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CHAPTER I 

INTRODUCTION 

1.1 History and Examples 

Largely overlooked during his lifetime, the young Norwegian Niels Henrick Abel 

(1802-1829) provided the world with a compelling understanding of mathematics 

that has been matched by few. Discovering a love for mathematics in his late teens, 

Abel became interested in the works of Euler, Gauss and Lagrange, and, while losing 

interest in other fields, actively pursued his new found interest, despite being hindered 

monetarily. While his love for mathematics pushed him to explore unknown (at the 

time) areas, his life was shortened by failing health at the age of twenty-seven. Even 

during his tragically shortened life he was able to leave behind a body of work that 

has fascinated mathematicians ever since. 

Shortly after Abel began to devote much of his time to mathematics, his early 

interests were peaked by the study of quintic equations to which he thought that 

he had found an algebraic solution. After submitting his solution to the Danish 

mathematician Ferdinand Degen, Abel discovered an error he had made which led to 

the proof that such a solution to the quintic did not exist. Remarkably, this early work 

was done before Abel had reached the age of twenty-two (Encyclopedia Britannica, 

WWW version). 

Struggling to gamer support to conduct his work, in 1823 Abel published his 

papers concerning functional equations and integrals. In his third paper. Solutions of 



some problems by Means of Definite Integrals (1823), Abel provided the first solution 

of an integral equation (U. of St. Andrews, WWW). He also became one of the first 

to try to establish mathematical analysis on a rigorous basis. Despite his ground

breaking achievements, Abel's early work was largely ignored, because these papers 

were published in Norwegian (the leading mathematicians of the time wrote mostly in 

French and German). Striving to leam a language in which his work would be more 

widely accepted, Abel spent much of his time teaching himself French and (German 

(Bell, 1986). 

After being noticed and, therefore, garnering support from some of his peers Abel 

spent much of the final years of his life working on elliptical functions. Much of this 

work was first published in Crelle's Jounal which allowed Abel's work to become more 

widely accepted throughout Europe (U. of St Andrews, WWW). Through his work 

on elliptical functions Abel developed a friendly rivalry with Jacobi which pushed 

both of the mathematicians to produce some of the foremost work of the time (Bell, 

1986). 

In 1828, while visiting Paris, Abel was diagnosed with tuberculosis. With his 

health failing he continued writing papers on equation theory and elliptic functions 

(Harkin, 1950). Various mathematicians of the time had limited success with the 

study of elliptical functions, yet Abel, pursuing his own study of elliptical func

tions, discovered that they were much easier to deal with through their corresponding 

inverses-at the time a break through which would change the way many problems in 

mathematics would be viewed. 



After gathering the strength to return to Norway to spend the holidays with his 

fiancee, Abel again became seriously ill. This time the tuberculosis devastated his 

body, and, finally, claimed his life in the early spring of 1829. 

Although his life was short-lived, Abel left behind an amazing amount of accom

plishments. One of them, the general class of Abel equations is the major focus of 

this paper. Abel's equation was introduced in 1823 when he was looking into the 

problem of tautochronous motion (Gorenflo and Vessella, 1990) which came about 

while studying the motion of an object freely sHding down a curve without friction 

and only under the acceleration of gravity. One condition, that the particle passes 

through the origin, is easily attained. Abel desired to find a curve for which the parti

cle descends to its lowest point in a constant time independent of the initial position. 

The solution, although well known, will be solved generally and then applied to the 

above scenario. 

In order to solve the problem of tautochronous motion, it proves to be beneficial 

to first attack the general problem, and then after solving the problem to impose the 

restrictions specific to the tautochrone problem. To develop the problem generally it 

will first be noted that equations of the form 

where 0 < a < 1, cp is continuous and (p(0) = 0, have come to be known as Abel type 

integral equations. 

Using the notation of Debnath and Mikusinski (1999), we denote the kernel of 



equation (1.1) by Ka. Applying the Volterra integral operator Kp where 0 < /5 < 1 

to both sides we obtain 

Jo [Jt (x-zy(z-i)<^\'^^ Jo (x-ty 

Now, using the substitution z = t + (x-t)v the equation inside of the square brackets 

can be solved to obtain 

I {x-zYiz-l)--^'' ^' r(2-a-/9) ' ^ ^^' 

where F denotes the Euler gamma function. With this in mind equation (1.2) can be 

simplified to 

r m ,._ r(2-a-̂ ) r_jm_.. ,.,. 
I (x-«)«+/'-•''*-r(i-c»)r(i-^)y„ (x-tr"'- ^'•^' 

Now, setting a + /9 - 1 = 0, and by noting that r(i-J)m-^) becomes !!S(p2_ then the 

above equation simplifies to 

Assuming that the right hand side of the above equation is sufficiently smooth and, 

thus differentiable, then the solution to Abel's equation becomes 

^ ^ TT dx JQ {X- ty-"^ ^ ^ 

After obtaining the above general solution, the specific solution to the tautochrone 

problem can be easily attained if it can be put in the form of the Abel type equation 

given in (1.1). Various forms of the tautochrone problem have been solved since 



Abel's initial solution, and in this paper, using the method presented in Debnath and 

Mikusninski (1999), the solution will be derived. 

To begin to solve the tautochrone problem some basic properties about the velocity 

of a particle must be noted. The velocity of the particle at an intermediate point (^, 77) 

satisfies 

^ = ^ = V29{y - V), (1-7) 

where g is the acceleration of gravity, (x, y) is the initial position of the particle, s is 

the arc length of the curve from (x, y) to (f, rj) and t is time. Now, from the above 

equation it is immediately seen that 

V ^ = ^ = i = | . (1.8) 
V (2/ - ri) dt 

Integrating both sides with respect to t gives 

y/2g dt= - ^ . (1.9) 
Jo Jo y/y-r] 

By allowing s = f{ri) with the initial position being the origin (thus /(O) = 0), we 

obtain 

which has the exact form of the Abel equation with a = | . 

To solve the tautochrone problem all that is needed is to fill in what is known to 

the general solution obtained in equation (1.6), which gives 

T^d n dn TsJTg 



Therefore, after integrating, the final solution becomes 

/ ( , ) = 2 ^ , (1.12) 

which represents a cycloid with vertex at the origin (Debnath and Mikusinski, 1999). 

Another example where Abel's integral equation arises is in the field of stereol-

ogy, the study of gathering information about three-dimensional objects from two-

dimensional surfaces. Studied thoroughly in Urrabazo (1997) Wicksell's unfolding 

problem gives a classic example of the current applicable wealth contained in the 

class of general Abel integral equations. 

For brevity it will only be shown how Abel's equation arises in Wicksell's problem. 

More specific details can be obtained in the aforementioned paper. 

To begin recovering the actual radius of a spherical particle from a planar cut, the 

relationship between the the actual radius of a spherical particle, /* and the density 

of the length biased sample, g*, will be used. For particles of radius r, g* can be 

represented by 

9'ir) = ^ , (1.13) 

where /z is a norming constant. 

In order to use equation (1.13) to establish a relationship between /* and the 

radius of the disk along which a spherical particle has been cut, the conditional 

probability, p*, of the observed radius X, given the actual radius p — r, will allow 

valuable insight into Wicksell's unfolding problem. By allowing the random variable 

Y to be the distance from the planar cut of the sampled particle to the center of the 



particle, the solution is sufficiently simpfified. Now, if a particle of radius r has been 

hit by the planar cut, then the distribution of Y is obviously uniform on the interval 

[0,r]. 

Using the Pythagorean theorem the relationship between X, r and Y can be rep

resented as X = y/r^ - Y^, and, therefore, the conditional cumulative distribution 

IS 

P{X < x\p = r} = P{Y > Vr2 - x2} = ^ ^^^ '̂̂ , (1.14) 
r 

where 0 < x < r. Thus the conditional density of X, given p = r, is 

X 

rv 7" — x^ 

From the above equation it follows that 

Px,i,P, = .^ ^g'(r) = . / / y , (1.16) 

which leads to the marginal density of X 

p'{x) = lf -l^dT. (1.17) 
^i Jr=x Vr^ - x^ 

Although this equation already possesses the qualities of an Abel type integral equa

tion, it is more easily seen by substituting s = x^ and t = r^ and by noting if Z is 

a positive random variable with density cp, then Z^ has the density ip = ^ j ^ with 

z > 0, which gives 

In the above equation the familiar Abel form has been achieved. Urrabazo's (1997) 

presentation of Wicksell's unfolding problem provides a example of where Abel type 



equations arise in the recent mathematical literature. Her paper further pursues the 

problem of constmcting an estimator, but the more general problem will be attacked 

in this paper, and, thus, only how Abel's equation arises has been presented. 

Abel's integral equation has continued to make an impact across many fields. 

Outside of mathematics, seismic travel times, stereology of spherical particles, biology, 

engineering and astronomy have provided only some of the problems which have given 

rise to Abel's integral equation. Much current research revolves around this general 

class of equations, and how to properly deal with them. 

1.2 Presentation of the Problem 

In principle one may recover the input function / from the output function g by 

solving the integral equation. In practice, however, this leads to a new, fundamental, 

problem. In the first place one can only measure the value of p at a finite number of 

points. Secondly, in general such measurements will be corrupted by random error. 

As we will see, the solution of an Abel equation involves differentiation which is an 

unstable operation. Therefore, even slight imperfections in g may produce a large 

error for / , a phenomenon that is referred to as the ill-posedness of the recovery 

problem. 

To be more specific, we adopt a random design, by letting X denote a uniforTn{0,1) 

design variable, and letting € denote a random error variable which has mean zero and 

finite variance and which is stochastically independent of X. We observe a random 
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sample {Xi, Fi),..., (Xn, Yn) which consists of independent copies of {X, Y), where 

Y = (KJ)(X)^e (1.19) 

where e is the random error and the effect of Ka is some smoothing. The most obvious 

solution to estimating / would be by direct calculation of it's inverse. Thus we would 

like to compute 

/ = DK,.^g (1.20) 

where D is the operation of differentiation. 

Several methods have been proposed in the literature to solve noisy integral equa

tions of the first kind. Under most "real life" circumstances the inverse of the integral 

operator in such an integral equation is unbounded, and, therefore, is the source of 

the ill-posedness. Since, in practice, information about the output function, i.e. the 

image of the unknown input function under the integral operator, is incomplete and 

corrupted by random noise, this ill-posedness is a serious problem. To solve this 

problem in any procedure to recover the input from an imperfect output some kind 

of regularization will be needed. 

One such method is of penalized least squares type, based on Tikhonov regular

ization and used, for instance, by Wahba (1997), and Nychka and Cox (1998). An

other recovery procedure exploits regularization of the inverse operator using Halmos' 

(1963) version of the spectral theorem. An overview of this approach can be found 

in van Rooij and Ruymgaart (1999). Under standard regularity conditions these two 

methods will in general yield input estimators whose mean integrated square error 



(MISE) converges to zero at the optimal rate. 

Recently Donoho (1995) introduced a wavelet-vaguelette decomposition for opti

mal recovery of the inhomogeneous input functions. This approach is reminiscent of 

the singular value decomposition for compact operators employed by Johnstone and 

Silverman (1990, 1991), although the method applies to non-compact operators as 

well. Expansion in a suitable wavelet basis leads at once to "almost diagonalizing" 

the operator and to a convenient representation of prior knowledge regarding the 

input function. This author observes, however, that Donoho's method is in essence 

adapted to scale-invariant operators and does not claim to discuss for instance convo

lution with kernels having a preferred spatial scale like the boxcar, i.e. the indicator 

of the interval [—1,1]. 

As an alternative one may propose an expansion in an arbitrary orthonormal basis 

coupled with the exact inversion of the integral operator. We will see in Section 2 that 

the inverse appears in the Fourier coefficients of the expansion, and can then be carried 

over to the usually well behaved basis elements in the form of the adjoint. This method 

was employed in Hall et al. (1999) for the above mentioned boxcar deconvolution 

problem, where it yielded optimal MISE rates that could not be obtained by spectral 

cut-off regularization of the inverse operator. Although only smooth input functions 

were considered in that paper, a wavelet basis was employed. It is a fair conjecture 

that inputs with discontinuities of the first kind can be optimally recovered if high 

resolution wavelets are included in the expansion with data-driven thresholding. 

This thresholding as described by Hall and Patil (1995) is employed by expanding 
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an arbitrary function into a generalized Fourier series of the form 

oo 

fix) ~ Yl hfA^)+E E *«̂ y (̂ ) (1-21) 
3 i=0 j 

Now, unbiased estimators of bj and 6^ can be constmcted and thus an estimate 

of the function can be attained in the form 

< 7 - l 

/(^) = E^i^iW + EE^«il|6.,|>*V'ii(:c) (1-22) 
3 i=0 J 

with (J > 0. 

One should note that the second term of the estimate which includes the indicator 

function is the "thresholding" term, because it only takes into account terms which 

are greater than a designated 5. It also should be noted that q cicts as a smoothing 

parameter. Such thresholding is proposed in Donoho (1995) in an inverse model and 

by Donoho et al (1996) and Hall and Patil (1995) in a direct model. 

It seems therefore that this alternative might be quite successful if either the kernel 

or the input or both are irregular. Since the method is entirely independent of the 

spectral properties of the operator it will also be quite useful in regular cases where 

these spectral properties are unknown or hard to handle. In such regular cases one 

might prefer an orthonormal system that suitably represents prior smoothness of the 

input. For dealing with irregular inputs one may have to employ a wavelet basis. 

In this paper we want to illustrate the usefulness of this method by considering the 

class of generalized Abel equations (Gorenflo and Vessella, 1990; Hackbusch, 1995) 

with index a, where 0 < a < 1 (see also Kress, 1989). The noisy Abel equation with 

index | is related to Wicksell's unfolding problem with applications in stereology, 

11 



medicine, biology, and engineering, and has been extensively studied in the recent 

statistical literature (Nychka et o/., 1984; Nychka and Cox, 1989; Johnstone and 

Silverman, 1991; Groeneboom and Jongbloed, 1995; Mair et al, 1998). An example 

from astronomy regarding binary orbits where the Abel ( |) equation occurs is reported 

in Feller (1966, p. 33). 

The orthonormal basis which is chosen for the expansion appears to make a dif

ference. As it turns out, the simple basis of trigonometric functions is not only 

convenient for specifying the smoothness of the input, but also yields estimators with 

MISE converging at the optimal rate (Sections 3). It may come as a surprise, how

ever, that the optimal rate is not attained when the estimators are derived from a 

wavelet basis (Section 4). All this has to do with how fast the Fourier coefficients 

grow that contain the adjoint inverse operator applied to the basis elements. Due 

to the unboundedness of the kernel the localization property of the wavelets seems 

to have an adverse effect. In Section 2 the model is introduced, and the inversion 

procedure with some of the ill-posedness issues is discussed. 

Further generalization is possible by perturbation of the standard kernel through 

multiplication with a smooth bounded, but otherwise arbitrary, kernel (Hackbusch, 

1989, Section 6.5). Of course there is little or no hope to explicitly find the functions in 

the orthonormal systems of the singular value decomposition if such a decomposition 

exists. On the other hand the exact inverse can still be computed, and estimation by 

expansion in the trigonometric basis still works. 
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CHAPTER II 

PRELIMINARIES 

In order to better focus on the main, analytical, aspects of the paper certain 

assumptions regarding the statistical model may be unnecessarily restrictive. One of 

these is the assumption of a random design, and another is that the input functions 

are symmetric about | with value 0 at 0 (and hence at 1). In Remarks 3.3 and 3.4 

we briefly comment on how these restrictions might be alleviated at the cost of extra 

technicalities. 

Furthermore, for brevity we will employ the inner product notation (p, q) whenever 

JQ p{x)q{x)dx is well defined, even though p,q, oi both may not be square integrable. 

An instance of this occurs in equation (4.20), where h\_^ is not square integrable for 

0 < a < | . 

Let us introduce the set of functions 

A, := { /6 CH(0,1]) :/(O) = 0}. (2.1) 

We will be concerned with a noisy version of the integral equation 

where 0 < x < 1, f e CQ and 0 < a < 1. Adopting a random design let X denote 

a unif(/rTn(0,1) design variable, and let e denote a random error variable which has 

mean zero and variance 0 < a^ < oo, and which is stochastically independent of X. 

13 



We observe a random sample {Xi,Yi),..., (Xn,Yn) consisting of independent copies 

of (X,!^), where 

Y = {Kaf){X)-^e. (2.3) 

The problem is to estimate / from the data. 

Since we will assess the quality of the estimator through the L'^([0, l])-norm, a 

Hilbert space perspective will be pertinent. It is well-known that for 0 < a < | 

the linear transformation is bounded as an operator of ^^([0,1]) into itself. For each 

0 < a < 1, however, the effect of Ka is to induce some smoothing. FVom Helmberg 

(1969) it is noted that {Kf,(p) = {f,K*ip). Thus, let us define, for (p G C\[0,1]), 

= ml!^^'^ {lt..ilW(^V'(x)dx} dy = 

therefore after switching the limits of integration it is easily seen that 

which will act as the adjoint of Ka- Let us also define 

14 



C,:={feC\[0,l]):f{l) = 0}. (2.5) 

From Hackbusch (1989, Lemma 6.4.2, Theorem 6.2.1, and Theorem 6.4.4) it is 

seen that if (2.1) is satisfied, then in the solution obtained in (1.6) the operation of 

differentiation and the kernel can be interchanged. Thus the following theorem is 

obtained. 

Theorem 2.1. For f e CQ and any 0 < a < 1 we have g := Kaf e £o, and 

equation (2.2) has the solution 

f = DKi.a9 = Ki.aDg. (2.6) 

Similarly, if f e Ci, then we have K*f € £ i , and DK*J = K^Df. 

Proof. It has been previously shown that the generalized Abel Integral equation 

9{x 
^ r ( a ) io 

fit) 
{x - ty 

•dt,0<a< 1, (2.7) 

where / G A)([0,1]), 0 < x < 1 and g(x) € C\[0,1]) has the solution 

/ ( * ) = 
sin(7ra) d 

IT I 9{t) 
dx JQ ( x - i ) l - ° 

dt. (2.8) 

Thus Kaf = 9 implies that / = DK^g. Now, by Hackbusch (1989, Lemma 6.4.2) we 

see by integration by parts and \^ith the restriction p(0) = 0 that 

i r (̂-) dx= 
dtjQ ( t - x ) i - « 

(2.9) 

dt 

9(x){t-x)<^ 

a .Q^dtiL'^^^-^'^. 
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dt 
P(0)(^) , f'g'(x){t-x)^ mn I rjy^(x)(t 

Oi JQ a 
dx 

d /• 's '(i)(* - x)" ^ d̂  /•• g'(x)(t 
dt JQ a 

dx. 

Again using integration by parts to compute the above derivative, we see immediately 

that the above equals 

di f g(x){t-x)^-'dj: = 
Jo 

(2.10) 

4ir^(^)'^(*-^)°= 

= I i m ^ j / {t + h- x)"p'(x)rfx - f it- x)"^'(x)dx I. 
h^ah {JQ JQ J 

Momentarily ignoring the ^ but working inside the limit, we obtain 

1 rt+h 1 rt+h 
= - g'(x)(t - x)"dx + - g'{x){t + h- x)"dx (2.11) 

hJt h JQ 

1 rt+h pt+h 
--J g'(x){t-x)^dx + J g\x) 

,. .{t + h-x)'' -(t- x)"" 
h 

dx. 

by taking the lim/i_^o of the above equation it is easily seen that the above equation 

equals 

a f g'(x)(t-x)''-'dx. 
Jo 
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di 

Now, when returning the ^, the a cancels, and combining our results we conclude 

that 

r 9ix) ^^^r ^̂ q dx, (2.12) 
JQ ( t - x ) l - " JQ ( t - x ) l - " 

which implies / = DK^g = K^Dg and, therefore, proves our theorem. 

In practice g is only approximately known and differentiation is an unstable pro

cess, thus solving the noisy equation (2.3) requires regularization to cope with the 

ill-posedness. An estimated solution is obtained from an exact orthonormal expansion 

for the input function / , by estimating the Fourier coefficients and suitable tapering. 

Let ei,e2,... be an orthonormal system in L'^{[0,1]), not necessarily a basis, such 

that (cf. (2.5)) 

ek€CukeK (2.13) 

Theorem 2.2. Suppose that f e CQ has the L"^-expansion f = Sg, i{/ , ek)ek for the 

ejfc satisfying (2.13) and let g = Kaf- Then we have 

{f,ek) = -{g,Kl_^Dek). (2.14) 

Proof. We have the expansion 

oo oo oo 

/ = J2{f,ek)ek = J2(K-'g,ek)ek = Y,{DKi-a9,ek)ek 
k=l k=l fc=l 

according to Theorem 2.1. We also know that g € CQ and hence Ki-a9 G £o, so 

that in particular (Ki.a9)(0) = 0. Also, since 6^(1) = 0, it follows from integration 

by parts that {DKi-ag, e*) = -{Ki-a9, I^^k)- Application of Fubini's theorem yields 

-(Ki.a9.Dek) = -{9,Kl_^Dek)-

17 



For the most part we will employ the orthonormal basis l[o,i],61,61,62,62,... of 

L2([0,l]), where 

6fc(x) := \/2sinA;(-7r-h27rx),0 < x < 1, (2.15) 

efc(x) := \/2cosA;(-7r-h27rx),0 < x < 1, (2.16) 

and A; 6 N. For convenience we will restrict / to a part of the linear span of ei, 62,... 

thus restricting ourselves to functions that are symmetric about ^. Such / satisfy 

(2.1) and the e* in (2.15) satisfy (2.13). 

One way to understand the degree of ill-posedness of the recovery method based 

on the expansion in Theorem 2.2 is to consider the behavior of the Fourier coefficients 

^ '—^ \{9T^i-a^^k)\ < lbllll^r-Q-^6jfc||. Let us first calculate the order of magnitude 

of lliir̂ efcll, 0 < P < 1. The zeroes of the function ê  are at the points 

771 
Zm --=^,171 = 0,1,...,2k. (2.17) 

As usual the sign changes of 6* and the monotonicity of the kernel will be used. First 

let us take k even, meaning that 6̂  will be positive between ZQ and Zi, and let us 

assume that x € [z2{mx-i)j Z2mx] ^^ some 1 < mx < A;. It follows that 

" ek{y) I 0 {x-yy 
dy = (2.18) 

Due to the mean value theorem and the sign changes of ek{y) we observe that the 

first term on the right in the second line of equation (2.18) is equal to zero, whereas 

the second term is bounded by 

18 



/ «2(mx-l ) 

v^sin(A:(-7r-h27rj/)) 
(x - y)^ dy< 

< f V2{x- y)-^dy = 

= x/2 
- 7 , ^ 1 - ^ (x-y) 1 X 

I (1-^) 
< 

^ 2 ( m i - l ) 

<j^l[(x-.)-%_J <c./=''-, 

where ci = j ^ . A similar result holds true for k odd, and a completely analogous 

argimaent shows that {K0ek)(x) > -c^k^~^, for some 0 < C2 < oo. 

Summarizing we have shown that 

|(ii:^efc)(x)|<CA;(^-^),0<x<l, (2.19) 

for some 0 < C < oo. The same orders were obtained for the operator Kl, and when 

the functions e^ in (2.16) were considered. Since {Dek){x) = 27rA;ejfc(x),0 < x < 1, the 

effect on the order of the norm by first differentiating the e* is just an extra factor 

27rA;. Combining all this yields the following result. 

Theorem 2.3. For the e^ given in (2.15) and 0 < ^ < i we have 

KpekW , \\K;ek\\ = 0{k^-'), a^ k ^ oo. (2.20) 

K^DekW , \\^0^^k\\ = 0{k^), ask-^oo, (2.21) 
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Remark 2.1. Although in particular equation (2.21) will be very useful in Section 

3 when we compute the rate of the MISE of the estimators and the rate of a lower 

bound to the risk, our original purpose was to get an insight into the ill-posedness 

from such an expression. Now the order obtained in (2.20) presents too optimistic a 

picture. It is well known that K^ is an unbounded operator in L^([0,1]) for ^ < ^ < 1, 

but we still have ||K^6ifc|| —> 0, as A; —> oo, for each 0 < ^ < 1. For the inversion of 

the noisy equation, however, this conservative behavior will be favorable. In a sense 

one might wish to find an orthonormal system where these rates or those in (2.21) are 

as small as possible. From the statistical results in Section 3 we may infer that the 

system (2.15) satisfies this property: see Remark 3.1. The situation will be different 

for I < ^ < 1 if we use scaling functions as a suitable system for expanding smooth 

inputs. 

20 



CHAPTER III 

OPTIMAL ERROR RATE FOR RECOVERY OF SMOOTH INPUT FUNCTIONS 

Henceforth we will restrict the input functions to a smoothness class of type 

oo 

^x'={f = J2fkek:\fk\<Xk}, (3.1) 
fc=i 

where the 6̂  are given in (2.15) and 

oo 

Aifc>0,EA)fe<oo. (3.2) 
fc=i 

Note that assumption (3.2) entails uniform convergence of the Fourier expansion for 

/ so that in particular 

:FX C CQ, (3.3) 

because Ck E Cof^Ci. The summability condition (3.2) is slightly more restrictive 

than one usually encounters in curve estimation where summability of the squares 

suffices. This restriction, however, guarantees the pointwise convergence of the Fourier 

series in (3.1) which entails / € CQP\CI. This restriction does not really play a 

role when we assume that / has at least one square integrable derivative, since this 

essentially implies (3.2). 

As an estimator of / we now propose 

N 

/ ( x ) : = ^ A 6 f c ( x ) , 0 < x < l , (3.4) 
k=l 

for suitable iV € N (see below), where the empirical Fourier coefficients are given by 
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(cf. (2.9)) 

A := V E Yi(Kl_^Det){X,). (3.5) 
i = l 

In several examples like in Wicksell's problem the parameter a is known. It is an 

interesting question whether knowledge of a is necessary and whether an estimator 

adapted to unknown a could be considered. However, since apart from a constant 

KaK^ = Ka+p-i when (a, ^ € [0,1)) an unknown a leads to unidentifiability. We 

will not pursue the question of how the input should be further restricted in order to 

restore identifiability. 

The terms on the right in equation (3.5) require (for large k) integration of highly 

oscillating functions. For suitable numerical integration of such functions see, for 

instance, Davis and Rabinowitz (1984). 

The estimators of the Fourier coefficients of / in equation (3.5) are unbiased since 

according to (2.15) 

Ef\ =--Ej^UKl-aDekKX,) = (3.6) 
^ i = l 

= -EY{Kl_^Dek){X) = 

= -E{Kaf){X)(Kl_,Dek)(X) = 

= -{g,Kl_,Dek) = {f,ek)=:fk-
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Of course this entails 
N 

E/(x) = ^ A e , ( x ) . (3.7) 
fc=l 

For the MISE we now find 

^ ^^ E II / - ff = E II / - E/||^+ II E / - /IP = (3.8) 

E(/*-A)̂ + E 
k=l k=N+l 

=EE(/*-Ar+ E /* = 

.. N oo 

k=l k=N+l 

-I ^ o o 

= ;:E[E{nifi'-a-De»)(x)r-[E{y(ii:uz)et)(x)}f]+ Yi fl< 
k=l k=N+\ 

n '-^ —̂̂  
fc=l fc=iV+l 

For positive numbers ak >0,bk> 0, let us write 

Ofc « 6ib, as A; -> oo, (3.9) 

if ak = 0{bk) and fr/t = 0(ak), as A; —> oc. Let us now more specifically assume that 

the input function satisfies 

f ^T\ with Ajfc « A;"*", for some v > \. (3.10) 

Theorem 3.1. For X as in (3.10) the MISE satisfies 

2v-\ 
supf^jr^E II / - / I r = 0(n 2C+i-°)), 05 n -> oo, (3.11) 
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provided that we choose N « n^/'^^^+^~°'^. 

Proof. To exploit (3.8) let us first observe that by the conditions given in equations 

(2.10) and (3.1) the functions in J^x are uniformly bounded by V^J^^iAfc, so that 

|g(x)| = |(/f„/)(x)| < ^ ^ E ^ = , ^ * ^ ( x - J/)-"dy < (^/2E^=l^t)/(l -cx)=-C,0< 

X < 1. Hence the corresponding functions g are also uniformly bounded, and 

V^{Y(K',_,Det)(X)y = (3.12) 

= E{{g{X) + enKl_^De,r(X)} = 

= E{(9^{X) + 2e9(X) + e'')(Ki.^De,f{X)} < 

< E{g\X)(Kr_^Detf{X) + 2eg{X){Kl_,De,nx) + s\Kt_„De,nx) = 

= E{g\X)(KUDe,nX)} < 

< {C^ + a^)B(Kl_^Dek)''(X) < Ck^^'-^K as k-^ oo. 

This follows from (2.21), and because e has mean zero, finite variance o^, and is 

stochastically independent of X. We use C € (0, oo) as a generic constant throughout 

the remainder of this proof. 
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Since the upper bound in (3.12) and the A* are independent of / € 7"A it follows 

that due to equations (3.8) and (3.12) 

s u P / e ^ , E | | / - / | p < (3.13) 

N oc 

< 

1 ' ' j ^ 

I fc=l k=N+l 

« C I i7VAr2(i-°) -h ArAr-2̂  j = 

^̂ ^ 

The variance and bias contributions are balanced if we take N w n^/^i^+^-o') ̂  which 

yields the overall rate as claimed in (3.11). To see this is nothing more than a simple 

calculation from the argument inside the brackets of the last line of (3.13), we obtain 

the argument 

n ' 

and solving for b gives 

(5 = 
2(l-a-hi^) 
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and, thus, 

7V«n2(i+''-a), (3.15) 

which was claimed above. 

To obtain a lower bound to the risk, let T denote the class of all estimators T of / 

with E II T|p < oo. Assume that the error variable e has a continuously differentiable 

density V' with respect to Lebesgue measure with finite Fisher information 

Theorem 3.2. Under assumption (3.16) the MISE has a lower bound 

m/T.r«»P/.^.E II r - /IP > C E „k-ni*.-a) + i- (3-17) 
A ; = l 

The estimators f in (3.4) with N « 72i/2(i+»'-a) ^̂ .g asymptotically optimal in the 

sense that their risk is of the same order as the lower bound in (3.17), as n —¥ oo. 

Proof. In order to apply Theorem 3.1 in van Rooij and Ruymgaart (1996) along 

the lines of, for instance. Example 4.2 in that paper let us first note that under the 

present assumptions YlkLi fk{^aek)(x) is uniformly convergent for 0 < x < 1, as 

follows from (3.10) and calculations like (2.18). Because X is uniform on [0,1] the 

joint density of X and Y equals 

p{x, y)-=^(y-f2 h(^c.ek){x) j , (x, y)e[0,1] x R, (3.18) 

and similar to the example referred to in the beginning of this proof we have 

dh 

2 

^ x/P ' = 7 II KaCkW^'h < Cfc2("-^\ (3.19) 
4 
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using (2.20). Application of the theorem mentioned above yields at once the lower 

bound in (3.17). 

Asymptotically, for n ^ oo, we have 

2.-1 /•«> | , 2 ( l - a ) 
-Jl 2(''+i-") / — ^ „, , — - d y , 

Jo 1-F 2/2(./+i-") ^' 

where the last integral is finite because v > 1. 

Remark 3.1. We see from (3.12) that the rate of || Kl_^Dek\\, obtained in equation 

(2.21) is crucial to obtain the optimal convergence rate of the MISE of the proposed 

estimators. For instance, if we would have found that || Kl_^^Dek\\ « k'^, for some 

7 > 1 — a, this rate would have been « n^(2''-i)/2(i'+7) anj ^Q longer optimal. In this 

sense the orthonormal system {ejb} is optimal. 

Remark 3.2. In practice it is of great importance to know how the regularization 

parameter N should be chosen for a given, finite, sample size. For some general results 

on data driven selection of regularization parameters in statistical inverse problems 

see Dey et al (1996). 

Remark 3.3. Instead of the random design a deterministic design x„,i € [0,1], 

where i = 1, ...,n, might be used. Let us focus on a regular grid as usually employed 

in image analysis. In this case the estimators of the Fourier coefficients are as in 

equation (3.5) but with Xi replaced by Xn,i = ^- Now the estimators are no longer 

unbiased, because the integrals representing the inner product are approximated by 
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Riemann sums. Since both the basis elements ê  and the input function / are smooth 

(it suffices to take i/ > 2 in equation (3.10)) these Riemann sum approximations are 

sufficiently accurate to ensure the same convergence rates as for the random design. 

The technical details are straightforward and will be omitted. 

Remark 3.4. It is clear from the proof of Theorem 2.2 that the assumption / G CQ, 

Ck € Ci simplifies the integration by parts. By adding the function l[o,i] to the 

orthonormal system {cfc} it will be possible to deal with input functions / with 

/(O) 7̂  0. In order to recover such / we will have to estimate (/, l[o,i]) which boils 

down to estimating (Ki-ag)(l)- If symmetry is removed, then further technicahties 

will arise. We will not further pursue this kind of generalization here. 
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CHAPTER IV 

SOME PROBLEMS WHEN WAVELETS ARE USED 

Let (f he a. scaling function with compact support in [0,1], wavelet ^ and dilation-

translation families (̂ ,̂fc(x) := 2'"/2(^(2'"x-A;),^^,fc(x) := 2'"/V(2"*x-A;),0 < x < 1, 

where we tacitly restrict the integer indices m and k to yield different functions with 

support in [0,1]. At this moment we will not specify any further properties of the 

wavelets. We will require, however, that 

fe:F:,ref^, (4.1) 

where J^ is the class of all functions in L2([0, 1]) that have a square integrable r-th 

derivative. The wavelet can and will be chosen in such a way that 

E E<-^ ' ^"•.*>' = 0(2-^*^), as M -* oo. (4.2) 
Tn>M k 

Throughout, C, where 0 < C < oo, will denote a generic constant. 

Due to the smoothness of / its estimator based on the wavelet expansion can be 

restricted to the low frequency terms 

- 1 " 
/ M := > fM,k(PM,k, fM,k '•= — 2 ^ Yi(Kl_^D(pM,k){Xi), (4.3) 

k » = 1 

for suitable M (cf. (3.4) and (3.5)). Let us write 

/ M := Efm = Y^{^fM,k)^M,k = ^{f, ^M,k)^M,k- (4.4) 
k k 

It follows easily as in the proof of Theorem 3.1 that 

E II /M - ff = E II /M - fM\?+ II IM - ff = (4.5) 
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= ^ E VaJ-(>'( î*-a-D¥'Mjt)(X))+ II /M - /IP = 

= ijl{^(nK'r.^DvM,,){X)f - [EY(KUD^^j,)(X)r} + ||/M - /|P < 

< ^J2^{Y(Kl_„Dv^,j,){X)r+ II /M - /IP < 
" * 

^?Ell'^r-<.^¥>M,*|P + 0(2-*«). 

To further specify this upper bound it should be noted that the function Dtpuj, 

has the same fixed number of sign changes for each M and k. Unlike the situation for 

the trigonometric basis considered in Theorem 2.3, we cannot here expect cancellation 

to play a role in the determination of the order of the norms in line of (4.5). Since 

(Dip^,^)(x) = 2»*'/V(2*'x - k), (4.6) 

where (A;—1)2~^ < x < k2~^, and (p' is bounded, it seems therefore not unreasonable 

to try the upper bound 

II Kl_^D^M,k\\' < C2''' II Kl_,l[^k-i)2--,k2--]\\'- (4.7) 

Throughout the remainder of this section the following lemma will be used to 

compute norms as in equation (4.7). 
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Lemma 4.1. Let 0 < A < ^, a = kA, b = {k-\- 1)A, for A: G N such that 

a,be [0, l],y5 < 1 such that |^| ^ i , 5̂ ^ 0, and 

hAd^) •= {(b - x)^ - (a - x)^}l[o,a](x) -f (6 - a)H[a,t]{^), x e [0,1]. (4.8) 

Then we have ,as A 4. 0), 

/ h\dx)dx = 
Jo 

(4.9) 
0(^2^-1^2^+1) , 1 < ^ < 1 

Proof. Let 0 < C < oo denote a generic constant and set p(x) := {b- x)^, so that 

p{x + A) = (a- x)^ and p'{x) = -^{b - x)^-K Applying the mean value theorem it 

can be seen that, for x < ^(x) < x 4- A, 

| ( 6 - x ) ^ - ( a - x ) ^ | = (4.10) 

= \p(x) - p{x-\-A)\ = 

= (b-a)\p\^{x))\ = 

= \[(k + l)A-kA]i-m-a^)f-'\< 

< CA(b - e(x))^-i < 

< C A ( a - x ) ^ - S 

where we restrict x to the interval [0, a — A]. The last step in the above equation can 

be easily verified. Furthermore we have 

< ( a - x ) ^ ,P<0 
{b - xf I (4.11) 

> ( a - x ) ^ ,/^>0. 
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It follows that for ;8 < 0, ;8 # - i , that 

hlA^) = ( ( 6 - x)^ - (a - xYf^^^ix) + {b- a)^^l(.,6j(x) = (4.12) 

= [(6 - xr» - 2{a - x)^{b - xy + (a - i)^'']lt„,., + {b- a)^^l,„,n < 

< [(6 - x)^^ + (a - xr]lm + (b- a)^"!,.,*] < 

<CA^(a-x)^''-«l[„.„, + (6-a)^^l(„,„, 

and thus 

/ h\dx)dx < (4.13) 

CIA^ r (a - x)2^-2dx + r (a - x)'^^dx + f\b - x)^^dx\ < 
I Jo Ja-A Ja J 

< C [A^(a - x)^^-X-^ + (a - x)^^^^|:_^ + (6 - x)^^^^] < 

< CA2(a2^-i -h A^^-i) -H CA^^+i < 

< CA2^+^ 

For 0 < /̂  < I we only need to replace J^_^(a — x^^dx with f^_^(b — x)^^dx which 

yields the same bound since 2^ — 1 < 0. For | < yS < 1 one needs to only note that 

Q2^-I _ (/JA)^^"^ > A^̂ ~̂  because 2/9 - 1 > 0. Hence, in this case the overall order 

is given by A^(kA)^^-' = k^^-'A''^+\ 

Remark 4.1. It is tempting to use the elementary inequality (Hackbusch, 1989, 

Lemma 6.2.2) 

\x^ -y^\ < \x-y\^,x>0,y>0,0<P<l, (4.14) 
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in (4.13). This would yield (for such ^ ) 

I h\ Jx)dx < C{A;A2̂ +i + A^̂ +H = (4.15) 
Jo 

= 0{kA^^^'). 

Since the upper bound is needed for large A; (i.e. for k > \2^), this upper bound 

is essentially larger than the one in equation (4.9) for ^ < i or | < ^ < 1. It will 

therefore lead to a slower rate for the MISE. 

Next let us observe that 

( i^*_ , l [a ,5] ) (x) = ChA,a{x\ (4 .16) 

Application of Lemma 4.1 with A = 2~^, and 0 < a = /5 < | yields 

II ̂ l*-alp-l)2--.ifc2--]|P = 0(2-^(2a+l))^ ^^ ^^^^ 

II KU^D^MA? = 0(22^(^-")), 0 < a < i , (4.17) 

provided that A: > 2. Combining this with equation (4.5) the following result is now 

immediate. 

Theorem 4.1. Choosing 2^ « n(3-2a+2r) yj^ find 

E II / M - / i r = 0 ( n " ( 3 - 2 a + 2 r ) ) ^ 05 71 - ^ OO, ( 4 . 1 8 ) 

provided that 0 < a < \. 

For I < a = ^ < 1 the result in equation (4.9) leads to 

E II / M - f\? < - y A;2"-i22^^i-°) + 0(2-2^^) = (4.19) 
n 

k=l 
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= 0(^2^^)-^ 0(2-2''^). 
n ' 

In this case balancing of the two terms yields 

E II / M - ff = Oin"^), as n -^ 00. (4.20) 

Remark 4.2. Since ioi f e J^ the lower bound to the MISE reduces to the rate 

in equation (3.11) with i/ = r + | , we see from equation (4.18) that for 0 < a < | 

the wavelet estimators attain the optimal rate. For | < a < 1, however, the present 

approaxii does not jdeld the optimal rate. Therefore a specific, simple wavelet will be 

considered. 

The wavelet we will henceforth consider is the Haar wavelet with scaling function 

(p := l[o,i]- The problem with this wavelet is that it is not smooth, although (4.2) 

remains true for r = 1. Indeed, the estimator fM,k of < / , (pM,k > as defined in (4.3) 

does not make sense because (pM,k is not differentiable. However, it should be realized 

that for / € .77 C £o, we have 

(/, ^M,k) = {DKi.ag, ^M,k) = (4.21) 

= {Ki.aDg,(pM,k) = {Dg,Kl_^(pM,k), 

by applying Theorem 2.1. Note that for | < a < 1 the operator K*_^ is defined 

on L2([0, 1]) with K{_^^M,k = C2^^'^hA,a G ̂ '^([0,1]), where /iA,a is defined in (4.8) 

(a= {k — l)2~^,b = k2~^). Furthermore, this function is sufficiently well behaved 

for the integration by parts formula to hold true and thus yields 

(/, VMjfc) = - (9, DKl_„fMM) = (4-22) 

34 



= -CA-Hg,h'^^^), 

where h'^^ e £^([0,1]). Hence in some "weak" sense D and Kl_^ can be interchanged 

even when the Haar wavelet is involved. 

It follows from these considerations that 

J^^ •= VEyi(DK:_^^M,k){Xi), (4.23) 
t = l 

is also an unbiased estimator of (/, (pM,k), so that 

flf '•= Yl JM,k^M^^ (4-24) 

has expectation E/jJ^ = / ^ as in (4.4). 

Just as in equation (4.5) we need to compute || DKl_^ipM,k\? = C'A"^ || h'^J^^ = 

CA-^ II /iA,Q-i|p. Application of equation (4.9) with ^ = a - 1 < 0 yields 

II DKl_^ipM,kf = 0(22^(1-°)), i < a < 1, (4.25) 

which at once yields the following. 

Theorem 4.2. The estimators in equation (4-23), based on the Haar wavelet satisfy 

E II / M - ff = 0(n"(3-2a'"+2r))^ 05 Tl ̂  OC (4.26) 

for f ^Tl and | < a < 1. 

Remark 4.3. Both for the trigonometric and smooth wavelet bases it turned out to 

be convenient to apply [K~^)* by first applying D* and then Kl_^; see (2.21) and 

(4.7). Since both bases have a frequency that increases with the index it is easy to see 

that differentiation, when applied first, produces this frequency as a multiplicative 
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factor and hence increases the ill-posedness in an obvious quantitative manner. Due 

to the very simple explicit form of the Haar wavelet it was possible to carry out the 

calculations with the operators in reverse order. One might consider interchanging 

these operators in the case of smooth wavelets in an attempt to arrive at a better 

upper bound for the MISE. In the case of the Haar wavelet this approach does not 

seem to lead to the desired result either. 

Remark 4.4. When the input signal is known to be smooth there is no reason 

to employ a wavelet basis. We have seen that for instance a trigonometric system 

performs optimally over the entire range 0 < a < 1. However, when the input signal 

may have irregularities like jump discontinuities, in direct curve estimation wavelet 

expansions including high resolution terms with thresholding are known to be superior 

(Hall and Patil, 1995). As the discussion in this section shows, however, one should be 

careful using a wavelet expansion to recover irregular inputs in a noisy Abel equation 

with parameter ^ < a < 1. 
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CHAPTER V 

THE VAN TREES INEQUALITY 

In Chapter III it became necessary to obtain a lower bound for the risk. In order 

to attain this lower bound it is somewhat uncomfortable to deal with the supremum, 

and one common tool to get around the supremum can be used to attain a satisfactory 

bound. An in depth overview of this approach can be found in Gill and Levit (1992), 

but a brief synopsis will be provided. 

To obtain the general inequality let V' be an absolutely continuous function of 9 

and let us replace ^(x) by ?/'(x) in the proof given in Gill and Levit (1992). 

Our assumptions only consist of the absolute continuity of the function ^ and 

that Ee(\ogf{X\9)y = 0. Now, let the Fisher information for 0 and for a location 

parameter in p be 

/(e)=E<,(log/(X|0))'^ (5.1) 

and 

/(p)=E(logp(9))'^ 

Due to the above we have 

j(f(x\0)p{e))'de = [f(x\e)p{e)] = o. (5.2) 

Now, using the function ip(9) and the above equality it is determined that 

J^(9)(f{x\9)p(9)yd9= (5.3) 
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= W)f{x\9)p(9)]- j ^\9)f{x\9)p{9)d9 = 

= -J^'{9)f(x\9)7r(d9). 

Applying the above equalities 

J j(^{x) - ^{9)){f(x\9)p(9))'d9n{dx) = (5.4) 

= f f f(x\9)7r{d9)n{dx) = L 

Thus applying Cauchy-Schwarz 

f fWx) - V'(^))V(:c|^)7r(rf^)/x(dx)|y*(log(/(x|^)p(^))0V(:^|^)7r(rf^)/x(rfx) > 1. 

(5.5) 

Now by dividing through and applying our assumptions we obtain the final van 

Trees inequality. 

One should notice that this is the same general form which arises in calculations such 

as in Theorem 3.2. 

In Rooij and Ruymgaart (1996) the exact calculation is carried out with specific 

assumptions given fully. Specifically, in this present case we have that X is distributed 

uniform (0,1) with our joint density given in (3.18) and the assumption that the error 

variable has a continuously differentiable density with respect to Lebesgue measure 

with the finite Fisher information given in (3.16). 
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According to example 4.1 in Rooij and Ruymgaart (1996) the following is obtained 

«= L.2{l-a) 
m/Ters«P/e^.E||r - / | | > C ^ ^^_,p_^) ^ ^ = (5-7) 

k=l 

oo 

=cE 
, - 2 i / 

^l^-2{l+u-a) + 1 

which is attained by letting i/ = 1 — a and, therefore, gives the final inequality in 

(3.17). 

Since it's inception the van Trees inequality has provided mathematicians with 

a very useful tool that allows (as this paper has illustrated) for some very difficult 

problems to be dealt with in a satisfying manner. 
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