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CHAPTER I 

INTRODUCTION 

The many approaches used in the search for a 

simple solution to the general problem of sequencing n 

jobs through m machines can be subdivided Into two general 

categories: those which seek an optimal solution and 

those which strive for a near optimal solutione Some of 

the most recent work in the first category has been done 

at Texas Technological College by Teuton [1] in I963 and 

by Smith [2] in I9660 Both of these theses give a well-

documented and detailed review of previous research for 

developing algorithms to arrive at an optimal solutlono 

This author intends to concentrate on the latter broad 

category of approximate solutions and will therefore 

mainly review only research dealing with near optimal 

techniqueso 

Purpose and Scope 

The purpose of this research is twofoldo First it 

Is to develop an algorithm or set of decision rules which 

will make it possible to solve fairly large sequencing 

problems by hand with only pencil and paperc It is 

Intended that the procedure will be kept simple enough so 



that no more than one hour of hand-calculation time is 

required for problems on the order of 20 Jobs and 20 

machineso The computerized version of such a procedure 

should be able to solve a 60 Job and 60 machine problem in 

a few minuteso The solutions found are not necessarily 

expected to be optimal, but the accuracy is expected to be 

such that it may be more economical for some companies to 

use the approximate method rather than use expensive com

puter time to obtain exact solutionso 

The second aspect of the purpose is to try to 

extend the simple approximate procedure to a technique for 

finding the exact optimum in large problems. The problems 

where the simple technique fails to produce an optlmuini can 

be analyzed In detail and the method Improvedo In this 

way perhaps it can still be kept reasonably simple and yet 

find optimal solutionso Even if this second purpose falls 

to be realized at this time, the research will not be In 

vaino At least industry will have a means of handling the 

large problems which are far beyond the capabilities of any 

of the exact solution techniques which have been developed 

at this point in timee 

This research deals with a specific subclass of 

the completely general n job, m machine sequencing prob-

lemo The major limiting assumption is that usually made 

in sequencing research—that each job must be processed 

through the machines in the same order and no passing is 



allowedo This reduces the number of theoretically pos

sible job sequences from (n!)"^ to n! o 

Slsson [3] gives several possible criteria which a 

sequencing algorithm should try to optimize» The most 

commonly selected criterion is minimization of total 

elapsed time and that is the criterion which will be used 

in this thesiso Churchman, Arnoff, and Ackoff [4] have 

stated that the formulation of the problem using only 

total time as the criterion is incomplete because there 

are conflicting Interests such as priorities which influ

ence the selection of an optimal sequence and therefore 

should be conslderedo The writer recognizes that there 

are other criteria worthy of consideration but feels the 

problem should be approached one step at a tlmeo There 

will be a definite relationship between total elapsed time 

and company profitso Once an algorithm Is developed with 

time as the criterion it can then be extended to the other 

crlterlao 

The class of problems dealt with In this research 

can be defined by the following assumptions which closely 

parallel those given by Slsson [5], Glffler [6], and 

Wagner [7]: 

lo No machine may process more than one job at a 

tlmeo 

2o Each job is an entity; that is, even though 

the job represents a lot of individual parts, 



no lot may be processed by more than one 

machine at a time* 

3c A known finite time is required to process 

each job on each machine and each operation 

must be complete before any job which it must 

precede can beginc 

4o The processing times are independent of the 

order of the operationso 

5o Each job must be processed by the same desig

nated sequence of machines« This sequence 

will always be A, B, C, • • • M, where A rep

resents the first machine and M the last 

machineo 

60 A job Is processed as soon as possible, sub

ject only to the routing requirements given 

above 0 

7o All jobs are known and are ready to start 

before the period under consideration beginsc 

80 The time required to transport commodities 

between machines is negligible or is included 

in the processing time of the following 

machine 0 

9o In-process inventory must be permlttedo 

The Need for Approximation 

The purpose of research in sequencing is to find a 

simple means of arriving at an optimal sequence of Jobs 



without enumeration of all possible permutations of the 

JobSo The most recent algorithm to come to this author's 

attention is the one by Smith C2]o It does indeed find an 

optimal solution but it is by no means simple. Heller 

says that we must ask the question: 

Can we find an order relation that minimizes the pro
cessing time such that the number of arithmetic and 
logical operations required to obtain this minimum 
order is very much smaller than the number of arith
metic and logical operations needed for enumera
tion? [8] 

A distinguishing feature of algorithms which seek an exact 

optimum is that the number of arithmetic calculations rise 

extremely fast as the problem size is increased, particu

larly as the number of machines is increased for a given 

number of jobSo As a result, we find that enumeration is 

sometimes faster than the algorithm if a computer is 

available, since enumeration is not so sensitive to an 

increase in the number of machineso If a computer is not 

available, we find that the time required to apply the 

algorithm manually is prohibitiveo This is especially 

true if the problems are very large such as the ones which 

will be handled by this researcho As Slsson states: 

First it is necessary to demonstrate that a solution 
which is optimal can be obtained and, second, it is 
necessary to show that the solution can be computed on 
an economical basis in practical situationso [5] 

It is the second aspect of the problem which has 

led to the research and presentation of approximate solu

tion techniques. There are many companies in the world 



today which do not have access to an electronic computero 

This may be because they cannot afford one or because 

there simply is not one available at their location. Even 

in the larger companies which do own or have access to 

electronic computing equipment we have something of a 

paradox. The largest problems reported to have been suc

cessfully solved by existing exact methods In a reasonable 

amount of computer time are problems Involving up to 10 

jobs and a few machines. Yet to the companies which can 

afford the latest computing equipment these must be 

extremely small problems. The complex scheduling problems 

of these companies are more on the order of 30 Jobs and 50 

machineso So a solution technique for problems of this 

magnitude is needed right now. An approximate method 

could at least fulfill this need until exact methods are 

developed which can handle the very large problemso 

The question of economy does not seem to receive 

enough attention in the rigorous development of exact 

solution technlqueso Of course, in a certain sense this 

Is not true, because at the very heart of all such devel

opments lies the fact that the faster an exact solution 

can be obtained the more beneficial it will be to the con

cern Involvedo The apparently little considered aspect is 

the day-to-day economy of operating a business in a com

petitive sltuationo The existence of a modern piece of 

equipment does not automatically make its use the most 



economical policy a company can adopto This fact is made 

strikingly clear when we see a construction contractor 

using hand labor for such operations as excavating, crush

ing, grading, and placing rock for railroad ballast simply 

because it is cheaper than using a machine. It may well 

be that even for those small problems which can be handled 

by present day exact methods an approximate solution 

obtained in a few minutes by a $10 to $15 per hour sched

uler would result in greater over-all savings to the com

pany than an exact solution obtained by a $300 to $800 per 

hour computero This is true even if we assume the com

puter is readily available to handle sequencing problems. 

In the large companies we can be sure that the computer is 

not used solely for the solution of sequencing problems. 

In fact, the sequencing priority for computer time may be 

quite low so there may be a delay which will result in 

additional cost. While the search for exact solution 

techniques to the sequencing problem presents an interest

ing challenge, we must be equally concerned with the prac

tical application of an algorithm once it is developed. 

So, at least some break-even point between exact and 

approximate methods must existo Once the accuracy of an 

approximate method is established, the question will be 

one of deciding how much the company can afford to pay for 

the Increased accuracy obtainable from the more lengthy 

exact solution techniques. 
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In addition to the need for considering the prac

tical application of any sequencing algorithm, there is 

another reason, equally important, to investigate approxi

mate methods—a need for a clear basic understanding of 

the sequencing problem, 

A major disadvantage of most exact solution tech

niques is that their technique is so complex that it hides 

the real problem. When we have to resort to a step-by-step 

procedure so complicated that we must turn the calculations 

over to a computer, we are bound to lose sight of the over

all view of the sequencing problem. Thus, while such a 

procedure may be developed to handle problems of limited 

size, it contributes little in the way of greater under

standing of the general sequencing problem. As a result, 

we find ourselves basing our hope of handling the larger 

problems on the development of faster computers, with any 

hope of development of a simple technique being lost in a 

series of mathematical manipulatlonso 

Review of Previous Research 

The Operations Research Journal has contained 

reports of several approximate methodso A summary of some 

of the methods up through I963 was presented by Glglio and 

Wagner [9] In 1964» Their report concerned only the three 

machine problem and they reported on four methods: 



lo Gomory»s [10] Integer linear programming tech

nique Intended to give exact results; 

2o A rounded Integer linear programming technique; 

3o A heuristic algorithm based on Johnson's [11] 

method; 

4o A Monte Carlo approach. 

Some of these methods required quite extensive 

calculations even for an approximate solution. The sim

plest method they studied was the application of Johnson's 

[11] three machine method disregarding the restrictions, 

that is, adding the first and second machine processing 

times and adding the second and third machine times over 

all n Jobs and treating the resulting two columns as a two 

machine n Job problem. Not only was this method very sim

ple but its results were more accurate than the more com

plex rounded linear programming method. 

In 1965, Zo A, Lomnlcki [12] introduced an appli

cation of the branch and bound technique to sequencing 

problems. The technique was fairly simple for small prob

lems, but the number of arithmetic calculations increased 

quite rapidly as the size of the problem increased. 

Other work with a lower bound technique has been 

done by Ignall and Schrage [13]o Their method produces 

exact solutions, and computation times on the computer are 

given for problems up to 10 jobs and 3 machines. Brooks 

and White [14] report on a lower bound algorithm which can 
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be used to find optimal or near optimal solutions. No 

computation time is furnished, however. 

Do So Palmer presented an approximate technique 

based on a slope index method. Palmer states that an 

approximate method suggested is to "give priority to the 

items having the strongest tendency to progress from short 

times to long times in the sequence of processes" [15]. 

His method then essentially consists of trying to estab

lish a "best fit" of processing times under the above men

tioned criteria. 

Palmer uses lower bounds as a limit to the pos

sible improvement of the schedules, and he says that the 

bounds are probably unattainable In large schedules where 

m and n are of the same order. The concept of lower 

bounds plays an Important part in this research, and the 

absolute minimum time Is quite easily attainable for any 

size problem by a method which will be demonstrated in 

Chapter II, 

Approach Used in This Investigation 

In order to maintain the very important over-all 

view of the problem, this research will take a heuristic 

approach to the development of an algorithm. The develop

ment will proceed along the lines of combinatorial analy

sis rather than a purely mathematical or linear program

ming technique. This is so partly because the method is 
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Intended to be only approximate and also due to the diffi

culty in keeping in contact with the entire problem in the 

step-by-step procedures of the latter techniques. The 

procedure will be to look always at the entire sequence 

and proceed through a few logical and, hopefully, easy-to-

understand steps. 

The approximate algorithm will be developed and 

stated in Chapter II, The development depends primarily 

on looking at the total time of any sequence as being made 

, /up of three parts2 a variable part on each end and a 

fixed part in the centero Minimization of total time will 

be a matter of minimizing the variable end portions of 

total time without Increasing the relatively fixed center 

portlono 

Detailed examples with time required for hand cal

culation will be presented in Chapter III, 

Since the accuracy of the algorithm must be sta

tistically determined, the procedure was computerized in 

order to work a large number of problems. The results and 

a statement of accuracy are given in Chapter IV, A copy 

of the computer program written in Fortran II is included 

in the Appendix, 

Conclusions and recommendations for further 

research are given in Chapter V, 



CHAPTER II 

DEVELOPMENT OP THE APPROXIMATE ALGORITHM 

There are several important topics to be introduced 

in this chapter before presenting the approximate tech

nique. The need for a lower bound will be established and 

the definition and means of determining this lower bound 

will be giveno It will then be proven that the lower 

bound is, in fact, less than or equal to the minimum time 

of any feasible sequence. Finally, the method of extend

ing this concept of a lower bound into an approximate 

technique will be presented and the algorithm will be 

stated. 

The Need for a Lower Bound 

In sequencing research the goal is to develop a 

procedure for finding the particular permutation of jobs 

which optimizes some criterion. The specific class of 

sequencing problems to be studied in this research is that 

defined by the assumptions stated in Chapter I, and the 

optimizing criterion is total elapsed processing time. 

The sequence of jobs which is sought then is the one which 

produces the shortest possible total time. This time is 

12 
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commonly called the optimal time and the permutation of 

Jobs which produces it the optimal sequence. 

As was mentioned in Chapter I, the exact tech

niques generally follow a series of complex steps where 

each Job is tested against certain conditions to construct 

the sequence which produces optimal time. 

Now, let us examine this optimal time In a 

slightly different lighto In the class of problems con

sidered in this research there are n! feasible sequences 

of n jobs. Optimal time can then be considered as the 

absolute minimum feasible lower bound of total processing 

time. 

One of the reasons for development of approximate 

solution techniques is to enable us to handle problems of 

such magnitude that they are far beyond the capability of 

any exact technique. Here, of course, the limitation on 

capability is one of time required to obtain the exact 

solution. Still for such large problems it would be use

ful to have some lower bound with which to compare the 

solution produced by the approximate method. Such a lower 

bound must be similar to optimal time in that there must 

not be a feasible sequence which can produce a shorter 

total processing time. Therefore, the requirement is for 

a lower bound which is less than or equal to optimal time. 

If It is less than optimal time, it will be the time of a 
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nonfeaslble sequence which does not exist among the n! 

possible sequences for a particular problem. 

Finding a lower bound which is less than or equal 

to optimal time Is not too difficult. One such lower 

bound, for example, would be the sum of the ra + n - 1 

smallest processing times from the m x n matrix of pro

cessing times of each job on each machine. The usefulness 

of this lower bound is questionable, however, since it 

would rarely be as great as optimal time. In order for 

the lower bound to be most useful, we must require that it 

be as close to optimal time as is economically feasible to 

obtain by hand-calculation methodso This is exactly the 

type of lower bound which will be developed in this 

research, and it will be designated as absolute minimum 

tlmeo 

Throughout this development, machines will be des

ignated by capital letters. A, B, C, • ° ° M, and jobs by 

numbers 1, 2, » ° 'no The processing times will be indi

cated by a small letter and a subscript. For example, a, 

represents the processing time of job 1 on machine A, b,, 

the processing time of Job 3 on machine B, and so on. The 

only restriction placed on these processing times is that 

they be equal to or greater than zeroo 

Absolute Minimum Time 

The development of the lower bound called absolute 

minimum time will begin by viewing total time as being 
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made up of three parts, a variable part on each end and a 

fixed part in the center. 

The fixed portion of total time Is completely inde

pendent of job order If we consider it as the minimum pos

sible processing time of one particular Job on all 

machines. It is equally Independent of sequence order If 

we consider It as the minimum possible processing time of 

all Jobs on one machine. Minimum possible processing time 

means with no delay. We can use this Independence of job 

order to calculate m + n lower bounds where the total pro

cessing time of each Job and each machine is considered as 

the fixed center portion of total tlmeo 

The procedure consists of minimizing the sum of 

the two variable portions of total time and adding this 

sum to the fixed center portion to obtain a minimum value 

for total processing time. Let T, represent the first 

variable portion, Tp the fixed portion, and T^ the last 

variable portlono Then a lower bound of total processing 

time can be designated as T̂. wherei 

Tĵ  = max T2 + min (T-j_ + T^)o 

A less precise but more useful expression for our 

purposes at this time would be: 

Tj. = min T, + max T^ + min T^, 

This form helps us realize that we are minimizing each 

variable end portion of total time. We must simply 
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remember that we really intend to minimize the sum T + T 

and either T^ or T^ might be zero if this is necessary to 

obtain the minimum (T^ + T^), Since the time Tp is the 

minimum possible total processing time for some particular 

Job or machine and the sum T̂ ^ + T^ is a minimum, it fol

lows that the sum T^ + T2 + T^ must be a lower bound. 

Moreover, the maximum of all of the n + m lower bounds 

found in this manner must be an absolute minimum total 

processing time that we can expect for a particular prob-

lemo A proof of these statements will be presented fol

lowing a description of each type of lower bound in the 

next sections. 

Lower Bound Controlled by Job 

The first set of lower bounds considered will be 

those where Tp is set equal to the total processing time 

of each Job, This lower bound is best Illustrated by the 

use of a modified Gantt Chart shown in Figure 2,1 which 

represents a 5 job, 4 machine problem. 

It is clear from Figure 2,1 that the time Tp is 

Independent of sequence ordero Each job will have a cer

tain minimum processing time in which it would be accom

plished if it started Immediately on each machine as it 

was completed on the preceding machine. The times T, and 

T^, however, are dependent somewhat on the sequence order 

of JobSo If a job precedes job J, then its processing 
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time on machine A goes into T,; if it follows job J, its 

processing time on the last machine, D In this example, 

goes into T,,, Since all Jobs must be processed by the 

first ajid last machines (even though some processing times 

may be zero) and we want to find the largest lower bound 

possible. It follows that the maximum lower bound con

trolled by Job will occur when Tp is a maximum. Therefore, 

we need not completely calculate the lower bound for each 

job. 

A lower bound controlled by job 

Tp = Minimum total processing time of job J, 

T, = Ea. for all jobs preceding job J in the sequence, 

T^ « Ed^ for all jobs following job J, 

Pig, 2ol—Gantt chart for lower bound controlled by job 

The first step then is to select the Job with: 

n 
max Z (a. + b. + c . + • • • + m.), 

1=1 ^ 

This time is then set equal to T20 This is the 

total processing time of job J in Figure 2,1, 
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There will be 2 " possible combinations of the 

remaining Jobs because there are only two choices for each 

Job; that Is, each Job must either precede or follow Job 

jc If any Job 1 precedes Job J, then a. must be added to 

T^; if it follows Job J, then m^ must be added to T^, So 

we select from the 2 " possible combinations the particu

lar combination which minimizes the sum T, + T^, Note 

that this sum is completely Independent of permutations of 

the group of Jobs preceding and those following job J, 

Therefore, the minimization of the sum T, + T^ is a simple 

procedure defined by: 

Job 1 precedes job J If a. <̂  m., and 

Job 1 follows Job J If a^ > m.. 

We are still not concerned with permutations of 

the Jobs since we are simply constructing a lower bound 

which is not necessarily feasible. When the procedure is 

complete, the sum T^ + T^ + T^ represents the maximum 

lower bound controlled by job. Now we must also consider 

m other lower bounds where the minimum possible processing 

time of each machine is set equal to Tp, 

In finding the lower bound controlled by machine 

we must let Tp be equal to the minimum possible processing 

time of all the Jobs on a particular machine. Again we 

want to minimize the sum T, + T^ for each of the m lower 
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bounds thus found. The maximum of all of these will be 

another absolute minimum processing time for the problem 

under consideration. If this maximum time exceeds the 

lower bound controlled by job, then it will be closer to 

optimal time and thus more useful. We will not attempt to 

find a larger lower bound since the calculation of more 

than these m + n lower bounds becomes too cumbersome for 

hand calculation. 

The procedure for finding the maximum lower bound 

controlled by machine is similar to that for finding maxi

mum lower bound controlled by jobc Now, however, we can

not be certain that the maximum will occur when Tp is equal 

to the maximum machine total processing time, so each lower 

bound must be calculated completely. Figure 2,2 represents 

the lower bound of an n job, 4 machine problem when the 

minimum possible total processing time of machine C is 

considered as T«o 

A 

B 

C 

D 

<— min T, —> max T 

A lower bound controlled by machine 

Pigo 2o2—Lower bound controlled by machine 
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Again we see that Tp is completely independent of 

sequence orderc Now to minimize the sum T, + T-. we must 

set T^ equal to the minimum a. + b. and T^ equal to the 

minimum d., Now finally we see the reason for the first 

more precise formula for T^ given on page 15, If 

mln(a^ "*" ^1^ ^^^ min(d. ) occur for the same job, we have 

an impossible situation because this would require the job 

to be in both first and last sequence position. So we 

must select either the second smallest a. + b. or the sec

ond smallest d., whichever action produces the minimum sum 

We continue in this manner considering the minimum 

total processing time of each machine as Tpo The process

ing times which make up T,, Tp, and T-, for each lower 

bound In a problem of this size are summarized in Table 

2clo The procedure is quite easily extended to finding 

the lower bounds for any number of machinesc 

The maximum of these four lower bounds is the one 

we seeko It can be found almost by inspection of the 

matrix of processing times after finding the total pro

cessing time for each machine even for very large problems= 

Usually, but not always, the maximum machine lower bound 

will occur when the machine whose total processing time is 

a maximum is considered as Tp, 

Once this maximum is found it is compared to the 

maximum lower bound controlled by job. The larger of 
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these two values then becomes absolute minimum time which 

may or may not be a feasible time. 

TABLE 2ol 

MACHINE LOWER BOUNDS FOR AN n JOB, 4 MACHINE PROBLEM 

T. 

0 

"^^"KKn^ ^1 ̂  

"^^"KKn^^l ^ ^^ 

"^^^l<l<n^^l •*• ̂ 1 '' ̂ 1 ^ 

T. 

"^^^l<j<n^^- -̂  ̂ j -̂  ^ j ^ 

min l<J<n^°J + dj). and i / J 

rain , . ( d, ), and 1 ?̂  J 

" - • w " - • — * ' • * * ^ - ^ *••••" - - — • 

This time then can be used in the manner suggested 

by Palmer [15]o That is, we can have some idea about how 

much further improvement Is possible in the time of a 

sequence obtained by an approximate procedurec Before 

demonstrating the use of absolute minimum time, we must 

prove that it is in fact a lower bound which is less than 

or equal to optimal time. 
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Proof of Absolute Minimum Time Theorem 

The notation used here will be that Introduced 

earlier in this chapter. In addition, T will represent 

the time of some sequence which has a fixed center portion 

of total time ( T» ) less than that of absolute minimum 

time. 

The first case considered will be where we have 

determined absolute minimum time to be the lower bound 

controlled by Job J in an n job, m machine problem. Then 

absolute minimum time is expressed by: 

TL = T3_ + T^ + T3 or, 

J-1 n n 
(1) '̂T " ^^^ ^ a.+max L (a.+b c + c . + •" «+m, )+mln z (m.), 

^ 1=1 ^ j=l -J J J J i=J + l 

Now T, and T^ are minimum values, so let us con

sider some feasible sequence where: 

n 
T« - E(a, + ^k "*" * ° * "*" % ^ ^ ^^^ E (a. + b. + • • • mo )o 

(2) o o T^ = T^ + T^ + T3 , 

where T, and T^ are the minimum values found in (1) above. 

It follows that T < TT but this is an impossibil-
O h 

ity if we are to complete the j^^ job, because the time 

for Tp in equation (1) was the minimum possible total pro

cessing time of job J on all machineso So T^ must be the 
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time of a nonfeaslble sequence, and equation (1) represents 

the minimum possible time required to complete all n jobs. 

If absolute minimum time Is determined by the 

lower bound controlled by machine, we have a similar situ

ation. In order to write a completely general expression 

for Tj. in this case we would have to either change nomen

clature or write a very complex expressionc Nothing is to 

be gained from either choice so we will assume that abso

lute minimum time of this n Job, m machine problem is 

determined when the minimum possible processing time of 

all jobs on machine D is equal to Tp, Then we have: 

T^ = T^ + T2 + T^ 

r n n n 
,1?̂ J (3) Tj^ = min min I (a^+b^+c^)+ Z d^+min Z (e .+f j + ''• •+mj ) 

I l—x X~"J. J^i ^^ 

Here we recall that T^ represents the maximum of all 

m lower bounds generated by setting T2 equal to the minimum 

total processing time of each machine. If now we consider 

some feasible sequence where the total processing time of 

some other machine is Ti, then: 

and again we have an impossible situation because machine D 

either cannot be Included or cannot be permitted to process 

all the JobSo 

Therefore, absolute minimum time is a lower bound0 

If it is possible, it will be equal to optimal time. If 
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it is not possible, it is the time of a nonfeaslble 

sequence with a total processing time less than optimalc 

In the next section we will examine the conditions which 

must be met in order for absolute minimum time to equal 

optimal time. 

Conditions for Sequence Optimality 

Again to resort to a modified Gantt Chart for 

clarity, suppose we have a 6 Job, 5 machine problem as 

shown in Figure 2,3o We have found the absolute minimum 

time (lower bound) to be controlled by Job J as shown 

below: 

Figc 2c3—Absolute minimum time 

In order for this or any sequence to have a total 

processing time equal to absolute minimum time and there

fore be an optimal sequence, each job will have to meet 
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certain conditions. These conditions are necessary to pre

vent a break in the processing time of Job J, For any Job 

1 to precede job J as Job J-1 the following four conditions 

must be met: 

Condition 1 b. < a. 

Condition 2 b. + c. < a. + b. 

Condition 3 b. + c. + d. < a. + b. + c. 

Condition 4 b. + c. + d. + e. < a. + b. + c. + d. c 

We can see that there will always be m-1 condi

tions of this typec The conditions become more complicated 

when we have determined that one Job satisfies all condi

tions and can be placed immediately ahead of job J, for 

example, and then consider the remaining jobs for the sec

ond sequence position preceding job J, Working with the 

other end of the sequence we have similar conditions for 

job 1 to follow job J as job j+1: 

Condition 1 ^i = ®1 

Condition 2 c. + d^ < d. + e. 

Condition 3 b. + c. + d. < c. + d. + e. 
-1- X X — J J J 

Condition 4 a. + b. + c^ + d^ < b. + c. + d. + e. c 

The conditions when minimum time is controlled by 

machine are quite similar in that they follow the same 

pattern and there are always m-1 of them concerning place

ment of a particular Job in the first portion of a 
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sequence and corresponding conditions concerning Its place

ment towards the end of the sequences 

Thus, the placement of each Job in sequence posi

tion can be viewed as a two-choice decision problem, A Job 

must be placed either In the first or last part of the 

sequence. If one or more conditions are violated when we 

attempt to place any job ahead of the fixed center portion 

of total time, we must then determine whether the job can 

be placed in the last portion without violating any condi

tions. If a job cannot be placed in either portion of the 

sequence without violating some condition, then optimal 

time must exceed absolute minimum time. In this event the 

job should be placed in the portion of the sequence where 

the Increase over absolute minimum time is the least. 

In attempting to search out the true optimal 

sequence we must know which condition will determine 

whether a job is placed in the first part or last part of 

the sequenceo This involves checking all possible com

binations of the conditions because, for example, condi

tion 1 might be violated for a particular job in first 

position but one or more of the other conditions might be 

violated with the job in some other position. This in 

itself would be quite time consuming to determine by hand, 

but even after deciding on the general sequence location 

of each Job we would then have to know which conditions 

controlled the particular permutation of Jobs which 
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produces the optimal sequence. This Involves further com

plication of the conditions because we must now determine, 

for each Job, whether or not it fits a certain sequence 

position better than each other job. It is considerations 

of this type which rather quickly remove the problem from 

the hand-calculation class of sequencing problems. 

Fortunately, however, merely recognizing that 

these conditions exist does suggest a simple approach to 

finding near optimal solutions. We can see that the 

approximation technique suggested by Palmer [15] is only 

related to those conditions concerning the placement of a 

job in the first part of a sequence, A better approxima

tion method would be to give priority to short processing 

times at each end of the sequence converging toward long 

times in the center, A brief study of Figure 2,3 (page 24) 

will confirm that such a technique would provide the great

est chance of conditions being satisfied in both parts of 

the sequence. The approximate technique developed in this 

research is based on this principle. 

The Approximate Method 

A very simple approximate procedure can be an 

extension of the method used to find lower bound controlled 

by job. Then we were only concerned with combinations of 

jobs preceding and following the job with maximum total 

processing time. Now we could combine with this procedure 
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a technique for giving priority to short times at each end 

of the sequence. Suppose we have decided to place Job 1 

in the first part of the sequence because a. < m., Now we 

also find â^ < m̂ ,̂ so Job k must also be in the first part 

of the sequence. Now in order to give priority to short 

times toward the ends of the sequence we must compare a. 

with â ô If a^ < â ,̂ we place job 1 ahead of Job k. If 

^i ^ ̂ k* ^® place job k ahead of Job 1, We will temporar

ily disregard the possibility that a. can equal a, since 

the question of equalities will require detailed discussion 

later. 

Now in the example Just considered suppose a. > m. 

and a, > m, , This requires both Jobs to be placed In the 

last part of the sequenceo Then we would place the job 

with the smaller processing time on the last machine 

behind the other job, thereby giving priority to short pro

cessing times at this end of the sequence. 

We could proceed in this manner until a trial 

sequence was complete. Now we can ask why such a sequence 

would not be optimalo Of course, if the total time of 

this sequence is equal to absolute minimum time, it is an 

optimal sequenceo But if the total time is not equal to 

absolute minimum time, then It may or may not be optimal. 

Let us assume the total processing time of the 

sequence just found exceeds the lower bound controlled by 

Job, There are two possible reasons for this occurrence. 
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The first is that the absolute minimum time Is controlled 

by a machine rather than a job. The second reason is that 

one or more of the various conditions has been violated. 

If the first reason is the case, then we have been 

giving priority to the wrong processing times. Suppose, 

for example, that absolute minimum time results when Tp is 

n 
equal to I c. , 

1=1 ^ 

Then priority should have been given to minimum 

(a^ + b.) at the beginning of the sequence and to minimum 

(d. + e. + • » » m.) at the end of the sequence. 

Even if this is done and our sequence revised 

accordingly, some combination of the pairs of m-1 condi

tions for sequence optimality might be violated. Then we 

could only determine whether the sequence should undergo 

further revision by some lengthy calculations Involving 

the checking of all conditions. 

We can avoid all of this calculation by simply 

generating m-1 different sequences and calculating the 

total time for eacho Then we merely select the sequence 

with the shortest total processing tlmeo If this time is 

equal to absolute minimum time, we know it is optimal; 

otherwise, we only have some idea of how close to optimal 

it may bCo Since there is no way of predicting which con

dition will control the placement of a particular job, we 

cannot predict which of the m-1 sequences will have minimum 



30 

time nor can we predict that any of them will have optimal 

timco In actual practice we can also avoid the calcula

tion of absolute minimum time once some confidence in the 

accuracy of the procedure has been developed, because 

Johnson [11] and Bellman [16] have developed a set of 

decision rules for the two stage case which can be readily 

adapted to the finding of the first sequenceo These rules 

serve to minimize the sum T, + T- and also give priority 

to short processing times at each end of the sequenceo If 

we then ignore the restrictions placed on Johnson's exten

sion of this procedure to the three stage case, we have a 

set of decision rules for finding the second trial 

sequenceo In both cases special consideration must be 

given to ties, since the success of this technique will 

depend to a large degree on the manner in which ties are 

brokeno An excellent description and discussion of 

Johnson's technique for the limited three stage case is 

presented by Sasieni, Yaspan, and Friedman [17]o 

Now we can continue to find the remainder of the 

m-1 trial sequences by simply extending the techniquco A 

detailed statement of such an approximate method is given 

in the next section, but it can be briefly summarized here. 

The first sequence is found by comparing the processing 

times on the first and last machines. The second sequence 

Is generated by comparing two new columns of figures. The 

first column is found by adding the processing times on 
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the first and second machines for each Job and the second 

column by adding the times on the last and next to last 

machines. For the third sequence we must compare the first 

three columns with the last three, and so on. Although m-1 

sequences could be found in this manner we seem to be oper

ating on a principle of diminishing returns as far as 

increasing the accuracy of the algorithm. It has been 

found that the accuracy is increased only slightly by going 

beyond 4 sequences even in 15 machine problems where It 

would be possible to find 14 sequences. For strictly hand 

calculation the first two sequences give what is probably 

acceptable accuracy. 

Statement of the Algorithm 

The algorithm will be stated here to include find

ing the absolute minimum time. In practical situations a 

company would not necessarily need this time and could pro

ceed directly to determining the feasible sequences. The 

decision rules are as follows: 

Step lo Set up an array of processing times with 

the columns headed by machine identification A through M 

and the rows labelled job 1 through job n. 

Step 2, Calculate the total for each Job and 

enter this figure in a column on the right side of the 

array, 

Step 3o Calculate the total for each machine and 

enter these totals in a row under the array. 
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Step 4o Find absolute minimum time by following 

steps a through c below: 

ao The lower bound controlled by machine will 

be the maximum amount found by considering each 

machine total as the center portion and adding to 

it the minimum sum of times preceding and follow

ing that machineo These lower bounds were shown 

in Table 2ol on page 21 where the total processing 

time of each machine is considered as the fixed 

center portion of total tlmeo The maximum of all 

these lower bounds is the lower bound controlled 

by machine, 

b. The Job with maximum total processing time 

Is then selected and this time set equal to T20 

To this we add the smaller of a. or m. for each of 

the remaining jobs. The total is the lower bound 

controlled by job, 

Co The absolute minimum time will be the 

maximum of the two times found aboveo 

Step 5o Compare the times in column A and column 

M and select the smallest of these 2n timeso If the small

est time is on machine A, place that Job in first sequence 

position; if it Is on the last machine, place that Job in 

last sequence position. Continue in this manner building 

the sequence by placing the job with the next smallest pro-

cesslng time In the first available position if this time 
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occurs on machine A and in the last avfillable position if 

it occurs on machine M, Of course, we do not Include any 

Jobs already placed in position in these comparisons. If 

ties occur in a row or column, they must be broken by the 

procedure given in step 6 before the sequence can be com-

pletedo When the sequence is complete, proceed to step 7o 

Step 60 In each comparison above careful atten

tion must be given to ties if they occur. Ties as used 

here are those occurring in a column or row only. For 

example, if a. = m., this would not be a tie In the sense 

of the algorithm because we would place Job 1 in the first 

available position and Job J in the last available posi

tion, 

a, A tie in a row will occur when a. = m.. 

In this event if (a. + b^) < [m̂  + (m-1)^], place 

Job 1 In first available sequence position. If 

(a. + bo) > [m. + (m-1^], place the job In last 

available position. If (a^ + b^) = [m̂  + (m-1)^], 

we must then compare (a^ + b^ + c^) with 

[m. + (m-1). + (m-2).] and continue In this manner 

until the tie is broken or we reach the limiting 

number of comparisons which will be m-1. If the 

tie cannot be broken in this fashion (because 

a as b. = c. = ° ° • m. for a particular Job), 

then two choices are available. We can either 

continue from this point building two feasible 
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sequences, one with the 1^" job in first and the 

other with it in last available position, or we 

can place it either first or last and continue 

with step 5 to build only one sequenceo The 

latter choice was made in this research with the 

Job consistently being placed in first available 

position if the tie could not be broken, 

bo A tie in a column will occur when either 

^1 ~ 1̂ * °^ m^ = ra 0 If a^ = a., then compare 

(a^ + b^) with (ao + b.), The Job with the 

smaller of these times would be placed in first 

available position and followed by the other Jobo 

If the tie is not broken here, then continue com

paring sums by adding one more machine time to 

each sumo If the tie cannot be broken In this 

manner, we have two choices similar to those men

tioned in step 6a above. When random numbers are 

used as processing times, this is an extremely 

unlikely possibility because two jobs would have 

to have identical processing times on all machineso 

In practice with actual processing times it might 

be less unlikely, but obviously then it would not 

matter which Job was done first unless other con

siderations were taken into accounto A similar 

procedure is followed if the tie is in the last 

column except we are now working with the other 
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end of the sequence so the job with the smallest 

[m^ + (m-1).] would be placed in last available 

position. 

Step 7o Compute total processing time for the 

sequence found in step 5o If this total time equals abso

lute minimum time found In step 4, then it Is obviously 

optimal and the problem is completeo If it is not equal 

but is within a certain percentage of accuracy established 

by a particular company, then the problem is also complete. 

The percentage of accuracy will depend on actual amount of 

total time, percentage profit, and cost of trying to find 

a solution closer to the absolute minimum time. Of course, 

such a solution may not exist. However, if greater accu

racy is desired, proceed to step 80 

Step 8, Sum each a. + b. for all jobs and set up 

a new column to the left of the original array. Sum each 

[m. + (m-1).] for all jobs and set up a new column to the 

right of the original array. Follow the procedure of step 

5 treating these columns as the two stage problem and set 

up a new feasible sequence. If ties occur in a row or 

column of this new n x 2 array, they must be broken by the 

procedure given in step 9 before continuing to build the 

sequence. After the sequence is completed, proceed to 

step lOo 
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Step 9o 

a. Ties in a row of the new n x 2 array: If 

(a^ + b^) = [m̂  + (m-1)^], return to the original 

array and compare a^ with m^o If a^ < m^, place 

Job 1 in first available position. If a. > ra,, 

place Job i In last available position. If 

a^ = m^, then proceed as in step 6a until the tie 

is broken or It Is determined that it cannot be 

broken, 

b. Ties in a column of the new n x 2 array: 

If (a^ + b^) = (a. + b,), return to the original 

array and corapare a^ with a.. If a. < a., do Job 1 

before job J, If a^ > a , do job J before job 1, 

If a, = a,, then continue to try to break the tie 

by the raethod described in step 6b, Follow a siral-

lar procedure if the tie is between [m. + (m-1).] 

and [rao + (ra-1).] except we are now working toward 

the front of the sequence so the smaller of m. will 

be placed in last available sequence position. 

Step lOo If the second sequence is not identical 

to the first, corapute a total time for the second feasible 

sequence and corapare it with the first. The sequence with 

the smaller of these total times is then selected as the 

best that can be produced by the algorithra up to this point 

and is subjected to the coraparlson mentioned in step 7o 
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Step 11o If greater accuracy is desired, we can 

generate as many as m-1 sequences by setting up a new n x 2 

array for (a, + b. + c,) and [râ  + (m-1)^ + (ra-2), ]; 

(â ^ + b^ + c^ + d^) and [m^ + (ra-1)^ + (ra-2)^ + (ra-3)^]; 

and so ono Each time we raust calculate the total time of 

the sequence found. As we shall see In Chapter IV, the 

accuracy is Iraproved only slightly by going beyond 4 

sequences. 



CHAPTER III 

APPLICATION OF THE ALGORITHM 

Two exaraples will be presented in this chapter. 

The first will be the 6 job, 3 machine problera from 

Sasieni, Yaspan, and Friedraan [17] which was presented by 

Dudek and Teuton [l8] in an Illustration of their technique, 

The second example problera will be one of the 8 job, 7 ma

chine problems which was worked during this research. This 

size is large enough to deraonstrate the generation of six 

separate sequences but still small enough to be checked 

against the true optiraura found by enuraeration or one of the 

exact techniques. The processing tlraes of this and all 

other probleras in the research were found by using two or 

three digit random numbers, 

A 6 Job, 3 Machine Problera 

Step 1, 

Jobs 
1 
2 
3 
4 
5 
6 

Machine Totals 

Set up 

A 

30 
120 
50^ 
20 
90 

110 
1^ 

>,.. ..17, .mr. 

the array o 

Machines 

B 

80 
100 
90 
60 
30 
10 

TTo 

C 

20 
40 
60 

120^ 
70 
30>̂  
3TO 

Job Totals 

130 
260 
200 
200 
190 
150 

38 
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Steps 2 and 3o Calculate the total processing 

times for each job and each machine and enter as shown 

above. 

Step 4, 

a. Find the lower bound controlled by machine, 

Minimum time controlled by machine A = 420 + 10 + 

30 = 4600 Mlnimura time controlled by raachine B = 

20 + 370 + 20 = 4lOo Mlnimura tirae controlled by 

machine C » 20 + 60 + 340 = 420o The raaxlraura of 

these gives the lower bound controlled by raachine 

and it is 460 hourso 

bo From the column of Job totals we see that 

Job 2 has the maximum total processing time of 260 

hours, so it is selected as the fixed center por

tion of total tlraco To this araount we add the 

mlnimura sum of processing tlraes of the reraalning 

Jobs preceding or following Job 2o This rainiraura 

sum Is simply found by coraparlng coluran A against 

column C and we quickly deterraine that jobs 3 and 

4 should precede Job 2, and Jobs 1, 5, and 6 

should follow Job 2o We can then find the lower 

bound controlled by Job to be 50 + 20 + 260 + 20 + 

70 + 30 = 450 hours, 

Co The raaxlraura of the two lower bounds found 

in steps 4a and 4b is the rainiraura tirae we can 

expect any sequence to have in this problera. 
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Therefore, we now know that the absolute minimum 

time is 460 hours. 

Step 5, A quick glance shows that there are no 

ties in rows or columns, so we can proceed to build the 

sequence 

a. The rainiraura processing tirae in colurans A 

and C is 20 hours. Both â . and c, are equal to 20 

Therefore, we place job 4 in first position and 

Job 1 in last position. There are now four posi

tions remaining to be filled and the sequence is, 

b. The next smallest processing tln̂ e in col

umns A and C is 30 for Job 6 on machine C, Note 

This exaraple points out the superiority of using 
simple approxiraate raethods in order to keep the entire 
problera in proper perspective while solving or perforraing 
research into the solution of sequencing probleras. At 
this point we know that the sequence we are building will 
have a total processing time that exceeds the absolute 
mlnlraum tirae. In step 4 we found the absolute rainiraura 
tirae to be 460 hours, but this depends on job 6 being in 
last posltiono In the sequence we are just beginning Job 
1 is in last posltiono This raeans that the least possible 
time we can find for this sequence is 20 + 420 +~80, or 
520 hourso In actual industrial practice we would iraraedi-
ately skip to step 8 and begin building a new sequenceo 
If the total tirae for that sequence was found to be greater 
than 520, we would return to coraplete this sequence. If, 
however, the total tirae was less than 520 hours, there 
would be no point in completing the first sequence and we 
would have saved sorae calculation tiraeo Here we begin to 
see sorae advantage to the coraputation of absolute rainiraura 
time. For the purpose of this research no such short cuts 
were taken, however, and all probleras were worked exactly 
in accordance with the steps of the algorithrao 
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that we Ignore the 30 for Job 1 on raachine A since 

Job 1 has already been assigned to a sequence posi-

tiono So Job 6 is placed in next to last position 

to give, 

4 ^ 6 lo 

Co The next sraallest tirae is 40, It is the 

processing time of Job 2 on the last raachine, so 

we place Job 2 in the last available position 

which is sequence position 4 to give, 

4 - - 2 6 1, 

d. The next smallest tirae is 50 for job 3 on 

machine A, so we place Job 3 In second sequence 

position. This leaves only one sequence position 

to be filled and it raust be filled by Job 5, so 

the corapleted sequence is, 

4 3 5 2 6 lo 

Step 7o The raost rapid hand-calculation raethod 

of finding total tirae used by this writer is to set up a 

new array with the colurans headed as usual by raachine 

Identlficationo The rows are labelled by the job nurabers 

in sequence order as shown below: 

A B C 

4 „ « -
3 « -= « 
5 _ « -
2 _ « 
6 ~ „ . 
1 „ ° 
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a. The position of 4A in this new array Is 

filled by the processing tirae of job 4 on machine 

Ao Position 3A is the sura of this figure and the 

processing time of job 3 on raachine A, Proceeding 

down the first column we have, 

4A = a^ , 

3A = 4A + a^ , 

5A = 3A + a^ , 

2A = 5A + a2 , 

6A = 2A + a^ , 

lA = 6A + a^ o 

b. We also enter curaulative tlraes across the 

first row as follows, 

4B = 4A + b^ , 

and 4C = 4B + ĉ  , 

The array should now look like this, 

A B C 

4 20 80 200 
3 70 -
5 160 -
2 280 -
6 390 -

1 420 - - , 

Co The second coluran can now be corapleted. 

If the nuraber of raachlnes exceeds the nuraber of 

Jobs, this author has found it to be easier to 

proceed by row rather tham coluran, but, of course, 

this is a matter of personal choice and has no 

effect on the result. To fill position 3B we add 
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the processing tirae of Job 3 on raachine B to the 

greater of 4B or 3A; in this example 4B is the 

larger of the two, so we have, 

3B = 4B + b^ = 80 + 90 = 170 hours. 

The remaining cells of the new array can now be 

filled. Each tirae, the appropriate processing time 

is either added to the figure appearing in the cell 

above or to the left of the cell being filled. Con-

tlnuing in this manner the completed array is found 

to be, 

A B C 

4 
3 
5 
2 
6 
1 

20 
70 
160 
280 
390 
420 

80 
170 
200 
380 
400 
500 

200 
260 
330 
420 
450 
520 

The figure appearing in the lower right-hand cell 

is the total processing tirae for this sequence. 

Since it is 60 hours or about 13 percent greater 

than absolute mlnimura tirae, we should try to find 

a better sequence. Of course, we should reraeraber 

at this point that the tirae found may in fact be 

optlraal because the absolute rainiraura raay not be 

possible due to violation of one or more of the 

conditions raentioned in Chapter II, so there is 

certainly a liralt to the amount of effort and funds 
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we should expend in trying to obtain a sequence 

with the absolute rainiraura tlmeo 

Step 80 Sum the a. + b. and b. + c. processing 

times for all Jobs and set up the following 6 x 2 array. 

Jobs 
1 
2 
3 
4 
5 
6 

^1 ^ ^ 

110 
220 
140 
80 
120 
120 

^ + c^ 

100 
140 
150 
180 
100 
40 

ao Now, coraparlng these two colurans and 

applying the decision rules as before, we see that 

job 6 goes in last sequence position and job 4 In 

first position to give, 

4 - - - - 6, 

b. The next smallest figure in this array is 

100 and there is a tie between job 1 and job 5 in 

the second coluran for next to last sequence posi

tion, so the procedure of step 9b must be followed, 

Returning to the original array of processing 

tlraes, we find c. < Cj-, so we fill the position 

with Job 1 and place job 5 before it to give a 

sequence of, 

4 - - 5 1 6, 

c. The next sraallest figure is 140 which dic

tates that job 2 be placed in last available 
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position and that Job 3 be placed in first avail

able position to complete the sequence, 

4 3 2 5 1 60 

Step lOo Since the second sequence differs frora 

the first, we raust again calculate total tirae» The pro

cedure Is exactly as described previously^ so only the com

pleted array will be shown, 

A B C 

4 
3 
2 
5 
1 
6 

20 
70 
190 
280 
310 
420 

80 
170 
290 
320 
400 
430 

200 
260 
330 
400 
420 
460 

Step 11o Of course, we can go no further than 

two sequences with only 3 raachlnes, but in this case we 

would stop here anyway since the tirae for this sequence is 

equal to absolute rainiraura time and therefore raust be 

optimal. 

The total tirae required to find the two sequences 

and calculate total processing tirae for each by hand was 

4o3 minutes0 In addition, 3 minutes were required to find 

absolute rainiraura tirae. 

As the nuraber of jobs is Increased, the occurrence 

of absolute rainiraura time equalling optlraal tirae becomes 

quite rare. Therefore, in the next exaraple and in all 

other problems solved by this research the hand-calculation 

time given only includes the tirae for finding the trial 
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sequences and computing total tiraeo The absolute rainiraura 

time was found, however, for every problerao 

The step-by-step procedure will not be repeated in 

such detail In the next example of a larger problem, but 

all the necessary arrays and results will be shown along 

with hand-calculation tlmeo 

An 8 Job, 7 Machine Problera 

lo 

bs 

1 
2 
3 
4 
5 
6 
7 
8 

Set 

A 

3 
3 

26 
80 
37 
76 
71 
73 

up 

B 

30 
75 
41 
29 
50 
71 
12 
9 

the array. 

Machines 

C 

86 
76 
12 
93 
32 
93 
51 
58 

D 

80 
99 
90 
74 
34 
94 
60 
59 

E 

9 
11 
2 
47 
2 
44 
75 
99 

F 

2 
0 
42 
5 
64 
89 
1 
19 

G 

73 
4 
59 
98 
77 
76 
13 
46 

Job 
Totals 

283 
268 
272 
426 
296 
543 
283 
363 

Machine Totals JE9 3T7 50T 590 2 W 222 W^ 

Steps 2 and 3o Calculate the totals and enter as 

shown aboveo 

Step 4, 

a. Lower bound controlled by raachine D Is 684 

hours. This is found with job 3 in first position 

and Job 2 In last position so that we have, 

26 + 41 + 12 + 590 + 11 + 0 + 4 = 684, 

bo Lower bound controlled by Job 6 is 751 

hourso This Is achieved by letting Jobs 1 through 

5 precede job 6 and jobs 7 and 8 follow 6o 

Co Absolute rainiraura time is 751 hours. 
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Step 5o Comparing the first and last colurans dis

closes a tie between Job 1 and Job 2 in coluran A, and 

another tie between a^ and g^ In row 6, Note that the 73 

for ag and g^ is not a tie in the sense of this algorithm. 

The first tie is broken by the raethod given In step 6b, and 

the second tie is broken by step 6ao The resulting com

pleted first trial sequence is found to be,^ 

1 2 3 5 6 4 8 7o 

Step 7o Corapute total time of the first trial 

sequences 

2 
Again in this exaraple we see an opportunity to 

possibly shorten calculation tlmeo Recall that absolute 
minimum time occurs when Job 4 precedes Job 6, but in our 
first trial sequence job 4 follows job 6o The rainiraura 
time we can expect with this sequence is therefore 
751 - 8 0 + 9 8 or 769 hourso Since this is fairly close 
to 751—and for a problera of this size we wouldn't expect 
absolute rainiraura time to be optlraal—we would probably 
continue to find the total tirae for this sequenceo The 
important point is that the huraan raind is capable of raaking 
such judgraents and decisions practically instantaneously. 
The probleras would have to becorae quite large before it 
would becorae practical to Include such decisions in the 
coraputerized version of the algorithra. 

This sort of use of absolute rainiraura tirae does 
suggest an interesting way in which large probleras ralght 
be reduced to raanageable size. Here, for example, we 
could reduce the 8 job problera to a 5 job problera preceding 
Job 6 and a 2 job problera following Job 6, If we then 
chose to enumerate to find the true optiraura, there would 
be only 122 possible sequences to consider instead of 
40,320, Indeed, this approach will succeed if optlraal 
time actually equals absolute rainiraura tirae and if the 
absolute rainiraura tirae is controlled by a job rather than 
by a raachine0 There are so raany cases where these two 
conditions do not apply that this approach was abandoned 
fairly early in the present research. Even so, the 
approach should not be corapletely discarded. 
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Jobs 
1 
2 
3 
5 
6 
4 
8 
7 

A 

3 
6 
32 
69 
145 
225 
298 
369 

B 

33 
108 
149 
199 
270 
299 
308 
381 

C 

119 
195 
207 
239 
363 
456 
514 
565 

Machines 

D 

199 
298 
388 
422 
516 
590 
649 
709 

E 

208 
309 
390 
424 
560 
637 
738 
813 

F G 

210 
309 
432 
496 
649 
654 
757 
814 

283 
313 
491 
573 
725 
823 
869 
882 

Step 8, Set up the following 8 x 2 array: 

Jobs 
1 
2 
3 
4 
5 
6 
7 
8 

a + b 

33 
78 
67 
109 
87 
147 
83 
82 

75 
4 

101 
103 
141 
165 
14 
65 

There are no ties, so we can quickly set up the second 

trial sequence. 

1 3 5 6 4 8 7 2 

s 

sequence. 

Jobs 
1 
3 

V
JI

 

6 
4 
8 
7 
2 

tep 10, 

A 

3 
29 
66 
142 
222 
295 
366 
369 

Cal< 

B 

33 
74 
124 
213 
251 
304 
378 
453 

3Ulat€ 

C 

119 
131 
163 
306 
399 
457 
508 
584 

( total 

Machine 

D 

199 
289 
323 
417 
491 
550 
610 
709 

tirae of 

s 

E 

208 
291 
325 
461 
538 
649 
724 
735 

the second t 

F G 

210 283 
333 392 
397 469 
550 626 
555 724 
668 770 
725 783 
735 787 

trial 

Step 11, This is quite a reduction in total time 

frora the first trial sequence, but it is still 36 hours 



49 

from absolute rainiraura tirae so we can continue and find the 

remaining 4 sequences. The 8 x 2 arrays will be shown, but 

there is little point in repeating the array for calcula

tion of total tirae so It will be oraltted and only the 

resulting total tirae shown. Total hand-calculation tirae 

required to find the first two sequences and their respec

tive total processing times was 14,1 minutes. About 7 min

utes apiece will be required for the reraalning 4 sequencesc 

However, as was pointed out previously, and as we shall see 

in this example, there is little reason to find all 6 

sequences if all the work raust be done by hand. The fol

lowing array produces the third trial sequence, 

3 5 8 6 4 7 1 2 , with a total processing tirae of 867 hours, 

a •>• b + c e ̂^ f + g 

84 
15 
103 
150 
143 
209 
89 
164 

The fourth trial sequence of 5 3 8 6 4 1 7 2 also 

has a total tirae of 867 hours and is found frora the array 

shown below: 

a + b + c -H d d -t- e •>• f + g 
Jobs 

1 199 164 
2 253 11^ 
3 169 193 
4 276 224 
5 153 177 
6 334 303 
7 194 149 
8 199 223 

Jobs 
1 
2 
3 
4 
5 
6 
7 
8 

119 
154 
79 
202 
119 
240 
134 
140 
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The fifth trial sequence of 5 3 1 6 4 8 7 2 is 

found from the following array and has a total tirae of 

801 hours: 

a^^b + c-^d^^e c + d + e + f + 
Jobs 
• 1 
2 
3 
4 
5 
6 
7 
8 

208 
264 
171 
323 
155 
378 
269 
298 

^ 

250 
190 
205 
317 
209 
396 
200 
281 

The last trial sequence which can be found in this 

problem is 1 3 5 2 4 6 8 7 with a total tirae of 858 hours,-̂  

The sequence used Is shown below: 

a-fb + c + d + e + f b -t- c + d + e + f + 
Jobs 

1 210 280 
2 264 265 
3 213 246 
4 328 346 
5 219 259 
6 467 467 
7 270 212 
8 317 290 

3 
-̂ The sequence now has the proper corablnation of 

jobs preceding and following the Job with raaximum process
ing tirae to theoretically produce absolute rainiraura tirae. 
In this problera, however^ the procedure suggested in the 
footnote on page 47 would fall because it was determined 
by other means that the optimal sequence is not produced 
by any perrautatlon of this combination of jobs. There are 
three optlraal sequences for this problera and they are, 
1 3 5 4 6 8 7 2, 1 3 4 5 6 8 7 2 , and 1 5 3 4 6 8 7 2 with 
a total processing time of 763 hours. 
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Calculation of Accuracy 

It was determined early in the research that all 

error calculations would be in terras of percentage of 

raaxlraura possible error. The forraula for error then will 

involve the range between optimal tirae and absolute raaxi

mum time as follows: 

Percent error = time of best sequence - optimal tlme^ ^ 

absolute raaxlraura tirae - optlraal tlraê  '̂  

The true absolute raaxlraura tirae is Just as difficult 

to find as the optimal tirae, so the absolute raaxlraura time 

was found for all probleras solved in this research by 

simply finding the total of the (ra + n - 1) largest nurabers 

in the original array of processing tlraes. The difference 

between this tirae and optimal time is the range which is 

considered as raaximum possible error. 

For the first example problera we need not find the 

absolute raaxlraura time since we know the second sequence 

found is optimal and therefore the error is zero. 

The optimal time for the second problera is 763 

hours and the absolute raaxlraura tirae Is 1230 hours. The 

second trial sequence gave the best tirae of 787 hourso 

The error for this sequence is. 

Percent error = (i^j6 - 763)^^^^^ " ^°^^ 

Thus, we have found a sequence with total process

ing time such that the error is only 5ol^ of raaxlraura pos

sible error. The error Is only 3ol^ of optimal time. In 
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the next chapter results will be presented where this 

approximate method was used to solve 420 probleras ranging 

from 3 Jobs and 3 raachlnes to 8 jobs and 15 raachlnes. The 

over-all accuracy is soraewhat better than that found in 

this example problem. 



CHAPTER IV 

RESULTS 

The empirical verification of the approxiraate pro

cedure developed in this thesis is based upon the solution 

of 420 probleras ranging In size frora 3 jobs and 3 raachlnes 

to 8 Jobs, 15 machineso A sample of twenty probleras frora 

each category was used. No raore than 8 Jobs were con

sidered in the statistical deterrainatlon of accuracy of 

the procedure due to the difficulty in obtaining exact 

solutions with which to compare the approximate solutions. 

Some larger problems were solved, however, to deterraine 

the tirae required for solution, A 60 Job, 30 raachine prob

lera requires less than six rainutes on the IBM 7040, This 

is to obtain the absolute rainiraura tirae, absolute raaxlraura 

tirae, and the first six trial sequences. The raajorlty of 

this time is taken up by the preliralnary procedures such 

as finding absolute rainiraura time. The actual time required 

to generate each trial sequence and compute its total time 

is about 0o25 minutes for this size problem. 

Expected Error 

Table 4,1 gives the distribution of error along 

with the range and mean for each category of problem 

53 
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considered. It is worth mentioning again that this error 

figure is in terms of percentage of maximum possible error, 

and was obtained by the following forraula: 

Percent error = time found (100) , 
range 

where range = ( a b s o l u t e raaxlraura t i r ae ) - (op t l r aa l t ime) 

TABLE 4 , 1 

DISTRIBUTION OP ERROR 
(Expressed As Percentage of Maxlmura Possible Error) 
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The over-all average size of this range for 420 

problems was 51^ of optimal time, so the expected error in 

terms of percentage of optimal time will be about half of 

the error found by the forraula given aboveo 

Frora Table 4,1 it can be seen that the number of 

optimal sequences found decreases as the number of jobs 

increases. But the accuracy is maintained because of the 

more frequent occurrence of sequences with total tirae 

close to optiraura. 

This seems to be at least partly due to a phenome

non which is contrary to that mentioned by Teuton [1], 

Teuton worked with problems up to 7 jobs and 3 machines, 

and 6 Jobs and 5 machines, and made the observation that 

the number of optimal sequences increases as n increases. 

This appeared to be true in problems up to the size con

sidered in his research but did not hold as the nuraber of 

machines was increased. Thus, while it was quite coraraon 

to find 20 or raore optimal sequences for an 8 job, 3 

machine problem, it was rare to find raore than one or two 

optiraa for an 8 Job, 15 raachine problera. In fact, only 

one out of the twenty 8 job, 15 machine problems solved 

during this research had as many as six optlraal sequences. 

The phenoraenon which did occur, however, was that the 

number of near optima increased as the product m x n 

Increased, This phenomenon will be discussed in more 
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detail in the next chapter under conclusions and recommen

dations for further research. 

This seems to work to the advantage of the approxi

mate method by reducing the upper limit of the range of 

expected error as the problem size increases. This can be 

seen in Table 4,1 (page 54), Thus, while we find fewer 

optima, the range of error is being reduced and the effect 

is that the mean or expected error reraalns practically 

Independent of problem size. 

Table 4,2 gives an interpretation of expected error 

in terras of percentage of optlraal tirae for the approxiraate 

solution algorithm. The formula for error In terras of 

percentage of optimal time is, 

D̂ -r.̂ r̂,4- ^^^r.^ - (time of bcst sequence - optlraal time) /T^nN 
Percent error optlraal tlraê  ^ ^1°°^ 

Also in Table 4,2 we find a comparison of the accu

racy of this method with another raethod which was developed 

during this research. While every sequence generated raust 

involve sorae compromise of priorities between first and 

last positions, it was noted that a majority of the opti

mal sequences terminated with the job which had rainiraura 

processing tirae on the last machine. This led to the idea 

of a method which can be classed as "quick and dirty" by 

every meaning of the term. The technique is simply to 

place the Job with rainiraura processing tirae on the last 

raachine in last sequence position. The reraalning Jobs are 
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TABLE 4o2 

EXPECTED ERROR AS PERCENTAGE OF OPTIMAL TIME 

3 
4 
5 
6 
7 
8 

3 
4 
5 
6 
7 
8 

3 
4 
5 
6 
7 
8 

3 
3 
3 
3 
3 
3 

5 
5 
5 
5 
5 
5 

7 
7 
7 
7 
7 
7 

Campbell Approximation | Q & D Approximation 
(using best sequence found) 

0, 
1, 
1, 
3 
1, 
2 

2 
3 
1 
5 
6 
3 

3. 
2 
5. 
6, 
4, 

12, 

5 
1 
4 
5 
2 
0 

^Note that the accuracy of this rough procedure 
tends to deteriorate as the nuraber of jobs is Increased 
for a given number of machines. But we can also note an 
apparent Improveraent In accuracy as the nuraber of raachlnes 
is Increased for a given number of jobs. This could be an 
important phenomenon when considering the use of this 
rough approximation in a Job shop consisting of many 
machines. 
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then lined up in order from smallest to largest processing 

tlraes on the first machine. The Job with smallest a. Is 

placed in first position (provided It has not already been 

placed in last position), the Job with second sraallest a. 

in second sequence position, and so on. Of course, the 

accuracy of this rough procedure is not nearly as good as 

that of the raore detailed approxiraate raethod, but it will 

be noted frora Table 4,2 that it is far better than randora 

selection of a sequenceo Perhaps it is coraparable to sorae 

of the procedures being used by industry todayc It is in 

fact almost as good as the best of those procedures pre

sented by Glglio and Wagner [9Jo The details of their 

version of the Johnson three stage procedure were not given 

in their article, but the procedure raust have been quite 

slrallar to the finding of the second trial sequence in the 

approxiraate procedure developed in Chapter il of this 

thesis. Differences ralght be expected in the manner in 

which ties are broken. 

Table 4,3 gives a summary of the expected error 

for each individual sequence based on a sample size of 20 

problems for each combination of n and rao The over-all 

mean accuracy of the Individual sequences does not appear 

to differ significantly frora one to the other. This 

would be expected frora the discussion In Chapter II, since 

we would not expect one condition to control any more 

often than another when using randora nurabers for processing 
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TABLE 4o3 

EXPECTED ERROR AS PERCENTAGE OP MAXIMUM POSSIBLE ERROR 

n Mean Error of Individual 
Trial Sequences 

Mean of Best 
Sequence frora: 

Q & D 
Method 

^The notation 1-2 raeans the first two sequences 
generated according to the steps of the algorithm pre
sented in Chapter II; 1-4 raeans the first four sequences; 
and 1-6 raeans the first six sequences. 
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times0 Of course, also as expected we see a definite 

trend toward increased accuracy as more trial sequences 

are generatedo As mentioned before, the rate at which the 

accuracy increases appears to be decreasing, so it may not 

be economically feasible to calculate all m-1 sequences 

for large probleras. 

Calculation Tirae 

Table 4,4 gives the calculation tirae of three 

methods on the IBM 7040 and hand-calculation time for the 

approxiraate method. The computer calculation time for the 

rough approxiraatlon Q & D procedure is not given because 

only 0o002 minutes were required for a 10 Job, 15 raachine 

problera and considerably less for the smaller probleras. 

The computer time for the approxiraate raethod includes the 

time required to find absolute rainiraura time, absolute raaxl-

raura tirae, and up to six trial sequences for all probleras 

up through 10 Jobs and 15 raachlnes. This is done because 

a corapany ralght want to use the approxiraate raethod first 

and then corapare the tirae of the best sequence found with 

absolute rainiraura to see if it is econoraically feasible to 

use an exact raethod and atterapt to find a sequence with 

shorter total processing tirae. For the larger probleras 

shown in the table, however, there is little point in find

ing absolute rainiraura tirae since no exact raethods exist 

which can handle problems of this size. Therefore, the 
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computer time shown for these problems only Includes the 

time required to find six trial sequencesc 

The exact technique used to check the solutions of 

problems up to 8 Jobs and 7 machines was developed by a 

graduate student here at Texas Technological College in 

19660 Complete details of the algorithm are furnished by 

Smith [2] in his master's thesis. Briefly his technique 

is to generate a number of feasible sequences, at least 

one of which is optimalo The algorithra is designed to 

handle any size problera, but a llraltatlon on nuraber of 

feasible sequences is Imposed by the storage capacity of 

the computer available at this college. This limitation 

could be overcome by rewriting the computer program so that 

only the sequence with lowest total tirae is retained on 

each iteration. This was not done, however, since It was 

not the purpose of this researcho 

The majority of the hand-calculation tirae is taken 

up by finding total time of a sequenceo Since this opera

tion involves a predictable number of arithmetic calcula

tions ̂  a formula for predicting total time required for 

hand calculation has been developedo All of the hand-

calculation figures are based on finding two sequences only 

and using two digit processing tlraes. The time for hand 

calculation was found to increase drastically with three 

digit processing timeso It is assuraed that a corapany which 

would consider using the raethod by hand would not object to 
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first rounding off the processing tiraes to two digits. Of 

course, in the computerized version the difference in cal

culation time between two and three digits was negligible. 

After calculating 100 total processing times for 

various size problems by hand, it was determined that the 

average calculation time for an Individual arlthraetlc cora

putation in the total time matrix was 0,10 rainutes. When 

calculating the total tirae by the method given in Chapter 

III, there will be (ra x n) - 1 such calculations, A good 

estlraate of the time required to find a trial sequence is 

0,2 minutes times the number of jobs. This leads to the 

following formula which can be used to predict the hand-

calculation time for any size problems 

HCT = 0o2n + OoKra x n - l)o 

Where? HCT = hand-calculation tirae to find one sequence^ 

n = number of JobSj, 

and m = nuraber of raachlnes. 

This forraula can also be used to predict the hand-

calculation tirae for selecting the single sequence of the 

Q & D procedure and computing its total time. 

The forraula depends entirely on the hand-

calculation speed of the writer which is certainly not 

exceptionally fast but perhaps this is offset by the learn

ing and practice effect. The forraula tends to produce 

estimates which are too long In the smaller problems, 

because frequently the two sequences found will be 
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identical so it is not necessary to calculate total time 

for the second sequence. This rarely occurs in the larger 

probleras, so we find the predicted time to become raore 

accurate as the problem size increases. Since hand-

calculation speed varies widely among individuals, a com

pany would be expected to develop their own formula to use 

in predicting hand-calculation tiraco This predicted tirae 

would be used to deterraine the break-even point between 

hand and computer solution of problems. 

The speed of hand calculation might be Increased 

soraewhat by the use of a desk calculator. Since the pur

pose of this research was to develop an algorithra which 

could be applied using only pencil and paper, that was the 

only material used in all hand calculationso Included in 

Table 4o4 (pages 61 and 62) is a comparison between pre

dicted hand-calculation time using the above mentioned 

formula and actual tirae based on the raean of sample prob

lems from raost categorieso Saraple sizes of six were used 

up to 7 Jobs and 5 machines. The sample size was reduced 

to two in the larger problems where it was apparent that 

the calculation time was quite close to the predicted timeo 

Moreover, the hand=calculation time was found to be more 

constant in the larger problems where a greater majority 

of the time was taken up by calculation of total time. 
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Accuracy/ of Hand_£al£ulation 

Before considering the question of economy m the 

next section, we should mention one argument against hand 

calculationo The huraan brain seems to be the most capable 

means there is of performing instantaneous screening of 

data and making such Judgments as those mentioned in Chap

ter IIIo 

However^, when it is called upon to direct a pencil 

held in the hand to sum more than a few nurabersj, its effi

ciency becoraes questionableo Although siraple addition is 

all that is required to solve probleras by the approxiraate 

method developed in this research^ it is difficult to do 

without making errors» This fact is certainly a point in 

favor of some type of computing equipmento 

This drawback of hand calculation is easily over

come by the use of desk type calculators. There are even 

desk type computers which cost far less to operate than the 

large computers which are necessary for the exact 

techniques. 

Economy _Con.sldg r a t ions 

Each company which would consider using the 

approximate procedure would^ of course^ do so under a dif

ferent set of circurastanceso There would be raany variables 

to consider in atterapting to deterraine a break-even point 

between approxiraate and exact calculation techniques. 

This J of course, presupposes that the company has a choiceo 
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That is, we assume the probleras are sraall enough to be 

handled by exact techniques and that the company has access 

to a computer—a rather unlikely assumption at best as was 

pointed out in Chapter Ij, but it raust be made to demon

strate calculation of a break-even pointo 

The cost of computer time will be taken as $360,00 

per hour which is the estimated cost of the IBM 70^0 used 

in this research. This will be compared to the salary of 

an engineer working the probleras by hand at $15o00 per 

hour. If this seeras high, it is because it is Intended to 

include various intangible overhead items such as office 

and equipment rent. 

The problem used in this exaraple will be the 8 job, 

7 machine problera given in Chapter III, The computer time 

used will be the mean time of Smithes algorithra for prob

leras of this size shown In Table 4o4 (pages 6l and 62), 

This mean time is 17,956 minutes and it Includes only the 

actual calculation time. For example^ it does not include 

the time of reading in the data, printing header informa

tion, or printing out the results. This time can be 

estimated at about a minute, and it is certainly tirae 

which a corapany would be charged for at the regular rate 

since the coraputer is being used during this tirae. There

fore, the coraputer tirae required for this problera will be 

estiraated at 19 rainutes. Now sorae tirae would be required 

by the scheduler in giving the data to the coraputer. This 
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could include punching cards or simply delay in taking data 

to the computer and receiving results frora the computerc 

This time can be conservatively estiraated at 12 rainutes and 

will be charged at $15o00 per hour. Therefore^ the total 

cost of obtaining the exact solution to this problem can 

be designated by T and it iss 

^e " ^^ ^Hr^ •*• ̂ 5cOO H = $117o00 , 

The time required to solve this problera by hand 

was 14,1 minutesg but 16 rainutes will be used to include 

preliminary preparations and also to ease the calculations. 

The scheduler can perform all calculations at his desk so 

there will be no delay» Let T be the cost of calculating 
a 

the approximate solution by hand and it iss 

T^ = 15cOO H - $4o00 o 

NoWs of courseg this is by no raeans the entire 

cost of the approxiraate solution. There raust be sorae cost 

associated with the expected error. It is here that we 

will find wide variation among different companies. This 

cost will depend on the percentage profit a company 

receivesg the urgency of the particular set of Jobs under 

considerationg and the raagnitude of total elapsed process^ 

ing tiraeo Nevertheless^ we can continue the present exara

ple by raaking the siraplifylng assumption that one hour of 

processing time saved is worth $15o00 to the company in 

additional profit. The accuracy of this particular figure 
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may be open to question, but the principle of assigning a 

value to each hour of processing time is sound. The actual 

determination of this value would involve fairly complex 

considerations such as the various direct and indirect 

costs and the possible worth of placing the product on the 

market one hour sooner. Such a figure can be found, how

ever, for any company, and in this exaraple we shall assume 

it has been found to be $15,00, 

The over-all expected error computed frora the 

results of all 420 probleras was 2,15J of optlraal tirae, and 

the expected error given for this size problera in Table 

4,2 (page 57) was 2,7/6 of optimal tirae. Neither of these 

figures should be used, however, because they are based on 

selecting the best of all sequences found up to a total of 

six. For the purpose of this coraparlson we will only con

sider finding two sequences by hand, so the expected error 

of 6oO% for the first two sequences will be usedo This 

figure is in terras of percent of raaxlraura possible error 

so It raust be converted to percent of optlraal tirae. The 

over-all average of the range frora optlraal to raaximum tirae 

was 51Jg qf optimal tlmeo So, expected error in percent cf 

optlraal tirae is 6oO (,51) = 3o06^, Using the figure Just 

determined we find the expected cost of error to bes 

0,306 (763)(15o00) = $350,22 o 

When this is added to the cost of hand calculation, 

we have a total cost for the approximate raethod of^ 
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T^ = $350,22 + $4,00 - $354,22 , 

Therefore, in this case the company should use the 

exact procedure for an expected savings, of 354,22 - 117,00 

= $237o22o 

The break-even point for this size problera can now 

be found0 Let T^ be the total elapsed tirae of the optlraal 

sequence. Then the break-even point between hand and cora

puter calculation will occur whens 

T^ . T^ or, 

0,0306(15)T^ + 4,00 = 117o00 then solving for T , 

113 
•̂o = .0306(15) ' 2'»6 hours. 

Thus, this particular corapany should use an exact 

procedure to solve their sequencing probleras when the 

nuraber of Jobs is 8, the number of machines is 7̂  and opti

mal time is expected to be greater than 246 hours. Of 

course, optimal time will not be known before the problem 

is solved but it can be estiraated after finding absolute 

minimum timeo Thus, in either case we would have to deter

mine absolute mlnimura time. The cost of finding it is not 

included, therefore, since it would not affect the break= 

even point. 

The picture changes drastically if we consider 

increasing the number of jobs to 9s which is still a rather 

small number to a corapany that can afford an electronic 

computero We will assume the Smith computer program will 
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handle a 9 Job and 7 machine problem when it is rewritteno 

We can also assume that it will follow the same trend line 

of increase in time as number of Jobs increases. Then we 

can expect the solution of a 9 x 7 problem to take about 

90 minutes on the IBM 7040, This increases the cost of 

the exact solution tos 

\ = 9 1 ( ^ ) + 15o00 (||) - $549 o 

The estimated hand-calculation tirae for a 9 x 7 

problera iss 

2(HCT) = 2[o2(9) + ol(9 .X 7 =1)3 = 16,0 rainutes. 

The break-even point is now increased tos 

m 549o00 - 4,00 _ TT07 Unnr^Q 

^o ^ ,0306 (15) " ^^^^ ̂ ^̂ "̂ "̂  

The change in break-even point is even raore drastic 

when we consider an Increase to 10 jobSc Again assuraing 

the Smith algorithm follows the same trend and that it is 

the best available exact raethod, we find that it would 

require 400 rainutes to solve a 10 x 7 problera. The hand-

calculation time increases tos 

2 HCT = 2[2o0 + ol(69)3 = 17o8, 

The break-even point is nows 
18 

T ^ 400(6.00) - 15o00(F7) ^ 5225 hours, 
ô 0 031^ (15) 

So, if the company has a 10 job, 7 machine problem 

with an expected optimal processing time less than 5225 

hours, it will be more economical to use the approximate 
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methodo The advantage of the approxiraate method will 

increase at an ever increasing rate as the number of Jobs 

increases. This is true because the calculation tirae for 

the approximate technique increases almost linearly with 

the product n x ra while the calculation time of the exact 

methods and enumeration increases exponentially as the 

number of Jobs is increasedo Figure 4ol clearly illus

trates this point by a semilog graph of solution costs vso 

number of Jobs, The solution time and therefore cost of 

the exact method developed by Smith [2] increases at such 

a rate that we would rarely consider using it to solve 

problems with n greater than twelve. Of course, beyond 8 

Jobs the curve for Increasing cost is only predicted since 

Smith's procedure was not used on probleras above this size. 

We can see frora the figure that the cost curves for the 

exact raethod will be further to the left as the nuraber of 

raachlnes is increased. This is due to a fact which was 

raentioned earlier as a characteristic of raost exact tech

niques. Their calculation tirae increases rapidly as the 

number of machines is increased for a given number of 

Jobs, 

Now by contrast we see that there is very little 

difference in the slope of the cost curve for the approxi

mate procedure between 3 machines and 60 machineso By far 

the greater portion of solution cost of the approximate 

procedure consists of the cost of expected erroro This, 
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Optimal time is estimated at 500 hourso 

Computer cost is $360,00 per hour with rainiraura charge of 
$6c00o 

Constant delay charge for scheduler when using coraputer Is 
$3o00o 

Hand«calculation cost rate is $15o00 per houro 

Cost of expected error = Oo0306(500)(15o00) - $229o50. 

Pigo 4,1—Computer vs, hand-calculation solution costs 
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of course, depends heavily on the true value of optimal 

time. An optimal time of 500 hours was used to determine 

the approximate solution cost curves shown in Figure 4,1, 

If a shorter optimal time is used, the curves will raalntain 

their same slopes but will shift downward. Since the cal

culation time of the exact procedure is Independent of 

total processing tirae, these curves will reraain unchanged. 

The result will be to raove the break-even point to a 

smaller number of Jobs, Of course, as the optimal tirae is 

increased the break-even point will raove to the right. 

If we continue to Increase the nuraber of Jobs, we 

soon reach a point where it becoraes raore econoraical to use 

a computer to find the absolute rainiraura tirae along with the 

tirae of as raany sequences as desired. 

Take the 60 job, 30 machine case as an example. 

Hand-calculation time for two sequences is estiraated at 

383,8 minutes for a cost of about $96,00, Yet, the problem 

can be worked on the IBM 7040 in 1,5 minutes for a cost of 

$9,00 and six sequences can be found which will increase 

the accuracy. Probably as raany as twenty sequences could 

be found in less than 10 rainutes. This would only increase 

the calculation cost to $60, The error cost, of course^ 

would depend on the total processing tirae of the job under 

consideration, but as noted previously the trend seeras to 

be that expected error is independent of problera size so 

we should be able to use the over-all figure of 2,1?5 of 
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optimal time for expected error. In fact, if more than six 

sequences are generated, the expected error should drop 

below 2%o 

From these results we see that there can be a use 

for approximate methods even in companies which can afford 

and do have access to computers. These companies are 

surely in a minority at the present stage of computer 

development. For the majority of companies which either 

cguinot afford or otherwise do not have access to a cora

puter, the approximate method probably affords greater 

accuracy than any present raethod. As previously raentioned, 

the various cost estimates used in calculating the break

even point will vary widely from company to corapany. 

Nevertheless, sorae break-even point will exist and as long 

as it does there will be a use for approxiraate procedures. 

It is quite interesting to note just where the 

break-even point between hand and computer calculation of 

the approximate raethod lies. If we consider one rainute of 

IBM 7040 time as the mlnimura that would be charged, the 

cost would be $6o00o To this we add the delay of 12 rain

utes at $15o00 per hour to arrive at a total solution cost 

of $9o00o In order for the hand-calculation cost to be 

$9o00, the solution tirae raust be 36 minutes. So the break

even point will be in the neighborhood of a 20 Job, 16 

machine problerao 
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The estimates of $360,00 per hour computer charge 

and $15o00 per hour labor cost are based on prices in the 

United States, In this country practically any company 

can have access to a coraputer, but raost companies whose 

sequencing problems involve less than 20 Jobs probably do 

not have a computer immediately available. That is, the 

company does not own or rent a computer for its exclusive 

usCo Therefore, when problems are small enough to be 

worked economically by hand, this is just as it should be 



CHAPTER V 

CONCLUSIONS 

General Conclusions 

One purpose of this research was to develop an 

algorithm which could produce optimal or near optimal solu

tions to a particular class of sequencing probleras and 

could be econoraically calculated by hand. This goal can 

be considered to have been achieved. The over-all expected 

error of 3,9^ of maximum possible error or 2,ly5 of optimal 

time seems quite satisfactory. This is especially true 

considering the fact that exact techniques do not exist 

which can, in a reasonable tirae, solve such large probleras 

as those which can be handled by the approxiraate procedure. 

The apparent independence of expected error on 

problera size is encouraging. It seeras likely that this 

trend will continue. In fact, there is reason to believe 

that the accuracy will iraprove as the product n x ra 

increases, particularly as the nuraber of raachlnes is 

increased for a given nuraber of jobs. In Chapter IV it 

was mentioned that the number of optimal sequences may 

decrease as the product n x ra increases, but the nuraber of 

near optima should increase. One cause for this may lie 

77 
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in the use of randora numbers for processing times. Suppose 

we are using two digit random numbers. Then the raaxlraura 

range between the smallest and largest numbers cannot 

exceed 99 and the raost coraraon range between any two numbers 

will be considerably less than this. Thus, while there raay 

be only one perrautatlon of Jobs which is optlraal, there 

will be an increasing nuraber that are within a few hours of 

optimum. This would be particularly true as ra is increased 

for a certain n. We would be increasing the nuraber of 

individual processing times, but the number of possible 

sequences would remain at n!. The result should be a dis

tribution of total processing times where the frequency of 

occurrence of either extreme is quite rare. That is, there 

might be only one optimal sequence and one sequence which 

produces the maximum total processing time. But there 

would be an Increasing number of sequences with total pro

cessing time between these two extremes. 

Since this approxiraate procedure is based on the 

principle of giving the various conditions for sequence 

optiraality the best chance of being satisfied, it is quite 

likely that one or raore of the near optimal sequences will 

be found among the trial sequences. We could increase 

this likelihood by using a computer to find all or most of 

the m-1 sequences in large problems. 

Another apparent phenomenon seems to be working to 

the advantage of the approximate method. Earlier it was 
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mentioned that the range between optimal time and absolute 

minimum time was increasing as the problem size increased, 

A more meaningful observation would be to note that the 

range between optimal time and absolute raaxlraura time was 

decreasing. This next statement borders on conjecture 

since it is only based upon the author"s observation of 

sorae 600 probleras. That is, the range between optimal 

time and the raaximum time of any of the nl feasible 

sequences is probably also decreasing. Thus, while the 

occurrence of either optlraal or raaxlraura tirae is rare, the 

range between these two times is becoming smaller as the 

problem size is increased. If this is in fact true, it 

means that any sequence selected in the very large prob

lems could not be too far frora optimal. This seeras quite 

logical when we consider that there are only 100 different 

two digit randora numbers, but in a 60 Job, 60 raachine prob

lera there are 3600 individual processing tiraes. Thus, many 

of the numbers must be repeated, thereby decreasing the 

range between the two extreme times. 

This brings up an interesting and important point. 

If we can expect only one optimal and many near optimal 

solutions to the very large probleras, the practical use of 

that one optlraal sequence is questionable. This is espe

cially true if we try to extend the algorithra to consider 

the other criteria more often encountered in practice. 

For example, if we consider due dates or priorities, a set 
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of near optimal sequences could be much more valuable than 

a single optimal sequence. 

Thus it may well be that, for practical purposes 

at least, future sequencing research should strive to find 

a faster and more accurate approxiraate technique. If the 

accuracy of the procedure developed in this research can be 

improved and if it is in fact independent of problera size, 

then the use of exact raethods for the larger probleras may 

be uneconomical for quite sorae time in the future, 

A second purpose of this research was to gain 

greater insight into the general sequencing problera in the 

hope of discovering a sirapler technique for finding exact 

solutions than presently exists. Two principles developed 

in this thesis show proraise of being extended into exact or 

more accurate approximate raethods. 

The raost iraportant of these is the approach of 

looking at the entire problera rather than perforraing step-

by-step coraparlsons in filling each sequence position. 

Specifically the principle which looks raost encouraging is 

that of working from both ends of the sequence toward the 

middle. The algorithra developed in this thesis places a 

Job in last position of the first trial sequence, for exara

ple, if its processing tirae on the last machine is the 

minimum of all the ra. and a^ processing tiraes. Now sup

pose this ra. is equal to 6 and the â^ for the sarae Job is 

7 hours. Then suppose the next sraallest m^ is 8 and the 
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next sraallest a^ is 20, So in rigidly following the steps 

of the algorithra we do not consider the a. of 7 because we 

have placed that job in last position. This raeans there 

will be 20 hours of idle time on the second raachine before 

starting any Job, But, if we place the job with second 

smallest m. in last position and the job with smallest a. 

in first position, we decrease the idle time before start

ing on the second machine by 13 hours and only increase 

the last processing time by 1 hour. Thus we could possibly 

save 12 hours by deviating from the algorithra. Of course, 

this correction would probably show up in the second or 

some later sequence when using the algorithm as it is writ

ten nowo But by that time we have performed much calcula

tion which might have been avoided. Certainly a better 

approxiraate procedure should be possible by Iraproving the 

raethod of coraparlson between first and last parts of the 

sequence, and a siraple exact method raay be developed frora 

this approach, Slsson has stateds 

Where coraputers are used, it is possible that many 
Infeaslble cases can be eliminated by intuition, if 
proper coupling between the computer and the raan is 
provided, [53 

This may be the approach to find the proper coup-

lingo In the example Just considered a man could quickly 

observe the disadvantage of placing the job with m^ = 6 in 

last sequence posltiono Thus he could ellralnate frora con

sideration any sequence ending with that Job and could use 
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the computer for lengthy calculations involving other 

sequenceso As mentioned previously, it raay be that the 

most economical development of a proper coupling between 

man and computer will be for the purpose of improving 

approximate rather than exact raethodso 

The principle of absolute minimum time as defined 

in this study may also lead to simpler and faster exact 

techniques. Even though optimal time rarely equals abso

lute minimum time in the large problems, the relation 

between the two does suggest an iterative approach to 

obtain an exact solution. This will be discussed in the 

next section. 

Recommendations^for Further Research 

The raost proralsing line of research would be to 

determine the distribution of total processing time of all 

sequences for various size problemso The shape of this 

distribution could determine whether further research 

should be concentrated along exact or approxiraate lineso 

This distribution appears to becorae more leptokurtlc, and 

the range between optimal and raaxlraura feasible total pro

cessing times appears to decrease as the problem size 

increases. If the range does decrease and the occurrence 

of processing times near either extreme is rare, then fur

ther research into approximate rather than exact raethods 

would probably be raore profitable. This would certainly 

be true if we hope to extend any procedure to other 
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criteria. If only a single optlraal sequence exists when 

using total elapsed tirae as the criterion, it ralght have 

less practical value than several near optlraal sequences 

when we consider other criteria. All feasible sequences 

could be enuraerated in fairly short tirae on a computer 

equal to the IBM 7040 for probleras consisting of up to 

6 Jobs, Beyond 6 Jobs the distribution could be determined 

by random sampling of sequences from the n! possible 

sequences in order to conserve computer time. 

Another line of research would be to use the 

approximate method presented in this thesis to generate 

all m-1 sequences for fairly large probleras, say ra = 20, 

and deterraine just how rauch the accuracy is improved by 

going beyond six sequences. We can certainly expect sorae 

iraproveraent, but whether it would be enough to Justify the 

additional calculation is questionable. What ralght be 

deterrained, however, is that the corablned accuracy of the 

first two sequences is not as good as that of sorae other 

pair of sequences in the larger probleras. Thus, if we 

liralt the nuraber of trial sequences found to only two when 

the calculations are being done entirely by hand, we ralght 

obtain better accuracy frora sorae combination other than 

the first and second. Here the first sequence refers to 

that found by comparing the processing times of all Jobs 

on the first and last machines. The second, third, and so 

on up to the ra-1 sequence are as defined in Chapter II, 
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This type of research ralght develop a set of decision rules 

for the approximate method, such as calculate and select 

the best of the first two sequences in problems with up to 

7 machines, find only the first and fourth sequences for 

problems with from 8 to 15 machines, and so on. Here the 

fourth sequence is that found by comparing the first four 

columns of processing times with the last four colurans and 

following the steps of the algorithm given in Chapter II, 

The concept of trying to construct a sequence 

which has total processing time equal to absolute rainiraura 

tirae could lead to a sirapler exact technique. During this 

research such a technique was developed using conditions 

similar to those presented in Chapter II, The procedure 

worked quite well and quickly led to an optimal solution 

when all conditions could be satisfied. That is, when 

optimal time was equal to absolute rainiraura tirae. But the 

procedure quickly becarae too curabersome when the conditions 

could not be satisfied in such a way that it becarae obvious 

that optlraal tirae would exceed absolute rainiraura tirae. 

Even so, it is the opinion of this writer that such an 

approach could result in a simpler and faster exact tech

nique than those raethods which try to rainlraize idle tirae 

on the last raachine. 

Another likely approach to further research would 

be the procedure raentioned in Chapter III of subdividing a 

large problera into two sraaller probleras. If a suitable 
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technique for accoraplishing this could be found, it could 

be repeatedly applied to the subdivided parts to reduce 

further the size of the problera. 

Until now the discussion has been concerned only 

with the particular class of probleras defined by the assurap-

tions given in Chapter I, The last procedure suggested, 

however, seeras to lend Itself to a raore general problera 

where we consider variable set-up costs. Our fifth assurap-

tion was that processing tiraes were Independent of order. 

But suppose that certain groups of Jobs can be done 

together with the sarae set-up. This fact coupled with a 

technique for subdividing large problems might lead to a 

simple and economical algorithra, 

Suraraary of Conclusions 

The accuracy of the algorithra developed in this 

research raet and in sorae cases exceeded all expectations, 

so the prlraary purpose of the research is considered to 

have been fulfilled. This does not raean that further 

iraproveraent is not possible. In fact, it is hoped that 

sorae of the avenues suggested by this research will lead 

to at least an improved approxiraate raethod. It is the 

opinion of this author that the raost econoraical approach 

to sequencing probleras lies in the area of approxiraate 

techniques and this will continue to be so until the 

electronic coraputer becoraes raore widely available and 
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economical than it is today. In the raeantlrae, if there is 

a proper coupling to be found between man and coraputer or 

a simpler exact technique to be developed, it will probably 

be found by further research in approxiraate raethods. This 

must be so because it is the approxiraate techniques which 

perrait raan to make best use of his intuition and judgraento 
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APPENDIX A: THE APPROXIMATE ALGORITHM COMPUTER PROGRAM 

PURPOSE? 

Determination of m-1 feasible sequences for sequenc

ing problems of n Jobs and ra raachlnes when the 

objective is to rainlraize total elapsed processing 

y time. The program also computes absolute rainiraura 

and raaxlraura total tirae, 

RESTRICTIONS: 

1, Maximum number of Jobs (n) is 60, 

2, Maxiraura number of raachlnes (ra) is 60o 

3o Maximum number of feasible sequences generated 

is 6,^ 

4, Processing times must be non-negative nurabers 

up to a raaxlraura of 5 digits, 

5o Punched cards are used for data input. They are 

to be prepared in accordance with the instruc

tions under "card preparation," 

6o The program is written in Fortran II for the 

IBM 1620 and IBM 7040o 

Restrictions 1 and 2 can be raised simply by 
increasing the dimension statementso Restriction 3 can be 
increased by revising subroutine TFTS and the output state
ments in the main program. 
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CARD PREPARATIONS 

Data cards (1 set required for each problera) 

Card 1—Punch the nuraber of Jobs ending in coluran 4 and 

the nuraber of raachlnes ending In coluran 8, 

The second through as raany cards as are needed for 

a particular problem contains the processing times 

without decimal point in F6oO forraat so a raaximum 

of 12 values can be entered on each card. All the 

processing times for the first job are entered 

before starting the processing tiraes for the sec

ond Job, and so on. For a 6 job, 5 raachine prob

lera the processing tiraes would be punched in the 

order illustrated belows 

Card 2—a^ b^ c^ d^ e^ ^^ b^ c^ d^ e^ ^^ \>^ 

Card 3—c^ d^ e^ â^ b^ ĉ^ d^ e^ a^ b^ c^ d^ 

Card 4-^e^ a^ b^ c^ d^ e^ 

INPUTS 

This set of data cards can be followed by another 

set if raore than one problera is to be solvedc At 

the end of all the data cards place a card with 99 

punched in colurans 3 and 4 to stop the recycling 

process. 

OUTPUT 

Output is similar to that shown in Appendix B, 
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C N JOBfM MACHINE APPROXIMATE SOLUTION ALGORITHM AND 
C FORTRAN II PROGRAM BY HERBERT G. CAMPBELL 

DIMENSION P(60»60)»A(60)»B(60)»C(60)fD(60)»SC{119) 
DIMENSION J0(1»60)•G(60)»R{60)»S(60)fT(60)»U(60) 
DIMENSION SCM(60)»E(60)»V(60)»W(60) 
COMMON P»A»B»C»D»SC»SCM»JO»E»G»R»S«T»U»V»W»KMAX 
COMMON TIMER»N»M»TS 

5 READ 14»N»M 
lA FORMATC 14,U) 

IF(N-99) 15,4444,4444 
15 READ 16,((P(I,J),J=1,M)»I=1,N) 
16 FORMATC12F6.0) 

PRINT 36 
36 FORMAT(3,3H0APPROXIMATE SEQUENCING ALGORITHM) 

PRINT 39,N,M 
39 FORMATdlH THIS IS A ,I2,5H JOB,, 12,13HMACH. PROBLEM) 

IF(M-30) 38, 38* 175 
38 PRINT 40 
40 FORMATdH ,25X ,8HMACHINES ) 

DO 175 I = 1,N 
IF(M-15) 75, 75, 77 

75 PRINT 76,(P(I»J)»J=1»M) 
76 FORMATdH ,6X,15F7.0) 

GO TO 175 
77 PRINT 80,(P(I,J)•JslfM) 
80 FORMATdH ,30F4«0) 

175 CONTINUE 
CALL TIME(KK) 
JT = KK 
DO 20 1=1,N 
TOTAL=0« 
ADD = P(I,1)+P(I»2) 
A d ) = ADD 
L = M-1 
SUM = P(I ,M)-»-P(I ,L) 
B d ) = SUM 
IF(M-4) 19, 21, 21 

21 ADD i= A( I) + P( I •3) 
E d ) = ADD 
L = M-2 
SUM = B d ) + Pd»L) 
G(I) = SUM 
IF(M-5) 19, 22, 22 

22 TOT = Ed ) + Pd»4) 
R(I) = TOT 
L = M-3 
TOTA = G d ) + Pd,L) 
S d ) = TOTA 
lF(M-6) 19, 23» 23 
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23 ADD = R(I) + P(1,5) 
T d ) « ADD 
L = M-4 
ADD = SCI) •»• Pd,L) 
U d ) = ADD 
IF(M-7) 19, 24, 24 

24 ADO = T( I ) + Pd,6) 
V d ) = ADD 
L = M-5 
ADD = U( I ) + Pd,L) 
WCI) = ADD 

19 DO 26 J = 1,M 
26 TOTAL = TOTAL + Pd,J) 
18 C d ) = TOTAL 
20 CONTINUE . 
49 DO 28 J= 1,M 

SHOP = 0. 
DO 30 I = 1,N 

30 SHOP = SHOP + P(I,J) 
28 D(J) = SHOP 

C FIND LOWER BOUND CONTROLLED BY MACHINE. 
51 CALL TCBM 

C FIND LOWER BOUND CONTROLLED BY JOB AND 
C ABSOLUTE MINIMUM TIME. 

CALL TCBJ 
PRINT 222,KMAX 

222 F0RMAT(26H ABSOLUTE MINIMUM TIME IS •I7»7H HOURS.) 
DO 528 J = 1»M 
J0(1,J) = 0 

528 CONTINUE 
TS = 1 

C FIND FIRST TRIAL SEQUENCE AND,COMPUTE TOTAL TIME. 
CALL TFTS 
IF(N-30) 399, 399, 297 

399 PRINT 397,(JQ(1,NJ),NJ=1,N) 
397 FORMAT(26H0FIRST TRIAL SEQUENCE IS »30I3) 

GO TO 1398 
297 PRINT 397,(J0(1»NJ),NJ=1»30) 

PRINT 298,(JO(1,NJ),NJ=31,N) 
298 FORMAT(2H0 ,3013) 
1398 PRINT 398,TIMER 
398 FORMAT(35H TOTAL HOURS FOR FIRST SEQUENCE IS,F7.0) 

C FIND SECOND TRIAL SEQUENCE. 
CALL TFTS 
lF(N-30) 499, 499, 597 

499 PRINT 497,(JQd»NJ) ,NJ=1,N) 
497 FORMAT(26H0SECOND TRIAL SEQUENCE IS »30I3) 

GO TO 1498 
597 PRINT 497,(J0d,NJ) ,NJ=1»30) 
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PRINT 598,(J0(1,NJ),NJ=31,N) 
598 FORMAT(2H0 ,3013) 
1498 PRINT 498,TIMER 
498 FORMAT(35H TOTAL HOURS FOR SECOND SEQUENCE IS»F7.0) 

IF (M-4) 840, 707, 707 
C FIND THIRD TRIAL SEQUENCE. 

707 CALL TFTS 
IF(N-30) 717, 717, 727 

717 PRINT 708,(JQd,NJ) ,NJ=1,N). 
708 FORMAT(26H0THIRD TRIAL SEQUENCE IS •3013) 

GO TO 1708 
727 PRINT 708,(JO(1,NJ) ,NJ = 1,30) 

PRINT 728,(JQ(1,NJ),NJ=31»N) 
728 FORMAT(2H0 ,3013) 
1708 PRINT 709,TIMER 
709 FORMAT(35H TOTAL HOURS FOR THIRD SEQUENCE IS#F7.0) 

IF(M-5) 840, 807, 807 
C FIND FOURTH TRIAL SEQUENCE. 

807 CALL TFTS 
IF(N-30) 817, 817, 827 

817 PRINT 808,(JQd»NJ) ,NJ=1,N) 
808 FORMAT(26H0FOURTH TRIAL SEQUENCE IS ,3013) 

GO TO 1808 
827 PRINT 808»(JQd»NJ) ,NJ=1,30) 

PRINT 828t(JQd»NJ) »NJ = 31»N) 
828 FORMAT(2H0 ^3013) 
1808 PRINT 809,TIMER 
809 FORMAT(35H TOTAL HOURS FOR FOURTH SEQUENCE IS»F7.0) 

IF(M-6) 840, 907, 907 
C FIND FIFTH TRIAL SEQUENCE. 

907 CALL TFTS 
IF(N-30) 917,917,927 

917 PRINT 908,(JQ(1»NJ),NJ=1»NX 
908 FORMAT(26H0FIFTH TRIAL SEQUENCE IS ,3013) 

GO TO 1908 
927 PRINT 908,( JQd ,NJ) ,NJ=1,30) 

PRINT 928*(JQ(1,NJ),NJ=31,N) 
928 FORMAT{2H0 ,3013) 
1908 PRINT 909,TIMER 
909 F0RMAT(35H TOTAL HOURS FOR FIFTH SEQUENCE IS,F7.0) 

IF{M-7) 840,1007,1007 
C FIND SIXTH TRIAL SEQUENCE. 
1007 CALL TFTS 

IF(N-30) 1017, 1017, 1027 
1017 PRINT 1008,( JQd,NJ) ,NJ = 1,N) 
1008 FORMAT(26H0SIXTH TRIAL SEQUENCE IS »30I3) 

GO TO 1108 
1027 PRINT l008,(JQd»NJ) ,NJ = 1,30) 

PRINT 1028,(JQClfNJ)»NJ=31»N) 
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1028 FORMAT(2H0 ,3013) 
1108 PRINT 1009,TIMER 
1009 FORMAT(35H TOTAL HOURS FOR SIXTH SEQUENCE IS»F7.0) 

C FIND ABSOLUTE MAXIMUM TIME. 
840 CALL THMT 

CALL TIME(KK) 
TT= KK - JT 
TT = TT/3600. 
PRINT 3111, TT 

3111 FORMAT(36H0MINUTES REQUIRED FOR COMPUTATION = ,F11.6) 
GO TO 5 

4444 CALL EXIT 
END 
SUBROUTINE TCBM 
DIMENSION P(60,60)»A(60)»B(60)»C(60)»D(60)»SC(119) 
DIMENSION JQ(1,60)»G{60),R(60)»S(60)•T(60)•U(60) 
DIMENSION SCM(60),E(60)•V(60)»W(60) 
COMMON P,A,B»C»D»SC,SCM»JQ»E,G»R»S,T»U#V»W»KMAX 
COMMON TIMERfN,M,TS 
MK = M-1 

51 DO 92 J = 1,M,MK 
CMIN = 99999. 
DO 90 1=1,N 
IF(CMIN-C(I)-t-P( I,J) )90,90,91 

91 CMIN = C( I)-Pd fJ) 
90 CONTINUE 

JQd,J) = CMIN + D( J) 
92 CONTINUE 

lF(M-2)54,54,93 
93 DO 53 J = 2,MK 

JMN = J-1 
JK = J 
DO 96 I = 1,N 
SCd) = 0. 
IC = I 
DO 103 KJ = 1, JMN 

103 SCdC) = SC(IC) + Pd»KJ) 
96 CONTINUE 

DO 98 IC = 1,N 
AMIN = 99999. 
DO 95 I = 1»N 
IF(IC-I)94,95*94 

94 SUM = SC( IC) + C d ) 
DO 112 KJ = 1,JK 

112 SUM = SUM - P(I,KJ) 
12 0 IF(AMIN-SUM)95,95»97 
97 AMIN = SUM 
95 CONTINUE 

SCM(IC) = AMIN 



98 CONTINUE 
52 BMIN • 99999. 

DO 99 IC = 1,N 
IF(BMIN - S C M d O ) 99 , 9 9 , 100 

100 BMIN = SCMdC) 
99 CONTINUE 

JQ(1,J) = BMIN + D(J) 
53 CONTINUE 
54 KMAX = 0. 

DO 101 J * 1,M 
IFCKMAX - J0(1,J))111,111,101 

111 KMAX = JQd,J) 
KN = J 

101 CONTINUE 
RETURN 
END 
SUBROUTINE TCBJ 
DIMENSION P(60,60),A{60),B{60),C(60)•D(60)»SC(119) 
DIMENSION J0(l,60),G(60),R(60),S(60)•T(60)»U(60) 
DIMENSION SCM(60),E(60),V(60),W(60) 
COMMON P»A,B,C»D,SC,SCM,JQ,E,G,R,S,T,U»V*W,KMAX 
COMMON TIMER,N»M,TS 
CJOB=0. 
DO 205 1=1,N 
IF(CJOB-Cd) )204,204,205 

204 CJOB=Cd) 
IK=I 

205 CONTINUE 
DO 211 1 = 1,N 
IFdK-I)210,211»210 

210 IF(Pd,l)-P( I,M))213,212,212 
212 CJOB=CJOB+P(I,M) 

GO TO 211 
213 CJOB=CJOB+P(1,1) 
211 CONTINUE 

KJOB = CJOB 
IF(KJOB-KMAX)221»221,220 

220 KMAX" = KJOB 
221 CONTINUE 

RETURN 
END 
SUBROUTINE TFTS 
DIMENSION P(60,60)»A(60),B(60),C(60) ,D(60)tSC(119) 
DIMENSION JQ(1,60)»G(60),R<60)»S(60)fT(60)»U(60) 
DIMENSION SCM(60),E(60),V(60),W(60) 
COMMON P,A,B,C,D,SC,SCM»JQ»E,G,R,S#T,U«V»W»KMAX 
COMMON TIMER,N,M,TS 
KS = TS 
JQd»l) = 0 
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LL = N-M 
LP - 0 
NR = 1 

401 NM = 0 
DO 410 I = 1,N 
DO 405 NJ = 1,NR 
IF(I-JO(1,NJ))405»410,405 < 

405 CONTINUE 
NM = NM+1 
SC(NM) = I 

410 CONTINUE 
MINA = SCd) 
DO 430 I = 2,NM 
MX = SCd) 
IF(KS-l) 310,310,413. 

310 IF(P(MINA,1)-P(MX»1)) 430» 325, 420 
325 IF(A(MINA)-A(MX)) 430,430»420 
413 IF(KS-6) 416, 415, 415 
415 IF(V(MINA)-V(MX)) 430» 417, 420 
416 IF(KS-5) 418, 417» 417 
417 IF(T(MINA) - T(MX)) 430» 419, 420 
418 IF(KS-4)2420» 419, 419 
419 IF(R{MINA)-R(MX)) 430» 421* 420 
2420 IF(KS-3) 422, 421» 421 
421 IF(E(MINA)-E(MX)) 430, 423» 420 
,422 IF(KS-2) 430» 423» 423 
423 IF(A(MINA) - A(MX)) 430f425»420 
425 IF(P(MINA,1) - P(MX,1)) 430*430,420 
420 MINA = MX 
430 CONTINUE 

MINM = SCd) 
DO 450 I = 2,NM 
MX = SCd ) 
IF(KS-l) 344, 344, 433 

344 IF(P(MINM,M)-P(MX,M)) 450,345*440 
345 IF(B(MINM) - B(MX)) 450,450*440 
433 IF(KS-6) 436, 435, 435 
435 IF(W(MINM) - W(MX)) 450* 437* 440 
436 IF(KS-5) 438* 437* 437 
437 IF(U(MINM)- U(MX)) 450* 439* 440 
438 IF(KS-4) 442, 439, 439 
439 IF(S(MINM) - S(MX)) 450* 441* 440 
442 IF(KS-3) 444* 441, 441 
441 IF(G(MINM)-G(MX)) 450* 443* 440 
444 IF(KS-2) 450* 443* 443 
443 IF(B(MINM) - B(MX))450*445»440 
445 IF(P(MINM*M) - P(MX*M)) 450*450*440 
440 MINM = MX 
450 CONTINUE 
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/ 

IF(KS-6) 464, 483, 483 
483 IF(W(MINM)-V(MINA)) 460, 465, 470 
465 IF(MINM - MINA) 460, 457, 460 
464 IF(KS-5) 466, 457, 457 
457 IF(U(MINM)-T(MINA)) 460* 458, 470 
458 IF(KS-5) 466, 488, 459 
488 IF(MINM-MINA) 460, 459, 460 
466 IF(KS-4) 472, 459, 459 
459 IF(S(MINM) - R(MINA)) 460, 468, 470 
468 IF(KS-4) 468, 486, 461 
486 IF(MINM-MINA) 460, 461* 460 
472 IF(KS-3) 476* 461* 461 
461 IF(G(MINM)-E(MINA)) 460* 474, 470 
474 IF(KS-3) 476, 484, 463 
484 IF(MINM-MINA) 460, 463, 460 
476 IF(KS-2) 374, 463* 463 
463 IF(B(MINM) - A(MINA)) 460* 482* 470 
482 IF(KS-2) 374* 478* 467 
478 IF(MINM-MINA) 460* 467* 460 
467 IF(P(MINM*M) - P(MINA*1)) 460* 470* 470 
374 IF(P(MINM*M) - P(MINA*1)) 460* 365* 470 
365 IF(MINM-MINA) 460* 367* 460 
367 IF(B(MINM) - A(MINA)) 460* 369* 470 
369 IF(M-4) 470* 371* 371 
371 IF(G(MINM) - E(MINA)) 460* 470* 470 
460 LL = LL-1 

NR = NR+1 
SCM(LL) = MINM 
JQd*NR) = MINM 
GO TO 480 

470 LF = LF+1 
NR = NR+1 
SCM(LF) = MINA 
JQd*NR) = MINA 

480 IF(NR - N)401*481*481 
481 LF = LF+1 

DO 490 I = 1*N 
DO 4B5 NJ = 1*NR 
IFd - JQ{1*NJ) )485,490*485 

485 CONTINUE 
SCM(LF) = I 

490 CONTINUE 
LF = 1 
DO 494 NJ = 1*N 
JQd*NJ) = SCM(LF) 
LF = LF+1 

494 CONTINUE 
TIMER = 0. 
TJ = 0. ^ 
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DO 702 I = 1,N 
JI • J0(1»I) 
TIMER= TIMER+ P(JI*1) 
C d ) = TIMER 

702 CONTINUE 
JI = J0(1*1) 
DO 701 J = 1*M 
TJ = TJ + P(JI,J) 

701 D(J) = TJ 
DO 703 I = 2*N 
DO 707 J = 2*M 
JI = JQd*I) 
IF(Cd) - D(J)) 705,705*706 

705 C d ) = D(J) + P(JI,J) 
GO TO 704 

706 C d ) = C d ) + P(JI,J) 
704 D(J) = C d ) 

TIMER= D(J) 
707 CONTINUE 
703 CONTINUE 

TS = TS + 1. 
RETURN 
END 
SUBROUTINE THMT 
DIMENSION P(60,60),A(60),B(60)*C(60)*D(60)*SC(119) 
DIMENSION JQd*60) .G(60)*R(60) »S(60) »T(60) *U(60) 
DIMENSION SCM{60)*E(60)*V(60)*W{60) 
COMMON P*A*B*C*D*SC*SCM*JQ*E*G*R*S*T*U*VfW*KMAX 
COMMON TIMER,N*M*TS 
TIME = 0. 
K = N + M - 1 
DO 606 L = 1 * K 
SC(L) = 0. 
DO 604 J = 1 *. M 
DO 604 I = 1 * N 
IF(SC(L) - P(I»J))603*604*604 

603 SC(L) = Pd*J) 
IK =• I 
JK = J 

604 CONTINUE 
P(IK*JK) = 0. 
TIME = TIME + SC(L) 

606 CONTINUE 
MAXT = TIME 
PRINT 627* MAXT 

627 F0RMAT{25H ABSOLUTE MAXIMUM TIME IS*I8*7H HOURS*) 
RETURN 
END 



APPENDIX B% SELECTED PROBLEMS 

General Discussion 

The smaller problems were first solved on the IBM 

1620 and the output forraat was such that the problera could 

be solved by hand on the sarae sheet of output for each 

problerao This procedure provided a neat package of prob

lems for file and possible future reference if research is 

continued along the lines presented in this thesiso The 

printout was varied somewhat for the larger problems but 

the output still included a printout of the matrix of pro

cessing timeso In probleras with raore than 30 machines 

this matrix was omittedo The exaraple of a large problera 

shown in this Appendix is shown mainly to indicate the 

small amount of calculation time required on the IBM 7040c 

This computer has an internal clock so a method for find--

ing calculation tirae was written into the prograrao Abso

lute rainiraura and absolute maxlraum times are not shown for 

the very large problems because these problems are far 

beyond the capability of any exact solution technlqueo 

The calculation time shown, therefore, only Includes the 

time required to find the six trial sequenceso 
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APPROXIMATE SEQUENCING ALGORITHM 
THIS IS A 6 JOB* 7 MACHINE 

MACHINES 
PROBLEM 

JOB 
1 
2 
3 
4 
5 
6 

A+B 
66. 
45. 
113. 
123. 
17. 
32. 

43. 
42. 
92. 
65. 
15. 
29, 

B 

23. 
3. 

21. 
58. 
2. 
3. 

74. 
5. 

70. 
25. 
84. 
42. 

D 

61. 
4. 

20. 
97. 
62. 
38. 

37. 
83. 
32. 
74. 
80. 
77. 

34. 
40. 
46. 
62. 
44. 
31. 

MACHINE 
TOTAL = 286. 110. 300. 282. 383. 2 
MINIMUM TIME CONTROLLED BY MACHINE G 
MINIMUM TIME CONTROLLED BY JOB 4 IS 
ABSOLUTE MINIMUM PROCESSING TIME IS 
FIRST TRIAL SEQUENCE IS 5 6 
TOTAL HOURS FOR FIRST TRIAL SEQUENCE 
SECOND TRIAL SEQUENCE IS 5 6 
TOTAL HOURS FOR SECOND TRIAL SEQUENC 
THIRD TRIAL SEQUENCE IS 2 6 
TOTAL HOURS FOR THIRD TRIAL SEQUENCE 
FOURTH TRIAL SEQUENCE IS 2 6 
TOTAL HOURS FOR FOURTH TRIAL SEQUENC 
FIFTH TRIAL SEQUENCE IS 2 6 
TOTAL HOURS FOR FIFTH TRIAL SEQUENCE 
SIXTH TRIAL SEQUENCE IS 2 6 
TOTAL HOURS FOR SIXTH TRIAL SEQUENCE 
ABSOLUTE MAXIMUM PROCESSING TIME IS 

59 
79 
96 
78 
15 
93 

F+G 
93. 
119. 
142. 
140. 
59. 

124. 

JOB 
TOTAL 
331. 
256. 
377. 
459. 
302. 
313. 

57. 420 
IS 

2 1 4 
IS 
2 1 3 
E IS 
5 4 3 
IS 
5 4 3 
E IS 
3 1 5 
IS 
1 3 4 
IS 

597 HOURS. 
680 HOURS. 
680 HOURS. 
1 
756. 

756. 
1 
728. 
1 
728. 

4 
785. 
5 
680. 
1007 HOURS. 

FIRST SEQUENCE 
HAND CALCULATION 

SECOND SEQUENCE 

1ST SEO. 
TOTAL TIME 

MIN. TO FIND 
MIN. TO FIND 
SUB-TOTAL 
TOTAL TIME REQUIRED FOR 

MIN. TO FIND 
MIN. TO FIND 
SUB-TOTAL 

SOLUTION BY HAND 

2ND SEQ. 
TOTAL TIME 

IS MINUTES 
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APPROXIMATE SEOUEMCING ALGORITHM 
THIS IS A 60 JOB,30 MACHINE PROBLEM. 
,-. ,-, „, MACHINES 
22. 37. 87. 71. 18 

U' «7* p ^ It' ? ^ ?2' ^!* ^!- r * *^* " • ^^- '• " • '^' 15. 31. 79. 22. 7. 51. 18. 80. 9. 53. *7. 81. 69. 73. 97. 
• .1' ?I* I' i * 1^* 5** ^** '''• '•''• 5'* *'̂ ' 8** 1*' '̂'- 98. 12. 5. 35. 67. 39. h9. *8. 12. 29. 63. 67. 56. 18. 41. 
36. 19. 2. 11. 32. 76. 90. 73. 65. 21. 81. 99. 34. 62. 81. 63. 88. 99. 59. 56. 9*. 54. 35. 42. 80. 9. 29. 9. 36. 18. 
4. 20. 89. 48. 54. 81. 23. 26. 77. 65. 22. 39. 59. 51. 72. 12. 99. 43. 37. 23. 78. 89. 52. 52. 40. 28. 98. 21. 98. 12. 
76. 79. 77. 31. 2. 28. 70. 1. 32. 72. 72. 42. 30. 46. 18. 26. 73. 77. 13. 94. 20. 85. 14. 21. 54. 25. 22. 2. 2. 47. 
64. 65. 69. 93. 84. 57. 94. 46. 73. 71. 5. 1. 62. 21. 19. 37. 34. 85. 99. 78. 16. 36. 70. 65. 57. 58. 52. 80. 78. 73. 
?8. 97. 77. 63. 52. 90. 86. 20. 55. 82. 78. 35. 15. 2. 52. 46. 4. 0. 53. 67. 81. 4. 1. 54. 7. 47. 93. 79. 20. 18. 
33. 52. 32. 62. 52. 15. 19. 16. 29. 42. 58. 55. 18. 79. 26. 16. 11. 78. 2. 95. 93. 30. 45. 1. 36. 71. 96. 90. 26. 59. 
59. 78. 87. 32. 4. 21. 15. 49. 46. 0. 63. 27. 70. 2. 61. 78. 45. 98. 5. 12. 12. 43. 8. 63. 17. 23. 79. 84. 37. 18. 
65. 72. 32. 93. 34. 99. 39. 31. 46. 92. 64. 56. 7. 0. 95. 30. 43. 3. 99. 26. 27. 90. 4. 98. 14. 32. 13. 28. 54. 61. 
3. 20. 59. 26. 4. 19. 63. 30. 46. 30. 54. 2. 56. 51. 68. 82. 59. 93. 24. 5. 79. 47. 2. 71. 84. 80. 93. 13. 74. 19. 

82. 19. 63. 83. 96. 26. 63. 29. 19. 60. 92. 64. 81. 6. 77. 80. 67. 98. 15. 7. 76. 83. 35. 51. 44. 18. 98. 19. 10. 85. 
74. 11. 84. 21. 56. 99. 39. 18. 82. 55. 21. 78. 11. 49. 57. 92. 4. 98. 22. 8. 76. 70. 27. 32. 2. 82. 12. 93. 81. 70. 
52. 26. 61. 55. 69. 72. 27. 22. 63. 88. 51. 61. 79. 10. 22. 16. 56. 89. 53. 70. 43. 22. 73. 40. 83. 75. 83. 63. 43. 40. 
21. 90. 3. 24. 23. 68. 81. 3. 9. 11. 38. 81. 70. 33. 15. 62. 87. 96. 31. 58. 35. 94. 99. 9. 73. 6. 4. 64. 17. 91. 
41. 56. 30. 87. 91. 37. 81. 69. 66. 33. 31. 35. 80. 99. 1. 14. 4. 89. 93. 94. 43. 24. 95. 32. 19. 25. 51. 52. 34. 7. 
53. 88. 69. 90. 94. 71. 6. 99. 60. 74. 75. 12. 14. 98. 68. 86. 76. 57. 12. 96. 54. 85. 21. 95. 23. 83. 72. 18. 39. 98. 
6. 29. 18. 51. 22. 46. 6. 45. 66. 88. 47. 42. 52. 70. 81. 24. 68. 39. 13. 2. 13. 31. 98. 96. 8. 98. 65. 9. 78. 22. 

54. 37. 72. 23. 9. 89. 89. 31. 66. 31. 69. 75. 2. 21. 34. 21. 86. 65. 40. 25. 34. 71. 19. 3. 6. 86. 66. 37. 67. 38. 
70. 53. 11. 22. 56. 18. 61. 37. 52. 9. 71. 28. 36. 85. 73. 55. 58. 33. 94. 21. 32. 12. 67. 26. 83. 41. 34. 9. 48. 80. 
86. 98. 84. 56. 64. 30. 74. 87. 25. 84. 17. 55. 68. 89. 5. 1. 32. 7. 26. 97. 98. 1. 23. 39. 72. 78. 55. 70. 98. 61. 
51. 37. 44. 81. 62. 61. 33. 26. 83. 21. 40. 27. 20. 8« 12. 87. 86. 24. 75. 91. 95. 60. 43. 38. 10. 66. 95. 31. 84. 78. 
-89. 1. 61. 39. 3. 27. 21. 27. 39. 61. 6. 49. 64. 52. 69. 68. 22. 58. 82. 67. 67. 54. 35. 53. 22. 6. 86. 47. 61. 22. 
50. 69. 76. 78. 12. 3. 10. 56. 77. 41. 10. 65. 30. 69. 82. 27. 50. 51. 28. 32. 67. 43. 85. 87. 91. 46. 38. 96. 43. 64. 
48. 60. 33. 16. 82. 41. 71. 88. 71. 46. 82. 53. 32. 16. 63. 53. 86. 17. 89. 92. 89. 89. 53. 24. 13. 7. 66. 23. 66. 98. 
89. 94. 3. 29. 6. 11. 42. 33. 87. 37. 82. 7. 78. 10. 3. 5. 29. 90. 68. 92. 33. 21. 53. 32. 84. 59. 23. 72. 14. 22. 
42. 94. 28. 97. 62. 89. 24. 70. 64. 81. 19. 51. 40. 69. 59. 89. 27. 40. 62. 44. 93. 86. 25. 43. 90. 84. 97. 16. 4. 56. 
77. 60. 63. 35. 54. 67. 57. 55. 29. 58. 37. 97. 78, 17. 25. 44. 61. 9. 25. 68. 66. 65. 37. 42. 21. 79. 72. 53. 22. 43. 
78. 13. 98. 58. 58. 41. 13. 46. 74. 11. 3. 83. 36. 40. 54. 45. 9. 1. 24. 80. 24. 67. 13. 92. 14. 62. 75. 99. il. 29. 
65. 81. 76. 76. 8. 54. 40. 21. 75. 11. 53. 20. 47. 98. 39. 22. 75. 68. 18. 87. 86. 64. 22. 11. 54. 31. 72. 40. 61. 91. 
37. 0. 29. 52. 12. 32. 39. 79. 73. 4. 22. 7..20. 96. 8. 44. 69. 49. 90. 19. 59. 73. 5. 55. 41. 51. 7. 41. 60. 87. 
34. 77. 27. 74. 49. 45. 50. 9. 75. 61. 23. 95. 96. 27. 53. 34. 1. 43. 8. 69. 27. 16. 31. 31. 4. 19. 70. 61. 61. 46. 
55. 49. 4. 83. 26. 72. 1. 55. 41. 42. 89. 24. 83. 47. 45. 40. 25. 35. 36. 15. 22. 68. 86. 3. 93. 35. 89. 44. 19. 63. 
4. 50. 67. 13. 60. 59. 46. 86. 87. 24. 20. 71. 78. 10. 46. 31. 16. 19. 3. 60. 69. 44. 76. 90. 54. 65. 79. 83. 79. 55-

50. 72. 27. 14. 25. 14. 24. 11. 72. 56. 36. 91. 16. 46. 14. 73. 91. 46. 62. 18. 51. 87. 86. 72. 6. 87. 27. 95. 30. 96. 
34. 60. 71. 81. 46. 8. 57. 52. 49. 5. 13. 69. 17. 15. 85. 92. 64. 10. 37. 18. 24. 88. 54. 66. 37. 60. 84. 96. 9. 33. 
59. 51. 81. 83. 93. 82. 92. 24. 10. 67. 83. 93. 77. 39. 26. 95. 40. 34. 4. 59. 50. 77. 15. 62. 21. 87. 6. 75. 76. 45. 
I. 3. 55. 57. 48. 53. 79. 14. 47. 17. 84. 30. 60. 11. 81. 74. 84. 74. 69. 31. 99. 22. 2. 6. 3. 42. 39. 18. 50. 0. 

44. 34. 85. 66. 26. 21. 82. 70. 50. 22. 4. 11. 91. 17. 66. 45. 65. 51. 0. 10. 6. 3. 86. 50. 7. 19. 10. 99. 94- 80. 
60- 79. 9. 94. 72. 73. 53. 70. 15. 9. 24. 2. 92. 17. 25. 4. 69. 61. 7. 69. 20. 40. 61. 84. 88. 91. 85. 90. 34. 6. 
54. 34. 66. 72- 16. 56. 23. 75. 62. 35. 68. 17. 27. 21. 8. 40. 76. 63. 66. 89. 96. 96- 16. 27. 61. 64. 49. 29. 49. 64. 
36. 55. 91. 26. 75. 26. 65. 21. 60. 38. 1. 18- 60. 92. 34. 23. 90. 73. 75. 83- 59. 73. 50. 64. 59. 6. 43. 40. 12. 30. 
n. ?9- 7. 80. 11. 83. 6. 36. 53. 83. 58. 20. 10. 9. 85. 25. 44. 93. 87. 53. 99. 60. 77. 17. 35. 41. 70. 17. 39. 76. 
25. 17. 31. 45. 37. 24. 51. 20. 18. 50. 55. 90. 51. 37. 14. 1. 29. 84. 67. 79. 47. 61. 12. 20. 42. 72. 29. 26. 48. 98. 
51. 87- 49. 8. 3. 69. 75. 49. 44. 19. 85. 33. 80. 94. 59. 57. 80. 1. 37. 71. 6. 73. 8. 16. 62. 31. 63. 30. 4. 77. 
58- 49. 0. 25. 55. 82. 68. 24. 11. 3. 28. 19. 69. 82. 7. 81. 85. 82. 29. 39. 20- 58. 62. 55. 17. 3. 75. 2- 12. 30. 
43. 75. 58. 08. 78. 63. 51. 51. 96. 31. 21. 31. 92. 88. 46. 81. 1. 24. 78. 7. 61. 23. 97- 17. 79. 64. 60- 32. IS. 34. 

FIKST TRIAL SEQUENCE IS 11 24 17 47 31 8 28 1 57 21 45 44 9 40 52 38 37 48 6 35 58 30 54 2 19 43 33 14 4 25 

7 56 3 26 46 34 23 18 50 41 15 27 32 60 49 12 59 55 42 36 39 22 16 20 29 5 53 13 10 51 
TOTAL HOURS FOR FIRST TRIAL SEQUENCE IS 5966. 

SECO'̂ D TRIAL SEQUENCE IS 51 24 17 31 44 57 47 1 52 27 3 21 26 35 54 32 9 56 38 50 48 2 33 19 43 14 34 4 30 23 

28 37 45 7 25 6 5 36 46 58 41 10 40 15 22 16 60 18 13 8 11 49 59 55 29 42 53 20 39 12 
TOTAL HOURS FOR SECOND TRIAL SEQUENCE IS 6111. 

THIRD TRIAL SEQUENCE IS 31 16 51 44 57 24 17 56 28 21 46 47 35 33 45 27 38 1 48 9 52 26 50 37 19 14 34 43 7 4 

30 5 23 54 32 22 42 49 2 6 36 53 41 20 3 15 25 58 39 29 60 55 40 10 8 13 12 18 11 59 
TOTAL HOURS FOR THIRD TRIAL SEQUENCE IS 5653. 

FOURTH TRIAL SEQUENCE IS 16 31 24 44 57 47 28 33 38 17 48 21 32 36 26 56 27 9 46 45 35 1 52 14 34 19 43 37 4 30 

49 22 W 42 25 6 20 2 90 7 54 41 15 58 40 3 5 23 29 60 39 55 59 13 51 10 8 12 18 11 
TOTAL HOURS FOR FOURTH TRIAL SEQUENCE IS 5672. 

FIFTH TRIAL SEQUENCE IS 16 24 31 44 57 28 48 47 32 36 58 56 33 17 46 21 15 1 38 54 26 52 27 35 37 14 34 19 4 30 

53 43 6 50 49 42 9 41 45 20 40 22 25 2 7 60 3 39 23 13 5 29 8 10 51 55 59 12 18 11 
TOTAL HOURS FOR FIFTH TRIAL SEQUENCE IS 5680. 

SIXTH TRIAL SEQUENCE IS 24 44 31 16 57 48 36 28 33 39 21 15 47 58 52 32 37 17 54 46 49 27 35 53 34 14 19 4 6 43 

40 26 30 50 1 9 42 41 2 60 56 25 38 20 45 22 8 3 10 13 7 5 12 23 55 29 11 51 IS 59 
TOTAL HOURS FOR SIXTH TRIAL SEQUENCE IS 5997. 

MINUTES REQUIRED FOR COMPUTATION » 1.490000 


