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CHAPTER I 

INTRODUCTION 

Since there is greater stress now being placed on 

solving the nonlinear problems which more faithfully repre

sent the true situation in the physical world, the nonlinear 

equation of the form 

(1.1) f(x) = 0 

where f: R ->-R plays a very important role in circuit theory 

[1], the approximation solution of boundary-value problems 

[2], minimization [3], and many problems in large scale 

systems and modern economics [4]. In practice, it is 

necessary to search for the real solutions of (1.1). Before 

attempting to find its solutions, it is important to realize 

that such a problem may not even have a solution, or, 

alternatively, that there may be an arbitrary number of 

solutions. To illustrate this, consider the system of 

equations 

2 2 
(1.2a) ^l^^l' ^2^ ̂  ^1 ••• ̂ 2 " •'• 

(1.2b) ^2^^1' ^2^ = X2 - a = 0. 

2 
Where each of these two equations represents a curve in R . 

It is not necessary, however, that they be continuous. The 

solution of (1.2) is therefore the intersections of these 
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two curves. If a in (1.2b) is varied, the following cases 

are considered. 

(a) a = 2 no real solution 

(b) a = 1 one solution, x = (0, 1) 

(c) a = 0 two solution, x = (1, 0); x = (-1, 0). 

It is seen that (1.1) may not have a solution or may have 

more than one solution, i.e. multiple solutions. This 

indicates that some properties of existence and uniqueness 

should be involved. A comprehensive survey of those 

properties will not be considered, however, a uniqueness 

solution of a special class of function f(x) will be dis

cussed in following Chapters. In contrast to the case of 

linear equations, direct methods for obtaining the solutions 

of nonlinear equations, apart from certain small classes of 

a very special form, usually cannot be found. Solving non

linear equations is commonly carried out by starting with 

an initial guess x^ and using iterative methods. The most 

basic and simple algorithm, probably, is the fixed-point 

method. It has been shown [1] if g(x) = x - f(x) is a 

contraction mapping then f(x) has a unique solution; further

more, the sequence generated by the fixed-point algorithm 

(1.3) x^^^ = x^ - f(x^) 

s s 
will eventually reach a point x such that f(x ) = 0 as 



i->oo. This algorithm is easily carried out on a digital 

computer. Unfortunately, nonlinear equations are seldom a 

contraction mapping. A parameter k(x) may be introduced 

to increase the region of convergence. The most common 

choice is k(x) = j" (x) where J(x) A df/dx is the Jacobian 

matrix of f(x). This results in the well known Newton-

Raphson method [5] for solving nonlinear equations: 

(1.4) x^^^ " ^i ~ '̂ "•̂ (̂ i) f^^i) i = 1/ 2, ... 

where the nonsingularity of J(x^) is assumed. The Newton-

Raphson method will converge to a solution point if the 

initial approximation is sufficiently near the solution. 

It converges faster than most iterative methods due to 

quadratic convergence. However, it is unpredictable if 

the initial guess is poor. A number of useful algorithms 

have been developed based on the Newton-Raphson method in 

order to provide a reliable convergence even when a closed 

initial estimate of the solution is not available. Davidenko 

[6] converts the problem of finding solution points of (1.1) 

into a sequence of intermediate problems by introducing 

a parameter t. The solution of nonlinear equation then 

becomes a matter of solving an ordinary differential 

equations with initial condition x(tQ) = x̂ .. Mayer [7], 

Bosarge [9], etc. consider integrating a Davidenko differ

ential equation but chose to use a finite interval, usually 



te[0, 1]. They are forced to consider accuracy of prime 

importance since the approximation value of x at the end 

will be the best approximation obtainable for the solution 

without further refinement. Boggs [9] and Gavurin [10] 

solve the equation 

(1.5) x(t) = -J"^(x(t)) f(x(t)) x(0) = XQ 

in which its solution will approach a solution point of 

(1.1) as t^'^ provided det J is nonzero along the solution 

trajectory. Application of the Euler integrating routine 

to (1.5) gives 

(1.6) x^_^^ " ^k " hj"-'-(Xĵ ) f(Xĵ ) k = 0, 1, 2, ... 

where h is the integrating step size. If h = 1, (1.6) 

reduces to (1.4). Therefore, (1.6) is the so-called modified 

Newton-Raphson method. The step size h in (1.6) is usually 
n 2 

chosen such that F (x. .,) < F (x, ) where F(x) = Z f.(x) is 

the sum of the squares of the residuals. The Newton-

Raphson method as well as its modified version will break 

down whenever the Jacobian matrix at any stage of the 

iteration becomes singular. They also require evaluating 

and inverting the Jacobian matrix of f(x) at each iteration. 

To overcome this deficiency Fletcher [11] introduced an 

approach which is based on the generalized inverse. The 

method is an extension of the normal matrix inverse to a 



singular and nonsquare matrix. Most of •::he unconstrained 

minimization methods can also be applied in obtaining 

solutions. Steepest descent, for example, has been shown 

to be an effective way of getting reasonably closed to the 

solutions [12]. It does not require evaluating the inverse 

of the Jacobian matrix. However, due to its linear nature, 

the rate of convergence of the steepest descent algorithm 

is quite slow. A method combining the Newton-Raphson 

method and the steepest descent method overcoming the 

deficiency has been proposed by Levenberg [13] and Marquardt 

[14]. However, it requires the inversion of a matrix. All 

the algorithms considered in above will fail if the 

Euclidean norm || f (x) || is a nonzero local minimum at any 

iteration stage. Brown [14-17] introduces a different 

method which handles each component f. of (1.1) one at a 

time so that the solution of one component can be incorpo

rated with the next component, etc. A successive Gaussian 

type elimination is used instead of the simultaneous 

treatment as in the Newton-Raphson method and its modified 

versions. Brown's method is derivative-free; moreover, it 

has second order convergence. Several examples [15] have 

shown that Brown's method is even faster than the Newton-

Raphson method. 

Although various techniques have been developed for 

solving nonlinear equations, relatively little has been done 



in locating multiple solutions. If multiple solutions are 

desired, a common practice is to initiate a different 

starting point and hopefully it will eventually converge to 

a different solution. Brown and Gearhart [19] use the 

deflation techniques. The basis of these methods is to 

define a new system of equations which still has all the 

remaining solutions of (1.1), but it does not tend to zero 

as an old solution is approached unless that root happens 

to be a repeated root. Their method has been successful in 

many examples, however, it does fail if the Jacobian matrix 

is singular. Branin [20] solves the differential equation 

of the form 

(1.7) X = ± j"-̂ (x) f (x) . 

The distinct feature of this method lies in the sign changes 

that allow the continuation of the root-finding procedure 

which would otherwise be disrupted by the singularity of 

the Jacobian matrix. The method does, however, have 

significant limitations. Although it allows the continuation 

of the root-finding and is capable of finding multiple 

solutions for some problems there is no theoretical assurance 

that all of the solution can be found. It has been pointed 

out that this method is not globally convergent [21, 22]. 

All the approaches attempt to answer some basic problems 

connected with the analysis of iterative algorithms [29]. 



The first problem is to ascertain that the iterates will be 

defined. The second problem concerns the convergence of the 

sequences generated by a process, and the question of whether 

their limit points are, in fact, solutions of the equation. 

The third basic problem concerns the economy of the entire 

operation, not only the fewest iterative steps but also the 

smallest amount of the total calculating time. The use of 

advanced mathematical concepts are important in these 

investigations. The basic approach followed, however, is 

related as much as possible to practical use without 

resorting unnecessarily to abstractness. Special treatment 

of the iterative method for one-dimensional equations and 

systems of linear equations will not be considered. The 

solution points are restricted to be isolated. At solution 

points, the Jacobian matrix is assumed to be nonzero. 

In Chapter II, the means of obtaining the real 

solutions of (1.1) is considered where the function f(x) 

is assumed to be continuously differentiable. Efficient 

computational procedures based on optimal control theory have 

been proposed in [23]. A more general differential equation 

will be thoroughly investigated. With u as a control vector 

and f as a dependent variable, the problem of finding the 

solution points of (1.1) will then become one of designing 

an optimal control vector u such as to drive f from any 

arbitrary initial guess to zero while extremizing a giving 
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cost function J. 

A systematic search method for obtaining the multiple 

solutions of (1.1) is carried out in Chapter III where f(x) 

is assumed to be a continuously differentiable function. 

This method, based on niomerical integration of an associated 

ordinary differential equation, is capable of finding all 

the solutions. A broad sufficient condition for converging 

to all the possible solution points will be investigated. 

The nonlinear resistive networks are important and 

are attracting considerable attention recently. To locate 

the operating points of a nonlinear resistive network, an 

approach based on the algorithm of finding multiple solutions 

which has been investigated in Chapter III will be covered 

in Chapter IV. A continuous piecewise-linear approximation 

of nonlinear resistive network and its solutions will also 

be discussed. In both approaches, the input-output plot 

can be traced automatically. 

Chapter V summarizes the work and presents suggestions 

for further study. 



CHAPTER II 

OPTIMALLY CONTROLLED ITERATIVE SCHEMES FOR OBTAINING 

THE SOLUTIONS OF A NONLINEAR SYSTEM EQUATION 

2-1 Introduction 

The purpose of this chapter is to derive a recursive 

algorithm based on optimal control theory for solving a 

system of nonlinear equations 

(2.1) f(x) = 0 

where f is a continuous differentiable function mapping from 

R into R . As mentioned in Chapter I, the finite value of 

f and its argument x are assumed. The solving of a nonlinear 

equation by optimally controlled iterative schemes has been 

proposed by Chao and de Figueiredo [23]. A general differ

ential equation or difference equation has been thoroughly 

investigated with u as a control vector and f as a dependent 

variable. The problem of finding the solution of (2.1) will 

then become the one of designing an optimal control vector 

u such as to drive f from any arbitrary initial guess to 

zero while extremizing a given cost function J. 

The optimal control theory which is essential in 

deriving the optimal algorithms, therefore, will be reviewed 

in Section 2.2. In this section the primary result of 

Chao and de Figueiredo will also be outlined. In Section 
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2.3 several optimally controlled iterative algorithms based 

on the general formula described in Section 2.2 will be 

proposed. Finally, in Section 2.4 numerical examples will 

be used to illustrate the theoretical result of previous 

sections. 

2.2 A general approach 

In order to apply optimal control theory to solving a 

nonlinear equation, several results of optimal control 

theory and its basic definition will be reviewed [24]. A 

general concept of solving f(x) = 0 will then be discussed. 

(2.2) Definition. Admissible Trajectory 

A state trajectory which satisfies the state 

variable constraints in the entire interval [t^, t^] is 

called an admissible trajectory. 

(2.3) Definition. Admissible Control 

A control history which satisfies the control 

constraints in the entire time interval [t^, t^] is called 

an admissible control. 

The optimal control problem is to find an admissible 

control u* that causes the system represented by 

(2.4) x(t) = a(x(t) , u(t) , t) 

to follow an admissible trajectory x* that minimizes the 
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performance measure 

ft 

t 
(2.5) J(u) = h(x(t^), t^) + ^ g(x(t), u(t), t) dt 

0 

here the initial condition x(tQ) = x^ and initial time t^ 

are specified, x is the n x 1 state vector, u is the m x 1 

control input vector and t is the independent variable 

which corresponds to time. 

It is convenient to state the result with the function 

H, called the Hamiltonian, defined as 

(2.6) H(x(t) , u(t) , p(t) , t) 

= g(x(t), u(t), t) + p'̂ (t) a(x(t), u(t), t) 

where p(t) is an n x 1 vector known as a Lagrange multiplier 

According to the well-known Pontryagins minumum principle 

the necessary conditions for u* to be an optimal control 

are 

(2.7a) x*(t) =|^(x*(t), u*(t), p*(t), t) 
dp 

(2.7b) p*(t) = -||(x*(t), u*(t), p*(t), t) 

(2.7c) H(x*(t), u*(t), p*(t), t) < H(x*(t), u(t), p*(t), t) 

for all admissible input u(t) and boundary conditions 

(2.8) ^8^1'^^^*^^^)' tf) - P*(t^)]'^ 6x^ 
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+ [H(x*(t^), u*(t£), p*(t^), t^ + 3^h(x*(t^), t^)] 6t^ = 0 

where 6(*) denotes the variation. 

If the control vector u(t) is not restricted in any 

bounded region, the necessary condition for optimality is 

that 

(2.9) ^H(x*(t), u(t), p*(t), t)|^ = u* = 0. 

If condition (2.9) is satisfied, and the matrix 

(2.10) _^H(x*(t), u(t), p*(t), t) I _ ,̂^ 
au^ u - u 

is positive definite then u*(t) causes the Hamiltonian H to 

be a local minimum. Notice that these necessary conditions 

consist of a set of 2n first order differential equations. 

The solution of the state x and costate p will contain 2n 

constants of integration. To evaluate these constants, the 

n equations x*(t^) = x^ along with an additional set of n 

or (n + 1) relationships are used — depending on whether 

or not t<r is specified in (2.8). Therefore, to obtain the 

optimal trajectory x*, a two-point boundary-value problem 

must be solved. This problem is difficult because of the 

combination of split boundary values and the nonlinearity 

of the differential equations. Two special cases will be 

considered. 
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(2.11) Problem 1. Fixed Final Time and Final Statex(t^) 

With final time t^ and final state x(t^) specified, it 

follows 

(2.12a) 6x^ = 6x(t^) = 0 

and 

(2.12b) 6t^ = 0 

Equation (2.12) yields 2n boundary conditions 

(2.13a) ^*(^0^ " ̂ 0 

(2.13b) x*(t^) = x^ 

(2.14) Problem 2. Linear Regulator System. 

Consider a linear time-variant system which is a special 

case of system (2.4) described by 

(2.15) x(t) = A(t) x(t) + B(t) u(t) 

where A(t) is an n x n system dynamic matrix and B is an 

n X m input constraints matrix. The performance measure 

to be minimized is 

t. 
1 . T (2.16) J = T xMt^) H x(t^) + -I- '̂  [x'̂ (t) Q(t) x(t) 

^0 

+ u'̂ (t) R(t) u(t)] dt 
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where final time t^ is fixed, x(t^) is not specified and 

the state vector x and control u are not in a bounded region. 

H and Q are real symmetric positive semi-definite m.atrices, 

and R is a real symmetric positive definite matrix. It 

follows from equations (2.7) and (2.8) that the necessary 

condition for optimality is 

(2.17) u*(t) = -R""-*-(t) B'̂ (t) K(t) x(t) 

where K(t) satisfies the matrix Riccati equation 

(2.18a) K(t) = -K(t) A(t) - A'̂ (t) K(t) - Q(t) 

+ K(t) B(t) R~-'-(t) B'̂ (t) K(t) 

with the boundary conditions 

(2.18b) K(t^) = H. 

Generally, the analytic solution K(t) of (2.18) will not 

be obtained. However, it can be found by integrating 

numerically using a digital computer. The integration in 

started at t = t^ and preceeds backward in time to t = t^. 

To solve a nonlinear equation, a related differential 

equation in f-space is considered. The especially pleasing 

feature of formulating the differential equation in f-space 

is that the initial value corresponding to the initial 

guess XQ as well as the functions final value, i.e. zero, 

are known. Hence, nonlinear equations can be solved as a 
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two-point boundary-value problem in f-space. The trajectory 

in f-space is described by the solution of a differential 

equation or a difference equation connecting the initial 

value f(XQ) and the final value zero. Efficient solving 

of a nonlinear equation corresponds to the design of an 

optimal controller to drive a system from its initial value 

to zero. Assume the trajectory in f-space from a given 

initial state f(XQ) to zero is described by a general 

differential equation 

(2.19) f(x(t)) = g(f(x(t), u(t), t) 

where u(t) e R is a control vector, and t is an imbedding 

independent variable. The function g is required to be 

continuously differentiable with respect to f, u and t. 

Now the problem becomes the one of finding an optimal 

controller in a "suitable effort" such that the performance 

index 

rt 
(2.20) J = q(f(x(t^), t^) + ^ r(f (x(t)) , u(t) , t) dt 

^0 

in minimized subject to the given boundary conditions 

where q and r are given functionals and t^ is the specified 

terminal time. This optimal control u*(t) and its cor

responding trajectory can be determined from (2.7). Sub

stitution of the optimal control u* in (2.19) yields 
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(2.21) f(x*(t)) =g(f(x*(t)), u*, t) 

where x* is the optimal admissible trajectory. Since f is 

not a function of t explicitly, using the chain rule of 

differentiation, (2.21) becomes 

(2.22) X* = J"^(x*) g(f(x*(t)), u*, t) 

where J(x) = 9f/9x is the Jacobian matrix and its inverse 

is assumed to exist for all x. Solving (2.22) with an 

initial guess as by any existing numerical methods will 

give the solution at t = t^ provided that det J f̂  0 along 

the trajectory. 

It is significant to point out that without control 

and having the specific form 

(2.23) g(f(x*), u*(t), t) = -f(x*(t), 

(2.22) reduces to (1.5) which is a special form of Davidenko's 

approach. To illustrate the merit of the foregoing approach, 

several examples of function and performance index J will 

be discussed in the next section. 

2.3 Optimally Controlled Iterative Algorithms 

To choose a different differential equation in f-space 

and a different performance criterion may lead to a different 

optimum condition and a different point of convergence. The 
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selection of a suitable differential equation and performance 

index for designing the optimum iterative algorithm is, 

therefore, an important factor. In this section three 

different approaches will be discussed. 

(2.24) Optimally Controlled Iterative Algorithms. 

The approach developed by Chao and de Figueiredo 

[23] outlined below. Consider a special case of equation 

(2.19) described by the vector differential equation 

(2.25) f = -f + u. 

A performance index is selected as 

^ u'̂ (t) u(t) dt 
0 

where ( ) denotes the transpose and the initial value 

f(x(0)) = fQ is known. The final time t^ and final value 

f(x(t-:)) are specified. The optimal control u* has been 

determined as 

exp(-t^ + t) 
(2.27) u = ;—rr-\ fn-
^ ' sin(t£) 0 

Substitution of (2.27) into (2.25) and the subsequent 

discretization by the Euler's method yields an optimally 

controlled iterative scheme 

(2.26) -J = T 
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(2.28) x^^^ = ^k - h coth(tf-tj^) [|| (x^)]-^ f(xj^), 

k = 1, 2, ..., N-1, 

where h^t^/N is the step size. If the discretization error 

is small, i.e. the function is smooth and the step size is 

small, then x -x^. Basically the approach of (2.24) is 

similiar to Mayer [7] and Bosarge [8] where they considered 

integrating the Davidenko differential equation in a finite 

interval. This forces the attainment of the solution x^ 

at the final time which will be the best approximation 

obtainable for the solution without further refinement. 

(2.29) Linear Regulator Approach. 

Consider again the differential equation in f-space 

described by 

(2.30) f = -f. 

A convenient choice of performance index other than the one 

used in (2.26) may be taken as the mean square error in 

which error is defined as the difference between f(x(t)) 

and the desired zero value. Unnecessarily large controls 

may be avoided by including control energy in the perform

ance index. In designing the iterative algorithms the 

error at the terminal time t^ is most essential, thus it is 

necessary to incorporate the terminal performance function 
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q(f(t^), t^) in the performance index. To be more specific, 

the general quadratic performance index of the form. 

(2.31) J = 7 f'̂ (x(t̂ )) H f(x(t^)) + 1-
t 
^ {f'̂ (x(t)) 

^0 

Q(t) f(x(t)) + u'̂ (t) R(t) u(t)} dt 

is considered where the final time t^ is fixed, weighting 

matrices H and Q(t) are positive semi-definite, and R(t) 

is a positive definite matrix. It is assumed that the 

values of f and u are not bounded in any region, and the 

final state f(x(t^)) is free. The physical interpretation 

of the performance index (2.31) is that it is desired to 

maintain f(x(t)) close to zero without an excessive 

expenditure of control effort. The optimal control u*(t) 

can be determined by solving a Riccati equation which has 

been discussed in (2.14) and the corresponding optimal 

trajectory is obtained from 

(2.32a) X = (H)"-*- (-f(x(t)) + u*(t)) 

where the components of u*(t) are given by 

f./r. + 1 - 3 . 2R It - t ) 
B. - 1 + (6, + 1) -i—i ^ ê î̂ ^ V 

"• f ̂/r^ + 1+8^ 
(2.32b) u|(t) = 

f/r, + 1 + Bi 
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and 

(2.32c) 3^ = /q^/r^ + 1 i = 1, 2, ..., n, 

and S, Q and R are assumed to be constant diagonal matrices 

of the form 

(2.32d) S = diag (s^, S2, ..., s ) 

(2.32e) Q = diag (q̂ ,̂ q2, . . . , q̂ )̂ 

(2.32f) R = diag (r,, r2, ..., r ) . 

The rate of convergence depends greatly on the selection of 

the weighting matrices S, Q, and R. Discretization of (2.32) 

by the Euler method gives 

(2.33) Xĵ _̂ ^ = ^k " ^^M^^'k^^"'^ "̂̂ "̂"k̂  "̂  u*(tj^)) 

k = 0, 1, 2, ..., N-1 

where N is the total number of steps in the interval [t,., 

t-], h = (t^ - tQ)/N is the step size and t, = kh. 

The linear regulator approach as well as (2.24) are 

required to evaluate the Jacobian matrix inverse. The 

nonsingularity of the Jacobian matrix is necessary along 

the whole trajectory. To overcome these disadvantages, an 

iterative scheme which is based upon the concept of 

locating the zero minimum of the norm of f(x) in Euclidean 

space will be discussed below. 
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(2.34) Optimally Controlled Steepest Descent Method. 

An algorithm which is similar to the steepest 

descent method is presented. Define 

(2..35) F = II f ||2 

where || * || denotes the Euclidean norm. A differential 

equation of the form 

(2.36) t = -F + u(t) 

in the F-space is formed where F and u are both scalars. 

The optimal control input u*(t) can be obtained from either 

(2.24) or (2.29) as shown in a previous approach. Appli

cation of the chain rule differentiation to (2.36) yields 

(2.37) (||)'̂  (||) = -F 4- u*(t) 

where 9x/9t has infinite many solutions since the number of 

unknowns are greater than the number of equations. A 

solution can be found by taking the generalized inverse 

of (2.37) to give 

(2.38) X = (!!-)•'' (-F + u*(t)) 

where 

(2.39) (||^)^ = -g/ll g 11̂  
dx 

T 
is the generalized inverse [11] of 9F /9x and 
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(2.40) g = VF(x) . 

Integrating (2.38) by the Euler's method yields the 

optimally controlled steepest descent algorithm 

(2.41) Xj^^^ = Xĵ  - Yĵ  g(Xĵ ) k = 1, 2, ..., N-1 

where 

Yu = 
h(F(Xĵ ) - u*(tĵ )) 

^ l|g(xj 11̂  

From a comparison of (2.41) and the classical steepest 

descent method 

(2.43) x^^^ " ̂ k " ^i ^^^k^ k = 1, 2, ... 

where s. is chosen to satisfy 

(2.44) II F^^JI < II F^ II , 

equation (2.41) is simply the steepest descent method with 

a predetermined variable stepsize YI-. Stepsize YÎ  can be 

calculated, for example, in the sense of the linear 

regulator approach (2.29). This scheme has the nice 

features of both the linear regulator approach and the 

steepest descent method. The gain YT, in this approach in

volves only a scalar inversion. Although its convergence 

may be slower than the Newton-Raphson method in terms of 

number of iterations, the actual computer time may still be 
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comparable with a proper choice of weighting factors S, 

Q and R. Unlike the Newton-Raphson and Brown methods [15], 

this technique will not be disturbed when the Jacobian at 

any stage becomes singular except in the case when the 

gradient of F is a zero vector when f ̂ ^ 0. The zero 

gradient of F when F 7̂  0 will imply the Jacobian is a 

singular matrix. The reverse, however is not necessarily 

true. Therefore, this method has large convergent region 

even with a poor initial guess. 

2.4 Example 

(2.45) Example. 

To illustrate the proposed approaches, consider 

the equations considered in [23] 

2 
f^{x^, X2) = x^ - X2 = 0 

f2(Xj^, X2) = x^ + X2 - 6 = 0 

which has two solutions at (2, 4) and (-3, 9). The result of 

using various techniques and the approximate number of steps 

required for convergence are shown in Table 2-1. it is 

seen that in employing the optimally controlled steepest 

descent method, the algorithm converges to the true 

solution even with an initial guess of singular Jacobian 

matrix. 
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TABLE 2 . 1 

NUMERICAL RESULTS OF EXAMPLE ( 2 . 4 5) 

mit. 

a 

1 
t 
3 
4 
S 
• 
J 
• 
• 

10 
11 
u 
13 
M 
I f 
M 
17 
IB 
10 
» 
21 
22 
23 
24 
2S 

»mr. •• 

far CMI-

lalt. 
0 M M 

a 

1 
2 
3 
4 
S 
6 
7 
0 
• 

to 
11 
12 
13 
14 
IS 
W 
17 
IB 
19 
20 
21 
22 
23 
24 
2S 

»mr. «• 

fw tm-
' * • • * ' 

a^M.BOOO 

B M t M -
Biphliw 
l^llml 

«1 «2 

2.73M -1 .30U 
2.flB44 0 . 0 2 0 
2.0014 2.SI31 
2.0000 3.4110 
2.0B00 3.7044 
2.0B0O 3.<0M 
2.0000 3 . M a 
2.0000 3 . « 4 t 
2.0000 3.M40 
2.0000 3 . t (7 ( 
2.0000 3.WI0 
2.0000 3.>>I0 
2.0000 3 . N H 
2.0000 S . M M 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 

IS 

L1« 

a^M.OOOO 

RWilatM' 
*•»'••«* 

«1 •2 

2.1B2S $.5891 
1.9C7S 3.S9IB 
2.0117 4.1001 
1.9909 3.9711 
2.0000 4.0077 
1.9918 3.9900 
2.0001 4.000s 
2.0000 3.9999 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 

9 

0»t . Caat. 
Sta i * . 
NMJ104 

»1 

3.S48B 
2.7ns 
2.3804 
2.1788 
2.8704 
1.1808 
2.8229 
2.0S2S 
2.0808 
1.9899 
2.0074 
2.0124 
2.0048 
1.9973 
2.0011 
2.0036 
2.0013 
1.9983 
2.0003 
2.0010 
2.0004 
1.9998 
2.0001 
2.0008 
2.0001 

2S 

Oat. 

«2 

4.1087 
4.1919 
4.2440 
4.8160 
4.aS72 
4.183S 
4.1182 
4.0733 
4.0740 
4.0S36 
4.0463 
4.0188 
4.01BB 
4.0109 
4.00M 
4.0064 
4.00S4 
4.0031 
4.0027 
4.001s 
4.001s 
4.0008 
4.0007 
4.0004 
4.0004 

i , . | .2000 MjH.OOOO 

•wta*-
•aphsoa 
N8tho4 

«1 

2.1882 
2.0016 
2.0000 
2.0000 
2.0000 
2.0000 
2.0000 
2.0000 
2.0088 
2.0000 
2.0000 
2.0000 
2.0000 
2.0000 
2.0000 
2.0000 
2.0000 
2.0000 
2.0000 
2.0000 
2.0000 
2.0000 
2.0000 
2.0000 
2.0000 

«2 

S.871S 
4.4386 
4.1649 
4.08M 
4.0864 
4.0106 
4.0042 
4.0017 
4.0007 
4.0009 
4.0001 
4.0000 
4.0000 
4.0000 
4.0000 
4.0000 
4.0880 
4.0000 
4.0000 
4.0000 
4.0000 
4.0000 
4.0000 
4.0000 
4.0000 

11 

•, . -1.2000 I2-7.QOOO 

NwtW-
BapiiMa 
Hvtliid 

«1 "2 

4 .3141 S.f433 
•s .san 1S.S1M 
•3.0IOS 7.7879 
•S.OOOS 9.fOS7 
•S.OOOO 8.7S0S 
•3.0000 9.09C6 
•4.0000 0.9614 
•3.0000 9.01SS 
•3.0000 B.993B 
•3.0000 9.00K 
•3.0000 0.9999 
•3.0000 9.0004 
-3.0000 0.9910 
-3.0000 9.0001 
•3.0000 9.0000 
•3.0000 9.0000 
•3.0000 9.0000 
•3.0000 9.0000 
•3.0000 9.0000 
•3.0000 9.0000 
•3.0000 9.0000 
-3.0000 9.0000 
•3.0000 9.0000 
•S.OOOO 9.0000 
-3.0000 9.0000 

IS 

L l M i r 
Raialatar 
Appraach 

•1 «2 

•C.40IB 7.87aC 
•3.3387 7.2273 
•2.93SS 9.429S 
-3.0182 B.88U 
-2.99S3 9.OS0S 
•3.0013 8.9119 
•2.9997 9 .00a 
•3.0001 8.9914 
•3.0000 9.00M 
•3.0000 9.0000 
•3.0000 9.0000 
-3.0000 9.0000 
•3.0000 9.0000 
-3.0000 9.0000 
-3.0000 9.0000 
•3.0000 9.0000 
•3.0000 9.0000 
•3.0000 9.0000 
•3.0000 9.0000 
-3.0000 9.0000 
-3.0000 9.0000 
•3.0000 9.0000 
•3.0000 9.0000 
•3.0000 9.0000 
•3.0000 9.0000 

10 

Opt. Cant. 
%um. 
Nttkad 

»1 

-2.4777 
•2.1914 
-2.6904 
-2.8S44 
•2.6474 
-2.8409 
•2.60BS 
•2.8003 
•3.1376 
•2.9SM 
•2.0542 
•3.0720 
•2.9492 
-2.8647 
-2.9162 
-2.8902 
-3.0244 
-2.9434 
-2.0424 
-2.9297 
-2.a9<0 
•2.94«9 
-2.9740 
-2.9329 
-2.9672 

2S 

) n . 

»2 

6.4790 
7.9no 
7.0918 
7.0862 
7.9897 
7.9799 
8.1347 
9.1093 
S.28SB 
8.3263 
8.3613 
8.4436 
8.4732 
8.1061 
e.sios 
8.UM 
e.sMO 
R.S903 
8.4343 
8.6201 
8.6622 
8.8441 
6.0423 
8.6001 
8.67S2 
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«89raicli 

»1 '•2 

2.4107 3.7608 
1.9239 4.1344 
2.0217 3.9666 
1.9943 4.0081 
2.0016 3.9976 
1.9996 4.0006 
2.0001 3.9999 
2.0888 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 
2.0000 4.0000 

Opt. Caat. 
Staw . Oas. 
HttlM4 

»1 

2.2700 
1.9746 
2.1346 
1.9673 
2.0710 
1.1633 
2.0100 
2.0498 
2.0193 
1.1818 
2.0063 
2.0140 
2.00S4 
1.9972 
2.0018 
2.0019 
2.0016 
1.9998 
2.0006 
2.0011 
2.0004 
1.9990 
2.0001 
2.0003 
2.0001 

' 

if.-S.OOO 
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-3.0336 7.967S 
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-3.0000 8.88S1 
-3.0000 9.V8B 
•3.0000 o . i i a ! 
-3.0000 9.0126 
•3.0000 0.99S0 
-3.0000 9.0020 
•3.0000 0.9992 
-3.0000 9.0003 
-3.0000 0.9999 
-3.0000 9.0001 
•3.0000 9.0000 
-3.0000 9.0000 
-3.0000 9.0000 
•3.0000 9.0000 
-3.0000 9.0000 
-3.0000 9.0000 
-3.0000 9.0000 
-3.0000 9.0000 
•3.0000 9.0000 
-3.0000 9.0000 
-3.0000 9.0000 
-3.0000 9.0000 

14 

»2 

S.967I 
4.S414 
4.4497 
4.9183 
4.3131 
4.1186 
4.1369 
4.0711 
4.0716 
4.0497 
4.0490 
4.0197 
4.0198 
4.0118 
4.0120 
4.0064 
4.0086 
4.0030 
4.0083 
4.0016 
4.0016 
4.0011 
4.0009 
4.0004 
4.0001 
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Opt. COM. 
Staap. D M . 
NKIN4 

. , . , 

1.S123 1.0S23 
1.9721 1.14M 
1.7189 3.3466 
1.M97 1.4106 
1.8168 3.1361 
2.002$ 3.&670 
1.0820 3.6612 
2.0166 1.7136 
1.9328 3.7MR 
2.0332 3.8308 
1.9784 3.0180 
1.9620 3.93M 
1.982S 3.9331 
2.0090 3.9166 
1.9911 1.9622 
1.9862 1.9801 
1.9940 3.9001 
2.0029 1.1072 
1.910k 1.1009 
1.9969 3.9941 
1.9906 1.9940 
2.0009 1.9962 
1.9996 1.9947 
1.9990 1.9902 
1.9994 1.9962 

2$ 

1,^.0000 

•afilatar 
Apptwck 

•1 

•iMh 
-2.991) 
•1.002! 
-2.9991 
-3.000: 
-3.0001 
-3.0001 
-3.0001 
-3.000( 
-3.0001 
-3.0001 
•3.0001 
•3.000( 
•3.0001 
-3.0001 
•3.0001 
•3.0001 
•3.0001 
•3.0001 
-3.0001 
-3.0001 
•3.000( 
-3.0001 
•3.0001 
•3.0001 

"2 

1 8.2970 
1 9.1063 
( 8.9S0S 
1 9.0131 
t 8.9961 
) 9.0009 
) 0.9990 
> 9.0001 
> 9.0000 
) 9.0000 
i 9.0000 
) 9.0000 
) 9.0000 
) 9.0000 
1 9.0000 
) 9.0000 
) 9.0000 
1 9.0000 
) 9.0000 
I 9.0000 
I 9.0000 
i 9.0000 
1 9.0000 
1 9.0000 
) 9.0000 

9 

Opt. CaM. 
Staw. Oa«. 
Natkai 

«, . , 

-3.9244 0.1243 
-3.3349 0.21S2 
-3.0166 0.2710 
-2.9078 6.307S 
-2.7767 8.3747 
-2.8920 0.36S$ 
-2.72M O . U U 
-2.0166 8.6140 
-2.9111 6.SI41 
-2.0723 8.S4S6 
-2.9620 8.S476 
-2.0910 6.$731 
-2.9901 8.S844 
-2.9234 8.60U 
-2.9444 S.8S70 
-2.9707 8.8»SI 
-3.0109 8.9239 
-2.9900 8.9291 
•2.9067 8.932& 
-3.0030 8.9714 
-2.9974 6.9730 
-2.9930 6.9747 
-2.9970 0.9748 
-2.9999 0.9762 
•2.999* 8.9767 

2» 



CHAPTER III 

MULTIPLE SOLUTIONS 

3.1 Introduction 

The solution of a system of nonlinear algebraic equations 

is not necessarily unique. If multiple solutions are desired, 

a common practice is to use a different initial guess and 

hopefully it will eventually converge to a different 

solution. A technique called deflation which can be used 

to find multiple solutions has been proposed by Brown and 

Gearhart [19] . The basis of the deflation technique is to 

define a new system of equations called a deflation function 

which has all the solutions of original equations except the 

roots which have been found. However, the deflation 

technique will fail if the Jacobian matrix of f(x) becomes 

singular. Branin [20] solved the differential equation of 

the form 

(3.1) f(x(t)) = ±f(x(t)) 

by means of the recursive Euler formula 

(3.2) Xj^^^ = Xĵ  ± h J"^(xj^) f(Xj^), k = 0, 1, 2, ... 

where x^ is the initial guess of solution point x , J(x, ) 

denotes the Jacobian matrix of f(x) computed at x, and h 

is the step size. The ± sign was chosen so as to make 

25 
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{x, } move in the desired direction on a given trajectory. 

Branin suggested that the transition in sign occurred at 

solution points and points where the Jacobian changed sign. 

Although this method allows the continuation of the root-

finding and is capable of finding multiple solutions, there 

is no guarantee that all of the solutions can be contained. 

In fact, the method is not globally convergent [21, 22]. 

Furthermore, the existence of the extraneous singularities 

of (3.2) poses significant difficulties to Branin's method 

[21]. In this Chapter, a systematic search method will be 

developed for obtaining multiple solutions. The method 

to be presented in Section 3.2 is an implementation of the 

idea suggested by Branin [20] and effectively overcomes the 

difficulties due to extraneous singularities. It is capable 

of finding all the solutions provided that the solution 

curve defined by any n-1 equations is a simple continuous 

curve. Several approaches showing how this solution curve 

can be reached will also be discussed. A sufficient 

condition for any initial guess in R to converge to all 

solutions will be proved in Section 3.3. The global 

inverse function theorem and the global implicit function 

theorem are keys for obtaining the sufficient conditions, 

and will therefore be reviewed. Finally, in Section 3.4, 

the results obtained in this Chapter are illustrated by 

means of examples. 
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3.2 Basic Algorithm 

Let a system of nonlinear equations be given as 

(3.3) f(x) = 0 

where f is a continuously differentiable function from 

R"->R^ and f̂  denotes the i component of f. It follows 

from (3.3) that the intersection i defined by 

(3.4) f^(x) = 0 , i = 1, 2, ..., n-1 

passes through all the solutions of (3.3), a complete 

traverse of it enables one to find all multiple solutions 

In order to travel along the curve £, consider the differ

ential equation in f-space of the form 

(3.5a) f^(x(t)) = -f^(x(t)), f^(x(0)) = 0 , i = 1, 2, , . , , 

n-1 

(3.5b) f^(x(t)) = ±f^(x(t)), f^(x(0)) = f̂ Q 

where the sign change occurs at the solution points and the 

points where the Jacobian changes sign. The initial 

condition on f. are such that the starting point x^ must 

lie on a space curve A which is the intersection of f.(x) = 

0, i = l , 2, ..., n-1. 

Since f is not a function of t explicitly, the chain 

rule of differentiation is applied so df/dt can be written 

as 
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ir> ti\ c 9f dx _ • 

and in the x-space equation (3.6) reduces to a differential 

equation 

(3.7) x = J"̂  [-f̂ , ..., -f^_3^, -^n^"^' ^^°^ ̂ ^ 

where ( ) denotes matrix transposition and the Jacobian 

matrix J is assumed to be nonsingular. The solution of 

(3.7) in x-space has the property 

(3.8a) f^(x(t)) = f^(x(0)) e""̂ , i = 1, 2, ..., n-1 

(3.8b) fĵ (x(t)) = f̂ Q e-^ 

Equation (3.8) shows that for any x^z%, the correspond

ing trajectory x(t) resulting from (3.7) remains in £. 

Depending upon whether the + or - sign is used, the value 

of function f (x) is forced to be attracted to or to be 
n 

diverged away from zero along the curve %. A complete 

travel along I will find all the multiple solutions if 

is a simple continuous curve which is also known as a 

Jordan curve or arc [25]. On the other hand, if I consists 

of several branches, then only those solution points lying 

on the branch containing the starting point x^ will be 

obtained. 
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(3.9) Example. 

Assume f(x) is a two dimensional system equation 

defined by 

2 2 
f^(x^, X2) = x^ + X2 - 1 = 0 

f2(x^, X2) = X2 = 0. 

The curves f, = 0 and f2 = 0 are shown in Fig. 3.1 

Fig. 3.1 Trajectory of f, = 0 forms a Jordan curve 

It is seen that the trajectory of f̂  = 0 is a Jordan 

curve. A complete traverse of f, = 0 enables one to find 

the solutions (1, 0) and (-1, 0). Next consider f(x) of 

the form 

2 2 
f̂ (Xĵ , X2) = x^ - X2 - 1 = 0 

^2^^1' ^2^ "̂  ̂ 2 "̂  ° 
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where f̂  = 0 and f2 = 0 are shown in Fig. 3.2 

Fig. 3.2 Trajectory of f, = 0 does not form a Jordan curve 

Notice that the trajectory of f, = 0 consists of two smooth 

continuous curves. A complete travel of any one of them 

will located only one of the solutions. To locate another 

solution, it is necessary to start with a different starting 

point which lies on the same branches as the solution point. 

In order to move in the desired direction on i , the 

sign of f must be changed at the solution points of (3.3) 

and the points on ii where their Jacobian change sign. It is 

seen from (3.8) with a minus sign f-»-0 as t->a. The origin 

which is the singular point of (3.5) corresponds to a 

solution X of (3.3). In a sufficiently small neighborhood 

N(x^) of x^, the trajectory in the x-space of (3.7) will 

always tend to the solution point x^. This conclusion can 
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be verified from the local stability of (3.7). Let the 

variation of x be defined as 

(3.10) Jt s 

ox = X - X , 

Differentiating (3.10) yields 

(3.11) 6x = -J ••• (x̂  + 6x) f(x^ + X) - x^ 

Since f(x) is differentiable, (3.10) can be expanded in a 

Taylor series around x^ 

(3.12a) "Si = ̂  [j""'-(x) f(x)] 6x + r(6x) , r(0) 

s 
X = X 

= 0 

where 

= A 6x + r(6x) 

(3.12b) A = J •'•(x^) 

O '\n 
J(x^) 

with ^1 = ^2 " " * " '^n-l " ""^' ^n " "^ ^^^ ^^^^^ " o(||<Sx||) 

Since a similiar matrix has the same eigenvalues as the 

original matrix [28] , therefore, the eigenvalues of A are 

X., i = 1, 2, ..., n with a minus sign all the eigenvalues 

of A are negative. And, according to Liapunov's first 
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method for local stability [26], the singular point of the 

original equation (3.7) is local asymptotically stable. 

Hence it follows that the minus sign in (3.7) guarantees 

convergence to x^ in N(x^). 

Once x is reached the sign in (3.7) must be changed 

from - to + so that one may travel away from x^ toward 

another possible root. Since x^ is a singular point of 

(3.7), therefore, x(t) only converges to x^ as t-»-~, i.e. 

it cannot pass through x^. In this case, it is necessary 

to jump over x along £ in order to insure the continuation 

of the root-finding procedure. The plus sign must be used 

after jumping to the point x^ which can be obtained 

approximately by 

(3.13) x^ = x^ + A J"^(x(tf)) f(x(tf)) 

where X is a small real constant and t^ indicates the 

imbedding variable t just before arriving at the solution 

point. Equation (3.13) indicates that x^ is obtained by 

adding a small variation to x^ along the direction in which 

the sequence enters the solution point x^. The space curve 

£ is smooth in general since continuous differentiability 

of the function f(x) is assumed. Therefore, x^ obtained 

in (3.13) is very close to i . Even though x^ may not 

actually be right on A, the equation (3.8a) implies that 

the first n-1 components [f , f , ..., f _ ] converges to 
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zero exponentially, i.e., the minus sign in (3.5a) will 

guarantee the dynamic system (3.7) approaching the space 

curve ^ as t increases. The value of X in (3.13) must be 

sufficiently small so that no solution points will be 

missed in the search procedure, however, it must be large 

enough to assure the passing of x^ on i . The +, - signs 

are used to force the f to be increased or decreased in 
n 

order to travel along i . If a plus sign is used somewhere 

along Z, the sign must be changed again before the x(t) 

can converge to another possible root. The use of a minus 

sign in (3.5) is not a sufficient condition for the scheme 

to converge to the solution point. It may also converge 

to a local minimum of f along the space curve i. The 

change of sign depends upon the properties of f along the 

space curve ^. If a local maximum is reached, the minus 

sign must be used. On the other hand, if the local minimum 

is reached the plus sign must be used. The variation of 
f in the direction of S. is characterized by the notation 
n 

of its directional derivative defined as [27] 

af 

(3.14) ^n'--jr= ^ > f n 

where s is the unit vector in the direction of i. The 

following theorem which plays an important role in the 

determination of the sign change of f in (3.7) will now 
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be proved. 

(3.15) Theorem. 

If f̂  is the directional derivative of f (x) in n n 

the direction of £ of intersection 

(3.16) f^(x) = 0 , i = 1, 2, ..., n-1. 

where f.(x) is continuously differentiable with respect to 

•J 
all of its variables and A.. is the ij cofactor of the 

Jacobian matrix of f, then 

(3.17) f ' = det J/ll V 

where det J is the determinant of the Jacobian J, || * || 

denotes the Euclidean norm and 

(3.18) v= [Â ,̂ A„2 V " " -

Proof: Along il, the n-1 constraints (3.16) imply 

n 8f. 
(3.19) df, = Z ^ d, = 0, i = 1, 2, ..., n-1 

^ k=l ^^k ^ 

which can be rearranged in a matrix form 
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(3.20) 
ax. 

3f, 

"ax: 

af. n-1 
ax. 

af. 

af. 

af. 
n-1 

af. 

V̂i ^\ti 

af. 

^Vi "̂̂ +1 

af. n-1 
^^-1 ^^+1 

ax 
n 

af, 

ax" 
n 

af n-1 
ax 
n 

J L 

dx. 

^ - 1 

^ + 1 

dx 
n 

!f2 

3f n-1 

' ^ 

dK^. 

A nontrivial solution, say, x, ?̂  0 exists. Since £ is a 

Jordan curve or arc, therefore, [dx. dx ] is a single-
n 

valued vector. This implies A , ?̂  0 along i . Then using 

Cramer's rule, the i displacement dx. can be obtained in 

terms of dx, as 
k 

(3.21) dx. = ; ^ dx , 
^ ^nk ^ 

i = 1, 2, •••, n 

The unit vector s in the direction of ^ can be computed 

by setting dXj^ = Â ^̂  to yield 

(3.22) s = v/ V 

and the identity (3.17) follows directly from (3.14) as 

required. 
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The corollary stems from the fact that f' and det J 

have the same sign on I and may now be stated as follows 

(3.23)i Corollary. 

The directional derivative of f (x) in the 
n 

direction of I has the same sign as the Jacobian of f on £. 

Since fĵ (x) is assximed to be a continuously dif ferent

iable function, a necessary condition for x e£ to be an 
e 

extremum is that f'(x^) = 0. The point at which f'(x ) 
n e ^ n e 

vanishes is called a stationary point. It is obvious from 

the first derivative test that a stationary point x is an 

extremum point of f on Ji if in passing through x along £, 

f (x) changes from an increasing to decreasing function, 

and f' changes its sign from positive to negative or vice 

versa; if f does not change sign in passing through this 

point, then x is neither a maximiom nor a minimum, it is 

merely an inflection point. In view of the nature of 

stationary points, the sign of f̂^ in (3.7) must be changed 

at the extreme of f on A in order to allow the continuation 
n 

of the root-finding. Notice that f(x ) ^ 0 since det J ?̂  0 

at a solution point is assumed. 

In applying the proposed root-finding technique to 

locate the multiple solution of (3.3), a starting point 

lying anywhere on the intersection i of f.(x) = 0, i = 1, 2, 

..., n-1 must be utilized. An obvious starting point is 
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a solution point of (3.3) which may be obtained simply by 

applying any of the existing methods for solving nonlinear 

simultaneous equations [15, 29, 30], for example. 

Alternatively, a starting point may easily be obtained, 

however, by minimizing 

(3.24) F(x) = fhx) + f^(x) + ... + f̂  , (x) . 
1 z n-1 

It is seen that global minima of (3.24) occur at f,(x) = ... 

= f_.(x) = 0. For any given initial guess, a starting point 

on i may be reached by using any of the existing unconstrained 

optimization techniques [34]. For example, a steepest 

descent method is defined in the following sequence 

(3.25) x^^^ " ^k " ^i ^^^i^ 

where g(x.) is the gradient of F which is defined in (3.24) 

at X. and X. is the step size to keep the process converging. 

For a faster convergence, (2.39), the optimally controlled 

steepest descent method, may be applied. In case a given 

technique fails for a particular initial guess, a different 

guess may be made until a point on I is finally reached. 

Since JZ- is a space line in R^, the chance for an initial 

guess to reach I is far better than the direct convergence 

to one of the isolated solution points of (3.3). In case 

i has multiple branches, a different starting point must 
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be reached corresponding to each branch. A sufficient 

condition which guarantees finding all of the solution 

points will be discussed in the next section. 

(3.26) Remarks. 

(i) The stationary points of f (x) along £ 

are those points defined by the vanishing of the directional 

derivatives along il. Conceptually, the consideration of 

these stationary points is equivalent to the problem of 

extremizing a scalar function of n variables 

(3.27) y = f (x) 
-̂ n n 

subject to (n-1) equality constraints (3.16). According 

to Theorem (3.15), a stationary point of (3.27) subject 

to (3.14) exists at a point x on I if and only if the 

Jacobian vanishes at x . This conclusion can also be 
e 

easily verified by the use of the method of Lagrangian 

Multipliers. Adjoining (3.16) to (3.27) with a vector 

Lagrange Multiplier p yields a Hamiltonian 

(3.28) H(x, p) = y^(x) + [f̂ ,̂ f2, ..., f̂ ^̂ ]̂ P 

where 

(3.29) p = [p^, P2/ "-f Pn-l^ 
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A necessary and sufficient condition for the existence of 

stationary points is 

(3.30) ax = 0 

which leads to 

(3.31) P 
1 

= 0 

Since [p,, P2/ ..., Pn_i/ 1] is nontrivial, it follows 

that det J = 0. 

(ii) The solution point x^ of f(x) = 0 corresponds 

to a singular point of (3.7). Since A of (3.12) is non-

singular, the behavior of (3.7) in N(x^) is similiar to that 

of the equation of first variation associated with (3.7). 

With a minus sign all the eigenvalues of A in (3.12) are 

repeated and negative, the singular point x^ is therefore 

a stable degenerate node and the trajectory in the vicinity 

of x^ will always converge to it. If the plus sign is 

being used, one of the eigenvalues of A becomes positive, 

then x^ is a saddle point. Define 

(3.32) 6x = J(x'') 6x 

where 

6x = [6x,, ^^2' •••' '̂ n̂-' 



Substitution of (3.32) into (3.12) yields the normed 

(topologically) equivalent system [28], 
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(3.33a) 6x. = -6x. 
1 1 

1 — 1 , 2, ..., n—1 

and 

(3.33b) 6x = 6x 
n n 

which preserves the stability of system (3.12). It is 

seen that only trajectories which approach the origin are 

±6x.(t) as t̂ "', i = 1, 2, ..., n-1 and ±6x (t) as t->-00 

This implies the trajectory will approach the origin if and 

only i f 6x (t) = 0 or 
J n 

( 3 . 3 4 ) 
af 

H o . 
•K 0 X, + 

ax, 1 

^ 6X,, + . . . + ^ 6X = 6f = 0. ax,. 2 ax n n 2 n 

Therefore, the solution of (3.7) with plus sign will 

s s 

converge to x from a neighborhood of x if and only if 

f (x) = 0. This conclusion is also seen in f-space from 

equation (3.5) since if f = 0 , even t sign always has 

the result f = 0 as t->«». As f ?̂  0, the trajectory in the 

x-space will always leave x^. This type of singular point 

for which f(x) = 0 is termed an essential singular point 
according to Branin [21]. 
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(iii) If(x) i^ 0, extraneous singular points 

may exist at the point x^ where det J(x ) = 0 provided 

that 

(3.35) lim adj J(x) [-f,(x), -f,(x), ..., 
x->x ^ 

^ T 
±fj^(x)] Vdet J(x) = 0. 

The necessary condition that (3.35) exists is that 

(3.36) adj J(x) [-fj^(x), -f 2 (x) , ..., ±f^(x)]'^ = 0 

It follows from the substitution of the constraints (3.16) 

into (3.36) that 

(3.37) [A T , A .,,..., A ]'^ = 0 
nl n2' ' nn 

which contradicts A , ^ 0 for some k on the space curve % , 

Therfore, the extraneous singularity does not exist along 

the Jordan curve or arc defined by (3.16). 

3.3 Global Convergence 

The global inverse function theorem [31] and global 

implicit function theorem [32] are the keys in providing 

sufficient conditions for the existence of a unique space 

curve under which all solution points can be obtained by 

the proposed algorithm. These theorem together with 

several essential definitions will be reviewed [33] and 
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a sufficient condition for the main result on global con

vergence will also be given. 

(3.38) Definition. Homeomorphism 

A homeomorphism of X onto Y is a continuous 

bijective map f: X ->- Y such that f is also continuous. 

(3.39) Definition. Local Homeomorphism 

A map f: X -»• Y is said to be a local homeomorphism 

if whenever xeX and yeY are such that f(x) = y, then there 

exist open neighborhoods U of x and V of y such that f 

restricted to U is a homeomorphism of U onto V. 

1^ 

(3.40) Definition. c map 

A c map (k ̂  1) is a map with continuous 

derivatives up to order k. 

(3.41) Definition. c diffeomorphism 

k k 
A c diffeomorphism is a bijective c map such 

]̂  
that the inverse is also a c map. 

(3.42) Definition. Proper Map 

A continuous map is said to be proper if the 

inverse image of any compact set is compact. 

(3.43) Theorem. 

Let f be a map from R^ into R^, then f is a 

homeomorphism of R onto R^ if and only if f is 
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a) a local homeomorphism 

b) a proper map 

(3.44) Theorem. 

Let f be a continuous map from R^ into R'^, then 

f is a proper map if and only if 

l i m II f (x) II = «? i f II X II -̂  ~ 

(3.45) Theorem. Local Inverse Function Theorem 

Let f be a c map from R" into R^, then f is a 

local c dif feomorphism if and only if det J ĵ  0, where J 

is the Jacobian of f(x). 

(3.46) Theorem. Global Inverse Function Theorem 

Let f be a c map from R into R , then f is a 

c diffeomorphism if and only if 

a) det J(x) j^ 0 for all x e R^ 

where J = af/ax 

b) lim II f (x) II = « as II X II ->̂  CO 

(3.47) Theorem. Global Implicit Function Theroem 

Let f be a map with n + r real variables from 

R̂ "*"̂  into R^, where 
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f (x, u) = y 

X e R^, u e R^, and y e R^. If f is a c"'" map from R'̂  X 

R^ ->- R then there exists one and only one c map g: R^ x 

R^ -> R'̂  such that 

g(y, u) = X 

if 

1) det J ^ 0 for all x and u where J = af/ax 

2) lim II f (x, u) II = oo as || x || -> «, 

A sufficient condition that the intersection of f. = 0, 

i = 1, 2, ..., n-1, is an unclosed simple continuous curve, 

i.e., Jordan arc, is stated in the following theorem. 

(3.48) Theorem. 

Let f be a continuous \^ifferentiable map with 

n real variables from R^ into R^. Let 

T 

and 

T 
^_k ^ ^^1' ̂ 2' •••' ^k-1' ̂ k+1' *•*' ̂ n"' 

If 
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(i) the cof actor Â ĵ̂  of J is nonzero for all 

X e R where J = af/ax, and 

( i i ) l i m II f_^ II = 00 a s II X ->• 0 0 

then 

(a) f.(x) = 0 i = l , 2, ..., n-1 forms a Jordan arc i , 

(b) a sequence in R^ which will converge to Z can be 

generated with any initial guess G e R . 

Proof: (a) The proof follows directly from the global 

implicit function theorem (3.47). 

(b) Let 

n-1 ^ 
F(x) = E f": 

i=l ^ 

The necessary and sufficient condition for F(x) = 0 are 

f. = 0 for i = 1, 2, ..., n-1. It follows from condition 
1 

(i) that there exists a sequence defined as [34] 

(3.49) X^^^ = ^k "̂  "̂ k ̂ ^^k^ for k = 0, 1, ... 

with a suitably chosen y, such that 

F (x, ) ->• 0 as k ->- 00 

where 

i|)(x, ) is VF, for example, in the steepest descent method. 
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All solution points of f(x) = 0 must stay on the curve 

i defined by f^ = 0, i = 1, 2, ..., n-1. Since Z is not 

required to be a single branch, the technique described 

in 3.2 which can travel a complete branch with a starting 

point X on that branch will not find all solutions. To 

locate all the solutions, every branch of i must be traced, 

i.e. it is necessary to find a different starting point 

corresponding to each branch of £. It is still not clear 

how to locate all of the branches. 

If the sufficient condition of theorem (3.48) is 

satisfied then the space curve Z is simple. Hence the 

solution trajectory (3.7) which has been discussed in 

Section 3.2 will pass all of the solution points. Further

more, under the same conditions, the space curve £ can 

always be reached from any initial guess. Therefore, the 

conditions in theorem (3.48) also guarantees that all 

solution points can be reached. 

3.4 Examples 

The above theoretical results have been simulated on 

a digital computer for a number of nonlinear problems. 

(3.50) Example. 

Consider a system of nonlinear equations given 

by [21] 
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(3.51a) f(x^, X2) = 1 - 2x2 + 0.13sin(4TTX2) - x^ = 0 

(3.51b) f(x^, X2) = X2 - 0.5sin(27TX ) = 0. 

The conditions of Theorem (3.48) are satisfied and therefore 

space curve ii f, = 0 forms a Jordan arc. Furthermore, 

any initial guess will converge to ^. With G(-l, 1.2) 

as the initial guess, a starting point x-. (-0.75002, 0.5) 

is reached by the steepest descent method [3]. Five 

solution points are obtained as shown in Fig. 3.3. 

(3.52) Example. 

As another illustration of the approach, consider 

a four dimension system of equations described by 

f, = X, + X2 + X- + x^ - 1 = 0 

f2 = x^ + X2 - X3 + X4 - 3 = 0 

f3 = x2 + x2 + x^ + x2 - 4 = 0 

f̂  = (x̂  - 1)^ + x^ + X3 + x^ - 4 = 0 

which has known solutions at 

Q^ = [0.5, (3-/r3)/4, -1, (3+/r3)/4] 

Q2 = [0.5, (3+/l3)/4, -1, (3-/r3)/4] 
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It can be seen by solving the first three equations that 

the solution curve is simply connected even though conditions 

of theorem (3.48) is not satisfied. A starting point x 

(1.19371, 1.19371, -1.00000, -0.38742) on Z is reached from 
0 

an initial guess G(0, 0, 0, 0) by using unconstrained 

optimization method of Fletcher and Powell [3]. Two desired 

solutions Q, and Q^ are obtained with x^ as a starting point 

Fig. 3.3 Solution trajectory of Example (3.50) 



CHAPTER IV 

ANALYSIS OF NONLINEAR RESISTIVE NETWORKS 

4.1 Introduction 

The nonlinear resistive network is an important class 

in circuit theory. For example, as mentioned in Chapter I, 

the determination of equilibrium points of a dynamical 

system x = f(x) ends with solving nonlinear algebraic 

equations f(x) = 0. This requires the formulation of 

normal form equations. On the other hand, it can also be 

obtained by solving the resistive network with short-circuits 

of the inductive elements and open-circuits of the capacitive 

elements. In recent large scale integrated circuits, 

transistors, diodes and resistors rather than energy storage 

elements have become the dominating circuit components in 

design [35]. Nonlinear resistive networks are also important 

in many fields, for example, structural analysis, and 

economic modeling [4, 36]. A number of theoretical results 

have been found concerning the question of the existence 

and uniqueness of solutions [31, 32, 37, 38]. These results 

not only provide a clear understanding of the behavior of 

networks, but also give convergent computational algorithms. 

In section 4.2, the operating point and the input-output 

plot will be obtained by a numerical iterative method 

which has been discussed in Chapter III. Solving nonlinear 

49 
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networks generally is time-consuming. A piecewise-linear 

approximation will result in a linear circuit, thereby 

allowing the solution of the linear equation instead of 

the nonlinear equation. The piecewise-linear approximation 

of a general system of nonlinear equation is far from a 

trivial problem. Fortunately, in circuit theory, the 

piecewise-linear approximation can be accomplished by 

piecewise-linearizing the characteristic curve of each 

element. A computational method for finding a continuous 

piecewise-linear function will be discussed in Section 4.3. 

In Section 4.4 the theoretical results are demonstrated by 

examples. 

4.2 A General Approach 

In this section, a method of finding the operating 

point and the input-output plot will be studied. It is 

based on the algorithm for solving nonlinear algebraic 

equations which has been discussed in Chapter III. This 

method is applicable to any nonlinear network which 

satisfies the following two assumptions: 

1) All nonlinear elements in the network are 

two-terminal resistors. 

2) The current-voltage characteristic curve of 

each nonlinear resistor in the network is 

either voltage controlled or current controlled. 
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Also, the characteristic curves are 

continuously differentiable with respect 

to their variables. 

The first assumption is not as restrictive as it seems to 

indicate. Indeed, if a network is not the form under the 

assumption, it is always possible to replace each three 

terminal resistor in the network with a network model 

containing only nonlinear two-terminal resistors, controlled 

sources, independent sources, and some other linear elements 

[1]. In general it is possible to describe a nonlinear 

resistive network by Fujisawa and Kuh [39] 

(4.1) g(x) = y 

where g is a continuously differentiable mapping from 

R^ ->• R^, X is a vector consisting of the unknown network 

variables and y is the combination of the branch input 

sources. The question of a unique solution for all possible 

inputs y or a specified set of inputs y can be answered 

directly from the global inverse function theorem (3.47). 

For more practical application a sufficient condition 

which is based on the properties of circuit elements has 

been discussed in [32]. To obtain the solutions with an 

input y, the algorithm of root-finding which has been 

discussed in the Chapter III can be applied with 
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(4.2) f(X) = g(x) - y = 0 ; 

that is, solving f(x) = 0 . If the network has a unique 

solution for all possible inputs then solution point is 

always obtainable. A sufficient condition for locating 

all of the solution points is that (i) cofactor A., of J 

is nonzero for all x with constant j and k. (ii) lim 

f_j II -̂  ~ as II x_^ II -̂  ~ where f_. = [f̂ ,̂ f2, ..., 
T 

fj_l' ĵ-Hi' •••' ^n^ ^^^ ̂ -k "̂  ^^1' ^2' •••' ̂ k-1' ̂ k+1' 

X 1^ 

For circuit analysis problems, one usually is not 

only interested in the determination of the solutions 

but also the input-output relations. Assume that one of 

the operation points of (4.2) is x . Now, change the 

values of the input y. Clearly, the network will have a 

new operating point. More specifically, only one of the 

inputs, namely u, is being altered. If the value of u is 

varied from - oo to oo, corresponding to each value of input 

u, one or more operating points are obtained. This result 

is usually presented in the form of an input-output 

characteristic plot. The simplest method of getting this 

plot is to increase the input by a constant increment 6 

and then to calculate the operating point corresponding 

to each increased input. The operating point can be 
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obtained by any method for solving nonlinear equations. 

A disadvantage of this method appears if the solution of 

the network is not unique, i.e. it has more than one 

solution for some input as shown in Fig. 4.1. 

X (output) 

t 
1 "2 

•*- u (input) 

Fig. 4.1 Input-output plot 

The constant increment of input method will not find all 

the input-output information. A detailed discussion of 

the input-output curve and different methods for obtaining 

it have been discussed in detail in [1]. In the following 

a method for tracing a simple input-output curve based on 

solving ordinary differential equations will be studied. 

Assume that one of the input branch sources u in (4.2) is 

varied from u" to u"*". Equation (4.2) can be rewritten as 

the following 

(4.3) f (x, u) = g(x) - y(u) = 0 
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Find a starting point (XQ, UQ) on i which is a solution 

point of f(x, u) = 0. To locate the solution points of 

the nonlinear equations 

(4.4a) f (x, u) = g(x) - y(u) = 0 

(4.4b) ^n+1^^' ^̂  = u - u"" = 0 

and 

(4.5a) f (x, u) = g(x, u) - y(u) = 0 

(4.5b) fjĵ -L(x, u) = u - u = 0 

by integrating the ordinary differential equations 

(4.6a) X 

u 
= j''[-fl -^n' *fn+ll'' 

where 

(4.6b) J = 

af_ 
ax au 

with initial condition (XQ, UQ) e i , the input-output plot 

will automatically be obtained. It is seen that the 

algorithm developed in Chapter III for solving nonlinear 
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equations will guarantee to follow the space curve Z by 

properly increasing or decreasing f ^. The output x which 

corresponds to u will give the input-output plots. 

The advantage of this method is that the input-output 

plot is not required to be output controlled. The only 

restriction is that the plot has to be simple, i.e. a 

Jordan curve or arc. In solving the ordinary differential 

equation (4.6), if a variable step itegration routine is 

used, then, the step size will depend on the smoothness of 

the curve Z. In the method described above, the number 

of points to describe the input-output curve will be 

greatly reduced. 

If the input-output plot has many branches, different 

starting points x^ have to be found. For practical networks, 

physical interpretation is helpful in finding the starting 

point XQ. 

4.3 Piecewise-Linear Approximation 

The nonlinear resistive network with coupling is given 

in (4.1). It is rewritten here for convenience 

(4.7) g(x) = y 

Expanding (4.7) in a Taylor-series around a point x , 

(4.7) becomes 
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(4.8) g(x) = g(x°) + || Q (x - x^) + r(x) 
x - X 

=̂ J(x°) X + w° 

where J(x ) is the Jacobian J = ag/ax evaluated at x^. 

Now the nonlinear equations are approximated by linear 

equations. The Euclidean space which represents the 

network variables x has been divided into regions bounded 

by hyperplanes. In each region equation (4.7) becomes 

(4.9) Ĵ "̂ x̂ + ŵ "̂ ^ = y m = 0, 1, 2, ..., r 

where J is a constant Jacobian matrix of g and w ' is 

a constant vector defined in a given region m, and r denotes 

the total number of regions in x-space. The general 

multidimensional piecewise-linear approximation is far 

from a trivial problem and will not be discussed. Fortunately, 

in the network analysis, the piecewise-linear approximation 

can be taken in each branch characteristic curve if it is 

a special separable form, i.e. each dependent variable 

is represented by a sum of nonlinear functions of single 

independent variables [32]. In an n independent node 

network the boundaries of the piecewise-linear regions 

are defined by the hyperlanes 

T 
(4.10) c^ X = h^ i = 1, 2, ... 
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where h^ is an n-dimension constant vector and it is defined 

according to the piecewise-linear approximation of the 

characteristic curve of the elements and c. is the topo

logical relation matrix of the network. It is assumed 

(4.11) det Ĵ "̂^ j^ 0 for m = 0, 1, ..., r . 

In the solving of continuous piecewise-linear approx

imation networks, Katzenelson [40] originally considered 

Duffin type networks, that is all resistors in the network 

are uncoupled and are of a strictly montonically increasing 

type. Chua [1] developed the piecewise-linear model of 

network by solving the linear approximation equations in 

all regions. This is probably the most general approach. 

However, it is time consuming. Recently Kuh and Hajj [32] 

have extended Katzenelson's algorithm to a network which 

has a unique solution for an arbitrary input y. Fujisawa, 

Kuh and Ohstsuki [38] have generalized the above algorithm 

to a much broader class. They have shown that if det Ĵ  

?̂  0, m = 1, 2, ..., r are all positive or negative, 

Katzenelson's algorithm always converges to a solution. 

Kuh and Hajj [32] also considered multiple solutions by 

finding input-output plots. Their method requires the 

network to be output controlled. Prasad and Prabhakar [41] 

extended Kuh and Hajj's technique for obtaining input-output 
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plots to cases where these plots are not necessarily output-

controlled. In the following, a technique to find the 

multiple solutions and input-output plot similar to that 

of Prasad and Prabhakar method will be proposed. 

It follows from (4.9) that a nonlinear resistive 

network can be approximated by a set of linear equations 

(4.12a) ĝ^ = S Ĵ JĴ  Xĵ  + ŵ "̂̂ ^ = y^, i = 1, 2, ..., n-1 

(4.12b) g^ = J J^l^ ^k -̂  ̂n""̂  = ̂ n n. = 0, 1 r 

where J f̂?̂  denotes the element of Ĵ "̂ ' at the ik position, 

w!"̂ ^ and y. are the element of w ̂^̂  and y at the i row 
1 -̂  1 

respectively. Let A ̂"̂^ be the degerminant of J "̂  and 

define v'"" = [A^^', A^f A^^']^ where A^f is the 

cofactor of the ik element of J ̂ ^' . 

The first step of finding operating points is to 

locate a starting point XQ such that (4.12a) are satisfied, 

i.e., g. -y^ = 0, 1 = 1 , 2, ..., n-1 on some region, say, 

RQ. The corresponding value of ĝ^ is ŷ Q̂. In region RQ 

the network can be approximated by 

(4.13) J<°'x - w(°) = y 
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For point XQ the following equation is satisfied 

(4.14) J<0>x, -Hw'O) = ty, , y^ yn. i . y„oi" 

Combining (4.13) and (4.14), it results 

-1 

(4.15) X = XQ + J^°^ [y - y^°h 

-1 

= XQ + J^°^ [0, 0, ..., -(y^Q - y^)]'^ 

_ ^nO ~ ^n (0) 
- ""o TToT ^ 

Usually X will not be in RQ and therefore it is not a 

solution point. The next iteration point x^ ' is selected 

to be the point of intersection between I and the hyperplane 

which bounds the region RQ. Thus 

(4.16) x'l) = X o ± X(l) ^^Jl2-^ v«" 

where x' ' > 0. The minus sign will force gĵ (x) to 

decrease and the plus sign will force gĵ (x) to increase. 

The corresponding value of y is 

(4.17) y^^^ = f(x^^h 

= j(0> x^l) +w^0) 
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Substituting (4.16) into (4,17) gives 

(4.18a) y'l) = j " " x^ ± x'^' '^"° ' ^ j(0) v*"' + w"" 
A'"' 

= y(0) ± X(l)(y(0) .y) 

= [y V V^^W^ 

where 

(4,18b) yi^^ = y„^ ± X ̂ ^^y^^ - yJ 
n -̂ nO ~ '-̂ nO -̂ n' 

If X of (4.15) is inside the region RQ, X is a solution 

point. Assume the solution x in RQ exists and is denoted 

by x^. In order to continue the root-finding, it necessary 

to leave RQ and travel into another region, say R^. The 

straight line connecting x^ and XQ is represented by 

(4.19) x = x„.X^:nO_^v'0).- ^ ^ 0 

The next iterative point will be the intersection of the 

straight line (4.19) and the boundary of RQ described 

by 

iA on^ v<l) - ^ +5^(1) ^nO " ̂ n (0) (4.20) X - XQ ± X -jQj— V 
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Since (4.12) is continuous from one region to another, 

the using of x^ ' in (4.16) or (4.20) as the starting point 

for the next iteration in region R^ will guarantee that 

(4.12a) is satisfied for m = 1. The next step is then to 

extend the solution curve beyond x^ . There are two 

different situations according to [37]. In one case x 

lies on a simple boundary. On the other hand x may 

lie on more than one boundary hyperlane, or x is at 

corner. These two different cases are illustrated in 

Pig. 4.2 and Pig. 4.3 respectively. 

Pig. 4.2 x̂'''̂  lies on a simple boundary 

Pig. 4.3 X (1) lies on a corner 
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If the space curve I exists on the region R, the 

solution curve can be extended by 

(4.21) x = x(l) ± X ^^»" ' y v<l'; X > 0 

This equation can be obtained similiar to (4.19). The 

plus or minus sign is used to force the trajectory to 

leave RQ and enter R, . In R, if f is increasing along 

the trajectory of (4.12a), then a plus sign must be used. 

To decide whether g should be increased or decreased, a 
n 

test criterion which is similiar to the one proposed by 

Frasad and Prabhakar [41] may now be stated. 

(4.22) Theorem. 

Let (4.12) be a continuous piecewise-linear 

function mapping from R^ -• R^ and a space curve i be defined 

by 

(4.23) 4V k̂ + ̂ ^^ = ̂ i' i = 1' 2 n-1. 

If R and R, are the regions which lie on either side of 
m 1 

a hyperplane H defined by 

(4.24) c'̂ x = h 
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Then the variations of y^, the n^^ component of y, along I 

have the same sign on R^ and R^ if and only if 

c^v^l) T (m) 
(4.25) sign ^ ^>-. = sign ^ - V x 

(.) (•) (.) (.) m (.) 

where v^ ' = [A^^ ' ̂ n2 ' '''' ^nn ^ ' ̂ ik ^^ ^^® cofactor 

of ik element of Ĵ *' and A^*^ is the determinant of 

Proof: Assume the space curve £ defined in (4.23) exists 

in region R^. Let x^^^, x^^^, and x^^^ be arbitrary points 

lying on £ in region R^, not lying in R,, and on the 

boundary H, respectively. Define c'̂ x̂ ^̂  - h = L̂ ^̂  and 

^T^(C) _ ^ ^ L^^ . Because x ̂^ , x^^^ are separated by H, 

L and L should have opposite signs. Let y , y 

and ŷ  ' be the corresponding values of y at x^ , x^ , 

and x^^^ . 

(4.26) L^^^ = c^x^^) -

(c^x^^) - h) - (c^x^^) - h) 

-1 
^Tj(l) (y(A) _y(B)) 

(1) ^̂ n ^n ' 
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Similarly, 

(4.27) -L«=) = (cTx(B) _ h) - (c^xfC) _ h) 

-1 

= c'̂ j'™) (y(B) . y(C)) 

C^V^"" ,..(B) (C) 

A (HT '̂ n - ̂ n ' 

(A) (C) 
Again, L and -L^ ' have the same sign, therefore, 

(Yn^ - Vn^^) and (ŷ ^̂ ^ - y^^^ will have the same sign if 

and only if (4.25) is satisfied. 

(4.28) Remarks. 

Theorem (4.22) is satisfied even when x^®^ is 

at a corner. Fujisawa and Kuh [37] have proved if the 

boundary is simple then the variation of y has the same 

sign on R, and R if and only if Â-*"̂  and A ̂"̂^ have the 
1 m •' 

same sign. 

If x^ is at a corner, the space curve i might not be 

a simple curve. The question of whether the solution curve 

can be extended into region R from any of its neighbor 

regions will be answered in the following theorems. 

(4.29) Theorem. 

A continuous piecewise-linear function at each 

region R is defined as ^ m 
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(4.30) g. (X) = Z j{f X. + w|"̂ ^ = y. i = l, 2 n 

T 
Let H^: c^x - h ^ = 0 , 1 = 1 , 2, ...,sbe the boundary 

hyperlanes of R̂ ^ on which x^ ' lies. Assume 

(4.31) cTx - h^ ^ 0, i = 1, 2, ..., s 

for xeR^. Define space curve i as the solution curve of m ^ 

(4.32) g. - y- = 0, i = If 2, 3, ..., n-1 . 

The necessary and sufficient condition for the space curve I 

passing through region Rĵ  is for 

(4.33) cT v^"^^ i = 1, 2, ..., s 

to have the same sign. 

Proof: 1) Necessity 

Let x̂"'"' be a point on the corner. Since x̂  

is on i, it follows 

(4.34) g(x^^^) = [y^, y2, ..., Yn"^^]"^-

The trajectory of i can be described by 
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(4.35) X = x^l) ± XĴ "̂ ^ [0, 0 y^l) . y ] |T 
n' 

(1) . where if x̂ "̂ ' is a solution point of (4.30), then ŷ"*-̂  

can be replaced by any finite real number. If a portion 

of i belongs to region R̂ ,̂ then it follows from (4.31) 

that 

(4.36) c^ X + h^ = c^ x^l^ ± X c^ Ĵ "̂ ) 

[0, 0, ..., (ŷ ^̂  - y^)]'^ - h^ 

A'") 

T (m) and c. v^ ' must have the same sign for i = 1, 2, ..., s. 

2) Sufficiency 

If (4.32) is satisfied, there exists some X 

such that I described in (4.3 5) will pass the region R 
m 

defined by (4.30). A test criterion which is similiar to 

the one proposed in [41] will now be stated. 

(4.37) Corollary. 

T Let H.: c. x = h. be the boundary hyperlanes of 
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R^ on which x lies. The necessary and sufficient 

condition for Z passing through region R is for 

L(i) . eT v(">' i = 1, 2, 
2_ -•-/*•, . . . , o 

to have the same signs, where L^^^ = cT x - h. and x is any 

arbitrary point in R . 
m 

Proof: The proof follows directly from (4.22) since the 

variations of g^M all have the same sign in R^. 

(4.38) Corollary. 

With the same assumption as in (4.29), let R. 

and R^ lie on either side of a hyperlane H. where 

T H^: c. X = h. 1 = 1, 2, ..., s . 

The necessary and sufficient condition for i passing through 

region R_ is for m 

T (i) c. v^ ' 
/ • \ 1 = 1 / z f . . . , s 

to have the same sign. 

Proof: If £ passes through R , then 

^ ^(m) "̂"̂  ^ ^(i) i - 1' 2 s 
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have the same sign. The result then follows directly from 

theorem (4.29) . 

In view of the above theroems it is always possible 

to trace the space curve I provided that it is continuous. 

The corresponding values of g along Z will be increased 

or decreased if + or - is used respectively. If £ is 

simple, all solution points can be found. 

The starting point XQ can be obtained by any existing 

method for solving piecewise-linear equations. Kuh and 

Hajj [32] suggested setting y in (4.12b) as a very large 

number since most practical circuits have only a single 

solution for such an input. Their algorithm which is an 

extension of Katzenelson's will converge to the solution 

point. 

As mentioned previously, it is also interesting to 

determine the specific input-output plot say x against a 

certain input component u. Equation (4.12) is rearranged 

as 

(4.39) g(x) = Ĵ '̂ x̂ + ŵ ""̂  = y(u) 

To locate the solution points of the nonlinear equations 

(4.40a) g(x) - y(u) = 0 

(4.40b) u - u" = 0 
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(4.41a) g(x) - y(u) = 0 

(4.41b) u - u = 0 

by the algorithm just described will automatically trace 

the input-output plot. If the input-output plot is 

multi-branched, only one segment of the input-output plot 

will be found with one starting point. 

4.4 Examples 

(4.42) Example. 

Consider the nonlinear circuit of Fig. 4.4 

consisting of a battery E is series with a linear resistor 

R = 1.5 kir and a tunnel diode. In order to analyze this 

network, the characteristic of the tunnel diodes has been 

approximated by the following polynomial [1] 

i = h(v) = 17.76V - 103.79v2 ^ 229.62v^ - 226.31v'* 
5 

+ 83 .72V ma. 

R = 1 .5k^ 
— A A A r -

z z r E = 1 .2 V J V 

Pig. 4.4 A nonlinear resistive network consists 
of a tunnel diode element. 
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According to Kirchhoff's law, the network equations 

f3̂ (v, i) = h(v) - 1 = 0 

f2(v, i) = V + Ri - E = 0 

are obtained. Locating the operating points for E = 1.2 

volts has been studied. With G(v = 0.6v., i = 0.8ma.) 
g ' g 

as the initial guess, a starting point XQ (VQ = 0.37835v., 

IQ = 0.31ma.) on Z defined by f, = 0 is reached by the 

steepest descent method. Three operating points QT (v, = 

0.28537V., i = 0.60975 ma.), Q2(V2 = 0.06263 v., 12 = 0.75824 

ma.) and Q3(v^ = 0.88443 v., 13 = 0.21038 ma.) are located. 

The search trajectory and the corresponding value of f2 on 

Z are plotted in a three-dimensional space as shown in 

Fig. 4.5. The input-output plot as E varied from 0 to 1.7 

is shown in Pig. 4.6. 
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1 ma, 

Fig. 4.5 Solution trajectory of a tunnel diode network 

i (output) ma 

0.75 .. 

0.25 0.5 0.75 1.0 1.25 1.5 1.75 
*" E (input) v 

Fig. 4.6 Input-output plot of a tunnel diode network 



CHAPTER V 

CONCLUSION 

The objective of this investigation has been to develop 

simple and useful iterative techniques and procedures for 

solving nonlinear equations. Some theorems concerning the 

uniqueness and the existence of solutions for nonlinear 

equations have also been discussed. 

The initial part of this investigation was concerned 

with developing an efficient computational procedure, 

based on optimal control theory, for finding the solution 

of f(x) = 0. Several optimal controlled iterative methods 

have been proposed. 

A systematic search scheme has been developed for 

obtaining the multiple solutions. The algorithm based on 

the numerical integration of a set of related differential 

equations is capable of finding all the solution points 

provided that the space curve Z of any (n-1) equations 

of f (x) = 0 is a Jordan curve or arc. Sufficient conditions 

for £ to be a Jordan arc have been developed. Furthermore, 

any arbitrary initial guess will converge to the space 

curve Z under the same conditions. These conditions lead 

to a globally converging algorithm for locating all the 

solutions of some nonlinear equation. 

72 
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Finally, an application of the previous results to 

locate the operating points of nonlinear resistive networks 

is studied. A continuous piecewise-linear approximation 

of a nonlinear resistive network and its solutions has 

been proposed. Input-output plots can be traced auto

matically provided they are continuous curves. Areas in 

which further research should be directed include: 

1) In the optimal controlled iterative method, 

a different solution trajectory in f-space and a different 

performance index may end in a different solution point. 

A suitable performance index and solution trajectory should 

be investigated for a better result. 

2) Instead of a continuous approach, the discrete 

case is considered appropriate. A sequence can be generated 

by a difference equation 

^k+1 " ^k "̂  ̂ ^^k' ^k' ^^' k = 1, 2, ..., N-1 

The problem of solving f (x) = 0 can then be formulated as 

a discrete optimal control problem for the above system 

subject to the boundary conditions 

fCXg) = fg 

and 

fN = °-
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3) Evaluating and inverting the Jacobian matrix are 

necessary at each stage of iteration of the proposed root-

finding procedures. It should be possible to find approx

imate the Jacobian matrix in some simple manner at each 

iteration. 

4) The space curve Z, defined by the intersection 

of f. = 0, 1 = 1 , 2, ..., n-1, is not required to be a 

simple continuous unique curve. A complete traveling of 

all the branches is necessary in order to locate all the 

solution points. Hence, a method for finding a starting 

point on each branch of Chaste be investigated. A general 

approach for continuation of root-finding even if Z is 

not simple, that is, it has intersections, is needed. An 

efficient numerical method for following the space curve 

Z is also desired. 
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