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CHAPTER I 

INTRODUCTION 

The Purpose. Scope, and Limitations 

of the Thesis 

This thesis is an attempt mathematically to reformulate 

Knut Wicksell's "cumulative process," using a linear dynamized 

model. The techniques used in the reformulation are taken 

from a model developed by Trygue Haavelmo of the Wickselllan 

process. Haavelmo's basic formulations will be improved 

and extended upon, however, for a more penetrating analysis, 

Wicksell's "cumulative process" is an hypothesis on the 

causes and extent of movements in the general level of com

modity prices, and the manner in which they are terminated. 

It has been substantially criticized, especially by Don 

Patinkin, David Davidson, and members of the "Stockholm" 

school of thought, including Gunnar Myrdal, Erik Lindahl, and 

Bertil Ohlln. Nevertheless, it is the basis of Wicksell's 

trygue Haavelmo, "The Probability Approach in Econo
metrics," Econometrica. XII (Supp.) (July, 19^^), 3^-37. 

2 
The reader is referred to the follovring: Erik Lindahl, 

Studies in the Theory of lioney r.nd Capital (New York: Ferrar 
and Rinehart, Inc., 1939), PP. 2^5-68; Erik Lundberg, Studies 
in the Theory, of Economic Expansion (Î ew York: Kelly and 
Millman, Inc., 1955), PP. 52-58; Gunnar Myrdal, Monetary 
Equilibrium (Glasgow: William Hodge and Co., Ltd., 1939), 
pp. 10-158; Bertil Ohlin, "Som-C Notes on the Stockholm School 
of Savings and Investment I," The Economic Journal. XLVII 
(March, 1937), 53-57; Bertil Ohlin, "Some Notes on the 



recognition as the originator of the aggregate demand-supply 

approach, using savings and investment, to the dynamic analy

sis of monetary theory. Furthermore, the variables it con

siders have played an important role in the development of 

both the "Stockholm" and "Keynesian" schools as v/ell as 

others,-^ 

Wicksell first developed his hypothesis in his Interest 

and Prices (I898), using partial-static techniques in his 

formulations. He later revised his analysis in his Lectures 

on Political Economy (I906), but did not develop a dynamized 

model of his hypothesis. Haavelmo constructed a linear 

dynamized version of the Wickselllan process which was basi

cally representative of its propositions. It was not his 

Intention, however, to present a fully developed model of the 

Wickselllan hypothesis, but only to use his model as an illus

tration of hovr the degree of functional autonomy of an eco

nomic relationship was affected by a change in economic policy 

Stockholm School of Savings and Investment II," The Economic 
Journal. XLVII (June, 1937), 221-2^; Don Patinkin, "Wicksell's 
Cumulative Process," The Economic Journal. LXII (December, 
1952), 8kJ'kk', Don Patinkin, Money. Interest, and Prices. 
"Note E: V/icksell's Monetary Theory" (2nd ed. ; New York: 
Harper and Row, Publishers, 19^5), PP. 596-97; Brlnley Thomas, 
"The Monetary Doctrines of Professor Davidson," The Economic 
Journal. XLV (March, 1935), 36-50; Brinley Thomas, Monetary 
Policy and Crises; A Study of Svredish Experience (London: 
George Routledge and Sons, Ltd., 1936) , pp. 62-96. 

^Carl G. Uhr, "Knut Wicksell—A Centennial Evaluation," 
The American Economic Review, XLI (December, 1951), 853-56. 
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(in this case, bank interest policy). In the mathematical 

reformulation there will be an attempt to improve on 

Haavelmo's basic formulations, making them more representa

tive of Wicksell's premises, and, as well, to extend his 

formulations to cover the full scope of the Wickselllan 

process. 

The purpose of this thesis is mathematically to reformu

late Knut Wicksell's "cumulative process," using a linear 

dynamized model. Its limitations are the Haavelmo model and 

the Wickselllan process itself. 

The Significance of Capital Theory 
in Wicksell's Analysis 

Wicksell always attempted to separate the central prob

lems of production and consiamption, capitalization and ex

change from purely monetary factors.^ Even though his 

"cumulative process" is essentially concerned with monetary 

problems, capital theory also plays a significant role in his 

analysis. From his interpretation of the nature of capital, 

Wicksell develops his concept of the "natural" rate of inter

est on capital. He first defines it in terms of a barter 

economy, but later revises his definition, using his "normal" 

Trygue Haavelmo, "The Probability Approach in Econo
metrics," op. cit.. 33-3^. 

^John Akerman, "Knut Wicksell, a Pioneer of Economet
rics," Econometrica. I (April, 1933), H^. 



rate to express his "natural" rate in terras of a money econ

omy. Wicksell's "natural" rate, or his revised "normal" 

rate, plays a central role in his analysis of price move

ments. It is necessary to understand the meaning of this 

concept before discussing the Wickselllan hypothesis. 

Wicksell's Basic Interpretation 
of Capital Theory 

Wicksell's interpretation of capital theory is based on 

Bohm-Bawerk's analysis of the subject in his work, The Posi

tive Theory of Capital.^ Wicksell derives from Bohm-Bavrerk 

his concept of capital as an aggregate of stored-up labor 

and land oriented tovfard the production of future consump

tion goods. These stored-up resources take the successive 

forms of fixed capital (tools, machinery, improvements on 

land, etc.), raw materials, and the semi-manufactured prod

ucts used in the final production of consumption goods. 

Stored-up labor and land acquire through their use in round

about processes of production a greater productive power than 

current resources directly involved in either the final stage 

of production or in the maintenance of capital in all of its 

successive forms. The marginal productivity of the last 

added increment of these saved up resources is the marginal 

"Eugen V. Bohm-P?v:erk, The Positive Theory of Capital. 
trans, with Introduction by VJilliam Smart, M.A, (Nev7 York: 
G, E. Steckart and Co., I890). 
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productivity of capital,^ What is important is the time 

element Involved in these roujidabout processes, or the 

length of the period of production." It transforms the 

marginal productivity of capital into a marginal productivity 

of waiting.9 

This time element is also important in both Bohm-

Bawerk's and Wicksell's analysis of the average period of 

investment, or the average period of time which lies between 

the successive uses of labor and land in producing capital 

In all of its intermediate forms, and the production of final 

consimption goods.-^^ It relates to the period of production, 

or the total length of time which lies between the initial 

and final stages of production. The average investment 

period beccHnes significant once capital has been accumulated 

on all of its intermediate forms necessary for its ovm main

tenance. It denotes the average length of time required for 

'Knut Wicksell, Interest and Prices, translated by R. F, 
Kahn with introduction by Bertil Ohlin (New York: Reprints 
of Economic Classics, I962), pp. 120-23; also his Lectures on 
Political Economy, ed. with introduction by Lionel Robbins 
(2 vols.J London; Routledge and Kegan Paul, Ltd., I962), I, 
pp, 150-52. Henceforth these tvro works will be referred to 
as Interest and Prices and Lectures on Political Economy. 
respectively. 

o 

"Lectures on Political Economy. I, p. I50. 

9lbid.. p. 177. 

^^Bohm-Bawerk, op. cit.. pp. 90-91. 
Interest and Prices, pp. 129-31. 
Lectures on Political Economy. I, pp. 23^-35, 270. 



each of the accumulated stages to mature into the final 

stage of production, "̂ ^ 

The production and average investment periods required 

for different classes of consumption goods are different from 

each other. Since Wicksell discusses consumption goods col

lectively, he uses his "average" period of production, and 

its associated average period of investment as a combination 

of all these production and investment periods taken together. 

Where Bohm-Bawerk contends that the average period of invest

ment is one-half the period of production in all cases, 

Wicksell maintains that the average investment period is 

one-third the average period of production. •*• 

Along with his discussions on the production and invest

ment periods Wicksell goes further than Bohm-Bai'ierk to de

velop a structural concept of capital which is his primary 

innovation in capital theory. -̂  This structural concept pre

sents capital as having both "width" and "height" dimensions. 

The "width" dimension represents the existing supply of 

stored-up resources in all their successive stages of pro

duction plus the supply of current labor and land used either 

^^Interest and Prices, pp. 129-33. 

^^Bohm-Bawerk, op. cit.. pp. 327, ̂ 25-26. 

^^Carl G. Uhr, "Knut Wicksell--A Centennial Evaluation," 
op. cit.. p. 8^5. 
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in the production of consumption goods or in the replace-

capital goods used up in final production. The "height" 

dimension represents the lengths of time required for these 

existing stages of capital development to mature through 

future stages in order to be used in the final stage. Capi

tal, for instance, is viewed as being one-year, two-year, 

or three-year capital, according to the total length of time 

required for it to mature from the first stage to the last. 

The required maturation is the total investment period which 

Is the same as the period.of production for capital. 

In determining the lengths of time involved in the 

periods of production and investment, Wicksell distinguishes 

between capital goods and what he calls "rent-earning" goods. 

To V/icksell those forms of capital which have a very high 

durability, such as buildings, streets, canals, etc. con

tribute to production in a manner like that of land. He 

therefore contends that these goods should be considered as 

"rent-earning" goods, and be included in the supply of land 

used in the productive process. By capital Wicksell means 

•^Lectures on Political Economy. I, pp. 151-53, 158-60. 
In discussing his structural concept of capital, Wicksell de
fines the production and investment periods to exclude the 
final stage of production. In his other discussions on 
capital both in his Interest and Prices and his Lectures on 
Political Economy, he defines these periods to include the 
final stage. This distinction \J111 become significant when 
his original and revi: od definitions of his "natural" rate 
are presented. 

file:///j111
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only those forms of "invested" capital (fixed capital of rel

atively low durability, raw materials, and semi-manufactured 

products), and "free" capital, or consumption goods.^^ Ex

cept in the case of rapidly expanding economy, he contends 

that only the maintenance of durable capital, or these "rent-

earning" goods, should normally be considered as a factor 

involved in capital creation,^ 

Wicksell's average periods of production and investment, 

as well as his structural concept of capital, are significant 

in determining the msô ginal productivity of the aggregate 

of stored-up labor and land involved in the production of 

constunption goods. Prom the marginal productivity of capital 

Wicksell derives his natural rate of interest on capital 

which is of central importance in his analysis of his "cumu

lative" process. It now remains for his "natural" rate to 

be discussed both in its original and revised forms. 

Wicksell's "Natural" and "Normal" Rate 

Wicksell first develops the concept of his "natural" 

rate in his Interest and Prices. He later revises his 

analysis in his Lectures on Political Economy. His first 

15 
Wicksell includes consumption goods as representing 

that portion of the total amount of previously invested 
capital which is "set free" in the final process of produc
tion. 

Interest and Prices, pp. 126-28. 
Lectures on Political Economy. I, pp. I86-87. 
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discussions are delivered in terms of a barter economy where 

all business transactions are performed with the use of con

sumption goods. In his revised presentation he develops the 

concept of his "normal" rate as expressing his "natural" rate 

In terms of a money economy and relates his "natural" rate 

to the marginal productivity of capital in a more direct 

fashion than in his original definition. 

In both his original and revised discussions it is 

either expressed or implied by Wicksell that he assumes full 

employment of resources and free, or perfect, competition. 

He contends that "free competition is normally a sufficient 

condition to ensure maximization of production" even though 

It would not necessarily ensure maximum satisfaction of 

needs.-^7 These assumptions are essential to the development 

of his "natural" and "normal" rate as well as the operations 

of his "cumulative process." 

In his Interest and Prices Wicksell discusses his 

"natural" rate of interest on that capital vihich is loaned 

to entrepreneurs by capitalists, or dealers in commodities, 

to engage in roundabout processes of production. Capital 

used in this sense means "free" or "liquid" real capital, or 

consumption goods, which are paid to sustain laborers and 

landovmers during the period of production.-^" Wicksell 

^Interest and Prices, pp. 1^0-^1. 

^^Ibid., pp. 102-03. 
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restricts his analysis to the consideration of loan capital, 

or that "free" capital which is bought or sold on a deferred 

payment basis,^9 The interest which accrues on this capital 

is expressed in terms of the final commodities produced at 

the end of the production period. 

In defining his natural rate, Wicksell states: 

There is a certain rate of interest on loans 
which is neutral in respect to commodity prices, 
and tends neither to raise nor to lower them. 
This is necessarily the same as the rate of in
terest which would be determined by supply and 
demand if no use were made of money and all lend
ing were effected in the form of real capital 
goods. It comes to much the same thing to de
scribe it as the "current value of the natural 
rate of interest on capital."^^ 

In explaining his definition, V.'icksell maintains that 

interest develops through competition among entrepreneurs 

for loan capital. The limit to the amount of interest that 

they can pay is determined by the productivity of business 

on one hand and the level of wages and rents on the other. 

Because of the existence of competition for loans, entre

preneurs are obligated to pay nearly this amount since risks 

tend to cancel out over a series of production periods. 

Their profits are then confined to the compensation for 

mental effort and the possession of certain advantages 

•'•̂ bid. , p. 102. 

^^Ibid. 
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(business secrets, special clientele, etc.). The limit 

to the amount paid by entrepreneiirs expressed as a rate is 

the "current value of the natural rate of interest on capi

tal," Since it is determined by the supply and demand for 

capital, it is "neutral" in relation to the general level of 

commodity prices. 

In his Lectures on Political Economy Wicksell relates 

his "natural" rate to the "invested" real capital, using his 

structural concept, in more precise terms than in his origi

nal definition. He compares the marginal productivities of 

stored-up labor and land to the marginal productivities of 

current labor and land used in the replacement of these 

stored-up resources as they are consumed in the final stage 

of production. Using his own analysis: 

Capital is saved-up labour and saved-up land. In
terest is the difference between the marginal 
productivity or saved-up labour and land and of 
current labour and land.^ 

Wicksell further states that the ratio of the marginal pro

ductivity of saved-up labor to that of current labor must be 

the same as the ratio of the marginal productivity of saved-

up land to that of current land. If this relationship were 

not true, it vrould be more profitable to use more labor and 

less land, or vice-versa. -̂  

21lbid., pp. 103-0^. 

^^Lectures. on Political Economy, I, p. 15^. 

^^Ibid.. p. 155. 
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Wicksell then determines his "natural" rate by e i ther 
2/L 

one of these two ratios.'^ For stationary conditions to 

exist, or for there to be no tendency for production and 

Investment periods to change, the natural rates for invest

ments of different maturities must stand in a compound re

lationship to each other. For instance, if the natural rate 

for one-year capital is 5.00 percent, or the ratio of the 

meurginal productivity of one-year capital to that of cur

rent resources is I.05 to one, then the natural rate for 

two-year capital must be 10.25 percent, or the ratio of the 

marginal productivity of two-year capital to that to current 

resources must be (I.05) to one. ^ Considering production 

and investment periods collectively, this relationship 

means that the average period of production and its asso

ciated "average" natural rate v/hich is a combination of these 

different natural rates taken together have no tendency to 

26 

change under stationary conditions. The case of non-

stationary conditions will be considered after Wicksell's 

"natural" rate has been fully discussed in its revised form 

for a clearer presentation. 

^^Ibid., p. 156. 

l e c t u r e s on P o l i t i c a l Economy. I , p. I60. 
P6 
Since Wicksell's average period of production is 

generally defined to include the final stage, his "average" 
natural rate defined this way should be considered as deter
mined by only the average length of the intermediate stages 
of production. 
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In considering the above definition of Wicksell's natural 

rate based on his structural concept of capital, it becomes 

evident that it is more precise than his previous definition 

where he bases his determination on the productivity of busi

ness on one hand and the level of wages and rents on the 

other. It more clearly expresses the significance of the 

use of intermediate capital in determining the natural rate. 

Wicksell states that under dynamic considerations his 

natural rate varies according to the accumulation or diminu

tion of real capital.^' In his original definition the 

source of the supply of this capital vras the accumulated 

savings of capitalists in the form of consumption goods 

which were lent directly to entrepreneurs to engage in round

about processes of production. This type of analysis, how

ever, only pertains to a barter economy. In his revised 

analysis, Wicksell applies his natural rate to a money econ

omy where all loans are transacted by banks, holding the 

savings of income earners in the form of deposits. He 

develops his concept of the normal rate as that "loan rate 

29 
which is a direct expression of the real rate" ^ and uses 

the two rates interchangeably in his discussions. 

^̂ Lectur-"̂ s on Poetical Economy. II, pp. 192-9^. 

^^I(id., p. 192. 
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In presenting his revised discussions in terras of a 

money economy, Wicksell directly relates his analysis to 

the Importance of new savings involved in the process of 

capital creation. Capital accumulates because of the "re

solve of those who save to abstain from a part of their 

Income in the immediate future,"-^ Because of the new sav

ings of income earners, resources are set free from the 

production of consumption goods to be employed by entrepre

neurs in the creation of fixed or intermediate capital used 

in the process of future production.̂ •*' Entrepreneurs engage 

in such activities with the use of money made available to 

them by savings.32 

Wicksell defines his "normal" or "natural real" rate as 

that "rate of interest at which the demand for loan capital 

and the supply of savings exactly agree, and which more or 

less corresponds to the expected yield on newly created 

capital. "-̂-̂  As in his previous definition, it is determined 

by the supply and demand, and is "neutral" in respect to com

modity prices. 3̂^ if the loan rate is equal to the normal 

30lbid. 

^^Ibid., pp. 192-93. 

^^Ibid., p. 193. 

^^Ibid. 

^^Ibid., pp. 196-97. 
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rate, there is no inducement for there to be any new demand 

for loan capital, nor does there occur any new savings. The 

supply of savings is then the past accumulated savings which 

is responsible for the existing supply of capital. This 

Interpretation is consistent with the aggregate demand-supply 

approach that Wicksell uses in his original definition to 

study the significance of roundabout productive processes. 

There is the basic difference, however, of savings and loan 

capital now being defined in terms of money, rather than in 

terms of consumption goods. Furthermore, the act of savings 

is performed by income earners, rather than by capitalists. 

In addition to the above comparisons Vficksell's revised 

definition expresses a fundamental characteristic which is 

distinct from his original definition. In his original defi

nition he relates that loan rate of interest which is deter

mined by the supply and demand for capital to the "current 

value of the natural rate of interest on capital," or the 

current yield on capital already existing in the production 

of consumption goods. In his revised definition he directly 

relates that same loan rate to the "expected yield on newly 

created capital" which was produced because of the decision 

of income earners to save "a part of their income in the 

immediate future." From the preceding statements it is evi

dent that Wicksell's revised definition is "ex ante" where 

his original definition was "ex post." His revised natural 
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rate is "expected," rather than "current," in value,^^ The 

degree of foresight assumed in deriving these expectations 

from past occurrences is, however, a matter which Wicksell 

considers to be only secondary in importance,^" 

A further distinction can also be made between Wick

sell's original and revised definitions in his interpretation 

of savings. It has been stated that Wicksell redefines sav

ings in terms of money, rather than consumption goods. In 

his original definition these consumption goods were used 

to sustain laborers and landowners throughout the production 

period. In his revised definition, however, Wicksell states 

that savings in money terms is used by entrepreneurs to pay 

wages and rents in the production of fixed capital. The use 

of savings is then restricted to the intermediate stages of 

production and does not include the use of current resources 

in the production of final consumption goods. This revised 

interpretation is more consistent with Wicksell's structural 

concept of capital which he uses to determine his "natural" 

or "normal" rate. Savings then provides a fund by which re

sources are stored up in the production of "invested" capital. 

-̂ %'his interpretation of Wicksell's revised analysis 
vras examined at length by both Lindahl and Ilyrdal. The 
reader is referred to: Erik Lindahl, Studies In the Theory 
of Money and Capital. Library of Econonic Reprints (:iew York: 
Farrar and Rinehart, Tnc., 1939), PP. 263-65? Gunnar Myrdal, 
Monetary Equilibrium (Glasgovn William Hodge and Co., Ltd., 
1939), P̂ :. ^^-GG, 

Lectures on Political Econoriiy. II, p. 193. 
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In his revised, as well as his original, discussions 

Wicksell states that his "natural" or "normal" rate is 

essentially variable in magnitude and is governed by the 

efficiency of production, the proportion between free and 

Invested capital, the supply of labor and land, and many 

other secondary factors,37 The effect of variations in each 

of these factors will be discussed, using Wicksell's struc

tural concept of capital.^" A hypothetical illustration will 

be made in the cases of one- and two-year capital. The 

natural rate can be Interpreted in either V/icksell's original 

"ex post" sense, or in his revised "ex ante" sense. 

Technical progress will make longer term investments 

more profitable than they are, assuming at first that sta

tionary conditions exist. If, for example, the natural 

rates on one- and two-year capital initially have the com

pound relationship of 5.00 percent and 10.25 percent, an 

increase in productive efficiency would cause these rates to 

shift to 5.50 and 12.00 percent, respectively. Current re

sources required for the replacement of stored-up will then 

be shifted to longer term investments, and the result is 

an expansion in the "height" dimension of capital. The 

average production period will become longer, and there is 

^"^Interest and P r i c e s , pp. IO6, 1^1. 
Lec tures on P o l i t i c a l Sconoriy. I I , pp. 193, 205-06. 

^ L e c t u r e s on P o l i t i c a l Economy. I , pp. l60-6^ . 
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a lengthening of the average Investment period as capital is 

again accumulated in all of its successive forms in accor

dance with the new existing state of technology. 

Along with the shift of resources to longer investment 

periods there is a re-direction of current resources from 

final to future production with the result of there being an 

expansion in the "width" dimension of capital. The shift of 

resoTirces to longer term investments will cause the marginal 

productivity of long term capital to decrease relative to 

that of short term capital. The shift of resources from 

final to future production will cause the marginal produc

tivity of current resources to increase relative to that of 

stored-up resources. These changes have the effect of lower

ing the natural rates on one- and two-year capital with the 

rate on two-year capital decreasing more than that on one-

year capital. Equilibrium is re-established V7hen these rates 

are at the levels of 5.25 percent and 10.78 percent, respec

tively. The "average" natural rate, however, is greater than 

it was under previously existing stationary conditions. 

The change in the "width" dimension, affecting the 

proportion between free and invested capital, can also be 

considered as the initial cause of non-stationary condition. 

In this case the transfer of current resources from final to 

future production proportionately affects all investments of 

different maturities since there is no initial expansion in 
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the "height" dimension of capital. Assuming at first that 

the "natural" rates on one- and two-year capital are 5.00 

percent and 10.25 percent, respectively, this net transfer 

of current resources will raise their marginal productivities 

and lower the natural rates dovm to ̂ ,00 percent and 9.25 

percent, respectively. Longer investment periods are then 

absolutely less, but relatively more, profitable than they 

were under initial equilibrium conditions (9.25 percent is 

greater than ^.00 percent compounded, or 8,l6 percent). Cur

rent resources required for the replacement of stored-up re

sources will then be shifted to longer term Investments with 

the result of there being an expansion in the "height" 

dimension of capital. Because of the lower natural rates 

some of these current resources also will be shifted back to 

final production with the result of a decrease in their 

marginal productivities. The marginal productivity of short 

term capital will increase relative to that of long term 

capital because of the greater concentration of resources in 

longer investment periods. Equilibrium is re-established for 

one- and tvro-year capital at the rates of ^.50 percent and 

9.20 percent, respectively. The average production and in

vestment periods have become longer than they uere under 

previous stationary conditions, but the "average*" natural 

rate is lower than before. 

The opposite case is true if initially there is a trans

fer of current resources from future to final production, 
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causing a contraction in the "width" dimension of capital. 

The resulting decrease in the supply of stored-up resources 

will be distributed proportionately among the existing invest

ments of different maturities since there is assumed to be no 

technical progress. The increase in the quantity of current 

resources engaged in final production will lower their mar

ginal productivity relative to that of stored-up resources 

with the result of there being a rise in the natural rates 

on one- and two-year capital from 5.00 percent and 10.25 

percent to 6.00 percent and 11.25 percent, respectively. 

Long term investments are then absolutely more, but relatively 

less profitable than before (11.25 percent is less than 6.00 

compounded, or 12.36 percent). Long term capital will then 

be converted into short term capital, and resources engaged 

in final production v/ill then be shifted back to future pro

duction because of the higher natural rates. The result will 

be that the marginal productivity of current resources will 

rise, causing the natural rates on one- and two-year capital 

to decrease with the natural rate on one-year capital de

creasing more than that on two-year capital. Equilibrium is 

re-established with the compound rates being 5'15 and 11.18 

percent, respectively. The rr/erage production and investment 

periods have contracted v:hllc the average natural rate has 

become larger than under previous stationary conditions. 

Finally, there is to be considered the effects that 
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changes in population, governing the labor supply, have on 

the average natural rate. An increase in population vjill 

create tendencies for the average rate to move in both direc

tions. First, it will tend to lower it because the increased 

quantity of labor that can be engaged in future production 

will lower the marginal productivity of stored-up resources. 

Second, it will tend to raise it because the increased labor 

engaged in final production will lov̂ er the marginal produc

tivity of current resources. The resultant effect will de

pend upon the direction in which the proportion between free 

and invested capital is changed by the rise in population. 

A decrease in population will also have opposing ef

fects on the average rate, but for reasons contrary to those 

given below. First, it will tend to raise it because the 

smaller labor supply devoted to future production will in

crease the marginal productivity of stored-up resources. 

Second, it V7ill tend to lower it because the smaller supply 

of labor engaged in final production will raise the marginal 

productivity of current resources. The resultant effect irill 

again depend upon the direction in v:hich the proportion be

tween free and invested capital is changed by the decrease 

in population. 

The directional tendency of the natural rate occasioned 

by a change in popula'ion cannot be determined so precisely 

as those tendencies caused by technical progress and the 
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accumulation or diminution of capital. Once the tendency has 

been established, however, the average production and invest

ment periods will change in a manner corresponding to the 

analysis given of initial variations in the "width" dimen

sion of capital. 

The tendencies that technical progress, population change 

and the accumulation of capital impose on the natural rate 

can be viewed as either absolute or relative to each other. 

The accumulation or diminution of capital in relative or 

absolute terms is then used in determining the results of 

variations in the natural rate and the production and in

vestment periods. 

Wicksell's "natural" or "normal" rate is the basic con

cept in his "cumulative process." It is determined by the 

marginal productivity of capital evolving from roundabout 

processes of production. These processes occur only with 

the duration of time and are essential to VJicksell's dis

cussion of the dynamic nature of cumulative price movements. 

The Purpose. Scope, and Method 
of Wicksell's Analysis 

Wicksell developed his "cumulative process" during the 

monetary controversy of the later 1890*s. At that time the 

question of mono-versus bi-metallii:̂ ^ was being discussed as 
30 

well as the advocacy of "tabular" standards of value.-^^ 

^^Carl G. Uhr, "Knut Wicksell--A Centennial Evaluation," 
The American Economic Revievr. XLI (December, 1951), 833. 
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The continuing fall in wholesale prices was blamed on the 

international gold standard, and bi-metallism was believed 

by many to be the answer to this problem.^^ The quantity 

theory of money was under considerable question because of 

widespread acceptance of Say's Law and the resulting corol

lary that the supply of the medium in circulation could not 

exceed market requirements if sound banking principles were 

followed,^ 

Wicksell considered himself an adherent to the quantity 

theory of money in spite of the criticisms raised against 

it, '' He agreed with Ricardo's explanation of the causes 

of general price movements vfithin the framework of the quan

tity theory (namely, variations in the bank rate of inter

est). Strong objections, however, had been raised by Thomas 

Tooke and his followers who pointed out in refutation of 

Ricardo's analysis that high interest rates were generally 

accompanied by rising prices and low interest rates by 

Bertil Ohlin's "Introduction" to Interest and Prices. 
p, vii. 

^^Ibid. 

Interest and Prices, pp. ^3-50. 
Lectures on Political Economy. II, p. 1^1. 
For an excellent analysis of the purely monetary as

pects of the Wicksellian process the reader is referred to 
Don Patinkin, "Wicksell's Cumulative Process," The Economic 
Journal. LXII (Dece:L̂  .r, 1952), 835-^7, and also Patinkin's 
Money. Interest, and Prices. "Note E: Wicksell's Monetary 
Theory (•?:nd ed. ; New York: Harper and Row, Publishers, 
1965), pp. 587-97. 
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falling prices. Wicksell developed his "cumulative process" 

to resolve this controversy,^3 

Nevertheless, Wicksell was against a naive interpreta

tion of the quantity theory. In his opinion the weak char

acter of its assumptions left it vulnerable to attack. Only 

through its assumption of a constant velocity of circulation 

was It able to suggest a direct relationship between changes 

in the money supply and the price level. Its assumption of 

individualistic holdings of cash balances was valid only in 

the case of a pure cash economy.^ 

Wicksell offered his hypothesis as an explanation of 

how the quantity theory would work in the case of an econ

omy where organized banking exists.^^ If the economy is on 

a gold standard, the supply of gold on reserve determines 

the amount of money vihich can be issued in the form of bank 

notes. These notes plus the amount of gold (and silver) in 

circulation constitute the money supply. " As bills of ex

change and checking accounts come increasingly into use,the 

^^Interest and Prices, pp. vii-viii, chapter 7. 
Lectures on Political Economy. II, pp. 175-90, 

Interest and Prices, pp. 38-^3. 
Lectures on Political Economy. II, pp. 1^1-^6, 159-60. 

he 
^Interest and Prices, pp. xxiii-xxiv. 
Lectures on Political Economy. II, p. l60. 

^^Interest and Prices, pp. -̂8-̂ 9, 70. 
Lectures on Political Econoriy. II, pp. I6O-6I. 
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credit system becomes more fully developed.^'' In the case 

of a "pure credit" economy^® the money supply is fully sub

stituted by the use of credit and is not in circulation,^^ 

The supply of gold is then used for industrial purposes and 

also for international payments unless the "pure credit" 

economy is international in scale. Bank reserves are no 

longer determined by the money supply, but by the supply of 

credit in the form of bills and demand deposits. Banks can 

then extend credit at will, for their reserves are constantly 

replenished. Under these conditions there is virtually no 

limit to the velocity of circulation, for the manner of pay

ment is facilitated Indefinitely, 

In using the quantity theory to explain price movements, 

Wicksell disputed the short run validity of Say's Law.-'" 1 

5 
^Interest and Prices, pp. 62-68. t 
Lectures on Political Economy. II, pp. 79-8^. ^ 

iDescribed in Interest and Prices, pp. 70-7^; Lectures j 
on Political Economy. II. pp. 8^-87. ^ 

Wicksell also vievjed bank notes as a form of credit. ;p 
In a "pure credit" or "Giro" system, however, only bills and 
checks on demand deposits are used. They do not circulate 
in the hands of the public, contrary to the case of bank 
notes. The reader is referred to Interest and Prices, pp. 69-
70. Lectures on Political Economy. II, pp. 8̂ 1-85, 87-9I. 
The point should also be made that Wicksell did not include 
demand deposits in his definition of the money supply. This 
observation was made by Patinkin in his article, "VJicksell's 
Cumulative Process," The Economic Journal. LXII (December, 
1952), p. 8^3N6; also his Money. Interest and Prices. "Note E: 
Wicksell's Monetary Theory" (2nd ed. ; Nev7 Yorl:: Harper and 
Row, Publishers, I965), PP. 596-97. 

^^Carl G. Uhr, "Knut Wicksell--A Centennial Evaluation," 
op. cit., p. 853. 

X 
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He contended that a change in the price for any commodity 

was only to be explained by the disequilibrium between the 

supply and demand for that commodity. Furthermore, what was 

true for one commodity in particular must hold true for com

modities in general.^^ He then developed his analysis 

around the disequilibrium between aggregate supply and de

mand caused by the difference between the demand for loan 

capital and the supply of savings. 

In determining the cause for disequilibrium Wicksell 

compared the bank rate of Interest to his "natural" or 

"normal" rate. Prom Adam Smith until the time of Wicksell 

the prevalent opinion had been that the bank rate was a mere 

"shadow" of the natural rate. Nevertheless, it was recog

nized that at times these two rates may diverge from each 

other.^2 wicksell took this possibility and based the 

foundations of his hypothesis around it.^3 

^Lectures on Political Economy. II, pp. 159-60. 

<2 
^ Joseph A. Schumpeter, History of Economy Analyses. 

ed. Elizabeth Boody Schumpeter (Nevr York: Oxford University 
Press, 195^), PP. 720, 1118. 

^-%icksell's analysis of price movements was not en
tirely new. As VJicksell later discovered and acknowledged, 
Henry Thorton had been his forerunner nearly one hundred 
years earlier. The reader is referred to: Henry Thorton, 
An Inquiry into the Nature and Effects of the Par>er Credit 
of Great Britain (1802). Edited with Introduction by F. A. 
Hayek (Nev: York: Library of Economics Reprints, Farrar and 
Rinehart, Inc., 1939). 
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Wicksell maintained that the bank rate must always be 

viewed in relation to the natural rate. It was his expressed 

p\arpose to shovr that in times of rising prices the bank rate 

was below the natural rate and that in times of falling 

prices it was above the natural rate. Since it was unlikely 

that the two rates would ever be exactly equal due to the 

Vfiorlability of the latter rate, he was not so much concerned 

with stationary equilibrium except from a purely theoretical 

point of view. 5'*' 

Throughout the previous discussions it has been implied 

that Wicksell assumes a uniform bank rate. Conceptually 

speaking, it is an average of short and long term loan and 

deposit rates.^5 Wicksell reasons that banks must maintain . 

a deposit rate very near their loan rate in order to prevent 4 

^*^ TV-Ka "boYiV ya'^.o Trmc-h "K/a " competition from direct lending.-'" The bank rate must be 

uniform throughout the economy for individual banks to main

tain their solvency.^' Furthermore, the rate of interest for 

^Interest and Prices, pp. 106-07, 120-21. 
Lectures on Political Economy. II, pp. l6^-65, 191. 

^-^Interest and Prices, p. 120. 
Lectures on Political Econony. II, pp. I9O-92. 

^Interest and Prices, p. II6. 
Lectures on Political Economy. II, p. 200. 

^"^Interest and Prices, p. 111. 
Lectures on Political Economy. II, pp. I88-89, 

A 

4. 
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any given economy must be consistent with the rates prevail

ing in other economies in order for gold flows to be pre

vented.^^ 

Wicksell relates his bank rate to a uniform, or "aver

age," natural rate associated with the "average" period of 

production.^9 jf the bank rate Is equal to the natural rate, 

then stationary conditions exist both in the money market 

and in the capital market. If the bank rate falls below the 

natural rate, there then is new demand for loan capital vrhich 

in real terms signifies that there is a transfer of current 

resources from final to future production in accordance with 

the existing state of technology. This ne\j demand vrill then 

lead to the absolute or relative accximulation of capital 

which will tend to depress the natural rate until stationary 

conditions are restored with a longer period of production. 

If the bank rate rises above the natural rate, then there is 

a decrease in demand for loan capital which in real terms 

signifies that there is a transfer of current resources from 

future to final production. The result is an absolute or 

relative diminution of capital until equilibrium is restored 

^Interest and Prices, pp. 111-12. 
Lectures on Poli'tical Econo-iy, II, pp. I88-89. 

^^Interest and Prices, pp. 111-12. 
lectures on Political Econoray. II, p. I89. 
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with a shorter production period,"^ Wicksell's examination 

of the real processes which underlie the monetary processes 

of his analysis is important in his determination of the 

operations of his hypothesis under broader considerations 

than those expressed in his mathematical formulation, 

Knut Wicksell's "Cumulative Process" 

Wicksell delivers his original discussions of the opera

tions of his "cumulative process" in his mathematical analy

sis, considering those events resulting from changes in the 

natural rate. In his revised analysis, however, he concen

trates mainly on those forces determining the bank rate of 

interest, including changes in the supply of money. After 

his revised analysis is discussed, it will be compared to 

his mathematical analysis, emphasizing those distinctions 

made in examining Wicksell's "natural" and his "normal" rate. 

Only his revised analysis vjill be considered in the mathe

matical reformulation. 

In his mathematical analysis"-^ VJicksell assumes an 

organized credit economy with full employment of resources 

and perfect competition. Durable capital goods, or "rent-

earning" goods are assumed to require nothing except their 

^^Interest and Prices, pp. 132-33, 151. 
Lectures on Pc.-.itical Economy. I, pp. l60-6^. 

"T'i-esented in Interest and Prices, pp. I36-56. 
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own maintenance. The principal economic agents are entrepre 

neurs, capitalists, and banks. The production period is 

uniform for all enterprises throughout the econoray and is 

assTimed to be held constant at one year in length."^ The 

quantity of consumption goods is assumed not to change for 

each production period unless there is new savings insti

tuted by capitalists. The amount of money capital, or the 

monetary value of these consumption goods, varies, however, 

with the extention of credit. Entrepreneurs do not borrow 

directly from capitalists, but from banks V7hich hold the 

savings of capitalists on deposit, earning interest at the 

rate, i.^3 

The economy operates in the follovring manner. At the 

beginning of the year, entrepreneurs borrov: from the banks 

the sum of money capital, K, to engage in production. They 

then pay laborers and landovmers their wages and rents in 

advance to sustain them throughout the production period. 

VJicksell uses this simplifying assumption to eliminate 
the mathematical complication of the production period vary
ing along with the natural rate. 

"^VJicksell considered money as nothing but a "veil" of 
circulation, hiding processes vrhich could very well be car
ried on v/ithout it. The uî e of bank lending in place of 
direct lending merely facilitated the acauisition of loans 
by entrepreneurs through the use of organized credit. Wick
sell maintains this position in his revised, as well as his 
original analysis, even though his revised definition is 
more consistent izith the monetary operations of his hypothe
ses. Interest and Prices, pp. 10^-05; Lectures on Political 
Economy. II, PP. 190-91. 
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They keep the rest for themselves as a compensation for their 

own trouble and risk-taking. The consumption goods owned by 

the capitalists are then purchased by the general public, and 

capitalists deposit the sum, K, in the banks to earn Interest, 

At the end of the year entrepreneurs produce final consump

tion goods worth K(l + XOTĴ * Capitalists then withdraw from 

the banks the same amount, K(l + j ^ ) , or the amount of their 

deposits plus Interest. They purchase consumption goods from | 

the entreprene\irs who then pay back to the banks the amount 

of their loans plus interest. The amount they pay is 

K(l + JQ15) or the same amount as the value of the goods they 

have produced. Capitalists then take from the goods they | 

have purchased the amount equivalent to K(YQ^ ), or the inter

est they have received on their deposits. This interest is JM 

in the form of consumption goods which capitalists can then 0 
A 

exchange among themselves, using drafts on the banks, until I 
t 

their accounts have no remaining balances. They then keep ^ 
the rest to sell at the beginning of the next year. J 

7 
During the year in question entrepreneurs have earned 0 

the natural rate of interest, i, by engaging in production. 

They have experienced no surplus profits since the natural 

rate is equal to the bank rate. There are no movements in 

the general level of commodity prices, and econonic condi

tions are stationary. 

Suppose that during the next year the natural rate 
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increases from 1 to 1 + 1 due, for Instance, to technical 

progress. The economy then proceeds as follovrs. At the 

beginning of the year entrepreneurs borrow from the banks 

the same amount, K, to engage in production. They then pay 

laborers and landlords the same as before and keep the rest 

for their own compensation. Capitalists sell their com

modities for the amount K and deposit this sum in the banks 

to earn interest. At the end of the year entrepreneurs pro

duce final goods now worth K(l + v^^' Capitalists withdraw 

from the banks the s\im K(l + --L,) and purchase goods to the 

same amount. Entrepreneirrs then use this sum to pay back 

to the banks their loans plus interest. Capitalists then 

take from the commodities they have purchased the amount 

valued at K(yi^), or the Interest they have received on 

their deposits. The rest they hold to sell at the beginning 

of the coming year. 

Equilibrium is now disturbed. Entreprenein-s experienced 

surplus profits amounting to ~- because of the difference 

between the natural rate and the bank rate. This surplus is 

in the form of consumption goods v/hich entrepreneurs can 

exchange among themselves, using bank drafts, in the same 

manner as capitalists do on their interest. Entrepreneurs 

thereby experience a gain relative to vrages and rents, and 

the interest of capitalists. 

If entrepreneurs continue to experience surplus profits 
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from one year to the next, their profit expectations will 

begin to increase. There will then be a tendency for them 

to expand their activities. An actual expansion is impos

sible unless the available resources are more intensively 

utilized (for instance, by establishing longer working hours). 

6^ Neglecting this possibility, assume that entrepreneurs 

instead increase their demand for loan capital up to the 

limit of the excess they have received in the form of sur

plus profits. Their demand does not increase any more than 

this, for entrepreneurs are assumed not to expect prices to 

increase beyond their present level. 

At the beginning of any subsequent year then entrepre

neurs increase their demand for loan capital from K to I.OIK. 

They then pay laborers and landlords a one percent increase 

in wages and rents and keep the rest for themselves for their 

own compensation. Assuming that the general public spends 

all of this increase for consumption goods which have not 

changed in quantity, capitalists then have I.OIK to deposit 

in banks. At the end of the year entrepreneurs produce final 

goods now worth 1.01K(1 + Q^QQ) . Capitalists withdraw from 

the banks 1.01K(1 + YOO^ ^° ^^^ ^^^ goods to the same amoimt. 

Entrepreneurs then use this sum to pay back to the banks their 

Interest and I -ices, p. 1^3. 'licksell does not con
sider the possibility of more intensive utilization cf 
resourc: s because of its non-cujaulative effect on price 
movement. 
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loans plus interest. Capitalists then take from their com

modities those goods worth the increased amount of interest, 

l.OlK(j^), they have received on their deposit. The rest 

they keep on stock to sell at the beginning of the next year. 

Diiring the year examined below, entrepreneurs experi

enced an increase in surplus profit from *^- to -4SI-, or an 

increase of one percent. The quantity of consumption goods 

produced, however, did not change. The Increase in surplus 

profits is then due solely to a one percent rise in commodity 

prices. Even though it is assumed that entrepreneurs do not 

expect a further rise in prices, their demand for loan capi

tal at the beginning of the next year will be based on this 

new price level. 

Suppose that at the beginning of the next year banks 

raise their rate of interest from i + i + 1, In this case 

entrepreneurs will not expand their activities any further. 

The loan rate is equal to the natural rate they have experi

enced by engaging in production. They will not, however, 

decrease their demand for loan capital since they expect 

prices to remain at their higher level. Hence, prices will 

not return to their former level, but V7ill remain constant 

until disequilibrium re-occurs. 

If the above assumption is dropped, hov;ever, and banks 

do not raise their interest rate, then entrepreneurial demand 

is stimulated firrther by the previous rise in prices. At the 
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beginning of the year entrepreneurs increase their loans 

from I.OIK to 1,02K and pay laborers and landlords propor

tionately more in wages and rents. Capitalists sell their 

commodities for 1.02K and deposit this sum in the banks to 

earn interest. At the end of the year entrepreneurs produce 

goods now worth 1,02K(1 + ^ ) . Capitalists withdraw from 

the banks the sum 1,02K(1 + _i«) and pay for goods to the 
100 

same amount. Entrepreneurs then use this sum to pay back 

to the banks their loans plus interest. Capitalists take 

from their commodities the interest they have received on 

their deposits, now having the greater value of 1.02K(yLr). 

They then save the rest to sell at the beginning of the 

coming year. 

The same process continues for each following year so 

long as the natural rate is above the bank rate. Each year 

entrepreneurs experience an increase in surplus profits 

because of the rise in commodity prices. They increase their 

demand for loan capital in the same proportion, and there is 

a corresponding rise in vrages and rents. The commodities 

held by the capitalists then acquire a proportionate increase 

in value, and there is a further rise in prices. All of 

these changes are determined by the initial discrepancy be

tween the natural rate and the bank rate, and the subsequent 

rise in demand for loan capital. 

The above operations of the "cumulative process" occur 
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without the necessity of entrepreneurs expecting a future 

rise in prices. After the process has been occurring for 

some time, however, Wicksell admits the possibility that 

entrepreneurs will begin to expect the increase In prices 

to continue. To the extent that these expectations are 

raised there will be an additional stimulus to price move

ments.^^ 

Wicksell states that under realistic conditions prices 

move much more rapidly than in his mathematical analysis. 

Instead of there being a one-year lag between production and 

consiMption, these processes actually occur in rapid succes

sion. The resulting increase in price becomes the basis for 

new wage and rent contracts at a much faster pace, and price 

movements are stimulated further. 

Wicksell also examines under realistic consideration 

the effect that his "cumulative process" has on the distri

bution of the final product and the length of the production 

period. The Initial effect of disequilibrium will shift the 

^Ibid., p. 1^8. Wicksell mentions in a place other 
than in his mathematical analysis that equilibrium can be 
re-established under these conditions, but only after price 
expectations fail to materialize. He considers the case of 
elastic price expectations, hovjever, to be a special consid
eration outside of his main sphere of Investigation. Inter
est and Prices, pp. 93-9^, 96-98. He only briefly mentions 
this possibility in his revised analysis. Lectures on 
Political Eccromy. IT, p. 207. 

The foregoing verbal analysis is taken from Interest 
and Prices, pp. 1^5-^6, 1^8-^9. 
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distribution of income in favor of entrepreneurs at the costs 

of the capitalists. If some capitalists then become entre

preneurs to take advantage of this condition, there will be 

a corresponding contraction in the amount of business con

ducted through the use of loan capital. A further accumula

tion of resources engaged in future production will result, 

and this will have a depressing effect on the natural rate 

because of the increased employment of capital. Long-term ! 

investment will then become relatively more profitable, and 

labor and land required for the replacement of capital will 

be shifted to longer production periods. There will then be 

a diminution in the amount of consumption goods produced 

per year, and real wages and rents will fall. In addition, 

the continuing rise in prices will have a detrimental effect 1 

There v;ill be the opposite effect on price movements if 

^Interest and Prices, pp. 1^9-50. Wicksell gives only 
a verbal analysis of this condition. 

I ! 

P 
on the consumption of those persons having incomes which are ^ 

4 
relatively fixed (pensions, royalties, etc.). ( 

C 
0 

6? 4 

the natural rate falls below the bank rate. '̂  Entrepreneurs J 

will then experience losses and decrease their demand for 0 

loan capital. They v/ill then concentrate on those ventures 

which are relatively the most profitable. VJages and rents 

V7ill decrease as a result v/ith the possibility of there 

eventually being some unemployment. Assimilng the quantity 
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of consumption goods to remain the same, however, there will 

be a fall in prices corresponding to the diminished demand 

for loan capital. Entrepreneurs will then experience greater 

losses and contract their activities even further. The 

decline in prices will cease once the bank rate is again 

equal to the natural rate. 

Wicksell additionally considers the special case where 

a fall in the natural rate due to the accumulation of real 

capital leaves money wages and rents unchanged."" He first 

considers this condition verbally, assuming no change in the 

bank rate. He then presents a mathematical analysis of this 

condition, assuming banks to lower their interest rate. Both 

of these discussions vfill be examined. 

Wicksell attributes the accumulation of commodities j 

available for sale to the act of new savings by capitalists. 0 
A 

This larger supply of commodities V7ill increase real vrages and ^ 

rents and lov:er the natural rate unless there is also a rise 

IM^. . pp. 150-5^. Wicksell considered this possi
bility in order to use his hypothesis to explain price move
ments existing around the period of time v:hen he vjas 
developing his analysis (p. I5I). 

C 
0 

in the efficiency of production. Under initial conditions J 

of equilibrium then entrepreneurs borrow a certain amount 0 

of money capital to pay vrages and rents and thereby engage 

in production. Against this constant amount of money there 

is an increased amount of "free" capital, for capitalists 
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do not consume all of the interest which is due them on 

their deposits. Instead they save a part of it, say one 

percent, to sell along with the other commodities they pos

sess at the beginning of the year. Hence, prices will de

crease one percent, causing an Increase in real wages and 

rents while money wages and rents remain the same.^9 

The accumulation of finished goods will then depress 

the natural rate and cause entrepreneurs to suffer losses 

unless this tendency is counteracted by an Increase in the 

efficiency of production. If technical progress is con

sidered, then at the end of the year entrepreneurs find 

that a one percent increase in output has nullified the 

corresponding decrease in prices so that their profit posi- |̂ 

tlon remains the same. Hence, they will continue to borrow î 
' I 
0 

the same amount to pay wages and rents even though the new j( 

savings of capitalists will cause prices to decline further. 

In his mathematical analysis VJicksell examines in addi-

^^Ibid. , p. 152. V:ici:sell stated that in this case the 
decline in prices oric^inated "on the side of goods," rather 
than "on the side of y^^ney,*' 

'^^LUA'f pp. 152-5̂ . 

0 

tlon to those factors considered belovr the effect of banks ; 
:J 

lovrering their interest rate one percent belovr the natural ^ 

rate, initially causing entrepreneurs to Increase their de

mand for loan capital by a proportionate amount.'^ In this 
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case there will be no movements in prices, whereas before 

there was a one percent decline. 

The economy then proceeds in the following manner. At 

the beginning of the year entrepreneurs are offered surplus 

profits, owing to the difference between the natural rate, i, 

and the bank rate, i - 1, They increase their demand for 

loan capital from K to I.OIK to pay wages and rents and 

thereby engage in production. Along with this increased 

demand there is an increased supply of consumption goods due 

to the new savings of capitalists. Prices do not increase 

as a result, and at the end of the year entrepreneurs pro

duce goods worth only K(l + 1^(5). If prices had increased 

along with the demand, these goods would have been vrorth 

the greater amount of 1.01K(1 + j ^ ) . 

Capitalists then withdraw from the banks 1.01K(1 + ^UQ) ^ 

which is approximately equal to K(l + j^Kj), or the amount of j 
C 

their deposits plus interest. Entrepreneurs use this sum ^ 

to pay back to the banks the amount of their loans plus in

terest. The interest which is due the capitalists is only 

K(j5l5), Instead of 1.01K(YO-U^ ^S vrould have been the case 

had they not increased their savings. If they keep all of 

their interest for their o^m consumption, they v;ill then 

offer commodities worth I.OIK for sale at the beginning of 

the next year. If, hovrever, they save an additional one 

f 
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percent they will then offer goods worth 1.02K, and further 

discourage any rise in prices. "̂-̂  

During the year in question entrepreneurs produced goods 

worth K(l + YJJIQ) . The amount they owed the banks was 

l.OlKd + XBTJK or approximately the same amount as the value 

of the goods they have produced. In spite of the fact that 

the natural rate was Initially above the bank rate, it was 

consequently lowered due to the additional savings of capi

talists, and there was no rise in prices. Under these cir-

ctunstances, there would be no reason for entrepreneurs to 

increase their demand for loan capital at the beginning of 

the following year. If there is additional savings by 

capitalists, the result will be a proportionate decline in 

prices. 

' V/icksell does not consider here the discouraging ef
fect that a lovjer bank rate of Interest would have on savings. 
In his revised analysis he makes this condition an Integral 
part of his discussions. Lectures on Political Economy. II, 
p. 19^. 

Interest and Prices, pp. 155-56, 

f 
In addition to discussing these special considerations 1 

4 
of his analysis, Wicksell examines as a final note the ef- t 

)0 

feet of entrepreneurs investing a portion of their capital 

72 jl \ 
into ventures longer than one year in duration.' Suppose ^ f 

that banks loan a part of their capital to entrepreneurs J 

engaging in production for a period lasting two years instead 
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of one. Assume also that Interest is paid on bank deposits 

at fixed one-year intervals. The presence of these con

ditions will not lead to financial difficulties or bank 

insolvency. Instead, the only result will be that a some

what smaller amount of final goods will be produced during 

the first year. If capitalists talce from their deposits 

only that portion corresponding to the amount of capital 

borrowed for one year, there will be no movements in prices. 

If capitalists instead devote all of their savings to the 

purchase of these goods, there will then be a general rise 

in prices with the benefits accruing to the entrepreneurs. 

These surpluses can then be employed as capital the following 

year. A somewhat smaller amount of consumption goods will 

then be offered for sale by capitalists at the beginning of 

the second year, and "real" savings villi be enforced on 1 

consumers viho now have to plan their consumption expenditures i 

on a two-year basis. They vjill be rewarded for their absti

nence when the second year's production is complete and the 

quantity of consiiraption goods has increased in proportion to 

the amount of tvfo-year capital invested. 

In his mathematical analysis presented belovj VJicksell 

limits his discussion to a closed organized credit economy 

unaffected by international Influences. In his revised 

analysis, hovrever, Wicksell additionally examines the effect 

that changes in the money supply, originating from either 

^ 
^ 



kj 

domestic or international sources, have on a gold-standard 

economy. He concentrates his analysis more on the forces 

determining the bank rate of interest, rather than the 

natural rate, in examining those factors which determine the 

causes and extent of cumulative price movements. Further

more, he uses his revised "normal" rate defined "ex ante" 

in terms of a money economy in explaining the operations 

of his hypothesis. 

In his revised analysls"^^ VJicksell first delivers his 

explanation of his hypothesis in the case where initial 

changes are in the bank rate, rather than in the normal rate. 

In determining the reasons for such changes, he examines the 

effect that variations in the money supply have on a gold-

standard economy, as well as the forces operating in a "pure 

credit" economy. 

Variations in the money supply may be due to changes in 

either the domestic or foreign production of gold. In the 

case of foreign production a change in the supply of gold in ^ 

country B will cause a change in 3's demand for commodities \ 

produced in country A. Hence, there will occur a net in

crease or decrease in the Influx of gold to country A from 

'̂ -̂ Presented in Lectures on Political Econom:y\ II, 
pp. 191-208. For a secondary reference to V/icksell's re
vised analysis the reader is also referred to his article 
"The Influence of the Rate of Interest on Prices," The 
Ecoiiomlc Journal, XVII (June, 1907), PP. 213-20. 

0 
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B in settlement of foreign trade balances. If such changes 

directly affect the amount in circulation, then price move

ments will occur without there being any change in the bank 

or normal rate.^ If, however, these changes solely affect 

bank reserves as money capital, then the only result will be 

a change in the bank rate of interest. An increase in the 

supply of money will cause an excess in reserves, and banks 

will lower their rate in order to encourage loans, either in 

gold or in the form of the additional bank notes vihich they 

can issue. A decrease in the money supply will cause a drain 

on reserves and banks will raise their interest rate in order 

to protect their solvency.'^ Such changes in the bank rate 

can then be considered as the initial cause for disequilib

rium in a gold standard economy. 
f 

In a "pure credit" economy, hovrever, initial changes in ^ 

the bank rate are due solely to bank discretion, for bank t 

^Lectures on Political Economy. II, pp. 197-98, 215-16. ^ 
Wicksell considered changes in the money supply as the only J 
causal explanation of price movements other than his "cumula
tive process." From this discussion it is evident that 
Wicksell considers his "normal" rate to be "neutral" in re
spect to commodity prices only in the case of a "pure credit" 
economy, or as he alternatively defined it, a "credit system 
of unlimited elasticity." Under this system changes in the 
supply of gold do not affect prices, for the money supply is 
fuily substituted by the use of credit. This observation was 
expressed by Patinkin in his article "Knut VJicksell's Cumula
tive Process," op. cil ':. , pp. 8̂ 1-2-̂ 3. 

15 Lectures on Political Economy. II, pp. 215-16. 
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reserves are constantly replenished.'^ There is no demand 

for money—only credit. Banks can initiate price movements 

by adjusting their rate below or above the normal rate and 

bring prices to any desired level, equalizing the two rates 

again at that point."̂ "̂  

If banks lower their rate of interest below normal 

rate, one result will be that savings will be discouraged 

due to the lower rate of Interest, and there will be an in

crease in the demand for consumption goods. Another conse

quence will be that entrepreneurs will expect surplus profits 

and increase their demand for loan capital. Incomes will 

then rise for laborers and lando;^.ers, and the demand for 

finished products is additionally increased. Assuming full 
\ 

employment, against this greater demand for two reasons j 
9 

there is a constant or even diminished supply because of the ) 
4 

transfer of resources from final to future production. The ! 
^ 
^ 

3 I 

'"Wicksell initially delivers his revised discussions * 
in terras of a "pure credit" economy. He later considers the 5 
complications involved in the case of a nrold standard econ-
omy. The cumulative nature of price movements are the same 
in both cases, however. 

^^Lectures on Political Economy. II, pp. 19^, 198-200. 
Wicksell also considered Interest rate policy under the con
ditions of a "pure credit" economy in his original discus
sions (Interest and Prices, pp. 80, 110-11), but did not 
include this analysis in his mathematical presentation. His 
original analysis on this subject is the same as his revised 
one, however, and offers no complications. 
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occurrence of these events then lead to the inevitable result 

of a rise in commodity prices.'^ 

The exact magnitude of price movements is in reality 

almost impossible to determine. It can be established, how

ever, that they will be the greatest for those goods requir

ing long Investment periods (houses, railways, shops, etc.).'''̂  

Entrepreneurs find that the rise in comraodity prices offsets 

the discouraging effect that the increase in wages and rents 

has on profits. Even though the Incomes to these factors 

have increased in money terms, in real terms they have risen 

only at the expense of fixed income earners whose consumption 

is diminished because of the higher prices. Profit expecta-

tions are then realized either in vjhole or in part. 

Once entrepreneurs find that their expectations have 

materialized to some degree, they will Increase their demand 

for loan capital still further, stimulating an additional 

movement in prices. The cumulative rise in prices will con

tinue until the bank rate is once again equal to the normal 

^Lectures on Political Economy. II, pp. 19^-95. As in 
his original discussions Wicksell excludes the possibility 
of more intensive utilization of resources because of its non-
cumulative effect on price movements. 

'^Wicksell's observation that the rise in the price of 
a good depends on the length of its production period was not 
made in his original analysis, but is an iraportant conclusion 
that can be drawn frc his hypothesis. 

80 L' ctures on Political Econony. II, pp. 195-96. 
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rate. Prices will then remain at their higher level since 

entrepreneurs expect no future change in prices.®-'-

It has been stated that in the case of a "pure credit" 

economy the re-establishment of equilibrium is due solely 

to bank discretion. The analysis is different, hovjever, if 

the economy has a less than fully developed credit system 

82 and is still tied to a monetary systera on a gold standard. 

If there are no banknotes of small denoraination issued for 

circulation, then the rise in prices will necessitate the 

increased use of gold. Eventually banks will then find their 

reserves threatened vrith depletion or their current obliga

tions in respect to deposits becoming too large in relation 
go 

to their gold holdings. -̂  They will then be compelled to 

raise their Interest rate to maintain their solvency. The 

only condition under which banks can maintain a rate 

81 

Wicksell a lso delivered the same analysis on t h i s 

Ibid., p. 196. J 

f 

subject in his Interest and Prices (pp. IO8-I6), but did not ( 
include it in his mathematical discussion. 

^^Lectures on Political Ecô nomy, II, pp. 20^-05. 
Patinkin observed that VJicksell considered the bank rate of 
interest to be determined by chan̂ ês in the absolute level 
of reserves rather than by the reserve ratio. If banks 
instead were guided by their reserve ratio, they could con
ceivably adjust their Interest rate ;:ithout there being any 
change in the level of prices. The reader is referred to 
Don Patinkin, "Wicksell's Cumulative Process." 0D̂.___c_it. , 
pp. 839-^0; also his I-:oney, Interest_and_PrJLce.s, "Note E: 
Wicksell's Monetary Theory," op. cit.,"pp. 592-93. 
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permanently below the "normal" rate would be a continuous 

inflow of gold. Bank reserves would be constantly replen

ished, and banks would not be compelled to raise their inter-
8U 

est rate. 

The opposite process occurs if banks raise their rate 

of interest above the "normal" rate. Savings is then en

couraged, and the demand for consumption goods is decreased. 

Entrepreneurs will then expect losses and decrease their 

demand for loan capital. The resulting fall in prices will 

induce entrepreneurs to decrease their demand still further. 

If the economy is on a less than fully developed credit 

system, then banks will eventually experience an excess in 

reserves in relation to their current obligations and villi 
I 

then lower their interest rate in order to encourage loans. ! 

Equilibrium is re-established vrhen the bank rate is again > 

equal to the normal rate. 

8^ 
Ibid., p. 198. 

^^Ibid., pp. 205-08. 

J 

V/icksell then examines the case vihere initial fluctua-
85 i 

tions are in the normal rate, -^ He states that under real- j 

istic circumstances this case is the most prevalent one. J 

Banks essentially play a passive role in determining price 

movements. They mainly react to fluctuations in the normal 

rate V7hlch is highly variable in magnitude. 

If the normal rate rises above the bank rate due, for 
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instance, to some technical discovery, then entrepreneurs 

will expect surplus profits and increase their demand for 

loan capital. Assuming full employment, the increased demand 

will lead to an increase in prices, and entrepreneurs will 

raise their demand still further. The resulting continuous 

rise in prices will continue so long as the normal rate is 

above the bank rate. 

After the rise in prices has occurred for a sufficient 

length of time, entrepreneurs may expect a future rise in 

prices and raise their profit expectations at a more rapid 

86 

pace. In this event banks in order to re-establish equilib

rium would have to raise their interest rate temporarily 

above the normal rate, and then belovr it as price expectations 

fail to materialize. Under a credit system that is only 

partially developed, the necessary adjustment of the interest 

rate is determined solely by changes in bank reserves. In 

a "pure credit" economy, however, it has been stated that the 

adjustment in the interest rate is determined by bank policy J 

in bringing prices to a desired level. i 

The opposite is, of course, true if the normal rate falls 

belov7 the bank rate. Entrepreneurs villi expect losses and 

decrease their demand for loan capital. A continuous fall in 

Ibid., p. 207. It has been stated before that Wicksell 
gives only minor consideration to this possibility. 
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prices will result until the bank rate is again equal to the 

normal rate. 

Wicksell's hypothesis is concerned with movements in 

absolute prices. He states that such movements are inher

ently different, assuming a fully developed credit economy, 

from those of relative prices. ^ Movements in the latter 

can be ccanpared to those of a "freely suspended penduloim." 

If for some reason they are driven avray from a position of 

equilibrium, they will always tend to svxing back to this 

position. Movements in absolute prices, however, can be 

compared to those of a ball or cylinder on a plane. If some 

force sets it into motion—in this case, the disequilibrium 

between the bank rate and the normal rate—it has no tendency 

to resume its former position, but vrill move to a nevr and 

different position of rest when equilibrium re-occurs. 

In his revised, as well as his original, analysis V/ick

sell maintains that his hypothesis nullifies the objections 

raised by Thomas Tooke and his followers. If the bank rate 

is alviays viewed in relation to the natural rate under con

ditions of an organized credit economy, the quantity theory 

revised in light of these considerations is still a valid 

87j2;jj=[, ̂  pp. 196-97. Wicksell gives a corresponding 
analysis of* this subject in his Interer.t and Prices, pp. 100-
01. Again it should be noticed that VJicksell considers his 
"nonnal" rate to be "neutral" in relation to coiruiodity 
prices only in the case of his "pure credit" economy, 

!i 

'iii!!;;;:' 
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explanation of price movements. It is in full accordance 

with the observation that high interest rates generally 

accompany rising prices where low interest rates generally 

accompany falling prices.®^ 

It is evident from the previous discussions that 

Wicksell's revised analysis is essentially the same as his 

original one. In both cases he states that profit expecta

tions are determined by the difference between the bank rate 

and the natural rate. These expectations in turn affect the 

demand for loan capital. Assuming full employment, the re

sult is a "cximulative" movement in prices. 

Certain distinctions, however, have been made betv7een 

Wicksell's original and revised definitions of his "natural" 
I 

rate. Also there is the inclusion into his later analysis ! 
of the effects of changes in the supply of money. It re- ' 

mains to shovi just hov; these distinctions make his revised y 

analysis an improvement over his original one. 
c 

Since VJicksell's hypothesis is an explanation of price j 

movements, it is concerned vjlth monetary analysis. His re- ! 

vised "normal" rate defined in terms of a money economy is, 

therefore, more consistent viith the operations of his hypoth

esis than his "natural" rate defined strictly in terms of a 

barter economy. His "normal" rate directly relates the real 

88 
Interest and Prices. Chapter 11. 
Lectures on Political Economy. II, pp. 202-0^. 
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forces determining the "natural" rate to the monetary pro

cesses involved in an organized credit economy. It offers 

the necessary transition from capital theory to monetary 

theory that Wicksell needs to explain his hypothesis in a 

more logical fashion. 

The equality between the bank rate and the "normal" 

rate means that stationary conditions exist both in the 

capital market and in the money market. It has been stated 

that Wicksell's "normal" rate is the same as the "expected," 

rather than the "current," natural rate of interest on 

capital. The inclusion of expectations into Wicksell's re

vised analysis maizes it more directly related to the pro

cesses of future production with which he was primarily 

concerned. It is logical to conclude from Wicksell's analy- ! 
> 

sis, however, that these expectations are to a large extent » 
I 

determined by past occurrences. j 

In his revised definition V/icksell restricts the use 

of savings in money terms to the creation of fixed capital J 

used in the intermediate stages of production. In his orlgl- J 

nal definition, Wicksell vlevis savings in the form of con

sumption goods used to sustain resources throughout the 

production period. His revised interpretation of savings 

is then more consistent viith the "Invested" capital employed 

in roundabout processes. It is the marginal productivity 

of "invested" capital from which VJicksell determines his 

: 

• i l l 
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"natural" rate, using his structural concept,vihich has been 

stated to be his primary innovation in capital theory. 

The difference between the bank rate and the "normal" 

rate establishes the Inequality betvieen savings and the de

mand for loan capital. Cumulative price movements occur as 

a result. The difference betvieen supply and demand can be 

sustained over a duration of time vihich directly depends 

upon the extent of the utilization of credit in financial 

transactions. In his revised analysis Wicksell more fully 

integrates into his discussions the effect that the degree 

of credit development has on the operations of his hypothe

sis. The difference betvieen the loan rate and the "normal" 

rate then acts as a "spiral spring" governing the movement 

in prices. The elasticity of the spring is determined by 

80 i 
the elasticity of the credit system. ^ 

Finally, there is the inclusion into his revised analy- i 
* 

sis of the effects of changes in the money supply in an 

economy having a monetary system on a gold standard. Wick

selllan equilibrium is not "neutral" in respect to price 

movements if changes in the money supply directly affect the 

quantity in circulation. If it is assumed, hoviever, that 

only bank reserves are affected, then Wicksell maintains that 

his hypothesis is still the only e:-rplanatlon of changes in 

the price level. 

^^Lectures on Political Economy, II, p. 206. 
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Under Wicksell's "pure credit" economy, however, the 

money supply is not in circulation, for it is fully substi

tuted by the use of organized bank credit. There is then no 

supply of "money," while the velocity of circulation has no 

virtual limit. The neutrality of the normal rate is then 

valid in all cases. 

Since Wicksell's hypothesis is an explanation of how 

the quantity theory of mortey would operate under conditions 

where organized credit is developed in various degrees, his 

revised analysis is more in accordance with the fulfillment 

of this purpose. It expresses to a greater extent the scope 

and limitations of the applicability of his hypothesis than 

his original analysis where the direct effect of changes in 

the money supply were not considered. 

The above distinctions betvieen V/icksell's revised and 

original discussions will be used in transforming his partial-

static analysis into a dynamized linear model. V/icksell's 

basic proposition that "cumulative" price movements are 

caused by the difference betvieen the bank rate of interest 

and the natural rate of Interest on capital is maintained, 

hov7ever, in both his original and later discussions. This 

basic tenet is exajnined quite adequately in Haavelmo's model, 

allovilng for only minor Improvements. The major problem of 

this thesis is to extend Haavelmo's f ormulationr. to cover 

the full scope of Knut Wicksell's "cumulative process." 
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The Method in V/hich the Reformulation 
is to be Developed 

In chapter two Trygue Haavelmo's model will be examined 

on the basis of his intention in developing his model, and 

the scope and limitations of his formulations. The mathe

matical reformulation will be developed from the criticisms 

made of his analysis. It must again be emphasized that 

Haavelmo's basic intention in developing his model vias not 

the same as the purpose of this thesis. The techniques he 

used in his formulations will actually be very helpful in 

expressing mathematically the basic tenet of the Wicksellian 

hypothesis. 

In chapter three the mathematical reformulation will be 

presented. The assumption of linearity will be made for the 

purpose of simplicity. V/icksell stated that the actual ex

tent of price movements explained by the operations of his 

hypothesis viere in reality almost impossible to determine. 

His bank and "normal" rates are actually combinations of 

different rates for different investment periods taken to

gether. Nevertheless, it vras stated at the first of this 

introductory chapter that his hypothesis is more significant 

for the variables it considers than for the exact relation

ships among these variables. In this context the assumption 

of linearity is not thought to do m.uch damage to the mathe

matical exposition of his hypo the sir-. 



CHAPTER II 

HAAVELMO'S MODEL AND THE SCOPE, METHOD, AND 

LIMITATIONS OF THE REFORMULATION 

In this chapter Trygve Haavelmo's model^^ will be exam

ined on the basis of its strengths and limitations. From the 

criticisms made of his analysis, the scope and method of the 

mathematical reformulation will be developed. Haavelmo him

self acknowledged that his model did not do full justice to 

the Wicksellian hypothesis. He was using it only as an 

illustration to show how the degree of functional autonomy 

of an economic relation was altered by a change in economic 

91 policy.^ It will be necessary, therefore, to extend his 

formulations for a more penetrating analysis of the "cumu

lative process." 

Before examining Haavelmo's version, it will be helpful 

to further clarify V/icksell's terminology. His concepts of 

the demand for loan capital and the supply of savings should 

be translated into terms which more adequately express their 

meanings. Wicksell's analysis redefined in this manner will 

be used to examine the Haavelmo model and then to develop 

the mathematical reformulation. 

° Presented in his article, "The Probability Approach 
in Econometrics," Econometrica. XII (Supp.) (July, 19̂ J-̂ ), 
3^-36. 

^^Ibid., pp. 33-3^. 
56 
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A Matter of Definition 

Wicksell's demand for loan capital is the same as gross 

investment expenditures. His supply of savings is the total 

savings of individuals which have been accumulated from past 

incomes. Since Wicksell's "normal" rate is defined "ex ante," 

both investment and savings should be considered as "planned" 

in their interpretation. 

Assuming full employment, and perfect competition, the 

equality between planned investment and planned savings means 

that stationary conditions both in the money market and in 

the capital market. Under non-stationary conditions changes 

in either of these variables relative to the other will lead 

to a transfer of resources from final to future production, 

or vice-versa. The proportion between "free" and "invested" 

capital will change as a result. 

If the normal rate rises above the bank rate, then 

planned investment will be greater than planned savings, 

and there will be a shift of resources from final to future 

production. If the bank rate rises above the normal rate, 

then the opposite is true. The resulting change in money 

incomes relative to real incomes paid to the factors of 

production will result in a movement in the general level of 

commodity prices. The cumulative nature of these changes is 

determined by the ler.n;th of the "average" period of produc

tion. 
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In a "pure credit" economy equilibrium is restored by 

bank discretionary measures in adjusting their interest rate 

until price movements are brought to an end. If the economy 

is tied to a gold standard, however, the bank rate is gov

erned by changes in the level of bank reserves which are de

termined by the difference between planned savings and 

planned investment, and changes in the money supply. If 

changes in the supply of money directly affect the amount in 

circulation, then price movements can occur even if the bank 

rate is brought equal to the normal rate. If only bank re

serves are affected, however, then price movements V7ill end 

once the normal rate and the bank rate are again brought 

equal to each other. 

Wicksell's hypothesis re-considered in this manner villi 

be used in the folloviing discussions. 

The Haavelmo Model Considered 

Haavelmo developed his linear dynamized model of the 

Wicksellian process, using the following assumptions. 

(1) The three economic components of a given society are 

individuals, private firms, and banks. Individuals divide 

their income into consumption plus Increase in cash holdings, 

and savings. All savings go to the banks to earn Interest. 

(2) Firms borro;-! only from banks for new investment purposes, 

They are guided by profit expectations only and distribute 

all of their realized profits to individuals. (3) The 
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prices of goods and services vary proportionally through 

time and can be expressed collectively in terms of a general 

price level, {k) Banks have the power to expand or contract 

credit through the manipulation of their rate of interest. 

There is only one prevailing rate of interest. 

The variables used in the formulation are the following: 

(1) S(t) r= total savings per unit of time, 

(2) I(t) = total Investment per unit of time, 

(3) R(t) = bank rate of interest at point of time t, 

{k) P(t) = price level at point of time t, 

(5) Y(t) = total national income per unit of time. 

Haavelmo assTomes his savings function to take the follov7ing 

form. 

(2.1) S(t) = ao + aiR(t) + a2P(t) + a3P'(t) + aZ|.Y(t). 

This relation makes the supply of savings a function of the 

bank rate of interest, total Income, the price level, and 

the rate of change in the price level, P'(t). The rate of 

change in the price level governs expectations concerning 

the future real value of money saved. It is ass\imed that 

ai and a4 are positive, where az and a3 are negative, 

Haavelmo then defines the investment function as 

follows: 

(2.2) I(t) = bo + biR(t) + b2P(t) + b3P'(t). 

This relation makes investment a function of the rate of 

interest, the price level, and the rate of change in the 
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price level, t-^ is negative, and bo is positive, while b2 

is uncertain, bo is positive because a rising price level 

directly adds to profit expectations which, in turn, lead 

directly to an increase in investment. 

If banks lend to firms a sum which is exactly equal to 

the amount of their deposits, then the relation 

(2.3) I(t) = S(t), 

must hold true. It follows that given (2.1), (2.2), and 

(2.3), there is a certain equilibrium rate of interest vihich 

satisfies these relations. This interest rate is the same 

as Wicksell's "normal" rate defined from (2.1), (2.2), and 

(2.3) to be 

iZ.k) R(t) = itoo) + |^2-a2)p(t) + (^2)p,(t) 
(ai-bi) (ai-bi) (ai-bi) 

Tai-bi) 

= Ao + AiP(t) + A2P'(t) + A3Y(t), 

where the A's are abbreviated notations for the coefficients 

in the immediately preceding expression. 

If ba>iks actively want to expand or contract the amoimt 

of money in circulation, they would have to establish an 

interest rate, H(t), vihich differs from the normal rate, 

R(t), vihich vias defined in (2.4) to be essentially variable 

in magnitude. From (2.1) and (2.2) vie obtain the relation 

(2.5) I(-) - S(t; = (bo - ao) + (bi - ai)R(t) 

+ (t>2 - a2)P(t) + (b3 - a3)P'(t) - a4Y(t). 
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If R(t) Is equal to R(t), then (2.5) reduces to 

(2.6) 0 = (bo - ao) + (bi - ai)R(t) + (b2 - a2)P(t) 

+ (b3 - a3)P'(t) - a4Y(t). 

Subtracting (2.6) from (2,5), we obtain 

(2.7) I(t) - S(t) = (bi - ai)[R(t) - R(t)] , 

which states that the amount of "money inflation," or 

I(t) - S(t), varies (inversely) with the difference between 

the bank rate and the normal rate defined in (2.^^). 

Assuming the price level to rise in proportion to the 

amount of "money inflation," we have 

(2.8) P'(t) = K[l(t) - S(t)] , 

where K is a positive constant. Combining (2.7) and (2.8), 

we obtain the relation 

(2.9) P'(t) = K(bi -ai)[R(t) - R(t)], 

which states the basic V/icksellian tenet that changes in the 

price level are determined by the difference between the bank 

rate and the normal rate. 

Haavelmo then goes further to use his model in line viith 

his purpose vihich is beyond the scope of this thesis. His 

basic techniques and formulations villi now be examined with 

the intent of formulating his model in a way that is more 

consistent viith V/icksell's analysis. 

Haavelmo's basic technique of subtracting the equality 

betvieen his savings and Investment functions expressed as a 

function of the normal rate in (2.6) from the difference 
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between these two functions in (2.5) seems to be the most 

simple and direct way of arriving at the Wicksellian propo

sition that the difference between savings and Investment 

is caused by the difference between the bank rate and the 

normal rate, expressed in relation (2.7). Relation (2.8) 

adequately expresses the proposition that changes in the 

price level are determined by the difference between savings 

and Investment. Finally, these two relations are combined 

in relation (2.9) which clearly depicts the basic tenet of 

the Wickselllan hypothesis. 

Haavelmo's formulations have certain weaknesses, how

ever, which .should be corrected. It now remains to examine 

these weaknesses and lay the foundations for the mathemati

cal reformulation. 

Haavelmo defined Wicksell's "normal" rate in relation 

lZ,k) by the quality between savings and investment. The 

normal rate should have been inserted directly into the 

investment demand equation and then defined by the equality 

between these two functions. Investment does vary inversely 

with the bank rate of interest. To be more in accordance 

with the V/ickselllan thesis, however, investment should be 

made to vary directly V7ith the difference between the normal 

rate and the bank rate. 

Haavelmo expresrf;d in relation (2.8) the proposition 

that price movements are determined by the difference betvieen 
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savings and investment. To be more in line with the "ex ante" 

interpretation of the "nonnal" rate, however, the difference 

between "planned" investment and "planned" savings should 

be considered as the basic determinant of changes in the 

price level. 

In both the savings and Investment functions, Haavelmo 

included the influence that the rate of change in the price 

level, P'(t), has on future real savings and profit expecta

tions. In Wicksell's aggregate supply-demand analysis, hov7-

ever, these expectations are governed by variations in the 

price level Itself, P(t), rather than by variations in the 

rate of change in the price level.^^ Changes in P'(t) are 

adequately reflected by those in P(t), making the inclusion 

of P'(t) unnecessary. 

In examining the policy of banks in establishing their 

bank rate to deviate from the normal rate, Haavelmo malces 

his analysis more consistent with that in the case of a 

"pure credit" economy. He does not consider the other con

dition where the economy is tied to a monetary system on a 

gold standard. The level of bank reserves and changes in the 

money supply are then iraportant in determining bank interest 

rate policy. Instead of using the term "money Inflation," 

Haavelmo should have used the term "credit inflation" in 

developing his analysis. 

^^Refer to pp. 33-'̂ l, ̂ 5-50, below. 
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The Scope. Method, and Limitations 
of the Reformulation 

On the basis of the criticisms given below, the mathe

matical reformulation will be developed. The normal rate 

will be inserted directly into the investment demand equation 

and then defined by the equality between planned savings and 

planned Investment. The rate of change in the price level 

will be excluded from the savings and investment functions, 

but it will be determined by the difference betvieen these 

two functions. Finally, bank interest rate policy will be 

considered in the case of a gold standard econoray, as well 

as that in the case of a "pure credit" econoray. 

There will be certain limitations implied in the refor

mulation V7hlch should be given consideration. These limita

tions center around Wicksell's definition of his "normal" 

rate and the length of the "average" period of production. 

In a manner like that used by Haavelmo the normal rate 

will be defined in the reformulation in money terms. This 

method villi not be in full accordance with Wicksell's defi

nition of the concept in real terms, as viell as money terms, 

by his "natural" rate, "ex ante." It vias emphasized in the 

first chapter that V/lcksell's "normal" rate was determined 

in real terms by the marginal productivity of capital, and 

varied according to technical progress and the accumulation 

or diminution of capital, either in relative or absolute 

terms. These variables, especially that of teclinical 



progress, are very difficult, if not impossible, to ade

quately express in mathematical form. Only an indirect 

measurement of these variables will, therefore, be indicated 

through price and Income fluctuations. 

The definition of the normal rate as a direct function 

of the price level and an Inverse function of Income will be 

given in the reformulation, as it was in Haavelmo's model. 

A high level of income will encourage new savings responsible 

for the accumulation of capital. On the other hand, a high 

price level will discourage nev; savings and promote a high 

level of Investment demand. The counter-effects that the 

price level and income have on savings and investment are 

consistent with Wicksell's contention that high normal rates 

are associated vrlth a high level of prices. 

The second limitation which will be implied in the 

reformulation V7ill be in the determination of variations in 

the time element. Haavelmo considered all of his variables 

to be time functions, but did not indicate the exact nature 

of these functions. The time element involved is actually 

Wicksell's "average" period of production vihich varies 

according to the length of the real processes underlying the 

monetary processes of his analysis. The difficulties in

volved in expressing these processes mathematically are 

essentially the same as those vihich viere Inherent in deter

mining variations in Wlc]:sell's "nonial" rate defined in real 
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terms. The variation in the time element will, therefore, 

be only implied, rather than expressed, in the reformulation. 

In spite of these limitations, it is felt that, on the 

basis of the criticisms made below, the reformulation will 

more accurately explain the Wicksellian hypothesis than the 

Haavelmo model. There will also be the objective of going 

beyond Haavelmo's formulations to cover the full scope and 

limitations of Wicksell's analysis. The merit of this the

sis rests on the accomplishment of these ends. 

' 



CHAPTER III 

THE MATHEMATICAL REFORMULATION OF KNUT WICKSELL'S 

"CUMULATIVE PROCESS" 

On the basis of the discussions presented in the pre

ceding chapter the mathematical reformulation will now be 

developed, Haavelmo's assumptions will be extended to make 

them more fully in line with those expressed or implied by 

Wicksell in his analysis. There will also be the alternative 

assumptions made of, first, a "pure credit" economy and, 

second, a gold standard economy in order to examine the 

Wicksellian hypothesis tmder both of these conditions. 

The Reformulation Considered 

Assume that there exists an economy vihich operates under 

the following conditions: (1) There is full employment of 

resources and perfect competition. Durable capital goods, 

or "rent-earning" goods, require r hing except that which 

is necessary for their own maintenance. (2) The primary 

economic agents are individuals, firms, and banks. (3) In

dividuals divide their income into consumption plus neu 

savings vihich they deposit in the banks to earn Interest. 

(4) Entrepreneurs oim and manage the firms, and are guided 

by profit expectations only. They tran.sact loans only viith 

banks for investment purposes in order to engage in round

about processes of production. (5) Banks have the power 

6? 



68 

to expand or contract loans through the manipulation of 

their rate of interest. There is only one rate of Interest 

prevailing for both loans and deposits. (6) The prices for 

goods and services can be measured collectively in terms of 

a price level which is known to all of the economic agents. 

The following variables will be used in the reformula

tion: 

(1) I(t) s= planned investment per period of time, 

(2) S(t) = planned savings per period of time, 

(3) R(t) = bank rate of interest at the beginning of 

time period t, 

{k) R(t) = Wicksell's "normal" rate at the beginning 

of time period t, 

(5) P(t) = price level at the beginning of time period t, 

(6) Y(t) = total national Income per period of time, 

(7) w(t) = level of bank reserves at the beginning of 

time period t, 

(8) M(t) = the supply of money at the beginning of time 

period t, 

(9) t = time period, or the length of the average 

period of production. 

Assuming at first a "pure credit" economy, vie have for 

the investment function: 

(3.1) I(t) = aQ -h ai[R(t) - R(t)] + agPCt). 
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In this relation planned investment is made a function the 

difference between the bank rate and the normal rate, and 

the price level. The difference between the bank rate and 

the normal rate determines the expectations in regard to 

the rate of surplus profits, or losses. The price level 

determines the magnitude of profit expectations, given the 

profit rate. If the bank rate is equal to the normal rate, 

then entrepreneurs will expect no rate of surplus profits, 

and there will be no planned new Investment. The level of 

planned Investment is then governed solely by the existing 

level of prices, a^ and a2 are both positive constants. 

For the savings function we have 

(3.2) S(t) = bo + biR(t) - b2P(t) + b3Y(t). 

In this relation planned savings is made a function of the 

bank rate of interest, the price level, and the level of 

income. The price level governs expectations concerning 

the future real value of income saved, b]^, b2, and b3 are 

all positive constants. 

If banks loan to entrepreneurs a sum equal to the 

amount of their deposits, then the relation 

(3.3) I(t) = S(t), 

must hold true. It follovjs that given (3.1), (3.2), and 

(3.3) there exists a certain bank rate of Interest vihich 

will satisfy these relations. From Wicksell's analysis this 

equilibrium rate of interest is the sâ ie as the normal rate. 
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Setting the bank rate equal to the normal rate in (3.1) and 

(3.2), and equating these two functions in (3.3), we obtain 

for the normal rate the relation 

(3.4) R(t) = ifO^o) ^ (£|p22p(,) . gy(,) 

= Bo + BlP(t) - B2Y(t), 

where the B's refer to the coefficients in the immediately 

preceding expression. The normal rate is then defined to be 

a direct function of the price level and an inverse fimction 

of income. A high level of income will encourage new sav

ings responsible for the accumulation of capital. On the 

other hand, a high price level will discourage new savings 

and promote a greater demand for investment funds. The 

opposing effects that the price level and income have on 

savings and investment are consistent viith Wicksell's con

tention that high normal rates are associated viith a high 

level of prices. 

If banks actively viant to expand or contract the supply 

of credit, they will maintain a rate which differs from the 

normal rate defined in (3.^). Subtracting (3.2) from (3.1), 

we obtain the relation 

(3.5) I(t) - S(t) = (ao - bo) + aiR(t) - (ai + bi)R(t) 

+ (a2 + b2)P(t) - b3Y(t). 

I f t he banlc r a t e were equal to the noimia], r a t e , then (3.5) 

would reduce t o 
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(3.6) 0 « (ao - bo) - biR(t) + (ag + b2)P(t) - b3Y(t). 

Subtracting (3.6) from (3.5) we obtain the relation 

(3.7) I(t) - S(t) = (ai + bi)[R(t) - R(t)] , 

which states the basic proposition that the amount of "credit 

inflation," or the difference between planned savings and 

planned investment, is directly related to the difference 

between the bank rate and the normal rate. 

Relating changes in the price level, P'(t), to the dif

ference between planned savings and planned Investment, we 

have the relation 

(3.8) P'(t) = K[l(t) - S(t)] , 

where K is a positive constant. Combining (3.7) and (3.8), 

we obtain the relation 

(3.9) P'(t) = K(ai + bi)[R(t) - R(t)], 

which states the fundamental Wicksellian theorem that changes 

in the price level are caused by the difference between the 

bank rate and the normal rate. 

So long as a "pure credit" economy is assumed, bank 

interest policy is not determined by changes in the level of 

bank reserves. Banks can adjust their interest rate to equal 

the normal rate at any desired price level. In addition, 

banks can cause an upward or downviard movement in prices by 

moving their Interest rate respectively belou or above the 

normal rate. 

The equality betvieen the bank rate and the normal rate 
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under a "pure credit" economy will always bring an end to 

price movements. Changes in the money supply due to changes 

in the influx of gold from other countries or due to changes 

in the domestic production of gold will not affect the cir

culating medium in the hands of the general public, for the 

money supply is, by assumption, fully substituted by the use 

of credit. 

If the assumption of a "pure credit" economy is dropped, 

however, then money is in circulation, and interest policy 

is determined by the level of bank reserves. If a gold stan

dard economy is assumed, then relation (3.8) changes to 

(3.10) P'(t) = k^[l(t) - S(t)], 

and relation (3.9) changes to 

(3.11) P'(t) = ki(ai + bi)[R(t) - R(t)] , 

where k^ is a positive constant less than K. Money and 

credit are then used together in a combination which directly 

depends upon the stage of credit development, k-ĵ  villi be

come greater if credit becomes more extensively used. It 

will always be lovier than K, hoviever, until the credit sys

tem becomes fully developed. 

If changes in the money supply, M'(t), directly affect 

the amoimt in circulation, as viell as ban!: reserves, then 

relation (3.10) changes to 

(3.12) P'(t) = ]i[l(t) - S(t)] -:- k2:i'(t), 

and relation (3.11) changes to 
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(3.13) P'(t) = ki(ai + bi)[fi(t) - R(t)] + k2M'(t), 

where k2 is a positive constant. Unlike k^, there would 

be no reason for k2 to shift according to the stage of credit 

development. Only changes in the money supply would be af

fected. 

If relations (3.12) and (3.13) are the conditions which 

determine movements in the general price level, then the 

Wicksellian hypothesis ceases to be the only explanation of 

price movements. Changes in the money supply then become 

important, as well as the difference between the bank rate 

and the normal rate. 

If changes in the money supply affect only the level 

of bank reserves, however, then relations (3.10) and (3.11) 

still remain valid, and the Wickselllan hypothesis is the 

full explanation of movements in the general level of prices. 

Bank interest policy is determined by changes in the level 

of bank reserves which, in turn, are caused by difference 

between planned savings and planned investment, and changes 

in the money supply. 

Relating the bank rate of interest to the level of bank 

reserves, V/(t), vie have 

(3.14) R(t) = do - diW(t), 

or in the case of changes in the rate of Interest vre have 

(3.15) R*(t) = -diW'(t), 

where d^ and d-^ are both positive constants vrith d̂^ being 
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less than d^. The bank rate of interest is made an inverse 

function of the level of bank reserves. In Wicksell's analy

sis banks raised their rate of interest when their reserves 

were threatened with depletion, or when their current obli

gations became too large in relation to their gold holdings. 

In the opposite case banks lowered their rate of interest 

when they experienced an excess in reserves. Relations 

(3.1^) and (3.15) express the Inverse relationship that 

Wicksell implied. 

Relating changes in the level of bank reserves to the 

difference between planned savings and planned investment, 

and changes in the money supply, we have 

(3.16) W'(t) = M'(t) - e^[l(t) - S(t)], 

where e-ĵ  is a constant greater than zero. If planned invest

ment is greater than planned savings, then bank reserves 

will become depleted unless they are constantly replenished 

by an increase in the money supply. e^ will become smaller 

at each stage of credit development. Once the credit system 

has become fully developed, planned savings and planned in

vestment are defined solely by the existing supply of credit, 

and e-ĵ  becomes zero. Since there is no demand for "money," 

banks define their reserve level strictly in terms of credit. 

Changes in the money supply then have no influence on the 

level of bank reserves. 

Combining relations (3.15) and (3.l6), we obtain 
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(3.17) R'(t) = diei[l(t) - S(t)] - diM'(t). 

Combining (3.17) with (3.17), we obtain the final relation 

(3.18) R'(t) = diei(ai + bi)[R(t)] - diM'(t), 

= Hi[R(t) - R(t)] - H2M'(t), 

where the H's refer to the coefficients in the immediately 

preceding expression. A change in the money supply will 

cause banks to lower their interest rate even if the bank 

rate is initially equal to the normal rate. If continuous 

changes in the money supply are considered, then banks can 

maintain a rate which is lovier than the normal rate for an 

Indefinite period of time. Equilibrium is possible only 

if the effect that the change in the money supply has on the 

level of bank reserves is insignificant compared to the 

effect of the difference betvieen the bank rate and the 

normal rate. 

The mathematical reformulation of Knut Wicksell's 

"cumulative process" has novi been developed. In many re

spects it is essentially the same as the Haavelmo model. 

Haavelmo's basic techniques have been used to formulate 

relations (3.1) - (3.9). There is the basic difference, 

hov7ever, of the insertion of the normal rate directly into 

the investment demand function expressed in relation (3.1), 

and then ha/ing the equality between planred savings and 

planned investment in relation (3.3) signify the equality 

betvieen the bank rate and the nornal rate in both the 

1^' 
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savings and investment functions. Furthermore, relations 

(3.10) - (3.18) are presented to extend Haavelmo's formula

tions to examine the case of a gold standard economy, as 

well as that of a "pure credit" economy. In light of these 
* 

considerations, it is the contention of this thesis that the 

mathematical reformulation is an improvement over the 

Haavelmo model in its examination of the full scope and 

limitations of Wicksell's analysis of his "cumulative pro

cess. " 

It has also been the underlying contention of this 

thesis that the Wicksellian hypothesis is worth re-examining 

in mathematical, as well as verbal, form. It was stated in 

the introduction that, in spite of the criticisms raised 

against it, V/lcksell's explanation of cumulative price move

ments has been the basis for his recognition as the origi

nator as the aggregate demand-supply approach to the dynamic 

analysis of monetary theory."-̂  On the basis of the previous 

discussions, it is also viorthvihlle to exajnine V/lcksell's 

hypothesis as contribution more specificly to the study of 

the problem v:ith vihich it is primarily concerned. 

V/lcksell's Thesis as a Conbribution to 
the Study of Price I: ov em ants 

In his analysis VJicksell vias primarily concerned with 

the study of movement, in the general level of commodity 

93Refer to pp. 1-2, belovi. 
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prices. To explain such movements Wicksell used the con

cepts of his "normal" rate and the bank rate of Interest, 

Wicksell's "normal" rate has been the center of attack, 

especially by the "Stockholm" School of Thought.^ More 

generally, Wicksell has been criticized on his very attempt 

to separate the central problems of capitalization, produc

tion, and exchange from purely monetary factors. 

Wicksell's attempt has been more fully developed by 

Erik Lindaihl in his analysis of price movements. ̂ ^ The major 

criticisms which can be offered against this method of ap

proach center around the difficulties inherent in separating 

the real processes from the monetary processes involved in 

the production and exchange of goods and services. The 

limitations of the mathematical reformulation bear the evi

dence of these difficulties. 

The very attempt to separate real events from monetary 

events, however, is exactly what is needed to adequately 

study variations in prices. Any other approach viould be 
96 

only an approximation, lacking in some fashion.^ On the 

basis of the examination made of VJicksell's analysis the 

9^Refer to note 2, pp. 1-2, belou. 

^^Erik Lindahl, Studies in the Theory of noieyand Capi
tal (New York: Ferrar and Rinehart, Inc., 1939), PP. 1^^"2TO. 

^^This contention is supported by Brinley Thomas in his 
Monetary Poll^7 and Crises: A Study of Swedish Expert ence 
(London'': Gĉ orge Routledge and Sons, Ltd., 193^), p. 97. 
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central question behind the study of price movements seems 

to be: How can one add together all the various and diverse 

goods and services produced within a given society with any 

common denominator except that of money? 
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