape parameter between 7 and 11, inclu

sive, the sum of squared ranks test is indeed preferable 

to either alternative considered. 

The values of e(W ,Z ) and e(L ,Z ) can be found 

in the previously cited table. The values of e(T ,Z^) 

were obtained by a 32 point Gaussian-Laguerre quadrature 

program found in IBM's System/360 Scientific Subroutine 

Package, 4th edition. Subroutine QL32. Subroutine QG8 was 

used to evaluate the factor y(p,x/2) for values of x spec

ified in QL32. 
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TABLE 2.2 

ASYMPTOTIC RELATIVE EFFICIENCIES OF THE WILCOXON, 
W^; SUM OF SQUARED RANKS, L^; AND SAVAGE'S T, 

T^} WITH RESPECT TO THE BEST TEST, Z^, 
FOR THE GAMMA DISTRIBUTION 

Shape parameter 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

^(^N'^N^ 

.8680 

.9195 

.9320 

.9360 

.9372 

.9372 

.9367 

.9360 

.9352 

.9344 

.9336 

.9328 

.8952 

^(^N'S^ 

.75 

.8438 

.8789 

.8972 

.9084 

.9160 

.9214 

.9256 

.9280 

.9314 

.9335 

.9352 

3/Tr 

(̂\'Ŝ  
1 

.9843 

.9667 

.9565 

.9370 

.9415 

.9326 

.9201 

.9061 

.9015 

.9018 

.9069 

.816 

In general, the Wilcoxon test seems more efficient 

when the density has a very heavy upper tail or is concen

trated far from the origin, as exemplified by a gamma dis

tribution with the value of the shape parameter greater 

than 11. The Savage statistic does particularly well when 

there is a sharp cut off on this tail, as exemplified by a 

gamma distribution with the value of the shape parameter 

less than 7. Somewhere between the two extremes, the sum 

of squared ranks test is most efficient. For instance, if 
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f(x) is triangular decreasing linearly from x = 0; e(W ,Z ) 

= 2/3, e(T^,Z^) = 2, and e(Lĵ ,Zĵ ) = .9. 

We now compare Woinsky's composite test to the sum 

of squared ranks test for the gamma distribution. Woinsky 

defines his test by 

W^ = 1, 4) < k, 

0, $ ̂  k, 

Wy = 1, $ 1 k, 

0, $ < k. 

where ^ is as defined earlier and k is a design parameter 

for the test. The composite test rejects the null hypoth

esis if 

C = W Z + W W > W L + W L , 
N N U N - Z Z U U ' 

where 

L^ = ^ - ^ ( l - a ) / ( r ( l - r ) N ) ^ , 

r = m/N and a is the desired size of the test. L^ is 

determined from the null distribution of W^ such that 

P (Ŵ , > L„) = a or using the asymptotic normality of W^, 
N - U' 

Ly = 0 -̂ (l-a) / (12r(l-r)N)^ + h. 

Woinsky concludes that the test is asymptotically of size 
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a, and 

e(C,Zj^) = e(W^,Z^) , M/a >_ k, 

1, M/a < k. 

It IS suggested that k = 2 ̂  is a reasonable choice for 

the design parameter frequently resulting in use of the 

W-̂  statistic and giving a lower bound on e(C,Z,J of 2/3. N - - 3 N 
I . 

Returning to the gamma distribution, y/a = p^. Hence, for 

any gamma distribution with 2 £ p £ 11, Woinsky's composite 

test is asymptotically less efficient than the sum of 

squared ranks test with respect to the Pitman criterion. 

Fig. 2.1 summarizes the asymptotic properties of 

the tests considered for the gamma distribution. 
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Fig. 2.1.—Asymptotic relative efficiency as a 
function of the shape parameter for gamma alternatives 



CHAPTER III 

SIMULATED POWER FOR SMALL SIZE SAMPLES 

FROM THE GAMMA DISTRIBUTION 

Let us first consider the exponential distribution 

with density function 

f(x) = e"^/^/b, X > 0, b > 0. 

Fifteen thousand random numbers were generated using Texas 

Tech University's RANDOM program for distributions with 

parameters .1, .2, .4, .6, .8, and 1 respectively. A 

sample of size 6 from the distribution b = 1 and a sample 

of size n, n = (7, 10, 15), from the distributions with 

b = i , i = (.1, .2, .4, .6, .8), were combined and ordered, 

The ranks of the X's, i.e. the numbers from the distribu

tion b = 1, were then determined and used to compute the 

statistics for the sum of squared ranks, V7ilcoxon, and 

Savage tests. The statistic X/Y was also computed since 

it provides the uniformly most powerful test for the scale 

alternative with the exponential distribution. As men

tioned previously. Savage's T is asympotically equivalent 

to X/Y and therefore the optimum rank statistic. It was 

then noted whether or not each of these statistics led to 

16 
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rejection of the null hypothesis for tests of size a and 

a2 where a, is the percentile nearest but still less than 

.05 and a^ is the corresponding value for .01. This proc

ess was repeated so that 1000 values were obtained for 

each statistic. Dividing the number of times that each 

test rejected the null hypothesis by 1000, we obtained 

the simulated powers under each distribution presented 

in Table 3.1. 

Fig. 3.1 is a line graph depicting the results 

for n = 10, a '̂> .05. As b approaches 0, these lines 

converge to 1. As b approaches 1, the lines almost 

converge at .05. 

Finally, b X/Y has an F distribution with 12 

degrees of freedom in the numerator and 2n degrees of 

freedom in the denominator where b is the parameter of 

the exponential distribution from which the Y's are drawn 

and n is the sample size. Thus, we can analytically 

derive the power of the ratio of the means under the 

alternative hypothesis. Comparison of the analytically 

derived power to the simulated power of the likelihood 

ratio test statistic for the samples considered indicates 

that the generated samples closely approximate the desired 

exponential distribution. 

We now consider the gamma distribution with shape 

parameter p where p = (4, 7, 10, 13, 16, 33). For each 
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TABLE 3.1 

SIMULATED POWER FUNCTIONS FOR THE GAMMA DISTRIBUTION 
WITH SHAPE PARAMETER 1 AND SCALE PARAMETER b 

Test of size a, ^ .05 

(Test of size a ^ .01) 

Wilcoxon Sum of Savage's T Likelihood 
Sq. Ranks Ratio 

m=6 n=7 

.1 .871(.647) .938(.737) .948(.761) .991(.957) 

.2 .657(.366) .769(.426) .774(.448) .886(.694) 

.4 .288(.101) .375(.116) .384(.134) .477(.214) 

.6 .138(.042) .188(.054) .190(.056) .224(.076) 

.8 .047(.004) .078(.007) .079(.010) .087(.022) 

m=6 n=10 

.1 .930(.737) .961(.839) .965(.857) .992(.966) 

.2 .761(.466) .817(.559) .838(.581) .914(.778) 

.4 .385(.144) .444(.192) .463(.202) .542(.299) 

.6 .199(.048) .238(.069) .246(.077) .275(.108) 

.8 .091(.018) .101(.021) .104(.023) .112(.031) 

m=6 n=15 

.1 .954(.837) .974(.888) .982(.919) .995(.983) 

.2 .811(.582) .857(.650) .887(.688) .940(.851) 

.4 .442(.202) .497(.244) .519(.267) .588(.354) 

.6 .215(.059) .254(.086) .266(.102) .288(.121) 

.8 .084(.018) .106(.022) .114(.026) .122(.033) 



19 
1.0 

75 

.50 — 

.25 — 

Wilcoxon 

Sum of sq. ranks 

Savage's T 

Likelihood ratio 

0 8 1.0 

Fig. 3.1.--Simulated power functions for exponential 
alternatives (p=l) with m=6, n=10, and a=0.05. 
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value of p, fifteen thousand random numbers were again 

generated for values of the scale parameter .1, .2, .4, 

.6, .8, and 1. These numbers were obtained by converting 

a uniformly distributed sample of size p from IBM's 

System/360 Scientific Subroutine Package. 4th edition. 

Subroutine RANDOM, to an exponentially distributed sample 

and summing. Power functions for the four statistics 

and sample sizes previously considered were again simu

lated and are presented in Tables 3.2-3.7. Figs. 3.2-3.4 

depict results for n = 10, a 'v .05, p = (4, 10, 16). 

The statistic X/Y is still locally most powerful 

for the gamma distribution and b X/Y has an F distribu

tion with 12p degrees of freedom in the numerator and 

2nYP degrees of freedom in the denominator where b is the 

scale parameter of the Y's, n is the sample size, and p 

is the shape parameter. The power of the ratio of the 

means under the alternative hypothesis was calculated for 

all values of n, p, and a considered, although it was 

necessary to interpolate between entries in the available 

F tables with respect to degrees of freedom and resulting 

power. Justification for linear interpolation with respect 

to power in the F tables is discussed in [20]. Examination 

of the simulated and analytically derived power for the 

best test, supports the assumption that the random samples 

are distributed as desired. Comparisons between simulated 
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TABLE 3.2 

SIMULATED POWER FUNCTIONS FOR THE GAMMA DISTRIBUTION 
WITH SHAPE PARAMETER 4 AND SCALE PARAMETER b 

Test of size a, '\J .05 

(Test of size a^ 'v̂  .01) 

Wilcoxon Sum of Savage's T Likelihood 
Sq. Ranks Ratio 

m=6 n=7 

.1 1.000( .997) 1.000( .999) 1.000( .999) 1.000(1.000) 

.2 .994( .955) .999( .977) .999( .981) 1.000( .999) 

•4 .827( .545) .882( .605) .893( .626) .950( .832) 

.6 .402( .174) .463( .191) .473( .208) .545( .292) 

.8 .145( .037) .169( .045) .163( .051) .200( .068) 

m=6 n=10 

.1 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.2 .998( .976) .999( .989) 1.000( .992) 1.000(1.000) 

.4 .904( .692) .931( .752) .935( .761) .970( .896) 

.6 .499( .206) .530( .256) .542( .260) .611( .345) 

.8 .184( .044) .206( .044) .200( .046) .217( .078) 

m=6 n=15 

.1 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.2 .998( .988) 1.000( .995) 1.000( .997) 1.000(1.000) 

.4 .935( .776) .948( .823) .959( .848) .977( .928) 

•6 .559( .294) .590( .320) .607( .343) .674( .419) 

.8 .204( .056) .221( .061) .219( .070) .236( .083) 
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TABLE 3.3 

SIMULATED POWER FUNCTIONS FOR THE GAMMA DISTRIBUTION 
WITH SHAPE PARAIvlETER 7 AND SCALE PARAMETER b 

Test of size a, '̂̂  .05 

(Test of size a ^ .01) 

Wilcoxon Sum of Savage's T Likelihood 
Sq. Ranks Ratio 

m=6 n=7 

.1 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.2 1.000( .997) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.4 .985( .864) .991( .894) .993( .907) .999( .977) 

.6 .650( .326) .704( .368) .705( .382) .782( .539) 

.8 .196( .052) .240( .060) .242( .067) .266( .102) 

m=6 n=10 

.1 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.2 1.000( .999) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.4 .989( .930) .992( .954) .994( .959) .996( .992) 

.6 .760( .453) .782( .488) .773( .499) .825( .626) 

.8 .265( .079) .280( .090) .281( .086) .304( .123) 

m=6 n=15 

.1 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.2 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.4 .991( .967) .996( .977) .995( .977) .997( .992) 

.6 .818( .555) .849( .587) .846( .600) .874( .684) 

.8 .303( .104) .325( .116) .321( .125) .331( .135) 
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TABLE 3.4 

SIMULATED POWER FUNCTIONS FOR THE GAMMA DISTRIBUTION 
WITH SHAPE PARAMETER 10 AND SCALE PARAMETER b 

Test of size a, 'v .05 

(Test of size a^ '\^ .01) 

Wilcoxon Sum of Savage's T Likelihood 
Sq. Ranks Ratio 

m=6 n=7 

.1 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.2 1.000( .999) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.4 .994( .942) .997( .958) .996( .963) .999( .996) 

.6 .794( .498) .836( .529) .833( .546) .898( .714) 

.8 .265( .083) .325( .101) .316( .112) .337( .140) 

m=6 n=10 

.1 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.2 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.4 .999( .975) 1.000( .990) 1.000( .991) 1.000( .999) 

.6 .878( .609) .890( .659) .888( .666) .926( .793) 

.8 .323( .114) .332( .127) .330( .129) .374( .156) 

m=6 n=15 

.1 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.2 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.4 1.000( .993) 1.000( .998) 1.000( .999) 1.000(1.000) 

.6 .913( .711) .931( .746) .926( .748) .945( .837) 

.8 .376( .135) .391( .158) .351( .151) .404( .162) 
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TABLE 3.5 

SIMULATED POWER FUNCTIONS FOR THE GAMMA DISTRIBUTION 
WITH SHAPE PARAMETER 13 AND SCALE PARAMETER b 

Test of size a, '̂̂  .05 

(Test of size a '̂̂  .01) 

Wilcoxon Sum of Savage's T Likelihood 
Sq. Ranks Ratio 

m=6 n=7 

.1 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.2 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.4 .999( .983) .999( .989) .999( .989) 1.000(1.000) 

.6 .863( .587) .895( .623) .896( .649) .943( .828) 

.8 .339( .113) .375( .132) .383( .143) .420( .199) 

m=6 n=10 

.1 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.2 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.4 1.000( .996). 1.000( .998) 1.000( .998) 1.000(1.000) 

.6 .934( .716) .942( .757) .943( .762) .970( .864) 

.8 .396( .161) .411( .186) .415( .186) .434( .214) 

m=6 n=15 

.1 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.2 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.4 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.6 .959( .820) .967( .849) .971( .847) .987( .923) 

.8 .456( .202) .470( .210) .474( .211) .499( .251) 
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TABLE 3.6 

SIMULATED POWER FUNCTIONS FOR THE GAMMA DISTRIBUTION 
WITH SHAPE PARAMETER 16 AND SCALE PARAMETER b 

Test of size a '\^ .05 

(Test of size a^ ^ .01) 

Wilcoxon Sum of Savage's T Likelihood 
Sq. Ranks Ratio 

m=6 n=7 

.1 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.2 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.4 1.000( .995) 1.000( .999) 1.000( .999) 1.000(1.000) 

.6 .928( .706) .950( .732) .945( .755) .977( .909) 

.8 .349( .130) .390( .148) .390( .155) .459( .224) 

m=6 n=10 

.1 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.2 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.4 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.6 .975( .836) .981( .866) .979( .861) .991( .946) 

.8 .447( .181) .461( .198) .451( .201) .503( .251) 

m=6 n=15 

.1 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.2 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.4 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.6 .987( .902) .991( .923) .991( .924) .995( .963) 

.8 .513( .244) .528( .252) .533( .249) .559( .308) 
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TABLE 3.7 

SIMULATED POWER FUNCTIONS FOR THE GAMMA DISTRIBUTION 
WITH SHAPE PARAMETER 33 AND SCALE PARAMETER b 

Test of size a, "^ .05 

(Test of size a ^ .01) 

Wilcoxon Sum of Savage's T Likelihood 
Sq. Ranks Ratio 

m=6 n=7 

.1 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.2 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.4 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.6 .998( .968) .997( .965) .997( .968) 1.000( .995) 

.8 .604( .282) .655( .327) .656( .340) .724( .426) 

m=6 n=10 

.1 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.2 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.4 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.6 1.000( .991) 1.000( .994) .998( .993) 1.000( .999) 

.8 .698( .382) .715( .415) .708( .422) .763( .490) 

m=6 n=15 

.1 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.2 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.4 1.000(1.000) 1.000(1.000) 1.000(1.000) 1.000(1.000) 

.6 1.000( .996) 1.000( .998) 1.000( .996) 1.000(1.000) 

.8 .760( .491) .781( .516) .777( .514) .822( .597) 
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Fig. 3.2.—Simulated power functions for gamma 
alternatives with p=4, m=6, n=10, and a=0.05. 
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Fig. 3.3.--Simulated power functions for gamma 
alternatives with p=10, m=6, n=10, and a=0.05. 
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Fig. 3.4.--Simulated power functions for gamma 
alternatives with p=16, m=6, n=10, and a=0.05. 
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and calculated power are presented below for n = 10, 

P = (1,4) . 

TABLE 3.8 

SIMULATED AND ANALYTICALLY DERIVED POWER OF 
THE BEST TEST FOR GAMMA ALTERNATIVES 

p = 1 Simulated Calculated p = 4 Simulated Calculated 

b b 

1 

2 

4 

6 

8 

. 9 9 2 

. 9 1 4 

. 5 4 2 

. 2 7 5 

. 1 1 2 

. 9 9 4 

. 9 0 4 

. 5 4 1 

. 2 6 2 

. 1 2 0 

. 1 

. 2 

. 4 

. 6 

. 8 

1 

1 

. 0 0 0 

. 0 0 0 

. 9 7 0 

. 6 1 1 

. 2 1 7 

. 9 9 5 * 

. 9 9 5 * 

. 9 6 6 

. 6 1 8 

. 2 3 3 

*Power greater than this, the upper bound in available 
F tables. 

The following trends are revealed by the simulated 

power functions. For a given shape parameter p, all four 

tests are more powerful with each increase in n , i.e. 

powers for sample sizes 6 and 10 are greater than for sam

ple sizes 6 and 7, and powers for sample sizes 6 and 15 

are greatest. As would be expected, all tests are more 

powerful for a critical region of size approximately .05 

than for one of size approximately .01. For all values 

of p, the likelihood ratio test using the ratio of the 

means is most powerful for all values of the scale param

eter considered. The Savage's T test is slightly more 
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powerful than the sum of squared ranks test for the expo

nential distribution. For all values of p greater than 1, 

the two power functions are almost indistinguishable. The 

Wilcoxon is the least powerful test for the values of the 

scale parameter considered for any fixed value of p; how

ever, as values of the shape parameter p increase, all 

four tests become consistently more powerful for a fixed 

value of the scale parameter, b. Thus, the power func

tions begin to converge more rapidly in the interval 

b = .8 to b = 1. Asymptotic results indicate that the 

Wilcoxon test is slightly more powerful locally than the 

sum of squared ranks test for the gamma distribution with 

an integral value of the shape parameter greater than 11, 

and that the sum of squared ranks test is more powerful 

than the Savage's T test for the gamma distribution with 

shape parameter greater than 7. The differences in exact 

values of a, and a^ displayed in Table 3.9 perhaps explain 

why we do not get precisely these results for small sample 

sizes. 

Table I (appendix) gives critical points and sizes 

of the corresponding regions for the Wilcoxon, sum of 

squared ranks, and Savage's T test statistics for the 

sample sizes considered in this paper and a = (.01, .025, 

.05) . 
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TABLE 3.9 

CRITICAL REGIONS FOR THE WILCOXON, SUM OF 
SQUARED RANKS, AND SAVAGE'S T TESTS 

FOR GIVEN SAMPLE SIZES 

a-ĵ  Wilcoxon Sum of Squared Ranks T 

n = 7 .0367 .0495337 .0495337 

n = 10 .0467032 .0498251 .04995 

n = 15 .0474163 -0497751 .0499963 

^2 

n = 7 .0070 .009324 .0099067 

n = 10 .0078671 .0097402 .00999 

n = 15 .009140 .0098592 .0099882 

In summary, the performance of the sum of squared 

ranks test on small samples from the gamma distribution 

indicates that every asymptotic advantage of this test 

over the Wilcoxon test for the two-sample scale problem 

is maintained. In addition, if an exact test is desirable 

at the level nearest .01 or .05, any asymptotic advantage 

of the Wilcoxon test for the gamma distribution with a 

large value of the shape parameters is negated by the 

larger critical region for the sum of squared ranks test. 

Also, for all values of the shape parameter considered, 

excepting perhaps the exponential distribution, the 

increase in power of Savage's T test over the sum of 

squared ranks test is negligible. Finally, the sum of 
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squared ranks test compares favorably with the best test 

for the gamma distribution, especially locally, while 

being distribution free. 



CHAPTER IV 

PITi^N EFFICIENCY OF THE SUM OF SQUARED RANKS 

TEST FOR DISCRETE DISTRIBUTIONS 

Introduction 

Until recently research in the asymptotic theory 

of linear rank tests was based on the assumption that all 

distribution functions were continuous. Thus, the treat

ment of tied observations, when using rank tests such as 

the Wilcoxon-Mann-Whitney or sum of squared ranks tests, 

was approached from a purely practical need (1) to "break" 

the tie in order to compute the test statistic and (2) to 

determine the conditional distribution of the statistic 

given the ties and a particular method for resolving them. 

References [13], [15], and [19] deal with these considera

tions for various nonparametric tests including the 

Wilcoxon and the sum of squared ranks tests. The rank 

theory presented by Hajek and Sidak in [12], although it

self restricted to continuous random variables under loca

tion and scale alternatives, has facilitated extension of 

results to the case where the random variables are assumed 

to be purely discrete by Vorlickova [25] and to the case, 

for the hypothesis of randomness, where no assumptions are 

34 
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made regarding the continuous or discrete nature of the 

underlying distribution by Conover [4]. Consequently in 

[5], Conover gives Pitman efficiencies for the Mann-

Whitney, van der Waerden, and median tests for the two-

sample problem with observations from several discrete 

distributions when ties are resolved by using the midrank, 

randomized ranks, and average scores methods. In what 

follows the performance of the sum of squared ranks test 

in similar circumstances is presented. 

Definitions and Notation 

Let XT,...,X and Y^,...,Y be independent random 
1 m 1 n 

samples from populations with discrete distribution func

tions F(x,eQ) and G(x,e-|) respectively, and let f (x) denote 

the probability function for F(x). Define 

F •'•(u) = inf {x:F(x) >u}. 

and 

(D*(u) = h(F -̂ (u)) 

where 

, , , df (X) / r: , \ 

h(x) = Q̂ V f (x) 

It is shown in [5] that the most efficient linear rank 

test of the hypothesis 
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HQ: ê -eQ 

against the alternatives 

\-- ^i>% <°^ 9i<eo' 

or 

"A= 'I^% 

uses the weights 

^i " *̂ *( NTT' ' i = 1' 2, . . . , N, 

where r. is the rank of the ith observation in the combined 
1 

samples. In particular, for the Poisson, binomial, uniform 

discrete, and negative binomial distribution, where 9 is 

properly defined, the optimal test scores are a. where 

*/ ^ F"-^(U) - M $*(u) = 2 
a 

2 
M, the mean and a , the variance of F. 

In the case of continuous distribution functions, 

the sum of squared ranks test uses the function 

$^(u) = u 

The asymptotic efficiency of the sum of squared ranks test 
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relative to the optimal test in these cases is the square 

of the correlation between $^ and $*, the optimal function. 

That is 

e(0̂ ,(|>*) 0 
(<l>(u) - $) ($* (u) - $*)du] 

($(u) - <|))̂ du 
0 

($* (u) - $*)^du 
0 

where 

(4.1) 

$ = $(u)du. 
0 

and 

$* = $*(u)du 
0 

In the case of discontinuous distributions, the 

function $ depends on the distribution function and on 
L 

the method selected for breaking ties. We determine 

e($ ,$*) using two of these methods, average scores and 

randomized ranks. The former method assigns the average 

value of the scores associated with each of the ranks in 
question to each of the tied observations. In the latter 

method, one of the possible assignment of ranks is selected 

by some random procedure. This method leaves unchanged the 
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null probability distribution of the rank-order statistics 

and consequently that of the linear rank statistic. Hence, 

the test can be performed in the usual way, and ^^ (u) 
LI 

remains unchanged in (4.1). Using the average scores 

method, if u is in an interval where F (u) is constant, 

then '̂T (̂ ) i^ (4.1) is replaced by $ , . (u) , the average 

of <l> (u) taken over that interval. It should be noted 
L 

that Vorlickova [25] has shown the average scores method 

is always at least as efficient as the randomized ranks 

method in the case of discrete distributions. 

Main Results 

Table 4.1 lists the efficiencies of the sum of 

squared ranks test when sampling from a Poisson distri-

bution with parameter X, i.e. f (x) = —— ,— , x = 0, 1, 

2,.... In this case 6= A, and the optimal test as 

derived in [5] is defined by the function 

(|) * (u) = -°°, u = o, 

-1, 0 < u £ e , 

k - X ^:^ e"H^/i: < u < ^ e'H^/i!, 

^ i=0 i=0 

00 , U = 1 . 

(Note that there are typographical errors in this display 

in [5].) For the Poisson distribution and the average 



TABLE 4.1 

ASYMPTOTIC RELATIVE EFFICIENCIES OF THE SUM OF 
SQUARED RANKS TEST WITH RESPECT TO THE BEST 

TEST FOR THE POISSON DISTRIBUTION 

39 

Method for resolving ties 

Poisson parameter 

.1 

.2 

.3 

.4 

.5 

.6 

.7 

.8 

.9 

1.0 

3.0 

5.0 

7.0 

9.0 

Average scores 

.953 

.945 

.945 

.948 

.955 

.960 

.965 

.966 

.966 

.966 

.943 

.934 

.929 

.918 

Randomized ranks 

.371 

.584 

.706 

.774 

.818 

.843 

.861 

.873 

.880 

.888 

.915 

.917 

.916 

.904 
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scores method for breaking ties, $* = 0 and $ = 1/3. 
L 

Thus, after integrating and simplifying we get 

00 

e(<|), ,$*) = ^~° 
X[ E (F^(k)-F^(k-l)) (k-X)/X]^ 

L' ' oo 

-1 + E (F^(k)-F-^(k-l) ) (F^(k)+F(k)F(k-l)+F^(k-l)) 
k=0 

(4.2) 

where 

k _ . 
F(k) = E e X^/i:. 

i=0 

For the Poisson distribution and the randomized 

ranks method of breaking ties 

00 

e(<l'w$*) = ^ [ S (F^(k)-F^(k-l)) (k-X)/X) j2 (4.3) 
^ k=0 

(4.2) and (4.3) were evaluated using cumulative Poisson 

tables in [18]. 

For the binomial distribution with parameters n, 

2 • . 
p; q = 1-p, we have y = np and a = npq with probability 

function 

r- , s / n \ X n-x f. 1 
f(x) = \y/\ P q t x = 0/ \, . . ., n. 

Letting 6 = p and keeping n constant under the alternative 

hypothesis, we obtain the efficiencies for the sum of 
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squared ranks test listed in Table 4.2, using [26] to 

evaluate e($j^,$*). In this case the optimal function is 

$* (u) = -00, u = 0, 

-1/q, 0 < u < q" 

k - np 
npq F(k-l) < u £ F(k) 

1/p, u = 1. 

TABLE 4.2 

ASYMPTOTIC RELATIVE EFFICIENCIES OF THE SUM OF 
SQUARED RANKS TEST WITH RESPECT TO THE BEST 

TEST FOR THE BINOMIAL DISTRIBUTION 

Method for resolving ties 

Binomial parameters Average scores Randomized ranks 

n=2 p = .1 .975 .618 

.3 1.000 .832 

.5 .947 .791 

n=4 P = .1 -969 .793 

.3 .963 .869 

.5 .926 .841 

n=8 P = .1 -977 .873 

.3 .939 .889 

.5 .911 .868 

The expression for e(<l> ,<!>*) for the average scores method 

for resolving ties is analogous to (4.2). In fact, for 
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the distributions discussed, we have in general 

A 

e(<l>j^,<D*) = 

a [ E (F-^(k)-F^(k-l)) (k-M)/a^l2 
k=0 

A 
1 + E (F^(k)-F^(k-l)) (F^(k)+F(k)F(k-l)+F^(k-l)) 

k=0 

(4.4) 

where A = «> in the case of the Poisson and negative bino

mial distributions and A = n in the case of the binomial 

and uniform discrete distributions, with F(k) appropri

ately defined. 

When ties are resolved using randomized ranks. 

2 A 
e((D ,<D*) = ^ [ z (F^(k)-F^(k-l)) (k-y)/a^]^ 

^ 4 k=0 
(4.5) 

For the uniform discrete distribution defined by 

f(x) = 1/n, X = 1, 2,..., n. 

e = n, y = (n+l)/2, o^ = (n^-l)/12, and F(k) = k/n. The 

efficiencies for the average scores and randomized ranks 

methods are presented in Table 4.3 and are represented by 

(4.6) and (4.7) respectively. 

e($j^,$*) = 

^ 2 ? 
3 [ E (3k -3k+l)(2k-n-l)]^ 

k=l 
n^(n^-l) [-1 + E (3k^-3k+l)^] 

k=l 

(4.6) 
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n 

e($^,$*) = 

15 [ E (3k^-3k+l)(2k-n-l)]^ 
k=l 

4n^(n^-l) 
(4.7) 

TABLE 4.3 

ASYMPTOTIC RELATIVE EFFICIENCIES OF THE SUM OF SQUARED 
RANKS TEST WITH RESPECT TO THE BEST TEST 

FOR THE UNIFORM DISCRETE DISTRIBUTION 

Uniform discrete 
parameter 

2 

6 

12 

Method for resolving ties 

Average scores 

1.000 

.944 

.939 

Randomized ranks 

.703 

.911 

.931 

Finally, for the negative binomial distribution 

with parameters n, p, and probability function 

^, . /-n \ n, ,x /n+x-1 \ n x ^ i o 
^ ^^^ = \ X I ^ ^~^^ " V X J P ^ ' x = 0, 1, 2,..., 

k 
e = p, y = nq/p, a^ = nq/p , and F(k) = E (̂^ ]̂  ) p^q^ 

1=0 

Values for F(k) used to evaluate (4.4) and (4.5) are from 

[29]. Efficiencies appear in Table 4.4. 

An examination of the tabled efficiencies for the 

sum of squared ranks test relative to the best test and 

the comparable values in [5] for other two-sample tests 

reveals the following trends. Using the average scores 
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method for breaking ties, for the Poisson distribution 

with .2 <_ X £ 1, the sum of squared ranks test is more 

efficient than the Wilcoxon test. For X > 1, the Wilcoxon 

test is more efficient. For all values of X, the van der 

Waerden test is the most efficient; and the median test, 

the least efficient of those examined. If the randomized 

ranks method for breaking ties is used, the sura of squared 

ranks test is the most efficient of these tests for 

.1 £ X £ 1. The tendency for the sum of squared ranks 

test to be preferable to the Wilcoxon for Poisson distri

butions nearer the origin and with a more sharply declining 

tail parallels the results obtained in Chapters II and III 

for continuous distributions. 

TABLE 4.4 

ASYMPTOTIC RELATIVE EFFICIENCY OF THE SUM OF SQUARED 
RANKS TEST WITH RESPECT TO THE BEST TEST 
FOR THE NEGATIVE BINOMIAL DISTRIBUTION 

P a r a m e t e r s 

n=2 p 

n=4 p 

n=8 p 

= 

= 

= 

. 5 

. 7 

. 9 

. 5 

.7 

. 9 

. 5 

. 7 

. 9 

A v e r a g e s c o r e s 

. 9 1 9 

. 917 

. 9 1 6 

. 9 3 6 

. 9 4 0 

. 9 2 9 

. 9 3 6 

. 9 4 3 

. 9 5 5 

Randomized r a r 

.896 

.849 

. 5 8 5 

. 9 2 5 

. 9 0 6 

. 776 

.930 

. 9 2 5 

. 877 

iks 
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For the binomial distribution, the Pitman effi

ciency of the sum of squared ranks test decreases as p 

approaches .5 for all n. For p = .1, the sum of squared 

ranks test is always preferable to the Wilcoxon and is 

the most efficient of those considered when ties are 

assigned randomized ranks. For p = .3 the sum of squared 

ranks test is more efficient than the Wilcoxon when n=2, 

but for other values of n the Wilcoxon is preferable. For 

p = .5 and for all values of n, the Wilcoxon is better. 

Again this reflects the desirability of the sum of squared 

ranks test for small values of y = np. The van der Waerden 

test is generally the most efficient; and the median, the 

least for binomial distributions with p > .1. 

The Wilcoxon test is, ironically, the best of those 

considered for the uniform discrete distributions examined. 

In this case the alternative hypothesis is a scale alter

native if there exists a, positive, such that n = am where 

n = 6 is the parameter for one sample and m = 6, that for 

the other. However, the uniform discrete distribution is 

certainly not asymmetric so that the situation is not that 

for which the sum of squared ranks test was designed. 

Nevertheless, for n = 2, a distribution frequently encoun

tered in applied statistics, e($^,$*) = 1.000 when average 

scores are used. Generally, for the average scores method 

the van der Waerden test is better than the sum of squared 
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ranks test, and the sum of squared ranks test is at least 

as good as the median test. When randomized ranks are 

used to break ties, the sum of squared ranks test is better 

than the van der Waerden for n = 2, 6 and better than the 

median test for n = 6, 12. 

For all values of the parameters considered for the 

negative binomial distribution with the average scores 

method for ties, the sum of squared ranks test is better 

than the Wilcoxon test. The van der Waerden test is gen

erally the most efficient; the median test, the least. 

When randomized ranks are assigned to ties, the asymptotic 

efficiency of the sum of squared ranks test decreases as 

p approaches .9 for all n. This result was anticipated 

by the decrease in efficiency for the binomial distribu

tion as p approached .5. For this method of resolving 

ties, n = 2, 4, the sum of squared ranks is the most effi

cient test considered. 

In summary, for the discrete distributions consid

ered, the sum of squared ranks test is consistently quite 

efficient using average scores to break ties with asymp

totic efficiency relative to the best test never below 

.911 in the four tables. 



CHAPTER V 

CONCLUSIONS 

The selection of an appropriate test for the gen

eral two-sample problem is rarely unequivocal. For the 

location alternative the classical t. test is quite robust. 

For the scale alternative or test of dispersion involving 

equality of variances, the F test is not. In this case, 

therefore, if the normality of the population is not 

established, one confronts the problem of judiciously 

choosing a nonparametric statistic. In the happy instances 

where the distribution is known to satisfy certain criteria 

and where the alternative is properly defined, it is pos

sible to determine a linear rank test which is asymptoti

cally optimal. This can be done using either the tech-

nique developed by Hajek and Sidak illustrated in [5] or 

that developed by Hoeffding, Lehmann and others and illus

trated in [7]. In the event that these conditions do not 

prevail or that computations with the optimal test prove 

laborious, then one can turn to the many studies in the 

literature comparing particular properties of various 

tests for given circumstances. 
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However, since Moses [17] has shown it impossible 

to develop a satisfactory rank test in the usual manner 

without restricting the class of distributions to which 

it is applied, these studies will be irrelevant to select

ing a test unless one does know the form of the density. 

In addition Hajek and Sidak caution [12], "To avoid over

estimating the asymptotic results concerning rank tests, 

it suffices to realize that they are useless in practice 

without their numerical comparison with exact results for 

small samples." Because of this, simulated studies such 

as presented in Chapter III are necessary. In the same 

context, a small sample study of the performance of non

parametric tests for discrete distributions when ties are 

broken in various ways would be a logical follow-up for 

Chapter IV. Admittedly, this piecemeal approach to sta

tistical inference is not particularly satisfying. How

ever, the continuation of such studies and a compilation 

of their results will be justified by the development of 

a workable procedure for estimating the form of the 

unknown density. This gap is a serious one in the pres

ent theory of rank tests. 

Questions concerning other properties for the sum 

of squared ranks test arose in writing this paper. These 

will be briefly stated to provide documentation for future 

investigation. Sequential rank tests have been presented 
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in [3] and [27] for the class of Lehmann alternatives 

defined in [14]. A sequential sum of squared ranks test 

can be defined in an entirely analogous manner. What 

properties would such a test possess? The Wilcoxon sta

tistic is applied in [28] to several dispersion statis

tics, e.g. range and variance, computed for sample sub

groups to test a two-sided dispersion alternative. How 

would the sum of squared ranks perform for the correspond

ing one-sided alternative? The Bahadur measure of asymp

totic efficiency [l], [11] has been determined for the 

tests of Sukhatme, Tamura, Mood, and Freund-Ansari in 

[31]. How would the sum of squared ranks test compare 

with these tests for dispersion under this measure? The 

Siegel-Tukey test is essentially a rearrangement of the 

weights of the Wilcoxon test. Can the sum of squared 

ranks test be advantageously extended in a similar fash

ion? How would the sum of squared ranks test perform 

with censored data? What properties would a percentile 

modified sum of squared ranks test have? Can a composite 

test similar to Woinsky's be defined by the sum of squared 

ranks test? Finally, the sum of squared ranks test is 

related to the Wilcoxon in the same way the Klotz normal-

scores test for the scale alternative is related to the 

van der Waerden test for the location alternative, in 

that each squares the coefficients of the statistic for 

TEXAS TECH LIBHARY 
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the latter test. What general statement can be made about 

the properties of such paired tests? Because of the gen

erally "good" showing of the sum of squared ranks test in 

investigations to date, answers to these queries and fur

ther comparisons with, perhaps, Tamura's Q, Sukhatme's S, 

and the Freund-Ansari tests would be helpful. 
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TABLE I 

CRITICAL POINTS FOR THE INDICATED TEST STATISTICS 
P {A > x} = a, WHERE A IS A TEST STATISTIC n n 

Sum of Squared 
Ranks 

X 

m=6 n= 

607 

604 

574 

573 

545 

544 

m=6 n= 

935 

934 

880 

879 

831 

830 

m=6 n= 

1635 

1634 

1531 

1530 

1438 

1437 

a 

7 

.0093 

.0105 

.0245 

.0256 

.0495 

.0501 

= 10 

.0097 

.0101 

.0247 

.0253 

.0498 

.0511 

= 15 

.00986 

.01001 

.02458 

.02504 

.0498 

.0501 

Wil' 

X 

58 

57 

56 

55 

54 

53 

72 

71 

69 

68 

66 

65 

95 

94 

91 

90 

87 

86 

coxon 

a 

.0070 

.0111 

.0175 

.0256 

.0367 

.0507 

.0079 

.0112 

.0210 

.0280 

.0467 

.0589 

.0091 

.0117 

.0224 

.0274 

.0474 

.0561 

Savage' 

X 

9.4963 

9.4685 

9.1185 

9.1110 

8.709 

8.6943 

10.0709 

10.0645 

9.5467 

9.5447 

9.0388 

9.0376 

10.6712 

10.6702 

9.9941 

9.9937 

9.3794 

9.3787 

's T 

a 

.0099 

.0105 

.0245 

.0250 

.0495 

.0501 

.00999 

.01011 

.02498 

.02510 

.04995 

.0501 

.009988 

.010007 

.02499 

.02501 

.049996 

.050015 

a 

.01 

.025 

.05 

.01 

.025 

.05 

.01 

.025 

.05 




