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CHAPTER I 

INTRODUCTION 

Fundam^ital information on the microscopic interatomic bind

ing forces within solids is very important today to both experi

mentalists and theorists studying the nature of solids. One me-

thod of acquiring this information is with accurate temperature de

pendent measurements of elastic constants of single crystals. It 

is interesting to note that even though elastic constants are a 

macroscopic property of the crystal, they provide microscopic infor

mation on the crystal. Crystals possessing cubic sjnmnetry are the 

main focus of the studies of elastic constants, particularly, crystals 

with cubic S3nmnetry which have ionic bonding. The concentration on 

crystals with ionic bonding is primarily due to the fact that ionic 

cohesion is better understood than metallic or covalent cohesion. 

Cohesion in metal crystals is often complicated by the influence 

of the electron sea. For this reason, the relationships between the 

various contributions to the interatomic binding forces and elastic 

constants in metal crystals are difficult to discern with any degree 

of accuracy. This problem becomes more complex when dealing with alloy 

1 
crystals. However, a theory has been proposed by Fuchs for the simplest 

case, monovalent metals, which achieves reasonably good agreement with 

experimentally measured shear elastic constants for alkali and noble 
2,3 

metals. In this theoretical model, Fuchs deals with only shear 

elastic displacements which change the shape of the Wigner-Seitz cell 

surrounding each metal ion but does not affect its atomic volume. As 



2 

a result there are assumed to be only two lattice energy contributions 

to the shear elastic constants: the change in the potential energy 

of the electrons due to the distortion of the edges of the Wigner-

Seitz cell, and exchange repulsion due to overlap of closed electron 

shells of two neighboring ions. 

Thou^ Fuchs' theory was fairly successful in explaining the re

sults of the experimental determinations of the elastic constants of 

pure metals, great difficulty was encountered in the case of alloyed 

monovalent metals. The major complication arose due to the difficulty 

in interpreting the effect of the conduction electrons on the total 

lattice energy. Fuchs* theory assimied a spherical Fermi surface for 

monovalent metals. Therefore, on this basis, in his calculations for 

monovalent copper, he assisned that the conduction electrons did not 

contribute to the shear elastic constants. However, it is now known 

that the Fermi surface of copper intersects the [ill] faces of the 

Brillouin zone. For this reason, it is generally accepted that the 

Fermi energy contribution to the shear elastic constants must be in

cluded. At present there are assumed to be three major lattice energy 

contributions to shear elastic constants for copper and copper dilute 

alloys. Two of the contributions were discussed in the preceding 

paragraph in relation to Fuchs* theory. The third contribution is 

the Fermi contribution due to the conduction electrons at the Fermi 

energy level, E.. 
F 

Before any attempts were made to extend Fuchs* theory to include 

the Fermi contribution to the lattice energy. Neighbours and Smith 

proposed an alternate extension. The semi-empirical theory that they 



proposed attempted to interpret some expetinental elastic constants 

data for dilute alloys of copper. In their semi-empirical model, 

the elastic constants of dilute alloys of copper are determined by 

the elastic constants of the pure metal and the concentration of the 

metal alloyed with it. In other words, the changes in the elastic 

constants from the pure metal values were interpreted in terms of 

clianges in the electrostatic and ionic contributions of pure copper 

upon alloying. The fact that no Fermi contribution was included in 

their model should be noted. 

Although the Fermi surface for copper is known quite well, there 

is very limited information on how much the Fermi energy contribution 
6 

affects the values of the elastic constants. J.G. Collixis has made 

the only direct calculation of the Fermi contribution for a-phase 

copper alloys. Indirect calculations of the Fermi contribution have 
7 8 

been made by S.K. Sinha and T. Toya by screening the bare ion-ion 

electrostatic interaction with a free electron gas. 

Elastic- constant measurements of the a-phase, Cu-Al alloy system 

have been conducted previously by two groups. J.R. Neighbours and 
9 

C.S. Smith have made experimental measurements at room temperature 

on the el^tic constants of two different compositions of the a-Cu-Al 

system. These alloys were Cu+4.Slat.%A1 and Cu+9.98%A1. L.S. Cain 

10 

and J.F. Thomas have made measurements ori eight other a-Cu-Al com

positions ranging from 0.75at.%Al to 13.25at.%A1. These measurements 

were done over a temperature range of 0 to 30 C. With the data ob

tained in this limited temperature range, they then made a linear 

extrapolation of the temperature derivatives to obtain the elastic 

http://13.25at.%A1
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constants at 0 R. However, the temperature dependence of the elastic 

constants begins flattening out at approximately 50 to 20 R. For 

this reason, the linear extrapolation taken by Cain and Thomas could 

result in siseable errors in the 0 K values of the elastic constants 

th^ obtained. 

With the previous stxidies in mind, the present investigation has 

been made on the temperature dependence of the elastic constants of a 

copper crystal alloyed with 2.3 atomic percent aluminum (Curi-2.3at.ZAl). 

This study was conducted over the temperature range of 4.2 to 300 R. 

Presented in this thesis are the results of direct measurements of the 

adiabatic elastic constants C , C", and C^^ as a function of tempera

ture. Calculated from these are the adiabatic elastic constants C^^ 

and Cĵ 2» ^^® 'bulk modulus (B), the Debye temperature (0o), and the 

anisotropy. This study was conducted to better understand the tem

perature dependence of the a-Cu-Al alloys. 

http://Curi-2.3at.ZAl


CHAPTER II 

EaCPERIMENTAL PROCEDURE 

For ciibic crystals there are only three independent elastic 

stiffness constants C^^, C^^^ and C^. The elastic constants C^ 

and C ^ are related to compression and shear respectively. The C^ 

is related to the shear produced by a compressional force. Equations 

(A13) through (A15) of Appendix A provide simple relationships be

tween these elastic stiffness constants, the density, and the velocity 

of ultrasonic transverse and longitudinal waves in cubic crystals. 

With the accurate velocity measurements of ultrasonic waves propagated 

in the prescribed directions in the crystal, these elastic constants 

can be calculated. In this experiment C^^ was calculated from the 

measured velocity (Vj) of a 10 MHz transverse wave propagating in the 

[110] direction with the particle motion polarized parallel to the 

[100] direction. Using the density, p, of the crystal the value of 

C^^ can be calculated from equation (A13), 

C44 = PV|. (1) 

The shear constant C* was calculated from equation (A14), 

C = pV^2 » 55(ĉ ^ - c^^) (2) 

with the velocity (V') measurements of 10 MHz transverse waves propa

gated in the [llO] direction with particle motion polarized parallel 

to the [110] direction. The constant C" was calculated from equation 

(A15), 

C" « PV^ » 1/3(0̂ 1̂ + 203̂ 2 + ^C44> ^3) 

with the velocity (Vĵ ) measurements of ultrasonic longitudinal waves 



propagated in the [ill] direction. With the results of these measure

ments and equations, Cy* and C^. can be calculated. 

^11. • 1/3(4C» + 3C" - 40^^) (4) 

^ 1 2 * ^ ^ U - 2C'). (5) 

A more accurate value of C^^ can be obtained by using equation (AlO) 

and the velocity of longitudinal waves propagating in the [lOO] direc

tion. However, diie to the size and shape of our primary crystal we 

were unable to utilize the [lOO] direction. 

Specimens 

The two alloy crystals used in this experimental study were ma

chined from a single crystal obtained from The Materials Research 

Corporation (MRC). The machining was done on an Elox TQH-31 electric 

discharge machine. This machine errodes the crystal with electric 

spark discharges resulting in no mechanical contact being made with 

the crystal. This restricts damage from the cutting and polishing pro

cess to an estimated depth not exceeding 0.00001 inch into the crystal 

surface. 

The crystal obtained from MRC was approximately 1.0 centimeter 

(cm) in diameter and 18 cm long with its long axis along the [ill] 

direction. Originally, the crystal was purchased for a study unrelated 

to elastic constants which accounts for its shape and axis orientation. 

A crystal was machined in the [lOO] direction, but, because of the 

shape and small diameter of the original crystal, it was too short for 

effective velocity of sound measurements. For this reason, all of the 

velocity of ultrasound measurements were conducted with ultrasonic wave 

iiM^. 



7 

propagation in the [llO] an4 [ill] directions. The lengths of the 

[no] and [111] axes crystals were 1.9060 + 0.0010 cm and 1.2547 + 

0.0010 cm respectively at room temperatiire. <*|f;'̂  

The orientations of the crystals were established by means of 
11, 12 

the standard Laue x-ray back reflection techniques. The end 

faces were determined to be parallel within 0.0005 cm and the cry

stalline axes deviated less than 1.0^ from their stated directions. 

The original crystal received from MRC was stated to have a 2.5 

atomic percent Al concentration. An analysis was performed by S.G. 

0*|Lara using an x-ray diffractometer to verify the concentration of 

Al. Fine filings were taken from both ends of the crystals used in 

the experiment and annealed for two weeks at 600 K. The filings were 

then placed in a S3rmmetrical Back Reflection Focusing Camera used in 

the x-ray diffraction analysis. The Al concentration was determined 

to be 2.3 + 0.2 atomic percent Al by utilizing the x-ray lattice 

13 14 
spacing data of Obinata and Wassermann and also Vegard's law. 

The density of the alloy crystals was calculated from measure

ments of the lattice spacing, 3.6211 + 0.0005 I at 300 K. The density, 

p, is 8.769 grams cm~^ at room temperature. 

Ultrasonic Techniques and Electronic Equipment 

The round trip times of ultrasonic waves propagated in the 

Cuf2.3at.%A1 alloy crystals were measured using the pulse-echo technique 

15 
similar to that described by Squire and Briscoe. With this data and 

the measured lengths of the alloy crystals, the velocities of the ultra

sonic waves can be calculated. 

http://Cuf2.3at.%A1
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A block diagram of the electronic equipment used in this experi

mental study is shown in Figure 1. The Arenberg PG-650C pulsed os

cillator triggers the Hewlett Packard 1743A (100 MHz) oscilloscope 

through a variable time delay circuit and simultaneously generates a 

10 MHz pulse approximately 3 microseconds in duration. This pulse 

travels through a 93 ohm co-axial transmission line to an electrical 

"T". At the electrical "T", part of the puliee energy is routed to 

the Arenberg PA620-SN tunable pre-amplifier. From the pre-ampUfier, 

the pulse travels through an Arenberg WA-600-E wide band amplifier 

and then on to the Hewlett Packard 1743A oscilloscope where it is 

displayed on the screen. The remaining pulse energy is transmitted 

from the "T" through a low temperature 93fl transmission line to the 

quartz transducer which is bonded to the crystal being studied. The 

transducer converts the electrical energy into mechanical vibrations 

of the same frequency which are transmitted through the crystal. At 

the opposite end of the crystal, the ultrasonic pulse sees a large 

acoustical impedance mismatch which reflects the pulse back to the 

transducer where it is detected. A small fraction of the echo pulse 

energy is converted into electrical energy which is sent through the 

amplifiers and displayed on the oscilloscope. The remaining portion 

of the echo pulse energy is reflected back into the crystal which 

gives rise to a second echo. This process continues until the initial 

pulse is attenuated completely. The final result is the generation of 

a series of echoes, each of smaller amplitude than the previous and 

each is separated from the previous one by the round trip time in the 

crystal. The complete echo train is then displayed on the oscilloscope. 
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Round trip times were measured on a mlnliimm of five echoes. 

l|le Hewlett Packard 1743A oscilloscope used in this experimental 

study is a dual channel, dual-delayed sweep (A Tine) oscilloscope with 

a built-in 100 MRz crystal-controlled counter, and a 5-digit LED dis

play providing direct digital readout of time interval measurement. 

This Instrument maintains a + 1.0 nanosecond accuracy and + 100 pico

second resolution. 

Cryostat 

A cutaway drawing of the low temperature cryostat used in this 

study is shown in Figure 2. The ten MHz pulses were transmitted to 

the transducer by means of a 93 ohm co-axial transmission line and a 

spring-loaded copper plunger. Thin walled (10 mil) stainless steel 

tubing was used to construct the transmission line and the cryostat 

structural supports in order to minimize the transfer of heat to the 

crystal. The sample table, transmission line, and plunger could be 

adjusted vertically in order to facilitate the handling of different 

size crystals. 

" Time interval data were taken over a temperature range of 4.2 

to 300 K. In the temperature range of 80 to 300 K, temperature con

trol was obtained by slowly increasing the level of liquid nitrogen 

in the outer dewar, thereby, lowering the temperature in the inner 

dewar and consequently of the sample. The rate of temperature descent 

was controlled at approximately 10 K per hour. In the temperature range 

of 4.2 to 120 K, temperature control was obtained by first placing the 

crystal in the inner dewar. The outer dewar was filled with liquid 

nitrogen to bring the inner dewar temperature down to approximately 
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80 K. Liquid helium was then transferred into the inner dewar to 

cover the crystal and lower its temperature to 4.2 K. The helium 

was then allowed to boil off which resulted in a temperature rise at 

a rate of approximately 20 K per hour. After the temperature reached. 

the boiling point of liqxiid nitrogen (78.8 i:), the rate of increase^ 

was apprmeifflately 10 R per hour« 

Trensducers 

The quartz transducers tised in this study were acquired from 

The Valpey Crystal Corporation where they were cut and polished to 

have a fundamental frequency of 10 MHz and were 0.25 inch in diameter. 

Two types of transducers were required in order to obtain the necessary 

data. One type required, an "x-cut" transducer, is cut to vibrate in 

the longitudinal mode. The second type, a "y-cut", is cut to vibrate 

in the transverse mode. When taking transverse mode data, the di

rection of polarization of particle motion becomes important. So, 

the factory places a flat edge on the "y~cut" transducer to indi

cate the direction of polarization. The quartz wafer transducers 

were plated on both faces with a thin layer of chromium and gold. 

Since the crystal alloy used in this study is a conductor, the 

side of the transducer in contact with the crystal is in electrical 

contact with the outer portion of the co-axial transmission line. The 

center wire of the transmission line makes electrical contact with 

the other side of the transducer through the plunger. 

Binders 

A bond is necessary between the transducer and crystal being 
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studied in order to transmit the vibrations of the transducer into the 

crystal. Three different types of binders were used, depending on the 

temperature range and mode of vibration being studied. 

For the longitudinal mode of vibration, Nonaq stopcock grease 

was used in the temperature range of 100 to 300 K. This binder gave 

good echoes over the entire temperature range studied. However, when 

- **̂  

studying the transverse mode of vibration, satisfactory echoes could 

not be achieved above 250 K using the stopcock grease. Celvacene 

Medium vacuum grease, which is more rigid, was used in the temperature 

range of 200 to 300 K, which provided satisfactory echoes for the 

transverse mode. Regardless of the mode of vibration Nonaq stopcock 

grease could not be used below about 100 K because of its tendency 

to fracture due to the different expansion properties of the binder, 

the transducer, and the crystal. 

In the temperature range 4.2 to 200 K, Dow Coming DC-11 stop

cock grease was used to study both modes of vibration. This binder 

very rarely breaks and hence is ideal for extremely low temperature 

measurements. In preparation to begin the low temperature measurements, 

this binder was applied at room temperature. Then the assembled cry

stal and cryostat were immersed in a small dewar of liquid nitrogen 

in order to evaluate the quality of the echoes and hence the bond. 

If the echoes were satisfactory, the cryostat could be readied for 

liquid helium transfer and low temperature study. 

Data were taken in such a manner that for the two and three 

different binders used there was an overlap of at least 30 K. Agree-
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ment in the regions of overlap was well within experimental error. 

To account for the time of round trips through the binder, cor

rections of 0.03 microseconds and 0.04 microseconds were subtracted 

16 
from the measured longitudinal and transverse times respectively. 

Temperature Measurement 

In the teoperature range of 80 to 300 R,. the temperature of 

the crystal was measured using a copper-cons tan tan thermocouple. 

The induced emf was measured with a Hewlett Packard 3466A Digital 

Multimeter. Temperatures in the range of 4.2 to 80 K were measured^ 

with a Cryo-Cal germanium resistance themometer (#3780). Measure

ments were made using an adjustable standard constant current source 

with the current being monitored with a Hewlett Packard 3466A 

Digital Multimeter. 

The thermocouple and germanium resistance thermometer were 

placed in direct contact with the crystal. 



CHAPTER III 

miDINGS AND INTERPRETATIONS 

Adiabatic Elastic Constants 

la order to calculate the elastic constants of Cuf2.3at.%A1 as a 

function of temperature, it is necessary to know the temperature 

dependence of the density and length of the crystal. The dependency 

is usually obtained from the known thermal expansion coefficient of 

the crystal. However, no information on the expansion coefficient 

of Cirf2.3at.SLAl exists. Therefore, since Cttf2.3at.%A1 is a dilute 

alloy crystal, it was decided that the expansion coefficient of 

copper could be used in the calculations. 

The thermal expansion coefficient of copper (a(T)) has been 

measured by Eraser and Hallett from 20 to 90 K and by Leksina 
18 

and Novikova from 90 to 1323 K. Using the values of a(T) and the 

density of copper at room temperature (pe), the temperature dependence 

of the density of copper is given by: 

P(T) » po/(l + fl a'(T)dT)^ 

Similarly, the temperature dependence of the length of the crystal 

is given by: 

l(J) « U d + fl a(T)dT) 

where lo is the length of the crystal at room temperature. 

With the values of the density, length, and echo round trip transit 

times, the velocity of sound in the Cu+2.3at.%Al can be calculated. 

The transit time data were taken in 10 K intervals from 4.2 to 300 K. 

The values used to make the calculations were then taken in 10 K in

tervals from smoothed curves of the transit time data plotted as a 

15 

•.i^i^mi. 

http://Cuf2.3at.%A1
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function of temperature. The temperature dependent velocities calcu

lated with the preceding data can then be used in equations (1) through 

(5) la order to obtain the values of the adiabatic elastic constants 

^11* ^12' ̂ 44* ̂ '^ C* as a function of temperature. 

The results of these carlcnlatlons are given over the temperature 

range of 4.2 to 300 R in Table 1. The calculated values of density 

are also given along with the values of the bulk modxilus (B) calculated 

froiB 

B » iC^^ + 203̂ 2̂  /3 , 

The estimated maximum errors in the values given in the table are 

^U* i ^•^» ^12- i ^'^^* ^44* - ^'^^* ^'' i ^•^^» ^^ ^' - ^'^^' 

The large error in B, using the usual rules for the propagation of 

errors, is due to the cumulative error of Ĉ ^̂  ^^^ ̂ 12* Similarly, 

the error of 0^ is due to the cumulative error of C , C^^, and pVĵ .̂ 

Also, the error in 0^2 is due to the cumulative error of C^^ and C . 

It is felt that all of these errors arise chiefly from the echo transit 

time readings. 

The adiabatic elastic constants of the a-Cu-Al alloy system have 

previously been measured at 20 C by two separate groups: L.S. Cain 
19 20 

and J.F. Thomas and J.R. Neighbours and C.S. Smith. The summary 

of data presented by Cain and Thomas from their investigation is shown 

in Table 2. In Table 3, calculations made by Neighbours and Smith are 
shown. Comparison of the elastic constants in Table 1 to those in 

Tables 2 and 3 show excellent agreement for this temperature. 

The temperature dependence of the elastic constants C^^* ^12» 

C44, and C given in Table 1 is shown plotted in Figures 3, 4, 5, and 



Table 1. E l a s t i c constants C _ , C,2» ^AA* ^'^^ ^ '* ^^^ 
bulk modulus in un i t s of 10^^'ayn/cm^. Densities are 
in un i t s of gm/cm'. 
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T(R*) 

0 
10 
20 
30 
40 
50 
60 
70 
80 
90 
100 
110 
120 
130 
140 
150 
160 
170 
180 
190 
200 
210 
220 
230 
240 
250 
260 
270 
280 
290 
300 

cu 

17.733 
17.733 
17.733 
17.732 
17.733 
17.730 
17.711 
17.677 
17.645 
17.617 
17.585 
17.548 
17.513 
17.472 
17.433 
17.403 
17.363 
17.322 
17.284 
17.241 
17.211 
17.171 
17.133 
17.102 
17.060 
17.024 
16.981 
16.951 
16.914 
16.875 
16.836 

Ci2 

12.674 
12.674 
12.674 
12.675 
12.678 
12.677 
12.661 
12.636 
12.616 
12.606 
12.594 
12.573 
12.557 
12.536 
12.515 
12.502 
12.482 
12.459 
12.438 
12.413 
12.401 
12.379 
12.359 
12.345 
12.320 
12.302 
12.275 
12.262 
12.243 
12.222 
12.201 

C44 

8.290 
8.290 
8.290 
8.291 
8.288 
8.286 
8.282 
8.274 
8.262 
8.239 
8.210 
8.182 
8.156 
8.127 
8.099 
8.071 
8.043 
8.014 
7.987 
7.961 
7.934 
7.906 
7.879 
7.852 
7.827 
7.797 
7.774 
7.749 
7.720 
7.693 
7.667 

C 

2.529 
2.529 
2.529 
2.529 
2.528 
2.526 
2.525 
2.520 
2.514 
2.505 
2.496 
2.487 
2.478 
2.468 
2.459 
2.450 
2.441 
2.431 
2.423 
2.414 
2.405 
2.396 
2.387 
2.378 
2.370 
2.361 
2.353 
2.344 
2.335 
2.326 
2.318 

B 

14.360 
14.360 
14.360 
14.361 
14.363 
14,361 
14.344 
14.316 
14.292 ' 
14.277 
14;258 
14.231 
14.209 
14.182 
14.154 
14.136 
14.109 
14.080 
14.054 
14.022 
14.004 
13.976 
13.950 
13.931 
13.900 
13.876 
13.843 
13.825 
13.800 
13.773 
13.746 

P 

8.877 
8.877 
8.877 
8.877 
8.876 
8.874 
8.871 
8.868 

• 8.865 
8.862 
8.858 
8.855 
8.851 
8.847 
8.843 
8.839 
8.835 
8.830 
8.826 
8.821 
8.817 
8.812 
8.808 
8.803 
8.798 
8.793 
8.789 
8.784 
8.779 
8.774 
8.769 
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Table 2. Adiabatic elastic-constants of the a-Cu-Al 
alloy system at 20 C in units of lo" dyn/cm^. This 
table is taken frott Cain and Thomas' investigation.^^ 

at.%Al € ^ 0^2 ^44 C'-(C^-Ci2)/2 B-(Cii^2Ci2)/3 

0 
0.75 
3.4 
4.85 
6.9 
7-5 
8.4 

10.3 
13.25 

1.692 
1.690 
1.676 
1.667 
1.657 
1.649 
1.641 
1.626 
1.594 

1.219 
1.220 
1.21^ 
1.215 
1.209 
1.207 
1.208 
1.204 
1.197 

0.754 
0.761 
0.764 
0.767 
0.773 
0.774 
0.775 
0.780 
0.788 

0.237 
0.235 
0.230 
0.226 
0.224 
0.221 
0.217 
0.211 
0.199 

1.377 
1.376 
1.369 
1.366 
1.358 
1.354 
1.352 
1.344 
1.330 

Table 3. Adiabatic elastic-constants of the a-Cu-Al 
alloy system at 20 C in units of 10^^ dyn/cm^. These 
values are taken from the investigation conducted by 
Neighbours and Smith.23 

at.%Al 

4.81 
9.98 

Cl l 

1.658 
1.595 

^12 

1.216 
1.176 

C44 

0.749 
0.776 

C'=(Cii-Ci2)/2 

0.221 
0.209 

B«(Cii+2C3^2>/3 

1.363 
1.316 
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6 respectively. The teaperature"derivatives of these elastic constants 

and of the bulk modulus are given in Table 4. Cain and Thomas have 
21 

also calculated the temperature derivatives from their values for 

the elastic constants. Their calculations are compiled in Table 5. 
I , # ' .-
Conparison of the values calctaated for Cuf2.3at.%A1 in Table 4 to 

those of the cxr-Cu-Al system in Table 5 shows fairly good agreement. 

It is interesting to note that in order to obtain the 0 K values 

of their elastic constants and bulk modulus, Cain and Thomas took an 

extrapolation of their elastic constants and bulk modulus at high 

temperatures (0 to 30 C) linearly to 0 K. Using the values of the 

constants they calculated (Table 2) and their temperature derivatives 

(Table 5), the 0 K values for their elastic constants can be determined. 

In order to have a comparison to the 0 K values of the elastic con

stants and bulk modulus of the present investigation (Cttf2.3at.%A1), 

the 0 K values of Cain and Thomas' investigation were calculated from 

their values for CufO.75at.%A1 and Cirf3.4at.%A1. These calculations 

are given in Table 6. Comparison between the calculations in Table 6 

and the 0 K values in Table 1 shows some discrepancy. The values in 

Table 6 are significantly larger than those in Table 1. This obser

vation can be readily attributed to the fact that the elastic constants 

do not increase linearly from 300 to 0 K as suggested by Cain and 

Thomas. Figures 3, 4, 5, and 6 indicate that the values of the elastic 

constants increase linearly from 300 K to approximately 50 K. At this 

point the curves flatten out. It can readily be seen that if the 

linear approximation were used, the resulting values of the elastic 

constants would be larger. This result was the discrepancy noted 

http://Cuf2.3at.%A1
http://Cttf2.3at.%A1
http://CufO.75at.%A1
http://Cirf3.4at.%A1
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Table 4. Temperature derivatives of the elastic-constants 
of Cu+2.3at.%Al in units of 10* dyn/cm^-*K. 

3T 

tmm 

-3.B4 

"Sf̂ ^ 

-2.02 

|£44 
3T 

-2.736 

3C' 
3T 

-0.91 

12 
ST 

-2.626 

>.>—•.—.•.••MMMM.MW..PM 

Table 5. Temperature derivatives of the elastic-constants 
of the o-Cu-Al alloy system at 20 C in units of 10® dyn/pm^-'C. 
These values are taken from the investigation conducted by Cain 
and Thomas.^^ 

at.%Al 

0 
0.75 
3.4 
4.85 
6.9 
7.5 
8.4 

10.3 
13.25 

1̂ 11 
3T 

-3 .60f0.09 
-3.68+0.01 
-3.54+0.02 
-3.53+0.03 
-3.47+0.04 
-3.52+0.02 
-3.46+0.03 
-3.47+0.01 
-3.36+0.01 

Kl2 
ST 

-1 .39+0 .16 
-1 .60+0 .03 
-1 .50+0 .04 
-1 .50+0 .05 
-1 .50+0 .06 
-1 .53+0 .03 
-1 .58+0.06 
-1 .55+0 .01 
-1 .51+0 .03 

3C44 
3T 

-2.82+0.07 
-2.54+0.01 
-2.53+0.02 
-2.52+0.02 
-2.53+0.04 
-2.51+0.02 
-2.51+0.03 
-2.51+0.01 
-2.49+0.01 

9C' 
3T 

-1 .11+0.09 
-1 .04+0 .01 
-1 .02+0.02 
-1 .01+0.03 
-1 .00+0.04 
-1 .00+0.02 
-0 .94+0.03 
-0.96+0.01 
-0.93+0.01 

dB 
di 

-2.13+0.12 
-2.29+0.02 
-2.18+0.03 
-2.18+0.03 
-2.14+0.06 
-2.19+0.02 
-2.21+0.05 
-2.19+0.01 
-2.13+0.02 

Table 6. Elastic constants of Cu+0.75at.%Al and Cu+3.4at.%Al 
at 0 K in units of 10^^ dyn/cm^. 

at.%Al 

0.75 
3.4 

Cll 

17.98 
17.80 

Cl2 

12,67 
12.59 

C44 

8.35 
8.38 

C 

2.65 
2.60 

B 

14.43 
14.33 
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between the 0 K values of this experiment and the extrapolated 0 K 

values of the Cain and Thottas investigation. 

Anisotropy 

The velocity of shear waves in a perfectly isotropic medium is ' 

independent of the direction of propagation. In such a case, only 

one shear elastic constant is obtained. Polycrystalline solids eadil-

bit this type of behavior. However, a single crystal is not isotropic. 

The deviation of a single crystal from isotropy is given by the ratio 
25 

of the shear elastic constants: 

A « C44/C' 

For the alloy Cu+2.3at.%Al, the anisotropy (A) is 3.31 at 300 K and 

3.28 at 0 K. It appears that the degree of anisotropy or deviation from 

isotropy of the crystal changes only fractionally in character over the 

temperature range studied. 

Debye Characteristic Temperature 

The value of the Debye temperature (9̂ )̂ at absolute zero is of 

interest since it depends only on the elastic constants and is inde

pendent of atomic force constants. This fact is to be expected because 

at very low temperature only the lattice waves of nearly infinite wave

length contribute to the specific heat. The Debye temperature at ab-

26 
solute zero is given by: 

where 
^D k 4̂TrVÎ  

•'̂̂  ̂  7P^ 4Tr * ^^^ 
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h is Planck's constamfc,,Jfc.la Botltmanil's constffiit, N is the nwabev of 

atoms, V is the voluaet0f t^a crystal, fl is the solid angle, and the 

vj; are the velo^ties of propagation for low frequency vibrations and 

as s^aiek are functions of direction. In order to calciaate the Debye 

temperature, the expression (6) must be evaluated with some approxima

tion method. Several methods of approximating (6) have been developed. 

Two iMftthods were investigated in this study. 
27 

J. de Launay's approximation method, which is accurate and easy 

to use gives the Debye temperature in terms of three adiabatj^ elastic 

constants Ĉ ^̂ , C^2* ^^^ C,,. In order to apply this method a condi

tion mtist be met. This condition is given by: 

^^11- ^12^/2C^4^^-

Unfortunately, this condition does not hold for Cu+2.3at.%Al. There-
28 

for an alternate method developed by Houston and extended by Betts, 

29 

Bhatia, and Wymann was used in this study. The six term approxima

tion of Betts et. al. was used due to the high anisotropy of Cu+2.3at. 

%A1. The Debye temperature calculated at 0 K using this method is 

348.5 K. Betts et. al. feel that their six term approximation has a 

maximum error of 1.0%. 

Discussion 

Since much theoretical work has been done on the shear elastic 

constants C,, and C , it is relevant to consider the reasons for the 
44 

changes in the shear constants for Cu+2.3at.%Al over the values of 

these constants for pure metals. Fuchs has developed expressions for 

the shear constants which consider only two contributions to their 

values. Both of these contributions involve central force interactions 
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between ions in the metal iryBtal, These contributions were noted 

earlier as being due to the change in the shape of the Wigner-Seitz 

cell by f^mst elastic displacements. The shear elastic constants are 

SBttiTdiXtgly given by the expressions 

C « Cg + Cj 

C - C^ + CJ 

where C « C44. In these expressions written by Fuchs, Cg and Cg re

present the contributions of the electrostatic potential energy be

tween ions immersed in a uniform backgrotxnd of electrons to C and C 

respectively. The quantities C^ and C' represent the contributions of 

the energy of exchange repulsion due to the overlap of closed shells 
30 

of two neighboring ions to C and C respectively 
31 

Neighbours and Smith have developed a semi-empirical approach, 

based on the theory of Fuchs, for single crystals of dilute alloys 

where the host crystal is a monovalent metal. From this model they 

find the changes in the elastic constants C and C' due to alloying are 

given by 

AC = CE(Z^ - 1) + CjBx 

AC = C^(Z2 - 1) + C^ex. (7) 

The quantities C«, C*, Cj, and Cj are the calculated values from Fuchs' 

model for a pure crystal of the host. These constants, as well as AC 

and AC, are adjusted for changes in C and C due to differences which 

occur in the lattice constants upon alloying of the pure metal with 

the impurity. The adjustments are necessary in order for the expressions 

above to represent the changes in C and C due to the effect of alloy

ing. The atomic concentration of the impurity is given by x. The 
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proportionality constant 6 is an empirical parameter which measures 

the decrease in the nuisber of closed shell repulsions per added im

purity. The value of 3 is considered to be constant for a given alloy 

faedly and should be independent of the composition. Neighbours and 

Smith have shown that generally Z is approximately equal to the aver-
32 

age charge per ion in the alloy crystal. 

<-t-~ Neighbours and Smith's extension of Fuchs' theory has- been ap

plied to our dilute copper alloy, Cttf2.3at.%A1, in order to note the 

degree to which the separate calculations of the empirical parameters 

3 and Z agree. It is known that the lattice parameter of the alloys 

varies linearly from the lattice parameter of copper to the lattice 

parameter of aluminum as a function of increasing aluminum concentra-
33 

tion. This variation is known as Vegard's Law. As a result, the 

variation in the lattice parameter of Cu+2.3at.%Al from the lattice pa

rameter of pure copper must be corrected for in (7) due to its effect 

on the elastic constants. The changes in the electrostatic and ionic 

contributions to the elastic constants of Cu are due to a change in the 

34 
lattice constant upon alloying. These changes are given by: 

i & ^ _A9a ac^ ̂  ^ .43a 
Cg a C^ a 

3CT _ . 17.83a ^{ « _ 17.33a 
Cj ' ' a Cj a 

(8) 

where a is the lattice constant of Cu, 3a is the change in the lattice 

constant upon alloying and 30̂ ,, 3C^, 3Cj, and 3CJ. are the changes in 

the electrostatic and ionic contributions to the elastic constants of 

Cu. The quantities Cg, C^, Ci, and Cf are the calculated values from 

Fuchs' work on Cu. The numerical results of Fuchs' work on pure copper 

http://Cttf2.3at.%A1
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are Cg » 2.57, C^ = 0.286, Cr - 6.30, and Cf - 2.25, all in units of 
35 

10" dyn/cm^. The lattice constants for Cu and Cu+2.3at.%Al are 

3.615 X 10"® cm and 3.621 x 10*• cm.respectively. With these values 

for the lattice constants, the numerical results of Fuchs' work on 

pure. Cu, and the expressions (8), the changes in the electrostatic 

and ionic contributions to the elastic constants of Cu due to alloy

ing of Al with Cu can be calculated. The calculated changes can then 

be used to determine the corrected values of Cg, Cg, Cj, and C| for 

Cu-Al alloys. The corrected values for Cttf2.3at.%A1 are C-. « 2.553, 

C^ « 0.284, Cj « 6.114, Cf « 2.185, all in units of 10" dyn/cm^. 

Substituting the corrected values into (7) and solving for Z and B at 

0 K, we obtain Z - 1.06 and 3 = -1.366. Since copper is monovalent and 

aluminum is trivalent, it would naturally be assumed that for Cu+2.3at. 

%A1 Z would be slightly greater than 1. 

The values of 3 and Z are in agreement with the calciilations of 

Neighbours and Smith as can be seen in Table 7, and these results seem 

to confirm their empirical analysis. 

I 

http://Cttf2.3at.%A1
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Table 7. The Parameters Z and 3 for Copper Alloys. 
This table is- taken from an investigation by Neighbours 
and Smith.^ 

Cu6a 

CuSi 

CuGe 

««M»lMHIi-

Atom q, electron 
Alloy composition 3 Z atom 

(per cent) ratio 

Cu2n 4.59 -1.0 1.08 1.05 

CuAl 

*This experiment 

2.3* 
4.81 
9.98 

1.58 
4.15 

4.17 
5.16 
7.69 

1.03 
1.71 

-1 .37 
-0 .9 
- 0 . 8 

- 1 . 4 
- 1 . 0 

- 2 . 5 
- 3 . 0 
- 3 . 0 

- 3 . 6 
- 3 . 3 

1.06 
1.11 
1.25 

1.03 
1.09 

1.13 
1.18 
1.25 

1.06 
1.09 

1.06 
1.10. 
1.20 

1.03 
1.08 

1.13 
1.16 
1.23 

1.03 
1.05 

3 



CHAPTER IV 

SUMMARY 

This thesis has presented the results from the experimental 

measurement and the calculations of the adiabatic elastic constants 

of Ci|+^.3at«%Al. This study was conducted over the ten^erature range 

ef 4.2 to 300 K. The constants C , C", and C44 were measured directly. 

(Calculated from these constants were the adiabatic elastic constants 

6ĵ 2 and Ĉ 2> ^^^ ̂ ^ ^ modulus B, the Debye temperature at 0 K, Go, 

and the anisotropy of the copper^aluminum alloy, A. • 

The results of this work were shown to be in good agreement with 

the similar works of the groups of L.S. Cain and J.F. Thomas and also 

J.R. Neighbours and C.S. Smith. These results should contribute to 

a better understanding of the temperature dependence of the a-Cu-Al 

alloys. 

31 
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APPENDIX 

ELASTIC CONSTANT THEORY 

In tliis section is presented a discussion of the theory of elas

tic constants and elastic waves in solids. It is not intended to pre

sent the theory in detail, but to present those parts of the theory 

that are essential to the understanding of the experimental method 

used in this thesis. Formal and complete development of the theory 

may be found elsewhere. The reader might consult, for instance, re

ferences thirty-seven through forty. 

Definition of Elastic Constants 

Two considerations are fundamental to the concept of elastic 

constants. First, the elastic constants of the crystal will be re

garded as a macroscopic property of the crystal. That is, one treats 

the crystal as a homogeneous rnediim rather than as a discrete array of 

atoms. Secondly, if only infinitesimal stresses and strains of this 

medium are considered, then the generalized Hooke's Law should hold. 

This law states that strain is directly proportional to stress in an 

elastic medium. Thus, elastic constants define linear relationships 

between stresses and strains in an elastic medlim. 

In addition to these properties, elastic constants may be clas

sified as either isothermal or adiabatic, depending upon how they 

have been measured. No distinction is made between these two different 

types of constants in the theory which follows. Experimentally the 

differences in magnitude between the two types is small for low tempera

tures; and this difference vanishes altogether as absolute zero is 

41 
approached. 

34 

litia!». 
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Relationship between Stresses and Strainr 

Formally, the generalized Hooke's Law relating to strain in a 

three dloeneionAl elastic medium may be written: 

^ij * ^^ij,Jlm^£m <i»J»^»» - 3c,y,x) (Al) 
XM 

where P^j is the nine component stress tensor and e^^ is the nine com

ponent strain tensor. The constants A^^ - form a fourth rank tensor. 

It is customary to relate the EJ^ to the strain components e^ with 

These ej^^ in turn may be related to the components of dispalcement u, 

V, and w, where u, v, and w represent displacements in the x, y, and 
42 

z directions respectively. The relationships defining en are: 

« ^ 3u 3v 3w 
XX dx YY 3y zz dz 

a Jv ^ Jw dw^ . dii ^ d}i ^ ^ 
yz " 3z 3y, ®xz * 3x 3z, ®xy " 3y 3x . (A2) 

The requirement that the solid undergo no rotation as a result of the 
43 

applied stress implies that 

Pxy-Pyx ^zx-^xz ^yz " ^zy- . ^ ^ 

Thus there are six independent components of strain. These six com

ponents may be related to the components of stress (A2) in accordance 

with the tensor form of Hooke's Law (Al). The relationships are: 

6 
P. « S C.. e. i « 1,2,3,4,5,6 (A4) 

where the indices 1 through 6 are defined 

l » x x 2 = y y 3 « z z 4 « y z 5 « x z 6 « xy. 

The quantities C^^ are called the elastic stii-rness constants and will 

be the subject of concern. For cubic crystalj, the thirty-six C^j can 
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be reduced to three independent elastic constants: C^, Cĵ 2» * ^ ^44. 

This result may be obtained by requiring that the energy density of 

the cubic crystal 

ijxm 

be Invariant under the symmetry operations of a cube. Then the rela

tionships (A4) become, for a cubic crystal: 

^xx - Hl^jsx "*• ^12«yy + ̂ 3̂ 2̂ 22 

^yy " ^ll^Tx + ^ 1 1 ^ + ^U^zz 

^zz - Ci2exx + Ci2eyy + C^e^^ 

^yz " ^44®yz 

^xz " ^44exz 

^xy * ^44®xy 

Elastic Waves in Cubic Crystals 

Consider Figure 7, a cube of volume AxAyAz. A force in the x-di-

rection applied to a plane perpendicular to the x-direction is given 

in P.—. If the value of this stress at x is P,^(x), then the value 
AA xz 

of the stress at x + Ax is 
3P 

^xx ^^ + ^ ) ^ ̂ x x W + - 5 F ^-

Thus, the net force acting upon the cube due to this stress will be 

3?--. 
(—~= Ax) AyAz. Similarly, P__ will represent a force in the x-direction 
w* xy 

applied to a plane perpendicular to the y-direction; and P̂ ĵ, will re

present a force in the x-direction applied to a plane perpendicular to 

the z-direction. Then the net force in the x-direction arising from 

all three stresses P^^, P̂ ŷ, and P^^ will be 



:~^i <:« 

•pfl 

^^{Ti + Ax) 

-PxxW 

FIGURE 7 

CUBE OF VOLUME AxAyAz 

§iii^-. 



33 

0p 3P 3p 
C-gS^ + - ^ + -^)AxAyAa:. 

Thus the equation of motion per unit volume in the x-direction will 

be 

3 ? 3x 3y "̂  ^li 

where p is the density of the medium and u, as before, represents die-

placement in the x-direction. Similarly, for the y and z directions, 

the equations are: 

a^^ 3P^^ 3P^ 3P„, ,.̂ .x 
Q ;,Y » Z5 + ZZ + IS. vA6b) 
^ T F ax 3y dz 

and 

Q 3 ^ . i£zx + £22: + 3Pzz. 

^ I F 3x 3y 3z (A6c) 

With (A2) and (A5), equations (A6a), (A6b), and (A6c) become respec

tively: 

.3^u _ „ 3^u . p /3^u J. 3^u\ J. /'r,^ 4. /̂ . .N / 3^v j . 3̂ Wx (A7a) 

p|!v = c u | l ^ . C44(|^ . | ! j ) . (CU ^ C4.) C ^ . ^ ) <A7̂ ) 

p | ^ - C U 0 - C44(|i? * ^ ) - (Cl2 - C44) Cgĝ  - ^ ) ^,^j 

In order to obtain a solution of these equations, plane waves ex

pressions for u, V, and w are used. 

u » u^ exp [27rl (vt - k^x - ^2/ - k32)] 

V « Vo exp [2Tri (vt - kĵ x - k̂ y - k^z)] 

w « Wo exp [2'm (vt - kĵ x - k2/ - k3z)] 



0 -

39 

When these expressions are substituted intd the equations of mo

tion (A7), three moii equations result involving a linear cJtfjlnation 

Uo, Vo, and Wo. In Order that not all of the ccniponents of the ampli

tude vanish, tiie deturminant of the Coefficients must vanish. This is 

the well-known secular equation which is the starting point of much 

theoretical research on crystals of this type. 

^^n^itAH^Ai^^^'f^^ <Cl2-W44>^l*^2 <Cl2^44>h% 

(C3j2+C44>%k2 (Cii.C44)k|4C44k*-pv* (^12^44)1^2^3 (A9) 

(^n-^U^H^Z (^12"^44>^2^3 (Cii-C44)k|+C44k*-pv* 

The k's are the propagation vectors, k̂ *' k2> and.K3 ^^^^^ ^^® "̂"̂  

ponents. This expression is a cubic equation in the square of the fre

quency. It is .quite difficiilt to solve this equation for elastic waves 

propagating in an arbitrary direction. In certain special directions, 

however, rather simple relations between the elastic constants and the 

velocities of propagation in those directions result. 

Wave parallel to the [lOO] direction: 

k, « k , k2 * k3 * 0 

pVĵ ^ - C^^ (AlO) 

PVT' - C4^ (All) 

The transverse wave may be polarized in any direction. . . 

Wave parallel to the [llO] direction: 

^1 " ^2 * ^^^^> k3 - 0 X 

PV^^ « (C^l + Cj^ + 2C44) / 2 (A12) 

PVT' = C44 (A13) 

C' - pVj^ - {C^^ - C;L2' •• 2 (̂ )̂ 
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V.J refers to a transverse wave with particle motion polarized parallel 

to the z axis. V' is the velocity of a transverse wave polarized per

pendicular to the z axis. 

Wave parallel to the [ill] direction: 

% • k2 - k3 - k / / y 

C" - QV^ - (€^1 + 2Ci2 + 4C44)/3 (A15) 

^ T ^ - (C^i - Ci2 + C44)/3. CA16) 

the transverse wave may be polarized in any direction. 
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