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ABSTRACT 

This research investigated life cycle reliability 

modeling in the early design stages. It was assumed that 

life cycle reliability modeling can be useful for the 

evaluation of reliability goals. 

In situations where new technology or a major change in 

application and/or in environment of a product are involved, 

the usual analysis techniques cannot compensate for a gross 

lack of data. The ability to model qualitative information 

about a product in a simple, straight-forward manner becomes 

a necessity. As quantitative data becomes available, the 

ability to update the qualitative model becomes an important 

requirement, thus allowing for the possible use of Bayesian 

analysis. 

To demonstrate the need for reliability assurance 

efforts as early as possible in the design process of a new 

technology product, a life cycle reliability, sensitivity 

analysis technique was developed. This technique produces 

results, using extremely limited data, to aid in establish

ing reliability goals. 

A Monte Carlo analysis system/subsystem level model and 

modeling procedure were developed, based on a stratified 

Monte Carlo sampling procedure called Latin hypercube 

sampling, which is capable of generating rank correlated 

random variates to induce dependences in the model. 

The Monte Carlo analysis was developed around an expo

nential failure model. The life cycle of a system was 

represented by a series arrangement of phases. Input into 

the model was in the form of mean time to failure 

VI 



distribution estimates and corresponding distribution 

estimates for the time in a life cycle phase. Algorithms 

were developed to fit various distributions to three esti

mates for mean time to failure and time in phase, similar to 

those used in project management/activity scheduling. 

Sensitivity analyses were performed to obtain an idea 

of how well a system must perform over its life cycle phases 

in order to fulfill a given life cycle reliability require

ment. The results obtained from the modeling were used to 

assess possible reliability characteristics of a generic 

space based pulsed power system. 

Vll 



LIST OF TABLES 

4.1: Results for Beta Distribution Example . . . . 54 

4.2: Results for the First Example of Fitting 
the Inverted Gamma Distribution 58 

4.3: Results for the Second Example of Fitting 

the Inverted Gamma Distribution 59 

4.4: Data for Variation Plans 63 

5.1: Assumed Time in Phase for a System 

Reliability Model 7 7 

5.2: Assumed MTTF Information 78 

5.3: Mode, Median and Range for Simulated 

Life Cycle Reliabilities 82 

6.1: Time in Phase Estimates 91 

6.2: MTTF Estimates Using Variation Plan 1 . . . . 96 

6.3: MTTF Estimates Using Variation Plan 2 . . . . 96 

6.4: Distribution Input Data for MTTF and Time 
in Phase (Level 3, Plan 1) 100 

6.5: Descriptive Statistics for System Life Cycle 
Reliability (Level 1, Rg = .007) 104 

6.6: Descriptive Statistics for System Life Cycle 
Reliability (Level 2, Rs = .61) 106 

6.7: Descriptive Statistics for System Life Cycle 
Reliability (Level 3, Rg = .95) 108 

6.8: Descriptive Statistics for System Life Cycle 
Reliability (Level 4, Rs=.995) 110 

6 ..9: Descriptive Statistics for System Life Cycle 
Reliability (Level 5, Rg = .9995) 112 

G.l: Discrete Approximation of Continuous 
Distribution 162 

I.l: Descriptive Statistics for Phase Reliabilities 
(Rp=.37, Level 1, Sample Size = 500) . . . . 171 

1.2: Descriptive Statistics for Phase Reliabilities 
(Rp=.90, Level 2, Sample Size = 500) . . . . 173 

Vlll 



1.3: Descriptive Statistics for Phase Reliabilities 
(Rp=.99, Level 3, Sample Size = 500) . . . . 2.75 

1.4: Descriptive Statistics for Phase Reliabilities 
(Rp=.999, Level 4, Sample Size=500) . . . 177 

1.5: Descriptive Statistics for Phase Reliabilities 
(Rp=.9999, Level 5, Sample Size = 500) . . . 179 

IX 



LIST OF FIGURES 

1. 1: Reliability Growth in Terms of Contract 
Milestones 

1. 2: General Block Diagram of a Pulsed Power 
System 

1. 3: Space Environment Life Cycle Phases for 

the SDI 

2.1: R Out of N Components Example 

2. 2: Complex System Configuration 

2. 3: PERT System of Three Time Estimates 

2. 4: Inferences Based on Classical Sampling Theory 

2. 5: Bayesian Inference 

2. 6: Beta Prior and Posterior Distributions . . . 

2. 7: Inverted Gamma Prior and Posterior 

Distributions 

2. 8: Beta Credible Interval 

2. 9: Inverted Gamma Credible Interval 

3.1: A General Life Cycle Sequence 

3. 2: Estimates and Distributions 

4. 1: Uniform Distribution 

4. 2: Two Estimates Example for the Uniform 
Distribution 

4. 3: Solution to Two Estimates Example for 

the Uniform Distribution 

4. 4: Triangle Distribution 

4. 5: Beta Distribution 

4. 6: Beta Distribution Fitting Three Estimates . . 

4. 7: Inverted Gamma Distribution 

4. 8: Four Variation Plans for MTTF Estimates . . . 

4. 9: Phase Reliability Histograms for Four 
Variation Plans 

4.10: Example of Variation Plan Skewness 
X 

3 

18 

18 

21 

22 

23 

32 

35 

37 

38 

41 

43 

47 

47 

48 

49 

51 

55 

56 

62 

64 

65 



4.11: Input Data and Reliability Histograms . . . . 67 

5. 1: Input "Correlation Matrix" and Actual 
Correlation Matrix 73 

5. 2: Rank Correlation -.80 for Active Phase - MTTF 
(x-Axis) and Alert Phase - Time in Phase 
(y-Axis) 75 

5. 3: Individual Phase and Life Cycle Reliability 
Histograms for Variation Plan 1, Level 1 
(No Rank Correlation, Sample Size=500) . . 79 

5. 4: Life Cycle Reliability Histogram of 
Difference Between Negative Rank 
Correlation and No Rank Correlation . . . . 81 

5. 5: Example of Smirnov Test Statistic, T, 

where T = max (T+, T-) 84 

6. 1: Functional Elements of a Pulsed Power System 89 

6. 2: Life Cycle Phases for the SDI in a Space 

Environment 89 

6. 3: Conceptual System of Three MTTF Estimates . . 91 

6. 4: Phase and Life Cycle Reliabilities for a' 

Pulsed Power System 92 

6. 5: Example of Variation Plan Skewness 95 

6. 6: Estimated Dependence Between Dormancy, Alert 
and Active Phases 98 

6. 7: Active Phase and System Life Cycle 
Reliability Variation Plan 1 - Uncorrelated 101 

6. 8: System Life Cycle Reliability 
(Level 1, Rg = .007) 103 

6. 9: System Life Cycle Reliability 
(Level 2, Rg = .61) 105 

6.10: System Life Cycle Reliability 
(Level 3, Rg = .95) • 107 

6.11: System Life Cycle Reliability 
(Level 4, Rg = .995) 109 

6.12: System Life Cycle Reliability 
(Level 5, Rg = .9995) Ill 

XI 



CHAPTER I 

INTRODUCTION 

This research investigated life cycle reliability 

modeling of a system in the early design stages. Life cycle 

reliability starts at the product's conception and ends at 

its retirement from service. In order to assure adequate 

reliability performance, reliability must be designed as 

well as manufactured into the product. The usual sequence 

of activities involved in conventional product development 

is shown in Figure 1.1 (25). 

Statement of the Problem 

In many cases, the development effort for a "new" pro

duct requires much less than total redesign through research 

and development. Many designs are improved versions of past 

products. It is in the new design effort, involving a de

parture from the standard configuration to incorporate a new 

concept, that the early development of reliability goals 

becomes critical. The necessity for these goals becomes 

apparent when considering: 

1. Economic risk involved in a new product's develop

ment, 

2. Customer product requirements, 

3. Compressed design and production schedules, and 

4. High reliability requirements reflected in product 

liability and warranty. 

Occasionally, a concept for a new product is so revolu

tionary that there is almost a total lack of experience to 

draw upon, especially if the product, application and field 

environment are without precedence. Such is the case with 
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the Strategic Defense Initiative (SDI) pulsed power system 

development. There are some interesting challenges to con

sider in the development of a reliable pulsed power system 

to drive defensive weapon loads. Depending on the type of 

defensive weapon, e.g., railgun, laser, etc., load require

ments will vary greatly for each type investigatedj Figure 

1.2 illustrates, in a general block diagram, the functional 

elements of a pulsed power system. 
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CONDITIONING 
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ENERGY 
TRANSMISSION 
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RECOVERY 
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DEFENSIVE 
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Figure 1.2: General Block Diagram of a Pulsed Power System 

It is likely that potential SDI systems would be partly 

space based and subject to an extended dormancy period .J A 

portion of the life cycle for SDI systems in a space envi

ronment is portrayed in Figure 1.3, with potential time 

units. 

LAUNCH DEPLOYMENT DORMANCY ALERT ACTIVE 

Minutes Hours Years Hours Minutes 

Figure 1.3: Space Environment Life Cycle Phases 
for the SDI 

Because high reliability is a major goal for SDI 

pulsed power equipment, the abilities to aid in establishing 
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reliability goals and to demonstrate the need for intensive 

reliability assurance efforts are essential. 

For more conventional products, there are two, maybe 

three, approaches by which reliability goals are estab

lished. The manufacturer can set his own goals for a 

product, the customer can specify requirements in a contract 

proposal; or, due to the nature of the product, both custo

mer and manufacturer can mutually agree on the goals. 

The reliability of a product is a quality which is not 

measured directly. Reliability can be defined as the pro

bability of a successful operation of a product in the 

manner and under the conditions of intended customer use 

(41). When examining this definition more closely, there 

are two parts for consideration: a probability statement, 

and qualifying conditions which are open to interpretation. 

Reliability is a probability concept, and to evaluate proba

bilities, it is generally necessary to utilize statistical 

estimation theory. The phrase "successful operation" re

quires consideration, for care must be taken in choosing the 

ground rules for determining success/failure and relating 

them to the conditions of intended customer use. The basic 

criteria must be clear to the customer and to the designers. 

It may be necessary to establish several sets of criteria to 

evaluate various modes of operation. The difficulties of 

reliability evaluation arise with the interpretation of 

criteria and the statistical problems of estimation (28). 

Once the proposal for a new product's development is 

accepted, the designers involved must strive to meet or 

exceed the reliability goals established. Reliability 

monitoring points are also established to determine the 

reliability growth curve. The prototype of the product is 

assembled and made ready for testing. Thus begins the 

process of obtaining data by testing, to demonstrate whether 

or not the product is adequate and meets the requirements of 

performance and reliability. 
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In situations where new technology or a major change in 

application and/or in environment of a product are involved, 

reliability engineers are usually at a disadvantage when 

assessing the potential product reliability. The usual 

techniques, which are described in MIL-STD-756B Reliability 

Modeling and Prediction are difficult to justify, and the 

more qualitative techniques found in MIL-STD-1629A Proce

dures for Performing a Failure Mode, Effects and Criticality 

Analysis are only applicable on a function basis (44, 42). 

When a general lack of quantitative information exists, the 

most clever analysis techniques available cannot compensate 

for a gross lack of data, nor can analyses be performed in 

the detail desired. The ability to model qualitative infor

mation about a product in a simple, straight-forward manner 

becomes a necessity. As quantitative data becomes avail

able, the ability to update the qualitative information 

model becomes an important requirement, thus allowing for 

the possible use of Bayesian analysis. 

In order to use the Bayesian approach, subjective 

(qualitative) information must be quantified (46) . There

fore, the purpose of this research was to quantify 

qualitative information through the use of Monte Carlo 

analysis of life cycle reliability, compatible with Bayesian 

analysis. \ 

Purpose 
r--> — - — 
I The purpose of this research was to: 

1. Develop a flexible Monte Carlo analysis model for 

analyzing life cycle reliability for new systems, compatible 

with a Bayesian approach to estimation, and, 

2. Develop a framework for the integration of the 

Monte Carlo analysis model into the process of life cycle 

reliability analysis and prediction. 
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In accomplishing this purpose, the research addressed 

the following questions: 

1. How can the reliability sensitivity of a new system 

in the early design stages, when quantitative data is 

minute, be assessed and communicated to a design group? 

2. What is a theoretically sound approach for fitting 

model distributions to three estimates of a measure of 

performance? 

3. What will be the impact of using negative rank 

correlation to develop dependences between life cycle 

phases of a system reliability model as opposed to assuming 

independence of the phase reliabilities? 

4. How do the resulting Monte Carlo analysis models 

integrate with existing standards and practices for relia

bility prediction? 

, Scope and Assumptions 

This research assumed that life cycle reliability 

modeling can be useful for the evaluation of potential re

liability goals. It was also assumed that the development 

of a life cycle reliability, sensitivity analysis technique 

was essential in order to demonstrate the need for reliabil

ity assurance as early as possible in the design process. 

This technique must also produce results, using extremely 

limited data, to aid in establishing reliability goals.j The 

life cycle modeling and the Monte Carlo analysis scheme 

chosen must be theoretically sound, and relatively easy to 

use. 
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CHAPTER II 

LITERATURE REVIEW 

Overview 

Achieving high reliability is expensive, particularly 

when the system being designed is complex or involves rela

tively new technology. It can be tempting to "trust" the 

basic design and production functions, and to dispense with 

a specific reliability effort, or to provide just enough 

effort to appease a customer who insists upon a visible 

program without interfering with the "real" development 

activity. However, experience points to the fact that most 

aggressive and well-managed reliability efforts pay off. 

Nonetheless, there are some practical limits to how much can 

be spent on reliability during a development program (35). 

Failure Effects Analysis 

To increase system reliability in design from concept 

through development, failure effects analysis can be used to 

examine how a system might react to failures. Failure 

effects analysis is a design tool that indicates the 

strengths and weaknesses in a system design and provides 

information for other analyses, such as maintainability, 

logistics, reliability prediction, and .safety. When failure 

effects analysis is implemented early in the design phase, 

it can be used as a basis for design changes or addition of 

redundancy in design. It can also provide guidance for 

necessary design changes which otherwise would not become 

evident until much later in a system's development cycle. 

Failure effects analysis is also an iterative design tool, 

for it can evolve as a system design evolves and can provide 

7 
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a means of evaluating proposed engineering design changes, 

when required. 

A properly performed failure effects analysis can be 

invaluable to those who are responsible for making decisions 

regarding the feasibility and adequacy of a design approach. 

The usefulness of failure effects analysis as a design tool 

and in the decision making process is dependent upon the 

timeliness with which problem information is communicated to 

the design process. As soon as preliminary design informa

tion is available, failure effects analysis can be initiated 

at the higher system levels and extended to the lower levels 

as more information becomes available for the lower levels. 

There are a variety of techniques available for a fail

ure effects analysis. Some of the most commonly used 

techniques are the failure modes and effects analysis 

(FMEA), criticality analysis, and fault tree analysis. The 

failure modes and effects analysis technique provides a 

detailed analysis of the effects of all probable, single 

failure modes of a system. Criticality analysis, often a 

complementary analysis to FMEA, provides a means of ranking 

the relative importance of failure modes as a function of 

both severity of an effect on a system and the probability 

of occurrence. Fault tree analysis examines the possibility 

of multiple failures using formal Boolean logic. This anal

ysis begins by defining the ultimate failure effect of 

interest and then "branching out" to include all combina

tions of contributory failures (13). 

There are lesser known failure effects analysis tech

niques which are not as widely used as the three techniques 

previously mentioned. Some of these are system state phase 

modeling, tabular systems reliability analysis and event-se

quence analysis. The system state phase modeling technique 

uses a logic diagram, similar to an electrical circuit, to 

investigate possible states of an operating system. This 

technique provides a comprehensive examination of system 



9 
states and the history of events leading to each state, if 

proper conditional failure data is available (13). 

The tabular systems reliability analysis (TASRA) tech

nique combines elements of FMEA, fault tree analysis and the 

Markov chain theory into an integrated analysis. This tech

nique is used to define an overall undesirable effect on a 

system and all those combinations of states which produce 

the undesirable effect, and to examine combinations of fail

ures (13) . 

The event-sequence analysis technique traces the 

effects of system failures by chronicling all probable fail

ure histories for system operation. This technique is well 

suited for process systems or systems with distinct opera

tional phases (13). 

The intent of all failure effects analysis techniques 

is to examine how a system, early as well as throughout its 

development, might react to failures. If the analysis 

results are timely, they can be used to improve system per

formance by indicating the need for corrective action or 

design changes. 

Monte Carlo Analysis 

Monte Carlo simulation can be categorized by four tech

niques for using models to study systems. These techniques 

are not strictly separate from one another, but they form a 

convenient way to discuss models and simulation. The four 

categories of techniques for studying systems are (3): 

1. Analysis, 

2. Man-model simulation, 

3. Man-computer simulation, 

4. All-computer simulation. 

Monte Carlo analysis can be defined as a "thought ex

periment" one goes through in performing an analysis of the 

behavior of a system being studied. Monte Carlo analysis 

depends heavily on existing mathematical doctrine. Because 
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analytical models by definition are not experiments, many 

people do not like to give the name "simulation" to a study 

that is exclusively analytical mathematics. Monte Carlo 

analysis is usually a single-attack methodology with models 

that represent either all possible instances of a system's 

behavior or a single representative case. Also, Monte Carlo 

analysis produces conclusions directly from a model; where

as, other types of simulations generalize from repeated 

applications of a model (3). The term Monte Carlo analysis 

will be used throughout this research. 

Monte Carlo analysis is used because systems being 

studied cannot be analyzed by direct analytical methods and 

direct experimentation cannot be performed, for it would be 

too expensive or too time consuming. The two ingredients of 

Monte Carlo analysis are a random variable and its probabil

ity distribution, and a sequence of random numbers between 0 

and 1 (whether truly random or pseudo-random) (14). 

Monte Carlo analysis is essentially a technique in 

which output data are created by using a series of random 

numbers. Empirical frequency distributions may be estab

lished based upon past experience. In some instances, if 

there is a good reason to be confident the distribution is 

of a specific form, the mean and the standard deviation can 

be estimated, and statistical tests for distributions can 

also be applied. To apply Monte Carlo, it is imperative to 

be able to estimate the distribution of the variables form

ing the event (37). The probability of a value for a 

certain random variable occurring in Monte Carlo analysis is 

approximately the same as in real life, provided the select

ed distribution accurately describes the actual frequencies 

of values for the random variable being considered (2). 

Simulation, in its broadest sense, means simplification 

of reality. Monte Carlo analysis is a device for modeling 

and simulating processes that involve chance variables. The 

pattern of chance variation is simulated by means of 



rwwT 

11 
pseudo-random numbers. Originally, random numbers were 

generated by actual chance processes rather than by mathe

matical generators. Random numbers generated in a computer 

by a mathematical formula with a particular start (seed) 

will always output the same list of random numbers, which 

are not truly random, but pseudo-random (27). 

Reproducibility of random number sequences is not a bad 

thing in itself, for reproducibility makes it possible to 

reproduce the precise sequences of events which occur when a 

simulation experiment is conducted. This means that alter

native system configurations can be analyzed under identical 

sets of experimental conditions. This result sharpens the 

contrast in the behavior of alternative configurations, and 

makes possible relatively strong statements of the "other 

things being equal" type (40). 

Latin Hypercube Sampling 

A variation of the classical Monte Carlo sampling 

scheme is stratified Monte Carlo sampling. One of the 

stratified variations is Latin hypercube sampling (LHS), 

which was originally developed at Los Alamos National 

Laboratories and further researched at Sandia National Labo

ratories. Sandia Laboratories has made available a computer 

algorithm and user's guide which were developed for the 

generation of Latin hypercube samples (23). 

LHS operates using a constrained sampling scheme in 

which, to obtain a sample of size n, the range of a variable 

is divided into exactly n non-overlapping intervals on the 

basis of equal probability or equal width. Equal probabil

ity means that each interval formed will usually be of a 

different length, depending upon the distributional form 

used. The LHS program determines the end points of each 

interval in order to define the intervals. Then a value is 

randomly selected within each interval. For intervals based 

on equal probability, random sampling means random with 
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respect to the probability density of the variable within 

that interval (21). 

To generate a sample of size j from the k variables X2̂ , 

X2/ ...f X}r(j>k), one value from each interval is selected 

at random with respect to the probability density in the 

interval. The j values obtained for X^ are paired in an 

equally likely combination with the j values of X2. In a 

random manner, the j pairs are combined with the j values of 
k-1 

the next variable, and so on, until a set of (j!) possi
ble interval combinations exists for a Latin hypercube 
sample. Because the full range of all variables is sampled 
in LHS, this scheme can yield more precise estimates than 
the classical Monte Carlo technique which uses simple random 
sampling. The reason for this is that the estimates ob
tained from the LHS will have a smaller variance than those 
obtained by simple random sampling and/or fractional strati
fied sampling (21) . 

The LHS random number generating algorithm is capable 

of generating.pseudo-random numbers for several distribu

tional forms, such as normal, lognormal, uniform, 

loguniform, triangular and beta. If a specific distribution 

is not presently in the LHS program, it can be inserted into 

the computer program through a user distribution. Discrete 

probability distributions and empirical distribution func

tions use the user distribution format. Continuous 

probability distributions may be entered as discrete approx

imations through the "uniform" format (23). 

Rank Correlation 

In many modeling situations, the assumption of indepen

dence among variables may not be appropriate. For, among 

the variables of real world problems, dependences do exist. 

The LHS program is capable of generating rank correla

ted random variables. Rank correlation does have some 

advantages worth consideration when inducing dependences 
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among variables. For instance, the underlying relationship 

between two variables need not be assumed as linear. A 

second advantage is the fact that no assumptions of normal

ity are made concerning the distributions of the two 

variables. Perhaps, the greatest advantage in using a rank 

correlation coefficient is that rankings can be established 

when one is unable to make numerical measurements (46). A 

value of +1 or -1 for a rank correlation coefficient indi

cates perfect association between the two variables, the 

plus sign occurring for identical rankings and the minus 

sign occurring for reverse rankings. When the rank correla

tion coefficient is close to zero, it can be concluded that 

the variables are uncorrelated (15) . 

When the rank correlation feature of the LHS is used, 

the correlation structure among the variables of a model is 

summarized in a rank correlation matrix. It is of primary 

importance that the correlation structure be specified as 

accurately as possible. If a modeler has to use "educated 

guesses" to assign values to correlation coefficients, he 

cannot do this indiscriminately without regard to the total 

correlation matrix. If the modeler requests certain corre

lation combinations which are not mathematically possible, 

the resulting correlation matrix will not be positive 

definite, and it must be. If this is the situation, an 

iterative algorithm is built in the LHS program to adjust 

the matrix to make it positive definite (19). 

Sensitivity Analysis 

In order to study a system, it is often necessary to 

develop a mathematical model to represent the system and to 

use a computer program to implement this model. It is a 

necessity to be able to examine and assess the influence of 

model input on model output. Sensitivity analysis is a 

technique which is widely understood to mean the study of 

variation in model output with respect to input. It is 



14 
important to be able to perform sensitivity analyses on the 

relationship between information supplied to a model and 

predictions made by the model. The benefits of such analy

sis may include the following: 

1. Identification of the variables which have a 

significant effect on model output and their relative 

importance, and 

2. An indication of what relationship exists between 

the distributions of model input and output. 

Sensitivity analysis can also provide information about 

the alternatives which are available for a range of assess

ments of important parameters (30,47). A good analysis 

should help by telling how the solution depends upon the 

parameters, rather than telling what the value is for the 

solution (4). It is essential to know which assumptions 

matter and which do not. Sensitivity analysis is most use

ful when the parameters of a model cannot be estimated 

accurately due to the lack of data. When quantitative 

information does not exist, sensitivity analysis can be used 

to address "what if?" questions (10, 11) . 

If there is limited experimental data available, it may 

be necessary to generate observations from the model of a 

system. Rather than conducting experiments under various 

sets of conditions, information about the conditions is 

supplied as input to the model and the model output is taken 

as experimental outcome (34). However, unlike an experi

ment, the model gives the same output every time for a fixed 

set of input values. In other words, there is no experimen

tal error (17) . 

In performing a sensitivity analysis of a system, there 

is not an algorithm that can simply be followed from start 

to finish, thereby producing a complete analysis. It is 

unlikely that any sensitivity analysis will move directly 

from start to finish. But, there are some basic ideas that 

must be considered and they are listed, as follows (22): 
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1. Make preliminary decisions concerning: 

a. What is desired from the sensitivity analysis? 

b. What are the independent (input) variables and 

the dependent (output) variables? 

c. What are the ranges and distributions for the 

input variables? 

2. Select a suitable sampling technique which will 

satisfy the following conditions: 

a. If dependences exist among the input varia

bles, then the sampling technique should preserve these 

dependences. 

b. If probabilistic statements are desired con

cerning sensitivity analysis results, input variables 

must be selected according to their distributions (if 

known). 

3. Perform a preliminary variable assessment which 

will answer the following questions: 

a. Which input variables are important? 

b. Is there a distribution effect? 

System and Subsystem Models 

The series network is probably the most commonly en

countered model and is also the simplest to analyze. This 

network consists of n independent units in series. If any 

of the units fail, the series system fails. To predict the 

worst case system reliability, it is assumed that all the 

system units form a series configuration. 

For an n unit series network, the system/subsystem 

reliability is given by the equation: 

Rg = 17 Ri , (2.1) 
i = l 

where Ri is the i^^ component reliability and the units are 

assumed to be independent. 
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Equation (2.1) constitutes what is commonly called the 

product rule in reliability. System/subsystem reliability 

decreases rapidly as the number of series components 

increases, and the system/subsystem reliability will always 

be less than, or equal to, the least reliable component. 

Thus, for a series system/subsystem, the following expres

sion holds: 

Rg ̂  min [R-; I . (2.2) ^ min TRĴ I 

The system/subsystem reliability model, utilizing a 

constant reliability level, can be extended to the model 

where the reliability level is time dependent, as shown by 

equation (2*3) : 

n 
Rs(t) = TT Ri(t) , (2.3) 

i = l 

where Rĵ (t) is the i component time dependent reliability. 

If the i^^ unit has a constant hazard rate, the series 

reliability model uses the following equation: 

Rs(t) = TT e"'^!^ , (2.4) 
i = l 

where ^j_ is the constant hazard rate for the i^^ gub-

system of an assumed exponential failure model. 

The series system/subsystem MTTF is obtained as 

follows (24) : 

MTTF = I 2_ A. I ^ . (2.5) 
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The parallel network is one of the commonly used 

configurations to improve system reliability. It is assumed 

that the network is composed of n active and independent 

units. A parallel system is a system that is not considered 

to have failed unless all components have failed. For the 

system's success, at least one unit must operate normally. 

For an n unit parallel network, the system reliability is 

given in the following equation: 

n 
Rg = 1 - TT (1-Ri) / (2.6) 

i = l 

where R-j_ is the i^" component reliability and each component 

is assumed independent of all other components. For non-

identical units having a constant hazard rate, the system 

model for a parallel arrangement which is time dependent is 

expressed by the following formula: 

Rg(t) = 1 - TT (l-e"^^i) , (2.7) 
i = l 

where 7̂ i is the constant hazard rate for the i^^ subsystem. 

Another form of redundancy is an r out of n system with 

n parallel components where at least r components must 

survive if the system is to continue operating. If r = 1 in 

an r out of n system, the resulting network is the parallel 

network mentioned previously. The reliability model for an 

r out of n system is given by: 

Rs = T V R^ (l-R)"-=' , <2.8) 
x = r 

where R is the component reliability and is assumed to be 

equal for all components. 
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An example of an r out of n system is shown in Figure 

2.1, where two out of three components (A, B, C) must not 

fail. There will be three combinations of three components 

taken two components at a time. The results that could be 

obtained are illustrated in Figure 2.1. 

A 

— — or 

r- A 

C -J 
— or 

B 

L- C -J 

Figure 2.1: R Out of N Components Example 

Simple combinations of series and parallel subsystems 

can be analyzed by successively collapsing subsystems into 

equivalent series or parallel components to obtain a system 

reliability model (24). There are complex design configura

tions which may produce systems in which neither a pure 

series nor a pure parallel reliability model is appropriate. 

As an example, consider the system shown in Figure 2.2. 

Figure 2.2: Complex System 
Configuration 

In this system, there is not a pure parallel arrangement. 

There are several general techniques for analyzing reliabil

ity in complex arrangements. The first of these techniques 

is the event space technique, which requires a listing of 

every possible logical occurrence for the system. In 
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general, there are 2^ occurrences (success or failure). For 

the example displayed in Figure 2.2, there are sixteen 

occurrences, of which eight occurrences would be successful. 

The next technique is the path tracing method, which re

quires a listing of successful paths. In Figure 2.2, three 

paths (AC, AD and BD) would be successful. The third and 

fourth techniques are the tie set method and the cut set 

method. In using the tie set method, if all components not 

in the minimum tie set have failed, the system continues to 

operate until one of the components in the minimum tie set 

fails. In using the cut set method, if all components not 

in the minimum cut set are operating, the system fails only 

if all of the minimum cut set do not work. There are other 

techniques that are not mentioned, but those which have 

been presented are some of the common ones used in analyzing 

complex subsystems (29). 

PERT Estimation 

The program evaluation and review technique (PERT) 

requires time estimates to define the least, most likely, 

and the greatest amount of time necessary to accomplish an 

activity. Because PERT addresses programs primarily con

cerned with activities which are subject to considerable 

"randomness" and where time schedules are critical, these 

time estimates can be used to describe a hypothetical 

"activity-performance-time" distribution. In formulating 

PERT computations, it must be realized that the activity-

performance-time distribution is purely hypothetical, 

because ordinarily one is unable to do any statistical 

sampling. If there is historical data, it must be repre

sentative of the hypothetical population for the activity in 

question; that is, the activity is precisely the same. 

Another factor concerning the historical data is the condi

tion which prevailed during the collection of the data. Is 

the condition representative of those expected to prevail in 
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future activities? The last factor is whether the sample 

size is "sufficient" (more than five observations) (32). 

However, no matter how the data is obtained, all compu

tations for a PERT system are made prior to the performance 

of the activity. As stated, the basis of PERT calculations 

usually involves no statistical sampling, but rather it 

depends upon the judgment of the person in charge of the 

activity under consideration. Of course, this judgment is 

based on work and knowledge experiences. This is not sam

pling in the strict statistical (classical) sense. In 

making these estimates, a person is asked to reflect on his 

general experience and his knowledge of the requirements of 

the program under consideration. From the estimates shown 

in Figure 2.3 (32), the estimation of the mean and the stan

dard deviation of the hypothetical activity-performance-time 

distribution will be made (33). The mean and the standard 

deviation developed from the three time estimates define a 

beta distribution. The choice of a most likely time, m 

(central tendency), and a range of times from a pessimistic 

estimate, b, to an optimistic estimate, a, is made by the 

person in charge of the activity. 

The three time estimates mentioned previously are 

defined in the following manner: 

1. Most likely time--the time which would be encoun

tered more often than any other, i.e., the mode. 

2. Pessimistic time--the greatest amount of time which 

would be encountered under a specified set of conditions. 

There is a small probability that a time larger than this 

estimate will be encountered, e.g., .05 probability, for a 

95 percentile pessimistic estimate. 

3. Optimistic time—the least amount of time which 

would be encountered under a specified set of conditions. 

There is a small probability that a time smaller than this 

estimate will be encountered, e.g., .05 probability, for a 

5 percentile optimistic estimate. 
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a+4m+b 
= mean 

= standard deviation 

Probability 
density 

(33) 

m 

/ 

Time 

Optimistic Most Likely Pessimistic 

Figure 2.3: PERT System of Three Time Estimates (32) 

Classical and Bayesian 
Statistical Inferences 

The theory of "statistical inference" consists of 

those methods by which a person makes inferences or general 

izations about a population. Today, the trend is to 

distinguish between the "classical method" of estimating a 
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population characteristic, whereby inferences are based 

strictly on information obtained from a random sample 

selected from the population, and the "Bayesian method," 

which utilizes prior subjective knowledge about the proba

bility density function (pdf) of the unknown characteristic 

in conjunction with the information provided by the sample 

data (46). 

The classical sampling theory method of inference is 

depicted in Figure 2.4. The process begins with the postu

lating of a sample.model worthy of being tentatively 

considered. Inductive reasoning, from specific to general, 

is used in conjunction with the sample observations to 

produce inferences about the unknown characteristics 

(assumed as unknown constants) in the sampling model (29) . 

Inferences from classical estimation are always based 

strictly on sample information. These methods essentially 

interpret probabilities as relative frequencies, and are 

referred to as objective probabilities (46). 

Assumptive 
Sampling Model 

^ 

Sample Data 
Inductive 
Reasoning 

Statistical 
Inferences 

Figure 2.4: Inferences Based on Classical 
Sampling Theory (29) 

Figure 2.5 depicts the Bayesian method of inferences. 

The process begins with a postulated sample model worthy of 

being tentatively considered. A prior probability distri

bution is also postulated for those unknown characteristics 

(assumed as random variables) in the assumed sampling model 

for which Bayesian inferences are desired. The sample data 

and the prior distribution are then combined by use of 
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Bayes' theorem. Deductive reasoning, from general to 

specific, is then used in conjunction with the resulting 

posterior distribution to produce the desired inferences 

about the characteristics of the assumed sampling model 

(29). The probabilities associated with the prior distribu

tion are called subjective probabilities, in that they 

measure a person's "degree of belief" in the location of the 

characteristic. The person uses his or her own experience 

and knowledge as the basis for arriving at the subjective 

probabilities given by the prior distribution (46). 

Assumptive 
Sample Model 

i 
Sample Data 

Assumptive 
Prior Model 

Bayes' 
Theorem 

Deductive 
Reasoning 

I 
Statistical 
Inferences 

Figure 2.5: Bayesian Inference (29) 

The purpose of the sampling model in classical sampling 

is to supply the data for making inferences and, in the 

Bayesian approach, will confirm or deny the expected per

formance as predicted from past experience. 

There are two further distinctive differences between 

the classical sampling and Bayesian approaches. The statis

tical inferences based on sampling theory are usually more 

restrictive than Bayes' due to the exclusive use of sample 

data. The Bayesian use of relevant past experience, which 

is quantified by the prior distribution, produces more 

informative inferences in those cases where the prior dis

tribution accurately reflects the variation in the 

characteristic. The degree to which more informative 
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inferences occur otherwise depends upon the quality of the 

assessments embodied in the prior distribution (29). 

The second distinction is that the Bayesian method 

usually requires less sample data to attain a similar qual

ity of inferences than the method based upon classical 

sampling. In many cases, this is the practical motivation 

for using the Bayesian method and represents the practical 

advantage in the use of the prior information. This is an 

especially important consideration in those areas of appli

cation where sample data may be either expensive or 

difficult to obtain. 

The Bayesian approach to statistical inference is based 

on a theorem first presented by the Reverend Thomas Bayes, 

an English minister. Pierre Laplace, a French astronomer 

and mathematician, later modified Bayes' basic theorem, and 

this modified version is used today. The Bayes theorem 

states that the posterior model is related to the prior and 

sampling models according to (24, 29,46): 

posterior pdf = (Prior pdf) (conditional pdf) 
marginal pdf 

Prior model Sampling model Joint pdf 

n 

h(p/x) = ^iPi * i = l k(xi/p) ^ g(x,p) 

where the marginal distribution f(x) may be obtained 

according to 

J /k(x/p)q(p)dp p continuous 
f (X) - <, rk(x7p)q(p) p discrete 

q(p), the prior pdf, expresses belief in the value of p 

before the data, x , becomes available. 

h(p/x), the posterior pdf, expresses the conditional pdf 

for p given the information x. 
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If q(p), the prior pdf of p, could be objectively 

determined, then the Bayesian approach would not be contro

versial. However, q(p) is usually a subjectively determined 

distribution, and this subjectivity naturally leads to 

controversy (24) . 

Bayesian Approach 

In order to apply Bayesian analysis to reliability 

work, all subjective and previous information must be inte

grated to a prior distribution that describes the belief as 

to the value of the reliability or failure rate for some new 

and untested product. There may be data pertaining to some 

past product configuration available for study, yet it still 

remains that the designers must project their belief about a 

new product. This is the crux of Bayesian analysis (24). 

There are some questions about the practical applica

tion of Bayesian analysis which should be considered. For 

example, "How would an analyst evaluate the validity of a 

proposed prior distribution?" 

There is virtually no way that the prior distribution 

can be verified because subjective belief about a future 

situation, e.g., the failure rate for some new and yet 

untested system, cannot be sampled. This validity problem 

for a prior distribution is much like the validity problem 

associated with developing time estimations for a PERT 

analysis (32) . Although data pertaining to a past system or 

a past PERT time-performance-activity may be available for 

study, it still remains that an experienced person must 

project his judgment about a future system/event. However a 

person arrives at a prior distribution, the quantified 

subjective information is still subject to controversy (24) . 

To prevent criticism that a proposed prior distribution 

has been biasedly "chosen," adequate justification should be 

documented to defend the basis of the selection (29) . This 

should include: 
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1. A detailed description of the proposed prior 

distribution. 

2. A clear description of the mathematical implica

tions of the proposed prior. 

3. A thorough documentation of the data sources used 

to fit the prior. 

4. The method used to fit the prior to data sources. 

5. An analysis of the sensitivity of the Bayesian 

inferences to the prior model proposed. 

6. A clearly defined posterior distribution on the 

parameter(s) under consideration. 

7. A preposterior analysis of the fitted prior with 

hypothetical test results. 

The validation of a prior distribution is only accom

plished when the sampling experiment is performed. The 

sample model will either confirm or deny the expected 

performance as predicted from past experience (29). The 

validation of a PERT analysis system is confirmed or denied 

according to the actual performance of the event series. 

In summary, the only hope for confidence in a prior 

distribution is that the source from which it came has been 

consistently accurate in the past with other estimations. 

It is the input of significant prior judgment that makes a 

prior distribution useful. 

The second question to consider is, "How would an 

analyst evaluate the impact of errors in judgment in select

ing a prior distribution?" 

To answer the proposed question, one must ask an 

additional question, "What, really, does a prior distribu

tion do?" If the prior distribution accurately reflects the 

variation in the characteristic under consideration, the 

Bayesian method, as stated previously, usually requires less 

sample data to achieve the same quality of inferences than 

the method based upon classical sampling. This means a 

reduction in testing requirements (test time and/or sample 
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size) can occur in a Bayesian performance demonstration 

test. The impact of errors in judgment in selecting a prior 

distribution could be the cost difference between performing 

a Bayesian performance test program and continued testing 

until a classical performance demonstration test has been 

completed. 

The third question to consider is, "How would one build 

a case to challenge a specific choice of a prior distribu

tion after the fact (i.e., what type of data and what type 

of test or quantitative analysis could be employed to 

'prove' that a chosen prior distribution was incorrect)?" 

A prior distribution can be suspected as being not 

truly representative of a characteristic when a Bayesian 

performance demonstration fails. For example, a certain 

Bayesian performance testing program requires 13 trials with 

0 failures to achieve a 90% confidence (posterior probabil

ity may be 90% or greater) that a .95 reliability has been 

attained based on a 50% prior degree of belief. A "classi

cal" model for the same demonstration of .95 reliability 

with 90% confidence requires 45 trials with 0 failures. The 

classical model with a consumer's and a producer's risk 

(each being 10%) would require a .9977 reliability with 45 

tests and 0 failures (6) . Continued testing with more 

trials and more failures would be building a strong case 

against the choice of a specific prior; whereas, continued 

testing and no failures would be confirming a strong case 

for the specific prior's defense. 

Engineering ability creates the true value of reliabil

ity of a product. Statistical inferences, whether classical 

or Bayesian, can only estimate this intrinsic characteristic 

(28). One cannot wish into existence, nor can one test into 

existence the desired performance for a system. If one uses 

20 samples for the Bayesian method, or 200 samples in the 

classical sampling method, the desired performance is either 

there or it is not. 
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It is evident that the prior distribution is an 

essential element in the application of the Bayesian method. 

In general, the assessment of prior distributions can be 

looked at from two points of view. One view is to consider 

the prior distribution as a representation of subjective 

information based upon "degrees of belief" and not necessar

ily based on hard data. 

A second view is to consider the prior distribution as 

a representation of objective information where probabili

ties are developed on the basis of hard data. There are two 

approaches to this point of view. The first does not speci

fy the form of the prior distribution it is attempting to 

develop. This approach is often referred to as the 

Empirical Bayes method (1) . The second approach specifies 

the form of the prior distribution, i.e., beta, inverted 

gamma, etc., it is attempting to develop. In the latter 

case, the parametric values of the specified form are esti

mated from data. In general, assessment of the prior 

distribution, or "fitting the prior," is much simpler when 

the form is specified (12) . 

Product Life Testing Using 
Bayesian Approach 

When the requirement for reliability is known, and the 

designers have some degree of belief that it has been met in 

the new product's design, then reliability demonstration 

testing is required: (1) to convince a customer that the 

product meets or exceeds a specific contract requirement 

with a specified confidence coefficient, or (2) to demon

strate that the manufacturer's reliability goal has been 

achieved. When a demonstration life test has been designed 

and the test is subsequently passed by the new product, the 

claim can be made that the reliability requirement has been 

met. Demonstration testing is generally done on prototypes 

or initial production samples. The decision of whether to 
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accept a design, or to go into production, may rest on the 

results of the demonstration test (29) . 

A common problem of reliability demonstration testing 

is the magnitude of the total test time required to demon

strate reliability. Frequently, designers will express a 

high degree of confidence in the product's reliability after 

relatively little testing has been accomplished. Sometimes, 

designers may also be skeptical of the results produced by 

the classical statistical inference because the results 

obtained do not conform to the designers' past design expe

riences (24) . 

In many practical situations, by employing the Bayesian 

approach to demonstration testing, a significant reduction 

can be obtained in the amount of test time and the number of 

trial products. The price for incurring such savings is a 

realistic, specific prior distribution (12). 

Product life testing is a necessity to determine 

whether or not reliability requirements have been met. Two 

common product life testing plans are the success/failure 

sampling model and the time to failure sampling model. In 

applying the Bayesian approach, a posterior distribution is 

formed when the joint pdf (a prior distribution combined 

with a sampling model) is divided by the marginal pdf. 

The first product life testing plan to consider is a 

success/failure model, which is used to "accept" a product 

as sufficiently reliable for its intended purpose or to 

"reject" a product as too unreliable for its intended pur

pose. The distribution applicable to a success/failure 

testing situation is the binomial distribution. A success/ 

failure model is developed in the following manner. A 

certain number of products are placed in test for a fixed 

number of cycles. If a product survives the test, it is 

termed a success. If n products are placed in test, and y 

is the random variable representing the number of failures, 

the pdf of y is binomial and is given by (5, 7): 



g(y/x) = n x^-y (i-x)y , 
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(2.10) 

whose X is the probability of success for a product. 

The beta distribution lends itself to the Bayesian 

approach, using the binomial distribution as the conditional 

pdf (sampling model). The characteristic of interest is the 

fraction not failing (successful), and the prior belief in 

this characteristic is described by a beta distribution, 

which is a natural conjugate for the binomial parameter x. 

"Natural conjugate" means that the posterior distribution 

will be a beta distribution. The beta prior pdf (24, 12) is: 

f (X; p, q) = r(p-Hq) 
r(p) r(q) X P"^ (l-x)q~l , O^x^l , (2.11) 

where the gamma function | (n) = (n-1)!. (Refer to Appendix 

A for more information on the beta distribution.) 

The joint pdf is calculated as follows: 

f(y,x) = f(x;p,q) g (y/x) 

f(y,x) = 

f(y,x) = 

R p + q) 
r(p) r(q) 

X P-1 (l-x)^~l n x^-y (l-p)y 

n ^(p+q) ^p+n-y-1 {i-x)^'^y~^ 
r(p) r(q) 

(2.12) 

with O^x^l and y = 0, 1, 2, . . , n. 

The marginal pdf is found from equation (2.12) by: 

f(y) = n r(p-^q) 
Yj r(p) r(q) 

1 ^p^n-Y'l (i-x)q*Y-l dx 

The integral is recognizable as a beta function, and in 

equation (2-13) a hyperbinomial distribution is obtained 



31 

f(y) = (̂ ] r(p-̂ q) r(p-Hn-y) Rq-^y) ,2 13) 
\yj r(P) r(q) Hp+q^n) * ^̂ -̂ ^̂  

The posterior pdf for x is (24, 12): 

f (x/y) = ^^y'^^f + (̂p-̂ q-̂ n) p + n-y-1 (i-x)q + y-l (2 14) 

The mean for the beta prior and posterior are: 

Prior mean = —^ , (2.15) 
p+q 

Posterior mean = ̂ "̂ "̂̂  . (2.16) 
p+q+n 

The variance for the posterior distribution is: 

Posterior variance = (p+n-y) (q+y) ^ (2.17) 
(p+q+n)2 (p+q+n+1) 

The mean of the prior beta distribution, given in equa

tion (2.15), might be viewed as the subjective estimate of 

the fraction not failing prior to testing. There are many 

combinations of p and q which will provide a mean having a 

common value. When considering the mean of the posterior, 

given in equation (2.16), larger values of p and q will mean 

that the test results will have less effect on the resulting 

estimate. Large values of p and q can yield a prior 

distribution that is so strong that completely contradictory 

test results will not change the prior estimate to any sig

nificant extent. The strong prior can be attributed to the 

fact that as both p and q increase, the variance decreases 

in equation (2.17). A small variance in the prior distribu

tion makes a strong belief in the subjectively estimated 

fraction not failing before testing has begun. It is advis

able to consider small values for p and q in order that 
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test results will make an impact (24). See Figure 2.6 for 

an example of how test results can have an impact. 

f (R) 
Posterior 

p+n-y = 19 
q+y = 9 

Reliability 

Figure 2.6: Beta Prior and Posterior 
Distributions 

(12) 

The last product testing plan to consider is a time to 

failure model which is used to describe the failure charac

teristic of a product. The distribution which will 

represent time to failure is the exponential distribution. 

If the failure rate is 1/p, where p is the mean time to 

failure (MTTF), or mean "life," then for a total cumulative 

test time, T, the number of failures, r, is Poisson distrib

uted (12, 24): 

g,r/i/p, = (T/P)-^ exp(-T/p) (2.18) 

which will be referred to later as the conditional pdf. 
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The inverted gamma distribution lends itself to the 

Bayesian approach, using the exponential distribution 

(Poisson distributed) as the conditional pdf (sampling 

model). The characteristic of interest is the failure rate 

(1/p), and the prior belief in this characteristic is de

scribed by an inverted gamma distribution, which is a 

natural conjugate for the Poisson parameter p. Natural 

conjugate, as previously stated, means that the posterior 

distribution will be an inverted gamma distribution. The 

inverted gamma pdf is (12, 24) : 

f(p.a,B) = - g ^ exp(-B/p) _ ,2.19) 

(Refer to Table A2 in Appendix A for more information on the 

inverted gamma distribution.) 

The joint pdf is calculated as follows: 

f(r,p) = f(p;a,B) g (r 1/p) 

r 
f(r,p) = 

B^ exp(-B/p) (T/p)^ exp(-T/p) 

r(a) (p)^""! r! 

B^ T^ exp-( (B + T)/p) ,^ ^ r . . 
f (r,p) = ——^ 7777T ' (2.20) 

r(a) r(r + l) (P)^^""^^ 

The marginal pdf for r is: 

f,r) = ll^f |^°°exp-((B^T)p) ^p _ ,2.21) 

ria) rir^l) Jo (P)^*""^^ 

If u is substituted for (B+T)/p, then equation (2.21) be

comes : 
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f (r) = ^ — 5 [ ua + r + 1 Q-U ^U 

r(a) r(r + l) (B+T)^""^ 

The integral is now recognizable as a gamma function. 

f (r) = B^ T^ Ra + r) , r = 0, 1, 2, ... . (2.22) 
r(a) R r + l) (B+T)^""^ 

The posterior distribution for failure rate (1/p) is 

(12, 24) : 

f(p/r) = ^^-^^"^" exp-((B+T)/p) ^ ^^^^3^ 
r(a + r) (p)^"-^^! 

The parameters of the inverted gamma pdf can be viewed 

in the same manner as the parameters for the beta prior 

distribution in binomial testing. For large values of B 

(the scale parameter) and a (the shape parameter), the 

data of the total cumulative test time and the number of 

failures can have little effect on the prior estimate. 

Again, it is suggested that small values of the shape and 

scale parameters be considered to have test results make an 

impact (24). Figure 2.7 is an example of impact. 

Under the assumption that a product's reliability 

exists as an unknown constant, the prior is no longer a 

frequency distribution, but represents a designer's belief, 

in a rational sense, about the uncertainty of a product's 

reliability. If the designer "believes" that the posterior 

distribution is the "best" knowledge that can be obtained on 

the probabilities of a product's reliability, then this pos

terior is the best information that can be used, instead of 

the usual operating characteristic curve (O.C.), as the 

basis for an accept/reject decision (8). The posterior dis

tribution is not a "sampling properties" O.C. curve, in the 
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Figure 2.7: Inverted Gamma Prior and 
Posterior Distributions 

(12) 

same sense as MIL-STD-781C O.C. curves (43). The posterior 

distribution can be used in hypothesis testing, but it 

cannot be inverted to give true confidence intervals about 

the posterior distribution as can be done with MIL-STD-781C 

O.C. curves. As demonstrated test data is accumulated, the 

posterior distribution will converge to a classical fixed 

length test O.C. curve. Because the concepts of consumer's 

and producer's risks are more clearly understood in the 

classical O.C. curve sense, it makes sense to develop a 

Bayesian approach that uses the same concept (16) . 

There are some key concepts to consider when the 

Bayesian approach to product life testing is used (12): 

1. The consumer and the producer must carefully evalu

ate the applicability and the implications of using a 

specific prior distribution. 
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2. The choice of a specific prior distribution will 

impact the sample size requirement as to test time or test 

trials. 

3. The demonstration test requirements as stated by 

the consumer and the producer will impact the sample size 

requirement. 

4. The sample size requirement will increase 

(decrease) as the Bayesian risks decrease (increase). 

5. The Bayesian approach addresses directly what may 

be stated about the reliability of a new product after the 

demonstration test has been completed. This is typified by 

the posterior credible interval. 

If the beta distribution is used to represent the prior 

distribution on Reliability, R, the following equation will 

provide the prior credible intervals for any Rj and known 

parameters p and q (12). 

Prior P(R^Rj) = 1 - 1 r"""̂ '"̂ ) d-Rj)^ (Rj)P+q-l-J , (2.24) 

where p and q are integers. (See Figure 2.8.) 

Similarly, the beta posterior credible intervals for 

any Rj, having used the binomial sampling model where 

n = number of products tested and y = number of failures, 

are calculated from the following expression (12): 

irior ^ ^ _ "5*^ ̂ p+q + n-1 (2.-RJ)J (RJ ) P+q+n-1-j . 

^j) j = 0 \ 3 / 
Poste; 
P(R^Ri 

(2.25) 

Equations (2.24) and (2.25) can be used to calculate 

various points on the Bayesian operating characteristic 

curve when the beta distribution is used. 
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Figure 2.8: Beta Credible Interval 

If the inverted gamma distribution is used to represent 

the prior distribution on the MTTF, 9, the following equa

tion will provide credible intervals for any 0-̂  and known 

parameters a and B (12) : 

a-1 
exp -

_B_ 
(2.26) 

(See Figure 2.9.) 

Similarly, the inverted gamma posterior credible inter

vals for any ej_, having used the exponential sampling model 

where T = total cumulative test time and r = number of fail

ures, are calculated by using the following expression (12): 

Posterior POi^Gi) = 1 - jl — I e^P 
B + T 
9^ 

(2.27) 

Equations (2.26) and (2.27) can be used to calculate 

various points on the Bayesian operating characteristic 

curve when the inverted gamma distribution is used. 
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Figure 2.9: Inverted Gamma Credible Interval 

Summary 

A number of concepts from published works have been 

discussed in this chapter. A summary of the topics dis

cussed relative to this research are: 

1. Achieving high reliability is expensive, but the 

effort will pay off. 

2. There are a variety of failure effects analysis 

techniques available for examining how a system under devel 

opment might react to failures. 

3. Monte Carlo analysis can be used to model systems 

and simulate processes that cannot be analyzed by direct 

analytical methods or direct experimentation. 

4. The Latin hypercube sampling computer program 

provides a type of stratified Monte Carlo sampling so that 

estimates obtained will have a smaller variance than those 

obtained from simple random sampling and/or fractional 

stratified sampling. 

5. The Latin hypercube sampling computer program is 

capable of generating rank correlated random variables. 
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6. Sensitivity analysis can be a valuable tool in 

understanding how changes in the parameters of a model can 

produce changes in the behavior of the model. 

7. Complex system configurations can be analyzed by 

several techniques which are available for this type of 

analysis. 

8. To develop a prior distribution, a minimal amount 

of information is required. 

9. Demonstration of reliability is a necessity. 

10. Inferences about reliability can be made using 

either the classical or Bayesian method. 

11. In order to use the Bayesian approach, subjective 

and previous information must be integrated into a prior 

distribution. 

12. Product life testing using a success/failure sample 

model and a time to failure sample model are two product 

life testing plans that can be used in the Bayesian approach 

to determine whether or not reliability or MTTF requirements 

have been met. 

These are the concepts from the reviewed published works 

which have made many contributions to this research effort. 



CHAPTER III 

LIFE CYCLE RELIABILITY MODELING 

! • Objectives 

The primary objectives of this chapter on life cycle 

reliability modeling for a system are as follows: 

1. To demonstrate a method for studying reliability 

characteristics of a system in the early design stages. 

2. To develop a life cycle reliability, sensitivity 

analysis technique compatible with extremely limited data. J 

3. To develop a Monte Carlo analysis model and model

ing procedure to investigate a system's life cycle phases 

with application to the subsystem level. J 

Modeling Approach 

The motivation to develop this modeling methodology 

grew out of a need to model and assess the reliability for a 

proposed space based Strategic Defense Initiative pulsed 

power system. In general, this represents a fundamentally 

new technology system in its early development stage. The 

mission goal of the system has a general description, but 

the design specifics have not been specified. Regardless of 

the system's final configuration, high reliability is a 

major goal for the system. Any quantitative reliability 

data to begin the process of designing and developing relia

bility strategies is minute. In order to overcome the lack 

of quantitative data, which will not be available until the 

latter stages of the system development, a Monte Carlo 

analysis of a system/subsystem level model was selected as 

the technique to use in developing the early stage reliabil

ity modeling. The system's expected life cycle has 

40 
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definable phases. These phases represent a unique 

application and environment combination. The ability to 

model qualitative information into a reliability model in a 

simple, straight-forward manner became a necessity. 

Although a specific (SDI pulsed power) system was the 

motivation for this research, the research methods are 

general and therefore applicable to other systems develop

ment efforts which possess similar characteristics. 

The Monte Carlo analysis model chosen for this research 

was developed around an assumed exponential failure model. 

Inputs into the model are in the form of MTTF distribution 

estimates and corresponding distribution estimates of the 

time in a life cycle phase. The model developed is capable 

of modeling a system's sequence of life cycle phases, as 

shown in Figure 3.1. The life cycle represents a series 

arrangement of phases. 

Phase 1 Phase 2 Phase 3 Phase n 

Figure 3.1: A General Life Cycle Sequence 

To generate the random variates necessary to simulate 

life cycle phase reliabilities, a stratified Monte Carlo 

sampling procedure, which is called Latin hypercube sam

pling (LHS), was used as the random number generating 

algorithm. This random number generator is capable of 

generating rank correlated random numbers. Rank correlated 

random variates can be used to induce dependences into a 

model. 

There was a definite sequence of steps developed and 

followed to perform this Monte Carlo reliability experiment 

1. Develop estimates for phase MTTF and time. 

2. Fit distribution to estimates of phase MTTF and 

time using computerized fitting algorithms. 
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3. Estimate dependence among life cycle phases. 

4. Develop distribution specifications and estimated 

rank correlation specifications for LHS program. 

5. Generate reliabilities, develop descriptive statis

tics and histograms for reliabilities using the Statistical 

Analysis System (SAS) program, and perform data analysis. 

6. Interpret the results. 

The first element of the sequence is the development of 

estimates for MTTF and time for each phase in the life cycle 

series. Three estimate inputs were selected for the model: 

low estimate, high estimate and most likely, similar to 

estimates used in PERT analysis. The most likely estimate 

is based on the mode, and the low and high estimates are 

based on the 5th and 95th percentiles, respectively. The 

three estimates are fitted to either a triangle or beta dis

tribution, while two estimates (low and high) are fitted to 

a uniform distribution. The inverted gamma distribution is 

fitted by two estimates: the mode and the 95th percentile. 

The estimates and the distributions are shown in Figure 3.2. 

The second element of the sequence is the fitting of a 

specific distribution to the phase MTTF and time estimates 

generated in the first sequential element. Distribution 

fitting algorithms were developed for the four probability 

density functions mentioned previously. Each algorithm has 

its own approach for fitting the estimates given. Once the 

distributions have been fitted to specific estimates of MTTF 

and time in each phase, input distribution specifications 

are developed for the Latin hypercube sampling procedure. 

Estimating MTTF and time in phase are discussed in depth in 

Chapter IV. 

If a specific continuous distribution, other than those 

mentioned, is required for the model, the distribution can 

be either written into the LHS program or a discrete approx

imation can be entered as an empirical distribution into the 
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(a) Three Required Estimates 

(b) Triangular (c) Beta 

(d) Inverted Gamma (e) Uniform 

(b) - (e) Four Types of Distributions to be Investigated 

Figure 3.2: Estimates and Distributions 
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LHS program. This requirement is discussed in more detail 
in Appendix G. 

The third sequential element is estimating dependences 

among the random variables of the system's life cycle. It 

is possible, with the use of the LHS program, to specify 

rank correlations between MTTF's and times, both between and 

within phases. The range of rank correlation can go from 

positive rank correlation, to no correlation, to negative 

rank correlation. The LHS program has an algorithm within 

it, which deals with rank correlation combinations which are 

not mathematically possible. The algorithm adjusts the in

put correlation matrix until a positive definite or positive 

semidefinite matrix is obtained (19). Estimating dependence 

is discussed in depth in Chapter V. 

The fourth element in the sequence of steps is input of 

the distribution specifications for MTTF and time in all 

life cycle phases being considered, as well as the rank 

correlation specifications for all phases. The input of 

specifications in regard to random seed, sample size, and 

number of repetitions to run, is required. The output of 

the LHS program consists of a listing of all random variates 

generated, a listing of the ranking among the random vari

ates, the adjusted correlation matrix, and histograms for 

each random variate. The Monte Carlo analysis for a system 

level model is discussed in Chapter V. 

/ The fifth sequential element deals with the generation 

of phase and life cycle reliabilities using MTTF and time in 

phase random variates. Descriptive statistics and histo

grams for phase and life cycle reliabilities are developed 

using the Statistical Analysis System program. By using 

SAS, the flexibility to develop output displays to meet 

specific needs can be obtained. A sensitivity analysis of 

various levels of system life cycle reliability, variation 

plans of MTTF estimates, and correlated and uncorrelated 

data results are reviewed in Chapter V. 
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The sixth sequential element is the interpretation of 

the results obtained from the model. In the early research 

and development stage, one typically works with "what if?" 

questions using "ball park" estimates. An example of a 

"what if?" question could be, "How might the assumption of 

dependence among the life cycle phases affect the system's 

reliability results?" When there is a general lack of quan

titative data, sensitivity analysis can be used as a method 

for assessing "what if?" questions. In Chapter VI the com

plete modeling approach, including the sequence of steps, 

and the answer to the above question, is applied to a gener

ic space based pulsed power system. 

Summary 

In this chapter, an overview of life cycle reliability 

modeling for a system is presented. The first topic dis

cussed is a Monte Carlo analysis model, developed around an 

assumed exponential failure model. The model is capable of 

modeling a sequence of life cycle phases for a proposed 

system. The next topic presented is the sequence of steps 

to follow in performing a reliability modeling experiment. 

Each step of the sequence is briefly discussed, and each 

step is reviewed in detail in subsequent chapters. 



CHAPTER IV 

PREPARATION OF ESTIMATES 

Objectives 

The primary objectives of this chapter on the 

preparation of estimates are as follows: 

1. To determine an effective approach for fitting 

various distributions, such as the triangle, beta and 

inverted gamma, to estimates. 

2. To determine what information is required, and the 

arrangement of that information, to develop distributional 

parameters for an exponential reliability model. 

Distribution Fitting 

The objective of this section is to develop the strat

egy and algorithm necessary to fit selected distributions, 

such as the uniform, triangle, beta and inverted gamma pro

bability density functions to estimates. A secondary 

objective is to determine what constitutes a good fit, and 

how one can quantitatively assess this. 

Uniform Distribution 

The first distribution of interest is the uniform, 

which requires two estimates, the 5th and 95th percentile 

points, as illustrated in Figure 4.1. 

The following algorithm was developed to solve for a': 

1. Area for each side of the rectangle has a .05 

probability. 

2. Values for a' and z are obtained by completing 

equations (4.1) and (4.2) with a and b values. 

46 
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1.05 probability 

•« a' a' 

a = 5% point 
b = 95% point 
z = height of rectangle 

Figure 4.1: Uniform Distribution 

z = (1.0 - Total Shaded Area) / (b - a) (4.1) 

Equation (4.2) is developed as follows: 

z ((b - a) + 2a') = 1.0 

substituting z from equation (4.1) and solving for a'. 

a' = .50/z - .50(b - a) (4.2) 

An example shown in Figure 4.2 will illustrate the use 

of the algorithm. 

0 a = 5 b = 30 X 

Figure 4.2: Two Estimates Example 
for the Uniform 
Distribution 

The equations (4.1) and (4.2) are used to solve for 

z and a': 
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z = (1.0 - .10) / (30 - 5) = .9/25 , and 

a' = .50(25) / .9 - .50(25) = 13.89 - 12.5 = 1.39 

Having obtained a closed form mathematical solution for 

z and a', the solution is graphically displayed in Figure 

4.3. 

3.61 5 
—*| k- a'=1.39 

= .036 

30 31.39 X 

-ir— '̂ 
Figure 4.3: Solution to Two Estimates 

Example for the Uniform 
Distribution 

The algorithm for fitting a uniform pdf to two esti

mates, using an exact solution method, has been written into 

a computer program, and is listed in Appendix B. Inputs 

into the computer program are the 5th and 95th percentile 

points, and outputs are the 0 and 100th percentile points. 

Triangle Distribution 

The second distribution of interest is the triangle, 

which requires three estimates. ' In Figure 4.4, a and b are 

the 5th and 95th percentile points, respectively, and z' is 

the maximum ordinate located at the mode, with the value of 

2/(b - a). To develop .05 probability areas beyond the 5th 

and 95th percentile points, one must lower z' until the tail 

area requirements are satisfied. 
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Figure 4.4: Triangle Distribution 

The following geometric relationships can be used to 

determine z, a' and b'. 

Z;L/a' = z/((c-a) +a') , or z^ = za'/((c-a) +a') . (4.3) 

Z2/b' = z/((b-c) +b') , or Z2 = zb'/((b-c) +b') . (4.4) 

Tail areas beyond the 5th and 95th percentile points are: 

(a'zi)/2 = .05 , and (4.5) 

(b'zn) / 2 = .05 (4.6) 

Substituting z-^ and Z2 from equations (4.3) and (4.4) into 

equations (4.5) and (4.6), and solving for a' and b', the 

following equations are obtained. 

= .50(l/(10z) + V(l/(l(^0z2) + 4(c-a)/(10z) ) 

b' = .50(l/(10z) +V(1/(10(^^2) + 4(b-c)/(10z) ) 

(4.7) 

(4.8) 

The remaining equation to present is the total area circum

scribed by the triangle distribution. 

A = .50z {(b-a) + a' + b*) = 1.0 , or 

z = 2 / ((b - a) + a' + b') (4.9) 
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Using an iterative method, the value of z can be determined 

which will satisfy the three equations (4.7), (4.8) and 

(4.9). The value of z will be between 1/(b - a) and 

2/(b - a), because z was initially determined using a and b 

as boundary points. Once z's value has been determined, a' 

and b', ordinate values of a and b, and the .05 probability 

areas can be determined. The algorithm allows for the rela

tionship between the abscissa values of the mode and the 5th 

and 95th percentile points to be maintained, while the .05 

probability areas are developed. 

The algorithm for fitting a triangle pdf to three esti

mates, using an iterative method to obtain an approximate 

solution, has been written into a computer program and is 

listed in Appendix C. Inputs into the computer program are 

the 5th and 95th percentile points and the mode. Output 

results are the 0 and 100th percentile points and the mode. 

Beta Distribution 

The next distribution of interest is the beta, which 

also requires three estimates, as shown in Figure 4.5. The 

5th and 95th percentile points are a and b, respectively, 

and the mode is m. The lengths a' and b' represent the 

difference between the 0 and the 5th percentile points and 

the 95th and 100th percentile points, respectively. The 

three estimates given define a random variable, w, having a 

beta distribution on the interval (s,t) with parameters p. 

and q. Let x be another random variable which equals 

(w-s)/(t-s), and defines a standard beta distribution with 

boundary limits of 0 and 1. The following equation is the 

beta pdf, by which the maximum ordinate is obtained (24): 

f(x) = H P + q) (x(p-iM ( d - x ) (q-iM / ( r(p) Rq) ) 
0<x<l . (4.10) 
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Figure 4.5: Beta Distribution 

In equation (4.10), p and q are shape parameters. The beta 

cumulative density function (cdf) is (25): 

F(x) = (1 -x)i (X) (P+q-l-i) 0<x<l 
i = 0 

(4.11) 

where p and q are integers with a value greater than 1. 

In developing an algorithm to fit a beta pdf to three 

estimates, the following equations, using a standard beta 

distribution, were used to obtain a value for "the two 

unknown parameters, p and q (36): 

ai / a2 = (P- 1) / (q- D (4.12) 

where a2_ = (a' + (m-a)) and a2 = ((b-m) +b'). The mode of 

the beta pdf is (36) : 

(p - 1) / (p + q - 2) = a^ / (32. + a2) (4.13) 

Assuming that the difference between the mode and the 5th 

percentile point and the difference between the 95th percen

tile point and the mode are approximately the same as 

defined in equations (4.12) and (4.13) for a beta distribu

tion with 0 and 100th percentile points, the following 

equations can be written: 
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(m-a) / (b-m) ^ (a' + (m - a) ) / (b' + (b - m) ) = a;L / ̂ 2 

(4.14) 

and (m-a)/(b-a)^ai/(a2_ + a2) , (4.15) 

where a2_ = m - a , and a2 = b-m. Equation (4.15) is used to 

calculate the required ratio, a value used in developing the 

true ratio of equation (4.13). 

The standard beta distribution can be scaled to a beta 

distribution on the interval (s,t) using the following 

equations: 

Scale factor = ^̂ "̂ ^ ̂  P^* ~ 5th % pt. (for standard beta) 
95th % pt. - 5th % pt. (for nonstandard beta) 

(4.16) 

a' = lower abscissa value / scale factor ; (4.17) 

b' = (1.0 - upper abscissa value) / scale factor ; (4.18) 

s = a-a' = 0 percentile point ; (4.19) 

t = b+b' = 100th percentile point . (4.20) 

To illustrate the use of the equations for determining 

the two unknown parameters, p and q, one example will be 

fitted to a beta distribution. The example has the follow

ing criteria: mode =10, 5th percentile point=5, and the 

95th percentile point=30. 

Using equation (4.15), the required ratio number is 

calculated: 

ai / (ai + a2) ^ (m-a) / (b-a) = 5/25 = .20 

Because p and q are integers with a value greater than 1, 

assume p and q have a value of 2. Using equation (4.10), 

the maximum ordinate is determined with its abscissa value. 

Using equation (4,11), the abscissa values for the 5th and 

95th percentile points are determined. The variable x in 
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both equations, (4.10) and (4.11), has an initial value of 

.01 and is increased by .01 increments. The following are 

the results for the first phase of an iterative method to 

obtain an approximate solution: 

1. p = 2 , q = 2. 

2. The mode has an abscissa value of .50. 

3. The 5th percentile point has an abscissa value of 

.14 with a probability in the lower tail of .0533. 

4. The 95th percentile has an abscissa value of .86 

with a probability in the upper tail of .0533. 

5. The calculated required ratio is .50. 

Because the example is right skewed, the parameter q 

will be increased by 1 and the procedure will be repeated 

until the required ratio number .20 is reached. If the 

example had been left skewed, then the parameter p would 

have been increased by 1 and the procedure would have been 

repeated until the required ratio was met. 

The solution to the example is found at p = 2 and q = 9, 

and the iterative method is displayed in Table 4.1. 

The 0 and 100th percentile points are calculated in the 

following manner, using equations (4.16) through (4.20): 

39 - 04 
Scale factor = ' Q _ V — = .014 ; 

a' = .04 / .014 = 2.86 ; 

b' •= (1.0 - .39) / .014 = 43.57 

s = a-a' = 5-2.86 = 2.14 = 0 percentile point ; 

t = b + b' = 30 + 43.57 = 73.57 = 100th percentile point 

Using equations (4.12) and (4.13), the values for the 0 

and 100th percentile points are verified: 

^1 7.86 ^ 1 ̂ c ^ P - 1 1 1 OQ 
— = -r^—E^ ^ .125 , and rr = -o- = .125 
a2 63.57 q - 1 8 
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_± 7.86 , , , p - 1 1 • ̂  = - ^ — T ^ = .11 , ana —^ :r = -r- = .ii 
+ a2 71.43 P + q - 2 9 

Table 4.1: Results for Beta Distribution Example 

Required Ratio Parameter 

P 
q 

a, cr 

P 
q 

p 
q 

p 
q 

p 
q 

p 
q 

= 

= 

= 

: 

= 

= 

= 

2 
3 

2 
4 

2 
5 

2 
6 

2 
7 

2 
8 

2 
9 * 

Abscissa Val 

5th 
95th 

5th 
95th 

5th 
95th 

5th 
95th 

5th 
95th 

5th 
95th 

5 th 
95th 

mode 
% pt. 
% pt. 

mode 
% pt. 
% pt. 

mode 
% pt. 
% pt. 

mode 
% pt. 
% pt. 

mode 
% pt. 
% pt. 

mode 
% pt. 
% pt. 

mode 
% pt. 
% pt. 

= 

= 

— 

= 

= 

— 

= 

• ue 

.33 

.10 

.75 

.25 

.08 

.65 

.20 

.06 

.58 

.17 

.05 

.52 

.14 

.04 

.47 

.13 

.04 

.43 

.11 

.04 

.39 

Probability 

.0523 

.0508 

.0544 

.0540 

.0459 

.0510 

.0444 

.0503 

.0381 

.0504 

.0478 

.0495 

.0550 

.0527 

= .35 

= .30 

= .27 

= .25 

= .24 

33 - .10 
75 - .10 

25 - .08 
65 - .08 

20 - .06 
58 - .06 

17 - .05 
52 - .05 

14 - .04 
47 - .04 

13 - .04 
43 - .04 

11 - .04 
39 - .04 

* At p = 2 and q = 9, the criterion for the required 
ratio has been met. 

(The solution to the example is shown in Figure 4.6.) 

The algorithm for fitting a beta pdf to three esti

mates, using an iterative method to obtain an approximate 

solution, has been written into a computer program which is 

listed in Appendix D. Inputs into the computer program are 

= .23 

* 
.20 
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0 

.055 probability 053 probability 

s=2.14 a=5 m=10 b = 30 t=73.57 

b'-

Figure 4.6: Beta Distribution Fitting Three Estimates 

the 5th and 95th percentile points and the mode. The output 

results are the 0 and 100th percentile points and the values 

for p and q. Information as to the search for the mode and 

5th and 95th percentile points is printed at each iteration. 

There are several distributions that can be fitted to 

the p and q values listed in Table 4.1. A symmetrical dis

tribution can be fitted with p = 2 and q = 2. A right skewed 

distribution which requires an ai to be one-half of a2 can 

be fitted to p = 2 and q = 3. A right skewed distribution 

which requires an ai to be one-third of a2 can be fitted to 

p = 2 and q = 6. The example fitted to a beta pdf was a right 

skewed distribution with an ai equal to one-fourth of a2. 

If a distribution is left skewed, the values for p and q are 

reversed. 

A disclaimer is in order for the algorithm. The algo

rithm may not converge to a specific required ratio, even 

though higher values for p and q are used. For example, 

p = 3 and q = 4 has a required ratio of .43, p = 3 and q = 5 

has a required ratio of .38, and p = 3 and q = 6 has a re

quired ratio of .37. The algorithm presented should not be 

applied to distributions which have a ratio between a]_ and 

a2 or between a2 and ai greater than 1:4. 
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Inverted Gamma Distribution 

The last distribution for consideration is the inverted 

gamma, which requires only two estimates, as shown in Figure 

4.7. The 95th percentile point is b, and the mode is m. An 

explanation of the reason only two estimates are necessary, 

instead of three, will be presented in the latter part of 

this section. The following equation is the inverted gamma 

pdf, by which the maximum ordinate is obtained (29): 

f(x) = B^ exp(-B/x) / ( Ra) x^^'^^M (4.21) 

B is the scale parameter and a is the shape parameter in 

equation (4.21). In order to obtain an inverted gamma pdf 

similar to the one in Figure 4.7, a>^l. 

.05 probability 

0 m X 

Figure 4.7: Inverted Gamma Distribution 

The cdf of the inverted gamma distribution can be cal

culated using the following equation (25): 

a-1 
F(x) = J2 exp(-B/x) (B/x)^ d / j D 

j = 0 
(4.22) 

where a is an integer with a value greater than 1 and B is 

not necessarily a whole integer. 

In developing an algorithm to fit an inverted gamma pdf 

to two estimates, the following two equations were used to 
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obtain a value for the two unknown parameters, a and B (29): 

X ^°° 
P2_ = 1 - F(x) = 1 - / f(z)dz =/ f(z)dz 

/O ^x 

Pi = 1 -y B^ exp(-B/z) / ( p a ) z(a + l) dz 

a-1 
Pi = 1 - 71 exp(-B/x) (B/x)^ (1/j!) , (4.23) 

j = 0 

where x is the 95th percentile point, and pi is the proba

bility in the tail area beyond the 95th percentile point. 

The mode of the inverted gamma pdf is (29): 

mode = B / ( a + l ) = m . (4.24) 

To illustrate the use of equations (4.23) and (4.24) in 

determining the two unknown parameters, a and B, two exam

ples are fitted to an inverted gamma pdf. The first example 

has the following criteria: mode=12, 95th percentile 

point = 24, and a lower limit point= 6. An iterative method 

is used to determine the values of a and B. The fitting 

algorithm begins with the assumption that a = 1, mode = 12, 

and solves for B in equation (4.24): 

B = m(a + 1) = 12(1 + 1) = 24 

With values for a and B, the probability in the tail area 

less than the lower limit point is calculated using 

equation (4.22) : 

1-1 ^ 
F(x = 6) = XI exp(-24/6) (24/6)^ (1/0!) = .0183 

j = 0 

The probability in the tail area greater than the 95th per

centile point (pi) is calculated using equation (4.23): 
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1-1 

Pi = 1 - H exp(-24/24) (24/24)° (l/OI) = .6321 
j = 0 

Because the fitting algorithm uses the iterative method in 

which the value of a is increased by one until Pi is approx

imately .05, the solution to the foregoing example is found 

in Table 4.2 where a = 10, B = 132 and Pi = .0538. 

Table 4.2: Results for the First Example of Fitting 
the Inverted Gamma Distribution 

Sha ipe 
Parameter 

a = 

a = 

a = 

a = 

a = 

a = 

a = 

a = 

a = 

a = 

a = 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

Scale * 
Parameter 

B = 

B = 

B = 

B = 

B = 

B = 

B = 

B = 

B = 

B = 

B = 

24 

36 

48 

60 

72 

84 

96 

108 

120 

132 

144 

Prob. < 6 

• .0183 

.0174 

.0138 

.0103 

.0076 

.0055 

.0040 

.0029 

.0021 

.0015 

.0011 

Prob. > 24 

.6321 

.4422 

.3233 

.2424 

.1847 

.1424 

.1107 

.0866 

.0681 

.0538 ** 

.0426 

* The scale parameter is calculated using equation (4.24). 
** The criteria have been met at a = 10 and B = 132. 

The criteria for the mode and the 95th percentile point have 

been met in the solution, but a .05 probability for the 

lower limit point cannot be m.et, as will be explained later. 

The second example considered has the following 

criteria: mode =12, 95th percentile point=36, and a lower 

limit = 6. The solution to the second example is found in 
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Table 4.3 where a=5, B=72, pi=.0529 and the probability 

less than the lower limit point is .0076. 

Table 4.3: Results for the Second Example of Fitting 
the Inverted Gamma Distribution 

Shape 
Parameter 

a = 1 

a = 2 

a = 3 

a = 4 

a = 5 

Scale * 
Parameter 

B = 24 

B = 36 

B = 48 

B = 60 

B = 72 

Prob. < 6 

.0183 

.0174 

.0138 

.0103 

.0076 

Prob. > 36 

.4866 

.2642 

.1508 

.0884 

.0529 ** 

* The scale parameter is calculated using equation (4.24). 
** The criteria have been met at a = 5 and B = 72. 

The first example was skewed to the right; the second 

example was more skewed to the right than the first. If 

more examples are considered in which the mode= 12, the 

lower limit point= 6, and the value of the 95th percentile 

point approaches the modal value of 12, becoming skewed to 

the left, parameters a and B will increase in value in order 

to solve for the probability of approximately .05 in the 

tail area beyond the 95th percentile point. The probability 

in the tail area less than the lower limit point will 

continue to be as displayed in Tables 4.2 and 4.3, and will 

approach a zero value as parameters a and B increase in 

value. The lower limit to become the 5th percentile point 

will not be met in right or left skewed examples, unless the 

lower limit point is redefined and moved closer to the mode 

after the criteria for the mode and the 95th percentile 

point have been met. Because the lower boundary point (0 

percentile point) of the inverted gamma pdf is located at 
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the origin, the lower limit point (the 5th percentile point) 

is usually infeasible due to the geometry of the inverted 

gamma pdf. The criteria for the mode and the 95th percen

tile point are usually met by the fitting algorithm. 

The algorithm for fitting an inverted gamma pdf to two 

estimates (the mode and the 95th percentile point), using an 

iterative method to obtain an approximate solution for the 

parameters, a and B, has been written into a computer pro

gram which is listed in Appendix F. Inputs into the program 

are the 95th percentile point and the mode. The output re

sults from the computer program are the values for the shape 

parameter, the scale parameter, and the 99.9 percentile 

point. The 0 percentile point is located at the origin with 

a zero value, and the 100th percentile point is approximated 

by the 99.9 percentile point. 

A disclaimer is in order for this algorithm. Distribu

tions which are right skewed and have a ratio between the 

modal value and the 95th percentile point value of less than 

1:40 can have approximate solutions using the iterative 

method presented. Left skewed distributions which require a 

shape parameter greater in value than 32 cannot be fitted by 

this algorithm. Symmetrical distributions can be fitted, 

for they require a shape parameter of 24. 

Estimates of MTTF and Time in Phase 

In making estimates for MTTF and time in phase for each 

phase of an n phase life cycle reliability model, the time 

intervals (life cycle phases) in which a system will experi

ence functional and environmental effects must be estimated. 

If estimates for MTTF cannot be estimated directly, as done 

with time in phase estimates, then MTTF estimates must be 

related in some manner to the time in phase estimates. For 

example, a most likely estimate for MTTF can be assumed to 

be ten times the value of the most likely time in a certain 

life cycle phase. This development of the most likely 
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estimate for MTTF in relation to a most likely time in phase 

estimate is useful. It relates an abstract term, MTTF, to a 

concrete term, most likely time in phase. For example, an 

assumed exponential reliability model with a 10:1 ratio 

would provide a point estimate for the system phase 

reliability of R = e'-^^-^^, or .905. 

Having established a general criterion as to the modal 

location of an MTTF estimate, the next characteristic to 

consider is the manner in which data might be dispersed 

about the modal value for MTTF. Time in phase estimates for 

the 5th and 95th percentile points can be estimated when the 

life cycle phase is defined. The 5th and 95th percentile 

points for an MTTF estimate can be defined in relation to 

the MTTF mode. A 5 - 95 percentile range for an MTTF esti

mate might be expressed as the product of a constant times 

the modal value for MTTF and apportioned on either side of 

the MTTF mode according to a given criteria. For example, 

the 5-95 percentile range may have a value that is 1.5 

times the MTTF modal value and be apportioned into three 

parts, one part smaller than the mode and two parts larger 

than the mode. If the MTTF modal value is 10 time units, 

the 5th percentile point will have a value of 5 time units, 

and the 95th percentile point will have a value of 20 time 

units. The question now arises, "By what criteria should 

the 5th and 95th percentile points of an MTTF estimate be 

related to the mode?" 

To address this question, four variation plans were 

arbitrarily developed and analyzed: 

1. The 5-95 percentile range was set to four times 

the modal value and was apportioned into four parts, three 

parts larger than the mode and one smaller than the mode. 

2. The 5-95 percentile range was set to two times the 

modal value and was apportioned in the manner an in varia

tion plan 1. 

3. The 5-95 percentile range was set to equal the 
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modal value and was equally apportioned, smaller and larger 

than the modal value. 

4. The 5-95 percentile range was set equal to the 

modal value and was apportioned into three parts, two parts 

smaller than the mode and one part larger than the mode. 

Graphically, the four variation plans developed are 

shown in Figure 4.8. 

Variation Plan 1 

Variation Plan 2 

Variation Plan 3 

Variation Plan 4 

Mode 

1 1 3 

1 ^ _ 1 

2 L_l 

Figure 4.8: Four Variation Plans for MTTF Estimates 

A study was developed to determine the results of using 

the four variation plans for MTTF estimate distributions. 

Data for the study were as follows: time in phase was esti

mated as 1 time unit (low estimate) and 10 time units (high 

estimate). These estimates were used to describe a uniform 

distribution with a median value of 5.5 time units. The 

median value for the time estimate distribution was used as 

the most likely estimate for time in order to establish a 

magnitude relationship with the MTTF most likely estimate. 

The magnitude ratio of 10:1 was selected arbitrarily for the 

example. In Table 4.4, the assumed time in phase and MTTF 

information are displayed. The MTTF distribution was 

assumed to be a triangle. The triangle and uniform distri

butions were selected due to their simplicity, their ease of 

adaptability and the fact that the qualitative information 

given for this example was not detailed enough to justify 

more complex distributions. 

g\ 
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Table 4.4: Data for Variation Plans 

Assumed MTTF Information 
(Time Units) 

Variation Plan 1 

Variation Plan 2 

Variation Plan 3 

Variation Plan 4 

Low 
Estimate 

10 

15 

27.5 

18 

Most 
Likely 

55 

55 

55 

55 

High 
Estimate 

230 

175 

82.5 

73 

Distribution 
Form 

Triangle 

Triangle 

Triangle 

Triangle 

Assumed Time-in-Phase Information 
(Time Units) 

Low Most High Distribution 
Estimate Likely Estimate Form 

1 — 10 Uniform 

Low estimate = 5th percentile point 
High estimate = 95th percentile point 

Using the reliability function, R(t), for an exponen

tial failure density function, R(t) = e ""̂ Ẑ®, where 9 = MTTF 

and t = time in phase, the phase reliability was generated 

for a sample size of 500 using Latin hypercube sampling 

(LHS) and a SAS program. The results are displayed in 

Figure 4.9. 

An explanation is needed as to why the phase reliabil

ity histograms are different for the four variation plans. 

The explanation is found in the skewness of the variation 

plans. When variation plans 1 and 4 are considered, being 

the most opposite of the four variation plans, skewness 

will play an important role in the reliabilities generated. 

Variation plans 1 and 4 are portrayed graphically in 

Figure 4.10. 
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Frequency 

80 -I 

40 -

0 
Median 

Mean 
.892 
.888 

120 -

.87 .99 

Reliability 

1 
2 
3 
4 

Variation Plan 1 
Variation Plan 2 
Variation Plan 3 
Variation Plan 4 

Median 
Mean 

.905 

.902 

Median 
Mean 

933 
922 

Median 
Mean 

.943 

.929 

Figure 4.9: Phase Reliability Histograms 
for Four Variation Plans 
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04 

MTTF Plan 4 

MTTF Plan 1 

10 18 
time units 

55=mode 
50=median #4 

73 

^/777777^ 
230 

91=median #1 

(Not to scale) 

Figure 4.10: Example of Variation Plan Skewness 

The difference in the density distribution of the two 

triangles, especially the shaded area right of the mode in 

Figure 4.10, will greatly affect the equation R = e~^^^. 

Larger 0 (MTTF) random variates for variation plan 1 will be 

generated than those for plan 4; this will, in turn, gener

ate larger phase reliabilities for variation plan 1. 

The reliability histograms of variation plan 1 will be 

more skewed to the left than the reliability histograms of 

plan 4. In the reliability histograms of variation plan 1, 

the mode will be to the right of the median and have a 

larger value than the median value. In the reliability 

histograms for variation plan 4, the mode will be to the 

left of the median and have a lesser value than the median 

value. (See Figure 4.9.) 

Because life cycle reliability is generated by the pro

duct of n phase reliabilities, the skewness of individual 

phase reliabilities will also make an impact upon the life 

cycle reliability histogram. If other variation plans 

similar to plan 1 are developed, in which the 95th percen

tile point is further increased in value, the most likely 

values of phase and life cycle reliabilities will also 

increase. This means that life cycle reliability results 

can be biased (made more favorable) by simply making larger 

estimates for the 95th percentile point. This reasoning can 

be extended for variation plans in which the 5th percentile 
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point is made smaller, thereby decreasing life cycle 

reliability results. 

In summary, the four variation plans presented in 

Figure 4.8 can be labeled according to their resulting his

tograms displayed in Figure 4.9. 

1. Plan 1 can produce a left skewed reliability 

histogram with a modal value greater than the median. 

2. Plan 2 can produce a left skewed reliability 

histogram, similar to plan 1, even though its range is much 

smaller than plan 1. 

3. Plan 3 can produce a slightly left skewed reliabil

ity histogram with a modal value almost equal to the median. 

4. Plan 4 can produce a right skewed, or slightly left 

skewed reliability histogram. For a left skewed reliability 

histogram, the modal value will be less than the median. 

The question proposed at the first of this section, "By 

what criteria should the 5th and 95th percentile points of 

an MTTF estimate be related to the mode?" can now be 

answered. The selection of the relationship between the 

5-95 percentile range and the mode of the MTTF estimate is 

of primary importance, and must be carefully considered. If 

the 5th and 95th percentile points are determined by the 

apportionment of the variation plan for the MTTF most likely 

estimate (which is related to the time in phase most likely 

estimate), caution must be taken because system reliability 

can be biased by making the variation plan more skewed to 

the right or to the left. A symmetrical variation plan 

should be used if MTTF estimates use a magnitude ratio be

tween the most likely time in phase estimate and the MTTF 

most likely estimate. If MTTF estimates are made directly, 

not using time in phase estimates, this discussion is not 

applicable. Right and left skewed inputs and the resulting 

reliability histograms are exemplified in Figure 4.11. 



Right Skewed Input Data Can Produce 
a Left Skewed Reliability Histogram 

MTTF TIME RELIABILITY 

Left Skewed Input Data Can Produce a 
Right Skewed Reliability Histogram 
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MTTF TIME RELIABILITY 

mode median 

Figure 4.11: Input Data and Reliability Histograms 



CHAPTER V 

MONTE CARLO ANALYSIS 

Objectives 

The objectives of this chapter on Monte Carlo analysis 

are as follows: 

1. To demonstrate the process of developing a Monte 

Carlo analysis of a system life cycle reliability model. 

2. To demonstrate the procedure for inducing depend

ence and develop the underlying logic of using rank 

correlation among the variables of an n phase life cycle 

reliability model. 

3. To demonstrate the impact of negative rank correla

tion on different levels of life cycle MTTF estimates under 

different variation plans for the MTTF estimates. 

4. To analyze the impact of: 

a. The selection of a sample size for a Monte 

Carlo analysis of a system reliability model. 

b. The selection of the seed for the random number 

generator in the LHS program. 

c. The difference between correlated and uncorre

lated data in a life cycle reliability model. 

d. The difference between the triangle and the 

inverted gamma distributions fitted to the same esti

mates of MTTF and time in phase. 

System Life Cycle Reliability Model 

Monte Carlo analysis can be defined as a "thought 

experiment" which is performed to analyze the behavior of a 

system being studied, using Monte Carlo sampling. Monte 

Carlo analysis is used because direct experimentation cannot 

68 
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be performed on a system; it would be too expensive, too 

time consuming, or the system does not exist in reality. 

Monte Carlo analysis of a system is a device for modeling 

and simulating processes (systems) which involve chance var

iables. Monte Carlo analysis depends heavily on existing 

mathematical doctrine. Because analytical models by defin-

tion are not experiments, many simulation practitioners do 

not like to give the name "simulation" to a study that is 

exclusively analytical mathematics. Therefore, the name of 

Monte Carlo analysis is used, and that term will be employed 

throughout this research. Monte Carlo analysis produces 

conclusions directly from a model; whereas, other types of 

simulation generalize from repeated application of the 

model (3). 

In order to demonstrate how a system life cycle relia

bility model is developed, a pulsed power system, in its 

early research and development stage, is used as an example. 

The pulsed power system, which is only one subsystem of an 

entire Strategic Defense Initiative system, will likely be 

space based and subject to an extended dormancy period. A 

scenario of the life cycle for a pulsed power system in a 

space environment, with potential time units, is: launch 

phase (minutes), deployment phase (hours), dormancy phase 

(years), alert phase (hours) and active phase (minutes). 

This relationship is shown in the block diagrams of Figures 

1.2 and 1.3. 

The Monte Carlo analysis model was developed around an 

assumed exponential failure model in which life cycle relia

bility was assumed as a series of phase reliabilities. Data 

supplied to the model for phase reliability were in the form 

of MTTF distribution estimates and corresponding distribu

tion estimates of the time in a life cycle phase. System 

reliability for a life cycle phase is generated, using the 

following equation, after MTTF (M) and time in phase (T) 

random variates have been obtained from a stratified Monte 



70 

Carlo sampling program, called Latin hypercube sampling 

(LHS). Let 

Rjk (Mjk' Tjk) = exp (-Tjî /Mjk) , (5.1) 

where j = sample number (j = l,2,...,m) and k = phase number 

(k = 1, 2, . . . , n) . System life cycle reliability, Rg, is 

generated by equation (5.2). 

n 
n 
k=l 

Rgj = TT Rjk (Mjk. Tjk) , (5.2) 

where Rg- is the product of individual system phase relia

bilities for the jth sample. The system being modeled was 

assumed to be a nonrepairable system; consequently, the 

subjects of maintainability and availability were not con

sidered. 

The LHS program generates random numbers for the Monte 

Carlo analysis model by a mathematical formula with a par

ticular start (seed). The random variates generated are 

pseudo-random, in that using the same random number seed 

will always produce the same list of random variates. This 

means that different plans for MTTF estimates and time in 

phase estimates can be analyzed under identical sets of sim

ulated conditions. 

To obtain a Latin hypercube sample of size 200, the 

range of a variable is divided into exactly 200 intervals. 

Each interval will contain probability 1/200= .005. This 

means that each interval will usually be of a different 

length, depending on the distribution specified. The LHS 

program determines the end points of each interval in order 

to define the intervals. One point from each interval is 

randomly selected with respect to the probability density in 

the interval. The one point selected is the value of the 

random variate. 
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Thought must be given to the sample size to be used in 

a model. The authors of the LHS program recommend a sample 

size that is equal to, or greater than, 4/3 times the num

ber, k, of input variables in a model (20). This is not an 

absolute rule. If the model is inexpensive to run, the sam

ple size could be larger, such as between three and seven 

times k, or a size of 200 (18). The LHS program is capable 

of providing 1,000 samples for each random variate reques

ted. Because there were only ten variables involved in the 

system life cycle reliability model, a sample size of 500 

was arbitrarily selected. This choice of sample size was 

tested against a sample size of 1,000, using numerical 

analysis. The results of the numerical analysis is pre

sented later in this chapter. 

Estimating Dependence 

The assumption of independence among variables in many 

modeling situations may not be appropriate, for dependences 

or correlations do exist among the variables of real-world 

problems. In the study of the life cycle reliability of a 

system, rank correlation is considered for the variables 

involved. 

The LHS program is capable of generating rank correla

ted random variables. Rank correlation does have some 

advantages worth consideration when inducing dependences 

among variables. For instance, the underlying relationship 

between two variables need not be assumed as linear. A 

second advantage is the fact that no assumptions of normal

ity are made concerning the distributions of the two 

variables. Perhaps the greatest advantage in using a rank 

correlation is that rankings can be established when one is 

unable to make numerical measurements (46) . A value of +1 

or -1 for a rank correlation indicates perfect association 

between the two variables—the plus sign occurring for iden

tical rankings and the minus sign occurring for reverse 
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rankings. When the rank correlation is close to zero, it 

can be concluded that the variables are uncorrelated. 

When the rank correlation feature of the LHS is used, 

it is important that the rank correlation structure among 

the variables be specified as accurately as possible if data 

is available. If data is lacking, then estimated pair-wise 

correlations for variables must be entered into the model's 

rank correlation matrix. The variables are listed in a 

correlation matrix where the diagonal elements equal +1.0 

and each off-diagonal element equals some number between 

-1.0 and +1.0. The rank correlation selected for an off-

diagonal element should best describe the dependence between 

the two variables. 

If a modeler requests certain correlation combinations 

which are not mathematically possible, an iterative algo

rithm (POSDEF) is built in the LHS program to adjust the 

matrix to make it positive definite (19). If a correlation 

matrix is positive definite, then all of the eigenvalues are 

positive. 

To assess the effect of possible dependences, negative 

rank correlations were introduced for the dormancy, alert 

and active phases of the pulsed power system life cycle 

reliability model. The launch and deployment phases were 

considered to be independent for this model. The negative 

rank correlations for the model are shown in Figure 5.1 (a). 

The effect of negative rank correlation, as it was used 

in this case, was to produce a tendency to pair large MTTF's 

of a succeeding phase with small times in phase of the pre

ceding phase, and vice versa. Positive rank correlation 

would have produced the tendency to pair large MTTF's of a 

succeeding phase with large times in phase of the preceding 

phase, and vice versa. 

A negative rank correlation of -.99 was assigned be

tween the dormancy and alert phases, the alert and active 

phases, and the dormancy and active phases. The logic for 
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(a) Input "Correlation Matrix" 
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0 
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0 

0 

0 
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0 

0 

0 

0 

0 

0 

0 

0 

1.0 

0 

0 

0 

0 

0 

0 

0 

1.0 

.19 

0 

0 

-.80 

.12 

0 

1.0 

0 

0 

-.67 

-.80 

0 

1.0 

0 

0 

0 

0 

1.0 

0 

0 

0 

1.0 

.19 

0 

1.0 

0 1.0 

8 10 

(b) Actual Correlation Matrix (After Adjustment) 

1 = Launch Phase - MTTF 
2 = Deployment Phase - MTTF 
3 = Dormancy Phase - MTTF 
4 = Alert Phase - MTTF 
5 = Active Phase - MTTF 

6 = Launch Phase - Time 
7 = Deployment Phase - Time 
8 = Dormancy Phase - Time 
9 = Alert Phase - Time 
10 = Active Phase - Time 

Figure 5.1: Input "Correlation Matrix" and 
Actual Correlation Matrix 
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using negative rank correlation for these three phases was: 

1. Dormancy and alert phases—shorter time in dormancy 

may suggest a larger MTTF in alert due to less system dete

rioration. 

2. Alert and active phases—shorter time in alert may 

suggest a larger MTTF in active due to less system deterio

ration. 

3. Dormancy and active phases—shorter time in dorman

cy may suggest a larger MTTF in active due to less system 

deterioration. 

The actual correlation matrix (after adjustment by the 

POSDEF subroutine of the LHS program) for the reliability 

model is displayed in Figure 5.1 (b) . The negative rank 

correlation given to the dormancy, alert and active phases 

was reduced numerically, but the negative ranking was re

tained. Three positive rank correlations were added to the 

actual matrix due to the adjustment of the input correlation 

matrix. Because of the relatively small values of these, 

the positive rank correlations were ignored. 

In order to illustrate induced negative rank correla

tion in a model, the off-diagonal element outlined by a 

rectangle in Figure 5.1 (b) is shown in Figure 5.2. Figure 

5.2 is a plot of the results from an uncorrelated data run 

(0) and a correlated data run (X). It illustrates the dif

ference between no correlation and the -.80 negative rank 

correlation between the MTTF's of the active phase and the 

times in phase for the alert phase. The area enclosed by 

the elliptical form represents 90% of the 500 correlated 

samples. There are twenty-five "outliers" above and below 

the elliptical form. (Refer to Program Fl in Appendix F for 

more information about the plotting of correlated and un

correlated data.) 
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A System Life Cycle Reliability Study 

The objective of this study was to illustrate the 

variation of life cycle reliability due to rank correlation 

among phases and to different variation plans for MTTF 

estimates. A system reliability model using Monte Carlo 

analysis was developed with three factors of interest: rank 

correlation, four variation plans of MTTF estimates, and 

four levels of life cycle reliability. This model required 

two replications of thirteen runs of the LHS program. The 

first set of runs used no rank correlation among phases and 

the second set of runs used negative rank correlation among 

the dormancy, alert and active phases. Each replication 

used the same sample size, the same seed for the random 

number generator to produce the same list of pseudo random 

numbers, the same distribution type for MTTF and the same 

time in phase estimates. In the next section of this chap

ter, sample size, random number seed, and the type of 

distribution used for MTTF and time in phase estimates will 

be discussed more thoroughly. 

A descriptive analysis was performed on the system 

reliability model as well as a numerical analysis. One 

factor of interest is the variation plan for MTTF estimates. 

In Chapter IV, the preparation of estimates for MTTF and 

time in phase was discussed and four variation plans were 

presented. These same four variation plans were used to 

develop the results shown in this chapter. In another 

study, in Chapter VI, two variation plans were used: 

variation plan 3 of Chapter IV became variation plan 1, and 

a new variation plan was defined as variation plan 2. 

Four levels of MTTF's were selected to represent a 

spectrum of life cycle reliabilities. The point estimates 

for the four levels of life cycle reliabilities were .65, 

.75, .90 and .995. The assumed failure information (MTTF) 

and assumed time in phase information used in this study can 

be found in Tables 5.1 and 5.2. The distribution type for 
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MTTF and time in phase estimates was the triangle 

distribution. A uniform distribution was used for the time 

estimates in two phases, deployment and dormancy. The sam

ple size was 500 and the random number seed was -1692990931. 

The negative rank correlation induced among the dormancy, 

alert and active phases in this study is shown in 

Figure 5.1. 

Table 5.1: Assumed Time in Phase for a 
System Reliability Model 

LAUNCH 
(MINS.) 

10 

15 

25 

DEPLOYMENT 
(HRS.) 

12 

— 

72 

DORMANCY 
(YRS.) 

1 

— 

10 

ALERT 
(HRS.) 

1 

12 

24 

ACTIVE 
(MINS.) 

.5 

3.5 

10.0 

Low Estimate 

Most Likely 

High Estimate 

Low Estimate= 5th Percentile Point; Most Likely= Mode; 
High Estimate = 95th Percentile Point 

There were twenty-six runs of the model on four levels 

of system reliability, four variation plans for MTTF esti

mates at system reliabilities of .75, .90 and .995, and two 

replications, one for no rank correlation and the other for 

negative rank correlation. Histograms and other descriptive 

statistics were generated for each phase and life cycle re

liability. A typical example of the histograms developed is 

illustrated in Figure 5.3. This example represents the re

liabilities generated for a system life cycle reliability of 

about .65, using no rank correlation and variation plan 1. 

The SAS programs that generated the histograms and other 

descriptive statistics can be found in Appendix F (38, 39). 
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Table 5.2 Assumed MTTF Information 

EST 

P 
M 
0 

P 
M 
0 

P 
M 
0 

P 
M 
O 

P 
M 
0 

P 
M 
0 

P 
M 
0 

P 
M 
0 

P 
M 
0 

P 
M 
0 

P 
M 
0 

P 
M 
0 

P 
M 
0 

JAN 

1 • 
1 
1 

1 
1 
1 

1 
1 
1 

1 
1 
1 

2 
2 
2 

2 
2 
2 

2 
2 
2 

3 
3 
3 

3 
3 
3 

3 
3 
3 

4 
4 
4 

4 
4 
4 

4 
4 
4 

LEVEL 

.65 

.65 

.65 

.75 

.75 

.75 

.90 

.90 

.90 

.995 

.995 

.995 

.75 

.75 

.75 

.90 

.90 

.90 

.995 

.995 

.995 

.75 

.75 

.75 

.90 

.90 

.90 

.995 

.995 

.995 

.75 

.75 

.75 

.90 

.90 

.90 

.995 

.995 

.995 

LAUNCH 
(MINS.) 

500 
1000 
2500 

3000 
6000 

15000 

5500 
11000 
27500 

7500 
15000 
37500 

5500 
6000 
7500 

10500 
11000 
12500 

14500 
15000 
16500 

3000 
6000 
9000 

5500 
11000 
16500 

7500 
15000 
22500 

2000 
6000 
8000 

3700 
11000 
14700 

5000 
15000 
20000 

DEPLOYMENT 
(HRS.) 

500 
1500 
4500 

5000 
15000 
45000 

9500 
28500 
85600 

14000 
42000 
126000 

14000 
15000 
18000 

27500 
28500 
31500 

41000 
42000 
45000 

7500 
15000 
22500 

14250 
28500 
42750 

21000 
42000 
63000 

5000 
15000 
20000 

9500 
28500 
38000 

14000 
42000 
56000 

DORMANCY 
(YRS.) 

10 
40 

170 

10 
55 

230 

10 
150 
610 

10 
5500 
22000 

15 
55 
175 

110 
150 
270 

5460 
5500 
5620 

27.5 
55 

82.5 

75 
150 
225 

2750 
5500 
8250 

18 
55 
73 

50 
150 
200 

1830 
5500 
7330 

ALERT 
(HRS.) 

75 
300 
975 

1050 
4200 

13650 

2000 
8100 

26300 

3000 
12000 
39000 

3975 
4200 
4875 

7875 
8100 
8775 

11775 
12000 
12675 

2100 
4200 
6300 

4050 
8100 
12150 

6000 
12000 
18000 

1400 
4200 
5600 

2700 
8100 
10800 

4000 
12000 
16000 

ACTIVE 
(MINS.) 

2 
10 
42 

2 
20 
82 

2 
60 

242 

2 
3500 
14000 

10 
20 
50 

50-
60 
90 

3490 
3500 
3530 

10 
20 
30 

30 
60 
90 

1750 
3500 
5250 

7 
20 
27 

20 
60 
80 

1170 
3500 
4670 

EST. = Estimate; P = Pes.simistic (5th percentile point) ; 
M= Most Likely (Mode); 0 =Optimistic (95th percentile point) 
PLAN = Variation Plan; LEVEL=System Life Cycle Reliability 
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.964 .984 1 

DEPLOYMENT 

Freq. 

60 .80 

DORMANCY 

80 

60 

40 

20 

• 

m F" 

"UL 

i ' ' - ' . .a 
.96 1 

Freq 
80 r 

85 1 .40 .65 

LIFE CYCLE 

Figure 5.3: Individual Phase and Life Cycle Reliability 
Histograms for Variation Plan 1, Level 1 
(No Rank Correlation, Sample Size = 500) 
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Interpretations of the results shown in Figure 5.4 and 

Table 5.3 are: 

1. By using correlated data, system reliabilities have 

a greater 5-95 percentile range than results using uncorre

lated data (Table 5.3). Negative rank correlation does have 

the tendency to generate larger dispersions of data than 

uncorrelated data (Figure 5.4). By using negative rank 

correlation more extreme reliabilities are generated, both 

large and small, which are displayed as increased dispersion 

in the reliability histograms. 

2. Right skewed (uncorrelated) input data for MTTF and 

time in phase (variation plan 1) produced a left skewed re

liability histogram, i.e., a tendency to generate larger 

reliabilities and a reliability mode greater than the medi

an. When correlated data are used, the left skewness of a 

reliability histogram is made greater, and a greater differ

ence between mode and median exists (Table 5.3). 

3. Left skewed (uncorrelated) data for MTTF and time 

in phase (variation plan 4) produced a right skewed relia

bility histogram, i.e., a tendency to smaller reliabilities 

and a reliability mode less than the median. When correla

ted data are used, a greater difference between the mode and 

median exists (Table 5.3). 

4. Skewness of the input data affects the reliability 

histograms much less for variation plans 2 and 3. 

5. As the level of system reliability increased, the 

magnitude of the MTTF mode estimate to the time in phase 

mode estimate increased greatly. For example, the magnitude 

between MTTF and time in phase mode estimates in the alert 

phase starts at 25:1 in Table 5.2, variation plan 1, 

(Rg = .65) , 350:1 (Rg = .75) , 675:1 (Rg = .95) , and 1,000:1 

(Kg = .995). It is apparent that as the MTTF's are increased 

from level 1 to level 4, the reliability increases, but it 

takes very large increases in MTTF's to produce relatively 

small increases in reliability. The increases for MTTF mode 



81 
Frequency 

100 

90 -

80 -

70 

60 

50 

40 

30 

20 

10 

Variation Plan 3 
Level 2 
Sample Size = 500 

Uncorrelated 

.80 1.0 
Reliability 

Correlated 

Figure 5.4: Life Cycle Reliability Histogram 
of Difference Between Negative Rank 
Correlation and No Rank Correlation 

estimates range from the 10's of time units to the 1,000's 

of time units. 

6. As the levels of the system's reliability are 

raised from level 2 to level 4 in Table 5.3, the four varia

tion plans lose their uniqueness. It can be concluded at 
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Table 5.3: Mode, Median and Range for Simulated 

Life Cycle Reliabilities 

No Rank Correlation Negative Rank Correlation 

Plan 1 

level 

level 

level 

level 

Plan 2 

level 

level 

level 

level 

Plan 3 

level 

level 

level 

level 

1 

2 

3 

4 

1 

2 

3 

4 

1 

2 

3 

4 

Mode 

.675 

.825 

.948 

.996 

.675 

.760 

.896 

.995 

.675 

.720 

.896 

.994 

Median 

.640 

.801 

.922 

.996 

.640 

.766 

.899 

.995 

.640 

.707 

.886 

.994 

Range* 

.472 

.360 

.175 

.005 

.472 

.283 

.101 

.003 

.472 

.287 

.124 

.004 

Mode 

.700 

.880 

.948 

.996 

.700 

.760 

.896 

.995 

.700 

.660 

.915 

.995 

Median 

.650 

.805 

.924 

.996 

.650 

.767 

.900 

.995 

.650 

.712 

.887 

.994 

Range* 

.529 

.403 

.193 

.007 

.529 

.317 

.110 

.003 

.529 

.314 

.137 

.005 

Plan 4 

level 1 

level 2 

level 3 

level 4 

.675 

.640 

.870 

.993 

.640 

.677 

.871 

.993 

.472 

.328 

.150 

.005 

.700 

.640 

.896 

.995 

.650 

.682 

.874 

.994 

.529 

.360 

.169 

.006 

*Range is defined as the difference between 
the 5th and 95th percentile points. 

Plan = MTTF Variation Plan 
level = System Life Cycle Reliability 
level 1 = .65, level 2 = .75, level 3 = .90 and level 4 = .995 
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the lower system reliability level that variation plans for 

MTTF estimates can have an impact, but at the highest system 

reliability level, the difference in variation plans for 

MTTF estimates does not matter as much. This is due to the 

magnitude of the MTTF estimates compared to the size of the 

time in phase estimates. 

7. That which is stated about variation plans for MTTF 

estimates in item 6 also applies to the use of correlated 

data. As the relative magnitude of MTTF estimates increas

es, the impact of correlated data decreases. 

Data Analysis 

In the preceding section, a descriptive analysis among 

the three factors of interest was performed. In this 

section, a numerical analysis will be described, concerning 

the following elements: sample size, random number seed, 

rank correlation, and distribution type. The test that was 

used was the Smirnov test, which helps the modeler to deter

mine whether two possibly different populations have 

identical distribution functions, or not. A set of random 

samples was drawn for each population and the empirical dis

tributions of both samples were tested using the Smirnov 

test statistic. The test statistic used was the greatest 

vertical distance between the cumulative density functions 

of the two empirical distributions, described mathematically 

as: 

T = Sup 
X 

Si(x) - S2.(x) (5.3) 

where Si(x) is the unknown distribution function of the 

first empirical distribution, and S2(x) is the unknown 

distribution function of the second empirical distribution. 

An example of the Smirnov test statistic is shown in Figure 

5.5. A computer program has been developed which helps to 

generate the calculated test statistics and the cumulative 
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Fraction 
Cumulative 
Frequency 

1.0 

8 -

6 -

2 • 

0 

T- = -.122 

i 

m 

T+ = Difference of Si - S2 H ' provided Si^ S2 

T- = Difference of S2 - Si ̂  , provided S2^Si 

Figure 5.5: Example of Smirnov Test Statistic, T, 
where T = max (T+, T-) 
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density functions for the two empirical distributions being 

considered. This program can be found in Appendix H. 

The criteria for the hypothesis testing were: 

1. HQ : Si = S2 Unknown distribution functions Si and 

S2 are equal for all life cycle reliabilities from zero to 

one. 

2. Hi: Si ?̂  S2 Unknown distribution functions Si and 

S2 are not equal for all life cycle reliabilities from zero 

to one, and are not from identical populations. 

3. The null hypothesis, HQ, using a ,05 level of sig

nificance, is rejected if the calculated statistic exceeds 

the .95 quantile of the Smirnov test statistic, which is 

1.73/VN"for equal sample sizes and 1.22V(Ni +N2) / (Ni) (N2) 

for unequal sample sizes. 

The following is a summary of nine tests performed to 

assess sample size, random number seed, distribution type, 

and rank correlations used in the system life cycle relia

bility study. 

Test 1: Equality due to sample size—a sample of 500 

compared to a sample size of 1,000, same triangle distribu

tion and same seed. The null hypothesis was accepted at the 

.05 significance level. Conclusion—There is no difference 

due to sample size (500 and 1,000 samples). 

Test 2: Equality due to random number seeds--two sam

ples of 500 compared, same triangle distribution, but two 

different seeds (-1692990931, -1336707498). The null 

hypothesis was accepted at the .05 significance level. Con

clusion—There is no difference due to random number seeds 

(500 samples). 

Test 3: Equality due to another set of random number 

seeds—two samples of 500 compared, same triangle distribu

tion, but another set of seeds (-1758342496, -1095490185). 

The null hypothesis was accepted at the .05 significance 

level. Conclusion—There is no difference due to another 

set of random number seeds (500 samples). 
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Test 4: Equality due to random number seeds—two 

samples of 1,000 compared, same triangle distribution, but 

two different seeds (-1692990931, -1336707498). The null 

hypothesis was accepted at the .05 significance level. 

Conclusion—There is no difference due to random number 

seeds (1,000 samples). 

Test 5: Equality due to sample size and random number 

seeds—a sample of 500 compared to a sample size of 1,000, 

same triangle distribution, but two different seeds 

(-1336707498, -1692990931). The null hypothesis was accep

ted at the .05 significance level. Conclusion—There is no 

difference due to random number seeds and sample size dif

ferences. 

Test 6: Equality due to negative rank correlation—two 

samples of 500, same triangle distribution and same seed, 

but one sample used -.99 negative rank correlation and the 

other sample used no rank correlation. The null hypothesis 

was accepted at the .05 significance level. Conclusion— 

There is no difference due to rank correlation (triangle 

distribution). 

Test 7: Equality due to negative rank correlation—two 

samples of 500, same inverted gamma distribution and same 

seed, but one sample used -.99 negative rank correlation and 

the other sample used no rank correlation. The null hypoth

esis was accepted at the .05 significance level. 

Conclusion—There is no difference due to rank correlation 

(inverted gamma distribution). 

Test 8: Equality due to distribution type--two samples 

of 500, a triangle and an inverted gamma distribution from 

the same MTTF estimates, same seed, both samples used no 

rank correlation. The null hypothesis was rejected at the 

.05 significance level. Conclusion—There is a difference 

due to distribution type (triangle and inverted gamma). 

Test 9: Equality due to distribution type—two samples 

of 500, a triangle and an inverted gamma distribution from 
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the same MTTF estimates, same seed, and both samples used a 

-.99 negative rank correlation. The null hypothesis was 

rejected at the .05 significance level. Conclusion--There 

is a difference due to distribution type (triangle and 

inverted gamma). A test is shown graphically in Figure 5.5. 

In summary, sample size, random number seed and nega

tive rank correlation among three life cycle phases may 

influence the estimate distributions, but the distributions 

using these three elements are considered to be of similar 

populations. Triangle and inverted gamma distributions were 

tested, individually, as to equality, using uncorrelated and 

correlated data sets, and the conclusion reached was that 

distribution type does not affect uncorrelated or correlated 

data sets. The triangle and the inverted gamma distribu

tions, fitted to the same estimates, are not identical in 

producing reliability data sets, either using correlated or 

uncorrelated data. 

All of the tests used the life cycle reliabilities 

generated for all four levels of system reliability. The 

random number seeds were -1692990931, -1336707498, 

-1758342496 and -1095490185. The last nine digits for each 

seed were randomly selected from a table of a million ran

dom numbers published by the Rand Corporation in 1955 (2). 

The minus sign and the ten digits for a random seed take 

advantage of the length (number of digits) used in the code 

of the LHS program, which is a file on the VAX 11/780 

computer. 



CHAPTER VI 

LIFE CYCLE RELIABILITY MODELING 

OF PULSED POWER SYSTEM 

Objectives 

The main objectives of this chapter are as follows: 

1. To present life cycle reliability modeling and a 

modeling procedure to be used in the early design stages for 

new technology system/subsystems when only qualitative 

information is available. 

2. To demonstrate the application of the modeling 

procedure to a generic space based pulsed power system 

involved in Strategic Defense Initiative (SDI). 

Pulsed Power System Reliability Modeling 

The basic idea for this research, to investigate life 

cycle reliability modeling, grew out of a need to design and 

develop reliability concepts and strategies for the pulsed 

power system in its early development. The mission goal of 

this system has been described in general, but a design has 

not yet been specified. Regardless of the pulsed power sys

tem's final configuration, high reliability is a major goal 

for the system. Quantitative data to begin the process 

of designing and developing reliability strategies is 

minute. In order to overcome the lack of quantitative data, 

which will not be available until latter stages of the 

research and development, Monte Carlo analysis at the system 

level was selected as the method for performing sensitivity 

analyses. The system's life cycle has definable phases in 

which the system might experience unusual functional and 

environmental conditions. The ability to model qualitative 
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information in a simple straight-forward manner is a 

necessity. 

There are interesting challenges to consider in the 

development of a reliable pulsed power system to drive 

defensive weapon loads. Depending on the type of defensive 

weapon, e.g., railgun, laser, etc., requirements will vary 

greatly for each type investigated. In Figure 6.1 the func

tional elements of a pulsed power system are illustrated in 

a general block diagram. 

PRIME 
PCWER 

ENERGY 
STORAGE 

ENERGY 
CONDITICNING 

• ^ 

ENER3Y 
TRANSMISSION 

ENERGY 
RECOVERY 

ENERGY 
SWITCHING 

DEFENSIVE 
WEAPON 
LOAD 

Figure 6.1: Functional Elements of a Pulsed Power System 

It is likely that potential SDI systems will be partly 

space based and subject to an extended dormancy period. A 

portion of the life cycle for SDI systems in a space envi

ronment is portrayed in Figure 6.2, with potential time 

units. 

LAUNCH DEPLOYMENT DORMANCY > ALERT ACTIVE 

Minutes Hours Years Hours Minutes 

Figure 6.2: Life Cycle Phases for the SDI 
in a Space Environment 
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Because high reliability is a major goal for SDI 

pulsed power equipment, the abilities to aid in establishing 

reliability goals and to demonstrate the need for intensive 

reliability assurance efforts are essential. The Monte 

Carlo analysis model used in this research was developed 

around an exponential failure model. Inputs to the model 

are in the form of mean time to failure (MTTF) distribution 

estimates and corresponding distribution estimates of the 

time in a life cycle phase. System reliability for a life 

cycle phase was calculated using equation (6.1). 

Rjk Ojk, Tjk) = exp (-Tjk/Ojk) / (6.1) 

where k is the phase number, j is the sample number, T is 

time in phase and 0 is MTTF. The life cycle reliability 

(system level) was calculated using equation (6.2). 

n , 
Rg. = TT Rjk (©jk^ Tjk) , (6.2) 

-• k = l 

where Ro• is the product of individual phase reliabilities. 

Estimates for MTTF for each phase in a five phase life 

cycle reliability model were developed in the following 

manner: 

1. Pessimistic time—the least amount of time which 

would be encountered under a specified set of conditions. 

There is a small probability that a time smaller than this 

estimate will be encountered, e.g., .05 probability, for a 

5 percentile pessimistic estimates. 

2. Most likely time—the time which would be encoun

tered more often than any other, i.e., the mode. 

3. Optimistic time--the greatest amount of time which 

would be encountered. There is a small probability that a 

time larger than this estimate will be encountered, e.g., 

.05 probability, for a 95 percentile optimistic estimate. 

These relationships are shown graphically in Figure 6.3. 
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Probability 
Density 

(5th percentile) 

\ MTTF 

(Mode) (95th percentile) 

Figure 6.3: Conceptual System of Three MTTF Estimates 

Time in phase estimates used in this study are dis

played in Table 6.1. These estimates are a low time 

estimate, a high time estimate, and a most likely time 

estimate. The most likely time estimate will be considered 

the mode of an estimate distribution, and the difference 

between the low and high time estimates will be considered 

as the difference between the 5th and 95th percentile time 

estimates. 

Table 6.1: Time in Phase Estimates 

Low Estimate Most Likely 

Launch (Minutes) 

Deployment (Hours) 

Dormancy (Years) 

Alert (Hours) 

Active (Minutes) 

10.0 

12.0 

1.0 

1.0 

.5 

15.0 

12.0 

3.5 

High Estimate 

25.0 

72.0 

10.0 

24.0 

10.0 

Modeling estimates for phase MTTF can be more readily 

understood if they are related in some manner to the time in 

phase estimate. In order to develop a reliability strategy 

for the pulsed power system, the ratio of MTTF and time in 

phase is used to denote an order of magnitude difference 

between the MTTF mode estimate and time in phase mode esti

mate, i.e., 1, 10, 100, 1,000, and 10,000. These magnitudes 

can be translated into analytical phase reliabilities of 
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.37, .90, .99, .999 and .9999, and system life cycle 

reliabilities of .007, .61, .95, .995, and .9995, using a 

five phase exponential model of a series system, e.g., 

Rg = (.37) = .007. This is graphed in Figure 6.4. 

1.00 r 

Reliability 

.50 

0 

Ratio = MTTF/time in phase 

phase life cycle 

Figure 6.4: Phase and Life Cycle Reliabilities 
for a Pulsed Power System 

From a point estimate standpoint, the life cycle relia

bility model indicates that an MTTF on the order of 100 

times the expected time required in each phase will be 

needed to yield a pulsed power system life cycle reliability 

in the 95% range. Under the same conditions, in order to 

yield a reliability of about 99% over the same life cycle, a 

factor of about 1,000 will be required, and a factor of 

about 10,000 will be required for a reliability of about 

99.9%. All three estimates assume no maintenance or restor

ation of the system of any type. The results suggest that 

if one is designing for a 95% life cycle reliability, then 

design MTTF goals should be about 1,500 minutes for the 

launch phase, 4,200 hours for deployment, 550 years for dor

mancy, 1,200 hours for alert and 350 minutes for the active 

phase, considering the stated most likely time in phase 
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durations and modeling assumptions. The estimates of 4,200 

hours for deployment and 550 years for dormancy are median 

values, not most likely values. The estimated MTTF goals 

would have to be raised by a factor of about 10 to obtain 

life cycle reliability of about 99%, and a factor of about 

100 for a reliability of about 99.9%. It should be noted 

that these goals pertain only to the pulsed power system, 

and do not consider the entire SDI system, of which the 

pulsed power system is only one subsystem. 

Having established point estimates of reliability for a 

pulsed power system, there are questions that remain unan

swered, such as influence of variance on the MTTF and time 

in phase estimates, and the influence of possible dependence 

among life cycle phases. A Monte Carlo analysis of the life 

cycle reliability model can help to address these questions. 

This approach suggests a sequence of steps to follow: 

1. Develop distribution estimates for MTTF and time in 

phase for each phase in the system's life cycle. 

2. Use computerized algorithms to fit time in phase 

and MTTF estimates to distributions, such as the uniform, 

triangle and inverted gamma. 

3. Estimate dependence among life cycle phases so that 

by using rank correlated and uncorrelated data in the model, 

the assumption as to dependence can be evaluated. 

4. Develop distribution specifications and estimated 

rank correlation specifications so that random variates can 

be generated for the life cyle phases. (A Latin hypercube 

sampling program was used to generate random variates.) 

5. Generate phase and life cycle reliabilities for 

each system reliability level. Develop descriptive statis

tics and histograms for reliabilities. (The Statistical 

Analysis System program (SAS) was used.) 

6. Perform data analysis on the data supplied to the 

computer model and the predictions made by the model. 

7. Interpret the results. 
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Starting with sequence step 1, having established a 

criterion regarding the modal location of an MTTF estimate, 

the next characteristic to consider is the manner in which 

data might be dispersed about the modal value of MTTF. The 

5-95 percentile range can be defined in relation to the 

MTTF mode. For example, the 5-95 percentile range can have 

a value that is 1.5 times the MTTF modal value and be appor

tioned into three parts, one part smaller than the mode and 

two parts greater than the mode. To clarify, if the MTTF 

modal value is 10 time units, the 5th percentile point will 

have a value of 5 time units, and the 95th percentile point 

will have a value of 20 time units. 

Two variation plans for relating the 5th and 95th per

centile points to the modal value of an MTTF estimate are: 

1. The 5-95 percentile range equals the modal value 

and is equally apportioned smaller and larger than the mode. 

2. The 5-95 percentile range is one and a half times 

the modal value and is apportioned into three parts, one 

part smaller than the mode and two parts larger than the 

mode. 

Another aspect to be considered when developing the 

variation plans for the 5th and 95th percentile points is 

the skewness of the variation plans. For example, consider 

the two triangle distributions for variation plans 1 and 2, 

as portrayed in Figure 6.5. 

The difference in the distribution of areas between the 

two triangles is shaded. This difference will have an 

impact on the phase reliability results of equation (6.1). 

A higher frequency of large MTTF random variates will be 

generated for variation plan 2 than for variation plan 1. 

If other variation plans similar to variation plan 2 are 

developed, in which the 95th percentile point is further 

increased in value, this tendency will be even more pronoun

ced. This will in turn generate higher most likely values 

\ 
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Variation Plan #1 

Variation Plan #2 

Figure 6.5: Example of Variation Plan 
Skewness 

of system phase and life cycle reliabilities. The net 

result is that system reliability results can be biased by 

simply assuming larger estimates for the 95th percentile 

point. This reasoning can be extended for variation plans 

in which the 5th percentile point is made smaller in value, 

thereby decreasing system reliability estimates. 

The two variation plans for relating the 5th and 95th 

percentile points to the mode MTTF estimate are displayed in 

Tables 6.2 and 6.3, using five levels of phase MTTF esti

mates, as presented in Figure 6.4. Computerized fitting 

algorithms were developed in this research to provide the 

distribution specifications required for input into the 

Latin hypercube sampling program. This development was 

necessary because most fitting algorithms use estimates of 

the mean, median and other percentile points to develop 

distribution information, as opposed to using the mode and a 

5-95 percentile range defined in terms of the mode. 

There are three distributions to which estimates of 

MTTF and time in phase can be fitted using these algorithms: 

uniform, triangle and inverted gamma. The triangle and 

uniform distributions were used in this study due to the 

fact that insufficient data was available to justify more 

complex distributions. 

The next sequential step to consider is estimating the 

dependence among the life cycle phases of the study. The 

tfv 
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TYPE 

5% 
Mode 
95% 

5% 
Mode 
95% 

5% 
Mode 
95% 

5% 
Mode 
95% 

5% 
Mode 
95% 

Level 

Table 

LEVEL 

1 
1 
1 

2 
2 
2 

3 
3 
3 

4 
4 
4 

5 
5 
5 

1 = 1 

6.2: MTTF 

i LAUNCH 
(MINS.) 

7.5 
15 

22.5 

75 
150 
225 

750 
1500 
2250 

7500 
15000 
22500 

75000 
150000 
225000 

Level 2 = 10 

Estimates Using Variation Plan 

DEPLOYMENT 
(HRS.) 

21 
42 
63 

210 
420 
630 

2100 
4200 
6300 

21000 
42000 
63000 

210000 
420000 
630000 

Level 3 = 102 

DORMANCY 
(YRS.) 

2.8 
5.5 
8.3 

27.5 
55 
83 

275 
550 
830 

2750 
5500 
8300 

27500 
55000 
83000 

Level 4= 

ALERT 
(HRS.) 

6 
12 
18 

60 
120 
180 

600 
1200 
1800 

6000 
12000 
18000 

60000 
120000 
180000 

1 

ACTIVE 
(MINS.) 

1.8 
3.5 
5.3 

17.5 
35 
53 

175 
350 
530 

1750 
3500 
5300 

17500 
35000 
53000 

103 Level 5 = 10̂ ^ 

Table 6.3: MTTF Estimates Using Variation Plan 2 

TYPE 

5% 
Mode 
95% 

5% 
Mode 
95% 

5%̂  
Mocie* 
95% 

5% 
Mode 
95% 

5% 
Mode 
95% 

Level 

LEVEL 

1 
1 
1 

2 
2 
2 

3 
3 
3 

4 
4 
4 

5 
5 
5 

1 = 1 

LAUNCH 
(MINS.) 

7.5 
15 
30 

75 
150 
300 

750 
1500 
3000 

7500 
15000 
30000 

75000 
150000 
300000 

Level 2 = 10 

DEPLOYMENT 
(HRS.) 

21 
42 
84 

210 
420 
840 

2100 
4200 
8400 

21000 
42000 
84000 

210000 
420000 
840000 

Level 3 = 102 

DORMANCY 
(YRS.) 

2.8 
5.5 
11 

27.5 
55 

110 

275 
550 
1100 

2750 
5500 

• 11000 

27500 
55000 

110000 

Level 4= 

ALERT 
(HRS.) 

6 
12 
24 

60 
120 
240 

600 
1200 
2400 

6000 
12000 
24000 

60000 
120000 
240000 

ACTIVE 
(MINS.) 

1.8 
3.5 

7 

17.5 
35 
70 

175 
350 
700 

1750 
3500 
7000 

17500 
35000 
70000 

aO^ Level 5 = 10"̂  
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assumption of independence among variables in many modeling 

situations may not be appropriate, for dependences or corre

lations may exist among the variables of actual problems. 

The Latin hypercube sampling program has a rank correlation 

feature, in which estimated pair-wise correlations for vari

ables can be entered into a model rank correlation matrix. 

The variables are listed in a correlation matrix where the 

diagonal elements equal +1.0, and each off-diagonal element 

may have a correlation specified between -1.0 and +1.0. The 

rank correlation selected for an off-diagonal element should 

best describe the dependence between two variables. If a 

modeler requests certain correlation combinations which are 

not mathematically possible, an iterative algorithm is built 

into the Latin hypercube sampling program to adjust the 

correlation matrix to make it positive definite. 

Negative rank correlations were planned for the dorman

cy, alert and active phases of the pulsed power system life 

cycle study. The launch and deployment phases were consid

ered to be independent for this reliability study. The neg

ative rank correlations requested for the model are shown in 

Figure 6.6. The effect of negative rank correlation is to 

produce a tendency to pair large MTTF's of a succeeding 

phase with small times in phase of the preceding phase, and 

vice versa. Positive rank correlation would produce the 

tendency to pair large MTTF's of a succeeding phase with 

large times in phase of the preceding phase, and vice versa. 

A negative rank correlation of -.99 was assigned be

tween the dormancy and alert phases, the alert and active 

phases, and the dormancy and active phases. The logic for 

using negative rank correlation for the three off-diagonal 

elements was: 

1. Dormancy and alert phases—shorter time in dormancy 

may suggest a larger MTTF in alert due to less system dete

rioration. 

2. Alert and active phases—shorter time in alert may 
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1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

1 . 0 

0 

0 

0 

0 

0 

0 

0 

0 

0 
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0 
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0 

0 
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0 1 . 0 
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(a) Input "Correlation Matrix" 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

1.0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1.0 

0 

0 

0 

0 

0 

0 

0 

0 

1.0 

0 

0 

0 

0 

0 

0 

0 

1.0 

.19 

0 

0 

-.80 

.12 

0 

1.0 

0 

0 

-.67 

-.80 

0 

1.0 

0 

0 

0 

0 

1.0 

0 

0 

0 

1.0 

.19 

0 

1.0 

0 1.0 

7 8 10 

(b) Actual Correlation Matrix (After Adjustment) 

1 = Launch Phase - MTTF 
2 = Deployment Phase - MTTF 
3 = Dormancy Phase - MTTF 
4 = Alert Phase - MTTF 
5 = Active Phase - MTTF 

6 = Launch Phase - Time 
7 = Deployment Phase - Time 
8 = Dormancy Phase - Time 
9 = Alert Phase - Time 
10 = Active Phase - Time 

Figure 6.6: Estimated Dependence Between Dormancy, 
Alert and Active Phases 
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suggest a larger MTTF in active due to less system 

deterioration. 

3. Dormancy and active phases—shorter time in dorman

cy may suggest a larger MTTF in active due to less system 

deterioration. 

Other MTTF's and times in individual phases were considered 

as independent variables and were, by default, given a zero 

rank correlation. 

The actual correlation matrix (after adjustment) for 

the reliability model is displayed in Figure 6.6. The 

negative rank correlation given to the dormancy, alert and 

active phases was reduced numerically, but the negative 

ranking was retained. Three positive rank correlations were 

added to the actual matrix due to the adjustment of the 

input correlation matrix. The values of the positive rank 

correlation are relatively small; therefore, the positive 

rankings of MTTF's and times in phase in the dormancy, alert 

and active phases were ignored. 

The development of distribution specifications for the 

Latin hypercube sampling program is the next item for con

sideration. The computerized fitting algorithms were used 

to fit the data of Tables 6.1, 6.2 and 6.3 to triangle 

distributions. The times in phase for the deployment and 

dormancy phases were fitted to a uniform distribution for 

the lack of a most likely value. The 0 and 100th percentile 

points were obtained for each type of distribution from 

techniques developed in the research project. The distribu

tion specifications required by the Latin hypercube sampling 

program are the distribution type, 0 percentile point, mode 

and 100th percentile point. In Table 6.4, the input speci

fications that resulted in a system reliability of about .95 

(level 3, variation plan 1) are listed. 

The output of the Latin hypercube sampling program is 

composed of a listing of input specifications for the 
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Table 6.4: Distribution Input Data for MTTF and 
Time in Phase (Level 3, Plan 1) 

PHASE 
TIME-UNIT i 

LAUNCH 

(MINUTES) 

DEPLOYMENT 

(HOURS) 

DORMANCY 

(YEARS) 

ALERT 

(HOURS) 

ACTIVE 

(MINUTES) 

'ARAMETER 

MTTF 

TIME 

MTTF 

TIME 

MTTF 

TIME 

MTTF 

TIME 

MTTF 

TIME 

DISTRIBUTION 

TRIANGLE 

TRIANGLE 

TRIANGLE 

UNIFORM 

TRIANGLE 

UNIFORM 

TRIANGLE 

TRIANGLE 

TRIANGLE 

TRIANGLE 

0% PT. 

403.0 

7.1 

1129.0 

8.7 

149.0 

0.5 

323.0 

0 

95.0 

0 

MODE 

1500.0 

15.0 

4200.0 

550.0 

1200.0 

12.0 

350.0 

3.5 

100% PT. 

2597.0 

28.9 

7271.0 

75.3 

958.0 

10.5 

2077.0 

29.4 

610.0 

12.5 

reliability model, the input correlation matrix and the 

adjusted correlation matrix, a list of the random variates 

for each distribution, a list of the ranking between random 

variates, and histograms of the random variates for each 

input distribution. The random variate data were placed 

into an external file for the Statistical Analysis System 

program, which was used to generate the phase and life cycle 

reliabilities of equations (6.1) and (6.2). Histograms and 

descriptive statistics were generated for each phase and the 

life cycle: variation plan 1, with and without correlation, 

and variation plan 2, with and without correlation, for the 

five levels of system reliability. 

The results from the computer study constituted data to 

begin answering the questions regarding the influence of 

variance on the MTTF and time in phase estimates, and the 

influence of possible dependence among the life cycle 

phases. In Figure 6.7, Monte Carlo analyses of active phase 

and system life cycle reliabilities, using variation plan 1 

for MTTF estimates and uncorrelated data, are presented for 
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1.00 

Reliability 

1 10 102 io3 io4 

Ratio = MTTF/time in phase 

most likely percentile line 

(a) Active Phase Reliability 

1.00 

Reliability 

1 10 10^ 10-̂  10^ 

Ratio = MTTF/time in phase 

most likely percentile line 

(b) System Life Cycle Reliability 

Figure 6.7: Active Phase and System 
Life Cycle Reliability 
Variation Plan 1 - Uncorrelated 

^r\ 
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five levels of reliability. It should be noted that each 

life cycle phase produced a curve very similar to that shown 

in Figure 6.7 (a) due to the order of the magnitude ratio 

(MTTF/time in phase) structure for each phase. Each system 

life cycle, whether correlated or not, produced a curve very 

similar to one shown in Figure 6.7 (b), using both variation 

plans. In Figures 6.8 through 6.12, graphical representa

tions of the descriptive statistics for the system point 

estimate, variation plans 1 and 2 (with and without correla

ted data), are given for the system reliabilities of about 

.007, .61, .95, .995 and .9995. Tables 6.5 through 6.9 pre

sent selected descriptive statistics for each histogram in 

Figures 6.8 through 6.12. 

Interpretations of the results shown in Figures 6.8 

through 6.12 are: 

1. Figure 6.7 is the key summary figure in this study. 

Results suggest that obtaining high SDI pulsed power relia

bility, assuming no corrective or preventive maintenance, 

will be a challenge. To assure a 95% or better pulsed power 

life cycle reliability over all five life cycle phases, the 

model results suggest that designed in MTTF's will need to 

exceed a 10^ ratio of MTTF to most likely time in phase. 

The modeled results suggest that the ratio will need to be 

near 10^ to assure 99.9% pulsed power life cycle reliabil

ity. 

2. The modeled results suggest that the pulsed power 

life cycle reliability will be fairly insensitive to the 

amount of variation in MTTF and time in phase in both the 

very low and the very high reliability regions. In the 

midrange region of about 20% to 80%, a high degree of sensi

tivity to MTTF variability can be expected. This is clearly 

shown in Figure 6.7 (b) by the 5% and 95% observed percen

tile bands, as well as in the dispersion shown in the 

histograms of Figures 6.8 through 6.12. 
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Reliability 

1 System Point Estimate© 
2 Variation Plan 1 
3 Variation Plan 1 
4 Variation Plan 2 
5 Variation Plan 2 

Sample Size 
MTTF/Time in Phase 

Uncorrelated 
Correlated 
Uncorrelated 
Correlated 
500 
1 = Level 1 

Figure 6.8: System Life Cycle Reliability 
(Level 1, Rg = .007) 
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Table 6.5 Descriptive Statistics for 
System Life Cycle Reliability 
(Level 1, Rg = .007) 

MTTF/Time in Phase = 1 = Level 1 
Sample Size = 500 

Variation Plan 1 
Uncorrelated 

Variation Plan 1 
Correlated 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

.072145 

.023984 

.005512 

.001589 

.000557 

.000064 

.000000 

.005084 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

.093067 

.032422 

.007304 

.002110 

.000503 

.000026 

.000000 

.006952 

Variation Plan 2 
Uncorrelated 

Variation Plan 2 
Correlated 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

.111956 

.045306 

.011021 

.003447 

.001174 

.000069 

.000000 

.009722 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

.149436 

.055193 

.015338 

.004702 

.000997 

.000042 

.000000 

.013191 

MAX. = Largest value Ql = Lower quartile 
HIGH = 95th percentile LOW = 5th percentile 
Q3 = Upper quartile MIN. = Smallest value 

(For phase reliabilities, see Table I.l, Appendix I.) 
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298 473 .648 .823 .998 

Reliability 

1 System Point Estimate© 
2 Variation Plan 1 - Uncorrelated 
3 Variation Plan 1 - Correlated 
4 Variation Plan 2 - Uncorrelated 
5 Variation Plan 2 - Correlated 

Sample Size = 500 
MTTF/Time in Phase = 10 = Level 2 

Figure 6.9: System Life Cycle Reliability 
(Level 2, Rg = .61) 
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Table 6.6: Descriptive Statistics for 
System Life Cycle Reliability 
(Level 2, Ro = .61) 

MTTF/Time in Phase = 10 = Level 2 
Sample Size = 500 

Variation Plan 1 
Uncorrelated 

Variation Plan 1 
Correlated 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

.768813 

.688640 

.594474 

.424953 

.472719 

.380496 

.202924 

.531204 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

.788641 

.709713 

.611442 

.540044 

.467908 

.347289 

.172582 

.536263 

Variation Plan 2 
Uncorrelated 

Variation Plan 2 
Correlated 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

.803350 

.733862 

.637123 

.567205 

.509311 

.383341 

.197779 

.569367 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5%. LOW 

0% MIN. 

MEAN 

.826886 

.748494 

.658532 

.585098 

.501022 

.365080 

.161317 

.574964 

MAX. = Largest value Ql = Lower quartile 
HIGH = 95th percentile LOW = 5th percentile 
Q3 = Upper quartile MIN. = Smallest value 

(For phase reliabilities, see Table 1.2, Appendix I.) 
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Figure 6.10: System Life Cycle Reliability 
(Level 3, Rg = .95) 
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Table 6.7: Descriptive Statistics for 
System Life Cycle Reliability 
(Level 3, Rg = .95) 

MTTF/Time in Phase = 102 = Level 3 
Sample Size = 500 

Variation Plan 1 
Uncorrelated 

Variation Plan 1 
Correlated 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

.974052 

.963383 

.949321 

.937588 

.927813 

.907894 

.852576 

.937417 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

.976535 

.966292 

.951997 

.940249 

.926864 

.899641 

.838879 

.937718 

Variation Plan 2 
Uncorrelated 

Variation Plan 2 
Correlated 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

.978341 

.969530 

.955922 

.944874 

.934756 

.908570 

.850390 

.943877 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

.981171 

.971446 

.959086 

.947813 

.933224 

.904146 

.833236 

.944212 

MAX. = Largest value 
HIGH = 95th percentile 
Q3 = Upper quartile 

Ql = Lower quartile 
LOW = 5th percentile 
MIN. = Smallest value 

(For phase reliabilities, see Table 1.3, Appendix I.) 
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Figure 6.11: System Life Cycle Reliability 
(Level 4, Rg = .995) 



Table 6.8: Descriptive Statistics for 
System Life Cycle Reliability 
(Level 4, Rg = .995) 

110 

MTTF/Time in Phase = 10^ = Level 4 
Sample Size = 500 

Variation Plan 1 
Uncorrelated 

Variation Plan 1 
Correlated 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

.997374 

.996277 

.994813 

.993576 

.992535 

.990384 

.984177 

.993544 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

.997628 

.996577 

.995093 

.993858 

.992434 

.989480 

.982585 

.993569 

Variation Plan 2 
Uncorrelated 

Variation Plan 2 
Correlated 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

.997813 

.996910 

.995502 

.994346 

.993276 

.990457 

.983925 

.994226 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

.998101 

.997107 

.995831 

.994655 

.993113 

.989974 

.981922 

.994254 

MAX. = Largest value 
HIGH = 95th percentile 
Q3 = Upper quartile 

Ql = Lower quartile 
LOW = 5th percentile 
MIN. = Smallest value 

(For phase reliabilities, see Table 1.4, Appendix I.) 
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Variation Plan 1 - Correlated 
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Sample Size = = 500 

MTTF/Time in Phase = lO'̂  = Level 5 

Figure 6.12: System Life Cycle Reliability 
(Level 5, Rg = .9995) 



Table 6.9: Descriptive Statistics for 
System Life Cycle Reliability 
(Level 5, Rg = .9995) 
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MTTF/Time in Phase = 10^ = Level 5 
Sample Size = 500 

Variation Plan 1 
Uncorrelated 

Variation Plan 1 
Correlated 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

.999737 

.999627 

.999480 

.999356 

.999251 

.999034 

.998406 

.999352 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

.999763 

.999657 

.999508 

.999384 

.999241 

.998943 

.998245 

.999355 

Variation Plan 2 
Uncorrelated 

Variation Plan 2 
Correlated 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

.999781 

.999691 

.999549 

.999433 

.999326 

.999042 

.998381 

.999421 

100% MAX. 

95% HIGH 

75% Q3 

50% MEDIAN 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

.999810 

.999710 

.999582 

,999464 

,999309 

,998993 

,998177 

,999424 

MAX. = Largest value Ql = Lower quartile 
HIGH = 95th percentile LOW = 5th percentile 
Q3 = Upper quartile MIN. = Smallest value 

(For phase reliabilities, see Table 1.5, Appendix I,) 

^c\ 
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3. Right skewed input data for MTTF and time in phase 

(variation plan 2) produced a left skewed reliability 

histogram. This type of histogram was observed for both 

correlated and uncorrelated input data. 

4. Variation plan 1 (uncorrelated), which is symmetri

cal about the mode, produced a reliability histogram which 

is almost symmetrical. 

5. The mode of the reliability histogram produced by 

variation plan 2 (using correlated data) has a mode very 

similar to the system point estimate in all five figures. 

6. The system point estimate was consistently located 

in the upper portion of the histograms due to skewness of 

the launch, alert and active time distributions. 

7. By using correlated data, the system reliability 

histograms have a greater range than results using uncorre

lated data. Negative rank correlation does have the 

tendency to generate larger dispersions of data than 

uncorrelated data. 

8. Using correlated data in variation plan 1 (symmet

rical about the mode) consistently produced a more left 

skewed reliability histogram than uncorrelated data for the 

same variation plan. 

9. The left skewed reliability histogram for variation 

plan 2 was made more left skewed by using correlated data 

for the same variation plan. 

A descriptive analysis has been used to describe the 

results due to the influence of variance among the two 

variation plans for MTTF and time in phase estimates, and 

the influence of induced dependence among the life cycle 

phases. A numerical analysis is now required concerning the 

two influences. 

The following items are those for which hypothesis 

tests were performed: 

1. Determining whether the reliability data sets for 

variation plans 1 and 2, using uncorrelated and correlated 
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data, are identical or not. Two tests (uncorrelated to 

uncorrelated, correlated to correlated) for each of five 

reliability levels, .007, .61, .95, .995 and .9995, were 

required. 

2. Determining whether the reliability data sets for 

each variation plan, using the comparison of results ob

tained from uncorrelated and correlated data, are identical 

or not. One test for each variation plan for each of five 

reliability levels was required. 

The Smirnov test, sometimes called the Kolmogorov-

Smirnov two-sample test, was selected as the test to 

determine whether two distribution functions are identical 

or not. The distribution functions required for this test 

are represented by the life cycle reliability data sets, 

which were generated by the Statistical Analysis System 

program. 

The criteria for the hypothesis testing were: 

1. HQ : Si = S2 Unknown distribution functions Si and 

S2 are equal for all life cycle reliabilities from zero to 

one. 

2. HI: SI ̂ S2 Unknown distribution functions Si and 

S2 are not equal for all life cycle reliabilities from zero 

to one, and are not from identical populations. 

3. The null hypothesis, HQ^ using a .05 level of sig

nificance, is rejected if the calculated statistic exceeds 

the .95 quantile of the Smirnov test statistic, which is 

1.73 /VN" for equal sample sizes and 1.22 V(Ni + N2) / (Ni) (N2) 

for unequal sample sizes. 

The following is a summary of the tests to determine 

the influence of variance in estimates and the influence of 

dependence among life cycle phases. 

1. The null hypothesis for all tests on the equality 

of the reliabity data sets for the two variation plans, 

comparing uncorrelated to uncorrelated data, etc., was re

jected at the .05 significance level. The conclusion 
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reached was that the two variation plans for MTTF and time 

in phase produce reliability data sets which are declared 

different at all five reliability levels. 

2. The null hypothesis for all tests of the equality 

of the reliability data sets for correlated and uncorrelated 

data, using the same variation plan for MTTF and time in 

phase, was accepted at the .05 significance level. The 

conclusion reached was that dependence induced into the two 

variation plans for MTTF and time in phase produces relia

bility data sets which cannot be declared different based on 

analyses. The dependence induced into the reliability model 

does not make a sufficient impact to change the distribution 

of life cycle reliabilities. 

There may be questions regarding the influence on the 

reliability model due to sample size, random number seed and 

input distribution type. Each computer run of the model 

used a sample size of 500, the same random number seed 

(-1692990931) , the triangle distribution for all MTTF esti

mates, and the same time in phase distributions. These 

factors, random number seed and sample size, were assessed 

in the research and found to produce valid results. 

Summary 

There are three issues which have been addressed in 

this chapter: how well a pulsed power system must perform 

over its life cycle phases in order to fulfill five levels 

of life cycle reliability, the influence of different varia

tion plans for MTTF and time in phase estimates on the 

variance of life cycle reliability, and the impact of as

sumed dependence among the dormancy, alert and active life 

cycle phases on life cycle reliability. Descriptive and 

numerical analyses of each of these issues were developed by 

using a modeling procedure developed in the research. 

An idea of how well a pulsed power system must perform 

over its five life cycle phases, in order to fulfill a given 
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life cycle reliability, was obtained by using different 

magnitudes of MTTF estimates which were related to the 

corresponding time in phase estimates. MTTF estimates of 1, 

10, 100, 1,000 and 10,000 times the most likely estimate of 

time in phase were used to develop point estimates of phase 

reliabilities of .37, .90, .99, .999 and .9999, and system 

life cycle reliabilities of .007, .61, .95, .995 and .9995, 

respectively, using an exponential failure model. The sys

tem of using a ratio of MTTF to expected time in phase was 

devised to help engineers and scientists relate an abstract 

concept, MTTF, to the concrete concept of mission time in 

phase. By devising the ratio method, the results are appli

cable (when properly interpreted) in general to systems 

other than the pulsed power system. 

Results suggest that obtaining high SDI pulsed power 

reliability, assuming no corrective or preventive mainten

ance, will be a challenge. To assure a 95% or better pulsed 

power life cycle reliability over all five life cycle 

phases, the model results suggest that designed in MTTF'.s 

will need to exceed a 10^ ratio of MTTF to most likely time 

in phase. The modeled results suggest that the ratio will 

need to be near 10^ to assure 99.9% pulsed power life cycle 

reliability. The modeled results also suggest that the 

pulsed power life cycle reliability will be fairly insensi

tive to the amount of variation in MTTF and time in phase in 

both the very low and the very high reliability regions. In 

the midrange region of about 20% to 80%, a high degree of 

sensitivity to MTTF variability can be expected. 

The influence of variation plans for relating the 5th 

and 95th percentile points to the MTTF mode estimate was 

observed in that input data from right skewed MTTF and time 

in phase estimate distributions produced left skewed life 

cycle reliability histograms. Caution must be taken regard

ing the variation plan selected for MTTF estimates because 

system reliability results can be biased by making the 
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variation plans more skewed to the right or to the left. A 

symmetrical variation plan should be used to avoid this pro

blem, since there is no scientific evidence to suggest that 

a skewed estimate is more appropriate. These conclusions 

were reached by using descriptive and numerical analyses. 

The assumed dependence among the dormancy, alert and 

active life cycle phases was also evaluated. A -.99 rank 

correlation was given to three elements of the input 

correlation matrix. The input correlation matrix was 

adjusted by the Latin hypercube sampling program to make the 

induced dependence mathematically possible for the model. 

The results obtained from the descriptive analysis of life 

cycle reliability histograms indicate a greater dispersion 

of reliabilities when using correlated data as opposed to 

using uncorrelated data. Numerical analysis suggests the 

conclusion that life cycle reliabilities generated from 

correlated and uncorrelated data were from the same distri

bution population. The assumed dependence among the three 

life cycle phases did not significantly change the distribu

tion of the life cycle reliabilities. 

^\ 



CHAPTER VII 

INTEGRATION 

Objective 

The objective of this chapter on integration is to 

evaluate the life cycle reliability, sensitivity analysis 

technique in order to answer the question, "What can it do 

for practicing reliability engineers?" 

Evaluation of Technique 

A reliability goal is the most effective way of 

directing attention toward reliability, whether it is a 

contractual requirement or not. In the designing of a new 

technology system, a reliability goal is harder to define 

than it is for a system which has been developed and which 

is being upgraded. 

A new technology system requires a greater amount of 

research and development than a conventional system being 

upgraded. Even though both types of system development may 

require the same development plan, as portrayed in Figure 

1.1, there are more criteria which must be defined for a new 

technology system where there is a lack of design experience 

to draw upon. For example, in a bid proposal, the following 

criteria would be required to define a system. 

1. Mission objective of the system, 

2. Functional elements of the system, including alter

native system configurations, 

3. Required operational performance, including relia

bility goal for the system, 

4. Environmental conditions to which the system might 

be exposed, and 
118 
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5. Criteria for measuring the system's performance and 

reliability. 

Initial information about a new technology system will 

be qualitative in most cases, with very little quantitative 

information, if any. Most of the techniques used to assess 

the reliability of a system require quantitative data. In 

order to develop a reliability strategy for a system, the 

qualitative information that is available must be gathered 

and organized in such a manner that it can be utilized to 

establish a reliability goal(s) for the system. 

The logical procedure in developing a reliability 

strategy is to use what information is available and care

fully make assumptions about what is not known. One useful 

procedure is to develop both the known and the unknown into 

a model of the system and develop the results by varying the 

unknown parameters, using a Monte Carlo analysis. Informa

tion obtained from the analysis will generate other 

questions about the system. This was the underlying logic 

for developing the life cycle reliability, sensitivity 

analysis technique described in the research. 

In MIL-STD-1543A Reliability Program Requirements for 

Space and Missile Systems, there are three topics listed in 

the "Detailed Requirements" section of that document which 

were used to integrate the life cycle reliability, sensi

tivity analysis technique into the standard development 

procedure for engineering design (45). These topics are 

reliability analysis, reliability modeling and reliability 

prediction. 

Reliability analysis of a new technology system is an 

integral part of the overall system engineering analysis. 

Reliability analysis must be performed during the design, 

development and test stages of a system in order to evaluate 

the achievement of the reliability design requirements (45). 

Before the reliability design requirements are defined, a 

reliability analysis for a generic system, using the life 
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cycle reliability, sensitivity analysis technique, can be 

performed. This analysis can provide an indication of how 

well a system must perform over its life cycle, from a 

reliability standpoint, in order to fulfill certain levels 

of life cycle reliability. The operational and support 

concepts and environmental conditions of use can be included 

in this assessment. It is within the design stage, when 

conceptual decisions are made, that the life cycle reliabil

ity, sensitivity analysis technique can be used to provide a 

framework that insures awareness of reliability considera

tions. The technique can be applied when the mission goal 

of a new technology system has been described in general 

terms, but a design configuration has not yet been speci

fied. The inputs and outputs of the life cycle reliability, 

sensitivity analysis technique are simple enough for nonre-

liability personnel to understand and grasp. This is an 

important aspect, because it is in the conceptual phase of a 

new system that identification and exploration of alterna

tive solutions or solution concepts to satisfy a mission 

objective for a system are developed. 

The next topic for consideration is reliability model

ing which requires a reliability mathematical model for each 

of the functional elements of a system. A reliability block 

diagram, traceable to the functional block diagram of a 

system, must be developed and maintained with associated 

reliability allocations and predictions for all functional 

elements in each reliability block. The reliability mathe

matical model should be capable of being readily updated 

with information resulting from changes in function element 

configuration, mission parameters and operational con

straints, as well as from reliability testing. Inputs and 

outputs of the reliability mathematical model should be com

patible with the input and output requirements of the system 

analysis model (45). 
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The life cycle reliability, sensitivity analysis 

technique uses a flexible Monte Carlo analysis model of a 

generic system, using an assumed exponential failure model. 

The exponential failure model can be replaced with another 

reliability model if it is deemed inappropriate. In an 

exponential failure model, time is a random variable and 

MTTF is a parameter. If only time can be estimated 

adequately, then the parameter, MTTF, can be related mathe

matically to the time estimates. Estimate distributions 

developed in this research were the uniform and triangle 

distributions, because the information available was not 

detailed enough to justify the use of more complex distribu

tions. Descriptive and numerical analyses can be performed 

on the information provided by the Monte Carlo analysis 

model as to the impact of estimates of parameters and 

assumptions made for the model. Sensitivity analysis can 

also be performed to provide an understanding of how changes 

in the variables of the model can produce changes in the 

results of the model. 

The last topic for consideration is reliability 

prediction. Reliability prediction is an analysis which 

calculates the probability that a system, or some portion of 

the system, will operate within specific limits at some 

point in its mission profile and in a specified environment 

(45). A mission profile can be defined as "a time-phased 

description of the events and environments an item (system) 

experiences, from initiation to completion of a specified 

mission, to include the criteria for mission success or 

critical failures" (41). 

The exponential failure model for the life cycle relia

bility, sensitivity analysis technique can use more complex 

distributions for time in phase and MTTF estimates if MTTF 

estimates can be made directly. For example, the beta dis

tribution can be used for time in phase estimates and the 

inverted gamma distribution can be used for MTTF estimates. 
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Both the beta and the inverted gamma distributions lend 

themselves to possible use in Bayesian analysis. If prior 

distributions can be developed and quantitative information 

is available, posterior distributions can be produced. 

A detailed discussion of the Bayesian approach to 

reliability and product life testing can be found in Chapter 

II. The discussion includes the use of the beta and invert

ed gamma distributions in two product life testing plans. 

Reliability analysis, reliability modeling and relia

bility prediction are required to be implemented in the 

conceptual phase for space and missile systems (MIL-STD-

1543A). The life cycle reliability, sensitivity analysis 

technique can be used to demonstrate the need for reliabil

ity assurance as early as possible in the design process. 

The life cycle reliability modeling can be useful in the 

evaluation of potential reliability goals for generic sys

tems. Whether the system being designed has a conventional 

or a military application, the life cycle reliability, sen

sitivity analysis technique is applicable. 



CHAPTER VIII 

SUMMARY 

Restatement of Purpose 

The purpose of this research was to: 

1. Develop a flexible Monte Carlo analysis model for 

analyzing life cycle reliability for new systems, compatible 

with a Bayesian approach to estimation, and, 

2. Develop a framework for the integration of the 

Monte Carlo analysis model into the process of life cycle 

reliability analysis and prediction. 

In accomplishing this purpose, the research addressed 

the following questions: 

1. How can the reliability sensitivity of a new system 

in the early design stages, when quantitative data is 

minute, be assessed and communicated to a design group? 

2. What is a theoretically sound approach for fitting 

model distributions to three estimates of a measure of 

performance? 

3. What will be the impact of using negative rank 

correlation to develop dependences between life cycle phases 

of a system reliability model as opposed to assuming inde

pendence of the phase reliabilities? 

4. How do the resulting Monte Carlo analysis models 

integrate with existing standards and practices for relia

bility prediction? 

This chapter summarizes the results of the research, 

relative to the research questions. The summary addresses 

three topics: (1) findings and conclusions, (2) contribu

tions, and (3) recommendations. Each section follows the 

123 
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sequence of the chapters of this dissertation and each 

research question is answered according to its development. 

Findings and Conclusions 

This research produced findings and conclusions regard

ing each research question. They are discussed in the 

following subsections. 

Fitting Distributions to Estimates 

The development of algorithms for fitting distribu

tions, such as the uniform, triangle, beta and inverted 

gamma, to two or three estimates of a measure of performance 

was investigated. The uniform and triangle distributions 

were selected due to their simplicity, their ease of adapt

ability and the fact that most qualitative information is 

not detailed enough to justify more complex distributions. 

The beta and inverted gamma distributions were selected 

because they could be readily integrated in Bayesian analy

sis. The estimates were the most likely (the mode), the low 

estimate and the high estimate (the 5th and 95th percentile 

points). These three estimates consist of only abscissa 

values, with no ordinate values specified. The mode locates 

the abscissa value of the maximum ordinate of the probabil

ity density function. The 5th and 95th percentile points 

locate the points beyond which .05 probability lies in each 

extremity of the pdf. 

An approach taken for developing algorithms to fit 

distributions to estimate criteria was to use the mathemati

cal relationships between the location, scale and shape 

parameters of each distribution. The development of the 

algorithms was necessary because the mode (the most likely) 

would be used as the measure of central tendency of a pdf 

instead of the arithmetic mean or median in fitting a pdf to 

estimates. 
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The procedure selected for developing fitting 

algorithms was: 

1. Develop a set of equations using the mathematical 

relationships of pdf parameters equal to the number of 

unknown parameters, when possible. 

2. Determine an initial estimate of the unknown param

eters from the equations using known values: the estimates 

of the mode and the 5th and 95th percentile points. 

3. Use an iterative method to adjust the shape param

eter of each pdf so that it will converge to a certain 

value, in order to meet the criteria given by the estimates. 

4. Develop computer programs in the BASIC language to 

facilitate steps 2 and 3. 

Inputs to the computerized algorithms are the three 

estimates: the mode and the 5th and 95th percentile points. 

The outputs of the programs are the location, scale and 

shape parameters of specified distributions which come 

closest to meeting the criteria of the MTTF and time in 

phase estimates. 

Developing Reliability Model 
and Estimating Dependence 

The objective of the Monte Carlo analysis model used in 

this research was to perform a life cycle reliability, sen

sitivity analysis of a proposed new technology system, i.e., 

a generic space based pulsed power system involved in the 

Strategic Defense Initiative (SDI). 

The five phases of the life cycle anticipated for SDI 

systems in a space environment were defined as launch (min

utes) , deployment (hours), dormancy (years), alert (hours) 

and active (minutes). The most likely time in phase 

durations used in the model were: launch--15 minutes, 

deployment—42 hours, dormancy—5.5 years, alert—12 hours, 

and active—3.5 minutes. The estimates of 42 hours for 

deployment and 5.5 years for dormancy are median values, not 
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most likely values. Mean time to failure (MTTF) in each 

phase was defined as an order of magnitude ratio of the MTTF 

mode estimate and the time in phase mode estimate. Using an 

assumed exponential failure model, individual phase 

reliabilities were developed and the system life cycle 

reliability was generated as a product of individual phase 

reliabilities. 

Negative rank correlation was introduced for the dor

mancy, alert and active phases of a pulsed power system life 

cycle reliability model to induce dependence among these 

phases. The launch and deployment phases were considered to' 

be independent for this model. The effect of negative rank 

correlation is to produce a tendency to pair large MTTF's of 

a succeeding phase with small times in phase of the preced

ing phase, and vice versa. A negative rank correlation of 

-.99 was assigned between the dormancy and alert phases, the 

alert and active phases, and the dormancy and active phases. 

The logic for using negative rank correlation for these 

three phases was that a shorter time in a preceding phase 

may suggest a larger MTTF in the succeeding phase due to 

less system deterioration. The requested correlation com

bination was not mathematically feasible, therefore an 

iterative algorithm written into the Latin hypercube sam

pling program (LHS) adjusted the input correlation matrix to 

make it positive definite, i.e., all the eigenvalues will be 

positive. 

Analyses of Reliability Model 

The life cycle reliability model indicated that an MTTF 

on the order of 100 times the expected time required in each 

phase would be needed to yield a pulsed power system life 

cycle reliability in the 95% range. Under the same condi

tions, in order to yield a reliability of about 99% over the 

same life cycle, a factor of about 1,000 would be required. 

All estimates assume no corrective or preventative 



127 

maintenance of the system. The results suggested that if 

one is designing for a 95% life cycle reliability, then 

design MTTF goals should be about 1,500 minutes for the 

launch phase, 4,200 hours for deployment, 550 years for dor

mancy, 1,200 hours for alert and 350 minutes for the active 

phase, considering the stated most likely time in phase 

durations and modeling assumptions. 

There were two other issues of interest concerning the 

life cycle reliability model: the impact of the variation 

plans developed for MTTF estimates and the impact of nega

tive rank correlation on the model. Descriptive and 

numerical analyses were performed on the several runs of 

the Monte Carlo analysis reliability model to determine the 

impact of these two issues. 

The criteria for establishing a variation plan for the 

MTTF most likely estimate, when MTTF is a magnitude ratio of 

the time in phase most likely estimate, were investigated. 

The following findings were obtained from that investiga

tion: 

1. Skewness in a variation plan for defining the rela

tionship of the 5th and 95th percentile points of the MTTF 

mode estimate will affect the results obtained for phase and 

system life cycle reliabilities. For example, MTTF and time 

in phase estimate distributions skewed to the right can pro

duce phase and system reliability histograms which are 

skewed to the left. If the skewness is reversed for a vari

ation plan, the results obtained for the histograms are 

reversed. 

2. System life cycle reliability histograms can be 

biased (larger reliability values generated) by simply 

increasing the right skewness of the variation plans for 

MTTF estimate distributions. Conversely, smaller reliabil

ity values can be generated by increasing the left skewness 

of the variation plans. 
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It can be concluded from the findings that the 

variation plan for MTTF estimate distributions should be 

symmetrical until these distributions can be defined more 

accurately, for this will avoid inducing biased skewness 

into reliability histograms. At the lower system reliabil

ity levels, variation plans for MTTF estimates have an 

impact, but at higher system reliability levels, the differ

ence in variation plans is not significant. This is due to 

the magnitude of the MTTF estimates compared to the size of 

the time in phase estimates. If MTTF estimates are estima

ted directly, without using a magnitude ratio between time 

in phase and MTTF most likely estimates, the previous dis

cussion is not applicable. 

There was descriptive evidence that negative rank 

correlation in the life cycle model did produce greater 

dispersion in the phase and life cycle reliabilities than 

uncorrelated data. Numerical analyses of the negative rank 

correlation in the model were performed, using the Smirnov 

two-sample test. The conclusion reached for all the tests 

performed was that the distribution function using corre

lated data (induced dependence among the life cycle phases) 

cannot be declared different at a .05 level of significance, 

based on analyses, using the distribution function with un

correlated data. 

Integration of Modeling Procedure 

The Monte Carlo analysis model can be integrated into 

the process of life cycle reliability prediction for a new 

technology system in its early development. Reliability 

prediction from the Monte Carlo model begins with estimates 

of MTTF and time of an exponential failure model. As more 

information becomes available, more complex estimate distri

butions for MTTF and time can be used, especially the beta 

and inverted gamma which lend themselves to Bayesian 
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analysis. If prior distributions can be developed and 

quantitative information is available, posterior distribu

tions can be developed and life cycle reliability prediction 

is possible. 

The Monte Carlo analysis model can be applied when the 

mission goal for a system has been described in general 

terms, but a design configuration has not been specified. 

The ability to model qualitative information in an organized 

manner to aid in the evaluation of potential reliability 

goals can be useful in developing a reliability strategy for 

a system. The life cycle reliability, sensitivity analysis 

technique can be applied for various levels of system relia

bility, thereby providing an indication of how well a system 

must perform in order to fulfill certain levels of life 

cycle reliability. The assumption of dependence among 

phases of a system life cycle and variation* in MTTF esti

mates can be modeled and meaningful conclusions concerning 

these issues can be drawn. 

The input and output of the Monte Carlo analysis, life 

cycle reliability model and modeling procedure are simple 

enough for most practicing engineers to understand. Because 

of the flexibility of the model and the descriptive informa

tion it can generate, practicing reliability engineers can 

impress upon nontechnical decision makers the importance and 

sensitivity of system reliability. 

Contributions 

This research has produced the following major contri

butions : 

1. The research resulted in the development of a life 

cycle reliability, sensitivity analysis technique for model

ing a new technology system in its early development stage 

when quantitative data to begin the process of designing and 

developing reliability strategies is minute. 
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2. The research resulted in the development of algo

rithms for the fitting of specific distributions of two or 

three estimates using the mode and the 5th and 95th percen

tile points. The mode was used as the measure of central 

tendency of a probability density function fitting esti

mates, instead of the arithmetic mean or median. Computer 

programs were developed to make the algorithms easier to 

use. 

3. The research resulted in the development and incor

poration of the inverted gamma distribution into the Latin 

hypercube sampling program so that random variates could be 

generated for this distribution. 

4. The research demonstrated the use of negative rank 

correlation among the input variables of a Monte Carlo anal

ysis model to induce dependence among three phases of a five 

phase life cycle reliability model. 

Recommendations 

This research has accomplished all goals and objectives 

advanced in the proposal. During the course of the project, 

the following areas were identified as being worthy of 

further research: 

1. The study of multiple subsystems within a system in 

which dependence has been induced among the phases of an n 

phase life cycle reliability model, using Monte Carlo 

analysis. 

2. The study of modeling similar parallel components 

using Monte Carlo analysis and positive rank correlation 

instead of assuming an identical, constant failure rate for 

similar components. 
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AI: Beta Distribution 

The beta distribution is used in Bayesian reliability 

demonstration in which reliability is measured as the ratio 

of successes to trials (29), It is sometimes used as a dis

tribution of time to complete a task, such as in a PERT 

network (27), 

f(x) 2r 

The pdf of a standard beta distribution with parameters 

p and q is given by (5, 26) : 

f (X; p, q) = ^<P"q^ ^p-1 (i-x)q-l 
r(p) r(q) 

Xi 0<x <1 

The mode, mean and variance of the pdf are (5, 27): 

Mode: P-1 
p+q-2 

if p,q^l 

E(x;p,q) = - ^ , and 
p+q 

V (X; p , q) = 
pq 

(p+q)2 (p+q+1) 

respectively. Shape parameters are p and q, which are 

greater than 0, 

If w is a random variable having a beta distribution on 

the interval (s,t) with parameters p and q, the beta 



138 
distribution can be defined as a standard beta distribution 
when the random variable x= (w - s) / (t - s), so that 0<x<l. 
The mean and the variance of the beta distribution on the 
interval (s,t) are (23): 

E(w) = (t - s) E(x) + s = (sq + tp) / (p + q) 

V(w) = (t-s)2v(x) = ((t-s)2pq) / ((pH.q)2 (p^q^ Ijj^ 
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A2: Inverted Gamma Distribution 

The inverted gamma distribution is often used in 

Bayesian reliability demonstration in which reliability is 

measured in terms of mean time to failure (MTTF) (29). 

f (X) 

oo 

The inverted gamma distribution has the pdf of (29, 5) 

f(x;a,B) = B* a + 1 

r(a) X 
exp(-B/x) 

The shape parameter is a, and B is the scale parameter 

The mode, mean and variance of the pdf are (29, 5): 

Mode = B 
a + 1 

E(x;a,B) = B 
a-1 

,a:i»l, and 

V(x;a,B) = B' 

(a-1)^ (a-2) 
,ai:.2. 

respectively. It is observed that, if a^l, the mean does 

not exist. If l^a^2, the variance does not exist. Never

theless, the distribution is well behaved in other respects, 

and these shortcomings have little consequence in Bayesian 

estimation (29) . It has a range of 0 to co . 
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A3: Triangle Distribution 

The triangle distribution is used as a rough model when 

data are not detailed enough to justify another model. 

The pdf's for the triangle distribution are (27, 23) 

r 2(x-a) 
(b-a) (c-a) 

f(x;a,b,c) =s 

2(b-x) 
(b-a) (b-c) 

,a-ix^c 

,C'̂ X'̂ b 

The mode, mean and variance of the triangle distribu

tion are (27 , 23 ) : 

Mode = c , 

E (X; a, b, c) = 
a+b+c 

, and 

V (X; a, b, c) = 
a2 +b +c -ac -cb -ba 

18 

respectively. The location parameter is a, b-a is a scale 

parameter, and c is a shape parameter. The limiting cases 

as c->b and c->a are called right and left triangle distribu

tions, respectively. For a = 0 and b = l , both the left and 

right triangle distributions are special cases of the beta 

distribution (27) . 
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The median of the triangle distribution is calculated 

using one of the following equations (23): 

^ .5 = a +V(c-a) (b-a)/2 if c ^ ^ , or 

X .5 = b - V(b-c) (b-a)/2 if cr^^ 
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A4: Uniform Distribution 

The uniform distribution is used as a rough model for 

a quantity that is felt to be randomly varying between two 

values, but about which little else is known (27). 

f (X) 

b-a 

The pdf for the uniform distribution is (27, 23) 

f (X; a, b) = 
b-a 

,a-:x̂ b 

The mode, mean and variance of the pdf are (27, 23) 

Mode: Does not uniquely exist. 

E (X; a, b) = 
a+b 

, and 

V(x;a,b) = 
-.\2 (b-a) 
12 

respectively. The location parameter is a, and b-a is a 

scale parameter. The uniform distribution (0 to 1) is a 

special case of the beta distribution when p = q = 1 (27) , 
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1 PRINT " program " 
2 PRINT 
5 PRINT "Solving for Uniform Distribution" 
6 PRINT 
7 PRINT " " 
8 PRINT 
10 INPUT "5 percentile point= "; a1 
11 PRINT 
15 INPUT "95 percentile point= "; b 
16 PRINT 
20 a2 = .05 
25 z = (l-2*a2)/(b-al) 
30 a3 = .5/z-.5*(b-a1) 
38 PRINT 
40 pi = a1-a3 
42 IP pi < 0 THEN pi = 0 
45 p2 = b+a3 
50 PRINT "0 percentile point= "; pi 
51 PRINT 
52 PRINT "100 percentile point= "; p2 
53 PRINT 
99 END 
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1 PRINT " program " 
2 PRINT 
3 PRINT "Solving for Triangle Distribution" 
4 PRINT 
8 PRINT " n 
10 pi = .05 
11 p2 = 2.5E-03 
12 p3 = 10 
15 q1 = .05 
16 q2 = 2.5E-03 
17 q3 = 10 
18 PRINT 
20 INPUT "5 percentile point= "; a1 
21 PRINT 
22 INPUT "95 percentile point= "; b1 
26 PRINT 
27 INPUT "mode value= " ; c 
28 PRINT 
30 z = l / ( b 1 - a l ) 
40 GOTO 600 
45 REM 
50 z = z+1E-03*z 
55 IP f < 1 THEN 600 
60 GOTO 170 

170 PRINT 
180 PRINT 
185 a3 = a1-a2 
186 IP a3 < 0 THEN a3 = 0 
187 b3 = b1-f-b2 
190 PRINT "0 p e r c e n t i l e po in t= " ; a3 
191 PRINT 
192 PRINT "100 percentile point= "; b3 
194 PRINT 
195 PRINT "mode value= "; c 
210 END 
600 REM 
610 a2 = p1*(l/z)+SQR(p2*l/z*l/z+(c-a1 )/p3*(l/z)) 
615 b2 = q1*(l/z)+SQR(q2*l/z*l/z+(b1-c)/q3*l/z) 
620 f = ((b1-al)+a2-f-b2)*z/2 
625 GOTO 45 



APPENDIX D 

COMPUTER PROGRAM: "SOLVING FOR 

BETA DISTRIBUTION" 

147 



148 

2 DIM v(lOO) 
3 DIM q(lOO) 
I 0 PRINT " program " 
II PRINT 
15 PRINT "Solving for Beta Distribution" 
16 PRINT 
17 PRINT " " 
18 PRINT 
29 PRINT 
30 INPUT "95 percentile point= "; d5 
31 PRINT 
32 INPUT "mode value= "; d6 
33 PRINT 
34 INPUT "5 percentile point= "; d? 
35 PRINT 
40 d8 = d5-d7 
45 s2 = d6-d7 
50 s3 = s2/d8 
51 s8 = d5-d6 
52 PRINT 
55 s1 = INT(s3*100+.5)/l00 
57 PRINT 
60 PRINT "required ratio= "; si 
99 REM p initial value=2 
100 d1 = 2 
104 REM q initial value=2 
105 d2 = 2 
120 PRINT 
290 ri = .01 
295 rt = 0 
296 v(0) = 0 
300 FOR k = 1 TO 99 
305 r q = 1 - r i 
310 n4 = d1-fd2 
315 ml = d2 
320 s4 = d1 
325 X = n4 
330 GOSUB 9200 
335 u1 = g5 
340 PRINT 
345 X = m1 
350 GOSUB 9200 
355 f1 = g5 
360 X = s4 
365 GOSUB 9200 
370 f2 = g5 
375 ml = m1-1 
377 s4 = s4 -1 
380 r 3 = f1* f2 
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385 
390 
395 
400 
402 
403 
405 
406 
410 
412 
413 
415 
420 
425 
428 
429 
430 
431 
432 
433 
435 
436 
440 
442 
444 
445 
450 
455 

h2 = 
r4 = 
r5 = 
d3 = 
PRINa 
PRINl 
PRINU 
PRINU 
ri = 
PRINT 

u1/r3 
rq*m1 
ri''s4 
h2*r4*r5 
! "searching for mode: 
I 

I "abscissa = "; ri 
1 

ri+.01 
! "ordinate = ": d3 

LET v(k) = d3 
IP v(k-l) < v(k) THEN 425 
rt = 
NEXT 
rn = 

rt-f1 
k 
.99-(rt/lOO) 

PRINT 
PRINT 
PRINT 
PRINT "Mode is located= "; 
PRINT' 
ra = 
rb = 
ri = 
va = 
vb = 

0 
0 
.01 
0 
0 

FOR k = 1 TO 99 
rq = 
n5 = 

460 m2 = 
465 
470 
475 
480 
485 
490 
495 
500 
505 
510 
515 
520 
525 
530 
535 
540 
545 
550 
555 
560 

s5 = 
h6 = 
FOR : 

1-ri 
d1+d2+va-1 
d2+vb 
n5-m2 
0 
j = 1 TO d2+vb 

X = n5+1 
GOSUB 9200 
u2 = 
m2 = 

g5 
m2-1 

X = m2+1 
GOSUB 9200 
f3 = 
s5 = 
X = { 

g5 
s5+1 
35+1 

GOSUB 9200 
f 4 = 
r3 = 
h3 = 
r4 = 
r5 = 
h4 = 
h6 = 

g5 
f3*f4 
u2/r3 
rq*m2 
n s5 
h3*r4*r5 
h6+h4 

rn 
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565 
566 
567 
568 
569 
570 
575 
578 
580 
585 
587 
595 
600 
602 
603 
604 
605 
606 
607 
608 
609 
610 
615 
616 
617 
619 
620 
624 
625 
627 
630 
632 
633 
634 
635 
637 
640 
645 
655 
657 
660 
662 
670 
672 
675 
677 
680 
685 
690 

NEXT j 
PRINT "searching for 5Ĵ  & 95?̂ " 
PRINT 
PRINT "x= "; ri 
PRINT "cdf value= "; h6 
ri = ri+.OI 
LET q(k) = h6 
IF qfk) > .055 THEN 585 
ra = ra+1 
IF q(k) > .955 THEN 595 
rb = rb+1 
NEXT k 
rg = ra/100 
rh = rb/100 
PRINT 
PRINT 
PRINT "mode= "; rn 
PRINT 
PRINT "5^ = "; rg 
PRINT• 
PRINT "95Ĵ  = "; rh 
PRINT 
f8 = (rn-rg)/(rh-rg) 
f9 = INT(f8*100+.5)/100 
PRINT "calculated required ratio = 
IP f9 = si GOTO 624 
IF f9 > si THEN GOTO 900 
PRINT 
ef = (rh-rg)/d8 
eg = rg/ef 
eh = (l-rh)/ef 
es = d7-eg 
IF es < 0 THEN 
at = d5+eh 
PRINT 
PRINT 

f9 

PRINT 
PRINT 
PRINT 
PRIx̂ T 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 

•p= "; 

"q= "; 

'0^ = 

100?̂ = 

ft 

es = 0 

es 

et 

d1 

d2 

rn "mode = " 

•5^ = "; rg 

955̂  = "; rh 

"calculated required ratio is = f9 
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692 PRINT 
695 PRINT " r e q u i r e d r a t i o nvimber should be = " ; s i 
700 PRINT 
705 INPUT "Would you like to continue searching for a solution? Enter 1 for je 

3 and 0 for no."; ez 
710 PRINT "if yes, enter the numder 1 and if no, enter number 0": ew 
715 IP ez = 1 GOTO 1200 
720 END 
900 PRINT 
905 IP s2 > s8 GOTO 950 
907 REM q.'s value will be increased 
910 d2 = d2+1 
912 PRINT 
915 IP d2 = 13 GOTO 1000 
920 GOTO 120 
950 PRINT 
955 REM p's value will be increased 
960 d1 = d1+1 
965 IP d1 = 13 GOTO 1000 
970 GOTO t20 
1000 PRINT 
1005 PRINT "Algorithm has exceeded limits in search for solution" 
1010 STOP 
1200 PillNT 
1205 PRINT "You can now consider new values for p and q." 
1210 PRINT "Initial value for p and q was 2." 
1215 PRINT "Other initial values for p and q can be 3, 4» 5»..., H." 
1218 PRINT 
1220 INPUT "enter new initial value for p "; d1 
1225 PRINT 
1230 INPUT "enter new initial value for q "; d2 
1235 GOTO 120 
1240 STOP 
9200 PRINT 
9210 p7 = 3.14159 
9230 y = x+2 
9240 g2 = SQR(2*p7/y)*EXP(y*L0G(y)+(l-l/(30*y*y))/(-12*y)-y) 
9250 g5 = g2/(x*U+0) 
9260 RETURN 
9999 END 
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1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
12 
14 
16 
17 
18 
19 
20 
21 
31 
32 
33 
34 
35 
37 
38 
39 
40 
50 
60 
65 
66 
80 
82 
84 
86 
88 
89 
91 
92 
93 
97 
98 
112 
114 
120 
125 
140 

PRINT " program 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
INPUT 
PRINT 
INPUT 
PRINT 
b = 
a = 
z = 
REM 
REM 
REM 

"Solving for Inverted Gamma Distribution" 

"95 percentile point= 

"mode value= ": w 

(t+D 

TO 
TO 

1 
w* 
c 
if th'e 
greater 
from 10 

PRINT 
FOR 1 = 
FOR k = 
r = b-1 
h6 = 0 
t = b-1 
PRINT 
FOR j = 
PRINT 
X = r+1 
IP X = 0 THEN 
GOSUB 9200 
PRINT 
u = g5 
PRINT 

shape parameter must have a value 
than 10, then line 21 must changed 
to some other number less than 32 

10 
b 

1 TO b 

9999 

a t 
EXP(-a/z) 

(f1*f2)/(u*f3) 
h6+f4 

f1 
f2 
f3 
f4 
h6 
t = t-1 
r = r-1 
PRI:NT 
h7 = h6 
NEXT j 
NEXT k 
IF h6 < 
IF h6 < 
b = b+1 
a = w*(b+1) 
NEXT 1 

.95 

.95 
THEN 
THEN 

f 6 = 
f 7 = 

b 
a 
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150 z = c 
152 b = f6 
153 a = f7 
155 FOR k = 1 TO (2*c) 
160 r = b-1 
165 h7 = 0 
170 t = b-1 
172 FOR j = 1 TO b 
175 X = r+1 
180 GOSUB 9200 
185 u = g5 
190 fl = a"t 
195 f2 = EXP(-a/z) 
200 f3 = z"t * 
205 f4 = (f1*f2)/(u*f3) 
210 h7 = h7+f4 
215 t = t-1 
220 r = r-1 
225 NEXT J 
230 z = z+1 
237 IF h7 < .999 THEN f9 = z-1 
240 NEXT k 
250 PRINT "shape parameter a= "; f6 
251 PRINT 
255 PRINT "scale parameter B= "; f7 
256 PRINT 
260 PRINT "99.9 percentile point= "; f9 
265 PRINT 
300 END 
9200 PRINT 
9210 p7 = 3.14159 
9220 IF X < 0 THEN 9270 
9230 y = x+2 
9240 g2 = SQR(2*p7/y)*EXP(y*L0G(y)+(1-l/(30*y*y))/(l2*y)-y) 
9250 g5 = g2/(x*(x+l)) 
9260 RETURN 
9999 END 



APPENDIX F 

SAS PROGRAMS 

155 



156 

Fl: Plotting Correlated and 
Noncorrelated Data 

// JOB 
// EXEC SASV5,REGION=1024K 
//FT12F001 DD SYSOUT=(J,,1400),FCB=6STD 
//INFILl DD DSN=WYL.FT.KWJ.ZAAA,DISP=SHR 
//INFIL2 DD DSN=WYL.FT.KWJ.ZGGG,DISP=SHR 
//SYSIN DD * 
DATA AA; 
INFILE INFILl; 
INPUT M N THl TH2 TH3 TH4 TH5 TPl TP2 TP3 TP4 TP5; 
DROP M N; 
INFILE INFIL2; 
INPUT A B TRl TR2 TR3 TR4 TR5 FPl FP2 FP3 FP4 FP5; 
DROP A B; 
RUN; 
PROC PLOT DATA=AA; 
PLOT TH5*TH3='0' TR5*TR3='X' / OVERLAY; 
TITLE 'CORRELATION 0 - MTTF PHASE 5 AND MTTF PHASE 3 NC=0 COR=X '; 
PROC PLOT DATA=AA; 
PLOT TH5*TH4='0' TR5*TR4='X' / OVERLAY; 
TITLE 'CORRELATION .1920-MTTF PHASE 5 AND MTTF PHASE 4 NC=0 COR=X '; 
PROC PLOT DATA=AA; 
PLOT TP3*TH4='0' FP3*TR4='X' / OVERLAY; 
TITLE 'CORRELATION -.7980-TIME PHASE 3 AND MTTF PHASE 4 NC=0 COR=X ' 
PROC PLOT DATA=AA; 
PLOT TP4*TH4='0' FP4*TR4='X' / OVERLAY; 
TITLE 'CORRELATION .1155-TIME PHASE 4 AND MTTF PHASE 4 NC=0 COR=X '; 
PROC PLOT DATA=AA; 
PLOT TP3*TH5='0' FP3*TR5='X' / OVERLAY; 
TITLE 'CORRELATION -.6703-TIME PHASE 3 AND MTTF PHASE 5 NC=0 COR=X ' 
PROC PLOT DATA=AA; 
PLOT TP4*TH5='0' FP4*TR5='X' / OVERLAY; 
TITLE 'CORRELATION -.7980-TIME PHASE 4 AND MTTF PHASE 5 NC=0 COR=X ' 
PROC PLOT DATA=AA; 
PLOT TP3*TP4='0' FP3*FP4='X' / OVERLAY; 
TITLE 'CORRELATION .1920-TIME PHASE 3 AND TIME PHASE 4 NC=0 COR=X '; 
// 
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F2: Reliability Level .65 

// JOB 
// EXEC SASV5,REGION=1024K 
//INFILE DD DSN=WYL.FT.KWJ.ZGGG,DISP=SHR 
//SYSIN DD * 
DATA AA; 
INFILE INFILE; 
INPUT M N THl TH2 TH3 TH4 TH5 TPl TP2 TP3 TP4 TP5-
DROP M N; 
RUN; 
DATA BB; 
SET AA; 
Jl= 
J2 = 
J3 = 
J4 = 
J5 = 
Rl = 
R2 = 
R3 = 
R4 = 
R5 = 
RL= 

-TPl/THl 
-TP2/TH2 
-TP3/TH3 
-TP4/TH4 
-TP5/TH5 
EXP(Jl); 
EXP(J2); 
EXP(J3); 
EXP(J4); 
EXP(J5); 
R1*R2*R3*R4*R5; 

PROC CHART; 
VBAR RI / TYPE=FREQ MIDPOINTS= .96 TO 1 BY .002; 
TITLE 'LAUNCH PHASE RELIABILITY'; 
PROC UNIVARIATE PLOT FREQ; 
VAR RI; 
PROC CHART; 
VBAR R2 / TYPE=FREQ MIDPOINTS= .92 TO 1 BY .004; 
TITLE 'DEPLOYMENT PHASE RELIABILITY'; 
PROC UNIVARIATE PLOT FREQ; 
VAR R2; 
PROC CHART; 
VBAR R3 / TYPE=FREQ MIDPOINTS= .60 TO 1 BY .02; 
TITLE 'DORMANCY PHASE RELIABILITY'; 
PROC UNIVARIATE PLOT FREQ; 
VAR R3; 
PROC CHART; 
VBAR R4 / TYPE=FREQ MIDPOINTS= .88 TO 1 BY .006; 
TITLE 'ALERT PHASE RELIABILITY'; 
PROC UNIVARIATE PLOT FREQ; 
VAR R4; 
PROC CHART; 
VBAR R5 / TYPE=FREQ MIDPOINTS= .05 TO 1 BY .05; 
TITLE 'ACTIVE PHASE RELIABILITY'; 
PROC UNIVARIATE PLOT FREQ; 
VAR R5; 
PROC CHART; 
VBAR RL / TYPE=FREQ MIDPOINTS= .05 TO 1 BY .05; 
TITLE 'SYSTEM LIFE CYCLE RELIABILITY - DESIGN#l-500-NC-CASE 1 
PROC UNIVARIATE PLOT FREQ; 
VAR RL; 
// 
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F3; Reliability Level .75 

// JOB 
// EXEC SASV5,REGION=1024K 
//INFILE DD DSN=WYL.FT.KWJ.XRRR,DISP=SHR 
//SYSIN DD * 
DATA AA; 
INFILE INFILE; 
INPUT M N THl TH2 TH3 TH4 TH5 TPl TP2 TP3 TP4 TP5; 
DROP M N; 
RUN; 
DATA BB; 
SET AA; 
Jl= 
J2 = 
J3 = 
J4 = 
J5 = 
Rl = 
R2 = 
R3 = 
R4 = 
R5 = 
RL= 

-TPl/THl 
-TP2/TH2 
-TP3/TH3 
-TP4/TH4 
-TP5/TH5 
EXP(Jl); 
EXP(J2); 
EXP(J3); 
EXP(J4); 
EXP(J5); 
R1*R2*R3*R4*R5 

PROC CHART; 
VBAR RI / TYPE=FREQ MIDPOINTS= .994 TO 1 BY .0003; 
TITLE 'LAUNCH PHASE RELIABILITY'; 
PROC UNIVARIATE PLOT FREQ; 
VAR RI; 
PROC CHART; 
VBAR R2 / TYPE=FREQ MIDPOINTS= .99 TO 1 BY .0005; 
TITLE 'DEPLOYMENT PHASE RELIABILITY'; 
PROC UNIVARIATE PLOT FREQ; 
VAR R2; 
PROC CHART; 
VBAR R3 / TYPE=FREQ MIDPOINTS= .62 TO 1 BY .019; 
TITLE 'DORMANCY PHASE RELIABILITY'; 
PROC UNIVARIATE PLOT FREQ; 
VAR R3; 
PROC CHART; 
VBAR R4 / TYPE=FREQ MIDPOINTS= .99 TO 1 BY .0005; 
TITLE 'ALERT PHASE RELIABILITY'; 
PROC UNIVARIATE PLOT FREQ; 
VAR R4; 
PROC CHART; 
VBAR R5 / TYPE=FREQ MIDPOINTS= .20 TO 1 BY .04; 
TITLE 'ACTIVE PHASE RELIABILITY'; 
PROC UNIVARIATE PLOT FREQ; 
VAR R5; 
PROC CHART; 
VBAR RL / TYPE=FREQ MIDPOINTS= .20 TO 1 BY .04; 
TITLE 'SYSTEM LIFE CYCLE RELIABILITY - DESIGN#l-500-NC-CASE 
PROC UNIVARIATE PLOT FREQ; 
VAR RL; 
// 
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F4: Reliability Level .90 

// JOB 
// EXEC SASV5,REGION=1024K 
//INFILE DD DSN=WYL.FT.KWJ.XTTT,DISP=SHR 
//SYSIN DD * 

TH3 TH4 TH5 TPl TP2 TP3 TP4 TP5 

DATA AA; 
INFILE INFILE; 
INPUT M N THl TH2 T 
DROP M N; 
RUN; 
DATA BB; 
SET AA; 
Jl= -TPl/THl 
J2= -TP2/TH2 
J3= -TP3/TH3 
J4= -TP4/TH4 
J5= -TP5/TH5 
Rl= EXP(Jl); 
R2= EXP(J2) ; 
R3= EXP(J3); 
R4= EXP(J4); 
R5= EXP(J5); 
RL= R1*R2*R3*R4*R5; 
PROC CHART; 
VBAR RI / TYPE=FREQ MIDPOINTS= .9 96 TO 1 BY .0002; 
TITLE 'LAUNCH PHASE RELIABILITY'; 
PROC UNIVARIATE PLOT FREQ; 
VAR RI; 
PROC CHART; 
VBAR R2 / TYPE=FREQ MIDPOINTS= .994 TO 1 BY .0003; 
TITLE 'DEPLOYMENT PHASE RELIABILITY'; 
PROC UNIVARIATE PLOT FREQ; 
VAR R2; 
PROC CHART; 
VBAR R3 / TYPE=FREQ MIDPOINTS= .76 TO 1 BY .012; 
TITLE 'DORMANCY PHASE RELIABILITY'; 
PROC UNIVARIATE PLOT FREQ; 
VAR R3; 
PROC CHART; 
VBAR R4 / TYPE=FREQ MIDPOINTS= .994 TO 
TITLE 'ALERT PHASE RELIABILITY'; 
PROC UNIVARIATE PLOT FREQ; 
VAR R4; 
PROC CHART; 
VBAR R5 / TYPE=FREQ MIDPOINTS= 
TITLE 'ACTIVE PHASE RELIABILITY 
PROC UNIVARIATE PLOT FREQ; 
VAR R5; 
PROC CHART; 
VBAR RL / TYPE=FREQ MIDPOINTS= 
TITLE 'SYSTEM LIFE CYCLE RELIABILITY -
PROC UNIVARIATE PLOT FREQ; 
VAR RL; 
// 

1 BY .0003; 

48 TO 1 BY .026; 

48 TO 1 BY .026; 
DESIGN #l-500-NC-CASE 
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F5: Reliability Level .995 

// JOB 
// EXEC SASV5,REGION=1024K 
//INFILE DD DSN=WYL.FT.KWJ.ZBBB,DISP=SHR 
//SYSIN DD * 
DATA AA; 
INFILE INFILE; 
INPUT M N THl TH2 TH3 TH4 TH5 TPl TP2 TP3 TP4 TP5; 
DROP M N; 
RUN; 
DATA BB; 
SET AA; Jl= 
J2 = 
J3 = 
J4 = 
J5 = 
Rl = 
R2 = 
R3 = 
R4 = 
R5 = 
RL= 

-TPl/THl 
-TP2/TH2 
-TP3/TH3 
-TP4/TH4 
-TP5/TH5 
EXP(Jl); 
EXP(J2); 
EXP(J3); 
EXP(J4); 
EXP(J5); 
R1*R2*R3*R4*R5; 

PROC CHART; 
VBAR RI / TYPE=FREQ MIDPOINTS= .9978 TO 1 BY .00011; 
TITLE 'LAUNCH PHASE RELIABILITY'; 
PROC UNIVARIATE PLOT FREQ; 
VAR RI; 
PROC CHART; 
VBAR R2 / TYPE=FREQ MIDPOINTS= .9972 TO 1 BY .00014; 
TITLE 'DEPLOYMENT PHASE RELIABILITY'; 
PROC UNIVARIATE PLOT FREQ; 
VAR R2; 
PROC CHART; 
VBAR R3 / TYPE=FREQ MIDPOINTS= .996 TO 1 BY .0002; 
TITLE 'DORMANCY PHASE RELIABILITY'; 
PROC UNIVARIATE PLOT FREQ; 
VAR R3; 
PROC CHART; 
VBAR R4 / TYPE=FREQ MIDPOINTS= .9972 TO 1 BY .00014; 
TITLE 'ALERT PHASE RELIABILITY'; 
PROC UNIVARIATE PLOT FREQ; 
VAR R4; 
PROC CHART; 
VBAR R5 / TYPE=FREQ MIDPOINTS= .996 TO 1 BY .0002; 
TITLE 'ACTIVE PHASE RELIABILITY'; 
PROC UNIVARIATE PLOT FREQ; 
VAR R5; 
PROC CHART; 
VBAR RL / TYPE=FREQ MIDPOINTS= .99 TO 1 BY .0005; 
TITLE 'SYSTEM LIFE CYCLE RELIABILITY - DESIGN*1-500-NC-CASE 
PROC UNIVARIATE PLOT FREQ; 
VAR RL; 
// 
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Incorporating Continuous 
Distributions into LHS 

There are two approaches that can be taken to 

incorporate a continuous distribution into the LHS program 

so that random variates can be generated for a specific 

distribution. There were nine distributions from which to 

generate random variates: normal, lognormal, uniform, 

loguniform, triangle, beta, uniform*, loguniform*, and user 

distribution. The first approach is to plot the pdf of a 

desired continuous distribution and then to develop a 

discrete approximation of that distribution by selecting 

intervals and recording the number of observations within 

each interval selected, as shown in Table G.l. 

Table G.l: Discrete Approximation 
of Continuous Distribution 

Number of Observations 

0 
2 
17 
24 
20 

14 
9 
5 
3 
2 

10.50 - 11.50 1 
11.50 - 12.50 1 
12.50 - 15.50 1 
15.50 - 100.00 1 

1, 
2 
3 
4 

5 
6 
7 
8 
9 

Intervals 

0 
. 50 
.50 
.50 
.50 

.50 

.50 

.50 

.50 

.50 

— 

— 

— 

— 

— 

— 

— 

— 

— 

— 

1, 
2 . 
3 . 
4 . 
5 . 

6. 
7. 
8. 
9. 

10 . 

.50 

.50 

.50 

.50 

.50 

.50 

.50 

.50 

.50 

.50 

100 

The data in Table G.l is the discrete approximation of an 

inverted gamma distribution where the scale parameter is 28 

and the shape parameter is 6. This approximation can be 

entered into the LHS program using the uniform* format. 

This approach is adequate only if a few Monte Carlo analysis 
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models require a continuous distribution not written into 

the LHS program. 

The inverted gamma distribution was written into the 

LHS program. The following is a list of items to be 

modified and added for this distribution, or any other 

continuous distribution. 

1. Latin hypercube sampling program generates random 

variates for distribution requested. 

2. Subroutine RDPAR processes the parameter state

ments, defines variables in common parameters, and stores 

distribution information. 

3. Subroutine WRTPAR prints out the distribution 

parameters. 

4. Subroutine INVGAM generates the inverted gamma 

distribution for the interval from zero to c, which is an 

upper boundary point less than infinity. The shape param

eter, B, must be iâ  2 and -:=: 32 (31) . 

5. Subroutine CDFIG generates the cdf for the inverted 

gamma distribution. 

6. Subroutine FNGAM generates the integration by parts 

for the inverted gamma distribution. 

The complete detailed information, line for line, is found 

on the next page of this appendix. 
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3. C LATIN HYPERCUBE OR RANDOM SAMPLING PROGRAM 

127. ELSE IF(IDT.EQ.10)THEN 
128. CALL INVGAM(J) 
129. GO TO 100 

3757. 3 ,PINGAM*9 

3772. A ,PINGAM='INVGAMMA ') 

3884. C INVERTED GAMMA DISTRIBUTION CARD 
3885. ELSE IF(CARD(1:9).EQ.PINGAM)THEN 
3886. READ(5,*,ERR=9000)A,B,C 
3887. CALL CHKING(A,B,C) 
3888. CALL WRTCRD(10,CARD(10:80)) 

3889. GO TO 10 

4770. PARAMETER (LEND=10) 

4779. 3 ,DIST(10)/*INVGAMMA'/ 
4800. ELSE IF(ID.EQ.10)THEN 
4 801. READ(8)A,B,C 
4 802. WRITE(6,9007)I,DIST(ID),LABEL,A,B,C 
4803. GO TO 100 

5504. c********************************************************************** 
5505. C SUBROUTINE INVGAM GENERATES THE INVERTED GAMMA DISTRIBUTION ON THE 
5506. C INTERVAL OF ZERO TO C = UPPER BOUNDARY POINT (LESS THAN INFINITY) 
5 507. C SHAPE PARAMETER B MUST BE > 2 AND < 32. 
5508. C 
5509. SUBROUTINE INVGAM(J) 
5510. PARAMETER (NMAX=1000) 
5511. PARAMETER (NVAR=50) 
5512. PARAMETER (LENT=125) 
5513. COMMON/PARAM/TITLE(LENT) ,ISEED,N,NV,IRS,ICM,NREP,I DATA,IHIST, 
5514. 1 ICORR,IDIST(NVAR),IRP,EWF(NMAX) 
5515. COMMON/SAMP/X(NVAR*NMAX) 
5516. L0C(I,J)=(J-1)*N+I 
5517. PR0BINC=1./FLOAT(N) 
5518. IF(IRS.EQ.1)PROBINC=1.0 
5519. READ(8)A,B,C 
5520. STRTPT=0. 
5521. SS=0. 
5522. CALL CDFIG(A,B,C,EWF(D)) 
5523. DO 10 1=1,N 
5524. R=PROBINC*RAN{ISEED)+STRTPT . . 
5525. IF(R.GE.0.999)R=0.999 
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5526. IF(R.LE.0.001)R=0.001 
5527. CALL COMP(EWF(D),R,SS,C) 
5528. X(LOC(I,J))=SS 
5529. IF(IRS.EQ.0)STRTPT=STRTPT+PROBINC 
5530. 10 CONTINUE 
5531. RETURN 
5532. END 
5533. C*********************************************************************** 
5534. C SUBROUTINE CDFIG GENERATES THE CDF FOR THE INVERTED GAMMA DISTRIBUTION 
5535. C 
5536. SUBROUTINE CDFIG(A,B,C, EWF) 
5537. DIMENSION EWF(C) 
5538. Z=l 
5539. DO 100 D=C,1,-1 
5540. R5=B-1 
5541. T5=B-1 
5542. H6=0 
5543. CALL FNGAM(R5,T5,H6,A,B,R,Z) 
5544. Z=Z+1 
5545. EWF(D)=H6 
5546. 100 CONTINUE 
5547. RETURN 
5548. END 
5549. C*********************************************************************** 
5550. C SUBROUTINE FNGAM GENERATES THE INTEGRATION BY PARTS FOR INVERTED 
5551. C GAMMA DISTRIBUTION 
5552. C 
5553. SUBROUTINE FNGAM(R5,T5,H6,A,B,R,Z) 
5554. DO 100 LL=1,B 
5555. E2=R5+1 
5556. P7=3.14159 
5557. Y=E2+2 
5558. G2=SQRT(2*P7/Y)*EXP(Y*LOG(Y)+(1-1/(30*Y*Y))/(12*Y)-Y) 
5559. G5=G2/(E2*(E2+1)) 
5560. F4=((A**T5)*EXP(-A/Z))/(G5*(Z**T5)) 
5561. H6=H6+F4 
5562. T5=T5-1 
5563. R5=R5-1 
5564. 100 CONTINUE 
5565. RETURN 
5566. END 
5567. c************'****************************************************'******* 
5568. C SUBROUTINE CHKING CHECKS PARAMETERS OF THE INVERTED GAMMA DISTRIBUTION 
5569. C FOR CONSISTENCY 
5570. C 
5571. SUBROUTINE CHKING(A,B,C) 
5572. IF(B.LT.2)THEN 
5573. WRITE(6,9000)A,B,C 
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5574. STOP 'CHKING' 
5575. ELSE 
5576. WRITE(8)A,B,C 
5577. ENDIF 
5578. RETURN 
5579. 9000 FORMAT(1H1,5X,'FOR THE INVERTED GAMMA DISTRIBUTION ', 
5580. 1 'THE PARAMETERS A,B,C ',3G20.10,/,6X,'HAVE ', 
5581. 2 'BEEN INPUT IN THE INCORRECT ORDER',/,6X, 
5582. 3 'INSERT A- SCALE, B-SHAPE, AND C- UPPER ', 
5583. 4 'BOUNDARY LIMIT OR B-SHAPE LESS THAN TWO') 
5584. END 
5585. c********************************************************************** 
5586. C SUBROUTINE COMP MATCHES RANDOM NUMBER TO PREVIOUS COMPILED CDF OF 
5587. C INVERTED GAMMA DISTRIBUTION 
5588. C 
5589. SUBROUTINE COMP(EWF,R,SS,C) 
5590. DIMENSION EWF(C) 
5591. FF=1 
5592. DO 100 D=C,1,-1 
5593. FF=FF+1 
5594. IF(EWF(D).LT.R)SS=FF 
5595. 100 CONTINUE 
5596. RETURN 
5597. END 
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f (x) 

(A/ B) 

V a l u e of X X-*^>o 

f (X) = B^ e x p ( - B / X ) / H a ) X^*^ 0<X<«o 

a - 1 
F(X) = 21 e x p ( - B / X ) (B/X)3 ( 1 / j ! ) 0 < X < o O 

j = 0 

E(X) = B 
a - 1 a > l Mode = B 

a + 1 

V(X) = B' 

( a - l ) 2 ( a - 2 ) 
a > 2 

The user 
The name 
A is the 
B is the 
C is the 

must specify name of distribution, A, B, and C 
is INVGAMMA. 
scale parameter. 
shape parameter, which must be > 2 and < 32. 
99.9% quantile boundary endpoint. 

Example of Input 
INVGAMMA 

1050 24 210 

Data input for A, B and C must be positive whole numbers. 
The data input value for C must not exceed 1000. The random 
variates generated will be positive whole numbers. If the 
range between the origin and C is small, multiply A and C by 
10 or 100. Run LHSI50 and then reduce each random variate 
by dividing by the multiplier to obtain a rational number, 
e.g./ 2.10. 
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5 
6 
10 
11 
12 
14 
15 
16 
20 
22 
24 
25 
26 
27 
28 
29 
30 
40 
42 
45 
50 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
66 
70 
80 
82 
83 
85 
90 
95 

100 
101 
105 
106 
1 10 
115 

program, 

'Smirnov T e s t " 

'Number of i n t e r v a l s = " ; r 

'Number of s a m p l e s N1= " ; c 

'Number of s a m p l e s N2= " ; d 

PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
PRINT 
INPUT 
PRINT 
INPUT 
PRINT 
INPUT 
PRINT 
h4 = 0 
h5 = 0 
h i = 0 
h2 = 0 
FOR 0 = 1 TO r 
INPUT "S1= " ; a 
PRINT 
INPUT "S2= " ; b 
f l = a / c 
f2 = b / d 
h4 = h4+a 
h5 = h5+b 
f 3 = f 1 - f 2 
h i = h1+f1 
h2 = h2+f2 
h3 = h 1 - h 2 
PRINT 
PRINT "S1= " ; hi ; S2="; - h 2 

cdf S2= " ; h5 
PRINT "T1= " ; h3 
PRINT " c d f S1= " ; h 4 ; " 
PRINT 
NEXT j 
I P c = d GOTO 100 
I P c < 17 THEN GOTO 1 10 
I P d < 21 THEN GOTO 1 10 
g = S Q R ( ( c + d ) / ( c * d ) ) 
PRINT "square root of unequal sample sizes= "; g 
STOP 
IP c < 41 THEN GOTO 1 10 
f = SQR(c) 
PRINT "square root of equal sample sizes= "; f 
STOP 
PRINT "See table " 
END 
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Table I.l: Descriptive Statistics for 
Phase Reliabilities (Rp = .37, 
Level 1, Sample Size = 500) 
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Variation Plan 1 (Uncorrelated) 

Launch Deployment Dormancy Alert Active 

100% MAX. 

95% HIGH 

75% Q3 

50% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

667017 

569197 

424332 

320830 

229560 

085536 

009087 

323823 

.865144 

.759136 

.555582 

.376036 

.228886 

.078341 

.007505 

.395220 

.917712 

.828137 

.578158 

.361096 

.224770 

.092576 

.010711 

.408835 

.958008 

.728380 

.471785 

.325112 

.194563 

.059918 

.004698 

.346299 

956920 

653815 

402731 

235216 

112206 

023001 

000678 

274610 

Variation Plan 1 (Correlated) 

Launch Deployment Dormancy Alert Active 

100% MAX. 

95% HIGH 

75% Q3 

50% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

667017 

569197 

424332 

320830 

229560 

085536 

009087 

323823 

.865144 

.759136 

.555582 

.376036 

.228886 

.078341 

.007505 

.395220 

.938907 

.818918 

.582234 

.382234 

.219649 

.075676 

.010600 

.409835 

.944299 

.723953 

.459209 

.320764 

.203144 

.072432 

.004156 

.345748 

957203 

648469 

406369 

238692 

110028 

018809 

000322 

274322 

MAX. = Largest value 
HIGH = 95th percentile 
Q3 = Upper quartile 
MED. = Median 
Ql = Lower quartile 
LOW = 5th percentile 
MIN. = Smallest value 



Table I.l: Continued 

Variation Plan 2 (Uncorrelated) 
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Launch Deployment Dormancy Alert Active 

100% MAX. 

95% HIGH 

75% Q3 

50% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

739070 

649150 

492509 

377383 

262183 

085132 

003776 

375997 

.896370 

.792185 

.607136 

.443783 

.270626 

.084673 

.002765 

.443299 

.932190 

.860761 

.634406 

.420561 

.271587 

.103536 

.005941 

.453464 

.962170 

.756752 

.544556 

.391422 

.234315 

.065716 

.003106 

.395150 

965690 

702690 

467163 

293297 

145019 

027099 

000294 

320528 

Variation Plan 2 (Correlated) 

Launch Deployment Dormancy Alert Active 

100% MAX. 

95% HIGH 

75% Q3 

50% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

739070 

649150 

492509 

377383 

262183 

085132 

003776 

375997 

896370 

792185 

607136 

443783 

270626 

084673 

002765 

443299 

.953319 

.848860 

.627230 

.451317 

.263406 

.080783 

.005872 

.454659 

.947237 

.759968 

.537059 

.385263 

.246840 

.077524 

.001632 

.395305 

965999 

689149 

468831 

290255 

142553 

024194 

.000086 

,320122 

MAX. = Largest value 
HIGH = 95th percentile 
Q3 = Upper quartile 
MED. = Median 
Ql = Lower quartile 
LOW = 5th percentile 
MIN. = Smallest value 
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Phase Reliabilities (Rp = .90, 
Level 2, Sample Size =500) 
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Variation Plan 1 (Uncorrelated) 

Launch Deployment Dormancy Alert Active 

100% MAX. 

95% HIGH 

75% Q3 

50% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

960315 

945205 

917848 

892539 

863156 

782014 

624943 

882845 

.985619 

.972819 

.942920 

.906824 

.862903 

.775173 

.613108 

.896077 

.991450 

.981319 

.946683 

.903155 

.861338 

.788224 

.635304 

.897113 

.995719 

.968804 

.927629 

.893720 

.848996 

.754667 

.585053 

.881995 

995606 

958397 

913065 

865258 

803529 

685764 

482080 

848960 

Variation Plan 1 (Correlated) 

Launch Deployment Dormancy Alert Active 

100% MAX. 

95% HIGH 

75% Q3 

50% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

960315 

945205 

917848 

892539 

863156 

782014 

624943 

882845 

.985619 

.972819 

.942920 

.906824 

.862903 

.775173 

.613108 

.896077 

.993716 

.980221 

.947347 

.908308 

.859356 

.772495 

.634647 

.897363 

.994285 

.968213 

.925126 

.892521 

.852667 

.769117 

.577914 

.883368 

.995636 

.957610 

.913886 

.866530 

.801955 

.672105 

.447532 

.849144 

MAX. = Largest value 
HIGH = 95th percentile 
Q3 = Upper quartile 
MED. = Median 
Ql = Lower quartile 
LOW = 5th percentile 
MIN. = Smallest value 
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Table 1.2 Continued 

Variation Plan 2 (Uncorrelated) 

Launch Deployment Dormancy Alert Active 

100% MAX. 

95% HIGH 

75% Q3 

50% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

970216 

957711 

931626 

907148 

874702 

,781639 

,572405 

.895183 

.989119 

.976973 

.951324 

.921971 

.877479 

.781222 

.554852 

.906858 

.993003 

.985118 

.955512 

.917029 

.877790 

.797093 

.598948 

.907710 

996151 

972513 

941032 

910468 

,864928 

,761659 

.561330 

.894354 

.996515 

.965330 

.926716 

.884567 

.824409 

.697100 

.443430 

.864312 

Variation Plan 2 (Correlated) 

100% MAX. 

95% HIGH 

75% Q3 

50% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

Launch 

970216 

957711 

,931626 

,907148 

,874702 

.781639 

.572405 

.895183 

Deployment 

.989119 

.976973 

.951324 

.921971 

.877479 

.781222 

.554852 

.906858 

Dormancy 

.995231 

.983747 

.954427 

.923523 

.875110 

.777556 

.598247 

.907996 

Alert 

994594 

972925 

939728 

,909025 

.869443 

.774361 

.526349 

.895905 

Active 

.996547 

.963455 

.927046 

.883645 

.822996 

.689239 

.392524 

.864567 

MAX. = Largest value 
HIGH = 95th percentile 
Q3 = Upper quartile 
MED. = Median 
Ql = Lower quartile 
LOW = 5th percentile 
MIN. = Smallest value 



Table 1.3: Descriptive Statistics for 
Phase Reliabilities (Rp = .99 
Level 3, Sample Size =500) 
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Variation Plan 1 (Uncorrelated) 

Launch Deployment Dormancy Alert Active 

100% MAX. 

95% HIGH 

75% Q3 

50% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

995959 

994381 

991464 

988696 

985392 

975711 

954078 

987460 

.998552 

.997248 

.994140 

.990267 

.985363 

.974855 

.952256 

.988861 

.999142 

.998116 

.994536 

.989866 

.985184 

.976484 

.955649 

.988957 

.999571 

.996836 

.992516 

.988827 

.983763 

.972245 

.947806 

.987265 

999560 

995760 

990946 

985631 

978363 

962980 

929634 

983262 

Variation Plan 1 (Correlated) 

Launch Deployment Dormancy Alert Active 

100% MAX. 

95% HIGH 

75% Q3 

5 0% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

995959 

994381 

991464 

988696 

985392 

975711 

954078 

987460 

.998552 

.997248 

.994140 

.990267 

.985363 

.974855 

.952256 

.988861 

.999370 

.998004 

.994606 

.990429 

.984957 

.974517 

.955550 

.988987 

.999427 

.996775 

.992248 

.988694 

.984188 

.974090 

.946643 

.987443 

999563 

995678 

991035 

985776 

978171 

961045 

922747 

983289 

MAX. = Largest value 
HIGH = 95th percentile 
Q3 = Upper quartile 
MED. = Median 
Ql = Lower quartile 
LOW = 5th percentile 
MIN. = Smallest value 



Table 1.3: Continued 

Variation Plan 2 (Uncorrelated) 
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Launch Deployment Dormancy Alert Active 

100% MAX. 

95% HIGH 

75% Q3 

50% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

996981 

995688 

992943 

990302 

986702 

975665 

945737 

988802 

.998907 

.997673 

.995022 

.991909 

.987015 

.975613 

.942796 

.990026 

.999298 

.998502 

.995459 

.991376 

.987050 

.977577 

.950033 

.990116 

.999614 

.997217 

.993941 

.990664 

.985594 

.973142 

.943891 

.988627 

.999651 

.996478 

.992418 

.987809 

.980876 

.964561 

.921897 

.985016 

Variation Plan 2 (Correlated) 

Launch Deployment Dormancy Alert Active 

100% MAX. 

95% HIGH 

75% Q3 

50% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

996981 

995688 

992943 

990302 

986702 

975665 

945737 

988802 

.998907 

.997673 

.995022 

.991909 

.987015 

.975613 

.942796 

.990026 

.999522 

.998363 

.995346 

.992076 

.986748 

.975154 

.949922 

.990153 

.999458 

.997259 

.993803 

.990507 

.986107 

.974752 

.937837 

.988820 

.999654 

.996284 

.992453 

.987706 

.980708 

.963467 

.910724 

.985054 

MAX. = Largest value 
HIGH = 95th percentile 
Q3 = Upper quartile 
MED. = Median 
Ql = Lower quartile 
LOW = 5th percentile 
MIN. = Smallest value 



Table 1.4: Descriptive Statistics for 
Phase Reliabilities (Rp = .999, 
Level 4, Sample Size =500) 
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Variation Plan 1 (Uncorrelated) 

100% MAX. 

95% HIGH 

75% Q3 

50% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

Launch 

.999595 

.999437 

.999143 

.998864 

.998529 

.997544 

.995310 

.998737 

Deployment 

.999855 

.999724 

.999412 

.999022 

.998527 

.997457 

.995120 

.998878 

Dormancy 

.999914 

.999811 

.999452 

.998982 

.998508 

.997623 

.995474 

.998888 

Alert 

.999957 

.999683 

.999249 

.998877 

.998364 

.997189 

.994654 

.998716 

Active 

999956 

999575 

999091 

998554 

997815 

996235 

,992730 

998308 

Variation Plan 1 (Correlated) 

Launch Deployment Dormancy Alert Active 

100% MAX. 

95% HIGH 

75% Q3 

50% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

999595 

999437 

999143 

998864 

998529 

997544 

995310 

998737 

.999855 

.999724 

.999412 

.999022 

.998527 

.997457 

.99512D 

.998878 

.999937 

.999800 

.999459 

.999039 

.998485 

.997422 

.995463 

.998891 

.999943 

.999677 

.999222 

.998864 

.998407 

.997378 

.994532 

.998735 

999956 

999567 

999100 

998568 

997795 

996034 

991992 

998311 

MAX. = Largest value 
HIGH = 95th percentile 
Q3 = Upper quartile 
MED. = Median 
Ql = Lower quartile 
LOW = 5th percentile 
MIN. = Smallest value 



Table 1.4: Continued 

Variation Plan 2 (Uncorrelated) 
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Launch Deployment Dormancy Alert Active 

100% MAX. 

95% HIGH 

75% Ql 

50% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

999698 

999568 

999292 

999026 

998662 

997539 

994436 

998873 

999891 

999767 

999501 

999188 

998694 

997534 

994127 

998995 

.999930 

.999850 

.999545 

.999134 

.998697 

.997735 

.994887 

.999005 

.999961 

.999721 

.999392 

.999062 

.998550 

.997281 

.994242 

.998854 

999965 

999647 

999239 

998774 

998071 

996398 

991901 

998486 

Variation Plan 2 (Correlated) 

Launch Deployment Dormancy Alert Active 

100% MAX. 

95% HIGH 

75% Ql 

50% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

999698 

999568 

999292 

999026 

998662 

997539 

994436 

998873 

.999891 

.999767 

.999501 

.999188 

.998694 

.997534 

.994127 

.998995 

.999952 

.999836 

.999534 

.999205 

.998667 

.997487 

.994876 

.999008 

.999946 

.999726 

.999379 

.999047 

.998602 

.997446 

.993603 

.998874 

999965 

999628 

999243 

998764 

998054 

996285 

990692 

998490 

MAX. = Largest value 
HIGH = 95th percentile 
Q3 = Upper quartile 
MED. = Median 
Ql = Lower quartile 
LOW = 5th percentile 
MIN. = Smallest value 



Table 1.5: Descriptive Statistics 
Phase Reliabilities (Rr 

for 
, = .9999 

Level 5, Sample Size=500) 

Variation Plan 1 (Uncorrelated) 
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Launch Deployment Dormancy Alert Active 

100% MAX. 

95% HIGH 

75% Q3 

50% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

999960 

999944 

999914 

999886 

999853 

999754 

999530 

999874 

.999986 

.999972 

.999941 

.999902 

.999853 

.999745 

.999511 

.999888 

.999991 

.999981 

.999945 

.999898 

.999851 

.999762 

.999546 

.999889 

999996 

999968 

999925 

999888 

999836 

,999719 

,999464 

,999872 

.999996 

.999957 

.999909 

.999855 

.999781 

.999623 

.999271 

.999831 

Variation Plan 1 (Correlated) 

Launch Deployment Dormancy Alert Active 

100% MAX. 

95% HIGH 

75% Q3 

50% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

999960 

999944 

999914 

999886 

999853 

999754 

999530 

999874 

.999986 

.999972 

.999941 

.999902 

.999853 

.999745 

.999511 

.999888 

.999994 

.999980 

.999946 

.999904 

.999848 

.999742 

.999545 

.999889 

.999994 

.999968 

.999922 

.999886 

.999841 

.999738 

.999452 

.999873 

.999996 

.999957 

.999910 

.999857 

.999779 

.999603 

.999196 

.999831 

MAX. = Largest value 
HIGH = 95th percentile 
Q3 = Upper quartile 
MED. = Median 
Ql = Lower quartile 
LOW = 5th percentile 
MIN. = Smallest value 



Table 1.5: Continued 

Variation Plan 2 (Uncorrelated) 
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Launch Deployment Dormancy Alert Active 

100% MAX. 

95% HIGH 

75% Q3 

50% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

999970 

999957 

999929 

999903 

999866 

999754 

999442 

999887 

.999989 

.999977 

.999950 

.999919 

.999869 

.999753 

.999411 

.999899 

.999993 

.999985 

.999954 

.999913 

.999870 

.999773 

.999488 

.999900 

.999996 

.999972 

.999939 

.999906 

.999855 

.999728 

.999423 

.999885 

999997 

999965 

999924 

999877 

999807 

999639 

999187 

999848 

Variation Plan 2 (Correlated) 

Launch Deployment Dormancy Alert Active 

100% MAX. 

95% HIGH 

75% Q3 

50% MED. 

25% Ql 

5% LOW 

0% MIN. 

MEAN 

999970 

999957 

999929 

999903 

999866 

999754 

999442 

999887 

.999989 

.999977 

.999950 

.999919 

.999869 

.999753 

.999411 

.999899 

.999995 

.999984 

.999953 

.999920 

.999867 

.999748 

.999486 

.999901 

.999995 

.999973 

.999938 

.999905 

.999860 

.999744 

.999358 

.999887 

999997 

999963 

999924 

999876 

999805 

999628 

999065 

999849 

MAX. = Largest value 
HIGH = 95th percentile 
Q3 = Upper quartile 
MED. = Median 
Ql = Lower quartile 
LOW = 5th percentile 
MIN. = Smallest value 


