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CHAPTER I 

INTRODUCTION 

The General Linear Programming Problem 

Applied decision theory Is the name given to the 

science of developing solutions to real world problems. 

The particular science of optimizing (either maximiza

tion or minimization) numerical objective functions of 

one or more variables subject to variable constraints 

is the part of decision theory known as mathematical 

programming. If the objective function and constraints 

are restricted to linear functions, mathematical pro

gramming reduces to linear programming. 

Consider the furniture manufacturer making two 

items--round tables and square tables, each of which 

requires a certain amount of machining and hand labor. 

The manufacturer's problem is to determine the pro

portionate number of round and square tables to maxi

mize profits. Assume the manufacturer has b, avail

able machine hours and bp available hand labor hours. 

Each round table requires a,, machine hours and ap, 

hand labor hours. Each square table requires a,p 

machine hours and agg hand labor hours. If c, and 

1 



Cp represent the profit per round and square table 

respectively, the problem may be stated as 

maximize z 

subject to 

and 

C^X, + C2X2 

^91^1 ^99^9 ^ 9 

x^ , Xp >, 0 

with X, and Xp representing the number of round 

and square tables to be manufactured for the next time 

period. The deterministic problem requires each c.; 

a..; b.; i = 1,2; j = 1,2 to be known quantities. 

The manufacturing problem just presented is a simplism 

of linear programming problems. The general linear prob 

lem is capable of handling n products with m con-

strai nts. 

The general linear programming problem may be 

written (using vector notation) 

(1.1) 

optimize z = C X 

subject to AX = B 

and X > 0 

To insure continuity of notation throughout this 
paper, small letters will be used to represent scalar 
quantities and capital letters will represent vectors 
and matricies. A superscript T will denote the trans
pose of the vector or matrix. Additional notation will 
be explained as introduced. 



where 

A » (^ii^ ^̂  ^" m-by-n matrix; 

B = (b.) Is an m-by-1 vector; 

C = ( c . ) , X • (x.) are n-by-1 vectors; 

and the superscript T stands for transpose. The prob 

lem is to determine the unique X vector so that opti-

mality is achieved without violating the constraints. 

This particular problem has been under investigation by 

mathematicians and quantitative business analysts for 

many years. The quantitative business analysts group, 

composed of economists, operations research analysts, 

management scientists, and planners, has pursued the 

linear programming problem to determine the best alloca

tion of scarce resources with successful application to 

problems such as product-mix, production scheduling, 

transportation, input-output analysis, and personnel 

assignment, to name a few. There is ample literature 

dealing with applications of the linear problem. 

In most applications the elements of A, B, and 

C are considered to be known constants. In the manu

facturing example, the usual assumption is that the 

contributions ( c . ) , the available resources (b^.), 

and the resource requirements per product {^AA) ^^^ 

known quantities without variance. As illustrated 



later, this is vary rarely the case. However, when A, 

B, and C are deterministic, several properties in 

the theory of linear programming are extremely useful 

in developing solution algorithms and in performing sen

sitivity analysis of the solution. 

First, the feasible solution set described by 
2 

AX = B, X ^ 0 Is a convex polyhedron, so that the 

extreme points are finite in number. The optimal solu

tion is a basic feasible solution, that 1s, It corre

sponds to an extreme point of the feasible solution set; 

therefore, a solution algorithm is a finite search tech

nique. The earliest solution algorithm was the simplex 
3 

procedure developed by Dr. George B. Dantzig In 1947. 

The simplex procedure, with many modifications and re-
4 

finements, provided the impetus to linear programming. 
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A second property In the theory of linear program 

ming is duality. Corresponding to eyery linear program 

ming problem, called the primal, there exists a second 

linear programming problem called its dual. If for 

(1.1) the objective Is to maximize z = C X, the dual 

is 

(1.2) 

minimize z' = B ' W 

subject to A^W > C 

with the components of W being unrestricted as to sign. 

The primal variables are interpreted as follows: 

^i 

1 

'\^ unit of product 

"^ unit of resource 

'\̂  dollars per unit of product 

'V' unit of resources per unit of 

product. 

The dual solution vector W = (w^) is interpreted as 

w. % dollars per unit of resources 

thus, W, the optimal solution vector of the dual, is 

a measure of the effectiveness of the optimal primal 

program. Many useful results arise from duality. The 

most important of which states that 



max z 

(subject to 

restrictions 

from 1.1) 

min z' 

(subject to 

restrictions 

from 1.2) 

and that if an optimal solution exists for one then 

an optimal solution exists for the other. 

Significant economic interpretations may be 

attached to the dual and/or primal variables, thus 

making linear programming a yery useful tool--provided 

the assumptions of the model are met. Continuity, 

no priority in selection of variables, and the ability 

to establish quantifiable relationships among variables 

are requirements for the linear models. Two additional 

assumptions will be examined in this paper. The two 

assumptions being: (1) linearity and (2) deterministic 

coefficients. This paper primarily deals with the prob 

lem of requiring deterministic coefficients. The va

lidity of the linearity assumption for a broad class of 

problems has been adequately examined in the literature 

and will not be repeated in this paper. However, ex-

There are many sources that examine the dual in 
depth. See, for example, ibid. , chap. 8; G. Hadley, 
Linear Programming. (Addi son-Weslev Publishing Company, 
Inc.. Reading, Massachusetts, 1 9 6 2 ) , chap. 8; or Saul 
I. Gass, Linear Programming Methods and Applications, 
(McGraw-Hill Book Company, Inc., New York, 1 9 5 8 ) , 
chap. 5. 
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tensions to non-linear programming problems will be 

made. 

B. 

Need for Studying the Stochastic 
Linear Programming Problem 

In many practical applications the elements of A, 

and C are not known constants and would best be 

described by random variables. For the manufacturing 

example, a product-mix problem, the elements of C 

(c,,Cp) represent the contribution on a per unit basis 

and are very seldom known with certainty. Losses, 

spoilage, inventory control, and uncertain demand re

quire the elements of C to be expressed as random 

variations for the next time period. Similarly, the 

available resources (bi,b2) and the resource require

ments for each product (^ii»^i?»^21 *^22^ ^^^^ vary 

due to machine breakdown, quality control, technology, 

and other unforeseen circumstances. When any of the 

elements of A. B, or C become random variables, 

the problem becomes one of stochastic linear programming 

The manufacturing example, as well as many other 

linear programming applications, falls in the stochastic 

programming class making it Important to study a prob

lem similar to (1.1) but to allow the elements of A, 

B, and C to become random variables. To study the 

stochastic problem creates a new set of requirements 
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since the theorems and solution techniques available 

for deterministic linear programming are not valid for 

the stochastic problem. 

The Study Plan 

In the stochastic problem, the goal or objective 

Is ill-defined since randomness does not allow the 

establishment of a unique optimal X vector. There

fore, to effectively handle the stochastic problem a 

different set of theorems and solution techniques are 

required. The study of the stochastic linear program

ming problem is divided into the following parts: 

1. To provide a literature review to illustrate 

the limitations and assumptions of the current formu

lations to the stochastic problem. 

2. To develop the simulation model, a new approach 

to the stochastic problem, to overcome many of the limi

tations of the prior formulations. 

3. To illustrate the ability of the simulation 

approach to be extended to formulations of mathematical 

programming in general. 

4. To use a numerical example to illustrate the 

techniques of the simulation approach. 

The first step will be to examine the existing 

work that has been done in the stochastic area. In the 

next chapter this paper will review some of the important 



results found in the literature concerning the sto

chastic linear programming problem. 



CHAPTER II 

STATE OF THE ART OF STOCHASTIC LINEAR 

PROGRAMMING: A LITERATURE REVIEW 

Development of the simplex algorithm spawned con

siderable research in the area of linear programming. 

Numerous examples of linear programming, dealing with 

both the theoretical development and applications, have 

appeared in the literature providing ample evidence to 

indicate deterministic linear programming is still under 

extensive investigation. The stochastic problem first 

appeared in the literature in the mid-fifties and has 

been discussed with Increasing frequency since that 

time. Since no purpose would be served by including all 

literature, representative works will be presented to 

portray the various stages of development in stochastic 

linear programming. 

This chapter will begin with the formulation of 

specific applications; continue with the formulations 

that restricted randomness to one of A, B, or C; 

and then consider the approaches that allowed randomness 

in any and all of A, B, and C. Next, this chapter 

will present the chance-constrained approach to the 

10 
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stochastic problem and then the fractile approach to 

stochastic linear programming. Finally, the formula

tions of duality In the stochastic linear problem will 

be examined. 

Approaches to Stochastic Linear Programming 

Specific Applications 

Dantzig provided one of the early formulations 

of the stochastic problem. The initial work was for 

the purpose of extending linear programming methods 

. . . to include the case of uncertain demands for 
the problem of optimal allocation of a carrier fleet 
to airline routes to meet an anticipated demand dis
tribution. 7 

This problem is best described by the transportation 

model. To provide a solution, Dantzig presented several 

models, all of which were divided into two or more stages 

The quantities of activities in the first stage must be 

determined, while the quantities in the later stages 

depend on the earlier stages and the random demands 

which occur on or before the latter stage. The actual 

solution to routing aircraft was not presented in the 

article. Rather, theoretical development, primarily 

George B. Dantzig, "Linear Programming Under 
Uncertainty," Management Science, Vol. 1, (No. 3-4, 
1955 ) , pp. 197^TQ7! 

^Ibid. , p. 197. 
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concerning convexity, was presented. The only random

ness allowed in the models is in the demand at each 

destination, which has the effect of restricting random 

ness to the objective cost function. 

In the two stage problem, let u. be the total 

amount assigned to meet demand and d. be the unknown 

demand at destination j, j=l,2....,n. The problem 

has the following structure. For the first stage: 

(2.1) 
n 

j = l 

X.. = a., x^j > 0 

(2.2) 
m 
z 

1=1 

b..Xj . = u . 
1J 1j J 

f h 

where x. . represents the amount of the 1 resource 
f' h 

assigned to the j destination and b.. represents 

the number of units of demand at destination j that 

can be satisfied by one unit of resource 1. The total 

amount of resource i assigned to all destinations will 

be represented by a. and u. will represent the demand 

units at each destination that may be satisfied. For the 

second stage: 

dj = Uj + V. - s, (j = l ,2,. .. ,n) 

where v. is the shortage of supply and s. is the 
J J 
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excess of supply. 

The total cost function is assulfied to be of the 

form 

Cost = C = 
m 
I 

1 = 1 

n 

j = l 
^ij^ij " 

n 

j = l 
^j^j 

and depends linearly on the choice of x.. and the 

shortages v. (which depend on assignments u. and 
J J 

the demands d . ) . Dantzig's objective was to minimize 
sJ 

total expected costs. 

By defining •.(u.|d.) as the minimum cost at 

destination j with supply u. and demand d., then 

• j ^ ^ j i ^ j ) 

•^j^^j-^j) • "̂ j ^ "j 

, d . < u . 

where k. is the coefficient of proportionality. It 

should be recognized that cost is primarily concerned 

with the failure to meet the demand and does not include 

the inventory cost when supply exceeds demand. Dantzig 

then established the following theorem: 

Th eorem II.1: The expected value of *--(u.|d.), denoted 
J J J 

by • ( u . ) , is a convex function of u.. 
J J J 

8 

8 
Ibid. , p. 200. 



14 

Using the theorem, the expected value of the 

objective function becomes 

(2.3) E(C) 
n 

^ ^Ij^lj * 
j = l 

where *j(Uj) are convex functions and E(C) is 

expected value of the cost. The original problem has 

been reduced to minimizing (2.3) subject to (2.1) and 

(2.2). Dantzig next utilized the ability to approximate 

a convex function by a series of convex rectangles to 

arrive at an equivalent deterministic linear programming 

problem. 

Dantzig's formulation is typical of other formula

tions arising from specific applications. While pro

viding a tool for solving the specific problem, the 

limiting assumptions and restrictions for each applica

tion preclude solving the general problem. 

See, for example, G. Dannerstedt, "Production 
Scheduling for an Arbitrary Number of Periods Given The 
Sales Forecast in the Form of a Probability Distribu
tion," Operations Research, Vol. 3 (No. 3, 1955), pp. 
300-318; A. R. Ferguson and G. B. Dantzig, "The Alloca
tion of Aircraft Routes--An Example of Linear Program
ming Under Uncertain Demand," Management Science, Vol. 3, 
(No. 1, 1959), pp. 45-73; and C. van de Panne and W. 
Poop, "Minimum-Cost Cattle Feed Under Probablistic Pro
tein Constraints," Management Science, Vol. 9 (No. 3, 
19 6 3 ) , pp. 405-430. 
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Randomness Restricted to One 
of A, B, or r" 

Many of the early formulations restricted random

ness to one of A, B, or C. No matter where random

ness is allowed, the objective function is random. For 

randomness in A or B results in a random feasible 

solution set even if C were constant; hence, X is 

random. With a random objective function, the goal or 

objective of the program is unclear. Specification of 

the program objective results in a decision-theoretic 

classification of risk-taker, r1sk-averter, or having 

an expected value attitude toward risk. The early 

formulations required a decision-theoretic classifica

tion that remained unchanged throughout the problem. 

This lack of versatility is one of the shortcomings of 

the approaches discussed in this chapter. 

Freund states the linear problem as 

maximize z = C B 

subject to AX £ B 

and X > 0 

and assumes that only C is random. Freund then spec

ifies a utility function with the decision criteria to 

^ R . J. Freund, "The Introduction of Risk Into a 
Programming Model," Econometrica, Vol. 24 (No. 3, 1956), 
pp. 253-263. 
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maximize expected utility. He studies two different 

utility functions and, in both cases, shows that the 

stochastic problem reduces to a quadratic programming 

problem. Both utility functions Imply a risk-averter 

attitude in decision making. Even though risk-averting 

is probably the most prevalent attitude in industrial 

application, it still precludes complete generality. 

In one formulation define u(C X) = 1 - e"^ , 

where a is a positive constant. Suppose C Is 

distributed multivariate normal with mean vector M 

and covariance matrix V, N ( M , V ) . Then the expected 

u111i ty is 

+ 00 

E(u) (1 - e 
-ac'^'X) g-(C^X-M"^X)^/2X^VX^(^Tx) 

and the maximization is accomplished if M X - aX VX/2 

is maximized. 11 

The quadratic program equivalent to the original 

stochastic problem is 

maximize M^X - aX^VX/2 

subject to AX ^ B 

and X > 0. 

11 
Ibid. , footnote 2, p. 255. 
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The constant a indicates the decision maker's aversion 

to risk: the larger the value of a, the more conser

vative the decision maker. 

In the second formulation, define u(C X) = 

C^X - tX CC X, where t is a positive constant. Then 

expected utility is 

E(u) = (EC^)X - tX^(ECC^)X. 

Therefore, to maximize expected utility, maximize the 

quadratic function 

(EC^)X - tX^(ECC^)X 

subject to AX ^ B 

and X >̂  0. 

Even though Freund exhibits the equivalent quadratic 

problem for the stochastic linear problem, this does 

not imply a general solution since some objective 

function definitions may not be solvable by the avail

able quadratic algorithms. 

In an attempt to utilize the utility function 

1 2 
approach for all decision makers, van Moeseke defines 

the utility function 

Paul van Moeseke, "Minimax-Maximin Solution to 
Linear Programming Under Risk," (Abstract), Econometrica, 
Vol. 31 (No. 4, 1 9 6 3 ) , pp. 749-750. 
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(2.4) U = (EC^)X + mVar(C^X) 

where m is a constant. The first term in (2.4) 1s 

linear, so convexity depends on the second term. This 

utility function covers the risk-taker (m>0), the 

risk-averter (m<0) , and the expected value attitude 

(m=0). Van Moeseke's work eliminated one of the weak

nesses in Freund's effort, but still retained the 

restriction of randomness to C. 

Randomness in B poses a different kind of prob

lem than randomness in C. Variance in B changes 

the feasibility of a particular X. The particular prob 

lem associated with 1nfeasibi1ity of the X vector 

will be covered later, but first an examination of 

1 3 research by Madansky, where he only allowed randomness 

in B, wi11 be made . 

Madansky stated his original problem as 

(2.5) 

minimize C^X + D^Y 

subject to AX + GY = B 

and X > 0. Y > 0 

where B is random. Madansky's approach is called the 

'slack' solution and is explained in the following two 

1 3 
Albert Madansky, "Inequalities for Stochastic 

Linear Programming Problem," Management Science, Vol. 6 
(No. 2, 1960 ) , pp. 197-204. 
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decision rules. 

The first decision rule is to select X, observe 

B, then select Y such that [YJ is feasible. This 

rule says that the decision maker chooses Y to over

come the possibility that the original choice of X 

is infeasible. 

Defining C(B,X) = miny C^X + D^Y. the stochastic 

problem (2.5) is replaced by 

(2.6) 

minimize E(C(B,X)) 

subject to X > 0 

The second decision rule is to observe B and then 
rx 

select [YJ. This will establish bounds on the optimal 

value for (2.6). Even though B is random, the deci

sion maker knows the values before selecting X and Y. 

The choices of X and Y are made by solving a deter

ministic linear programming problem using the observed 

values of B. This decision rule results in an optimal 

value of 

minj^ miny C^X + D^Y = min^^ C(B,X) 

and the E(min« C(B,X)) in the long run. 

Clearly, the second decision rule is at least as 

good as the first since the decision maker makes no 

selections until all the data 1s gathered. Madansky 
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extends his work to show that this is the case. He 

further established several theorems on convexity of 

minj^ C ( B , X ) . 

There are other formulations that allow randomness 

in either C or B. They are primarily repetitions of 

the cited examples, and by using an expected value cri

terion, exchange the stochastic linear problem for a 

problem with a known solution algorithm. There is a 

complete absence of literature on formulations of prob

lems that only allow randomness in the A matrix. 

Randomness in Any of 
A, B, and C 

There were some attempts to treat the stochastic 

problem when allowing randomness in any of A, B, and 

C. In most cases, attempts were made to substitute a 

deterministic problem for the stochastic linear pro

gramming problem. One way to obtain a deterministic 

problem from the stochastic problem is to replace the 

14 
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random variables with their expected values. Using this 

approach, the deterministic problem becomes 

optimize z = (EC')X 

(2.7) subject to (EA)X = EB, X ^ 0. 

The problem (2.7) is called the certainty correspondent, 

and the solution is called the expected value solution. 

A second method is to replace the random variables with 

pessimistic estimates. This solution is called the 

'fat' solution arising from the fat or excess allowed 

by the pessimistic estimate. This is an undesirable 

procedure when scarce resources are involved. A third 

method is the 'slack' solution, outlined previously, of 

restating the problem into a two-stage problem where the 

second stage is used to over come the inaccuracies of the 

first stage. An examination and comparison of these 

techniques is presented in a second paper by Madansky. 

LaCava provides a flexible approach allowing 

randomness in any of A, B, and C by utilizing a 

loss function. The three attitudes toward decision 

making under uncertainty can be incorporated into the 

16 

Albert Madansky, "Methods of Solutions of Lin
ear Programs Under Uncertainty," Operations Research, 
Vol. 10 (No. 4, 1 9 6 2 ) , pp. 463-471^ 

Gerald Joseph LaCava, "A Study of Risk-Aversion 
and Duality in Stochastic Linear Programming" (unpub
lished Ph.D. dissertation. University of Kansas, 1971). 
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loss function approach. One limitation of this approach 

is the assumption that the decision maker is consistent 

in his attitude.^^ 

LaCava demonstrates that if A, B, and C are 

random then there exist two sources of loss. 

1. There exists a loss associated with the ina

bility to optimize C X. 

2. There exists a loss associated with the ina

bility to satisfy the constraints AX = B. 

The first type of loss is represented by the loss 

function f(C^X - t(A,B,C)) where t(A,B,C) represents 

the optimal value for the observed triple (A,B,C). The 

second type of loss is the loss due to 1nfeasibi1ity and 

may be represented by the loss function g(B - A X ) . 

Choose X and observe (A,B,C): then there exists a 

loss function 

(2.8) L(A,B,C,X) = f(C^X - t(A,B,C)) + g(B - AX) 

for every XcD, where D represents the set of alter

native values for the decision maker. All three atti

tudes toward uncertainty can be Introduced into the loss 

function (2.8) by the choices of f and g. Both f 

1 8 
This assumption implies the decision maker is 

not a risk-taker and, at the same time, a risk-averter 
in dealing with the same problem. That this may not be 
the case in reality Is pointed out by LaCava, 1 b 1 d. ,p. 3 
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and g are convex (in X) if the decision maker is 

risk-averse; concave, if the decision maker is 

risk-prone; and linear, if the decision maker portrays 

an expected value attitude. LaCava's formulation is 

similar to the utility function formulations presented 

earlier. 

Chance-Constrained Programming 

The more recent approaches to the stochastic 

linear problem have been along the lines of chance-

constrained programm1ng--a technique developed in the 

1 9 
late fifties. The problem of chance-constrained pro
gramming is defined as follows: 

Select certain random variables as functions of 
random variables with known distributions in such 
a manner as (a) to maximize a functional of both 
classes of random variables subject to (b) con
straints on these variables which must be main
tained at prescribed levels of probabi1ity.20 

More loosely, the method is to select a solution vector 

from the set of all vectors which satisfy the constraints 

with a probability greater than a where a is a pre

determined vector of real numbers between zero and one. 

The method of solution is to divide the problem 

A. Charnes and W. W. Cooper, "Chance-Constrained 
Programming," Management Science, Vol. 6 (No. 1, 1 9 5 9 ) , 
pp. 73-79. 

20 
Ibid. , p. 73. 
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Into two parts: (1) determine the distribution that 

optimizes the functional (determine the optimal distri

bution of decision vectors), and (2) approximate the 

optimal distribution by a randomized decision rule 

(functions of the known random variables). 

Chance-constrained programming is best explained 

by an example. Consider the general linear problem: 

(2.9) 

maximize z = C X 

subject to AX < B 

and X > 0 

A chance-constrained formulation would replace (2.9) 

with the following problem: 

(2.10) 

optimize f(C,X) 

subject to P(AX < B) >i a 

where P means probability; A, B, and C are con

sidered as random variables; and a is an m-by-1 vector 

of constants that represent probability measures. Thus, 

an element 0 < a. < 1 is associated with a constraint 
1 " 

n 

j = l 
^ij^j ^ -̂

to give 
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n 

j'l 

a^jXj < b^) > a 
1 

th which means that the 1 "•' constraint may be violated, 

but at most 1 - a^ proportion of the time. 

The general problem is choosing a decision rule 

X = g(A,B,C) 

with the function g being chosen from a class of func

tions to Insure that X will (1) satisfy (2.10) and 

(2) optimize f(C,X). The chance-constrained problem 

requires the proper selection of the f and g func

tions. 

Even though chance-constrained programming is a 

general approach to the stochastic problem, it becomes 

a trade-off of one uncertainty (the stochastic problem) 

for a second uncertainty (the randomized decision rule) 

21 

An article by Symonds ties the methods of sto

chastic and chance-constrained programming together. 

Symonds presents several stochastic linear models and, 

in all cases, shows the existence of chance-constrained 

programs. 

21 
G. Symonds, "Chance-Constrained Equivalents of 

Some Stochastic Programming Problems," Operations 
Research, Vol. 16 (No. 6, 196 8 ) , pp. 1152-1160. 
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Fractile Approach to Stochastic 
Linear Programming 

Linear fractional programming may be described as 

optimize F(X) = (c"'"x + CQ)/(D'''X + dQ) 

subject to 

and 

AX = B 

X > 0 

where C, D, and X are n-by-1 vectors; B is an 

m-by-1 vector; A is an m-by-n matrix; and C Q and 

dg are scalars. Briefly, linear fractional program

ming is concerned with optimizing the ratio of two 

22 linear functions subject to linear constraints. 

Extension of the fractile approach to stochastic 

23 linear programming was made in the late sixties. A 

comparison of the fractile approach, the expected value 

criterion, and a portfolio criterion is presented in a 

24 paper by Sengupta and Porti11o-Campbel1. Randomness 

is restricted to C only, and they assumed C is 

with 
110 n a 

Thoma 
New Y 

22 
"̂ "̂ For 
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1 Programming 
(Inte 

an ess 
ini Stic 

With 
Scien 

s J. W 
o r k ) . 

" A r t 
Aspi ra 
ce, Vo 

ay on linear fractional programming 
values see W. S. Dorn, Linear Frac-
, Research Report RC-830, November, 

rnational Business Machines Corporation, 
atson Research Center, Yorktown Heights, 

Fract 
Manag 

2*0. 
lie Ap 
ement 

hur M. Geoffrion, "Stochastic Programming 
tion or Fractile Criteria," Management 
1. 13 (No. 9, 1967) , pp. 672-679. 

K. Sengupta and J. H. Porti1lo-Campbel1 , "A 
proach to Linear Programming Under Risk," 
Science, Vol. 16 (No. 5, 197 0 ) , pp. 298-308. 
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distributed multivariate normal with mean vector M 

and covariance matrix V, so that the objective func

tion z - C^X is distributed normal N(M^X, X ^ V X ) . The 

three criteria may then be formulated as follows: 

(PI) expected value criterion: 

maxj^ C X, AX ^ B, X ^ 0. 

(P2) fractile approach: 

maxj^ F^(z = C'x) , AX < B, X ^ 0 

where a is a predetermined constant such that ^^i^) 

is the fractile of the probability distribution of z. 

(P3) portfolio criterion: 

min» X^VX, AX < B, X >. 0, M^X >. Z Q 

where the level Z Q is preassigned as lower bound by 

the decision maker. 25 

Two important characteristics of the fractile 

approach are: 

1. Appropriate choices of a will equate the 

fractile approach to either the expected value or the 

portfolio approach. 

25 Ibid. , p. 299. 
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2. The fractile approach utilizes a comparison 

of the entire distribution, allowing the application 

of existing non-parametric methods. 

Sengupta and Porti1lo-Campbel1 conclude that the 

fractile approach (P2) provides the most stable approach 

when compared to either PI or P3.^^ 

It can be shown that the P2 approach is in reality 

a subset of the P3 criterion for some choice of z^.^^ 

Thus, the fractile approach, while offering a direct 

solution for a particular problem, adds nothing to the 

solution of the general stochastic problem. 

Various formulations of the stochastic linear pro

gramming problem have been presented, along with their 

limitations and assumptions. Next, this paper will 

focus attention on the previous studies of duality of 

the stochastic problem. 

Duality in Stochastic Linear Programming 

The development of duality in stochastic linear 

programming is characterised by its absence in the lit

erature. The early formulations are void of any attempt 

to define or develop the dual problem. Duality consid-

26 

27 

Ibid., p. 302. 

Peter B. R. Hazell, "Comment on the Fractile 
Approach to Linear Programming Under Risk," Management 
Science, Vol. 17 (No. 3, 1 9 7 0 ) , pp. 236-237. 
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erations have been completely avoided in chance-

constrained programming and the fractile approach; 

thus implying these approaches do not lend themselves 

to the dual problem. 

To examine duality in stochastic linear program

ming, two areas must be considered: (1) definition 

and interpretation of the dual, and (2) relationship 

between the primal and the dual. 

Madansky made use of duality considerations in 

establishing some early results and provided one of the 

most comprehensive studies of duality found in the lit

erature to date 28 
The primal problem is defined as 

minimize C^X + ECminy D^Y) 

(2.11) subject to AX + GY ^ B for all B 

and X > 0, Y ^ 0 

where all components are deterministic except B which 

is restricted to a finite discrete distribution. Defin

ing K = ( A , G ) , L^ = ( C ^ , D ^ ) , 0^(B) = (x"^, Y (B)"'") the 

problem (2.11) is transformed into 

28 
Madansky made use of duality in his article 

"Inequalities for Stochastic Linear Programming Prob
lems" cited previously. For a comprehensive article 
on duality see Albert Madansky, "Dual Variables in Two-
Stage Linear Programming Under Uncertainty," Journal 
of Mathematical Analysis and Applications, Vol. 6 (No. 1, 
1 9 6 3 ) , pp. 98-108. 
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(2.12) 

minimize E ( L ' 0 ( B ) ) 

subject to K0(B) >: B 

and 0(B) ^ 0 for all B. 

The notation Y(B) refers to the Y vector being 

chosen after the random vector B is observed to 

insure feasibility of [YJ. The objective function in 

(2.12) is the definition of an inner product in Hilbert 

29 
space theory. Using the inner product definitions, 

Madansky defines the dual as 

(2.13) 

maximize E ( B ' 4 ' ( B ) ) 

subject to K^(B) ^ L 

and ^(B) >: 0 

where the notation H'(B) emphasizes the dependence of 

the dual variable on the random vector B. 

Proving a version of the Lagrangian saddle point 

theorem, Madansky shows that 

min E(L^0(B)) 

(subject to 

restri ctions 

from 2.12) 

max E(B'y(B)) 

(subject to 

restrictions 

from 2.13). 

^^For a definition of Hilbert space see 
H. L. Royden, Real Analysis, (Macmillan Company, London, 
1968) , p. 210. 
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It is not at all apparent that Madansky's work can be 

extended to handle continuous distributions of B or 

treat randomness in A and C. 

30 
LaCava provided a definition of the dual and 

the relationship to the primal by using existing prop

erties of convex analysis. Using a loss or risk 

approach to the primal requires the primal objective 

to be minimization. The concepts of duality require 

the dual objective to be maximization, so the dual 

objective function is not a risk or loss function. 

LaCava defines the dual to be the adjoint bifunction 

and proves the following theorem concerning the rela

tionship of the primal and dual. 

31 

Theorem II.2: In the risk-averse case, the optimal 

value of the primal is equal to the 

optimal value of the dual and both 

32 extrema are attained. 

Even though randomness is allowed in any of A, B, and 

C, there still remains the undesirable limitation of 

only providing for the risk-averse attitude in decision 

'^^G. J. LaCava, op. cit. , pp. 34-47. 

^^See ibid. , pp. 36-40 for complete definition 
of adjoint o F c o n v e x functions and bifunctions. 

•^^Ibid. , p. 44. 
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maki ng. 

It Is evident from the literature that duality 

in stochastic linear programming has not been given 

equal time with the primal. 

Summary 

This review began with the early formulations 

for specific applications and continued to the present 

techniques available for the stochastic linear prob

lem plus consideration of two specific approaches: 

chance-constrained and the fractile approach. An exam

ination was made of the work that has been done on 

formulating and solving the dual problem. 

In reviewing the literature, several problems are 

evident. First, if randomness is allowed in any or all 

of A, B, and C, the decision maker faces the prob

lem of: (1) being unable to optimize C^X and (2) the 

inability to satisfy the constraints AX = B, X ^ 0. 

Second, the largest majority of work in stochastic 

linear programming utilizes convex analysis and is, 

therefore, suited to one class of decision maker--

risk-averting. Third, and finally, the concept of dual

ity in the stochastic problem has received relatively 

little attention when compared to the role of duality 

in deterministic linear programming. 
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The prevalence of stochastic problems dictates 

the need of overcoming the weaknesses of prior formula 

tions of stochastic linear programming. The next 

chapter develops a simulation approach designed to 

eliminate many of the limitations of previous formula

tions. 



CHAPTER III 

SIMULATION APPROACH TO STOCHASTIC 

LINEAR PROGRAMMING 

Statement of the Problem 

The literature In stochastic linear programming 

provides ample evidence that analytical procedures are 

not available to completely handle the general stochas

tic linear problem. In particular, several limitations 

to the existing approaches are apparent: 

1. The early works in stochastic linear program

ming stem from specific applications and were not 

general in nature. 

2. Many of the efforts in stochastic linear pro

gramming restricted randomness to elements of one of 

A, B, or C. 

3. The models allowing randomness in any or all 

of A, B, and C and with a versatile and general 

approach to the stochastic problem are couched, either 

implicitly or explicitly, in the decision-theoretic 

framework. This forces the decision maker to select 

his decision criteria that must be used throughout the 

problem. 

34 
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The general characteristic of the current tech

niques is to make a selection from the A, B, and C 

and exchange the stochastic problem for a solvable prob 

lem to obtain one X vector to use. 

Any new approach to stochastic linear programming 

must overcome these limitations and allow the following 

criteria to be met: 

1. The approach to the problem must be general 

in nature and possess a wide range of applicability. 

2. Randomness must be allowed in any and all 

of A, B, and C. 

3. The decision maker must be allowed freedom of 

choice at various stages of the problem. That Is, the 

decision maker must not be restricted to one decision 

criterion for eyery sub-problem. 

4. The known information about the A, B, and 

C components must be utilized in selecting the X 

vector. 

This paper will demonstrate that a simulation 

approach to stochastic linear programming will satisfy 

the above criteria and overcome the present limitations 
33 

of handling linear programming under uncertainty. A 

Many authors distinguish between 'risk' and 
'uncertainty' as follows: 'risk' involves situations 
where the probability distributions of the random events 
are known, whereas, 'uncertainty' involves no knowledge 
whatsoever. In this paper the two terms are used 
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discussion of simulation will be made to provide the 

reader with the definition, terms, and type of simula

tion utilized in the remainder of this paper. The 

methodology of the simulation approach, developed 

exclusively for the stochastic linear programming 

problem, will be presented. 

Simulation Review 

Definition and Meaning 
of Simulation 

To simulate means to give the appearance of some

thing else; thus, the meaning of simulation Is to estab 

lish a similarity of ideas or conceptual likeness of 

the object system under study. Simulation is only 

useful or meaningful in terms of the object system it 

represents. For purposes of this paper, the definition 

of simulation will be: 

Simulation is the dynamic execution or manipulation 
of a model of an object system for some purpose.35 

synonomously, and in all cases, knowledge of the ran
dom events is assumed to be known. 

There are many references that define simulation. 
The concept of simulation presented here is parapharased 
from Richard F. Barton, A Primer on Simulation and Gam
ing, (Prentice-Hall, Inc.. Englewood C U f f s , New Jersey, 
1970), p. 1. For a complete discussion on the simulation 
process see Richard F. Barton, ibid, and Schmidt and 
Taylor, Simulation and Analysis of Industrial Systems, 
(Richard D. Irwin, Inc., Homewood, Illinois, 1 9 / 0 ) . 

35n. Richard F. Barton, op. cit. , p. 6. 
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Purpose and Properties 
of a Simulation Model 

For a simulation model to be effective and useful 

to its creator it must have the following properties. 

1. The model must represent all or part of an 

object system. To simplify the model, only the vari

ables critical to the decision process should be 

Included. Excessive details tend to obscure the signlf 

leant results produced by the model. 

In short, the test of a good model is not its ability 
to reproduce reality, but its ability to capture the 
essence of reality with a minimum of details.36 

2. It must be executed or manipulated. The model 

is useful only in its ability to provide an understand

ing of the workings of the object system. The model is 

something to be used to gather Information. 

3. Finally, the model must provide a predictive 

and descriptive purpose. Thus, the simulation becomes 

a useful tool to those who exercise control over parts 

of the object system. 

The purpose of simulation modeling is to provide 

its creator with the necessary data for evaluating 

alternate courses of action. 

36 
James C. T. Mao, "Essentials of Computer Simula

tion," Financial Executive, Vol. 35 (No. 10, 1 9 6 7 ) , 
pp. 55-?7T 
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Terms 

The terms presented in this section are to clarify 

what is meant by simulation 1n this paper. 

1. Simulation w111 mean all-computer slmula-

37 

tion, thus the simulation experiment will be con

ducted entirely by the computer through a simulation 

program. 

2. Object system--the problem area or system to 

by analyzed. This may include the entire linear problem 

under study or segregated parts of the problem. 

3. Static model--represents the object system in 

equilibrium. The parameters and components of the 

object system will be changing; however, analysis will 

be performed on each set of parameters rather than on 

the method of change. 

4. Closed system--no exogenous variables are 

required to analyze the object system. This is not to 

imply the parameters and components must be rigidly 

fixed. Rather, the type and scope of changes are entered 

into the program at the beginning instead of depending 

on generated results to supply parameters. Since 

'closed system' is a relative term, some simulation 

37 
For a complete description of all-computer 

simulation, see Richard F. Barton, op. cit., pp. 19-23 
and pp. 108-136. 
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models may be more closed than others. That is, Inter

action Is geared to user requirements. 

5. Event--the occurrence of a change in the 

object system at one point in time. For this paper an 

event will represent the analysis performed on one set 

of observations for A, B, and C. 

6. Activi ty--the process that causes changes In 

the system. Activities produce new events. 

7. Discrete system--places the primary interest 

on events rather than the differential change over time. 

Using the above definitions and terms, the estab

lishment of simulation as a valid approach to stochastic 

linear programming Is the next logical step. 

Applicabi11ty of Simulation to 
""Stochastic Linear Programming 

The case for using simulation as an approach to 

stochastic linear programming is established by the 

literature review which exhibits that analytical methods 

for solving the general stochastic linear programming 

problem are not available. Combining the lack of ana

lytical tools with the stochastic nature of the problem 

leads to simulation modeling as a desirable formulation 

of the problem. Two assumptions must be made. 

One, since simulation is being restricted to com

puter simulation, the availability of the computer must 
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be considered. The linear problems of primary Interest 

are those combining large numbers of variables with 

equally many constraints. This is not to imply small 

problems have no value, but with man's ability to 

analyze diminishing as the variables and constraints 

increase, the solution algorithms become increasingly 

more important as the problem size increases. With the 

assumption that large, complex problems are being solved 

by means other than manpower, to gain availability of a 

computer would only require a transfer of resources. The 

availability of the computer will mean not only the 

associated hardware, but software support as well. 

The second assumption is that some knowledge of 

all aspects of the stochastic problem are available. 

This requires the ability to state the problem in math

ematical terms such as 

optimize z = C X 

subject to AX = B 

and X > 0 

and that some knowledge concerning the B, C, and X 

vectors and the A matrix is known. The available 

knowledge will vary among problems, but the assumption 

is: adequate information will be known to establish a 

realistic model. 



41 

The Simulation Approach to Stochastic 
Linear Programming 

The basic concept of the simulation approach is to 

utilize the known Information about the A, B, and C 

components to obtain a set of X vectors--one for each 

possible combination of the A, B, and C random 

variables. The policy X vector (the X vector to be 

implemented in accordance with overall goals) will be 

selected from the set of X vectors. 

The initial step in the simulation procedure is 

to establish the random variate generators for A, B, 

and C. Many sources provide information on develop-

38 ing and testing random generators. Appendix A of 

this paper offers a FORTRAN coding for several random 

variable generators. 

The next step is to establish the range and 

partitions of the X vector. The range of the X 

vector is usually incorporated into the constraints 

AX = B. A partition of the X vector (partition of 

each component x- of the X vector) will represent 

an interval such that any value in the Interval will 

be considered the same value. The i partition of 

the j component of X is described as 

38 Schmidt and Taylor, op. cit. , chaps. 6 and 7. 



42 

P^j(Xj) « {x|x - 0.J < X < X + 0^,} 

(1 = 1,2,..., number of partitions) 

(j - 1 ,2,. . . ,n). 

The 0^. notation stresses the fact that the partition 

size may vary from component to component and from 

partition to partition as required by the simulation 

user. The usual selection for the common value of the 

partition will be the mid-point, but may be any con

venient value. The partitions have the effect of 

dividing the X vector into a frequency distribution 

with the number of partitions representing the number 

of classes. 

Next, establish the number of events k for the 

simulation run. This represents the number of triples 

(A,B,C)^., 1 = 1,2,...,k to be generated. A savings in 

events may be obtained by introducing three parameters. 

1. k . --an arbitrary number representing the 
min 

minimum number of events. 

2. k --an arbitrary number representing the 
max 

maximum number of events. 

3. a--an arbitrary number greater than zero. 

Define k(a) to be the event where the fre

quencies in one partition of X represent at least 
f 

(lOO+a) percent of the frequencies in any other 

I 
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partition. This rule may be established for any or all 

of the x. components of X depending on user require

ments. The total events k would then be such that 

k^in ^ k < k(a) < k^^^. 

Let the triple (A,B,C) denote a set of generated 

values for A, B, and C using the random variate 

generators. Then for each ( A , B , C ) ^ , 1 = l,2,...,k, 

the task is to obtain a corresponding X. vector 

yielding a set 

lA'/ — A i , A p , . . . , A K 

which has its own distribution f ( X ^ ) . A selection 

criteria will be used on this set of X vectors to 

obtain the policy X vector. Before analyzing the 

possible selection criteria, an examination of the 

method of generating f(X.) will be made. 

The Use of Existing Linear 
Programming Algorithms 

One technique to determine the set of X vectors 

is to generate (A,B,C)^ and use any existing linear 

programming algorithm to solve for the optimal X^. 

Effective computer utilization demands a solution algo

rithm that is both accurate and efficient; therefore, 

the algorithm selection must take a high priority. 
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Salazar and Sen have shown that the MINIT algorithm, 

recommended by Llewellyn, is a more efficient algorithm 
39 than the simplex code. 

Utilizing a linear solution algorithm, while pro

viding a set {X^} of optimal X vectors, restricts 

the applications to problems meeting the linear format. 

The following procedure proposed by this paper will be 

Independent of any solution algorithm and thus offers 

an extension to mathematical programming in general. 

A Monte-Carlo Rule for Stochastic 
Linear Programming 

Implementing the Monte-Carlo Rule for the sto

chastic problem requires replacing the word optimal with 

good (or satlsficing or other adjectives). Then the 

Monte-Carlo procedure will generate a set {X.} of 

good X vectors without the requirement of any solution 

algori thm. 40 
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Some notation needs defining: 

An X vector selection will be the random genera

tion of one X vector for the particular 

(A,B,C)^ under consideration. 

s --the index for counting the number of random 

X vector selections for each (A,B,C)^: 

r . < s < r 
min - - max 

'"min* '^max""^^^ minimum and maximum number of 

random X vector selections for each 

(A,B,C)^. , 1 = 1 ,2,. . . ,k. 

z --the value of the objective function that is 

better than any previous z values (maximiza-

tion requires z to be greater than previous 

z values while minimization requires z to 

be less than previous z values). 

w --the maximum number of X vector selections 

to be made without improvement in the objec

tive function. 

3 --the potential Improvement in the objective 

function. 6 must be a predetermined number 

greater than zero representing percent 

improvement. 

1 9 6 8 ) , pp. 96-97, outline a Las Vegas Technique for 
deterministic utility analysis based on freehand curve 
sketching. This procedure is an extension of their 
technique. 
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t(s)--the number of future X vector selections 

to be used in forecasting potential improve

ment in the objective function. The notation 

t(s) indicates the forecast number may be a 

function of the total number of X vectors 

currently generated. 

Each of the above values plus k„. , k„,„, and perhaps 
m1 n max "̂  ^ 

a will be supplied by the simulation user allowing 

flexibility in the simulation approach. 

The Monte-Carlo Rule, depicted in Figure 1, is 

explained in the following narrative: 

Step 1. Generate (A,B, C ) ^ , i = 1,2,...,k. The 

generations will be from the random variate generators 

developed for the simulation. It will be assumed that 

the random generators are designed to depict the real-

world situation as closely as possible. 

Step 2. Select X^ , s = "• »2. • • • r̂ ^̂ ^̂  where s 
must be greater than r„. and may terminate prior to ^ mi n ^ 

reaching r . These selections are based on the range ^ max 

and partitions of the X vector. Assuming the user has 

some knowledge about the X vector implies the range 

and partitions are designed to real-world specifications 

Step 3. If the X is infeasible, go to Step 4 

a ) , b ) , c ) . It is possible at this point to utilize the 
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user's knowledge to avoid eliminating all infeasible X 

vectors. An X^ will be determined infeasible If any 

of the AX = B constraints are violated. However, it 

might be economically opportune to accept some X as 

'almost feasible' if only a select number of constraints 

are violated. This allowable violation could be re

stricted to a proportionate amount of available re

sources. Again, this decision is left to the simula

tion user. 

Step 4. If the X is feasible, calculate the 

value of the objective function based on this X^. If 

this value z is greater than any previous z, go to 

Step 5. Otherwise, the following procedure must be 

fol1 owed: 

a) If s < r^^^y go to Step 2. 

b) If s < j+w, where X. represents the last 

improvement in the objective function, go to 

Step 2. 

c) If s = j+w use X. as the good X for 

this (A,B,C). and return to Step 1 and 

continue until k triples have been analyzed. 

Step 5. At this point, the objective function has 

a value greater than any previous value. Using this z^ 

value and the previous z values, i.e., the z values 

previously encountered at this step, forecast the poten-
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tial Improvement In the objective function at the 

s+t(s) trial. Determine if the forecasted Zg+^fs) 

value Is potentially (100+B) percent of the current z* 

value. If so, go to Step 2, otherwise, use X^ as the 

good X for this (A,B,C)^ and return to Step 1.^^ 

Continue the process until k triples have been ana

lyzed. 

Method of Selecting X Vectors 

Step 2 and Step 3 require the selection and feasi

bility testing of X vectors. Consideration will be 

given to two methods of obtaining feasible X vectors. 

The primary method is to randomly select each x., 

j = l,2,...,n, component of X and test for feasi-

bility. The number of infeasible X^ vectors encoun-
"̂  s 

tered will depend on the range and partitions of each 

X. component. 

To avoid selecting infeasible X vectors, the 

following alternative procedure may be used. Randomly 

select the x^ component and then test for feasibility. 

If X, violates any of the constraints AX = B, reduce 

X, one partition at a time until the constraints are 

The descriptive words are based on maximizing 
the objective function. For a minimization problem, the 
negative of the objective function could be maximized 
or the rules adjusted to account for z values less 
than previous z values. 
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satisfied (the concept of 'almost feasible' may be 

u s e d ) . Using the x^ value, evaluate the remaining 

available resources for each b^. If all the b. > 0 

(resources are still available) randomly select Xg and 

then determine If the x^ , Xg combination is Infeasible 

If so, reduce Xg by partition steps until the x^ , X2 

combination is feasible. If all b. > 0, randomly 

select x^ and continue until x^_, components have 

been determined. Select x^ to utilize the remaining 

available resources (make x as large as possible 

without violating AX = B) or select x to be its 
n 

maximum partition value, whichever is smaller. If at 

any step, one or more of the b̂ . = 0, the remaining 

X. components must be set equal to zero. 

The result of the alternate procedure is to always 

select a feasible X . The x. components may be 

selected in any order (the easiest procedure is to 

renumber the variables) to insure flexibility in the 

method. Application of this guaranteed feasible X 

vector method will depend on the size and complexity of 

the object system. With the primary method being rela

tively simple to implement into a computer program, use 

of the alternate method should be cost justified. This 

requires weighing the additional programming cost 

against the potential savings in avoiding infeasible 
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X vectors. 

Forecasting Technique 

There are a variety of forecasting techniques 

available, and the user has the option of selecting the 

one for his needs. Two techniques will be discussed. 

The general least-square trend line will consider 

each of the preceeding z values as distinct points 

and the s trials as time points. When there are only 

two z values, the least-square trend line must be 
if 

linear. When there are j z values, j > 2, i.e., 

z^ < Zp < ... < z., the least-square equation may be 

increased to order j-1. This method is pictured in 

Figure 2. 

The linear least-square trend line offers consid

erable efficiency in forecasting potential improvement. 

The potential improvement can readily be determined 

by examining the slope of the trend line. The linear 

trend line may be calculated by using all the previous 

z values or by using only a select few. The most 

efficient technique will be to use the current z^ 
* 

value and the previous z value (using the current 
if i( 

z and any other choice of z will also simplify 

this procedure since simplicity arises from using only 

two p o i n t s ) . The equation of the trend line need not 
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be ca lcu la ted . Instead the ra t io 

* it 

s- j 

^s+t(s)"^s 

tiT) 

with j being the previous z selected and z^^/^x 

representing the potential z value will supply the 

needed Information. Solving for z ^.f x yields 
^ s+t(s j 

s+t(s) 

(Zg-Zj) • t(s) 

+ z 
s . 

The first term on the right of the equal sign must 

represent the improvement. The required improvement 

is 6z ; therefore a comparison of 

(z*-z*) • t(s) 
5 J * 

(s-j) 
to 3z, 

will Indicate whether the forecasted improvement war

rants continuation of X vector selections for the 

particular (A,B,C)^ being used. Figure 3 illustrates 
* * 

this procedure using the previous z as Zy 

Regardless of the forecasting technique selected, 

several properties are apparent. 

1. If the actual optimal X vector for (A,B,C)^ 

Is selected through the random selection process, the 

random X selection will terminate after the next w 
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trials, provided r^^^^ trials have been made. It is 

because no further improvement in the objective func

tion may be realized. 

2. Once a near-optimal X vector Is randomly 

selected, the selection will begin to terminate since 

the probability of randomly selecting a better X 

becomes small, and even If a better X Is selected, 

forecasted improvement will be small. Of course, how 

quickly termination occurs depends on the user supplied 

parameters. 

A Variation of the Rule 
of Steepest Ascent 

Utilizing a form of the rule of steepest ascent 

increases the performance of the Monte-Carlo Rule. 

Consider the good X. that has been selected for 

(A,B,C).. Prior considerations have been based on 

improvement from random selections of the X vector. 

Next, consider the potential improvement in the object-

tive function for X vectors in a neighborhood of X.. 

Assume the good X. has been obtained (either 

w X generations have been made without an improvement s ' 

in the objective function or the forecasted z^^^/^x 

does not warrant continued X selections). (A,B,C)^ 

reduces the problem to a deterministic problem, therefore 

either (1) the good Xj is optimal for the particular 
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(A,B,C)^ or (2) an Incremental change In X^ will 

improve the objective function (provided feasibility 

can be maintai n e d ) . 

The procedure is as follows: obtain a new X̂ . by 

evaluating the objective function as each x. component 

of X^ is incremented to the next partition. Starting 

with the X, with the largest contribution margin, 

increment to the next P J J ( X . ) partition. Continue 

incrementing x. through a desired number of partition 

steps or until the next partition would cause infeasi-

bility. Continue until all x. components have been 

analyzed, thus producing the new X^. The order and 

method of changing the x. components is easily tai-

lored to the particular problem. This procedure still 

allows extensions to mathematical programming in gen

eral . 

Selection Criteria 

Once the set {X^}, 1 = 1,2,...,k of good (per

haps optimal) X vectors are determined, the decision 

maker is faced with selecting the X vector to be used 

This section outlines several alternative criteria and 

recognizes a particular situation may require some new 

cri teria. 

The three attitudes toward decision making (risk-
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taker, risk-averter, and expected value) are easily 

Incorporated Into the selection process. For a risk-

taker, the selection process will be to select the X 

that will yield the largest z value. It is possible 

to incorporate conditions into selecting this X to 

accommodate the attitude of r1sk-tak1ng--up to a point. 

Since the z value is a function of the random variable 

C, z is random. This gives rise to several risk-taking 

X vectors. The true risk-taker would select the X 

that would provide the overall maximum z regardless 

of the probability of obtaining the particular C values 

necessary to achieve the maximum z. A less robust 

choice would be to take the expected value of C, E(C), 

and select the X that maximizes z for the expected 

value of C. Risk-taking and conservatism could be 

molded into one criteria by selecting the X to maxi

mize z based on conservative estimates of C. 

The risk-averter, on the other hand, will search 

for the X such that the variance from the selected 

X and the best X (the X that will maximize z for 

the observed values of C) is a minimum. That is, the 

risk-averter is looking for X^ such that E ( X - X Q ) 

is a minimum. Another concept of risk-averting is to 

minimize the variance of the objective function z 

values. Again, for each observation of C, the set 
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{X.} gives rise to a set {z.} of objective function 

values. Select the X^. such that T.(Z.-ZQ.) I S a 

minimum. This provides a set ^ X Q . } , a subset of 

{X^}, from which the selection may be made. 

The expected value attitude requires the selection 

of E{X^}, the expected value of the set of good X 

vectors. An examination is in order of what might be 

expected if E{X^} is determined. Suppose the joint 

probability distribution of A, B, and C is 

f(A,B,C). Then each triple (A,B,C)^., 1 = l,2,...,k, 

represents a sample point from the joint distribution 

f(A , B , C ) . Provided k is large enough, the triples 

(A,B,C) should represent, on the average, the expected 

value of the joint distribution Ef(A,B,C); therefore, 

the E{X^.} may be determined by taking the Ef(A,B,C) 

and solving for X^y, either by a solution algorithm 

or the Monte-Carlo Rule. 

The question is whether or not the joint proba

bility function f(A,B,C) can be^ determined. Assume 

the probability density functions of A, B, and C 

are f^, fg, and f^ respectively. If A, B, and 

C are Independent, the joint f(A,B,C) = '^'A^B^C' ^"^ 

the E{X^.} -> X^y as k -*- «. 

If A, B, and C are Interdependent, and assum-

ming we only know f^, fg, and f^, sampling the 
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triples (A,B,C) could still approach the Ef(A,B,C) 

depending on the covariance. From a practical stand

point. Interdependence should be the correct assumption; 

however, for the time span of operation, the covariance 

would probably be negligible. Thus, the E{X^} could 

still be obtained by taking E ( ^ A ' ' ^ ^ ^ B ^ ' ^"^ ^^^C^ 

and solving for Xrw. 

Even though covariance presents analysis problems 

from a theoretical standpoint, simulation of covariance 

may be achieved, provided the interdependence can be 

established. The interdependence problem resolves to 

how well the random variate generators can be designed. 

Another selection criteria is XJ^Q, the mode of 

the set {X.}. Selecting X » Q offers the decision 

maker the most likely chance of selecting the proper X 

for any observation (A,B,C). Variations of the modal 

concept are available. For example, for a multi-modal 

set {X.}, one variation is to select the XJ^Q with 

minimum variance. 

Many additional criteria could be established, 

but it should be clear that the simulation method allows 

the decision maker to tailor a selection criteria to his 

particular needs. 

Summary 

The simulation approach developed for the sto-
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chastic linear problem utilizes known Information to 

obtain a set of X vectors from which a policy X will 

be selected. Using existing algorithms provides a means 

of obtaining a set of optimal X vectors, but the use 

is limited to problems meeting the linear format. The 

Monte-Carlo Rule, developed exclusively for the stochas

tic problem, results in a set of good, but not neces

sarily optimal, X vectors. The Monte-Carlo Rule is 

not restricted to linear problems and has applications 

to mathematical programming in general. 

Implementation of the Monte-Carlo Rule requires 

(1) the initial selection of an X vector for each 

( A , B , C ) ^ , (2) the application of forecasting techniques 

to determine if continued X vector selections are 

warranted, and (3) the application of a variation of 

the rule of steepest ascent to improve the selected 

X vectors. These three steps provide a good or 

Improved X. for each triple ( A , B , C ) ^ . Alternative 

methods were presented for each phase of the Monte-Carlo 

Rule. The presented methods are illustrative and in no 

way preclude the use of additional techniques. 

Various criteria for determining the policy X 

were discussed. The simulation approach can satisfy 

the risk-averter, risk-taker, and the expected value 

attitude to decision making under uncertainty. Flexi-
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bility in the approach allows modifications of the 

discussed criteria plus establishment of new criteria 

according to user needs. The next chapter will examine 

the manufacturing example, presented in Chapter I, to 

Illustrate the simulation approach. 



CHAPTER IV 

A NUMERICAL EXAMPLE 

The results of the previous chapter are best 

appreciated through a detailed examination of an 

example. Consider the furniture manufacturing problem 

introduced in Chapter I. To determine the number of 

round tables (x,) and square tables (Xp) to manu

facture, the problem is to 

maximize 

subject to 

and 

z = c,x, + ^2^2 

a « 1 X 1 T dinnXn <_ D n 

x-j ,X2 >, 0. 

Assume the following distributions of A, B, 

and C. 

11 

12* 

distributed Uniform (low = $7.00, high = $9.00) 

distributed Uniform (low = $4.00, high = $8.00) 

distributed Beta (low = 2 hours, high = 6 hours, 

mode = 4 hours) 

distributed Beta (low = 1 hour, high = 3 hours, 

mode = 2 hours) 

62 
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ag^: distributed Beta (low = 1 hour, high = 3 hours, 

mode = 2 hours) 

di22' distributed Beta (low = 1 hour, high = 7 hours, 

mode = 4 hours) 

The discrete distributions of b, and bp are as 

follows: 

^1 
NUMBER HOURS 

50 

55 

60 

65 

70 

PROBABILITY 

.1 

.2 

.4 

.2 

.1 

b 

NUMBER HOURS 

44 

46 

48 

50 

52 

'2 
PROBABILITY 

.1 

.1 

.6 

.1 

.1 

1.0 1.0 

Select the range of x, and Xg to be zero to thirty 

(0 £ x, < 30, 0 <̂  Xp £ 30) and use the integer values 

as partition values with equal probability of selecting 

any integer value for each x. , j = 1,2. 

Establish the following parameters: 

k = 500: This represents the number of triples 

(A,B,C)^, 1 = 1,2 500. generated for 

this example. 

w = 50: The number of random X^ selections 
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(for each (A,B,C)^) allowed without an 

Improvement in the objective function. 

t(s) = 50: The number of future X, selections 
s 

used in forecasting Improvement. 

•^min "" ^^' ^^^ minimum number of X selections 

for each (A,B,C). 

"^max "̂  ^̂ *̂ ^^® maximum number of X selec

tions for each (A,B,C). 

B = .10: The forecasted percentage Improvement 

in the current objective function that war

rants continued X^ selection. 
s 

To invoke the rule of steepest ascent, one X. will be 

determined for each good X. by first incrementing x, 

to the next partition (if feasible) and then increment

ing Xp to the next partition (if feasible). Obtain 

X by randomly selecting x, and Xp and checking 

for feasibility. The forecasting technique will be the 

two-point linear trend line using the previous z as 

A detailed, step-by-step procedure for (A,B,C,)-j 

will be presented. This includes an analysis of each 

X^ selected, plus a comparison which uses the alter

native method (to avoid infeasibi11ty) of selecting X^. 

Selected summaries of the 500 (A,B,C) triples are pre

sented. To elucidate the simulation approach. Appendix B 
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provides an analysis of the generated problem, the 

optimal X vector, the good X vector, and the im-

proved X vector for the first ten generated triples 

(A,B,C)^, 1 = 1 ,2 10. 

Using the random variate generators, produce 

(A,B,C), as follows: 

A (hours) = 
3.55 2.16 

1.55 4.23 

B' (hours) = (60,52) 

C^ (dollars) = (8.20,6.32) 

The first generated problem is to 

maximize 

subject to (1) 

(2) 

and 

z = 8.20x^ + 6.32X2 

3.55x^ + 2.16X2 <, 60 

1 .55x^ + 4.23X2 £ 52 

X,, X2 ^ 0 

An analysis of selecting X^ by randomly select

ing X, and X2 is presented in Table 1. The good 

X^ obtained for (A,B,C)^ is X^ = (14,3) yielding 

an objective function value of z = 133.82. The 

optimal values for (A,B,C)^ are xl ^ = (12.1,7.9) 

and Zrt^. = 149.14. Use the neighborhood rule of 
Opt 

obtaining X by Incrementing X , thus obtaining the 

Improved X = (15,3) with a corresponding z = 142.02 



TABLE 1 

AN ANALYSIS OF X^ VECTOR SELECTIONS USED IN 

ESTABLISHING A GOOD X FOR (A,B,C)^ 

(r^in = 25, w = 50, t(s) = 50, e = .10, r^^^ = 100) 
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SELECTION 

NUMBER (s) 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

(x^, 

( 6, 

(20, 

(15, 

( 3, 

( 5 

(24 

(26 

(26 

(12 

(13 

(15 

(22 

(15 

(22 

(10 

( 4 

( 3 

»X p j 

.24) 

. 2) 

.29) 

.22) 

,29) 

• 2) 

J5) 

J4) 

J4) 

.19) 

,26) 

.22) 

.16) 

.11) 

.18) 

.24) 

. 0) 

VALUE** 

1nfeas. 

infeas. 

1nfeas. 

Infeas. 

i nfeas. 

Infeas. 

Infeas. 

1nfeas. 

Infeas. 

Infeas. 

infeas. 

1nfeas. 

infeas. 

Infeas. 

1nfeas. 

Infeas. 

24.61 

EXPLANATION 

s < r 

s < r 

min 

min 

s < r . min 

s < r . 
min 

s < r mi n 

s < r . min 

s < r . mi n 

s < r . 
mi n 

s < r . mi n 

s < r . mi n 

s < r . 
min 

s < r mi n 

s < r . 
mi n 

s < r min 

s < r . 
mi n 

s < r mi n 

^17+t(s) 

mi n 

continue 

continue 

continue 

conti nue 

conti nue 

continue 

continue 

continue 

continue 

continue 

continue 

continue 

continue 

conti nue 

continue 

continue 
* 

> 3z,y and 

continue 
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TABLE l--Cont1nued 

SELECTION 

NUMBER (s) 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

X1 , Xp j 

16,19) 

11.10) 

2.25) 

30.29) 

18,15) 

13, 9) 

24,14) 

20,11) 

28, 2) 

2, 5) 

25, 1) 

18,20) 

23, 3) 

15, 5) 

15,21) 

20,25) 

27, 7) 

13,13) 

4,16) 

16,17) 

VALUE^ 

1nfeas. 

i nfeas. 

1nfeas . 

1nfeas. 

i nfeas. 

i nfeas . 

1nfeas. 

1nfeas. 

i nfeas. 

48.01 

i nfeas. 

i nfeas. 

i nfeas. 

i nfeas. 

i nfeas. 

i nfeas. 

i nfeas. 

1nfeas . 

1nfeas. 

infeas. 

EXPLANATION 

s < r 

s < r 

s < r 

min 

min 

mi n 

s < r . 
min 

s < r mi n 

s < r mi n 

s < r mi n 

s < r . min 

s < 17+w 

continue 

conti nue 

conti nue 

continue 

continue 

continue 

conti nue 

conti nue 

continue 

^27+t(s) ^ ^^27-

continue 

s < 27+w: continue 

s < 27+w: continue 

s < 27+w: continue 

s < 27+w: continue 

s < 27+w: continue 

s < 27+w: continue 

s < 27+w: continue 

s < 27+w: continue 

s < 27+w: continue 

s < 27+w: continue 
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TABLE l--Continued 

SELECTION 

NUMBER (s) 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

(x^, 

(29 , 

( 5, 

(18 , 

(22 , 

(20 

(26 

( 4 

(21 

( 7 

( 5 

( 1 

( 7 

(25 

( 1 

(20 

(10 

(13 

(10 

( 3 

.Xp y 

.25) 

J 6 ) 

.19) 

.12) 

,18) 

.18) 

. 7) 

, 3) 

J 2 ) 

.15) 

. 8) 

.15) 

. 6) 

. 7) 

. 7) 

. 6) 

.21) 

.10) 

.16) 

VALUE^ 

infeas. 

i nfeas. 

i nfeas. 

1nfeas. 

1nfeas. 

1nfeas. 

77.06 

infeas. 

infeas. 

infeas. 

58.77 

1nfeas. 

i nfeas. 

52.45 

infeas. 

119.96 

Infeas. 

1nfeas. 

Infeas. 

EXPLANATION 

s < 27+w: continue 

s < 27+w: continue 

s < 27+w: continue 

s < 27+w: continue 

s < 27+w: continue 

s < 27+w: continue 

^44+t(s) ^ ^^44* 

conti nue 

s < 44+w: continue 

s < 44+w: continue 

s < 44+w: continue 

^48 ' ^44' ' ' '̂ '̂ ^̂ * 

conti nue 

s < 44+w: continue 

s < 44+w: continue 

Zgi < Z44, s < 44+w: 

conti nue 

s < 44+w: continue 

^53+t(s) ^ ^^53-

conti nue 

s < 53+w: continue 

s < 53+w: continue 

s < 53+w: continue 
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TABLE l--Cont1nued 

SELECTION 

NUMBER (s) 

57 

58 

59 

60 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

(x^. 

(29, 

(18, 

(29, 

( 1 . 

( 0, 

( 0, 

(24, 

( 0, 

(19, 

(26 

(20 

( 2 

(17 

(16 

(14 

(23 

(14 

(14 

( 9 

(24 

( 0, 

( 0 

X2) 

30) 

13) 

10) 

.13) 

.24) 

,23) 

.10) 

.13) 

.11) 

,22) 

• 8) 

.14) 

. 3) 

,30) 

, 9) 

, 4) 

,30) 

, 6) 

, 9) 

, 0) 

.24) 

, 9) 

VALUE^ 

Infeas. 

i nfeas. 

i nfeas . 

i nfeas. 

1nfeas. 

i nfeas. 

infeas. 

i nfeas. 

i nfeas. 

infeas. 

i nfeas. 

infeas. 

i nfeas. 

infeas. 

1nfeas. 

1nfeas. 

i nfeas. 

infeas. 

i nfeas . 

infeas. 

infeas. 

56.88 

EXPLANATION 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

conti 

conti 

conti 

conti 

conti 

conti 

conti 

conti 

conti 

conti 

conti 

conti 

conti 

nue 

nue 

nue 

nue 

nue 

nue 

nue 

nue 

nue 

nue 

nue 

nue 

nue 

continue 

continue 

conti 

cont 

cont 

cont 

cont 

nue 

nue 

nue 

nue 

nue 

conti nue 

conti nue 
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TABLE l--Cont1nued 

SELECTION 

NUMBER (s) 

79 

80 

81 

82 

83 

84 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

95 

96 

97 

98 

(xi 

(27, 

(17 

(26 

(10 

(27 

(28 

( 3 

(10 

(14 

(23 

(27 

(13 

( 6 

(15 

( 9 

(30 

(17 

( 3 

(20 

( 5 

> X p / 

,23) 

,12) 

.11) 

,20) 

,25) 

, 4) 

,27) 

.11) 

.14) 

.11) 

,23) 

.29) 

. 5) 

,12) 

.29) 

.14) 

.18) 

.24) 

, 0) 

. 1) 

VALUE*" 

1nfeas. 

1nfeas. 

1nfeas. 

i nfeas. 

i nfeas. 

Infeas. 

infeas. 

1nfeas. 

1nfeas. 

i nfeas . 

i nfeas . 

1nfeas. 

80.83 

EXPLANATION 

1nfeas. 

1nfeas. 

i nfeas. 

1nfeas. 

1nfeas. 

infeas. 

47.34 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

s < 53+w 

conti nue 

continue 

continue 

continue 

continue 

continue 

continue 

conti nue 

continue 

conti nue 

conti nue 

continue 

Zg, < Zc3, s < 53+w: 

continue 

s < 53+w: continue 

s < 53+w: continue 

s < 53+w: continue 

s < 53+w: continue 

s < 53+w: continue 

s < 53+w: continue 

Zgg < Zg2, s < 53+w: 

conti nue 

99 (12,27) Infeas. s < 53+w: continue 
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NUMBER (s) 

100 
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TABLE l--Continued 

(x^,X2) VALUE' 

(14, 3) 133.82 

EXPLANATION 

100+t(s) "" ^^100' z 

s = r 
max 

STOP, USE 

XJQQ = (14,3) AS 

GOOD X. 

a . infeas. = infeasible X Vector 
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TABLE 2 

COMPARISON OF OBJECTIVE FUNCTION (z) VALUES FROM 

GOOD X AND IMPROVED X WITH OBJECTIVE 

FUNCTION VALUE FROM OPTIMAL X 

PERCENT 

OPTIMAL 

95.0 to 

90.0 to 

85.0 to 

80.0 to 

75.0 to 

70.0 to 

OF 

z 

100.0 

95.0 

90.0 

85.0 

80.0 

75.0 

FREQ 

77 

124 

108 

66 

45 

30 

GOOD X 

PERCENT 

15.4 

24.8 

21.6 

13.2 

9.0 

6.0 

CUM* 

15.4 

40.2 

61.8 

75.0 

84.0 

90.0 

FREQ 

184b 

135 

75 

51 

24 

10 

IMPROVED 

PERCENT 

36.8 

27.0 

15.0 

10.2 

4.8 

2.0 

X 

CUM* 

36.8 

63.8 

78.8 

89.0 

93.8 

95.0 

65.0 to 70.0 28 5.6 95.6 9 1.8 97.6 

60.0 to 65.0 6 1.2 96.8 6 1.2 98.8 

55.0 to 60.0 6 1.2 98.0 2 .4 99.2 

50.0 to 55.0 5 1 .0 99.0 0 .0 99.2 

25.0 to 50.0 4 .8 99.8 3 .6 99.8 

0.0 to 25.0 1_ ._l 100.0 ]_ ,J_ 100.0 

500 100.0 500 100.0 

*cum = Equal to or greater than low value percent 

One z value equal to 100% of optimal z. 

AVERAGE PERCENT OF OPTIMAL z: 

GOOD X AVG = 85.2% IMPROVED X AVG = 90.2% 
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The good X^ yields a z value that is 89.7 percent 

of the optimal Z Q ^ , while the Improved X Increases 

z to 95.2 percent of Z Q ^ . Table 2 presents a com-

parison of the good X z values and the Improved X 

z values to the optimal Z Q ^ values. Table 3 pro

vides an analysis of the number of good X^ vectors 
^ s 

resulting in Improved X vectors using the neighbor

hood increment rule. 

TABLE 3 

AN ANALYSIS OF GOOD X VECTORS 

USING NEIGHBORHOOD IMPROVEMENT 

TO OBTAIN AN IMPROVED X 

FREQ PERCENT 

No Improvement made 167 33.4 

New X obtained 333 66.6 

TOTAL 500 100.0 

Returning to Table 1, it is readily apparent that 

a large number of the random X^ vectors are infea

sible. Ninty percent (ninty out of one hundred) of the 

X generated for (A,B,C), were Infeasible. Table 4 

provides a comparison of using the alternative method, 

thus eliminating infeasible X^ vectors. The analysis 

in Table 4 reduces the user parameters and assumes that 
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the random selection of x^ remains the same as the x-j 

selected for use in Table 1. 

The basis for determining the best method of gen

erating X^ is the size and complexity of writing the 

computer program versus the potential savings in com

puter time. Table 5 and Table 6 offer the number of X^ 

vectors generated for each (A,B,C) and the percentage 

of infeasible X^ vectors. Averaging 72.4 X gener

ations and 85.4 percent infeasibles implies that 61.8 

or almost 62 infeasible X vectors are generated for 

each (A,B,C)^. Multiply by the number of triples k 

(k = 500 for this example) used in the simulation run, 

and the Importance of the alternative method is quickly 

seen. 

Attention must be focused on the primary aspect 

of the simulation model--selecting the policy X from 

the set {X.}, i = 1,2,...,500. Table 7 summarizes the 

various x, , x^ values for both the improved X and 

the optimal X vectors. Several aspects of the dis

tributions presented in Table 7 are as follows. For 

the improved X, the expected values are E(x^) = 11.3 

and E(x2) = 5.4. For the optimal X, the expected 

values are E(x^) = 12.5 and E(x2) = 6.0. These values 

compare favorably to x L = (12,6), which is obtained 

by taking E ( A ) , E ( B ) , and E(C) and solving for the 
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TABLE 5 

THE NUMBER OF X VECTORS SELECTED 
s 

BEFORE ESTABLISHING THE GOOD X 
s 

(''min = 25, w = 50, t(s) = 50, B = .10, r^^^ = 100) 

NUMBER OF 

X^ SELECTIONS 

100 

95 - 99 

90 - 94 

85 - 89 

80 - 84 

75 - 80 

70 - 74 

65 - 69 

60 - 64 

55 - 59 

50 - 54 

45 - 49 

40 - 44 

35 - 39 

30 - 34 

25 - 29 

FREQUENCY 

85 

20 

23 

26 

29 

28 

37 

50 

55 

61 

44 

13 

8 

9 

8 

4 

PERCENT 

17.0 

4.0 

4.6 

5.2 

5.8 

5.6 

7.4 

10.0 

11 .0 

12.2 

8.8 

2.6 

1 .6 

1 .8 

1 .6 

.8 

TOTAL 500 100.0 

AVERAGE NUMBER OF GENERATIONS = 72.4 
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TABLE 6 

PERCENT INFEASIBLE X VECTORS s 

PERCENT OF 

h VECTORS 

INFEASIBLE 

95.0 

90.0 

85.0 

80.0 

75.0 

70.0 

65.0 

60.0 

55.0 

50.0 

45.0 

to 

to 

to 

to 

to 

to 

to 

to 

to 

to 

to 

100.0 

95.0 

90.0 

85.0 

80.0 

75.0 

70.0 

65.0 

60.0 

55.0 

50.0 

FREQUENCY 

14 

105 

178 

114 

64 

17 

5 

0 

1 

1 

1 

PERCENT 

2.8 

21 .0 

35.6 

22.8 

12.8 

3.4 

1 .0 

.0 

.2 

.2 

.2 

TOTAL 500 100.0 

AVERAGE PERCENT INFEASIBLE FOR EACH (A,B,C) = 85.4% 
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TABLE 7 

FREQUENCY DISTRIBUTION OF THE SET {X} 

IMPROVED X OPTIMAL X 

/\ /\ PARTITION x^ Xg x^ X2 

VALUE FREQ Jf FREQ _% FREQ __% FREQ _% 

0 3 .6 22 4.4 8 1.6 80 16.0 

1 3 .6 52 10.4 0 .0 6 1.2 

2 11 2.2 44 8.8 0 .0 22 4.4 

3 7 1.4 65 13.0 4 .8 34 6.8 

4 12 2.4 50 10.0 4 .8 44 8.8 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

13 

16 

18 

37 

41 

42 

52 

58 

43 

35 

28 

24 

16 

13 

11 

2.6 

3.2 

3.6 

7.4 

8.2 

8.4 

10.4 

11 .6 

8.6 

7.0 

5.6 

4.8 

3.2 

2.6 

2.2 

72 

54 

36 

16 

18 

21 

14 

9 

4 

3 

3 

2 

1 

3 

2 

14.4 

10.8 

7.2 

3.2 

3.6 

4.2 

2.8 

1.8 

.8 

.6 

.6 

.2 

.2 

.6 

.4 

5 

8 

22 

32 

49 

47 

46 

50 

41 

32 

30 

24 

21 

16 

17 

1 .0 

1 .6 

4.4 

6.4 

9.8 

9.4 

9.2 

10.0 

8.2 

6.4 

6.0 

4.8 

4.2 

3.2 

3.4 

53 

45 

56 

48 

39 

22 

11 

4 

7 

7 

2 

2 

1 

2 

2 

10.6 

9.0 

11.2 

9.6 

7.8 

4.4 

2.2 

.8 

1 .4 

1.4 

.6 

.4 

.2 

.4 

.4 
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TABLE 7--Cont1nued 

PARTITION 

VALUE 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

IMPROVED X 

1̂ 

FREQ 

7 

4 

3 

2 

1 

0 

0 

0 

0 

0 

0 

% 

1.4 

.8 

.6 

.4 

.2 

.0 

.0 

.0 

.0 

.0 

.0 

X2 

FREQ 

3 

1 

0 

1 

2 

1 

0 

1 

0 

0 

0 

% 

.6 

.2 

.0 

.2 

.4 

.2 

.0 

.2 

.0 

.0 

.0 

^1 

FREQ 

14 

11 

11 

3 

1 

1 

1 

1 

0 

1 

0 

OPTIMAL 

% 

2.8 

2.2 

2.2 

.6 

.2 

.2 

.2 

.2 

.0 

.2 

.0 

F 

X 

X2 

REQ 

2 

2 

1 

2 

0 

2 

0 

1 

1 

0 

0 

% 

.4 

.4 

.2 

.4 

.0 

.4 

.0 

.2 

.2 

.0 

.0 

TOTAL 500 100.0 500 100.0 500 100.0 500 100.0 
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optimal X^y. Thus, for the expected value criterion, 

one deterministic problem would suffice. 

The modal selections for the X are Mo(x^) = 12 

and Mo(x2) * ^' ^^"^ ^^® mode and expected value of 

the {X^} imply a distribution that is nearly symmet

rical. Analyzing the mode of the optimal X raises 

an interesting question. Which mode should be used? 

Mo(x^) = 12 and the true Mo(x2) = 0; however, the 

optimal X2 distribution is multimodal, and if the 

decision is based on the minimum variance mode, the 

selection is Mo(x2) = 5. 

For the ultimate risk taker, the policy X must 

be X = (18,34). The gamble is whether or not the 

observed values of (A,B,C) will yield the following 

problem: 

maximize 

subject to 

and 

z = 9x^ + 8X2 

2x^ + X2 1 70 

X, + X2 j< 52 

x^. X2 ^ 0 

The optimal X vector is x' = (18,34). Of course, 

the actual probability of achieving such a combination 

is wery small, therefore, ultimate risk taking seems to 

be an undesirable criteria. Many additional criteria 

could be woven Into the selection process. 
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Before leaving the example, consider the aspects 

of changing the original problem into a deterministic 

problem. Figure 4 depicts the various combinations of 

using the low value estimates, the expected value 

estimates, and the high value estimates. A variation 

of the expected value solution would be to obtain 

E(A) and E(B) to establish a permanent feasible 

region and then analyze the optimal X vectors as C 

takes on random values. 

Using the expected values of A and B, the 

constraints are 

4x^ + 2X2 £ 60 

2Xi + 4X2 1 48, 

thus allowing three possible (x^ ,X2) optimal X 

vectors: (0,12), (12,6), or (15,0). To determine 

the optimal X for each generated (0^,02), calculate 

the slope of the objective function -0^/02* The 

optimal X vector is as follows: 

r 

Optimal X = < 

(15,0), -c^/C2 < -2 

(12,6), -2 <. -c^/C2 < -1/2 

(0,12), -c^/C2 > -1/2 

42 

^^If the equality holds, the objective function 
is parallel to the constraints, and an Infinite number 
of optimal X vectors are available. 
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max z = 7x 
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38 

2 

48 

44 

40 

) 

36 

32 

28 

24 

20 

16 

12 

8 

1 + 4x 

(1) 2x^ + X2 < 

(2) 

1 

X2 < 

X2 > 

50 

44 

0 

^ Expected Values: 

Values: 

® 
®* 

= 8x, + 6x 
1 2 

60 (1) 4x^ + 2X2 <. 

(2) 2x^ + 4X2 < 48 
> 0 

= 9x^ + 8X2 

(1) 6x^ + 3x2 < 70 

(2) 3x^ + 7x2 < 52 

• ^2 >. 0 

Feasible 
Area 

Optimal 
X, ,X2 Values 

'©V'̂  16 20 24 28 32 36 40 

Figure 4. Comparison of Feasibility Areas and Optimal X 
Vectors for Low Values, Expected Values, and 
High Values of A, B, and C Random 
Variables 
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Table 8 presents a summary of the optimal X vectors 

for five-hundred combinations of (c^ ,C2) using EA 

and EB. For ewery selection criteria, the policy X 

choice is (12,6). 

TABLE 8 

SUMMARY OF OPTIMAL X VECTORS USING THE EXPECTED 

VALUES OF THE A MATRIX AND B VECTOR FOR 

RANDOM OBSERVATIONS OF THE C VECTOR 

500 Generated Observations of (c, ,02) Using 

The Following Distributions: 

c^ Uniform (7.00,9.00) 

C2 Uniform (4.00,8.00) 

E(b^) = 60, E(b2) = 48 

E(a^^) = 4, E(a^2) = 2, E(a2i) = ^* ^^^22^ " ^ 

OPTIMAL X VECTOR FREQUENCY PERCENT 

( 0.12) 

(12 , 6) 

(15 , 0) 

0 

490 

10 

0.0 

98.0 

2.0 

TOTAL 500 100.0 

The previous example was chosen deliberately to 

introduce and explain the simulation techniques without 

the clutter and complexity of a large problem. Exten-



85 

sions to larger and more complex applications require 

sophistication in the computer programming techniques 

but the basic procedure of the simulation approach 

will remain unchanged. 



CHAPTER V 

CONCLUSIONS AND RECOMMENDATIONS 

Conclusions and Limitations 

The general linear programming problem requires 

the assumptions of (1) continuity, (2) no priority in 

selection of variables, (3) quantifiable relationships, 

(4) linearity, and (5) deterministic coefficients. Sto

chastic linear programming is an attack on the determin

istic coefficient assumption. 

Early formulations of the stochastic problem were 

found to be lacking in their approach to the problem. 

Primary limitations of the early works are: 

1. Specific applications spawned the early formu

lations. Limiting assumptions designed around the spe

cific problem preclude a general solution. 

2. Many formulations restricted randomness to 

one of A, B, or C. 

3. The general models were housed in a decision-

theoretic framework. The majority of formulations were 

based on convex analysis, thus restricting the applica

tion to the risk-averter criterion. 

The prior formulations approach the linear problem 

86 
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by removing only the deterministic coefficient assump

tion and Impose the requirement of some knowledge con

cerning the A, B, and C components. Using this 

knowledge to make a selection from A, B, and C, the 

stochastic problem is exchanged for a solvable problem 

to obtain one X vector. 

The purpose of this paper was to establish a tech

nique that was general in nature and completely flexible 

for analyzing the stochastic linear problem. Main

taining the assumption of knowledge about A, B, and 

C the simulation method presented in this paper uses 

the available knowledge to obtain a collection of X 

vectors--one for each randomly selected combination of 

A, B, and C. The selection process is from the set 

of X vectors. 

Generality prevails in that randomness is allowed 

in any and all of A, B, and C and each component 

may be structured to outline the actual situation as 

closely as possible. Providing a multitude of selection 

criteria allows a model design for individual needs, 

thus a wide range of applicability is offered by the 

simulation approach. Effective application of the simu

lation approach requires consideration of the following 

11 mi tations : 

1. The functional relationships (objective func-
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tion and constraints) must be realistic and properly 

defined. 

2. The actual situation should be reflected in 

the selection of the probability distributions of A, 

B, and C. In too many instances, simplifying assump

tions are imposed. This renders the problem easy to 

solve, but offers no insight into the actual working 

solution. 
* 

3. The simulation modeling program must be care

fully analyzed, planned, and Implemented. The model 

must issue the necessary information for decision making 

without an overabundance of useless data. The model 

must be easily adaptable to future modifications. 

4. Care must be exercised in recognizing the 

simulation model for what it is--an aid to more effec

tive decision making, rather than becoming the decision 

maker. No responsibility may be shifted from the deci

sion maker to the simulation model. 

These limitations are not unique to the simulation 

approach but represent limitations of problem solving 

techniques in general. 

Primary Advantages of 
the Simulation Model 

By accepting an additional assumption--limited 

knowledge about the ranges and values of the X vector 
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components--the Monte-Carlo Rule for stochastic program 

ming may be incorporated into the simulation method. 

The Monte-Carlo Rule, used to obtain a set of good or 

Improved X vectors, eliminates the necessity for the 

linearity assumptions. This allows the functional rela

tionships (both objective function and constraints) to 

be of any form. The Monte-Carlo Rule, providing an 

extension to mathematical programming in general, opens 

the door to a broad class of problems. 

A closer look at the advantages of the simulation 

approach. Including the Monte-Carlo Rule, reveal that: 

1. The model is not complicated. Each segment 

of the simulation approach is relatively simple, both 

from a theoretical and implementation standpoint. The 

simplicity of the approach allows the user to concen

trate on the problem rather than the model. 

2. A descriptive and predictive capability is 

available. The model is descriptive in that the solu

tion set of X vectors for the existing parameters is 

readily available. The ability to alter the elements 

of A, B, C, and even X allows the user to inves

tigate the effect of potential changes. The simulation 

approach offers a sensitivity analysis by answering the 

'what i f question as one or more variables change. 

3. Limiting assumptions for analytical require-
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ments are not required. In many problems, assumptions 

are made to mold the problem into the framework of 

existing analytical models. This is not the case in 

the simulation approach. Assumptions for the simula

tion approach should be computer efficiency assumptions, 

i.e., is it worth the programming effort and computer 

time compared to the information received. 

Recommendations for 
Further ResearTFT 

As in most research, there remains unanswered 

questions which serve as the basis for future research. 

The basic criteria for the simulation approach (all other 

formulations of the stochastic linear problem as well) 

is knowledge about the A, B, and C components. 

Exploration of the ability to establish the A, B, 

and C components seems to be warranted. This suggests 

empirical research as to the method and validity of 

establishing the random characteristics for the objec

tive function and constraints. 

The example presented in Chapter IV was simplistic 

in nature to illustrate the simulation approach rather 

than demonstrate the modeling ability of a complex prob

lem. However, applications of the simulation approach 

fall in the realm of large, complex problems. Therefore, 

future effort should be channeled toward validation of 
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the simulation approach. 

Selecting the policy X from the set of X 

vectors is the basic premise of the simulation approach. 

The selection process may be carried out regardless of 

the form of the distribution, f ( X ^ ) , of the set {X.}. 

However, certain questions surrounding the distribution 

f(X^.) should be answered. What is the distribution of 

f(X^)? Is f(X^) normal? Is f(X^) uniform? Is 

the distribution of the X vectors independent of the 

probability distributions for A, B, and C? Can the 

choice of partitions for X affect the distribution of 

f(X.)? These, and other questions arising from appli

cations, provide topics for future research. 
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APPENDIX A: RANDOM VARIATE GENERATORS 

The random variate generators used in the numer 

ical example are included in the appendix. The gener

ators are as follows: 

Random Number Generator 

Normal Random Variate Generator 

Uniform Random Variate Generator 

Beta Random Variate Generator 
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RANDOM NUMBER GENERATOR 

SUBROUTINE RANDU(IX,YFL) 
SUBROUTINE TO GENERATE RANDOM NUMBER FROM ZERO TO ONE 

REAL*8 YFL 
I Y = I X * 6 5 5 3 9 
I F ( I Y ) 5 , 1 0 , 1 0 

5 IY= IY+2147483647+1 
10 YFL- IY 

YFL»YFL* .4656613E-9 
I X = I Y 
RETURN 
END 

.Wil»*T^a-H^tWVmJ. «liUW»*tMMM««««iB 
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NORMAL RANDOM VARIATE GENERATOR 

SUBROUTINE NORMAL(IX,MU,SIGMA,RV) 
SUBROUTINE TO GENERATE NORMAL RANDOM VARIABLE 

REAL*8 MU,SIGMA,RV.YFL,A 
A = 0.0 
DO 10 J = l ,12 
CALL RANDU(IX,YFL) 
A=A+YFL 

10 CONTINUE 
RV=((A-6.0)*SIGMA)+MU 
RETURN 
END 
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UNIFORM RANDOM VARIATE GENERATOR 

SUBROUTINE UNI(IX ,LOW ,HI6H,RV) 
SUBROUTINE TO GENERATE UNIFORM RANDOM VARIABLE 

REAL*8 LOW,HIGH,RV,YFL 
CALL RANDU(IX,YFL) 
RV=L0W+((HI6H-L0W)*YFL) 
RETURN 
END 
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BETA RANDOM VARIATE GENERATOR 

SUBROUTINE BETA(IX ,LOW,HIGH,MODE,RV) 
SUBROUTINE TO GENERATE BETA RANDOM VARIABLES 

REAL*8 LOW,HIGH,MODE,RV,AMEAN,STDDEV,A,YFL 
AMEAN=(L0W+(4.0*M0DE)+HIGH)/6.0 
STDDEV=(HIGH-L0W)/6.0 
A = 0.0 
DO 10 J=l,12 
CALL RANDU(IX,YFL) 
A=A+YFL-0.5 

10 CONTINUE 
RV=(A*STDDEV)+AMEAN 
RETURN 
END 
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APPENDIX B: SUMMARY OF X VECTOR INFORMATION FOR 

FIRST TEN GENERATED TRIPLES (A,B,C) 

(A,B,C)^ 

MAXIMIZE z = 8.20x^ + 6.32x2 

SUBJECT TO 3.55x^ + 2.I6X2 <, 60 

1 .55x^ + 4.23X2 - ^̂  

AND x^, X2 ^ 0 

OPTIMAL X INFORMATION 

x"̂  = (12.1,7.9) z = 149.14 

GOOD X INFORMATION 

X^ = (14,3) z = 133.82 

Percent of Optimal z = 89.7% 

Number of X^ Vectors = 100 

Number of Infeasible X Vectors = 90 

Percent Infeasible X^ Vectors = 90.0% 

IMPROVED X INFORMATION 

x""" = (15.3) z = 142.02 

Percent of Optimal z = 95.2% 



(A,B,C)2 

109 

MAXIMIZE 

SUBJECT TO 

AND 

z = 7.35x^ + 7.06X2 

3.25x^ + 2.00x2 :< 60 

1 .71x^ + 4.29X2 - ^^ 

X, , X2 >, 0 

OPTIMAL X INFORMATION 

X^ = (15.3,5.1) z = 148.43 

GOOD X INFORMATION 

X^ = (12,1) z = 95.24 

Percent of Optimal z = 64.2% 

Number of X Vectors = 68 

Number of Infeasible X Vectors = 64 

Percent Infeasible X^ Vectors = 94.1% 

IMPROVED X INFORMATION 

z = 109.65 

Percent of Optimal z = 73.9% 

X^ = (13,2) 



no 
(A.8,0)3 

MAXIMIZE z = 7.75x^ + 5.76x2 

SUBJECT TO 4.11x^ + 2.39x2 < 70 

2.43x^ + 4.21x2 - ^^ 

AND X,, X2 I 0 

OPTIMAL X INFORMATION 

X^ = (15.7,2.3) z = 134.87 

GOOD X INFORMATION 

X^ = (11 ,5) z = 114.05 

Percent of Optimal z = 84.6% 

Number of X^ Vectors = 55 

Number of Infeasible X^ Vectors = 46 

Percent Infeasible X Vectors = 83.6% 

IMPROVED X INFORMATION 

X^ = (11,5) z = 114.05 

Percent of Optimal z = 84.6% 



(A,B,C)^ 

111 

MAXIMIZE z « 8.84x^ + 7.73X2 

SUBJECT TO 4.64x^ + 2.14x2 - ^° 

AND 

2.35x^ + 5.71x2 < 50 

x, , Xg >. 0 

OPTIMAL X INFORMATION 

X^ = (11 .0,4.2) 129.79 

GOOD X INFORMATION 

x"̂  = (9.4) z = 110.44 

Percent of Optimal z = 85.1% 

Number of X^ Vectors = 100 

Number of Infeasible X^ Vectors = 95 

Percent Infeasible X^ Vectors = 95.0% 

IMPROVED X INFORMATION 

z = 119.28 

Percent of Optimal z = 91.9% 

x''' = (10.4) 
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(A.B.Og 

MAXIMIZE z = 8.43x^ + 6.69x2 

SUBJECT TO 3.48x^ + I.6OX2 < 50 

2.48x^ + 4.O8X2 ^ 48 

AND x^ , X2 >. 0 

OPTIMAL X INFORMATION 

X^ = (12.4, 4.2) z = 133.07 

GOOD X INFORMATION 

X^ = (11 ,4) z = 119.47 

Percent of Optimal z = 89.8% 

Number of X Vectors = 99 

Number of Infeasible X Vectors = 83 

Percent Infeasible X^ Vectors = 83.8% 

IMPROVED X INFORMATION 

x"̂  = (12,4) z = 127.89 

Percent of Optimal z = 96.1% 
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(A,B,C)g 

MAXIMIZE z = 8.71x^ + 7.60x2 

SUBJECT TO 3.58x^ + 2.OOX2 <. 65 

1 .76x^ + 3.19X2 <̂  48 

AND x^ , X2 ^ 0 

OPTIMAL X INFORMATION 

x"*̂  = (14.1 ,7.3) z = 177.80 

GOOD X INFORMATION 

x""" = (15,2) z = 145.86 

Percent of Optimal z = 82.0% 

Number of X^ Vectors = 65 

Number of Infeasible X^ Vectors = 53 

Percent Infeasible X^ Vectors = 81.5% 

IMPROVED X INFORMATION 

X^ = (16,3) z = 162.17 

Percent of Optimal z = 91.2% 
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(A,B.C)7 

MAXIMIZE z = 7.05x^ + 6.43x2 

SUBJECT TO 4.45x^ + 1.98X2 ;< 60 

1 .72x^ + 4.86X2 - ^^ 

AND x^, X2 I 0 

OPTIMAL X INFORMATION 

X^ = (11.0,5.6) z = 113.37 

GOOD X INFORMATION 

X^ = (11 .5) z = 109.70 

Percent of Optimal z = 96.8% 

Number of X Vectors = 75 

Number of Infeasible X Vectors = 67 

Percent Infeasible X^ Vectors = 89.3% 

IMPROVED X INFORMATION 

F = (11 ,5) z = 109.70 

Percent of Optimal z = 96.8% 
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( A , B , C ) Q 

MAXIMIZE z = 7.44x^ + 6.32x2 

SUBJECT TO 4.79x^ + 2.56x2 < 60 

2.33x^ + 2.39X2 - ^^ 

AND x^ , X2 ^ 0 

OPTIMAL X INFORMATION 

X^ = (4.6,14.8) z = 127.79 

GOOD X INFORMATION 

X^ = (5,12) z = 113.03 

Percent of Optimal z = 88.4% 

Number of X^ Vectors = 60 

Number of Infeasible X^ Vectors = 50 

Percent Infeasible X^ Vectors = 83.3% 

IMPROVED X INFORMATION 

xT __ ( g j 2 ) 2 = 120.47 

Percent of Optimal z = 94.3% 
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(A,B,C)g 

MAXIMIZE z = 8.02x^ + 6.52X2 

SUBJECT TO 3.36x^ + 1.73X2 - ^^ 

1.98x^ + 5.19X2 - ^® 

AND x^, X2 > 0 

OPTIMAL X INFORMATION 

X^ = (18.1,2.4) z = 160.70 

GOOD X INFORMATION 

X^ = (16,3) z = 147.95 

Percent of Optimal z = 92.1% 

Number of X Vectors = 87 

Number of Infeasible X^ Vectors = 77 
s 

Percent Infeasible X^ Vectors = 88.5% 

IMPROVED X INFORMATION 

x""" = (16,3) z = 147.95 

Percent of Optimal z = 92.1% 
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(A.B.O^Q 

MAXIMIZE z = 7.68x^ + 4.48x2 

SUBJECT TO 5.31x^ + 1 .83x2 < 55 

1 .85x^ + 4.08X2 < 44 

AND x^ , X2 >: 0 

OPTIMAL X INFORMATION 

X^ = (7.9,7.2) z = 92.71 

GOOD X INFORMATION 

X^ = (7,2) z = 62.69 

Percent of Optimal z = 67.6% 

Number of X Vectors = 55 

Number of Infeasible X Vectors = 50 

Percent Infeasible X^ Vectors = 90.9% 

IMPROVED X INFORMATION 

x""" = (8,3) z = 74.85 

Percent of Optimal z = 80.7% 


