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ABSTRACT 

The means by which pacemaker cells of the mammalian suprachiasmatic nucleus 

(SCN) are synchronized is unknown. In the absence of anatomical data on the in-

terneuronal connections among SCN neurons, we have modeled the SCN network 

in terms of a number of possible connection topologies. We employ a mathematical 

model proposed by Achermann and Kunz (1999), to study the problem of interpreting 

synchronization in the SCN network from a dynamical systems viewpoint. We vary 

the proportion of local or nearest neighbor neuronal connections and global or long 

distance connections in the SCN, and compare time elapsed before synchronization 

is established. Time of resynchronization is the time elapsed before SCN neurons 

reestablish their phase-locked circadian response after complete randomization of ini

tial phases. We consider two models where one, is a three-dimensional model with 

8000 neurons connected as a torus and the second, an one-dimensional model consist

ing of 500 neurons (mean period=24 hr, S.D.=1 hr), each with Kronauer dynamics, 

with weak inhibitory coupling to each other, similar to the model described by Acher

mann and Kunz. Neurons are arranged in a ring in all directions, and connections 

are assumed to be symmetric with respect to cell locations. 

Mainly we studied two different dynamics: a three dimensional model of 8000 neu

rons with fixed connection patterns and one-dimensional model of 500 neurons with 

random symmetric connection patterns. The three dimensional models was simulated 

under four different light conditions: Absence of light, presence of light,10x10x10 core 

light and 16x16x16 core light. It was observed that the existence of few long distance 

connections make significant difference in the synchronization times. For instance, 

the synchronization times for pure locally connected and few long distance connected 

networks under the core light of 16x16x16 were 17 and 11 days, respectively. Re

sults were similar for the other light conditions. In the second stage, we studied the 

synchronization and phase locking times of two types of randomly (symmetric) con

nected networks: Purely local and few long distance connections networks. It was 
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clearly observed, with a light increase in long distance connections the phase locking 

time drops dramatically. For instance, if the number of long distance connections are 

increased from 2 to 10 (out of 30 connections), the phase locking time drops from 

47 days to 6 days. In conjunction with our previous finding that completely inter

connected global networks resynchronize much more quickly than the physiological 

oscillator in the SCN, these results suggest the possibility that the SCN topology is 

a "small world" network, i.e., a neuronal network with largely local interconnections 

plus a small number of long distance connections. 
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CHAPTER I 

INTRODUCTION 

Anyone who has traveled has experienced jet-lag that groggy realization that while 

your day is beginning in Washington, DC, the night you just left in San Francisco 

is hardly over. Jet-lag is an inconvenient reminder that the body is set to a 24 

hour clock, known by scientists as the circadian rhythm, from the Latin circa dies, 

"about one day." An internal biological clock is fundamental to all living organisms, 

influencing hormones that play a role in sleep and wakefulness, metabolic rate, and 

body temperature. 

In mammals, a master circadian pacemaker driving daily rhythms in behavior 

and physiology resides in the suprachiasmatic nucleus [SCN), a distinct group of 

cells found within the hypothalamus [14]. The SCN contains multiple circadian os

cillators that synchronize to environmental cycles and to each other in vivo. By 

synchronization here we mean the phenomenon of cellular bio-chemical oscillations 

synchronizing their periods as well as phases, i.e., phase locking. Rhythm production, 

an intracellular event, depends on more than eight identified genes. The period of 

the rhythms within the SCN also depends upon intercellular communication. Many 

other tissues also retain the ability to generate near 24 hour periodicities [2], although 

their place in the organization of circadian timing is still unclear. 

For past few years, scientists have analyzed the SCN activities in different math

ematical as well as biological points of view. In 1982, Kronauer [11] proposed a 

mathematical model for simulating effects of light on the amplitude and phase of 

circadian pacemaker in mammals. This model is based on the Van der Pol oscillator, 

and it includes an additive term to represent the effect of light. Since the ambient 

light intensity oscillate with a precise period of 24 hours, the resulting model con

sists of a nonlinear oscillator with 24.3 hour intrinsic period, driven by an external 

oscillatory input of 24 hour period. Kronauer's model represents the entire SCN as 

a two dimensional dynamical system. In 1999, Achermann and Kunz [11] refined the 



Kronauer's model by representing each SCN cell as a Kronauer oscillator, and added 

coupling terms between oscillators to represent dynamic interactions with other SCN 

neurons. They did extensive numerical simulations with a variety of nearest neigh

bor type connections, and showed that the network is indeed is capable of achieving 

synchrony. 

A fundamental question that is at the heart of understanding the dynamics of the 

SCN is that of the nature and topology of the interconnectivity of neurons. Theories 

on these aspects are abound. Lesauter and Silver [12] proposed that the SCN behaves 

like a core shell model where approximately 300 active neurons (i.e., interconnected 

among themselves, and receive light inputs) in the core drive inactive (i.e., not con

nected among themselves, and only receive inputs from the core) shell neurons. In 

[13], it was suggested that all neurons are identical and each connects to 1000 other 

neurons. Computer simulations in [13] has shown that a fully connected networks, 

i.e., each neuron interacts with every other neuron, give rise to resynchronizing times 

which are far smaller than experimentally observed values, whereas nearest neigh

bor connections may either fail to synchronize, or far too slow to resynchronize the 

network. 

In an apparently unrelated context, Strogatz [8] coined the phrase small world 

models, to describe a class of networks in which each node (or cell) connects, commu

nicates, or interacts mostly with its nearest neighbors, but there is a small fraction 

of connections (so-called long distance connections) that pan across the network. In 

connection with the problem of traversing a network he showed that addition of a 

small percentage of long distance connections lead to a dramatic reduction in the 

average path length in network traversing. 

In view of results on resynchronization times observed in computer simulations 

reported in [13] and the dramatic effect of few long distance connections have on 

average distance traversed in a network, it is sensible to investigate the effects of 

replacing a few nearest neighbor connections by long distance connections in the 

Achermann and Kunz [1] model of the SCN. We initiate such a study here. 



In this thesis we will discuss the dynamics of three-dimensional and one-dimensional 

SCN models using the Achermann and Kunz model with and without the effect of 

ambient light. We mainly focus on the phase locking and synchronization proper

ties to understand the interconnectivity. In addition we have used Hopf Bifurcation 

theory to give an analytical proof for the phase locking phenomena in the neuronal 

oscillations. The experiments of Achermann and Kunz were done on two-dimensional 

structure under the local coupling, while our simulations were carried out on a three-

dimensional model with and with out long distance connections. 

Chapter II of this thesis explains about the Achermann and Kunz model for two 

dimensional SCN system. Chapter III is a explanation of Hopf Bifurcation theory 

and its application on symmetrical system. Chapter IV explains the current hypoth

esis about connection patterns and importance of dominant eigenvalue distributions. 

Results of analysis and simulations are presented in chapter V. Concluding remarks 

are given in Chapter VI. 



CHAPTER II 

ACHERMANN AND KNUZ MODEL 

2.1 Achermann and Knuz Model for Modeling Circadian Rhythms 

In 1990, Kronauer proposed a single oscillator model for circadian system which 

was capable of incorporating the effects of ambient light on the SCN neurons. The 

state variables of each neuron was represented by x and y and the effect of light 

represented by B where B — {1 — mx)CIi, I is the light intensity in lux and m , C 

are constants. 

— ]x = y + e{x- -x^) + B (2.1) 

1?),.-(^,..B. (2.2) 

Achermann and Kunz modified [1] the above circadian model considering the 

influence of nearest neighborhood connections which contributed an addition coupling 

term to the system. The interconnections which were studied, focused on 4, 8 and 

20 nearest (Figure 2.1) neighbor connections with 100x100 array of self-sustained 

oscillators with individual intrinsic period of nj. 

Figure 2.1: Achermann and Kunz's connections topologies. (a)4, (b)8 and (c)20 

neighbors. 

The structure of the neurons were considered as a two-dimensional array and each 

neuron's physical location was identified using index {i,j). The state variables of 



Table 2.1: Model parameter values used in Achermann and Knuz Model 

Parameter 

B 

e 

I 

m 

T 

c 

C 

dab 

K 

Description 

model perceived brightness 

stiffness coefficient 

light intensity in lux 

modulation index 

intrinsic period of the oscillator 

coupling function under k connection type 

connection strength 

constant 

weight factort 

space of connection types 

Values 

(1 - mx)cni^ 
0.13 

1/3 

1 

-

-

0.018 

-

4,8 and 20 types 

each neuron was represented using Xi^.j{t) and yi,j{t). The main categories of model 

parameters used were local, global and environmental. The intrinsic period and neigh

borhood connections were considered as local parameters which directly affected the 

oscillators. Array size and boundary conditions were considered as global parameters 

which controlled the model structure. Initial conditions, and zeitgeber were consid

ered as environmental parameters which provided environmental preconditions and 

stimuli. The intrinsic periods n^ values were obtained from Welsh [3], a mean of 

Tij = 24.3 and a standard deviation of 1 hour applied. It was observed that coupling 

coefficient and the size of neighborhood connections had a effect on the global behav

ior as same as the intrinsic periods. Since the model used cylindrical topology (top 

and bottom borders are connected) the boundary on open sides were truncated and 

boundary values were imposed. Table 2.1 shows the parameters used in Achermann 

Kunz model 

The differential equation of (i, j)*'' postion is given by: 



[—j ii,j = Vid + <^id - \^h) +B + ckl'^ix), (2.3) 

v ) y^'^ = - ( V ) ^'.j+^y^^i+4?(2/)' (2-4) 

where 

4 ? ( ^ ) = H idabXi+aJ+b) - Xi,j, (2.5) 

^l?(y) = E (5a6y^+a,,+6) " yij- (2-6) 
(a,b)eKW 

The above system was studied using supercomputer simulations and explained 

the phase locking phenomena and the effect of light dark cycle on SCN oscillators. 

The fourth-order Runge Kutta method was used for the simulations with a step size 

of 1 hour. The results of these experiments strengthened the validity of the Kroner's 

model with an alteration for the neighborhood coupling. 



CHAPTER III 

HOPF BIFURCATION THEORY 

3.1 Hopf Bifurcation Theory 

The Hopf Bifurcation theory provides a theoretical understanding, why does the 

dynamics of SCN persist with phase locking and how the speed of phase locking varies 

with the coupling between neurons. The following present how the Hopf Bilification 

can be applied to a system of SCN. Let's consider a planar system 

f = /(x,y,M) 
dy , . 
— = g{x,y,fx) 

(3.1) 

(3.2) 

where / and g are C^ functions and pi is the Bifurcation parameter. Alternatively we 

have the notations: 

dX 

~dt 
= AX) = Di{X,^l) -\-H{x,y,fi) (3.3) 

where H{X,,IJL) is higher order vector field and X{ii) = {x{fi),y{fi)) be the equilib

rium. The Jacobian of the vector field f(X) at X is 

Di{X,fi) = 
fx{x,y)fy{x,y) 

9xix,y)gy{x,y) 
(3.4) 

The eigenvalues of Di{X, /j.) are functions of parameter /j,. In terms of the trace TrDf 

and determinant detDi, the eigenvalues of jacobian are: 

A+fui = 
TrDi ± ^y{TrDi)^ - AdetDi 

Let's consider special case where at some parameter value yu = //o 

TrL>f(X(//o)) = 0 

detDi{X{nQ)) > 0 

(3.5) 

(3.6) 

(3.7) 



When these two condition are satisfied, then eigenvalues of the Jacobian are purely 

imaginary and they are complex conjugates. As fx get differed by ^o, particularly 

H> Ho the system end up with eigenvalues with positive real parts which leads to 

unstable system about equilibrium point X. The other case where p < //Q the system 

shows stable behavior about X. If in addition to (3.6) and (3.7) being satisfied, the 

condition 

—{i?ea/(A+(M))}| ,=,„/0 (3.8) 

is satisfied, then Hopf Bifurcation occurs at the point (X(//o),/io), i-e., there exists 

5 > 0 such that for all /x either in (/io,//o + 5) or in (//Q - ^,/xo), small amplitude 

oscillations (limit cycles) exist. Amplitude of these oscillations approaches zero as /JL 

approaches /XQ. If ;5(e) < 0 where P{e) = /3(e)2-l-/3(e)4+.-., then the solution is orbitally 

asymptotically stable [25]. Though Hopf Bifurcation guarantees the existence of such 

periodic orbits for // Pi /io, it does not guarantee the existences of oscillations for 

)Lt further away from /XQ- Often, however the periodic orbits persist and grow in 

amplitude as |^ — //o| increases [6]. 

In the Achermann and Kunz model, neurons are arranged in a cylindrical array 

constructed from a rectangular array after the top and the bottom edges are identified 

with each other. If one were to approximate it by connecting the left and right sides 

of the rectangle as well, a torus is the end result. In addition, the resulting dynamic 

model, with Achermann-Kunz connectivity patterns, turn out to be symmetric with 

respect to the action of the Dihedral group along either direction of the rectangle. 

Indeed, one may generalize this to a three-dimensional model, where the lattice of 

cells form a three-dimensional torus, and lattice dynamics are equivariant under the 

action of D^ x D^ x Di^ on the state space. It is this generalized model that we 

study here. We describe basics of Hopf bifurcation theory applicable to a system with 

an equivariant symmetry group in the next section. 



3.1.1 Hopf Bifurcation theory on symmetric SCN systems 

The main focus on this section is to study the phase locking phenomena of SCN 

cells subject to the assumptions of dihedral symmetry and absence of light. Results 

presented are taken from [13]. Results presented below describe how to relate resyn

chronizing time to an eigenvalue of the linear approximation. Statistical properties 

of this eigenvalue will be investigated in the remainder of the thesis. 

System considered here is [13], 

( — j iid,k = yid,k + ^{x^,j,k - ^xl,k) + ckl^lki^), (3.9) 

f — j yid,k = - ( — ] Xij,k + ck^lkiy)- (3.10) 

Let Dn be the Dihedral group acting on n objects. Thus Z?„ acts on 9 "̂ by permut

ing and reflecting coordinates. Let G — D^j^ x D^^ x Dj^^ and let G acts on the state 

space M = Vi^' x m^^ x 91̂ 3 of SCN dynamics by, {gi, g2,93){x,y)ga{i),g2{m),g3{n) = 

{x,y)i^rn,n- Let US assume the influence functions k in (3.9), (3.10) are equivariant 

under the action of C on M, i.e., kg{l,m,n){x) = k^mAQi^)) ^^^ kg{l,m,n){y) = 

h,m,n{g{y))-

For our analysis linear terms in k provide adequate information, hence, as in 

Achermann and Kunz [1], we will assume that k is linear. Thus, coupling terms can 

be written as 

kl,m,n[x) = / j'^Crn,n^V^<l>T-

P,q,r 

If algebraic sum of coupling terms is equal to zero, i.e., Y^p^g^r ^\Xn - ^ ^^^ ^^^ l,m,n, 

then G equivariance of k amounts to the following: 

kp+aq+^r+'y depends only on \a\, |/3| , and |7|, where a, ^ and 7 are the position 

indices relative to the position p, q, and r. 

Let us define 

(this is independent of {p,q,r) as noted above). 

9 



To analyze the bifurcation of the system we have to analyze the behavior of 

eigenvalues and eigenvectors of the linearized system of (3.9), (3.10). To avoid having 

to see through the clutter of three subscripts, let us first consider a simplified version of 

(3.9), (3.10) in which cells are arranged in a one-dimensional array. Results presented 

in this simplified case can be generalized to the three-dimensional array in an obvious 

way. 

The simplified system has the form, 

/12, , 3 
{—)xi = yi + e{Xi - -X 

TT 4 

A T - l 
) - c{Xi - y^OgXi+a), 

Q = l 

-1 N-1 

{—)yi = -Xi - c{yi - ^ 9gyi+a); J ^ 6»„ = 1. 
N-l 

a=l a=l 

The linear approximation of it is. 

/ 

A 

[ 

V 

V 

V 

V 

\ 

Nxlt 

— 
e 1 

- 1 0 

N-\ 
[v\-c[v\ + c^6o\v\, 

a=l 

{A [v]\ = 
e 1 

- 1 0 
H-

(3.11) 

(3.12) 

(3.13) 

(3.14) 

where v E^-

Computation of the eigenvalues and eigenvectors of the linearized system can be 

10 



done as follows: 

e - )Lt 1 

- 1 -H 
= 0, 

Vx = -IJ.V2, 

M - e^ + 1 = 0, 

^. = - + r ^ l ~ -

Now the system (3.13) can be written as 

/ 
V 

i^h 

\ 

e 1 

- 1 0 

N-\ 
^kjy _ c^kj^ + C ̂  ^'"'Qai'^^V. 

Q = l 

iVx . / J 

27rt . 
where ^ = e 'JV' is the n*'' primitive root of unity in !H. 

This provides the eigenvalues of the system as 

N-l 

h = ^[{pi - c) -f c ^ e-^Oc]. 
a=l 

where A; = 0,1, 2...,7V - 1. 

(3.15) 

(3.16) 

(3.17) 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

Afc = Y^{c[^o H- 2 ^ ^a cos(27raA;/A^)] + e/2 ± ^ 1 - €2/4} (3.22) 

The torus structure of the NiX N2X N3 of system enables to extend above result. 

Eigenvalues of the linear approximation of (3.9), (3.10) are 

A(,m,„ = Y (̂c[6'(o,o,o) + E 9^a^i3^^)COs{2-Kal/Ni)cos{2Tr^m/N2)cos{2-K'yn/N3)] 
(a,/3,7)#0 

(3.23) + e / 2 i t 1^1 - £2/4, 

11 



and corresponding eigenvectors are, 

NuN2,Na 

Vt,m,n= Yl i^^i^""'<^''"v®ap®bg®Cr., (3.24) 
{P,q,r)=(l,l,l) 

where ^ = e('2-)/iV: ̂  ^ = g(i2.)/;v.^ ^ ^ g(i2.)/iV3 ^̂ ^̂  ^ ^̂  ^ ^^^^^^ -^ ^2 

Let us concentrate on the I/Q.O.Q. The small positive e and the equal components v 

will enables the Hopf Bifurcation on dynamics of this mode. The equal components 

of V'ô o.o leads to a periodic solution: 

12 
Xl,m,n = 5\v\ C0S( — ( t - (j))), 

TT 

12 
yi,m,n = 6\v\ Sin( — ( i - (j))), 

TT 

where ^ is the phase angle for any (/, m, n). So it is deduced that the mode (0,0,0) give 

rise to phase locked oscillations in the system. Consideration of any other mode will 

end up with eigenvectors which have oscillatory components which are not in phase, 

i.e., those modes will destroy the phase locking property of the system. Observe that 

the resynchronization time is equal to the time that other (hence non phase locked) 

modes to die out. Time constant which determine the decay rate of any mode is 

the reciprocal of the real part of the eigenvalue of that mode. A rule of thumb in 

engineering is to take the time for a mode to die out to be equal to 3/Re(A), where A 

is the eigenvalue of the mode. Since the slowest mode is the one with the eigenvalue 

with the smallest real part, it follows that the resynchronization time is approximately 

equal to 3/Re(Ai) where Ai is the dominant stable eigenvalue. 

12 



CHAPTER IV 

NETWORKS AND EIGENVALUE DISTRIBUTIONS 

4.1 Networks 

In recent years, researchers have been interested in analyzing the connection 

topologies of networks such as neural networks, social networks, internet, and many 

other self-organized systems. For example, it is believed that complex functional 

behavior of various areas of animal cortex can be understood from the dynamical 

properties of relevant neurobiology networks. However, these networks are very hard 

to understand using standard dynamical systems analysis since they are complex in 

structure, network connections are time dependent, networks grow and shrink in size, 

connectivity has directional features, etc. By suppressing some of the complexities, 

one may obtain a simpler model where we can focus on aiming for a partial under

standing of some key features from a mathematical view point. Identical dynamical 

systems coupled with simple geometrically regular ways and static architecture are 

the most studied such networks. 

Strogatz [8] did much work on network patterns and came up with the concept 

of a Small world network which is depicted in the Figure 4.1. In Strogatz' analysis, 

he tried to randomize the regular networks with a measure of probability parameter 

p. In regular networks, each node (or cell) connects to a few local cells only, while 

a random pattern mix neighborhood and long distance connections, as shown in the 

Figure 4.1. 

Between the regular and random extremes are networks known as Small World 

Networks, of which most of the connections are local, and a few long distance con

nections are sprinkled in a random manner. The characteristic path length L{p) 

(separations between two cells) is evaluated with the variation of p and was obtained 

(Figure 4.2). As we can see the smaU values of p has a highly nonlinear effect on 

L{p), contracting the distance not just between the pairs of cell that it connects, but 

between their immediate neighborhoods. This dramatic decrease in path length with 

13 



Regular Small-World 

p = 0 

Random 

Increasing randomness 
P = 1 

Figure 4.1: Progression from regularity to randomness, beginning with a small ring 
graph in which N = 20, k=4. 

increase of p initiated most of the small world researches on other fields. One of the 

main aspect of thesis is to find out the effect of the smaH world networks on SCN 

system synchronization. We have analyzed few different networks to emphasize the 

importance of network connection patterns in synchronization in biological systems. 

0.0001 0.001 0.01 
p 

Figure 4.2: Decline of the ratio L(p)/L(0) for the case N = 1000, k = 10. 

4.2 Eigenvalue distributions 

The SCN system we analyze in this thesis shows a nonlinear behavior which is 

modelled by Achermann and Kunz [1]. Eigenvalues of the linearized model determine 

the resynchronization time. More precisely, let us order eigenvalues according to the 
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decrasing order of their real parts as {AJ,^o,i,-- Recall that phase locking require that 

Re(Ai) < 0 and resynchronization time is estimated to be 3/Re(Ai) (see section 3.1.1). 

Thus, a critical item for understanding the behavior of the network is an estimate of 

Ai, or more precisely, its real part. It is believed in physiology that each cell interacts 

mostly with its neighbors, and to a lesser extent with some (a few) far away cells. 

This ambiguity of connections patterns in the SCN makes the task of estimating Ai 

harder, but far more interesting. One possible avenue is to explore the statistical 

distribution of eigenvalues assuming that some or all of the interactions between SCN 

neurons follow a random pattern. Here we explore this idea. We maintain the DN 

equivariance assumption so that phase locking can be explained mathematically, but 

otherwise let the connection topology to obey a certain probability law, which will be 

made precise later. 

Theory of statistical analysis of eigenvalues of matrices go back at least as far 

back as Wigner [22], who studied ensembles of real valued symmetric random ma

trices of which elements are Gaussian distributed and independent, but subject to 

the restriction that similarity transforms with orthogonal matrices preserve the prob

ability measure on the space. Wigner [22] showed that individual eigenvalues are 

distributed according to the semi-circle probability distribution. Dyson [17] gener

alized this work to the spaces of orthogonal, unitary and symplectic matrices with 

their Haar measures, and obtained explicit formulas for the joint probability density 

functions of eigenvalues. As it so happens often in mathematics, a chance occur

rence made Dyson's work potentially one of the greatest discoveries in mathematics. 

Montgomery [21] numerically estimated that the empirical probability distribution of 

consecutive zeros of the Riemann zeta function and a chance meeting with Dyson led 

to the realization that the density of Riemann zeta zeros is exactly the same as the 

density of the spacing between consecutive eigenvalues of a unitary ensemble. The

ory of eigenvalues of random matrices is still considered to be one of the promising 

avenues for proving the Riemann Hypothesis [20]. 

In the remainder of the thesis, we will use the notation Aj to denote the eigenvalue 
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which has the second largest real part among all eigenvalues of the system, and it 

will be referred to as the dominant stable eigenvalue. Of course it is not unique since 

its complex conjugate also satisfy the defining property. We wish to mention that, in 

the case when the set of eigenvalues that have the same maximal real part contain 

more than four elements, then we take Ai to be that maximal value, the reason being 

that in this case Hopf bifurcation does not produce a phase locked response. 

Since the dominant eigenvalue distributions are one of the extreme distributions, 

we will be able adopt the theory of generalized extreme value distributions. Mainly 

the focus is on the Gumble, Frechet and Weibull distributions. The key parameters 

which governs the behavior of these distributions are fj, the Location, a the scale and 

^ the Shape parameter. The definition for Generalized extreme value distribution 

function are [23]: 

Gumble 

Frechet 

G{z) = exp < —exp — I j > , OO < 2 < GO, 

G{z) = exp 

Weibull 

G{z) = exp 

(4.1) 

(4.2) 

(4.3) 
1, z>b. 

The three distributions can be combined into a single family of models having 

distribution function of the form of 

G{z) = exp 1 + e 
z — H 

- i /«" 
(4.4) 

The cumulative distribution in (4.4) can be used to find the density function: 

H^.fiA^) l ( l + i(,_^))-(W)e-(i+(|)(^-''))^ (4.5) 
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CHAPTER V 

RESULTS AND ANALYSIS 

5.1 Eigenvalue distributions of symmetric random connections 

The histograms in Figure 5.1 shows the distribution of dominant stable eigenvalue 

of the linearized system for three different symmetric random connections: each cell 

interacts with 10, 20 and 30 other cells which are selected completely at random using 

a uniform probability law. The cell lattice is taken as a ring of 500 oscillators, and 

the connection strength between a pair of cells is fixed at 0.5. It is clear that with any 

increase in the number connections, the histograms of ReAi shifts to the left, hence 

yielding networks with faster resynchronization on average. 
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Figure 5.1: Distributions of Dominat stable eigenvalue of networks with 10 symmetric 
connections, 20 symmetric connections and 30 symmetric connections. Ring size 500. 
Number of simulations 5000. 

If we impose restriction on connections on neighborhood and long distance con

nections, the results will be more interesting. Figure 5.2 shows three histograms for 

different random connection patterns. The first is obtained by restricting 20 symmet

ric random connections inside a neighborhood of 30. The second is obtained by only 
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making symmetric long distance connections between 25 and 475 cells. The results 

show existence of small number of long distance connections enables faster synchro

nization and phase locks in any randomly connected network. Its also visible that 

even with a less number of connections (which include few long distance connections) 

its possible to have the same synchronization properties as locally coupled network 

which has more number of connections. 
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Figure 5.2: Distributions of Dominat stable eigenvalue of networks with 20 symmetric 
connections in neighborhood of 30, 20 symmetric connections between 25 and 475 
and 10 symmetric connections in neighborhood of 30 with 10 symmetric connections 
between 25 and 475. Ring size 500. Number of simulations 5000. 

In the analysis of dominant stable eigenvalue distributions, it was found most of 

the distributions that we have obtained can be modelled with generalized extreme 

value (GEV) distributions which happened to be Gumble, Frechet and Weibull. The 
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GEV distribution of 20 randomly connected network in a ring of 500 is shown in 

Figure 5.3. The GEV distributions for all other possible distributions are given under 

Figure 5.3 to Figure 5.6. 

Distributions function 

0 
-0.06 -0.04 -0.03 -0.02 

Dominant Eigen value 

Figure 5.3: Generalized Extreme value distribution of Ai for 20 Randomly connected 
network in a ring of 500. /x=-0.0387, (7=0.0078, ,^=0.0010. 
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Distributions function 

-0.08 -0.07 -0.06 -0.05 -0.04 -0.03 
Dominant Eigen value 

Figure 5.4: Generalized Extreme value distribution of Ai for 30 Randomly connected 
network in a ring of 500. /i=-0.0521, a=0.0070, ^=-0.0727. 

Distributions function 

-0.04 -0.03 -0.02 
Dominant Eigen value 

Figure 5.5: Generalized Extreme value distribution of Ai for 20 Randomly connections 
between 25 and 475 in a ring of 500. /i=-0.0395, a=0.0079, ^=0.2183. 
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Figure 5.6: Generalized Extreme value distribution of Ai for 10 Randomly connections 
between 0 and 15 and 10 randomly connected between 25 and 475 in a ring of 500. 
//=-0.0320, c7=0.0082, ,^=-0.1522. 

We also carried out simulations for time for Phase locking under different number 

of long distance connections. Figure 5.7 shows the variation of Phase locking time vs 

the Number of long distance connections. The phase locking time is calculated using 

the dominant stable eigenvalue. In these simulations the number of total connections 

were kept at constant 30. It shows a dramatic drop in phase locking time with the 

number of connections. The Strogatz's results about Characteristic path length in 

Figure 4.2 and phase locking time in Figure 5.7 have a significant equivalence. 
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Figure 5.7: Number long distance connections vs Phase locking time. 

5.2 Simulations of three dimensional models of 16000 neurons 

The focus of this section is to find out the effects on synchronization and stabi

lization for two different connection patterns under different light conditions. The 

simulation work was carried out on 16000 neurons in the SCN on a supercomputer 

(Origin 2000) under the assumption of 8000 neurons/unilateral with a standard de

viation of one hour period. Also we assumed all the neurons are GABAergic [10] and 

behaves as Achermann and Kunz oscillators. The simulation results are presented in 

the form of movies to understand dynamics with variation of time. The movies rep

resent oscillations of 2D slice of three dimensional SCN model. The color of graphs 

are varied between red and blue which represent the highest and lowest values of 

oscillations, respectively. 

The results have obtained for 

• Nearest neighbor connection patterns of 27 nearest neighbor connections which is 

shown by Figure 5.8. For the future references, let's name this type as 27Local 
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and 

• Nearest neighbor and few long distance connections which is shown by Figure 5.9. 

19 local and 6 long distance which are A''/2 distances away where N is the 

length of three dimensional neuron block. For future references, let's name this 

connection type as IQLocaWDistance. 

under the following 4 ambient light conditions 

• Absence of light, 

• Presence of ambient light, 

• Presence of ambient light on a core of 10x10x10, and 

• Presence of ambient light on a core of 16x16x16 

for two different layers of the three dimensional model: layer 1 and layer 10. 

M 
• j y ! I imr 

Figure 5.8: 27Local connection type. 
27 nearest neighbor connections. 

Figure 5.9: IQLocaWDistance connection 
type. 19 nearest neighbor connections and 
6 long distance connections. 

Figure 5.10 and Figure 5.12 are simulations of layer 10 under absence of light 

and for two connection types with a connection strength of 0.7. The analysis of 

the movies of these two graphs reveals that the time taken for synchronization in 
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25Local6Distance type is much less than the 27Local type. Table 5.1 shows the 

comparisons of all types of models we have tested. Figure 5.11 and Figure 5.13 show 

the y state variation of 9 different points on the layer 10 with number of frames. One 

frame corresponds to 0.2 hour period. 

Figure 5.10: Layer 10 simulation. 27Local connection type under absence of light. 
2275*̂ " frame (after 1820 hours). 
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Figure 5.11: Layer 10 simulation. Variation of y state of 9 different points with time. 
27Local connection type under absence of light. 

Figure 5.12: Layer 10 simulation. IQLocaWDistance connection type under absence 

of light. 2275*'' frame (after 1820 hours). 
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500 1000 2500 

Figure 5.13: Layer 10 simulation. Variation of y state of 9 different points with time. 
1Q Locals Distance connection type under absence of light. 

Presence of ambient light on all neurons made a significant difference as shown 

in Figure 5.14 and Figure 5.16. These two snapshots were obtained from two movies 

which simulated for 25Local connection type and 19Local6Distance connection types 

with a connection strength of 0.5 on layer 10. Figure 5.15 and Figure 5.17 are corre

sponding graphs for y state variation with number of frames. One frame corresponds 

to 0.4 hour period. It is clearly visible the phase locking and stabiHzation times have 

dramatically reduced. 
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Figure 5.14: Layer 10 simulation. 27Local connection type under ambient light. 425"* 
frame (after 170 hours). 

0 100 200 300 400 500 600 700 800 900 1000 

Figure 5.15: Layer 10 simulation. Variation of y state of 9 different points with time. 
27Local connection type under ambient light. 
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20 20 

Figure 5.16: Layer 10 simulation. IQLocaWDiatance connection type under ambient 
light. 425*'' frame (after 170 hours). 

100 200 300 400 500 600 700 800 900 1000 

Figure 5.17: Layer 10 simulation. Variation of y state of 9 different points with time. 
IQLocaWDistance connection type under ambient light. 
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We also simulated models with presence of core light and absence of light on shell. 

The core is considered as the center of the SCN and shell is considered as the rest. 

Figure 5.18 and Figure 5.20 show the layer 10 of 10x10x10 core light model with a 

connection strength of 0.5 for two different connection patterns (Center 1000 neurons 

get the ambient light while other 7000 cells under absence light.) Figure 5.19 and 

Figure 5.21 are corresponding graphs for y state variation with the variation of frames. 

One frame corresponds to 0.4 hour period. The comparison of the two graphs shows 

a significant difference in synchronization times in the two models. 

Figure 5.18: Layer 10 simulation. 27Local connection type under core light of 

10x10x10. 500 frame (after 200 hours). 
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Figure 5.19: Layer 10 simulation. Variation of y state of 9 different points with time. 
27Local connection type under core light of 10x10x10. 

-0.5 

20 20 

Figure 5.20: Layer 10 simulation. IQLocaWDiatance connection type under core light 
of 10x10x10. 500 frame (after 200 hours). 
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1000 

Figure 5.21: Layer 10 simulation. Variation of y state of 9 different points with time. 
IQLocaWDistance connection type under core light of 10x10x10. 

Figure 5.22 and Figure 5.24 show two snapshots of simulations done for a 16x616x16 

core light model under connection strength of 0.5. Here the shell (3904 neurons) does 

not expose to the ambient light. Figure 5.23 and Figure 5.25 show the variation of y 

state with number of frames where each frame corresponds to a period of 0.4 hours. 

The comparison between the core of 10x10x10 and 16x16x16 core models reveals, the 

synchronization times of networks tends to reduce with increase in core size (core is 

considered to be exposed to light). 
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Figure 5.22: Layer 10 simulation. 27Local connection type under core light of 
16x16x16. 370*'' frame (after 148 hours). 

0 100 200 300 400 500 600 700 800 900 1000 

Figure 5.23: Layer 10 simulation. Variation of y state of 9 different points with time. 
27Local connection type under core light of 16x16x16. 
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Figure 5.24; Layer 10 simulation. 19Local6Diatance connection type under core light 
of 16x16x16. 370*'' frame (after 148 hours). 

0 100 200 300 400 500 600 700 800 900 1000 

Figure 5.25: Layer 10 simulation. Variation of y state of 9 different points with time. 
IQLocaWDistance connection type under core light of 16x16x16. 
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Table 5.1: Synchronization and phase locking times for different light conditions. 

Light 

condition 

Absence of Light 

Absence of Light 

10x10x10 core light 

10x10x10 core light 

10x10x10 core light 

10x10x10 core light 

16x16x16 core light 

16x16x16 core light 

16x16x16 core light 

16x16x16 core light 

Presence of Light 

Presence of Light 

connection 

pattern 

27 

25 

27 

25 

27 

25 

27 

25 

27 

25 

27 

25 

Layer 

10 

10 

1 

1 

10 

10 

1 

1 

10 

10 

10 

10 

phase lock 

time (days) 

2.5 

2 

10 

3.5 

3 

2.5 

5 

3.5 

3 

2.5 

2.5 

2.5 

synchronize 

time(days) 

21 

2 

14 

10 

17(more) 

11 

11 

8 

17(more) 

9 

4 

3 

period of 

oscillations 

Table 5.1 produce some interesting results about SCN systems. The column for 

phase locking time shows the main effect of systems under two different connection 

patterns: 27Local and 19Local6Distance. The phase locking time reduces with few 

long distances connections which is only 24% of total number of connections (regard

less of the light condition on the system). It can be also observable the synchronization 

time significantly vary with the connection pattern. The synchronization occur much 

faster in systems with few long distance connections when compared with locally con

nected networks. The effect of light will also make a difference in phase locking and 

synchronization times. It can be clearly seen more exposure to ambient light tends 

to phase lock and synchronize faster. 
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CHAPTER VI 

CONCLUDING REMARKS 

In this thesis we have described and analyzed classes of neuron networks under 

different light conditions. Mainly we focused on two different types. Initially simu

lations were carried out for known neuron connection patterns under different light 

conditions for a three-dimensional SCN system. The key result we obtained out of 

these simulations can be divided in to two categories. The impact of ambient light 

and effect of long distance connections. It was observed, with increased exposure 

of ambient light on SCN systems tends reduce the phase locking time as well as it 

dramatically reduce the synchronization time. That is increased exposure of ambi

ent light make stronger phase locks and stronger synchronizations. For a instance, 

the synchronization times with and without ambient light are 4 days and 21 days 

respectively. 

The two different connection patterns (27Local and 19Local6Distance) also made 

significant effect on the phase locking and synchronization times of systems. It was 

clearly observed that existence of few long distance connections tends to reduce the 

synchronization and phase locking times under all different light conditions. This 

interesting result of time reduction strengthens Strogatz's [8] hypothesis of small world 

network where few long distance connections enables stronger communications in 

networks. The above results also show that to obtain the optimal connection pattern 

its necessary to make educated long distance connections rather than increasing the 

number of communication paths. 

In theory of Hopf Bifurcation, it was proved the existence of limit cycle under the 

symmetry of systems which produces the stable state periods. This results guarantees 

the existence of stable periodic oscillations for systems which has only one positive 

real eigenvalue. 

Figure A.l in Appendix shows the eigenvalue plot on complex plane for a 10 near

est neighbor connected (symmetric) network in a ring of 500 neurons. The existence 
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Table 6.1: Minimum number of connections for stability of different networks. 

Ring size 

20 

30 

40 

50 

60 

70 

Minimum number of 

nearest neigh connections 

6 

8 

12 

14 

16 

20 

Ring size 

100 

200 

300 

400 

500 

Minimum number of 

nearest neigh connections 

28 

58 

86 

114 

142 

of more than one positive real part eigenvalues fails the application of Bifurcation 

theory to show the stability of oscillations. We also observed there should be certain 

number of nearest neighbor connections to guarantee the stability of a locally cou

pled network. Tables 6.1 shows the minimum number of symmetric nearest neighbor 

connections necessary to guarantee the stability of different rings of SCN. 

In Achermann and Kunz model they have only considered local coupling which 

may have produced the same question about stability. Its worth to examine the 

stability of nearest neighbor connection systems in future. 

Table 6.1 also give rise to the question, existence of locally coupled networks in 

reality. Using linear regression we can show for 8000 ring of locally coupled network 

(one-dimensional) it needs to have at least 2282 symmetric nearest neighbor connec

tions for the stabilization. This is much higher than normally expected in a optimum 

network. So we can say the probability of having locally coupled networks in real 

SCN should be very small. 

The histograms of dominant stable eigenvalues shows the probability of existence 

of a certain network pattern and also shows range of stable eigenvalues for random 

connection patterns. Usage of uniform random generators in our program made the 
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random networks more realistic. These histograms also reveals existence of more 

(can be random) connections make faster phase locks and faster synchronization. 

The histograms obtained under restricted connection patterns shows even a small 

number of random long distance connections can make a significant difference in 

synchronization and phase locking time. These randomly connected experiments also 

support the concept of small world network in finding of optimal network pattern. 
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APPENDIX 
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Figure A.l: Eigenvalue distribution of 10 nearest neighbor connected (symmetric) 
network in a ring of 500 neurons. 
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