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INTRODUCTION 

L e t V be a v e c t o r s p a c e over a f i e l d K, and l e t A be a 

s u b a l g e b r a of t h e r i n g Endj^(V) of K - l i n e a r endomorphisms of V. 

A s s o c i a t e d t o A i s L a t A, t h e l a t t i c e of a l l A - i n v a r i a n t 

s u b s p a c e s of V. From t h i s , one can c o n s t r u c t Alg Lat A, the s e t 

of a l l T € E n d ^ ( V ) s u c h t h a t T l eaves a l l e lements of Lat A 

i n v a r i a n t . A lg L a t A i s a s u b a l g e b r a of End ( V ) , and i t 

c o n t a i n s A. We w i l l s a y t h a t A i s r e f l e x i v e i f Alg Lat A 

= A. T h i s n o t i o n was def ined by P. R. Halmos [6] in 1971, in the 

c o n t e x t o f b o u n d e d o p e r a t o r s on and c losed subspaces of a H i l b e r t 

s p a c e . 

S i n c e t h e n , t h i s idea has been s t u d i e d e x t e n s i v e l y by o p e r a t o r 

t h e o r i s t s . G e n e r a l l y , t h e y proceed by assuming t h a t an e x p l i c i t 

a l g e b r a of l i n e a r t r a n s f o r m a t i o n s i s g i v e n , and by s tudy ing Alg Lat 

A. Our v i e w p o i n t h e r e i s to s t a r t with an a b s t r a c t l y given a l g e ­

b r a a n d t o f i n d t h e ways in which i t can be r e p r e s e n t e d as a con­

c r e t e r e f l e x i v e a l g e b r a of l i n e a r t r a n s f o r m a t i o n s . This a l lows us 

t o u t i l i z e the theory of modules over a l g e b r a s . For , i f a f a i t h f u l 

r e p r e s e n t a t i o n of A on V i s g i v e n , i . e . , a raonoraorphism 

f : A ->• End (V) of K - a l g e b r a s , V c a n be v i e w e d a s a r i g h t 
K 

A - m o d u l e by v • a = f ( a ) ( v ) , f o r v £ V and a € A. V i s 

f u r t h e r m o r e a f a i t h f u l A-module, which i s to s ay , for each nonzero 



a € A, t h e r e i s v € V w i t h va ^ 0 . On t h e o t h e r hand, i f 

M i s a f a i t h f u l r i g h t A - m o d u l e , we o b t a i n a monomorphism 

f :A -̂  Endj^(M) by f ( a ) ( m ) = ma. Hence, the image of f is an 

a l g e b r a of k - l i n e a r t r a n s f o r m a t i o n s of M, and i s isomorphic to 

A. We u s u a l l y a s sume t h a t M is of f i n i t e K-dimension n, and 

t h a t a K - b a s i s of M h a s been s e l e c t e d . Then, we can ident i fy 

End ( M ) w i t h t h e a l g e b r a M (K) of n x n m a t r i c e s o v e r 
JN- n 

K(n = deg f ) , and so our f a i th fu l modules correspond to fa i th fu l 

matr ix r e p r e s e n t a t i o n s . 

T h e r e a r e two p r e c e d e n t s for t h i s point of view. One is the 

work of Deddens and Fillmore [ 4 ] , where the re f lex ive r ep resen ta ­

t i o n s of r i n g s of t h e form !C[X]/(X°^) are ca lcu la ted imp l i c i t y . 

T h e i r work is phrased in terms of n i lpo ten t t ransformat ions , r a the r 

t h a n i n t e r m s of a l g e b r a s , r epresen ta t ions and modules. In [ 3 ] , 

B r e n n e r and B u t l e r showed that the d i r ec t sum of two copies of the 

r e g u l a r r ep re sen t a t i on of a f in i te -d imensional algebra is r e f l e x i v e . 

T h e i r m o t i v a t i o n was to show that any f in i te -d imensional algebra is 

i s o m o r p h i c t o t h e endomorphis ra r i n g of some module over the 

s o - c a l l e d " h o l l o w " t r i a n g u l a r matrix algebra of degree s i x , thus 

showing tha t t h i s algebra is of wild r ep resen ta t ion type . 

In t h i s d i s s e r t a t i o n , we t ry to examine the r e p r e s e n t a t i o n -

t h e o r e t i c aspects of r e f l e x i v i t y . In Chapter 1, we introduce i n t e r ­

m e d i a t e a l g e b r a s of a r e p r e s e n t a t i o n , and show how to find t h e i r 

"Alg L a t . " In Chapter 2, we define the p - re f lex ive extension of an 

i n t e r m e d i a t e a l g e b r a B as the set of a l l A € M (K) such that 



a l l B - s u b m o d u l e s of M a r e i n v a r i a n t u n d e r A, where 

M i s t h e d i r e c t sum of p copies of M. For every in te rmedi ­

a t e a l g e b r a B, we d e f i n e a chain and we show the closedness of 

t h i s c h a i n i n terms of r e f l ex ive extensions of i t s members. Then, 

we d e f i n e t h e degree of r e f l e x i v i t y of a r ep resen ta t ion or module. 

T h e n , we d e f i n e t h e d e g r e e of r e f l e x i v i t y of a r ep resen ta t ion of 

m o d u l e . We a l s o c o n s i d e r the commutant of a re f lex ive extens ion , 

and show tha t for a semisimple a lgebra , every double commutant of an 

in termedia te algebra i s a lso an intermediate a lgebra . 

In C h a p t e r 3 , we d e f i n e p-ref l e x i v i t y of a r epresen ta t ion or 

m o d u l e , by a n a l o g y with Azoff 's notion [1] of p - re f lex ive algebra 

and show t h a t p - r e f l e x i v i t y is preserved under isomorphism, so that 

we need only consider indecomposable a lgeb ra s . F i n a l l y , we consider 

b a s i c s e r i a l a l g e b r a s , which were introduced by Nakayama [11] , and 

h a v e b e e n s t u d i e d by H. Kupisch [ 8 ] , I . Murase [10] , and K. Ful ler 

[ 5 ] . In a block t r i a n g u l a r r ep resen ta t ion of an a lgebra , we i n t r o ­

duce r e l a t i o n s t h a t are preserved under re f lex ive ex tens ions , and 

o t h e r r e l a t i o n s tha t are not so preserved. We prove a theorem con­

j e c t u r e d by P r o f e s s o r William H. Gustafson, which gives necessary 

and s u f f i c i e n t condi t ions for a f a i t h fu l module over a basic indecom­

p o s a b l e s e r i a l algebra A to be r e f l e x i v e . Namely, if the unique 

m i n i m a l f a i t h f u l A-module M is decomposable, then every f a i th fu l 

A-module i s r e f l e x i v e . I f M i s i n d e c o m p o s a b l e , t h e n M® 

r^(A)M i s a r e f l e x i v e A-module of m i n i m a l d i m e n s i o n , where 

r ( A ) i s t h e J a c o b s o n r a d i c a l of A, and n is the number of 



s i m p l e c o m p o n e n t s of A / r ( A ) . T h i s i n c l u d e s t h e r e s u l t of 

Deddens and F i l l m o r e , bu t a l s o much m o r e . In p a r t i c u l a r , i t 

i n c l u d e s many noncommutative s i t u a t i o n s . The method of proof allows 

us t o d e t e r m i n e w h e t h e r a given matrix r ep resen ta t ion of a basic 

s e r i a l a lgebra is r e f l e x i v e , by in spec t ion . 

T h r o u g h o u t t h e t e x t , when B € M ( K ) , B ^ denotes the 

d i r e c t sum of p c o p i e s of B, and if B is a set of matr ices 

i n M ( K ) , t h e n B ^ = ( B ^ ^ .-B € B>. A l l a l g e b r a s a r e 

a s s o c i a t i v e w i t h u n i t and are f in i te -d imensional over an a lgebra ­

i c a l l y closed f i e ld K. 



CHAPTER 1 

INTERMEDIATE ALGEBRAS OF A REPRESENTATION 

1.1. Preliminaries 

S u p p o s e t h a t f i s a r e p r e s e n t a t i o n of the K-Algebra A, 

a f f o r d e d by t h e r i g h t A-module M = ® ^ K . For a p o s i t i v e i n t e g e r 

P , M P = © ^ M i s a r i g h t A - m o d u l e w i t h f^^^ = ©'^ f the 

r e p r e s e n t a t i o n i t a f f o r d s . We c a n a l s o t h i n k of M ^ a s 

a r i g h t f ( A ) , [ f ( A ) ] ^ P ^ o r A ^ ^ ^ - m o d u l e , s i n c e f o r 

( m , , , . . , m ) € M and a € A, we have 
1 p 

( m . , . . . , m )a - ( m . a , . . . , m a ) 
1 P 1 P 

( m . f ( a ) , . . . , m f ( a ) ) 
1 * ' p 

(m. , . . . ,m ) 
1 P 

f f ( a ) 0 ] 
* 

0 * f ( a ) 

(m, , . . . ,m ) 
1 P 

a 

0 

L a t ( f ) i s t h e l a t t i c e of a l l A - s u b m o d u l e s of M 

w h i c h c a n a l s o be v i e w e d a s t h e s e t of a l l K-subspaces of M (p ) 

t h a t a r e i n v a r i a n t u n d e r f ( a ) , f o r a l l a € A. Whenever we 

w r i t e L a t A ^ , o r L a t [ f ( A ) ] ^ we mean L a t ( f ^ ^ ) . I f 

p = 1 , we omit the s u p e r s c r i p t ( 1 ) . 
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1 .2 . Alg Lat f 

A l g L a t f i s t h e s e t of a l l A £ M (K) , such t h a t for a l l 
n ' 

* 
A - s u b m o d u l e s N o f M, we h a v e NA c N . L e t M = 

Hom ( M , K ) . F o r x € M a n d y € M t h e e l e m e n t x ® y 

* 

of M 0 M c a n be v i e w e d a s a K - e n d o m o r p h i s m of M by the 
"k ic "ic 

f o r m u l a m(x (x) y ) = (m)x • y . I f x a n d y a r e n o n z e r o , 

t h i s e n d o m o r p h i s m h a s r a n k o n e . T h i s c o n s t r u c t i o n induces a 
ie 

w e l l - k n o w n i s o m o r p h i s m M ® M = End ( M ) . Using the d u a l i t y 
K K 

* 
between M and M define 

*t , * ^ * * * 

[y,x ] = Tr(x ® y) = yx , for x € M , y € M, 

a n d u s i n g t h e d u a l i t y b e t w e e n E = M (K) and E = Hom^(E,K) 

d e f i n e 

[[B,A*]] = Tr(A • B) , for A € E and B € E. 

^ ^u JU *J|f 

S i n c e ( x © y ) = y ® x ( w h e r e f o r x € M, x m e a n s the 

* * 
t r a n s p o s e of x and x = x , we can de f ine 

•k ic "k 

R, = <x ® y :x € M and y € M>, 

* 
which is the set of ail operators of rank at most one in E . 

Lemma 1.2.1: For any x,y £ M and B € E we have 

[[B,x ® y]] = [xB,y ] 



Proof; 

[[B,x*® y]] = Tr((x*® y )* - B) 

= Tr((y*® x) o B) 

= Tr(y ® xB) 

= [xB y*], 
as claimed. 

If N c M, we define 

i ^(N) = <x EM :[y,x ] = 0 for all y £ N>, 
M 

ic it 

and if B c E and B c E , we put 

r ^(B) = <A £ E :[[B,A ]] = 0, 
E 
for all B £ B>, 

and 

i„(B ) = <A £ E: [[A,B ]] = 0, for all B*£ B>, 

Now, we prove the following proposition, which we will use later on. 

Proposition 1.2.2: Suppose that B is a subalgebra of E. Then 

Alg Lat(B) = £g(R̂  0 r ^(B)). 

E 

Proof: For B £ M (K), let K [ B ] be the subalgebra of E 
n 

g e n e r a t e d by B and t h e i d e n t i t y m a t r i x . The r e s u l t fol lows 

b e c a u s e a n y two c o n s e c u t i v e s t a t e m e n t s in the fo l lowing l i s t a r e 

e q u i v a l e n t ( t h e e q u i v a l e n c e of i ) and i i ) fol lows from Azoff [ 1 ] ; 

t h e r e s t i s e v i d e n t ) : 
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i ) B £ Alg Lat B; 

i i ) r ^(xB) c r ^ (xK[B] ) ; 

. . ^ * ^ * 

111) I f (xB)y = 0 , then (xB)y = Q for a l l x ,y £ M; 

i v ) I f ( x A ) y = 0 , f o r a l l A £ B, t h e n ( x B ) y * = 0 , 

fo r a l l x ,y £ M; 

v ) I f [ x A , y ] = 0 , f o r a l l A £ B, t h e n [ x B , y * ] = 0 , 

fo r a l l x ,y £ M; 

v i ) I f [ [ A , x ® y ] ] = 0 , f o r a l l A £ B , t h e n [ [ B , x * ® y ] ] 

= 0 , fo r a l l x ,y £ M; 

v i i ) I f [ [ A , C ] ] = 0 , f o r a l l A £ B, t h e n [ [ B , C ] ] = 0 , 

whenever C £ R • 

v i i i ) [ [B ,C] ] = 0 for a l l C £ R fl r ^ ( B ) ; 
E 

i x ) B £ £_(R. n r ^ ( B ) ) . E 1 g* 

I n t h e c o m p l e x c a s e , i f J. i s the orthocomplement o p e r a t i o n 

r e l a t i v e t o some inner p r o d u c t , we can w r i t e the fo l lowing form of 

t h e p r o p o s i t i o n above: 

Alg Lat B = (R^ OB )'^. 

T h i s was a s s e r t e d in [ 9 ] , but the proof t h e r e i s not given c l e a r l y . 

I n t h e s e q u e l , we w i l l sometimes w r i t e the formula of P r o p o s i t i o n 

1 . 2 . 2 i n t h i s form, for s i m p l i c i t y of n o t a t i o n . The r eade r should 

h a v e no t r o u b l e i n t e r p r e t i n g " 1 " a s " ^ p " o r " r , a s 
^ E 

a p p r o p r i a t e . 



1 . 3 . I n t e r m e d i a t e Algebras 

L e t R ( l ) d e n o t e Alg Lat A. By an i n t e r m e d i a t e a l g e b r a for 

f , we mean a s u b a l g e b r a B of M ( K ) t h a t s a t i s f i e s t h e 
n 

following conditions: 

1. B is a subalgebra of R(1), and 

2. f(A) is a subalgebra of B. 

Thus we have: 

f(A) c B c R(l) = Alg Lat A. 

N o t e t h a t f ( A ) a n d R ( l ) a r e i n t e r m e d i a t e a l g e b r a s of f. 

S u p p o s e t h a t x , , . . . , x i s a b a s i s of M a f f o r d i n g f. We see 
I n 

t h a t M i s a l s o a r i g h t R ( l ) - m o d u l e . Hence, we have a f a i t h f u l 

m a t r i x r e p r e s e n t a t i o n f. of R ( l ) , w h i c h has the fo l lowing 

p r o p e r t i e s : 

1 . N i s a n A - s u b m o d u l e of M i f and o n l y i f i t i s an 

R(1)-submodule of M. That i s , 

L a t ( ( R ^ ) ) = Lat f (A)) = Lat f 

2 . f . ( A ) = A, f o r a l l A £ R ( l ) ; i . e . , f̂  i s the i n c l u s i o n 

of R ( l ) in M (K) . 
n 

We d e n o t e i t s o e l a b o r a t e l y i n o rde r to ma in ta in c o n s i s t e n c y of 

n o t a t i o n . H e n c e , we c a n i d e n t i f y f w i t h ^ i | f ( A ) * ^^^ ^ 

be an i n t e r m e d i a t e a l g e b r a of f. Then M i s a r i g h t B-module 

wi th the co r r e spond ing r e p r e s e n t a t i o n g = f i i g * 
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P r o p o s i t i o n 1 . 3 . 1 : Le t B be an i n t e r m e d i a t e algebra of f. 

Then Lat(B) = Lat f. 

P r o o f : f ( A ) ^ B c R ( l ) i m p l i e s t h a t L a t ( R ( l ) ) c La t B c 

L a t f ( A ) , s i n c e La t i s o r d e r - r e v e r s i n g . S i n c e La t (R( l ) ) = 

Lat f (A) , i t follows tha t Lat B = Lat f. 

As a r e s u l t of t h i s propos i t ion and ( 1 . 2 . 2 ) , we can s t a t e the 

following r e s u l t . 

C o r o l l a r y 1 . 3 . 2 : Suppose that B is an intermediate algebra of 

f. Then 

R( l ) = ^g(R^ n r ^ ( B ) ) . 
E 



CHAPTER 2 

REFLEXIVE EXTENSIONS 

We c o n t i n u e t h e assumpt ions we made in Chapter 1. Let B be 

an i n t e r m e d i a t e a l g e b r a of f. F o r a p o s i t i v e i n t e g e r p , we 

d e f i n e t h e p - r e f l e x i v e e x t e n s i o n of B a s t h e s e t of a l l A 

£ M ( K ) s u c h t h a t a l l B - s u b m o d u l e s of M ^ a re A - i n v a r i a n t . n 

We d e n o t e t h i s s e t by R ( B , g , p ) , w h e r e g i s the r e s t r i c t i o n 

o f f . t o B . N o t e t h a t f rom now o n , w h e n e v e r we w r i t e 

R ( B , g , p ) , we mean t h a t g i s t h e r e s t r i c t i o n of f. t o 

B . F o r t h e s a k e of s i m p l i c i t y , we w r i t e R(B,p) for R(B,g ,p) 

and R(p) for R ( f ( A ) , f , p ) . 

2 . 1 . p - r e f l e x i v e Ex tens ions 

S u p p o s e t h a t B i s an i n t e r m e d i a t e a l g e b r a of f. Then the 

fo l l owing f a c t s a r e immediate: 

2 . 1 . 1 R(B,p) i s a K-suba lgebra of M (K) . 

2.1.2 R(B,g^P\l) = Alg Lat W^^\ and 

2.1.3 B is a subalgebra of R(B,p). 

T h e f o l l o w i n g lemma l e a d s t o a r e s u l t t h a t shows t h e 

r e l a t i o n s h i p between R(B,p) and Alg Lat [B] 

Lemma 2 . 1 . 4 : L e t B be an i n t e r m e d i a t e a l g e b r a of f, and l e t 

p be a p o s i t i v e i n t e g e r . Then any element of R(B,g ,1 ) has 

the form A , for some A £ M (K) . 
n 

11 
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Proof: Set E = M (K). If r £ R( B , g ̂  ̂  \ 1 ) , then r£M(E), 
n »o ;7 , p , 

so let r = (A^.), with A^ . £ E. Since M ® ... © 0,... ,0 © 

... © M are B-submodules of M , we have A.. = 0 , for 
i j 

i f 2* M o r e o v e r , s i n c e N = < ( m , . . . , m ) : m £ M> i s a B-submodule 

of M * ^ , we h a v e m A . . = m A . . , f o r a l l i . j and m £ M . 
i J JJ 

T h u s , A . . = A . . f o r a l l i and i . S e t t i n g A = A, , = . . . = 
11 J J -̂  * 11 

A , we have r = A . 
PP 

P r o p o s i t i o n 2 . 1 . 5 : Let B be an i n t e r m e d i a t e a l g e b r a of f, and 

l e t p be a p o s i t i v e i n t e g e r . Then 

R ( B , g ^ P \ l ) = ( R ( B , p ) ) ^ P \ 

P r o o f : By Lemma 2 . 1 . 4 , R ( B , g ^ , 1 ) i s the se t of a l l A ^ , 

A £ M (K) s u c h t h a t e v e r y B - s u b m o d u l e of M ^ i s i n v a r i a n t 
n 

under A. This i s e x a c t l y (R(B,p) ) ^ . 

The fo l lowing r e s u l t immediately from 2 . 1 . 5 : 

2 . 1 . 6 A^P^ £ R ( B , g ^ P \ l ) i f and only i f A £ R ( B , p ) . 

2 . 1 . 7 (R(B,p) )^P^ = Alg L a t ( B ) ^ P \ and 

2 . 1 . 8 If B c R ( p ) , then La t [B]^^ = L a t ( f ) P . 

The n e x t r e s u l t w i l l be used to develop some more p r o p e r t i e s of 

r e f l e x i v e e x t e n s i o n s . 

L e m m a 2 . 1 . 9 : S u p p o s e t h a t B^ a n d B2 a r e i n t e r m e d i a t e 

a l g e b r a s o f f and t h a t p i s a p o s i t i v e i n t e g e r . If B^ c 

B2, then R(B^,p) c R ( B 2 , p ) . 
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P r o o f : B ^ c B2 i m p l i e s B ^ ^ ^ ^ c i ^^ ^ ^ ' T h u s , A l g 

L a t [ B ^ P ] c A l g L a t [ B 2 ^ ^ ^ ] . Now by ( 2 . 1 . 7 ) we h a v e 

( R ( B ^ , p ) ) ^ P ^ c ( R ( B 2 , p ) ) ^ P \ w h i c h i m p l i e s R ( B ^ , p ) 

c R(B2 ,p) . 

Now, we give a characterization of R(B,p). 

P r o p o s i t i o n 2 . 1 . 1 0 : Let B be an i n t e r m e d i a t e a l g e b r a of f and 

l e t p be a p o s i t i v e i n t e g e r . Then A £ R(B,p) i f and only i f 

mA £ mB for a l l m £ M ^ . 

P r o o f : A £ R ( B , p ) i f a n d o n l y i f A^^^ £ R ( B , p ) ^ P \ By 

[ 1 , 2 . 4 ] we h a v e t h a t A ^ P ^ £ Alg L a t [ B ^ P ^ ] i f and o n l y i f 

mA P £ B P , f o r a l l m £ M ^ , w h i c h m e a n s mA £ mB 

for a l l m £ M ^ P \ 

N e x t , we show a r e l a t i o n between d i f f e r e n t e x t e n s i o n s of an 

i n t e r m e d i a t e a l g e b r a of f. 

Lemma 2 . 1 . 1 1 : L e t B be an i n t e r m e d i a t e a l g e b r a of f and l e t 

p be a p o s i t i v e i n t e g e r . Then 

R(B,p+l ) 5 R ( B , p ) . 

Proof: If A £ R(B,p + l), then by (2.1.10), (m,0) £ (m,0)B 

for all m £ M ^ . This means that A £ R(B,p). 

The following is an immediate result of (2.1.11) which shows 

the nested property of reflexive extensions. 

Corollary 2.1.12: Let B be an intermediate algebra of f. Then 
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B c ... c R(B,3) c R(B,2) c R(B,1). 

2.2. Reflexive Chains 

Suppose that B is an intermediate algebra of f. We define 

the reflexive chain of B, denoted by ch(B), as follows: 

ch(B) = <R(B,p):p = 1,2,...). 

C l e a r l y , B i s a l o w e r b o u n d of t h i s cha in and R(B,1) i s the 

l e a s t u p p e r b o u n d of t h i s c h a i n . Note t h a t R(B,1) £ c h ( B ) . We 

n e x t show t h a t every r e f l e x i v e chain has R( 1) as i t s l e a s t upper 

bound, which i s in t he c h a i n . 

P r o p o s i t i o n 2 . 2 . 1 : L e t B be an i n t e r m e d i a t e a l g e b r a of f. 

Then 

R(B,1) = R ( l ) . 

P r o o f : T h a t B i s an i n t e r m e d i a t e a l g e b r a of f impl ies t h a t 

L a t B = L a t f. T h e r e f o r e , Alg L a t B = Alg L a t f = R ( l ) , 

whence R(B,1) = R ( l ) . 

Now, we can s t a t e the fo l lowing c o r o l l a r y . 

C o r o l l a r y 2 . 2 . 2 : I f B i s an i n t e r m e d i a t e a l g e b r a of f, then 

R ( B , p ) i s an i n t e r m e d i a t e a l g e b r a of f, for p = 1 , 2 , . . . . Thus 

we have 

« 

Bcz . . . c R ( B , 3 ) c R ( B , 2 ) C R ( B , 1 ) = R ( 1 ) . 
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N e x t , we show t h a t B £ c h ( B ) . T h i s m e a n s B = R ( B , p ) , 

for some p o s i t i v e i n t e g e r p . 

P r o p o s i t i o n 2 . 2 . 3 : Suppose t h a t B i s an i n t e r m e d i a t e a l g e b r a of 

f and n = deg f. Then B = R ( B , n ) . 

Proof : ( c ) i s c l e a r by ( 2 . 1 . 3 ) . 

(«=): S u p p o s e t h a t x , , . . . , x i s the b a s i s of M a f f o r d i n g f. 
i n 

We s e e t h a t ( x ^ , . . . , x ^ ) £ M^'^ . By ( 2 . 1 . 1 0 ) , A £ R ( B , n ) 

i m p l i e s t h a t ( x , , . . . , x )A £ ( x . , . . . , x ) B , w h i c h i m p l i e s 
1 n I n 

t h a t f o r some B £ B, x . A = x . B , f o r j = l , . . . , n . Thus, A 

a n d B h a v e t h e same va lue on a b a s i s of M, which impl ies A = 

B £ B. 

We s e e t h a t c h ( B ) h a s a t most n d i s t i n c t e l e m e n t s , where 

n = deg f. 

The f o l l o w i n g t h r e e lemmas a r e used to show the c lo sednes s 

p r o p e r t y of ch(B) wi th r e s p e c t to r e f l e x i v e e x t e n s i o n s . 

Lemma 2 . 2 . 4 : L e t B be an i n t e r m e d i a t e a l g e b r a of f and l e t p 

be a p o s i t i v e i n t e g e r . Then 

R ( R ( B , p ) , p ) = R ( B , p ) . 

P r o o f : L e t C = R ( B , p ) , w h i c h by ( 2 . 2 . 2 ) i s an i n t e r m e d i a t e 

a l g e b r a of f, and l e t g be the r e s t r i c t i o n of f to C. Then 
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[R(C,g,p)]^P^ = R(C,g^P\l) by (2.1.5) 

= Alg Lat[C]^P^ by (2.1.2) 

= Alg Lat[R(B,p)]^P^ 

= [R(B,p)]^P^ by (2.1.7) and [9] 

= C^P\ 

Therefore, [R(C,g,p)^P^ = C^^\ which implies that R(C,g,p) = 

C. 

Lemma 2.2.5: Let B be an intermediate algebra of f, and let 

p be a positive integer. Then 

R(R(B,p),p+l) = R(B,p). 

P r o o f : S e t C = R ( B , p ) . Then C c R ( C , p + l ) and R ( C , p + l ) c 

R ( C , p ) . T h u s , C c R ( C , p + l ) c R ( c , p ) . But , by ( 2 . 2 . 4 ) , we have 

R(C,p) = C. 

A s imple i n d u c t i o n shows 

C o r o l l a r y 2 . 2 . 6 : S u p p o s e t h a t B i s an i n t e r m e d i a t e a l g e b r a of 

f and t h a t p i s a p o s i t i v e i n t e g e r . Then for d = 0 , 1 , 2 , . . . , 

R(R(B,p) ,p+d) = R ( B , p ) . 

Lemma 2 . 2 . 7 : S u p p o s e t h a t B i s an i n t e r m e d i a t e a l g e b r a of f 

and t h a t p i s a p o s i t i v e i n t e g e r . Then 

R ( R ( B , p + l ) , p ) = R ( B , p ) . 
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P r o o f : We h a v e R ( B , p + l ) c R ( B , p ) , w h i c h i m p l i e s t h a t 

R ( R ( B , p + l ) , p ) c R ( R ( B , p ) , p ) ; t h u s , R ( R ( B , p + 1 ) , p ) c R(B,p) . 

On t h e o t h e r h a n d , B c R ( B , p + l ) , w h i c h i m p l i e s R ( B , p ) c 

R ( R ( B , p + l ) , p ) . 

A s imple i n d u c t i o n shows 

C o r o l l a r y 2 . 2 . 8 : S u p p o s e t h a t B i s an i n t e r m e d i a t e a l g e b r a of 

f a n d t h a t p i s a p o s i t i v e i n t e g e r . Then R(R(B,p+d) ,p ) = 

R ( B , p ) , for d = 0 , 1 , 2 , 

The fo l lowing i s a c l e a r consequence of ( 2 . 2 . 4 ) - ( 2 . 2 . 8 ) . 

P r o p o s i t i o n 2 . 2 . 9 : Suppose t h a t B i s an i n t e r m e d i a t e a l g e b r a of 

f and t h a t p , and p . a r e p o s i t i v e i n t e g e r s . Then 

R(R(B,p^) ,P2) = R ( B , p ) , 

where p = m i n ( p . , p 2 ) . 

T h e r e f o r e , we see t h a t for any i n t e r m e d i a t e a l g e b r a of f, t h e r e i s 

a c h a i n w h i c h i s c l o s e d under r e f l e x i v e e x t e n s i o n s . Suppose t h a t 

B i s an i n t e r m e d i a t e a l g e b r a of f. L e t R ( B , p ) be t h e 

g r e a t e s t l o w e r b o u n d of c h ( B ) , w h i c h h a s t h e p r o p e r t y t h a t 

R ( B , p ) 4 R ( B , p - l ) . Then we c a l l p t h e degree of r e f l e x i v i t y 

of B, and we w r i t e 

d . r . ( B ) = p . 
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We d e f i n e 

d . r . ( f ) = d . r . ( f ( A ) ) . 

I t i s c l e a r t h a t f o r e v e r y i n t e r m e d i a t e a l g e b r a B of f, we 

have 

d . r . ( f ) > d . r . ( B ) . 

A l s o , we d e f i n e 

c h ( f ) = c h ( f ( A ) ) . 

C l e a r l y , c h ( f ) i s the l a r g e s t among a l l the r e f l e x i v e c h a i n s . The 

f o l l o w i n g p r o p o s i t i o n shows t h e r e l a t i o n b e t w e e n c h ( f ) and 

c h ( B ) . 

P r o p o s i t i o n 2 . 2 . 1 0 : S u p p o s e t h a t B i s an i n t e r m e d i a t e a l g e b r a 

o f f a n d t h a t p i s a p o s i t i v e i n t e g e r . Then B c R ( p ) 

i m p l i e s R(B,p) = R ( p ) . 

P r o o f : We h a v e f ( A ) 5 B c R ( p ) , w h e n c e R ( f ( A ) , p ) c R(B,p) 

5 R ( R ( p ) , p ) , and so R(p) (=• R(B,p) c R ( p ) . 

2 . 3 . The Commutant 

S u p p o s e t h a t B i s an i n t e r m e d i a t e a l g e b r a of f. Define 

B' and B" as f o l l o w s : 

B' = <A £ M (K):AB = BA for a l l B £ B>, 
n 

B" = <C £ M (K):CA = AC for a l l A £ B'> = ( B ' ) ' . 
n 



19 

L e t B ĵ  , B 2 , a n d B b e i n t e r m e d i a t e a l g e b r a s of f. 

Then the fo l lowing p r o p e r t i e s a r e we l l known and easy to p r o v e . 

B c B" . 

I f B^ c B2, then B'2 c B' . 

If B is commutative, then B c B'. 

The following result is well known. 

Proposition 2.3.1: Suppose that B is an intermediate algebra of 

f. Then End_(M) = B' . 
a 

P r o p o s i t i o n 2 . 3 . 2 : L e t B be an i n t e r m e d i a t e a l g e b r a of f. 

Then 

R(B,2) c B" . 

P r o o f : G i v e n A £ R ( B , 2 ) , we m u s t show A £ B". Suppose t h a t 

B £ B ' ; we show t h a t AB = BA by showing t h a t xAB = xBA, for 

a l l x £ M. I f A £ R ( B , 2 ) , t h e n mA £ mB f o r a l l m £ M, 

w h e n c e ( x , x B ) A = ( x , x B ) C , f o r some C £ B. This impl i e s t h a t 

xA = xC a n d xBA = xBC. S i n c e B £ B' a n d C £ B, we have 

xA = xC a n d xBA = xCB f o r a l l x £ M. Now, we s u b s t i t u t e xA 

f o r xC i n t h e e q u a t i o n xBA = xCB. We o b t a i n t h a t xBA = xAB, 

for a l l X £ M. There fo re BA = AB, which imp l i e s t h a t A £ B". 

L e t B be an i n t e r m e d i a t e a l g e b r a of f. Then the fo l lowing 

a r e c l e a r consequences of ( 2 . 3 . 2 ) . 
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i ) R(2) c ( f ( A ) ) " ; 

i i ) I f B" i s an i n t e r m e d i a t e a l g e b r a of f, then d . r . ( B " ) 

< 2; 

i i i ) I f B = B ' , then d . r . ( B ) < 2 ; 

i v ) I f M i s a ba lanced B-module, then d . r . ( B ) _< 2; 

v ) B" n R ( l ) i s an i n t e r m e d i a t e a l g e b r a of f wi th d . r . ( B " 

n R ( l ) ) < 2 . 

The f o l l o w i n g p r o p o s i t i o n g ives a c o n d i t i o n on B to force 

B" t o be an i n t e r m e d i a t e a l g e b r a of f. 

P r o p o s i t i o n 2 . 3 . 3 : Le t B be an i n t e r m e d i a t e a l g e b r a of f. If 

M i s a s e m i s i m p l e B - m o d u l e , t h e n B" i s an i n t e r m e d i a t e 

a l g e b r a of f. 

P r o o f : We h a v e t o show B" c R ( l ) . Suppose A £ B" and l e t N 

be a B-submodule of M. We must show t h a t A ( N ) C N . 

I f M i s s e m i s i m p l e a s a B - m o d u l e , t h e n N i s a d i r e c t 

summand of N. T h i s i m p l i e s t h a t t h e r e i s an idempotent element 

E £ E n d _ ( M ) = B ' s u c h t h a t N = E ( M ) . T h a t A £ B" and 
B 

E £ B ' i m p l i e s t h a t AE = EA. I t i s c l e a r t h a t EAM = AEM c M, 

w h e n c e EEAM c EM, so t h a t EAM c EM, and t h e r e f o r e AEM c EM, 

s i n c e AE = EA. I t fo l lows t h a t A ( N ) ^ N , and so A £ R( 1 ) . 

N o t e t h a t i f f o r some i n t e r m e d i a t e a l g e b r a B, M i s a 

B - s e m i s i m p l e m o d u l e , then M i s C-semisimple for any i n t e r m e d i a t e 

a l g e b r a C of f, s i n c e Lat f i s complemented. 



CHAPTER 3 

REFLEXIVE REPRESENTATIONS AND MODULES 

We c o n t i n u e t h e a s s u m p t i o n s we made in Chapters 1 and 2 . In 

t h i s c h a p t e r , we f i r s t c o n s i d e r p - r e f l e x i v i t y and the module-

t h e o r e t i c , a s p e c t s , and we show t h a t isomorphisms p r e s e r v e r e f l e x i v ­

i t y . A l s o , we show t h a t i t s u f f i c e s to cons ide r indecomposable 

a l g e b r a s . Then we c o n s i d e r a l a r g e c l a s s of a l g e b r a s , to w i t , ba s i c 

s e r i a l a l g e b r a s , a n d we give a neces sa ry and s u f f i c i e n t c o n d i t i o n 

for t h e i r r e p r e s e n t a t i o n s to be r e f l e x i v e . 

3.1. p-reflexivity 

In t h i s s e c t i o n we d e f i n e p - r e f l ex iv i t y and show that t h i s 

d e f i n i t i o n i s e q u i v a l e n t with the de f in i t i on of p-ref l e x i v i t y in 

[ 1 ] . M o r e o v e r , we l o o k a t t h e m o d u l e - t h e o r e t i c aspect of t h i s 

not ion and a l so consider some spec ia l types of r e p r e s e n t a t i o n s . 

D e f i n i t i o n 3 . 1 . 1 : Let p be a pos i t i ve i n t ege r . A represen ta t ion 

f of an a l g e b r a A i s p - r e f l e x i v e i f f (A) = R(p) . In t h i s 

c a s e we a l s o say t h a t M i s a p - re f lex ive A-module. If p = 1, 

we c a l l f a r e f l e x i v e r e p r e s e n t a t i o n of A and M i s a 

r e f l ex ive A-module. 

21 



22 

The f o l l o w i n g theorem shows t h a t our d e f i n i t i o n of p - r e f l e x i v ­

i t y i s e q u i v a l e n t t o t h a t g i v e n i n [ 1 ] , and a l s o e x p l a i n s the 

m o d u l e - t h e o r e t i c a s p e c t of i t . 

T h e o r e m 3 . 1 . 2 : L e t f be a f a i t h f u l r e p r e s e n t a t i o n of the 

K - a l g e b r a A w i t h d e g f = n and co r respond ing module M. Then 

t h e fo l lowing s t a t e m e n t s a r e e q u i v a l e n t : 

i ) d . r . ( f ) < p ; 

i i ) f i s p - r e f l e x i v e ; 

i i i ) M i s a p - r e f l e x i v e A-module; 

i v ) f(A) = R ( p ) ; 

v ) f(A) i s a p - r e f l e x i v e a l g e b r a ; 

v i ) M i s a r e f l e x i v e A-module. 

Proof : ( i ) , ( i i ) , ( i i i ) , and ( i v ) a r e e q u i v a l e n t , by d e f i n i t i o n . 

( i v ) < « ' ( v ) : f ( A ) = R ( p ) i f a n d o n l y i f [ f ( A ) ] ^ P ^ = 

[ R ( p ) ] ^ P \ By ( 2 . 1 . 7 ) , we h a v e [ R ( p ) ] ^ P ^ = Alg L a t 

[ f ( A ) ] ^ P \ w h i c h m e a n s t h a t [ f ( A ) ] ^ P ^ i s a r e f l e x i v e 

a l g e b r a , i . e . , f(A) i s a p - r e f l e x i v e a l g e b r a . 

( V ) <=> ( v i ) : f ( A ) i s a r e f l e x i v e a l g e b r a i f and o n l y i f 

[ f ( A ) ] ^ P ^ = A l g L a t [ f ( A ) ] ^ P ^ w h i c h m e a n s M^^^ i s a 

r e f l e x i v e A-module. 

The fo l lowing a r e c l e a r consequences of ( 3 . 1 . 2 ) . 

C o r o l l a r y 3 . 1 . 3 : I f d e g f = n , t h e n M i s a r e f l e x i v e 

A-module. 

Proof : Use ( 2 . 2 . 3 ) and ( 3 . 1 . 2 ) . 
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C o r o l l a r y 3 . 1 . 4 : I f M ^ i s a r e f l e x i v e A - m o d u l e , t h e n 

M i s a r e f l e x i v e A-module, for ^ = 0 , 1 , 2 , . . . . 

P roof : c h ( f ) i s c l o s e d under r e f l e x i v e e x t e n s i o n . 

C o r o l l a r y 3 . 1 . 5 : E v e r y a l g e b r a has a p - r e f l e x i v e r e p r e s e n t a t i o n , 

for p = 1 , 2 , . . . . 

I n t h e f o l l o w i n g we d i s c u s s e q u i v a l e n t r e p r e s e n t a t i o n s and 

i s o m o r p h i c modules t o see t h a t p - r e f l e x i v i t y w i l l be p re se rved under 

A- isomorphism. 

P r o p o s i t i o n 3 . 1 . 6 : Suppose t h a t f i s a f a i t h f u l r e p r e s e n t a t i o n of 

A a f f o r d e d b y t h e A - m o d u l e s M ^ , i = 1 , 2 . L e t f̂  be 

e q u i v a l e n t t o f 2 . T h e n f̂  i s p - r e f l e x i v e i f and o n l y i f 

f i s p - r e f l e x i v e . C o n s e q u e n t l y , M̂  i s a p - r e f l e x i v e module 

i f and only i f M2 i s a p - r e f l e x i v e module. 

P r o o f : F i r s t c o n s i d e r t h e c a s e p = 1 . f̂  i s e q u i v a l e n t to 

f i f a n d o n l y i f d e g f̂  = deg ^2 " " ^^^ t h e r e i s an 

i n v e r t i b l e m a t r i x T £ M^(K) s u c h t h a t f 2 ( a ) = T f ^ ( a ) T 

f o r a l l a £ A , b y [ 1 2 , p . 8 1 ] . T h e r e f o r e , f ^ ( A ) i s 

r e f l e x i v e i f and only i f f2(A) i s r e f l e x i v e by [ 1 3 , p . 1 7 8 ] . 

F o r p > 1 , r e p l a c e f. by f ^ ^ \ i = i . 2 and by the 

same argument as in case p = 1, we o b t a i n the r e s u l t . 

N e x t we c o n s i d e r a d e c o m p o s a b l e a l g e b r a . Note t h a t A = 

A + A2 m e a n s t h a t A i s a r i n g d i r e c t s u m of A^ 

and A^. 
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P r o p o s i t i o n 3 . 1 . 7 : S u p p o s e t h a t A = A, + A« w i t h f = 

t o A . , i = f | ® f2 w h e r e f̂  i s t h e r e s t r i c t i o n of f 

1 , 2 . T h e n f i s p - r e f l e x i v e i f and o n l y i f f and f arc 

p-reflexive. 

Proof: For p = 1, we have Lat f = Lat f, ® Lat f, and 

Alg Lat f = Alg Lat f̂  + Alg Lat f2 by [2]. Since f(A) = 

f ĵ  (A ) + f 2 ( A ) , the result is immediate. For p > 1, 

replace f by f^P^ and f. by f.^^\ i = 1,2 and by 
1 1 ' -̂  

t he same argument as in case p = 1 , we o b t a i n the r e s u l t . 

Thus from now on we assume A i s an indecomposable a l g e b r a . 

S u p p o s e we c o n s i d e r A a s a r i g h t A-module. Corresponding 

t o t h i s m o d u l e t h e r e i s a f a i t h f u l r e p r e s e n t a t i o n f of A with 

deg f = dim^A. We see f i s 2 - r e f l e x i v e by [ 3 ] . 

S i n c e e v e r y h o m o m o r p h i c i m a g e of a s e m i s i m p l e a lgeb ra i s 

s e m i s i m p l e , every f a i t h f u l r e p r e s e n t a t i o n of a semisimple a lgeb ra i s 

r e f l e x i v e , as has been po in ted out in [ 2 ] . 

3 . 2 . On T r i a n g u l a r R e p r e s e n t a t i o n s 

L e t T ( d . , . . . , d ) d e n o t e t h e s e t of a l l m a t r i c e s with the 

b lock form 

B. 

0 

0 

B, 

0 

0 

0 B 
m̂  
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w h e r e e a c h b l o c k B i s i n t h e s e t T^ (K) o f l o w e r 

t. ' t ^ 

t r i a n g u l a r d. x d. m a t r i c e s over K. 

H e n c e f o r t h , B i s an i n t e r m e d i a t e a l g e b r a of f con ta ined 

m T ( d ^ , . . . , d ^ ) . L e t [ x ] m e a n s t h e l e a s t s t r i c t l y p o s i t i v e 

r e s i d u e o f x m o d u l e d . . F o r 1 < [ s ] < [ t ] < d . , l e t 
J - - - J ' 

B ( j , s , t ) deno te t he s , t - e n t r y of B in the j - t h b l o c k . 

L e t R d e n o t e a r e l a t i o n ob ta ined as f o l l o w s . F i r s t , spec i fy 

n o n - o v e r l a p p i n g s u b s e t s of i n d i c e s (row and column d e s i g n a t i o n s ) , 

t h e n r e q u i r e a l l e l e m e n t s of B £ M (K) wi th index in a given 
n 

subset to be equal. For numbers 1 < i, < i^ ... < i, < m, 
— 1 2 k — 

l e t R < i ^ , . . . , i ^ } d e n o t e such a r e l a t i o n t h a t invo lves only the 

b l o c k s B . , . . . , B . . B i s s a i d t o s a t i s f y R< i , , . . . , 
1 ^ k ^ 

i ^ > p r o v i d e d e a c h B £ B s a t i s f i e s R < i , . . . , i >. 

R < i , , . . . , i , > i s s a i d t o be e x t e n d i b l e i n B i f t h 

b l o c k i s 

e r e i s a 

u c h t h a t i t < i ^ , . . . , i , } and R{ i , . . . , 

i, ) is contained in R{i-,...,i ,i >. 
K 1 m q 

C o n t a i n m e n t h a s an obv ious meaning as f o l l o w s : r e l a t i o n S. 

c o n t a i n s t h e r e l a t i o n S- i n c a s e B s a t i s f i e s S. whenever 

i t s a t i s f i e s S . . 

P r o p o s i t i o n ( 3 . 2 . 4 ) , which fol lows a f t e r t h r e e lemmas, i s h e l p ­

f u l i n d e t e r m i n i n g the r e f l e x i v i t y of t r i a n g u l a r i z a b l e r e p r e s e n t a ­

t i o n s . 

Lemma 3 . 2 . 1 : For i 7̂  j , l e t R < i , j > be the r e l a t i o n 

( • ) i , s , t ) = ( . ) ( m , s ' , t ' ) . 
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f o r t h e s e t of i n d i c e s < ( s , t ) , ( s ' , t ' ) > . Then B s a t i s f i e s 

R < i , j > i f and only i f Alg Lat B s a t i s f i e s R < i , j > . 

Proof: (*=) is clear. 

(=>) L e t E ( x , y ) d e n o t e t h e m a t r i x in M (K) (where m = Â  d . ) , 
m 1 J 

with x,y-entry equal to 1 and O's elsewhere. Set 

E = E(s,t) + E(s,t') - E(s',t) - E(s',t'). 

T h e n E i s a n o n z e r o e l e m e n t i n R, fl B , s e e ( 1 . 2 . 2 ) . I t 

i s c l e a r t h a t R ( l ) c T ( d ^ , . . . , d ^ ) , s i n c e L a t B = L a t f. 

Suppose t h a t B = ( B ( x , y ) ) £ R ( l ) ; then B £ E , so 

B ( s , t ) + B ( s , t ' ) - B ( s ' , t ) - B ( s ' , t ' ) = 0 . 

S i n c e i ?̂  j , we h a v e B ( s , t ' ) = B ( s ' , t ) = 0 , whence B ( s , t ) = 

B ( s ' , t ' ) . 

Lemma 3 . 2 . 2 : Suppose t h a t R < i , j > i s the r e l a t i o n 

( • ) ( i , s , t ) = ( • ) ( : , s ^ , t ^ ) , h = l , . . . , k . 

T h e n B s a t i s f i e s R< i , j > i f and only i f Alg Lat B s a t i s f i e s 

R < i , j > . 

Proof: (*=) is clear. 

(=>) For h = l,...,k, define R^(i,J) by 

(•)(i,s,t) = (-XJ.s^'t^)-
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T h e n B s a t i s f i e s R< i , j > i f and only i f i t s a t i s f i e s R , < i , j > 

f o r a l l h = l , . . . , k . A l s o , B s a t i s f i e s R , < i , j > i f and only 

i f Alg Lat B d o e s , by ( 3 . 2 . 1 ) . Thus , the r e s u l t f o l l o w s . 

Lemma 3 . 2 . 3 : Suppose t h a t R < i , j } i s the r e l a t i o n 

( . ) ( i , s ^ , t ^ ) = ( . ) ( j , s ^ , t ^ ) , 

A = l , . . . , k and h = l , . . . , m . . 
J 

T h e n B s a t i s f i e s R< i , j > i f and only i f Alg Lat B s a t i s f i e s 

R < i , j > . 

Proof: (*») is clear. 

(=>) For 1= l , . . . , m . , de f ine R < i , j > by 

( • ) ( i , s ^ , t ^ ) = ( ^ ( j j S ^ j t ^ ) , h = l , . . . , m . . 

T h e n B s a t i s f i e s R < i , j } i f and o n l y i f s a t i s f i e s R { i , j > , 

f o r £ = l , . . , , m . . U s i n g the same argument as in Lemma 3 . 2 . 2 , we 

o b t a i n t he r e s u l t . 

P r o p o s i t i o n 3 . 2 . 4 : L e t R < i . , . . . , i , > be a r e l a t i o n as above. 

Then B s a t i s f i e s R i f and only i f Alg Lat B s a t i s f i e s R. 

Proof : (<^) i s c l e a r . 

(=*) B s a t i s f i e s R i f a n d o n l y i f B s a t i s f i e s R<i , j> for 

a l l i , j £ < i ^ , . . . , i ^ > . By ( 3 . 2 . 3 ) , B s a t i s f i e s R< i , j> if 

a n d o n l y i f A l g L a t B s a t i s f i e s R < i , j > , and t h e r e s u l t 

f o l l o w s . 
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3 . 3 . R e p r e s e n t a t i o n s of Basic S e r i a l Algebras 

By a s e r i a l a l g e b r a , we mean a f i n i t e - d i m e n s i o n a l a l g e b r a , each 

o f w h o s e i n d e c o m p o s a b l e p r o j e c t i v e modules ( l e f t and r i g h t ) has a 

u n i q u e c o m p o s i t i o n s e r i e s . The p r o p e r t i e s of such a l g e b r a s have 

b e e n s t u d i e d by Kupisch [ 8 ] , F u l l e r [ 5 ] , and Murase [ 1 0 ] . We r e c a l l 

t h a t o v e r s u c h an a l g e b r a A, each indecomposable l e f t module has 

k 

t h e f o r m P / r ( A ) P ( u p t o i s o m o r p h i s m ) , where P i s an i n d e ­

c o m p o s a b l e p r o j e c t i v e l e f t A - m o d u l e , r ( A ) i s t h e Jacobson 

r a d i c a l o f A, and k > 0 . We can o rde r the r e p r e s e n t a t i v e s of a 

f u l l s e t o f i s o m o r p h i s m c l a s s e s of indecomposable p r o j e c t i v e l e f t 

2 ~ 
A - m o d u l e s a s P ^ , . . . , P ^ , w i t h r ( A ) P j ^ ^ / r ( A ) P j ^ ^ = 

P . / r ( A ) P . , f o r j = l , . . . , n , and i f r ( A ) P ^ i^ 0 , t h e n 

P / r ( A P = r ( A ) P , / r ^ ( A ) P , . T h i s o r d e r i n g i s c a l l e d 
n n i J-

a K u p i s c h s e r i e s f o r A, a n d i s unique up to a c y c l i c permuta­

t i o n , s o t h a t we c a n and w i l l a s s u m e t h a t P^ i s of minimal 

l e n g t h . L e t S . d e n o t e t h e s i m p l e m o d u l e P ^ / r ( A ) P j , l e t 

c ( P ) = c . d e n o t e t h e c o m p o s i t i o n l e n g t h of P . , and l e t c 

= max . . c . . N o t e t h a t c i s t h e s m a l l e s t p o s i t i v e i n t e ­

g e r s u c h t h a t r ' ' ( A ) = 0 . We assume t h a t A i s an indecompos­

a b l e b a s i c a l g e b r a and a Kupisch s e r i e s has been f i x e d . Then, us ing 

a n o t a t i o n a l c o n v e n t i o n in t roduced by Janusz [ 7 ] , we can r e p r e s e n t 

every P . / r ^ ( A ) P . by a sequence of n a t u r a l numbers 

P . / r ^ ( A ) P . = ( [ n - j ] | [ n - j + l ] | . . . | [ n - j + k - l ] ) , 

w h e r e 0 < k ^ c , [ x ] d e n o t e s t h e l e a s t s t r i c t l y p o s i t i v e 
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r e s i d u e of x modulo n , and [ n - j + £ ] r e p r e s e n t s r^(A)P. / 

^ + 1« ^ 
r P j , w h i c h IS i s o m o r p h i c t o S j ^ _ . ^ ^ , , f o r £ = 0 , . . . , 

^ 1 - 1 * ^ i ^^ ^ c h a i n end of A i f C r . . , < c . . S i n c e J ^ J [ j + 1 ] — J 

we a s s u m e t h a t P̂ ^ h a s m i n i m a l l e n g t h , P is necessa r i ly a 

chain end. 

Suppose tha t A has Kupisch s e r i e s 

Pj , . . . ,P^ ,P^ +1 ' • • • »^k, ' • • • ' \ ' • • • ' \ ' 
1 1 2 m-1 m 

w h e r e P . , j £ < k , , k - , . . . , k > a r e t h e c h a i n e n d s . Then 
J i z m 

® . -.P, i s t h e u n i q u e (up t o isomorphism) minimal fa i th fu l le f t 
j 

A - m o d u l e , i n t h e s e n s e t h a t a l l f a i th fu l l e f t A-modules contain 

© . _ , P , a s a d i r e c t summand. To a f i n i t e l y generated fa i th fu l 

l e f t A-modu le M, t h e r e corresponds a set of f i n i t e sequences of 

n a t u r a l n u m b e r s , e ach c o r r e s p o n d i n g to an indecomposable d i rec t 

summand. We c a l l t h i s s e t a s e q u e n t i a l r ep re sen t a t i on of A. 

T h e r e i s a b a s i s of M as a K-vector space with the corresponding 

r e p r e s e n t a t i o n f of A such t h a t f (A) ^ T(d . . . , d ) . 
^ — i m 

Note t h a t e v e r y b l o c k represents a sequence and vice ve r sa , every 

sequence r ep resen t s an indecomposable d i r ec t summand. 

No te t h a t f ( A ) s a t i s f i e s R<i,j> if and only if there is a 

s u b m o d u l e of P . which i s a homomorphic image of P . , and 

f ( A ) s a t i s f i e s R< i > i f and o n l y i f t h e r e is a submodule of 

P. that is also a homomorphic image of P.. 
1 ^ 

I f a s u b q u o t i e n t of P . i s isomorphic to a subquotient of 

P . , t h e n t h i s i s o m o r p h i s m d e f i n e s a r e l a t i o n R<i,j> that is 
J 
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s a t i s f i e d by f ( A ) . R e l a t i o n s of t h i s k i n d w i l l be c a l l e d 

c o m p l e t e r e l a t i o n s . Now, we prove the fo l lowing p r o p o s i t i o n which 

h e l p s us t o r e c o g n i z e n o n r e f l e x i v e r e p r e s e n t a t i o n s . 

P r o p o s i t i o n 3 . 3 . 1 : Consider the fo l lowing r e l a t i o n R<i>. 

( • X i . s ^ . t ^ ) = ( . ) ( i , s ' ^ , f ^ ) , 

w h e r e Ji = l , . . . , p a n d h = l , . . . , q . Suppose t h a t f(A) s a t i s ­

f i e s R< i > a n d t h a t R<i> i s not e x t e n d i b l e . Then f i s not a 

r e f l e x i v e r e p r e s e n t a t i o n . 

P r o o f : I t s u f f i c e s t o show t h e p r o p o s i t i o n in case p = q = 1. 

T h a t f ( A ) s a t i s f i e s R< i >, w h e r e R{i> i s not e x t e n d i b l e to 

o t h e r b l o c k s , a n d t h a t ( i , s . , t , ) a n d ( i , s ' , t ' ) a r e in 

o n e d i a g o n a l i m p l i e s t h a t one of the fo l lowing elements must be in 

R^ n f(A)-'-: 

E. = E ( s , t ) + E ( s , t ' ) - E ( s ' , t ) - E ( s ' , t ' ) , or 

E2 = E ( s , t ) - E ( s , t ' ) + E ( s ' , t ) - E ( s ' , t ' ) , 

where E(x,y) denotes the matrix with x,y-entry equal to 1 and O's 

elsewhere. 

Pick either E., j = 1,2, say E^, which is nonzero, 

have: 

EJ 3 (R^ n f(A)-'-)-'- = Alg Lat f. 

This means that Alg Lat f satisfies the following relation S: 

We 
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( • ) ( i , s , t ) + ( • ) ( ! , s , t ' ) - ( • ) ( i , s ' , t ) 

- ( • ) ( i , s ' , t ' ) = 0. 

H e n c e , Alg La t f s a t i s f i e s a r e l a t i o n which f(A) does no t . 

This i s a c o n t r a d i c t i o n , s ince f(A) c Alg Lat f. 

As a r e s u l t of ( 3 . 2 . 4 ) and ( 3 . 3 . 3 ) , we can s t a t e the following. 

C o r o l l a r y 3 . 3 . 2 : f i s a re f lex ive r ep resen ta t ion if and only if 

f ( A ) d o e s n o t s a t i s f y a r e l a t i o n in one block that cannot be 

e x t e n d e d t o a n o t h e r b l o c k . E q u i v a l e n t l y , M is a re f lex ive A-

module if and only i f the following holds : 

G iven any i n d e c o m p o s a b l e d i r ec t summand P of M, if 

N. = N« a r e two d i f f e r e n t s u b q u o t i e n t s of P, then 

t h e r e i s another indecomposable d i r ec t summand P' of M 

with a subquotient N such that N = N. ^ N2. 

T h e r e f o r e , t o d e t e r m i n e r e f l e x i v i t y we number diagonals s t a r t i n g 

w i t h 1 f o r t h e main diagonal , 2 for the next one down, and so on. 

We f i n d t h e l a r g e s t number d, i f any e x i s t s , for which f(A) 

s a t i s f i e s some R<i> that involves elements in the d-th d iagonal . 

I f R<i> i s ex t end ib l e , then f is r e f l e x i v e , o therwise , i t is not 

r e f l e x i v e . S o , in t h e s e q u e n t i a l r epresen ta t ion of A, i t suf­

f i c e s t o c o n s i d e r s e q u e n c e s which are not contained in any other 

s e q u e n c e s ; t h a t i s , chain ends. Note that a f a i th fu l module con­

t a i n s a l l t h e c h a i n ends as d i r e c t summands, so we have the 

fol lowing: 
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C o r o l l a r y 3 . 3 . 3 : I f t h e minimal f a i t h f u l A-module i s r e f l e x i v e , 

t hen any f i n i t e l y g e n e r a t e d f a i t h f u l A-module i s r e f l e x i v e . 

F o r t h e r o u g h i d e a of t h e proof of the fo l lowing theorem my 

thanks go t o P r o f e s s o r Wil l iam H. Gus ta f son . 

T h e o r e m 3 . 3 . 4 : S u p p o s e t h a t A h a s m o r e t h a n one chain end. 

Then every f a i t h f u l A-module i s r e f l e x i v e . 

Proof : Let A have Kupisch s e r i e s 

P ^ , . . . , P ^ ,P^ +!»••• 'Pfc ' • • - ^ k / • • • ' ^ k ' 
1 1 2 m-1 m 

w h e r e P , , P , , . . . , P , a r e t h e c h a i n e n d s . S u p p o s e 
1 2 m 

t h a t f i s t h e m i n i m a l f a i t h f u l r e p r e s e n t a t i o n of A, which i s 

a f f o r d e d b y M = P, ® . . . ® Pj^ • Then by ( 3 . 3 . 3 ) and 
1 m 

( 3 . 1 . 6 ) , i t s u f f i c e s to show t h a t f i s a r e f l e x i v e r e p r e s e n t a t i o n . 

N o t e t h a t R ( l ) i s c o n t a i n e d i n T ( c ^ , . . . , c ^ ) . S e t 
1 m 

d, = k, , and d . = k . - k . , , for j > 2 . Reca l l t h a t 
1 1 ' J J J -1 

P . / r ^ ( A ) P . = ( [ n - j ] | [ n - j + l ] | . . . | [ n - j + k - l ] ) , 

f o r 0 < k < c . . T h u s , we have the fo l lowing s u r j e c t i o n s ( s i n c e 

ra > 1 ) . 

for j = 1 , . . . , m - l , and 

m 1 
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Each i s o m o r p h i s m i n t h e a b o v e l i s t defines a complete r e l a t i o n 

R { i , j ) b e t w e e n two c o n s e c u t i v e b l o c k s j and j + 1 , for j = 

1 , . . . , m - l and a complete r e l a t i o n R<m,l> between blocks m and 

1 . By ( 3 . 2 . 2 ) , t h e s e r e l a t i o n s a r e p r e s e r v e d under re f lex ive 

e x t e n s i o n s . 

L e t us g i v e an example to show that if A has only one chain 

end, then the minimal f a i t h fu l module may not be r e f l e x i v e . 

S u p p o s e t h a t A i s an indecomposab le basic s e r i a l algebra 

w i t h n = 2 , c- = 3 and c = 4 . Then P2 = (2 1 2 1) i s 

t h e c h a i n e n d , and P = (1 2 1 ) . If f is the minimal fa i th fu l 

r e p r e s e n t a t i o n of A, then 

f(A) = < 

a 0 0 0 

c b 0 0 

d e a 0 
;a ,b ,c ,d , e , f , and g £ K • 

f g c b 

Note that f(A) satisfies the following relation R<1}. 

(.)(1,1,1) = (•)(1,3,3) 

(.)(1,2,2) = (0(1,4,4) 

(.)(1,2,1) = (0(1,4,3), 

w h i c h i s a c o m p l e t e r e l a t i o n c o r r e s p o n d i n g t o t h e following 

isomorphism 

r2(A)P2 = P2/r^(A)P2. 
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S i n c e t h e r e i s only one b l o c k , R<1} i s not e x t e n d i b l e ; t h e r e f o r e , 

t h e minimal f a i t h f u l module P. i s not r e f l e x i v e . 

The fo l lowing a r e immediate c o r o l l a r i e s of ( 3 . 3 . 5 ) . 

C o r o l l a r y 3 . 3 . 5 : Suppose t h a t M i s a f a i t h f u l A-module. If M 

h a s a t l e a s t two indecomposab le i n j e c t i v e , p r o j e c t i v e d i r e c t sum­

mands, t hen M i s r e f l e x i v e . 

P r o o f : By [ 5 ] , t h e c h a i n e n d s a r e p r e c i s e l y the indecomposable 

i n j e c t i v e , p r o j e c t i v e modules . 

C o r o l l a r y 3 . 3 . 6 : S u p p o s e t h a t A c o n t a i n s more than one chain 

end . Then the r e g u l a r r e p r e s e n t a t i o n of A i s r e f l e x i v e . 

Proof : The r e g u l a r r e p r e s e n t a t i o n i s f a i t h f u l . 

C o r o l l a r y 3 . 3 . 7 : Every f a i t h f u l module over a b a s i c quas i -F roben ius 

s e r i a l a l g e b r a wi th n > 1 i s r e f l e x i v e . In p a r t i c u l a r , the r e g u ­

l a r r e p r e s e n t a t i o n of such an a l g e b r a i s r e f l e x i v e . 

P r o o f : I f A i s a q u a s i - F r o b e n i u s , t h e n ^ i ~ '̂  2 ~ * ' * ~ 

c a n d P , , P „ , . . . , P a r e c h a i n e n d s ( s e e [ 1 0 ] ) . Thus i f 
n 1 2 n 

n > 2 , we h a v e a t l e a s t two cha in e n d s , so t h a t the r e s u l t f o l ­

lows by ( 3 . 3 . 5 ) . 

Now we c o n s i d e r the case of one chain end. 

T h e o r e m 3 . 3 . 8 : S u p p o s e t h a t A c o n t a i n s on ly one cha in end. 

T h e n t h e A - m o d u l e P ^ ® r ^ ( A ) P ^ i s r e f l e x i v e and i s of 

minimal dimension among a l l the r e f l e x i v e A-raodules. 
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P r o o f : In t h i s c a s e , c . = c - n + j , thus n £ c . If n = c , 

t h e n A = T ( K ) , a n d P i s r e f l e x i v e . N o t e t h a t i n t h i s n n 

c a s e , r ( A ) = 0 . Now s u p p o s e t h a t c - n > 0 . Then we have 

t h e f o l l o w i n g s u r j e c t i o n 

P „ - ^ r ' ' ( A ) P = P /r '^" ' ' (A)P . n n n n 

T h i s i s o m o r p h i s m d e f i n e s a r e l a t i o n i n s i d e one b l o c k . By ( 3 . 2 . 2 ) , 

t h e r e p r e s e n t a t i o n c o r r e s p o n d i n g to P i s not r e f l e x i v e . Thus, 
n 

we need a t l e a s t one more b lock co r respond ing to r (A)P . 

An i n t e r e s t i n g r e s u l t of ( 3 . 3 . 8 ) i s the case where n = 1, 

i . e . , t h e c a s e w h e r e A i s an indecomposable l o c a l b a s i c s e r i a l 

a l g e b r a . I n t h i s c a s e , by ( 3 . 3 . 8 ) A ® r(A) i s r e f l e x i v e , and 

o f m i n i m a l d i m e n s i o n among a l l the f a i t h f u l r e f l e x i v e A-modules. 

N o t e t h a t d im (A © r ( A ) ) = 2c - 1 . Now s u p p o s e t h a t A = 
IX 

A + ... + A is the ring direct sura of the A., where 

each A. is a local serial algebra over the algebraically 
J 

closed field K. Then A. © r ( A . ) is reflexive for each 

j, and of minimal dimension among all faithful reflexive A.-

modules. By (3.1.7), © ^ ( A j ® r ( A O ) is re f lexive, and we 

have 

t 
® (A. ® r ( A . ) ) = A ® r ( A ) . 
1 ^ -• 

T h e r e f o r e , i n t h i s c a s e t h e A - m o d u l e A ® r (A) i s r e f l e x i v e , 

a n d i s of m i n i m a l d i m e n s i o n among a l l the f a i t h f u l r e f l e x i v e A-

m o d u l e s . 
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Let T be a linear transformation on a finite-dimensional 

vector space V over the field K. If m = p^lp2^... p''̂  is 

the minimal polynomial of T, with p^ , P2 , • . . , P̂ . distinct 

irreducible polynomials of the form p.(x) = x - X.,X. £ K, 
J J J 

then s e t t i n g A = K [ x ] / ( m ) , we have 

• • . 

A = A^ + A2 + . . . + A , 

w h e r e A . = K [ x ] / ( x J ) , f o r j = l , . . . , t . Each A. i 

a n i n d e c o m p o s a b l e , l o c a l , b a s i c s e r i a l a l g e b r a . Thus, the case 

n = 1 i s t he case t h a t Deddens and F i l lmore cons ide red in [ 4 ] ; they 

reached t he same r e s u l t i m p l i c i t l y . 

F o r c o m p l e t e n e s s , we inc lude the fo l lowing summary of ( 3 . 3 . 5 ) 

a n d ( 3 . 3 . 1 ) , w h i c h was c o n j e c t u r e d by P r o f e s s o r W i l l i a m H. 

G u s t a f s o n . 

T h e o r e m 3 . 3 . 9 : I f a m i n i m a l f a i t h f u l module M over the bas i c 

i n d e c o m p o s a b l e s e r i a l a l g e b r a i s decomposable, then every f a i t h f u l 

A - m o d u l e i s r e f l e x i v e . I f M i s i n d e c o m p o s a b l e , t h e n M ® 

r ( A ) M i s a r e f l e x i v e m o d u l e of m i n i m a l d i m e n s i o n , w h e r e 

r ( A ) i s t h e J a c o b s o n r a d i c a l of A, and n i s the number of 

s imple components of A / r ( A ) . 

The f o l l o w i n g two c o r o l l a r i e s a r e due to P ro fe s so r Will iam H. 

G u s t a f s o n . I n b o t h , A i s an i n d e c o m p o s a b l e b a s i c s e r i a l 

a l g e b r a . 


