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CHAPTER I 

INTRODUCTION 

Measurements of linear expansivity can provide information con

cerning the behavior of metals. Data concerning the behavior of 

linear expansivity of metals at low temperatures, when combined with 

complementary data on specific heat and elastic constants, can 

disclose the enharmonic nature of interatomic forces. Close observa

tion of the linear expansivity of a superconductor as it undergoes a 

transition from a superconducting phase to a normal phase at zero 

magnetic field may reveal the nature of this postulated second order 

phase transition. The data might specify which of two competing 

theories of second order phase transitions is correct in this case -

2 
Ehrenfest*s or Tisza's. That is, the data would indicate whether 

the discontinuity in linear expansivity is finite or infinite, re

spectively. 

At low temperatures, where the change of length associated with 

a small change in temperature becomes extremely small, the common 

techniques of measuring length cannot accurately detect its change. 

At 4 K, most solids have a linear expansivity which has been esti-

-7 o 3 
mated to be less than 10 per K using the Gruneisen correlation. 

In an experiment, the usual sample will have a change of length less 

-6 /O 
than lU cm/ K. Using temperature intervals which are less than one 

-9 
Kelvin degree, a change of length less than 10 cm must be detected 

to permit an accuracy of 0.17. to be realized. 



An interferometer capable of detecting a change of length of 

1.3 X 10 cm has been successfully used to measure linear expansi-

o o 4 
vity in the temperature range from 15 K to 300 K. However, 

below 13 K the change of length is so small that it was not detect

ed using this method. 

Andres employed an optical method for measuring linear expansi-

-8 5 
vity which was able to detect a change of length as small as 10 cm. 

In this method, a grid system was utilized to transform changes of 

length into a variation of light intensity. Although this method 

can detect small changes of length, the results obtained have a mini

mum uncertainty of about 6%. 

A length change of 2 x 10 cm has been detected by Jaseja et al. 

f. 

using a maser. However, several factors make this method less desir

able than others. An important factor would be that the maser must 

be isolated from sources of vibrations so that it is not suitable for 

the present work. 

The manner in which the capacitance of a parallel plate capaci

tor depends upon the distance between its plates can be used to detect 

small changes of length. White utilized recent developments in the 

standardization and measurement of small capacitances to detect a 

-9 

change of length of about 10 cm in his measurements of linear ex

pansivity. 

The method of measuring linear expansivity by making use of a 

capacitor to detect changes of length was developed as a part of this 

thesis work because this method has the inherent sensitivity for 

detecting the small changes of length encountered, and it is 



relatively simple when its electrical system is compared with an 

appropriate optical system. The linear expansivity of a sample 

of lead at liquid nitrogen temperatures was measured in order to 

evaluate the apparatus. Problems occuring in the use of this 

technique were analyzed, and suggestions for improvements were 

formulated. 



CHAPTER II 

THE CAPACITANCE BRIDGE 

A General Description 

The capacittnce bridge used in this research to detect small 

8 
changes in the length of a solid is of the type described by Thompson, 

It is a modification of an impedance bridge. Its principle of operation 

is similar to that of the Wheatstone bridge. The major difference 

between the impedance bridge and the Wheatstone bridge is that alterna

ting current used with the inipedance bridge has two independent coiq>on-

ents, real and imaginary, while direct current used with the Wheatstone 

bridge has only one independent component. The iiiq>edance bridge is 

said to be balanced when both the real and quadrature (imaginary) com

ponents of the alternating current through the detector are zero. The 

Wheatstone bridge is balanced when the direct current through the 

detector is zero. 

When the current through the detector is zero, a definite relation

ship exists between the values of the circuit components of either type 

of bridge. It is independent of any value of current or voltage at 

any other point of the bridge circuit. In the Wheatstone bridge, the 

relationship between the components is used to determine the value of 

an unknown resistance. In the capacitance bridge used here, the re

lationship between the con^onents is used to determine the value of an 

unknown capacitor. 



Both the capacitance bridge and the Wheatstone bridge have two ratio 

arms. The values of the conq>onents in these two ratio arms may not be 

known, but the ratio of the values is kno\m. In the Wheatstone bridge, 

shown in Fig, la, the unknown resistance is determined by the relationship 

V^VV^a 
between the values of the circuit components when the bridge is 

balanced. The two resistances R. and R compose the ratio arms of the 

bridge. Since the current through both the ratio arms of the Wheatstone 

bridge is the same when the bridge is balanced, the value of the ratio 

R./R^ is equal to the value of the ratio of the voltages V./V , V. is 

the voltage between the terminals of R^; V.. is the voltage between the 

terminals of R^, In the capacitance bridge, shown in Fig, lb, the ratio 

of the voltages across the ratio arms is determined directly using a 

ratio transformer. The ratio of the output voltage of the ratio trans

former to its input voltage may be determined by the positions of six 

dials. The ratio transformer T^ has been modified so that its 0,5 

position is connected to an electrical ground. The ratio transformer T 

is used to determine the value of the unknown capacitor C and the 

ratio transformer T^ is used to determine the change in the value of C 

2 X, 

This is one modification which distinguishes the capacitance bridge 

used here from the typical impedance bridge. 

The product arm of both the capacitance bridge and the Wheatstone 

bridge uses a component whose value is accurately known. In the 

Wheatstone bridge, the product arm is composed of the resistance li^. 

Often this is a variable resistance which has been calibrated. The 
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a) 

b) 
Fig. I. The circuits of a) a 

a capacitance bridge. 

b) 

Wheatstone bridge and 



capacitance bridge has two sections in its product arm composed of 

standard fixed capacitors. In one part of the product arm, the capacitor 

C- is used to determine the value of the unknown capacitor; in the other 

part of the product arm, the capacitor C2 is used to determine the 

change in the value of the unknown capacitor. 

Only the quadrature component of the current through the detector 

can be made zero using the components of the capacitor bridge which have 

been described. In order to eliminate the real component of current, 

a conductance balance CB is used to insert at B a current whose phase 

angle is known to be small. One of the balanced bridge equations may 

then be used to determine the value of the unknown capacitor in terras 

of the voltage ratios of the ratio arms and the standard capacitors 

of the product arm. 

When both the voltage ratios and the conductance balance have 

been adjusted so that the real and quadrature components of current 

through the detector DET are zero, then the capacitance bridge is 

said to be balanced or nulled. An indication of the null condition 

is a zero deflection of a null detector's indicator. The smallest 

change of capacitance which can be detected depends upon the sensi

tivity of the null detector (i,e, the smallest input voltage which 

causes a noticeable deflection of the null detector's indicator). 

The manufacturer's specifications show that the sensitivity of the 

null detector used here increases as its source in^edance decreases. 

For this reason, the detector consists of a cathode follower pre

amplifier followed by the null detector. In this case, an input 
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signal of 1 microvolt to the cathode follower results in a deflection 

of 16 divisions on the null detector whereas a deflection of 1 division 

may easily be detected. 

The exact value of the variable component of the balanced capaci

tance bridge can never be experimentally determined. At best a range 

of values is obtained for which there is no noticeable deflection of 

the null detector's indicator. In order to detect a smaller change of 

capacitance, it Is necessary to decrease this range of values. One 

way this may be done is to increase the sensitivity of the null 

detector as has been described. Another way is to increase the EMF 

of the alternating current source S since the voltage between points 

A and B of the capacitance bridge is proportional to the EMF of the 

current source. An audio oscillator is used here which generates a 

voltage whose frequency is a nominal 1,000 Hz (one hertz is one cycle 

per second}. The voltage is amplified to about 20 V by a power ampli

fier; an isolation transformer is then used to step up the voltage to 

about 300 V. The EMF of the source is near its maximum limit since 

the EMF of the current source must be less than 350 V because of the 

design of the ratio transformer. In these two ways, the range of 

values of the variable component for which there is no noticeable 

deflection of the null detector's indicator is made small enough to 

detect the small change of capacitance desired. 

The capacitance bridge used in this research was able to detect 

a change of capacitance of 10" pF. That is, 10 was the smallest 

value ofAKj in Eq. (9) which would change the capacitance bridge 



from a balanced condition to an unbalanced condition. In the apparatus 

used, the corresponding change of length in the sample of lead is about 

10 cm. The apparatus can be modified such that the change of length 

-9 
detected is about 10 cm, as mentioned below. The circuit diagram of 

the capacitance bridge used is shown in Fig. 11. 

The Balanced Capacitance Bridge 

The mathematical conditions of the balanced capacitance bridge 

shown in Fig. 2 are 

I = 0, or (1) 
D • 
V= V (2) 
A B* 

This condition may be applied to the equivalent circuit of the 

capacitance bridge to obtain a relationship for determining the 

value of the unknown capacitance C in terns of the standard capacitors 

C, and C-, and the indicated ratios K, and K2 of the ratio transformers 

T. and T , respectively. 

In the equivalent circuit shown in Fig. 2, the conductance 9 
balance is represented by its Thevenin equivalent circuit. The 

voltage source E of the conductance balance leads the input voltage 

^ by a phase angle Q„. The angles by which the output voltages of the 

ratio transformers lead the input voltage are ,» ^^J fi"d 0 . The 

ratio transformers are represented by their terminal output voltages 

which are given by E^ + E^ = EK^exp(je^), 

E = (E - E2)K2exp(je2), and (3) 

E3 = EK^exp(je^), 



10 

Fig. 2. The equivalent circuit of the capacitance 
bridge. 
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where the bar under a symbol Indicates a complex quantity. The term 

K^ is the indicated ratio of the "0,5 position" of the modified ratio 

transformer T,, 

In order to obtain a relationship between the coiqponents of the 

capacitance bridge circuit, the two conditions for balance given by 

Eq, (I) and Eq. (2) are applied to the equivalent circuit of the 

capacitance bridge shown in Fig, 2, An application of Eq, (2) gives 

Iĵ  - E(jcocp(K^exp(jep - K3exp(j03) ), 

12 - E(jouC2)K2(l - K3exp(je3) )exp(jep, (4) 

13 - - (Eg/Zg)exp(jeg), and 

I^ = - Ki2<jiG^)K^exp(:&^) ; 

an application of equation (1) gives 

These equations are used to obtain a relationship with which 

the unknown capacitance C may be determined. Since the manufacturer's 

specifications indicate that all phase angles used here are less than 

-4 

5 X 10 , the exponential terms in Eq. (4) may be replaced by small 

angle approximations. Combining Eq. (4) and aq. (3), using this 

approximation, and separating the real and imaginary parts, in that 

order, yields the two equations 

C^« U^^/&^) -1]C^+K2[(1/K3) -1 ]C2+(Eg/EZgK3U)) (̂ 3-̂ 3) (6) 

where 

Uflng Bq, (7) and the condition that ^^"^2* ^^® ^*®^ ^^"^ °^ ^ * (̂ ) ®̂ 

zero, so that when K. Is evaluated 
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C^-(2K^-1)C^-HC2C2. 

This equation will be used to determine the unknown capacitance 

C in terms of the standard capacitors, Ĉ  and C., and the 

Indicated ratio of the ratio transformers, K̂  and K^. To detect 

a change in capacitance, it will be assumed that the values of the 

standard capacitors are constants and that the ratio K is not changed. 

In this case, 

AC^-C^AK^, (9) 

and this equation will be used to determine a change in the capacitance 

of C . 
X 

The Conductance Balance 

The design of the conductance balance must satisfy three conditions 

assumed in the derivation of the balanced bridge equations. The term 

E_/Z BK^ must be variable so that Bq. (7) can be satisfied; the phase 

angle B is equal to 9 ; and a condition which was implicitly assumed 
B J 

was that the Thevenin equivalent circuit of the conductance balance 

is the one used in Fig. 2, 

Determining the Thevenin equivalent circuit of the conductance 

balance shown in Fig. 3 and then reducing the denominator of the 

equation obtained to a single complex number yields 

(j^/Zg)-E3(R2/(R^+R2>> 0'"S/̂ *̂"*'̂ "̂'̂ >» (10) 

where Re-l-u)^C^R3R^(C2+C3) 

and Im-Cĵ R3U>f(C2+C3) (R3+R^)u). 

Use Is also made of the experimentally determined condition that R3 

is much larger than Rĵ R2/(Rĵ +R2) • 
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Fig. 3. The conductance balance 
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The condition that the phase angle 6 is equal to the phase 
B 

angle 63 will be satisfied if 

Re-l-w C^R3R^(C2+C3)«0. (U) 

In this case Bq. (10) becomes 

The ratio R2/(R^+R2) may be varied in order to satisfy Bq. (7) in the 

balancing of the capacitance bridge. 

In designing the conductance balance shown in Fig. 12, the input 

terminals must be connected between points G and A of the capacitance 

bridge. Experimental evidence indicates that the connection should 

be made in this manner for the capacitance bridge to be balanced for 

the particular bridge used here. Other criteria which were used in 

selecting circuit components, in the order in which they were applied, 

are: 

1. C^ is chosen to be of the order of 10 pF in order that the 

output lnq>edance of the conductance balance will be as large as 

or larger than its load impedance. 

2. C» is chosen to be much larger than C3 in order that the 

magnitude of the output impedance of the conductance balance will 

be that of C3. 

3. The ratio R./CR,***-) is varied by using two lO-turn 

variable resistors connected as shown in Fig. 12. The larger 

variable resistor is used as a rough control, and the smaller 

one is used as a fine control. The 15 meghom resistor is chosen 

so that the conductance balance will not overload the ratio trans

former, causing the indicated ratio to be in error. 
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4. The components R3, R^ and C are chosen so that Eq. (11) 

is satisfied. R. and C. are chosen from available cotoponents, 

and R. Is a variable resistor which is adjusted so that Eq. (11) 

is satisfied. 

Three Terminal Capacitors 

A common type of capacitor is the "two terminal capacitor". 

Such a capacitor is connected to an external electrical system by 

means of two accessible terminals. Its reaction upon that external 

electrical system is equivalent to a single capacitor connected 

between the two terminals. This single capacitor is some combina

tion of the actual capacitance of the capacitor and any unknown 

or "stray" capacitance which exists in the electrical system 

10 
between the two terminals. The value of the stray capacitance 

is unpredictable and unstable. Experience indicates that the value 

of the stray capacitance is of the order of several picofarads. 

If the two terminal capacitor were used in the capacitance bridge, 

the stray capacitance would be the source of a large experimental 

error since the largest capacitor used is 10 pF. 

To avoid this source of error, "three terminal capacitors" 

of the type shown in Fig. 4a are used. The three terminal capacitor 

is connected to an external electrical system by means of three 

accessible terminals. Two of the terminals are connected to each 

of the two plates, respectively, and the third terminal is connected 

to a metallic shield around the two plates. The reaction of the 

three terminal capacitor upon an external electrical system is 
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a) 

3 

b) 

Fig. 4. a) A three terminal capacitor and b) the 
equivalent circuit. 
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equivalent to three capacitors connected to the three terminals as 

shoim In Fig. 4b. The metallic shield is such that the value of 

the capacitor C It equal to the value of the capacitance between 

the plates of the capacitor. The stray capacitance in the electri

cal system of the three terminal capacitor is contained in the other 

two capacitors, C23 and C... 

By using coaxial cable to extend the metallic shield of the 

three terminal capacitor, the stray capacitance can be placed in the 

capacitance bridge circuit in such a way that it does not effect the 

results obtained using the capacitance bridge. This is shown in 

the simplified version of the capacitance bridge of Fig. 3a and its 

equivalent circuit of Fib. 5b. The three terminal capacitor is 

connected so that the stray capacitance is either connected in paral

lel with several turns of the ratio transformer or connected in 

parallel with the detector. The stray capacitance connected in 

parallel with the ratio transformer has a negligible effect upon 

the results of the capacitance bridge, since its impedance is much 

larger than the output impedance of the ratio transformer. The 

stray capacitance connected in parallel with the detector will only 

decrease the sensitivity of the detector slightly. In this manner, 

the capacitances used in Eq. (8) and Eq. (9) are made equal to the 

capacitances between the plates of the three terminal capacitors. 

Two types of three terminal capacitors were used in the capaci

tance bridge. One type was the standard capacitor similar to the one 

described by McGregor et al. The other type was the "expansion 

cell" used to detect changes of length. The capacitance between two 
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Fig. 5. The use of three terminal capcfcitors in a 
capacitance bridgei 
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parallel circular plates is related to the distance d between them. 

One of the parallel plates was one end of a sample of lead; the other 

parallel plate was fixed in position. When the sample of lead chang

ed its length, the distance between the two parallel plates changed 

by an equal amount. Thus, the change of length of the lead sample 

was related to the change of capacitance of the expansion cell. 

In the usual derivation of the equation relating the capacitance 

of a parallel plate capacitor to the distance between the plates, 

the electric field is assumed to be that shown in Fig. 6a. Actually, 

the electric field behavior near the edges of the capacitor plates 

is determined by the detailed geometry of nearby conductors and 

insulators. For this reason, no exact relationship for the capaci

tance can be easily obtained. 

An approximate relationship for the capacitance of a parallel 

plate capacitor may be obtained using the guard-ring technique.^^ 

A cross-section of a capacitor using the guard-ring technique is 

shown in Fig, 6c. The guard-ring is electrically connected to the 

shield of the three terminal capacitor. The lines of force at the 

edge of the upper plate of the capacitor are confined to one-half 

the distance w between the upper plate and the guard-ring. The 

correction for the edge effect may be calculated in this case. The 

capacitance between the upper plate and the lower plate is given 

13 
by the approximation 

C=(4Trc2x 10~2^)-^[(n-R^/d)+(-rTRw/(d+0.22w)] [l+(w/2R)] , (13) 

where the plates are assumed to be circular and the radius of the 
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Fig. 6. The electric field in a) an ideal capacitor, 
b) an actual capacitor, and c) a guard ring capacitor. 
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upper plate Is R. The quantity c Is the speed of light. In this 

research, the space between the plates Is evacuated so that the 

dielectric constant Is one. The capacitance between the upper and 

lower plates given by Eq, (13) Is In picofarads when the dimensions 

of the capacitor and the speed of light are given in cgs units. 

Advantages 

The null technique used In the capacitance bridge has two dis

tinctive advantages. First, the smallest change in the capacitance 

which may be detected Is smaller than the uncertainty In the measure

ment of the capacitance, and depends essentially upon the sensitivity 

of the null detector. Second, the values obtained for the capacitance 

and change In capacitance depend upon passive elements. 

The change in capacitance is as precise as the least precise 

term in Eq. (9). It does not depend upon the change in the value of 

capacitance obtained using Eq. (8), under the assumptions as stated. 

The smallest change in capacitance which can be detected depends upon 

the sensitivity of the null detector. The change in K2 from its 

value when the capacitance bridge is balanced must be large enough 

that the voltage between points A and B can be detected. In the 

capacitance bridge used the smallest change in K2 which could be 

-4 
detected was 10 , 

The values obtained for the capacitance and change of capaci

tance depend upon the values of the standard capacitors and the 

ratio of the output voltage to the input voltage of the ratio trans

formers. The values obtained from the ratio transformers are unaffect-
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ed by changes In humidity, temperature, or any other known quantity 

under the conditions encountered here. The values of the standard 

capacitors are temperature dependent. The approximate relationship 

between the values of the standard capacitors and temperature is 

known from the manufacturer's data. By enclosing the standard cap

acitors in a constant temperature environment, the variation in their 

values can be reduced. In this case, the values obtained for capaci

tance depend only upon stable, passive elements. 



CHAPTER III 

EXPERIMENTAL TECHNIQUES 

The Expansion Cell 

The lead sample whose linear expansivity is to be measured Is 

mounted In the expansion cell shown in Fig. 7. The change of 

capacitance between the sample G and the capacitor plate H is related 

to the change of length of the sample, whose temperature is measured 

by using the calibrated resistor D. The temperature of the outside 

body F of the expansion cell, which is measured by using the calibrated 

resistor L, is held constant by maintaining a constant pressure of the 

liquid bath while the temperature of the sample is increased using 

the heater E. The linear expansion of the sample can be calculated 

directly without having to correct for the change in length of the 

body of the expansion cell. 

A specimen of impure lead was prepared by melting and pouring 

into a wooden mold. The case specimen did not appear to be a single 

crystal and contained air pockets. A specimen about 3 in. long and 

3/4 in. in diameter was prepared from the casting. 

The upper capacitor plate H of the expansion cell is insulated 

from the guard-ring I with a teflon spacer J which is held in place 

by a threaded ring K. The mounting of the upper circular shaped 

capacitor plate in the upper portion of the expansion cell should 

be such that the gap between the upper plate and the guard-ring is 

uniform. In this experiment, the gap varied as much as 36% from the 

average. This variation might be avoided if each of the pieces 

H, I, and J have their critical tooling done without removing them 

23 
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Fig. 7. The expansion cell. 
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from the lathe. That is, the boring out of the Inside of I and the 

drilling of the hole in which H is fitted should be done without re

moving the piece I from the lathe. Similar precautions should be 

taken with pieces H and J. 

The sample G Is mounted on a teflon insulator B by means of a 

screw and large washer C. The teflon insulator acts as both an elec

trical and a thermal insulator between the body of the expansion cell 

F and the sample. The teflon Insulator is made % in. thick and Is 

held In place by the cap A which screws into the body F. The shoulder 

on which the teflon Insulator rests is k In, wide. The total wall 

thickness of the outside body is 3/8 In. so that the sample would pre

sumably be held rigidly. However, after the sample was mounted in 

the expansion cell, it was found that by applying a force perpendicu

lar to the length of the sample with the fingers, the end of the sample 

could be displaced a millimeter or more. The specimen can be made 

more rigid by the use of a sample whose length is about an inch. 

Special techniques must be used so that the upper plate of the 

capacitor and the guard-ring are in the same plane and parallel to 

the upper face of the sample. By facing the upper plate of the capaci

tor H and the guard-ring I together after the upper portion of the 

expansion cell has been assembled, both of their faces are in the 

same plane. The upper edge of the body of the expansion cell F and 

the upper face of the sample G were faced such that they were both 

In the same plane. Then, without removing the assembled lower part 

of the expansion cell from the lathe, the upper face of the sample 

was machined an additional 0.034 in. Connecting the upper and lower 
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parts of the expansion cell so that the upper edge of the body F is 

against the guard-ring leaves the upper plate of the capacitor and 

guard-ring parallel to the upper face of the sample with a separation 

of 0.034 in. 

A 0.02 cm gap between the capacitor plates at a liquid helium 

temperature would be an optimum value. The sensitivity of the expan

sion cell increases as the gap decreases, but an electrical discharge 

occurs between the plates if the gap is too small. The 0.02 cm gap 

is a good compromise. 

In the original calculations, it was found that a 0.034 in. 

gap was needed at room temperature so that the gap would be 0.02 cm 

at a liquid helium temperature. Later calculations showed that if 

the gap were zero at room temperature, it would be 0.04 cm at a 

3 

liquid helium temperature. Using the 0.034 in. gap at room tempera

ture, the gap was 0.26 cm at a liquid nitrogen temperature. The cap

acitance of the expansion cell was about 0,6 pF and its sensitivity 

was about 3 pF/cm* 

Vacuum Seals for Electrical Leads 

One of the most difficult problems encountered in the construc

tion of the apparatus was the passage of electrical leads from at

mospheric pressure to a vacuum. A simple solution was found for the 

vacuum seal for a single electrical lead. A nominal 50 pF feed-

through capacitor soldered into a hole in the metal wall of the 

vacuum system was found to be an excellent vacuum seal. The vacuum 

seal for a coaxial electrical lead is more difficult. A General Radi< 
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Type 874 Coaxial (k>nnector was modified for use as a coaxial vacuum 

seal, but was unsatisfactory in that the vacuum leaks in the connec

tor were difficult to seal. 

Temperature Control and Measurement 

Two problems were encountered involving the control and measure

ment of temperature. The first problem was to satisfy the assumption 

that the values of the standard capacitors remain constant during the 

period of time in which the change of capacitance is measured. The 

second problem was to find some method of measuring temperature and 

temperature differences in the temperature range encountered in this 

research. 

The values of the standard capacitors are temperature dependent, 

with a temperature coefficient of capacitance change of the order of 

30 parts-per-mi 11ion per Kelvin degree. If the change of capaci-

-2 
tance C is larger than 10 parts-per-million, Eq. (9) cannot be 

used to determine a change in C of the order of lo' pF. In order 

to reduce the change in their values, the two standard capacitors 

were packed into a container of glass wool. The variation in the 

measured capacitance of a 1 pF standard capacitance packed in glass 

wool was determined over a period of time to check the operation of 

the circuit and the stability of the capacitors. As a function of 

time, the capacitance of the 1 pF standard appeared to vary in some 

sort of a cyclic fashion which was believed to correspond to the 

cyclic variation in room temperature. To avoid experimental error 

caused by a change of the standard capacitance, changes of capaci-
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tance C were measured over a period of time less than 15 minutes, 
X 

The source of error attributed to the drift in the values of 

standard capacitors could be further reduced by the use of a constant 

temperature environment. Any further refinement in the detection of 

small capacitance changes will require the temperature of the stand

ard capacitors to have a variation of less than 0.3 Kelvin milli-
-2 

degree in order that the change in C is less than 10 parts-per-

million. As refinements in the sensitivity of the null detection 

are developed, the variation in temperature of the standard cap)aci-

tors should be reduced a corresponding amount. In the limiting case, 

a variation of the last variable figure of the ratio transformer K2 

will produce a voltage between the input terminals of the detector 

which can be detected. In this case, the temperature variation of 

the standard capacitors should be less than 0.003 Kelvin millidegree 

-8 
for Eq. (9) to be used to determine a change in C of 10 pF. 

Nominal lOO-ohm Allen-Bradley type TR carbon resistors were used to 

measure temperature. A relationship given by the equation 

log R + (K/log^QR) = A+ (B/T) (14) 

exists between the resistance R of a carbon resistance and its temper

ature. Because of the temperature range of this research, the 

quadratic equation 

(T - 70°K)=A+B(R-140 ohm>^C(R-140 ohm)^ (15) 

was found to fit the curve in Fig. 8, and was used here instead of 

Eq. (14). This relationship can be determined by measuring three 

values of resistance and its corresponding temperature. The relation

ship between resistance and temperature is shown in Fig. 8. It must 



Resistance 
in ohms 

29 

142 

140 

138 

136 

134-

J I I I L — J ' « ' * ' ' ' ' « 

62 64 66 68 70 72 74 76 
Temperature in Kelvin degrees 

Fig. 8. Temperature dependence of a resistance 

thermometer. 



30 

be determined each time the temperature of the resistor is increased 

to room temperature and then decreased again to a low temperature. 

To determine the values of temperature which were used in evalu

ating the three constants, the relationship 

T-255.82l/[6.49594-log^QP(nin)] 4^.60 (16) 

between liquid nitrogen's vapor pressure P and its temperature was 

used. If the expansion cell is below the surface of the liquid nitro

gen, the value of the vapor pressure used must be larger than the 

value measured. The pressure of the liquid nitrogen must be added to 

the measured value of the vapor pressure. This correction was made 

although it was only a rough approximation. The depth of the top of 

the expansion cell below the surface of the liquid nitrogen was used. 

With a current of 10 microamperes passing through the resistors 

used as tenqperature sensing elements, the resistance was determined 

by measuring the voltage across the resistors with a Leeds and North-

rup K3 Potentiometer. Measuring the voltage across a 100 ohm stand

ard resistor, the current through the resistors was adjusted so that 

it was 10 microamperes. The manufacturer's specifications stated 

that the maximum uncertainty of the absolute value of the measured 

voltage was 0.7 microvolts on the range used. The corresponding 

maximum uncertainty in the resistance would be 0.07 ohms. Using 

Bq. (15), the corresponding maximum uncertainty in temperature would 

be 0.08 Kelvin degrees when the resistance of the temperature sensing 

elements is 140 ohms. In the experimental determinations of the 

voltages of the resistors using the potentiometer, the uncertainty 

in the values obtained was found to be greater than 0.3 microvolts 
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but less than 0.7 microvolts. The corresponding minimum uncertainty 

in the temperature of the 140 ohm resistor is 0.04 Kelvin degrees. 

The maximium uncertainty in the temperature difference was two times 

the maximum uncertainty in the individual temperatures, but the actual 

error in the temperature difference is very likely smaller than this 

maximum. If more accurate values of linear expansivity are to be 

obtained, a better method of obtaining teiiq>erature differences must 

be used. 



CHAPTER IV 

DATA ANALYSIS 

Definition of Linear Expansivity 

The value of linear expansivity used in a theoretical discus

sion is the instantaneous value a which is given by 

a»(l/L)(dL/dT).^^ (17) 

The requirement that all independent variables, other than tempera

ture, remain constant is implied by the use of the partial derivative. 

The use of ^L/dT also means that the instantaneous value of linear ex

pansivity cannot be experimentally determined since no method for ex

perimentally determining dL/dl is presently known. 

The experimentally determined value of linear expansivity is the 

average value a which is given by 

a - ( 1 / L ) ( A L ^ T ) . (18) 

The values of the length L of the solid and its temperature T will be 

those at the mid-point of the temperature interval AL, All independ

ent variables, other than temperature, are required to remain constant 

during the experimental measurement. 

Processing the Data 

Two methods of collecting data were considered. One method was 

to let the sample be in a state of thermodynamic equilibrium before 

each measurement of temperature and length was made. If this had 

been done, the time between measurements would have been longer than 

the 15 minutes required by the instability of the standard capacitors. 

32 
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The other method was to allow the sample's temperature to slowly in

crease and periodicly make measurements of temperature and changes 

of length. Successive measurements could be made within time inter

vals of less than 15 minutes. 

Differential changes of length were calculated between success

ive measurements. In this way, the probability of an error being 

caused by the change in the values of the standard capacitances was 

reduced. Also, the expression dC/dd obtained by differentiating 

Eq, (13) could be used to relate the change of capacitance to the 

change of length. If the change of capacitance was so large that 

AC/i^d does not approximate the derivative dC/dd, this expression 

could not be used. 

After the changes of length between successive measurements were 

obtained, the difference between the total length L at a particular 

temperature and the total length L at the temperature of the first 

measurement was calculated. The behavior of the quantity (L-L^) as 

a function of temperature is shown in the graph of Fig. 9- The 

quantity (L-LQ) is not a linear function of temperature. However, 

if the temperature interval used to calculate the average value of 

linear expansivity is chosen to be about 2 Kelvin degrees, the 

average value of linear expansivity will approximate the instantan

eous value of linear expansivity within that temperature interval as 

can be seen from Fig, 9, 

It was assumed that the average value of linear expansivity is 

approximately equal to the instantaneous value of linear expansivity 

at the mid-point of the temperature interval used. This assumption 
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is valid in view of the fact that the error in the average value of 

linear expansivity is large. The maximum uncertainty in the average 

value of linear expansivity can be estimated using the expression 

di - (a/AT)d(AT) (19) 

which was obtained by differentiating equation (18). Assuming that 

the maximum uncertainty in the resistance of the thermometer is 0,07 

ohm, the corresponding maximum uncertainty in the average value of 

linear expansivity is about 0.2 x lo" per Kelvin degree. 

Analysis of Data 

The value of the linear expansivity of lead was expected to be 

constant in the temperature interval from the highest value of temper

ature obtained to about 70 K. At this point, it should begin to 

3 17 
decrease as the temperature of the lead decreases. ' Since the 

lowest temperature obtained was about 64 K, the decrease should not 

be much. However, it should be detected within the experimental 

accuracy <df the measurements. 

The relationship between linear expansivity of lead and temper

ature is shown in Fig. 10. The values of linear expansivity obtained 

behave as has been predicted. Some difficulties were encountered in 

another run, but these are thought to be an error in the measurement 

of temperature. 

Conclusion 

The data shows that the method of relating a change of capaci

tance to a change of length in the measurement of linear expansion 
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can be very satisfactory. Although the measurements made here were 

not entirely satisfactory, modifications are suggested which will 

improve the technique developed, 

A change of length of the order of 10~ cm was detected using 

the circuits shown in Fig, 11, Fig, 12, and Fig. 13, In order to de

tect a smaller change of length, some modifications of the apparatus 

are suggested. First, the gap between the capacitor plates of the 

expansion cell can be decreased so that the smallest change of length 

which can be detected is of the order of 10 cm or less. Second, 

the standard capacitors must be enclosed in a constant temperature 

environment. The temperature variation of the standard capacitors 

should be less than 0.3 Kelvin millidegree in order that Eq. (9) may 

be used to determine a change of the capacitance of C of the order 

of 10" pF, Third, a lock-in detector could be used to reduce the 

problem of thermal noise in the detecting circuit of the capacitance 

bridge. 

In this research, the precision of the measurement of linear 

expansivity was limited by the precision of the measurement of changes 

in temperature, and not by the precision of the measurement of 

changes in length. An improvement of the sensitivity of the capaci

tance bridge would be useless without an improvement in the detec

tion of changes in temperature, A change in temperature of less 

than CXI Kelvin millidegree should be detected in order that the 

linear expansivity can be determined to an accuracy of about 1%, 

This technique for measuring the linear expansivity of metals, 

with improvements in the accuracy of the measurements, can be usê I 
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to obtain data at temperatures which are low coitpared to the Debye 

temperature. Such data may provide additional information concern

ing the validity of certain physical theories and indicate improve

ments which can be made in the theories. 
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