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ABSTRACT 

A novel six DOF electrostatic accelerometer is theoretically developed. A 

special detection system and a pure electrostatic suspension system are created, 

which make it possible to measure six DOF acceleration with one proofmass. 

Author realizes that the two main barriers in development of multi-DOF 

accelerometers are suspension system and the decoupling technology. These 

problems are also theoretically explained by the dynamics equations of a six DOF 

accelerometer. A single hollow cubic proofmass and twenty-four pairs of plates 

are employed in this new device. A special combination of these twenty-four pairs 

of plates forms six Wheatstone bridges which can serve as both detection system 

and suspension system. The new detection system can sense six DOF 

accelerations with only one proofmass without any coupling effects. The pure 

electrostatic suspension system can levitate the proofmass without any electrical 

and mechanical linkages, which makes it possible to design highly accurate 

accelerometers. Both detection system and suspension system are carefully 

modeled. Immunity of this new sensor to cross-coupling effects in traditional 

accelerometers are proved. Transfer functions of six DOF accelerometer system 

and several important constants are given. A control system based on modem state 

space method is investigated and simulated by Matlab SIMULINK. The author 

believes that this new six DOF electrostatic accelerometer will fill the vacancy of 

this area and will find many applications in space environment, robotics, 

bioengineering, automobile industry and new generation navigation system with 

GPS system. 
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CHAPTER 1 

INTRODUCTION 

1.1 Background 

The kinetics of any object can be completely described by six degrees of 

freedom (DOF), three transitional degrees and three angular degrees. In practice, 

some moving objects are restricted to fewer degrees of freedom. For example, an 

elevator is restricted to vertical motion ( up or down). It has just one linear degree 

of freedom. A pendulum is designed to rotate around its pivot, thus it has just one 

angular degree of freedom. However, when the pivot of a pendulum is fixed on a 

car, the motion of the pendulum has two degrees of freedom, one linear and one 

angular. Lots of moving objects have six degrees of freedom. For instances, a 

description of the motion of human body requires six degrees of freedom. The 

motion of a flying object, such as an aircraft, must also be determined by means 

of six degrees of freedom. Generally, the kinetic description of any object requires 

a multi-dimension vector. 

The motion of any object is usually characterized by three main 

parameters: position, velocity and acceleration. All of these parameters are vectors. 

Among these three parameters, acceleration is particularly important. It is not only 

a motional parameter, but also plays a key role in the connection between kinetics 

and dynamics of an object by Newton's second law: 

F =m-a (1.1) 

where F is the force acting on the object, m is the mass of the object and 

a is the acceleration of the object. Additionally, velocity and position information 

can be obtained by repeated integration of acceleration. So the acceleration of an 

object is an important and basic parameter in the study of kinetics and dynamics of 

an object. 
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An accelerometer is a device which is used to measure the acceleration of 

an object. There are many kinds of accelerometers that exist today. Many different 

principles are used in existing accelerometers. These principles can be 

categorized as: 

1. Capacitive effect; 

2. Piezoresistive effect; 

3. Piezoelectric effect[l]; 

4. Piezojunctive effect [2]; 

5. Hall effect; 

6. Optical effect (optical fiber and laser); 

7. Superconducting Meissner effect [3]; 

8. Electromagnetic field [4]; 

9. Microwave sapphire resonant transducer [5]; 

10. Resonant elements (i.e., vibrating string, beams and resonant cavity) [6, 7]. 

The accuracy of current accelerometers varies from W^ g to lO^g (lg=9.8 

m/sec^). For gravity surveying, the required accuracy of an accelerometer is 10̂ °̂ g [5]. 

For general industrial appUcations, an accelerometer accuracy of 10^ g is common. 

The measuring range of accelerometers covers from 10 ̂ g to lO^g. For example, the 

acceleration range in a space microgravity environment is 10^ g to 10^ g. The gravity 

on earth is 1 g. In automotive and industrial apphcations, acceleration of several to ten 

g's is common. For tactical missiles, acceleration as a dynamic range of 10' g [7]. 

The ratio of range to resolution of accelerometers can be as large as 10̂  in gravity 

surveying and tactical missiles [7]. 

The unprecedented growth of integrated circuit (IC) technology makes it 

possible to fabricate accelerometers from macro size to micro size. The new small 

size accelerometers are more attractive and suitable for many special apphcations (i.e., 

implanting into the human body). The world's first micromachined accelerometer, an 



uniaxial accelerometer, was produced by Analog devices in 1991 [1]. 

Up to now, most of the existing accelerometers are scalar sensors which 

measure only one degree of freedom motion (i.e., one linear or one angular 

acceleration). In order to measure multi-degrees of freedom, many investigators 

assemble several scalar sensors together as one unit of a vector device. It is 

becoming important to develop accelerometers with multi-degrees of freedom 

(DOF) [8]. The main problem with multi DOF accelerometers is the physical 

separation of the multi-proofmass in a kind of assembly structure. The assembly 

structure produces errors proportional to acceleration and angular rate squared. It 

is difficult to build highly accurate accelerometers with this structure. In inertial 

navigation research, most current inertial navigation systems stiU use linear 

accelerometers to sense linear acceleration and gyroscopes to sense angular velocity or 

angular position. 

Recentiy, a group of investigators pointed out the possibihty of using six linear 

accelerometers to configure a gyroscope free strapdown inertial measurement unit [9]. 

This idea, which uses several linear accelerometers to build six DOF accelerometers, 

has been vigorously studied for over 20 years in connection with a number of diverse 

disciplines, such as inertial navigation, experimental modal analysis, and 

biomechanical research. [9]. However, this is still a multi-proofmass structure. 

Recentiy, the University of Maryland developed a laboratory prototype of a six-axis 

accelerometer using superconducting magnetic technology [10]. 

1.2 Barriers 

There are two main barriers which block the development of multi DOF 

accelerometers. One barrier is suspension technology, and the other barrier is the 

inabihty to eliminate the cross-coupling effect in acceleration measurements. 

TheoreticaUy, there are two basic ways to measure acceleration. One approach 



is to directiy measure acceleration. Acceleration represents a velocity change of an 

object in a certain time. There are two measurements: length or distance and time. We 

can detect the distance and the time to calculate the acceleration of a moving object. A 

laser absolute gravimeter is a useful example. However, this accelerometer must 

remain stationary and is not practical in dynamic apphcations. 

Another popular method to measure acceleration is to use Newton's second 

law: 

F =ma . (1.1) 

Instead of determining the acceleration directiy, the force is measured and 

then the acceleration is calculated with the formula: 

f 
a= — . (1.2) 

m 
An accelerometer based on this approach must have four key elements: 

1. A proofmass; 

2. A suspension system used to restrict the motion of the proofmass and 

match vector force F and acceleration a ; 

3. A force detector and 

4. An output or reading system. 

When the principle of an accelerometer is discussed, it is usually related to 

what kind of force detector is used. Novel accelerometers are frequentiy described 

in terms of the application of a novel force detector. 

Technologies used in accelerometer suspension systems include mechanical 

springs, solid piezo-material and electromagnetic force. The most popular 

mechanical springs are coil springs, spkal springs and cantilevers. Mass-Spring-

Systems (MSS) are easy to design, fabricate and control. Most conventional 

accelerometers use MSS as the suspension system. However, there are only one 

and two DOF commercial, fabricatable mechanical springs. It is difficult to 



construct a three DOF mechanical spring and it is impossible to design a six DOF 

mechanical spring. So it is impossible to develop a six DOF accelerometer with 

MSS. 

Mechanical springs are the main factor limiting accuracy and resolution of 

MSS based accelerometers. The spring's hysteresis, backlash, stick-slip and drift 

are primary problems. There is also a cross-coupUng effect which produces a 

measurement error [11]. Many researchers and designers have worked on solving 

these problems and have developed several improvements to existing systems. 

For example, a zero-length spring has been designed to limit cross-coupling effects 

[11]. Feedback force balance has been used to reduce nonlinear effects and avoid 

large deviations from equilibrium which produced hysteresis, backlash, stick-slip, 

creep, etc. Even with these approaches, using a mechanical spring system makes it 

difficult to obtain highly accurate acceleration measurements. 

Sohd piezo-material accelerometers are more attractive these days. 

Piezoelectric, piezoresistive or piezojunctive effects are used in these structures. 

Actually, piezo-material accelerometers still use a mechanical spring, but with a 

very stiff spring. The piezo-material accelerometers use a simple structure that can 

function as both suspension system and force detector. The big advantage of this 

structure is that it is easy to miniaturize. A number of microsensors and 

microactuators use this same basic structure. However, no highly accurate, 

intrinsic structured, multi DOF accelerometer has been reported. 

There are two ways to build a suspension system with electromagnetic 

theory. One approach uses magnetic technology and other one uses electrostatic 

technology. Magnetic suspension technology has been applied in many areas. 

Magnetic suspension has been used in a stationary gravimeter with a floating ball. 

An inverted cubic proofmass has been magneticaUy suspended in superconducting 

six-axis accelerometer [10]. The possibihty of developing a six DOF suspension 



system using magnetic technology has been demonstrated in these instruments. But 

superconducting devices must operate in a very low temperature (near 4.5° k) 

environment, this environment requires a large cryogenic support system. The 

cryogenic system makes it difficult to develop a compact superconducting 

accelerometer to meet commercial applications. 

Electrostatic technology has also employed in many areas. As a suspension 

technology, wafer holders [12], and accelerometers [13] [14] have used 

electrostatic suspension. A six-axis electrostatic accelerometer will be studied in 

the following chapters. Using this technology, it is feasible to build a six DOF 

suspension system. This approach can also enhance the resolution and accuracy of 

accelerometers. 

The second big problem in developing a multi DOF accelerometers is 

decoupling technology. As derived in chapter 2, the general dynamic equation of a 

six-axis accelerometer using one proofmass can be described as 

X +—^^^^ = MX.) /,7 = 1,2,3,4,5,6 (1.3) 
' M ax, ' 

where X- is a displacement vector in the ith direction, which includes three 

linear displacements and three angular displacements. M is the equivalent mass of 

the proofmass. For Unear acceleration measurement, M is the mass of the 

proofmass. For angular acceleration measurement, M is the inertial moment of the 

proofmass (it will be represented by / in following chapters). W(Xj) is the 

potential energy which is used by the suspension system and feedback system and 

is related to six DOF. A^Xj) is an external acceleration in the iih dkection acting 

on the proofmass. Both of potential energy W(Xj) and external acceleration 

A^X ) may be related to other five motions. Because only one proofmass is used, 

different input accelerations can produce the same output. So there is no unique 



solution to determine the external acceleration using the output information. In 

addition, when a feedback force or torque is applied to the proofmass, it is not 

apparent which acceleration should be compensated. Therefore a special 

decoupling technology is needed to cancel these effects. Details of a decoupling 

technique in the detection and suspension systems will be addressed in Chapter 3 

and Chapter 4. 

1.3 A New Six-DOF Accelerometer 

A novel concept for a six DOF accelerometer is studied theoretically in this 

thesis. It has capability of being a highly accurate, intrinsic structured, six DOF 

accelerometer. Six DOF accelerations could be measured with one proofmass 

using this new accelerometer. Its main elements include: 

1. Single cubic proofmass (inverted cubic or hoUow cubic); 

2. Capacitive displacement detector; 

3. Electrostatic suspension system; 

4. Linear modem state space control. 

A pure electrostatic suspension system makes it possible to use a single 

proofmass to provide multi DOF measurements. In contrast to traditional 

accelerometers which use multi-proofmasses, tiiis new sensor does not have the cross 

effects caused by multi-proofmasses. The system does not require comphcated post 

processing to achieve high accuracy and is suitable for real time system applications. 

Twenty-four pairs of plates serve as capacitors and electrodes at the same time 

and act as an mterface between tiie physical world (acceleration and displacement) and 

die electrical system (detector and feedback). A special arrangement of these twenty-

four plates form six capacitive Wheatstone detecting bridges and electrostatic 

suspension bridges. Because of this decoupling technique, a linear acceleration 

detection and a linear force feedback can be achieved. The errors caused by cross 



coupling effects appearing m the six DOF accelerometer dynamic equation are 

eliminated. 

There is no connection between the proofmass and the housing in this new 

design. One big advantage of this system is that it can be immune from any errors 

mduced by mechanical hnkages. Also it can be miniaturized to micro size which wiU 

expand its apphcation areas. 

This new accelerometer possesses foUowing outstandmg characteristics: 

1. Ultra-sensitivity; 

2. Ultra-accuracy; 

3. Ultra-stability; 

4. Ultra-range/resolution ratio; 

5. Six DOF acceleration measurement; 

6. Compact structure and possible to be miniaturized to micro-size. 

1.4 Summary 

The theoretical development of this new accelerometer will be covered from 

Chapter 2 to Chapter 6. In Chapter 2, a coordinate system for describmg a six DOF 

accelerometer is introduced. Then, a group of dynamic equations for a six DOF 

accelerometer is derived and the dynamic characters of a six DOF accelerometer are 

analyzed. In Chapter 3, two single proofmass structures are given. The twenty-four 

pairs of plates and their geometric arrangement are discussed. The Wheatstone bridges 

for detection of six DOF accelerations and coupling effect canceUation are detailed. In 

Chapter 4, a principle of electrostatic force generation is introduced. A pure 

electrostatic suspension system for six DOF accelerometer is developed and their 

coupling effect cancellation is analyzed. Also the effects of electrostatic forces and 

torques caused by the detection circuits and their canceUations are checked. In 

Chapter 5, the transfer function for a six DOF accelerometer is derived and several 
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system constants are defined. In Chapter 6, a control system based on modem state 

space methods is designed. A controUer and Kalman estimator are developed and a 

simulation in Matiab is given. In Chapter 7, the results of a laboratory prototype of 

one degree of accelerometer based on the theory in Chapter 2 to Chapter 5 is 

presented. Finally, the conclusion comes in Chapter 8. 



CHAPTER 2 

DYNAMICS OF A SIX DOF ACCELEROMETER 

A theoretically study of the dynamics of a six DOF accelerometer is the 

first step to developing this instrument. Without an understanding of the basic 

theory of a six DOF accelerometer, it is very difficult or impossible to develop 

such a complicated instrument. In this chapter, a three-coordinate system is 

introduced in order to clearly describe the kinetic and dynamic relationship 

between the proofmass and the case of the accelerometer. The general dynamics' 

equations for a six DOF accelerometer are then derived. Several problems in 

designing a six DOF accelerometers are explored in Chapter 1 and can be 

explained by the dynamics of a six DOF accelerometer. Inspecting the dynamics 

of a six DOF accelerometer gives guidance as to how to remove these barriers in 

the design of six DOF accelerometers. 

2.1 Coordinate Svstems 

To understand the dynamics of a six-axis electrostatic accelerometer, it is 

helpful to use three coordinate systems. Three coordinate systems are shown in 

Figure 2.1. The coordinate system {X^, P, Z }̂ is fixed to a inertial reference frame. 

The coordinate system {X<^, Y^, Z^] is fixed to the case of the accelerometer. The 

coordinate system {X^, Y^, Z^} is anchored in the proofmass of the accelerometer. 

The superscripts /, C and P represent the first letter of inertial, case and proofmass. 

A single point, P, on the proofmass can be described in these three 

coordinate systems. Using the subscript p, the point P in the coordinate system 

{X^, Y^, Z^}, can be represented as 

UlylO (2.1) p •>y p •> p 

10 



by 

by 

Figure 2.1 Three Coordinate System 

This same point, P, as seen in the coordinate system [X^, Y^, Z^}, is given 

K.ypXp) (2.2) 

The coordinates of P as seen in the coordinate system {X^, P, Z^} are given 

u ; , } ' ; , ^ } (2.3) 

Vector notation can be used instead of indicating the point. This simplifies 

expressions (2.1), (2.2) and (2.3) as 

(2.4) 

(2.5) 

(2.6) 

Expression (2.4), (2.5) and (2.6) represent the same point P in different 

coordinate systems. The relationship between the coordinate systems as shown in 

Figure 2.1 can be expressed as 

K 
K 
K 
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< = < + r^, (2.7) 

K = K + ^co = K + P̂̂o + ĉo (2.8) 

where r,Q is the position of the origin of the proofmass coordinate system 

in the case coordinate system, r^^ is the position of the origin of the case 

coordinate system in the inertial reference coordinate system. 

Choosing the center of the proofmass to lie at the origin of the proofmass 

coordinate system, gives 

^/ = 0 . (2.9) 

Equations (2.7) and (2.8) are then simplified to 

^p=Ko (2.10) 

K=Ko^''c, (2.11) 

r^ will be used instead of 7^^ to simplify notation. 

2.2 Dynamics of a Six DOF Accelerometer 

Equation (2.11) describes the position relation of the proofmass of an 

accelerometer in three different coordinate systems shown in Figure 2.1. 

Differentiating Equation (2.11) with respect to time, gives the velocity of the 

proofmass as [15] 

v;=o)ixr;+?<!+?; (2.12) 
where v̂  is the velocity of the proofmass in the inertial reference frame. 

v̂  is the velocity of the origin of the case coordinate system. 

v^ is the velocity of the proofmass in the case coordinate system. 

(0^ is the angular velocity of the case coordinate system. 

(0^ X r ^ is the velocity of the proofmass caused by the rotation of the case 

12 



coordinate system. 

The tensor representation of Equation (2.12) is 

<=<j-£,jrS^r>-^,+Sfy,, + y'n (2.13) 

where E-J,^ is the Kronecker delta symbol and S^i and 5.̂  are the component 

of the transformation. Subscripts /, j , k, / are X, F or Z. 

The angular velocity of the proofmass may be written as 

cô  =5''co^-hoJ^ (2.14) 

where co ̂  is the angular velocity of the proofmass in the inertial reference 

frame. 

(0^ is the angular velocity of the proofmass in the case coordinate 

system. 

5^ is the transformation matrix. 

S ^ CO ̂  is the angular velocity of the proofmass with respect to the 

case coordinate as seen in the inertial coordinate system. 

The tensor representation of Equation (2.14) is 

The general Lagrangian is the difference of the kinetic energy T and the 

potential U of the system [16]. 

L = T-U (2.16) 

The kinetic energy T here is 

T = \mvlvl+h^'^I-^[ (2.17) 

where m : the mass of the proofmass. 

/ : the moment of inertial tensor for the proofmass. 
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The potential of the six DOF accelerometer includes the potential energy W 

internal to the accelerometer and the gravitational potential energy O of the 

proofmass. It can be written as 

U = W + ̂ . (2.18) 

So the Lagrangian for the six-axis accelerometer can be expressed as 

2 ^ " 2 
L = - m v ^ ' v ^ ' - h - 0 ) ^ / c o | , - H ^ - 0 . (2.19) 

2.2.1 Linear Dynamic Equations 

The general Lagrangian equation is defined by [16] 

dt 
= 0 (2.20) 

where q^ are general coordinates. Replacing q^ with r̂  and substituting 

equations (2.13) and (2.19) into equation (2.20), the linear accelerometer dynamics 

equation becomes 

^P +-^zc=^p (2.21) 
mdrp 

The first term on the left side of Equation (2.21) is the acceleration of the 

proofmass related to the case, the second term on the left side is the equivalent 

acceleration due to the change of the potential energy internal to the accelerometer 

and the right side is the external acceleration which may be written as 

«; =-Fj -VO-2C0;, X F ; -CO;, X(CO;, xr;)-co^ x r ; (2.22) 

The first term of the right hand side of Equation (2.22) is the acceleration of 

the case. The task of an accelerometer is to detect this transitional acceleration. 

The second term is the gravitation acceleration, the average value is about 9.8 

m/sec^ and its direction is along the vertical axis of the earth, the range of its 

deviation is about 10^ m/sec^ globally and several 10^ m/sec' locally. The third 
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term is the Coriolis acceleration, the fourth term is the centrifugal acceleration, 

and the final term couples the angular acceleration to the linear acceleration in 

proportion to the displacement of the proofmass away from the center of the case. 

This equation forms the cornerstone for an understanding of the Unear acceleration 

of the center of the proofmass of the six-axis accelerometer. 

There are three linear motions. Rewriting equations (2.21) and (2.22) in 

their component expressions gives 

r^ +—--^ = a^ (2.23) 

..c , 1 dW E (^ 0/,x 

^ m dry ^ 

y c ^ l ^ = af (2.25) 

(2.26) 

(2.27) 

(2.28) 

< = -rcy - VO^ -2(co;:/;, -(^c/p.)-(^c.r^. - « U ^ ) 

-[co;,,(co;,/̂ ^ -oi'c,r^,)-oiU<.^py -<yO^ 

af = -r;; - VO), -2(co;,/;^ -^yO'^^^'py - < 0 

Equations (2.21) and (2.22) or equations (2.23)~(2.28) are the linear 

dynamic equations for a six-axis accelerometer. 

2.2.2 Angular Dynamic Equations 

Replacing ^. with 6^ and substituting equations (2.15) and (2.19) into 

equation (2.20), gives the angular dynamics equation 
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Qc }_^^-E (2.29) 

The first term on the left side of equation (2.29) is the angular acceleration 

of the proofmass. The second term on the left side is the equivalent angular 

acceleration due to the change of the potential intemal to the accelerometer. The 

right side is the external angular acceleration which is given by 

al = -^', +(^', xP^ -^^', xê ^ (2.30) 

The first term on the right side of equation (2.30) is the angular acceleration 

of the case, which is supposed to be measured. 9 ̂  is the angular position of the 

proofmass in the case coordinate system and 6^ is the angular velocity of the 

proofmass in the case coordinate system. The second term on the right side of 

equation (2.30) is the normal component and the third term in the right side is the 

tangential component of the angular acceleration of the proofmass due to the 

rotation effect of the case. 

Rewriting equations (2.29) and (2.30) as component equations gives 

"̂  /aej 

a',=-(i>L +\«i>'cfi''y -(h'cyQ';)-(>>'cfi'i +co^,ef (2.34) 

al^-ib'c, + j(ci)Le^ -co^,e^)-o)^,9f +co[,e^' (2.35) 

«f=-wcz+|(«c,e?-<e^)-co[-,e^+co[-,e$:. (2.36) 
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Equations (2.29) and (2.30) or equations (2.31)-(2.36) describe the angular 

dynamics of a six-axis accelerometer. 

2.3 Dynamic Equation Analysis 

The combination of equations (2.21), (2.22), (2.29) and (2.30) or equations 

(2.23)-(2.28) and (2.31)-(2.36) form complete dynamic equations of a six-axis 

accelerometer with one proofmass. These equations illustrate the relationship 

between the dynamic states of the proofmass, the external acceleration and the 

potential energy in the accelerometer. These equations are the key to the design of 

a six-axis accelerometer. 

From equation (2.21) and (2.22), there are five different external 

accelerations, but there is only one of interested which is the acceleration of the 

case (7(1). The gravitational acceleration and the other three accelerations due to 

coupling effects are noise in this measurement. These noises must be removed. For 

gravitational acceleration, a value of 9.8 m/sec^ is used. For improved accuracy, 

local survey data can be used. For higher accuracy measurements, real-time 

gravity data must be used to improve the results. In order to limit the coupling 

acceleration, the deviation of the position and the velocity of the proofmass must 

be very small. These requirements can be accomplished with force feedback to 

maintain the proofmass in equilibrium position with respect to the case. 

The same thing happens in the angular acceleration measurement. In order 

to measure the angular acceleration of the case, the effects of the coupling 

acceleration of the second term and the thkd term in the equation 2.24 must be 

eliminated. This means that the deviation of angular position and the angular 

velocity of the proofmass must be very small. Torque feedback can be used to 

accomplish this goal. 
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The potential energy W is used for restricting and controlling the motion of 

the proofmass, it is related to the whole six-axis motion. Generally, the derivative 

of the potential W is also related to six-axis motion. The dynamics equations 

(2.23), (2.24), (2.25), (2.31), (2.32) and (2.33) for each DOF acceleration are all 

coupled to the potential energy W and are not independent. In conventional 

design, restricting the motion of the proofmass is accomplished by a mechanical 

spring (one or two DOF). If the motion of the proofmass is along the axis of the 

mechanical spring, there is no coupling effect. However, a six DOF mechanical 

spring cannot be designed to restrict six DOF motion of the proofmass. 

Decoupling these cross-coupling effects is the primary challenge in designing a 

six-axis accelerometer. 

So, in order to develop a six DOF accelerometer, we must challenge 

1. Design a six DOF detection system; 

2. Develop a six DOF suspension system which can control the position 

(including three linear and angular position) of the proofmass. 

Both of these systems must have the capabiUty of decoupling the cross-

coupling effects. 
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CHAPTER 3 

LINEAR AND ANGULAR DISPLACEMENT DETECTION 

The dynamics of a six DOF accelerometer is analyzed in Chapter 2. One of 

the challenges of designing a six DOF accelerometer is to decouple cross coupling 

effects in detection. There are two ways to achieve this goal. One way is to 

develop a algorithm to remove these errors. In practice, a high speed computer 

may be needed to carry out these calculations. Another way is to develop a special 

structure which is immune to the coupling effects. In this case, the second 

approach is chosen. In this chapter, the construction of a six DOF electrostatic 

accelerometer is discussed. In addition, the linear and angular displacement 

detection and coupling effect cancellations are discussed. 

3.1 Construction of the Electrostatic Six DOF Accelerometer 

Design of a detection system is based on the basic structure and geometric 

parameters of the accelerometer. Naturally, a description of the construction of an 

electrostatic six DOF accelerometer comes first. Two different proofmass 

structures are described and one of them is chosen. Capacitors as sensors of 

displacement and their parameters are defined in this section. These parameters 

will be used in following detection design. 

3.1.1 Proofmass 

Two proposed proofmass structures are given here. One is an inverted 

cubic proofmass and the other is a hollow cubic proofmass. 

3.1.1.1 Inverted cubic proofmass 

An inverted cubic proofmass structure is shown in the Figure 3.1. Eight 

static plate bases are fixed in the case of the accelerometer. The proofmass is 
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electrostatically floated between these static plate bases. Figure 3.2 shows the 

inverted proofmass structure. There are twenty-four conducting plates in the 

proofmass. The Figure 3.3 shows the static plate base structure. Each plate base 

has three pairs of conducting plates. Twenty-four plates on the proofmass and 

Inverted Proofmass 

The Static plates Base 

Figure 3.1 Scheme of Inverted Proofmass Structure 

Silicon Plate 

Golden Plate 

Figure 3.2 Inverted Proofmass 
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twenty-four conducting plates fixed in the static plate bases form twenty four 

capacitors. 

SiliaDnCubi: 

G oJd&n. R ing PJatE 

G o]den C iicle P^ t̂s 

Figure 3.3 Structure of Static Plate Base 

3.1.1.2 Hollow cubic proofmass 

A hollow cubic proofmass structure is shown in the Figure 3.4. The 

matched static plate structure is shown in Figure 3.5. Compared with inverted 

proofmass structure, it has some advantages. First, it is easier to fabricate and 

assemble. Secondly, a cubic structure is stronger than an inverted one. One 

disadvantage is that it is heavier than the inverted one if the same size and the 

same material are used. 

The inverted cubic structure is suitable for macro size accelerometers, 

because a light weight proofmass may be an important requirement for this design. 

Otherwise, very high feedback voltages are needed for electrostatic suspension, 

because the electrostatic force is proportional to the feedback voltage. This relation 

will be given in Chapter 4. Considering miniaturization of a six-DOF 

accelerometer in the future, the hollow cubic proofmass structure may be the best 

choice. The following design will be based on this structure. However, the theory 

and equations derived, based on this structure, can be applied to the inverted cubic 

proofmass with a small adjustment of parameters. 
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Gold Circle Plate 

Silicon HoUw Cubic 

Figure 3.4 Hollow Cubic Proofmass 

Silicon Plate 

Golden Ring Plate 

Golden Circle Plate 

Figure 3.5 The Static Plates Structure of Hollow Cubic Proofmass 

22 



3.1.2 Capacitive Structure 

Capacitive sensing technology is used for linear and angular displacement 

measurement in this instrument. Twenty four pairs of capacitive plates are fixed 

on the proofmass and the case of the accelerometer. Each face of the proofmass 

and the case uses four plates. Figure 3.6 shows twelve capacitive plates in three 

faces on the proofmass in the positive direction and Figure 3.7 shows the other 

twelve capacitive plates on the three faces of the proofmass in the negative 

direction. More details of the capacitor structure will be given in Chapter 4. 

X 

Figure 3.6 Capacitive Plates in Three Faces in Positive Dkection 
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Figure 3.7 Capacitive Plates in Three Faces in Negative Du-ection 

Each capacitor is defined as: 

C,ŷ  ij\k = XjjJ,Z,Z ^ndi^j^k (3.1) 

the first two subscripts /, j refer to the quadrant, and the k specifies the normal 

axis. A bar denotes the negative or downward direction. The twenty-four 

capacitors are listed in Table 3.1. 

Table 3.1 The names and locations of twenty-four capacitors. 

X 

X 

Y 

Y 

Z 

Z 

Quadrant 1 

^YTX 

C -

^ZKY 

C -
^ ZXY 

^XYZ 

C -

Quadrant 2 

C-

C- -

C-

C- -

C-
XYZ 

C- -
XYZ 

Quadrant 3 

C— 
^YZX 

c 
^YZX 

C— 
^ZXY 

c 
^ZXY 

C— 
^XYZ 

c 
^XYZ 

Quadrant 4 

C -
YZX 

C — 
^YZX 

C -
^ZXY 

C — 
^ZXY 

C -
XYZ 

C — 
^XYZ 
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When two parallel plates in the linear medium meet following conditions: 

^V*«VA^ (3.2) 

we can assume that the electrical field, between these two parallel plates, is 

uniform and neglect the fringe effect. Its capacitance can be defined as 

^ijk=~ i,J,k = X,XJJ,Z,Z (3.3) 

where £ is the permittivity of air, A.j, is the area of the plate, d^j, is the distance 

between plates of the capacitor. 

Assuming the distance between plates of all capacitors is dg^ in equihbrium 

position, and the area of each plate is A, the initial capacitance is given as 

eA _ _ _ 
Cijk=-r Uj\k = X,X,YJ,Z,Z (3.4) 

When the proofmass moves away from its equilibrium position, the distance 

dij^ will change. This will result in a change of capacitance. This is the basic 

sensing principle. 

3.1.3 Geometric Parameters 

The main parameters shown in Table 3.2, include the mass, the size of the 

proofmass and the plates on the proofmass. 

Table 3.2 Geometric parameters of a six DOF accelerometer 

1. Proofmass: 

Mass: m Size: bxbxb 

2. Plates: 

Area: A 

Distance between plates on proofmass and the case: do 

Distance from the center of the plate to the plane of coordinate: c 
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3.2 Displacement Detection 

The mechanical response of a six DOF accelerometer to extemal 

accelerations and the problems of detecting extemal accelerations is presented 

next. The six Wheatstone detection bridges are defined and their measurement 

equations are derived. This special arrangement will make it possible for each 

Wheatstone detection bridge to respond to only one of six DOF motions without 

any cross coupling effects. 

3.2.1 Mechanical Response to Extemal Accelerations 

If all six DOF extemal accelerations are applied to the accelerometer 

simultaneously, the proofmass will move away from its equilibrium position. 

These displacements are three linear translations: r^ along the X direction; r^ along 

the Y direction; r^ along the Z direction; and three angular rotations: 9̂  around the 

X axis; 6̂  around the Y axis; 6̂  around the Z axis. These displacements will 

change the distances between the plates of the capacitors. Distance dy^ is the 

distance of the plate in the capacitor Cy^. Referring to Figure 3.6 and the 

parameter in Table 3.2, the new value of this distance, dy^x^ related to six 

displacements, can be written as 

-r^e,+re^-Me5+eJ) /4 ^̂ '̂ ^ 

where do is the initial distance, r^ is the displacement, the minus sign means the 

proofmass is moving toward to the plate on the case. The third term in the right 

hand side of Equation (3.4) is the Unear effect of the rotation in Y-axis and Z 

axis. The rest term are second order, coupled, nonlinear effect. 

The displacements are very small when the electrostatic suspension system, 
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which will be discussed in Chapter 4, is used for capturing the proofmass. This 

will meet the assumption 

r^«dQ i = XJandZ (3.6) 

cej«do j = X,YandZ. (3.7) 

Ignoring the high-order terms, the equation (3.5) can be simplified to 

dyzx=do-r^-cQ^+cQ^. (3.8) 

In the same way, we can obtain all new values of the distances. 

If conditions (3.2), (3.6) and (3.7) are satisfied, the area change of the plate 

can be ignored. So, substituting equation (3.8) into equation (3.3) gives the new 

capacitance of the capacitor Cyzx 

FA 

^Yzx = — • (3.9) 
do-r^-cQy+cQ, 

In the same way, all other capacitances can be calculated. From Equation 

(3.9), we can see that capacitance change is only effected by three extemal 

accelerations, and the other three extemal accelerations do not contribute to these 

changes. Actually, when the change of a capacitance is sensed, there are seven 

possible combinations of these three extemal accelerations. For example, the 

displacement r^, 0^ and6^ can form seven combinations: r^, -c6y,+c6^ A-r,-

cG^), (-r^ + c e j , (-ce^ +c6,), and (-r^ -cG^ + c 6 J to affect the capacitance 

C 

3.2.2 Capacitors Assignment and Wheatstone Detection Bridges 

The twenty-four pairs of capacitors can be divided into six groups. Each 

group has four capacitors and forms a Wheatstone detection bridge. Each of these 

Wheatstone detection bridges can be made to response to only one of the six DOF 
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motion, i.e., three linear motions and three angular motions. The capacitor 

assignments for each DOF acceleration are shown in Table 3.3. The location of 

each group of capacitors is shown in Figure 3.8 to Figure 3.13. The six 

Wheatstone detection bridges are shown in Figure 3.14 to Figure 3.19. In Figure 

3.14 to 3.19, V;', (/,7,^ = X,X,y,f ,Z,Z) are the bridge arm voltages, 

K'„, (/ = X,y,Z,6^,6^,6 J are the Wheatstone bridge output voltages and 

V̂^ (/= X,y,Z,6^,6^,6^) are the detection voltages. AU of the directions are 

indicated in the figures. 

Table 3.3 Capacitors assignment for each DOF measurement 

X detection 

Y detection 

Z detection 

0x detection 

9Y detection 

6z detection 

Wheatstone Detection Bridges 

^YZX 

^ZXY 

^XYZ 

C-
^XYZ 

C-
^YZX 

C-
^ZXY 

C- -
YZX 

c 
^ZXY 

C- -
^XYZ 

C -
^XYZ 

C -
^YZX 

C -
^ZXY 

C— 
^YZX 

C— 
^ZXY 

C— 
^XYZ 

c 
XYZ 

c 
^YZX 

c 
^ZXY 

C — 
^YZX 

C — 
^ZXY 

C — 
^XYZ 

C -
^XYZ 

C -
^YZX 

C -
^ZXY 

3.2.3 Linear and Angular Displacement Detection 

As an illustration, the linear displacement r^ detection will be shown fkst. 

Figure 3.14 shows the linear X-displacement detection bridge. This is a four 

variable arm Wheatstone bridge. The new unbalanced arm voltage V/̂ x i" this 

Wheatstone bridge, can be written as 
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Figure 3.8 Linear Displacement x Direction 

Y 

Figure 3.9 Linear Displacement y Detection 
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Y 

Figure 3.10 Linear Displacement z Detection 

Figure 3.11 Angular Displacement 6̂  Detection 
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Figure 3.12 Angular Displacement 6 Detection 

Figure 3.13 Angular Displacement 6̂  Detection 
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out 

Figure 3.14 Linear Displacement x Detection Bridge 

r C- -
^ZXY ZXY 

+ ' K 
C — C— 

ZXY "^ZXY 

ZXY 

V. 
out 

Figure 3.15 Linear Displacement y Detection Bridge 
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out 

Figure 3.16 Linear Displacement z Detection 

V-
XYZ 

Figure 3.17 Angular Displacement 6̂  Detection Bridge 
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C- c 

Vr 4-V '̂ e 

C _ C 
YZX YZX 

out 

YZX 

Figure 3.18 Angular Displacement 6y Detection Bridge 

Figure 3.19 Angular Displacement 9̂  Detection Bridge 
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yL=~f—v^. (3.10) 

^^^^ ^Yzx ^ ^ ^rzx are the impedance of the capacitors C^^ and Cy-^, 

their values are 

7 1 
^ y z x = — 7 ^ - (3.11) 

Substituting equations (3.11), (3.12) and capacitor values derived in last 

section into equation (3.10), gives the new unbalanced arm voltage Vy^ as 

'S ^Yzx Y^ = ^ y^ ĵc+<̂ Q> ,^5 
CfTDC^^YZX 2 ^ 2(6^0+c9 J 

In the same way, we can obtain the other three new unbalanced arm 

voltages. 

yYzx = ̂  ^^^ yx=-yx-J. . i yl 0.13) 

'S _ Cyzx y^-^ y^ I ^•^"'"^ > T/5 

CfTjc+CyTx 2 ^ 2(^0+c9^) 
^Y^=- ^ r - V x ' - T ^ x + . / , . 1 Vx (3.14) 

^ m = ^^ ^x =-^x ''' ^ - Vx (3.15) 
WY Y7\ •^V^O ^'^ Z / 

s _ ^lyzx yS^LyS^ '" ^"y ^:S 
Vyy '^ YTY -̂ ("O ~^^Z) 

^Yzx=^ -^ yx=-yx+—, -^Vx' (3.16) 
C— 1 r -cQ 

+ C — 
YZX ^YZX 

The output voltage K,̂ , , in this Wheatstone bridge, is the difference 

between two pairs of arm voltages which can be written as 

V^ =V---V— =V -V G 17) 

Substituting the arm voltages, expressed by equations (3.13) to (3.16), into 

the output equation (3.17) gives 
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Y r^ + cQ ^ r^ — cQ ^ ^ 

out YZX YZX YZX YZX 2(^0 + c9 J Hd^ - cQ J ^ 

Equations (3.18) is the output voltage for this Wheatstone detection bridge. 

There are still three variables involved in this single detection. However, as 

indicated previously, the displacement variables are very small compared to the 

initial distances, which are shown in equations (3.6) and (3.7). With these 

conditions, equation (3.18) can be simplified to: 

y^ =V -V =V -V =-^r (3 19) 
" o 

This is the final detection of the linear displacement r^. In the same way, 

detection voltages of other five displacements can be written as 

V' =V---V- = y _ - v =-^r (3.20) 
out ZXY ZXY ZXY ZXY 1 y ^ ^ 

" o 

V^ =V---V- =V--Vyy,=^r (3.21) 
""' XYZ XYZ XYZ XYZ J z ^ ^ 

UQ 

cV' 
y^'=V- -V—=V --V- = — ^ 9 (3.22) 

out XYZ XYZ XYZ XYZ rJ ' 
UQ 

cV' 
y'y =y_ -y_ = y _-y_ = — ^ 9 (3.23) 

out " YZX YZX YZX YZX J y ^ ^ 
" o 

y'^ =V'_ -VL^ = V'--Vl =-^9 . (3.24) 
out ^ ZXY ZXY ZXY ZXY J ^ ^ ^ 

" o 

These equations (3.19) to (3.24), represent the final detection signals. Each 

output signal is related to just one displacement, in other words, it only echoes one 

of six DOF extemal accelerations. Thus, with this special measurement 

arrangement, shown in Figure (3.14) to (3.19), linear six DOF acceleration 

detection is accomplished without any cross coupling effects. One hard nut in 

designing a six DOF accelerometer is finally cracked. 
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CHAPTER 4 

ELECTROSTATIC SUSPENSION SYSTEM 

One challenging problem, coupling effects in detection, has been solved in 

Chapter 3. A linear six DOF detection system was developed. Now we are going 

to deal another challenge problem, designing a linear suspension system without 

coupling effects. Twenty-four pairs of plates, used for capacitors in detection 

system, are employed as electrodes to produce electrostatic forces. A constant 

bias voltage and a feedback voltage are connected to the Wheatstone suspension 

bridge. With this arrangement, a linear six DOF electrostatic suspension system 

without coupling effects is incubated. We introduce the principle of generating 

electrostatic forces first. Then a linear electrostatic suspension system are 

investigated. Meanwhile, coupling effect cancellation in suspension system are 

proved. 

4.1 Electrostatic Potential and Force 

From electromagnetic field theory, the electrostatic potential energy can be 

expressed in terms of field quantities. In linear medium, this is [17] 

W = -\eE'dv (4.1) 

where W is the electrostatic potential energy, £ is the permittivity, E is the 

electrical field and V is the volume of the region where charge or electrical field 

exists. 

When two parallel plates satisfy the condition as stated in Chapter 3: 

d « ^ (4.2) 
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the fringing of the field at the edges may be neglected, and the electrical field may 

be consider to be uniform over the plate and constant. The electrostatic potential 

energy can be simplified as 

W = ^CV\ (4.3) 

Here C is the capacitance of the capacitor. V is the voltage apphed to two 

parallel plates. Equation (4.3) indicates that the electrical potential energy stored 

in a parallel-plate capacitor is proportional to capacitance and the square of the 

voltage. 

The electrostatic force between these two plates can be obtained by 

differentiating the potential energy with the distance between plates [17] 

Put equation (4.3) into equation above and get 

dd 2 3d 2d' ^ ' 

The minus sign means the electrostatic force decreases when the distance d 

increases. This is the basic principle for our suspension system. 

In this design, an equivalent capacitor mentioned before actually consists of 

two capacitors. Figure 4.1 (a) shows the capacitor stmcture. A circular 

conducting plate is attached to the proofmass which is movable. A ring 

conductor and a small cu-cular conductor are concentrically fixed to the case of the 

accelerometer. The proofmass and the case are made of a dielectric material. All 

conducting plates can be made by depositing the gold or an other kind of 

conducting material on the proofmass and the case. The small circular conductor 

are connected to high voltage and the conducting ring are connected to low 

voltage. There is no connection between the proofmass and the case. There are two 

main electrical fields between the case and the proofmass. One field is directed 
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d | 

(a) 

Static plate 

^ : 

Movable plate 

Ring area Ar 

Circular area Ac 

C 
^-'circular 

c 

(b) 

Figure 4.1 Capacitor Stmcture and its Equivalent Circle 

from the small circular conductor to the circular plate on the proofmass. The other 

field is directed from the circular plate on the proofmass to the conducting ring on 

the case. Also there are two fringe effects. One is between the circular plate and 

the ring plate on the case. The other is between the ring plate and the circular plate 

on the proofmass. These two fringe effects can be neglected when the system 

meets the following conditions 

t « d (4.6) 

4A»d (4.7) 

R.-R,»d. (4.8) 

t is the thickness of the conducting plate. /?, - R^ is the gap between the 

circular plate and the ring plate on the case. AU of dimensions can be seen in 

Figure 4.1. 

With assumptions (4.6) through (4.8), this stmcture can be viewed as two 

parallel plate capacitors serially connected. Figure 4.1(b) shows this equivalent 
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f -^(^^Circular y 2 nng_y 2 x ^ 1 g x 

2^dd , "''"'" dd ""' ^' ^ ^ 

circuit. The equivalent capacitor will be the result of two actual capacitors (one is 

the circular capacitor and the other is the ring capacitor) serially connected. 

The force acting on the equivalent capacitor will be 

I dC , . 3C, 
^ circular T / 2 , i^ 

1 circular ~\^ 
circular ring 

Setting the circle area equal to the ring area: Ar =Ac =A, the capacitance of 

these two capacitor will be equal and the voltage acting on these two capacitors is 

also equal and equal to half of the equivalent voltage acting on the equivalent 

capacitor. 
FA _ _ _ 

C^ =C =— iJ,k = X,X,YJ,Z,Z (4.10) 
circular nng J » » » ? 9 \ -^ 

^ijk 

V. ^ =V. = - K , ?,7,^ = X,X,y , f ,Z ,Z . (4.11) 
circular nng ^ ijk ^ J ^ > ? > > ? \ ' 

So, the general electrostatic force will be 

1 p/i - _ _ _ 
% = T - r W /,7,/: = X,X,F,r,Z,Z. (4.12) 

4 d^jk 

This electrostatic force is fundamental to the electrostatic suspension 

system. 

4.2 Electrostatic Suspension System 

In this design, the electrostatic force is used to provide an electrostatic 

suspension system. From equation (4.12), the electrostatic force is proportional to 

the permittivity, the area of the capacitor, the square of the voltage and the inverse 

square of the distance between the capacitor plates. In this case, a voltage is used 

to control the electrostatic force. When the accelerometer senses extemal 

acceleration, the proofmass will move away from its initial position. This will 

change the initial capacitance value, and affect the electrostatic force nonlinearly. 
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For a six DOF accelerometer design, attention must be paid to the special problem 

of decoupling cross coupUng effects, as mentioned in Chapter 2. All of these 

problem can be solved by this novel electrostatic suspension system design. 

4.2.1. Wheatstone Suspension Bridges 

The same Wheatstone bridges used for displacement detection are used as 

suspension bridges. The capacitor assignments for the Wheatstone suspension 

bridges are shown in the Table 4.1. 

Table 4.1 Capacitors assignment for Wheatstone suspension bridge 

Suspension Axis 

X detection 

Y detection 

Z detection 

9x detection 

9Y detection 

9z detection 

Wheatstone Detection Bridges 

^YZX 

^ZXY 

^XYZ 

C-
^XYZ 

C-
^YZX 

C-
^ZXY 

C- -
^YZX 

C- -
^ZXY 

C- -
^XYZ 

C -
^XYZ 

C -
^YZX 

C -
^ZXY 

C— 
^YZX 

C— 
^ZXY 

C— 
^XYZ 

c 
^XYZ 

c 
^YZX 

c 
^ZXY 

C — 
^YZX 

C — 
^ZXY 

C — 
XYZ 

C -
XYZ 

C -
^YZX 

C -
^ZXY 

Six Wheatstone suspension bridges are shown in Figures 4.2 to 4.7. The 

related capacitor locations of the Wheatstone suspension bridges are illustrated in 

Figures 4.8 to 4.13. The various forces and their direction are also shown in 

Figures 4.8 to 4.13. Force bias voltages K,̂ * (/ = X,7,Z,9,,9^ andQ^) and force 

feedback voltages Vf" {j = X,Y,Z,O^Sy, andO^) are connected to the Wheatstone 

suspension bridges. The bias voltages V,̂ * (/ = X,y,Z,9^,9^ andd^) are constant 

and can be used to adjust the stiffness of the suspension system. Feedback voltages 
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V. FF 
X 

YZX 

Figure 4.2 X Axis Suspension System 

ZXY 

Figure 4.3 Y Axis Suspension System 

42 



v^ FF 

Figure 4.4 Z Axis Suspension System 

V. FF 
e 

V-
XYZ 

Figure 4.5 9̂  Axis Suspension System 
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Vr 
FF 

e 

Figure 4.6 9 Axis Suspension System 

V. FF 

9 

ZXY 

Figure 4.7 9̂  Axis Suspension System 
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Figure 4.8 Forces Distribution for X Axis Suspension 

Figure 4.9 Forces Distribution For Y Axis Suspension 
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Y 

Figure 4.10 Forces Distribution For Z Axis Suspension 

Figure 4.11 Forces Distribution For 9̂  Axis Suspension 

46 



Figure 4.12 Forces Distribution For d Axis Suspension 

Figure 4.13 Forces Distribution For 9̂  Axis Suspension 
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Wj (y = X,r,Z,9^,9^,flA2cf9J can be controlled in both amplitude and du-ection 

with respect to position change of the proofmass. There are a total of six bias 

voltages and six feedback voltages in this electrostatic suspension system. Each of 

these Wheatstone bridges will be used for only one dkection of suspension. 

In Figures 4.2 to 4.7, the bridge arm voltages caused by bias voltages 

V[^ a = X, y, Z,9, ,9 ̂  flrtflf 9 J are defined as 

Vi^^ iJ,k = XjjJ,Z,Z (4.13) 

and the bridge arm voltages produced by K/̂  (; = X,r,Z,9,,9^,flAzJ9,) are 

defined as 

Vi^^ ij\k = X,XJJ,Z,Z. (4.14) 

The arrows in Figures 4.2 to 4.7 represent the du-ection of the voltages. The 

end of the arrow is high. The proofmass is assumed to move along the positive 

direction of the axis. 

The whole bridge arm voltage will be a sum of two components: 

y^k = yik+y^k iJ,k = XjjJ,Z,Zandi^j,tk. (4.15) 

The sign of these voltages is important. 

4.2.2 Linear and Angular Electrostatic Suspension 

Linear and angular suspension are implemented by electrostatic forces 

acting on the proofmass. Equation (4.12) is used for calculating these forces. An 

extemal acceleration affects the values of the distances, the capacitances and the 

bridge arm voltages. AU of these values also affect the electrostatic forces, as 

discussed in section 4.1. Before computing the electrostatic forces, the distances, 

the capacitances and the bridge arm voltages must be determined. 
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The forces in X direction wiU be calculated first, as an illustrated. Because 

the same Wheatstone bridges are used, the new unbalanced distance values and the 

capacitances derived in Chapter 3 can be used here. They are 

^Yzx =do-r,-cQ^+cQ^ (4.16) 

f̂zx = ^ o + ' ; + c e , + c 9 , (4.17) 

^F2x=^o- ' - .+c9^-c9 , (4.18) 

^ r z x = ^ o + ^ . - c 9 , - c 9 , (4.19) 

^^^ = :i Q ^ Q (4-20) 

eA 
CTZX=^. . ^ . ^ (4.21) 

Cm = —. (4.22) 

Cy„= . (4.23) 

The voltage changes in the Wheatstone suspension bridges are a little more 

complicated than for the detection system. Each bridge arm voltage includes two 

components. The individual components are given first, and they are summed to 

get the final changes in the bridge arm voltages. 

In the same way using in Chapter 3, the bridge arm voltage changes 

produced by V,̂ ^ (/ = X,X,y,y,Z,Z)are given by (see Figure 4.2) 

yFB^ ^ £m y/B ^ ^^ZllZ^llS^yFB (4 24) 
^Yzx "*" ^YTX 2((io + c9 2) 

yFB ^ Cy^ yFB ^ do+r,+ce,+cQ, 

CTZX+CYZX 2(do+ce,) 

do 

do 

do 

-r. 

+ r. 

-r. 

- c 9 , 

zA 

zA 

zA 

-hc9. 

-hc9. 

- c 9 . 

49 



FB _ ^YZX yFB _do f'x'^C^y C^z ^^PB 

YZX "*" YZX 2(ao — c9 ̂  ) 
^Yzx - 7; 7T, ^x :^, T ^ ^x (^-26) 

FB _ ^YZX ^rFB _ dp + ^x ^^ y cQ z ^^PB 
X ~ 

YZX "*" YZX ('̂ O ~ ^Q z ) 

V™ = ^^^ V™ = " ' ' ' VP. (All) 

The voltages changes produced by V" (i,i,k = X,X,Y,Y,Z,Z) may be 

written as (see Figure 4.2) 

yFF^ = —^m.—y/F ^ rfo-/-.-ce,+ce, ̂ ^^ ^^^^^ 
^Yzx "*"^Yzx 2(c/o -cQy) 

FF YZX MFF dQ-'rr^+c^y+c^^pp 
y_rr_ ^ I_LA y^r ^ ^ ^ y^ ^_y^r (4.29) 

YZX "*" Y^ 2(uo + c9 ^ ) 

FF ^YZX yFF _do ^x'^^^y ^"z ^^FF 

FzY "^ YZX 2\dQ + c 9 y) 
yff = r m yFF = "" •" --y -'yFF (4 30) 

yFF_ ^__CjmL yFF ̂  do+r, cQ, c 9 , ̂ ,, ^^^^^ 

^YZX + ^YZX ^ ( ^ 0 ~C^y) 

The bridge arm voltages are formed by using equation (4.15) and the 

conditions: 

/;. «^o i = XJandZ (4.32) 

c9^«do j = XJandZ (4.33) 

2 dQ 

YZX ~ YZX ^YZX o (j 

^ 1 dQ-r^ + 
YZX ^ 'YZX 'YZX r^ ^ 

yF ^yFB^yFF^ ^^0 . ^y ._^yFB ^ yFF) (435) 

F A/FB yrFF 1^0 ^x'^'^^y ^^ z .,.FB ^TFF 
yy7y=yY7y-yY7y=- ) (^X " ^X ) ( 4 ^6 ) 

'0 
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yL_ =yf'± ^yf'JL =L^^lIl-jlL_^(yFB yFF. . . .7 . 
^YZX ^YZX ̂ ^YZX 2 d '̂̂ X +^X ^ V^-^l) 

Equations (4.34) to (4.37) are the final bridge arm voltages. These voltages 

respond to the extemal accelerations and are proportional to the bias and feedback 

voltages. 

According to the general electrostatic force equation (4.12) in section 4.1, 

all the electrostatic forces can be obtained by using equation (4.12). Thus 

^F ^ 1 ^A lfifo-r,-c9^-Kc9^ ^̂ ^̂  ^^p 
^^ 4(^o-'x-c9^+c9,)' 2 dQ ^ X X n 

T\^X ~^X ) 

(4.38) 

16 dQ-

,F _ 1 A r}_do+fx+cey+cQ, ^^^p^ ,,,FF^,2 

4(dQ+r^+cey+ce,f 2 UQ ^Y7y--:T-:———;:—•^TTTLT ; (̂ x +^x )J 

1 ^.^yFB^yFF^l 
(4.39) 

16 ̂ 0 ' 

,/r J_ ZA AdQ-r^+C^y-C^z ^^^FB ^/FF^^l 

'4(do-r,+cQy-cQ,f 2 UQ 
p^y = ̂ - -.—r-T[T 7' (yx -yx ) \ 

1 zA 
(4.40) 

16 ĉ , 0 
2^yP-yx^f 

,F _J_ A AdQ+r^-cBy-cid, ^^^p^ ^̂ ,,̂ ^̂ 2 

A{dQ+r,-c%y-c^,f 2 UQ 
Pv7V=-— TTTLT ; (̂ X +^X )J 

(4.41) 
li^(v;^+v/^)2. 
16 do' 

These four electrostatic forces are shown in Figure 4.8. Using the same 

way, we can obtain all forces acting on the proofmass. 
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zA 

^{do-r-c^^^c^Y 2 

1 (in - r - c9 _ + c9 , po ^^ 
2 [:7 , — ' - ^ y p - y' )]• 

'0 

1 zA 

\6d 0 ̂
{y^-yVf 

(4.42) 

'zxy 
£ ^ 

4(t;fo+r +c9^-hc9 , )^ 2 

1 fifn + ''v + <̂Q X + c9 - ^o „„ ^ 

0̂ 

1 zA 

\6do ^{v^-^yrf 
(4.43) 

F^ = 
' ZXY 

zA Idn-

4{dQ-ry-ce,+cQ,r 2 

1 £ ^ ( y ; f i _ y F F ) 2 

/ ' F M 2 

^, 
-W')] 

0 

16 V 

(4.44) 

^ZXY 
1 EA 

4 ( r f o + ' * ^ - c 9 ^ - c 9 , ) ^ 2 

1 ^4.(y/î  + y;̂ )2 

1 U Q + r^ — C 9 „ — C 9 - r-p r r -. 

[-— -(Vy + Vf )f 
'0 

^XYZ -
1 zA 

4{dQ-r^-ce^+cQyy 2 

1 £^ /T/F5 \/FF^2 
\^Z ~^Z ) 

^ ^^^Zlil^llf^^yFB _yFFy^2 

0̂ 

Ff-
' XYZ 

16 dQ 

1 

2^'Z 

zA 

4(dQ+r^+cQ^+cej' 2 

1 dQ+r,+cQ,+cQy^^^p^ p 
2^~ ; ^^z ^^z ) \ 

0̂ 

1 zA 

F^-
^ XYZ 

\6dQ 

1 zA 

4{dQ-r,^c^^-c^yY 2 

1 ^A FB ^TFF^I 
~\yz ~^Z ) 

^1 dQ-r^^c^^-c^y ^^^p^ UFF.\I 
2 L~ ; \^z ~^z ) \ 

d^ 0 

16^0 

(4.45) 

(4.46) 

(4.47) 

(4.48) 
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F^-
XYZ 

zA 

4{dQ + r^-cid^-c^yy 2 

L^^yFB^yFF^l 
\6d^ ^ ^ ^ 

21^-^——-^— '^yp+yp)] 
fifr 

0 

(4.49) 

F^ 
' XYZ 

zA 

4(dQ-r^-cQ^-cQyr 2 

1 dQ-r^-cQ^-cQ^^^^p^ rFF..2 

16fif, 2^''e, 
0 

(4.50) 

' XYZ 
1 zA 

2 [ 
4(dQ-r^^-c^^+c^yY 2 

J^^^yFB^yFF^2 
\6d^ ^' ^' 

1 dn — K- + C 9 „ -h C 9 V CD rr 1 
- ^ - ^ f y_^y^FB^y^FF^^2 

0̂ 

0 

(4.51) 

1 zA 
XYZ 2 [ 4(6^o-hr^-c9^-hc9J^ 2 

1 ttn + r_ — C 9 y + C 9 .y c-p r r o 

^(V^e - ^ e )] 
rf, 0 

1 ^ /Tz/'fi T/^^\2 

' xyz 

16^0 

1 

2 ^ 6 , 

zA 

F^ 
^ YZX 

4(dQ+r^+cQ^-cQyy 2 

±^^yFB^yFF^2 

16 V ' 

1 zA 

1 { i n "•" '*z "^ ^ ^ V ~ ^ ^ V /TO FF 1 

fo 

4 ( f i ( o - r ^ - c 9 ^ - c 9 , ) " 2 

1 ^A FB \/FF^2 

^1 (JQ r̂  c9y c9^ ^^^p^ wFF^\2 

d 0 

16 V 

(4.52) 

(4.53) 

(4.54) 

F^-
^ YZX 

1 zA 

4{dQ-r^+c(dy+c%^Y 2 

^^ido-r^^cQ^^^^y^FB ^y^FF^^2 

d 0 

16 6̂ 0 

(4.55) 
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,F _J_ zA AdQ+r^-cQy+cQ, ^^^pg ,,FF^,2 

4idQ+r^-cdy+cQ,f 2 UQ 
F^—=- ^1^ r " ̂  ^ y ^^' (yFB yFF.y 

16 do'- ' ' 

PYJX = T 7 — - — - — - — - ( y ^ + yP)] 
™ 4{dQ+r^+c(dy-cid,f 2 dQ ^> ^' 

= L^(yFB^yFF^2 

16 ̂ 0 ' ' 

F ^ 1 A Adp-ry-C^x-C^z FB yFB..2 
^^ 4 (^0-^-^9,-^9,)'4 dQ ^ ' ' ' ' ^ 

= }.^iyFB_yFB^2 
16 ̂ 0 ^ ' 

^^"4(rfo- ' - ,+c9,+c9,) '^2 dQ ^^'' ̂ ^'^ ^^ 

--4(<'+<')' 
16^0 

r 1 £/4 1 (in "+" '̂ j + C9 r — C9 CD CD o 
F ^ = — T[-—— ( C - Vl")]^ 

16fifo 

^F _ 1 e^ ^1 dQ+ry-cQ^+cQ, ^^^pg ̂  T/FgM2 

^zxF-4(^^^,^_,e.^c9j'fi 7Q ^^ '̂ ^"^^ ^̂  

16 (io 

(4.56) 

(4.57) 

(4.58) 

(4.59) 

(4.60) 

(4.61) 

Twenty-four electrostatic forces related to each capacitor has been 

formulated. The acting axis of all these forces are perpendicular and directed 

outward from the faces of the proofamss. This is the direction of decreasing 

distance d, all minus signs are removed from the equations. These forces and their 
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du-ections are shown in Figures 4.8 to 4.13. Inspection of these equations, shows 

that all of these electrostatic forces are the functions of: 

1. Initial gradient of the capacitance, not the new unbalanced capacitances; 

2. the force bias voltages and the feedback voltages, but through a nonlinear 

relation. 

Now, the summing actions of these twenty-four forces on the proofmass 

need to be determined. According to the magnitude, the direction and the location, 

all these twenty-four forces can be summed into three transitional forces and three 

torques. From Figures 4.8 to 4.13, and the geometric parameters in Table 3.2, the 

acting points of all these twenty-four forces are c away from the plane of the 

coordinate system whose origin is fixed in the center of the proofmass. The 

summing action of the forces parallel to same axis is only translation force, they 

do not produce a torque to the proofmass. AU these twenty-four forces fall into 

three groups according to their direction, each group has eight forces (e.g.. Figure 

4.8 and Figure 4.12 show eight forces in X direction) perpendicular to each other. 

We sum each group to get three translation forces, and sum the combination of any 

two groups multiplying the distance c to get three torques. The following equations 

show the three forces and the three torques. 

F^ =F'' +F^ +F^ +F- -F^--F---F—-F — 
' X ' YZX ^ ' YZX YZX YZX YZX YZX YZX YZX 

' ^ [(vp - yFF f - (K™ + yFF f ] (4.62) 
8d„-

- ^ , 2^X *^X 

2^0 

F^ =F^ +F- -HF— - I - F - -F''--Ff--F—-F'— 
1 Y * ZXY ^ * ZXY ZXY ZXY ZXY ZXY ZXY ZXY 

' ^ [ (C - K" y - ( C + v r ) ' ] (4-63) 
8d„ 

1 ZA .^FBf/FF 

2d:~ ' ' 
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F^ =F'+Fl +FL +F'- -F'--FI--FL--F' 
Z XYZ XYZ XYZ XYZ XYZ XYZ XYZ XYZ 

1 ^ [(V/* _ yF^Y _(K/» + yFFf] (4^64) 
8d„ 2 

.y^^y^f^ 

2d„ 1 ' Z ' Z 

T! = (F- + F— - F^- - F^ + F' ' -I- F^ - F^ - F'' 
9x ^ XYZ XYZ XYZ XYZ XZY XZY XZY ^ XZY 

+ F^ +F^ - F ^ -F'' + F^ -I-F^ - F"" -F'' ^^r 
^ ^XYZ ^ ^ y y z ^YY7. ^XY7 ^ ^YTY ^ ^Yjy ^VTV ^ V T V ) ^ C XYZ XYZ XYZ XZY XZY XZY XZY 

l^[(Vr - vr f - ( C + C ) ' ] X c (4.65) 

1 £ / i C , rFBj/FF 

2d 
2 "^e, ^Q 

T''=(F'' +F'' - F ^ - F ^ +F^ +F^ -F^ - F^ 
^ e , y^ YZX ^ ' YZX ^ YZX ^ YZX ^ ^YZX ^ ^YZX ^YZX ^YZX 

+ F— +F^—-F'' -F^ +F^ + F^ - F ^ - F^ W r ^ ' x y z ^ ' x y z ' xrz ^XYZ ^ ^XYZ ^ ^XYZ ^XYZ '^XYZ^^^ 

=—[(K: - K : y--iKy v - )̂  ] X c (4.66) 

1 £ / i C , .FBMFF 

2 d,^ '^ '^ 

jF _ fpF , pF _pF_ _pF A. fF^ ,pF_ _p_F__pF 
^6, '̂ XZY ^' xzy ' xzy ' xzy ̂  ̂  yzx ̂ ' rzx ' YZX ' J'zx 

A. pF x pF_ _ pf^ pF , pF ^ pF pF _ pF_ \ y ^ 
•^ ^ZXY "^ '^ZXY ^ZXY ^ZXY "^ ̂ KZX "^ ^KZX ^XZX ^yZX ̂  '^ ^ 

= ^ J^KV™ - <^)^ - ( < * + Vê )̂̂ ]X c (4.67) 

" 2 do' '• '• • 

The negative sign on the right hand side means that the force or torque 

acting on the proofmass is opposite the moving direction. 

The permittivity £, the capacitor area A, the distance c, the initial distcuice c/ 

and the force bias V-j^^ {i.j\k = X,X,Y,Y,Z,Z) are constant. So , each of the 

56 



system forces and torques is controlled, Unearly by its own feedback voltage 

V f̂ (/,;,/: = A:,x,y,f ,z,z) . 

4.3 Effect of Detection Circuit on the Suspension System 

As indicated previously, the same bridge is used for detection and 

electrostatic suspension. The detection bridge arm voltages may produce an 

electrostatic forces on the proofmass. 

To determine the effect of the detection system, the distance changes, 

capacitance changes and the detection bridge arm voltages obtained in Chapter 3 

can be used to find the electrostatic forces. 

™ 4{dQ-r^-cey+ce,f 2 dQ ^^ 

^ ^ • " ' • ^ 

^ s _ ^ l A 1 dQ+r^+cQy+cQ, ^^^ . 

™ 4(dQ + r,+cey+ce,f 2 dQ ^ 

16 dQ 

J_ zA 1 dQ-r^+cQ^-cQ^ 

4 (dQ -r^-\-cd -cd^y 2 dQ 
pS _ A t ^ i 1 - U -x • ^^y " - • - , ^ 5 i 2 

^Yzx - ~~ ~~^ TTTJi- ; v̂ x J 

\ ZA c 9 
-(Vx) 16 do' 

^S ^ . _ ^ 1 eA i c / o - H r ^ - c 9 ^ - c 9 - ^ -, 

^^^ 4(dQ+r,-cQy-cQ,f 2 dQ ^ 

1 zA 5 x 2 

1 6 ^ 2 ( ^ X ) 
0 
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(4.68) 

(4.69) 

(4.70) 

(4.71) 



^ZXY -
1 zA 1 dQ-Ty -cQ^+cd 

4{dQ-r-cQ^+cQ,r 2 
-yY'f 

'0 

I zA CO 

0 

F ^ -
1 eA 

4{dQ+ry+cQ^+cQ^y 2 

^'\(yY'f 

^idQ+Fy+cQ^+cQ,^^^^^ 
2 U ~, ^Y J 

0̂ 

\6d 0 

F ^ 
' zxy 

1 zA 

4{dQ-ry-cQ^+cQ,r 2 
1 ^ o - V - c 9 ^ H c 9 ^ c 2 

2 L ̂  ; ^y J 
'0 

F ^ -' zxy 

16 V 

1 eA 

^XYZ -

4{dQ+ry-ce^-ce,y 2 

-^(yY^f 
16 V 
1 eA 

1 dQ+r - c 9 ^ - c 9 2 o 9 

0̂ 

4(^o-'*z-ce;,+c9J" 2 
l f i f o - V - c 9 ^ + f e > , , S i 2 

2 LTT ; ^z i 
0̂ 

F ^ -' xyz 
1 eA 

4(c /o+r^+c9^+c9^ )^ 2 
2 [ T . — - y i " ^ ' 

'0 

F^ 
' XYZ 

\6dQ' 

1 eA 

4 ( c i o - r , - h c 9 ^ - c 9 p ^ 2 

1 t/o - ẑ + c9 ^ - c9 Y c 2 
2[- , — - y i ^ 

»0 

16^0 

(4.72) 

(4.73) 

(4.74) 

(4.75) 

(4.76) 

(4.77) 

(4.78) 
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F ^ -
' X T Z 

1 eA \ dQ+r^ - c 9 ^ - c 9 c 0 

' XYZ 

4(dQ+r^-ce^-cQyy 2 

1 eA 

y vl\ 
0̂ 

4 ( d / o - r , - c 9 ^ - c 9 p " 2 

1 6 ^ 2^ ^' 

l ^ o - ^ ^ - c 9 ^ - c 9 ^ c 2 
2 L T ; ^e. J 

0̂ 

0 

F^-
' xyz 

1 eA 

4(cfo-'*z+cQx+<^Q>) 2 

-4(V/)' 
16^ ,^ ^' 

1 ^ o - ^ z + f 6 x + f ^ , ^ 5 i2 
2 L~ ; '^B. J 

d 0 

0 

eA 
XYZ 4{dQ^-r^-c^^+c^yy 2 

l d o + ^ ^ - c 9 ^ h c 9 ^ e 2 

0̂ 

F ^ -
^XYZ 

16 6̂ 0 

1 eA 

4{dQ+r^+cQ^-c%yy 2 

1 ^ o + r , - H c 9 ^ - c 9 ^ ^ ^ ^ ^ 2 
2 y~ \ ^e. J 

' '^-(y.'f 

F1 
^YZX 

16 dQ^'"'' 

1 eA 1 dQ-r^ - c 9 - c 9 2 T / S i 2 

4(dQ-r^-cQy-cQ,y 2 
y^\ 

F^-
^YZX 

\6dQ 

1 eA 

4{dQ-r^-^c^y^c^^y 2 

16 V '> 

AdQ-r^r^Yr^ ^ . 
v~ ; '̂ e J 

'0 

(4.79) 

(4.80) 

(4.81) 

(4.82) 

(4.83) 

(4.84) 

(4.85) 
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^ 5 _ ^ J _ eA Adp + r^-cey+cQ^ 

^^^ 4idQ+r,-cQy+ce,y 2 dQ >̂ 

16 dQ 

. 5 _ ^ 1 eA 1 ̂ o + r,+c9^-c9 

^^ 4(do+'-.+c9^-c9j2 4 0̂ ^^ 

1 eA r 5 x 2 

4{dQ-ry-ce,-cQ,y^2 dQ 

\6dQ- "> 

pS ^ 1 eA ^1 dQ-ry-cQ,-ce,^^^_^2 
ZXY Ar, „ ^Q n N2 U 3 '̂ e J 

1 eA c 9 
= 9-(^e ) 

16c^o 

^ 5 _ ^ 1 eA AdQ-ry+c%,+cid,^^^ 

™ 4{dQ-ry^c^^^c^,y 2 dQ ^^ 

\6d 0 

^5__ ^ J_ eA 1 ̂ o_^_^y+c9^-^^ . 2 
^^^ 4{dQ^-ry^c^^-c^^y 2 dQ '^ 

Sx2 

16 (io 

^ s _ ^ 1 ^ Ado+ry-cQ^+cQ,^^s 2 

^ 4(^o-hr^-c9^-hc9J^ 2 C^Q '̂ 

16 dQ 

(4.86) 

(4.87) 

(4.88) 

(4.89) 

(4.90) 

(4.91) 

There are a total of twenty-four forces. Theu- locations are shown in Figures 

4.14 to 4.19. The acting axis and directions are the same as discussed before. 
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YZX 

YZX 

Figure 4.14 Forces in X Axis Caused by Detection Circuit 

Figure 4.15 Forces in Y Axis Caused by Detection Circuit 
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Figure 4.16 Forces in Z Axis Caused by Detection Circuit 

Z 

Y 

Figure 4.17 Forces in 9̂  Axis Caused by Detection Circuit 
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Figure 4.18 Forces in 9y Axis Caused by Detection Bridge 

Figure 4.19 Forces in 9̂  Axis Caused by Detection Circuit 
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(4.92) 

(4.93) 

(4.94) 

The summing action to the proofmass can be determined in the same way in 

last section, the three forces and the three torques are: 

Px = ^YZX + P'YZX'^ ^YZX-^ ^YZX - ^ m ~ ̂ YS( - ^7ZX - ^YZX 

= 0 

/^y '=/^^+/^^+^^,+F^-/^^--F^--F^-F^ 
= 0 

ẑ =^xyz+^xyz+^xyz+^xyz-^;a'z-^/yz-'^^-'^;^ 
= 0 

jF ^.pF ,p_F__pF_ _pF_ pF pF _ ̂ F _ ^F 
6, ^'xyz ^ ' x y z ^XYZ "^XYZ ^^XZY ^^XZY ^XZY ^XZY 

^PxYZ^PxYZ-P^YZ-Pkz+PxZY^PxZY-PhY-HzY^^'^ (4-95) 

= 0 

T^=(Ff A-FI— — F^- —F^-A-F^ 4-F^—-FI- — F^ 
^Qy ^^ YZX ^^ YZX ^YZX ^YZX^^YZX'^^YZX ^YZX '^YZX 

^^Wz^PxYZ-P^-P^YZ^PiYZ^PxYZ-P^Z-P^Yz)^^ (496) 

= 0 

jF _(pF , pF _pF_ _ pF ,pF_ i. pf_ -F---F^ 
f̂l V' V7V ' ' Y7V ' Y7V ' V7V ' ' V7Y ' ' V7Y ' V7V ' 1 9. ^ ' XZY ̂  XZY ' XZY XZY ' YZX ^ ' YZX ' YZX ' Y^ 

7F , pF _ p^ _ _ pF , pF I pF_ _ pF _ pF_ 
ZXY "^ ^ZXY '^ZXY ̂ ZXY ^YZX ^YZX ^YZX ^YZX 

= 0. 

Equations (4.92) to (4.97) indicate that the detection circuit has no force 

effect to the proofmass. Actually this result can be seen from Figures (4.8) to 

(4.13). The four forces in each Wheatstone detection bridge are equal and 

symmetrically located in opposite faces, so all the forces and torques are balanced. 

So the detection circuits just function as a sensing system. The linear electrostatic 

suspension system obtained before is not diminished by using same Wheatstone 

bridges. 
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Because the same Wheatstone bridge is used for detecting and suspending. 

Isolating the two different voltages (one is AC for detection and the other is DC 

for suspension), acting on the Wheatstone bridge, is neccessary. 

A new Unear six DOF electrostatic suspension system has been developed. 

Its immunity to coupUng effects, indicated in Chapter 2, has been shown. The 

linear relation between the electrostatic suspension (forces and torques) and 

feedback voltages is shown in equations (4.62) to (4.67). This is a pure 

electrostatic floating system. There is no electrical or mechanical Imkages between 

the proofmass and the case of the accelerometer. A conventional accuracy hmit of 

accelerometer design: the error produced by linkages is removed. This should 

tremendously enhance the sensitivity, resolution and accuracy of the 

accelerometer. 

This stmcture (the same Wheatstone bridges are used for both the detection 

and the suspension system at same time) has several other advantages. First, the 

system needs twenty four pairs of plates, instead of forty eight pairs of used for 

detection and suspension. Secondly, because the same plates are used for detection 

and suspension, the feedback suspension will act on exactly the same position 

from where the detection signal comes. There is no error between sensing and 

responding. Thirdly, using the same plates can allow the largest sensing signal and 

the largest electrostatic suspension forces. Because if the detection and the 

suspension plates are separated, these plates must be arranged by dividing the area 

into two or paralleled fixed. With dividing area, each plate has just half the area as 

this design. With paralleling design (one for detection and another for suspension), 

one of them will have big distance between plates. So both ways will reduce the 

sensitivity and efficiency of suspension system. 
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Chapter 3 provides a linear six DOF detection system, this chapter gives a 

pure linear six DOF electrostatic suspension system. The combination of these 

two chapters form a core theory of this novel six DOF electrostatic accelerometer. 
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CHAPTER 5 

SYSTEM TRANSFER FUNCTIONS 

The detection equations, derived in Chapter 3, give the relation between the 

displacement of the proofmass and the output voltage of the detecting circuit. In 

Chapter 4, a linear six DOF electrostatic suspension system was designed and a 

group of equations, describing the relationship between the force (or toque) and 

the feedback voltages, was given. Ah of these information can be combined to 

explain six DOF accelerometer in terms of a transfer function relating acceleration 

to displacement and displacement to output voltage. Several important constants 

are also defined in this chapter. 

5.1 Detection and Suspension Equations 

Equations (3.19) To (3.24) in Chapter 3 represent the relationship between 

the displacement of the proofmass and the output detection voltage. Rewriting 

these equations gives 

yoi=^yi (5-1) 
do 

yy =h.ys (5.2) 
do 

V^ =^V7 (5.3) 
do 

yO, _ c 9 ^ 5 (5 4) 

do 

do ' 
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ê. _ c9^ _ c 
yo^=-ryi' (3.6) 

do ' 

From Chapter 4, the electrostatic forces or torques which are applied to 

balance the proofmass are Unearly controlled by feedback voltages. The 

relationships between the force and voltages are given in Equations (4.62) to 

(4.67). Rewriting these results for convenience. 
p - ^ ^"^ vFB^rFF .. „, 
^x - - T T T ^ ^ x ^x (5.7) 

Z QQ 

^y - - ^TTT^y ^Y (5.8) 
2dQ 

^z ----TT^z ^z (5.9) 
2dQ 

1 zAc ^^FBT^FF 

to 
^e = - r 7 T ^ 9 X ' (5.10) 

2 dr ' 

T. = ~ ^ V l X ' (5.11) 
'̂ 0 2dr- "' 

To = - j ^ V / V e ^ ^ (5.12) 
2dQ- ' ^ 

Here the superscript F is dropped for simplicity. 

5.2 Definitions of Constants 

In order to simpUfy equations (5.1) to (5.12) and to group some parameters 

with special meaning in instmmentation terminology, several constants are 

defined. 

l^f=J-yS i = xj,Z (5.13) 
d 0 

^ / = - r ^ f ; = 9 „ 9 , , 9 , (5.14) 
do y 
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1 tA 
k(={^vr i = X,Y,Z (5.15) 

'o 
2 ^ 2 ' 

^ y = 7 T r ^ " 7=e.,e,,e, (5.i6) 
Z QQ 

K i = X,Y,Z (5.17) 

Ty 7=9^ ,9^ ,9 , . (5.18) 

/:, (/ = X,y,Z) is the linear detection scale factor. Equation (5.13) shows 

that it is proportional to the drive source voltage, V;̂  ii = X,Y,Z), and inversely 

proportional to the distance d„. The superscript d means detection. 

Ty(7 =9^,9^,9^) is the angular detection scale factor. It is proportional to 

constant c, the drive source voltage, Vf (; =9^,9^,9,), and inversely proportional 

to the distance d in equation (5.14). kf (i = X,Y,Z) is the electrostatic force 

scale factor. Its relation to the permitivity e , the capacitor area A, the initial 

distance d^ and the force bias voltage V- (i = X,Y,Z) is shown in equation 

(5.15). The superscript / means the force, ty (7= 9^,9^,92) is the electrostatic 

torque scale factor. Equation (5.16) shows that it is proportional to the permitivity 

e , the capacitor area A, the constant c and the force bias voltage 

V^^^ {i = X,Y,Z) and inversely proportional to the initial distance J,. The 

superscript t means torque. AU of these scale factors must remain constant. 

kf (i = XJ,Z) and Xy (7 =9^,9^,9,) in the expressions (5.17) and (5.18) are 

system control DC gains. These gains combine the output detection voltages to 

the feedback voltages, as 

Vi'=k:-V„l (5.19) 

<=K-yol (5.20) 
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yFF 

X 

yFF 
y 

vr 

= k'' 'V^ 
'^z ^ out 

X 

= ^e,-V^J. 

= Ti -V!;, 

(5.21) 

(5.22) 

(5.23) 

(5.24) 

5.3 Simplification of Detection and Suspension Equations 

Substituting the scale factors (5.13) and (5.14) into Equations (5.1) to 

(5.6), gives the simplified detection expressions: 

yoi=kx-rx (5-25) 

yL=k'y'ry (5.26) 

^/.=^z'-^z (5-27) 

yo^=</^x (5-28) 

V^> =xi -9 (5.29) 
*^out ^Q^ ^y ^ ^ 

V^' =Ta -9 (5.30) 

Substituting these scale factors (5.15) and (5.16) into equations (5.7) to 

(5.12), we get simplified suspension expressions 

F,=-kf-Vr (5.31) 

(5.32) 

(5.33) 

(5.34) 

(5.35) 

(5.36) 
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T, 

=-H-
= -k{ • 

= - < . 

= - e . 

= - < 

V ^ 

vl' 
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5.4 System Stiffness and System Natural Frequency 

Substituting equations (5.25) to (5.30) into Equations (5.19) to (5.24) and 

then into (5.31) to (5.36), gives the relationship between the electrostatic forces or 

torques and the displacements of the proofmass, as 

^x = -4 ' K • kx • r-x = -K • r-x (537) 

Fy = -k^y • k'y • ky • Fy = - k y ' Fy (53^) 

Pz=-H'K-kt-r,=-k,-r, (5.39) 

To =-< < < • e . = - t e - e . (5.40) 

TQ = - T ^ -Tê  -xi •9^=-Te -9^ (5.41) 
y y y y •' y •' 

7;, = - 'C0 / 'C^ /^e /Qz=- ' ^e /0z - (5.42) 

In these equations, /:, (/ = X,y,Z) is the linear suspension or electrostatic 

spring stiffness, and x^ (7 =9^,9^,92) is the angular suspension or electrostatic 

spring stiffness. Their values and the system stability will determine the 

performance of the accelerometer. So these terms are very important design 

parameters for the accelerometer. From equations (5.13)-(5.14) and equations 

(5.37)-(5.42), these two spring stiffnesses are defined as: 

k.=k( 'kf-kf =-^'kf'Vi^^-V^ i = X,Y,Z (5.43) 
2dQ 

'j='j"r^1=Y^'^r^r'yj ^̂ e.,9,,9,. (5.44) 

The system natural frequencies can be defined by the following 

expressions: 

0 )2= :^ i = XJ,Z (5.45) 
m 
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« y = y 7 = e „ 9 ^ , 9 , (5.46) 

whereco/ {i = XJ,Z) in Equation (5.45) are the linear system natural frequencies 

and coy (7 = 9j^;,9^,92) in Equation (5.46) are the angular natural system 

frequencies. 

5.5 System Transfer Functions 

Several relationships are formulated above. The output voltages of the 

detection system are the product of the displacements and detection scale factors 

in equations (5.19)-(5.24); Suspension forces or torques are the result of feedback 

voltages time the force (or torque) scale factors in equations (5.25)-(5.30). 

Suspension forces or torques can also be related to displacements directiy. The 

final relationship between the feedback voltages and the output voltages is shown 

in equations (5.31)-(5.36). Extemal accelerations can be introduced into these 

relationships to obtain a system transfer function. This can be done by using the 

general six DOF accelerometer dynamics equations derived in Chapter 2. The 

general six DOF accelerometer dynamics equations are: 

1 dW ;:.+_L^:!L = a. i = XJ,Z (5.47) 
m dri 

1 dW 
9 , + - ^ = a.- y = 9 „ 9 , , 9 , . (5.48) 

^ /a9y ^ x y z 

The superscription and subscription have been dropped here for simplicity. 

dW dW 
In general, the derivatives (i = X,Y,Z) and -— (7 =9^,9 ,9,) are functions 

dr^ OFj 

of the six DOF displacements (r^^ry.r^.Q^,Qy,Q^). However, for a purely 

decoupled, six DOF, electrostatic suspension system as created in Chapter 4, a 

simple one to one relation is obtained: 
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— = -f; i = XJ,Z (5.49) 

39 
= -Tj j=^,.^y.^,. (5.50) 

The negative sign means a different du-ection in forces or torques than 

displacements. Placing these relations into equations (5.47) and (5.48) and 

decomposing them gives: 

rx+ — K'rx=a^ (5.51) 
m 

ry+—k-r = a (5.52) 

rz+-K-rz=a, (5.53) 
m 

e..+7'Ce •^x=^x (5.54) 

^ > + 7 ^ 6 / 6 , =cx, (5.55) 

9 , + y X e ^ - 9 ^ = a , . (5.56) 

Rewriting these equations in a more general form gives 

'^x+^l'^x^^^x (5.57) 

ry+Qdl'ry=ay (5.58) 

r , + a ) ^ r , = a , (5.59) 

e x + « e V 0 ; c = « ^ (5.60) 

9^+co^ •^y^o.y (5.61) 

9,+a)e - B z ^ a , . (5.62) 
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Usmg Laplace transform gives the transfer function of the displacement 

over the acceleration. 

H:'(s) = — = - r ^ (5.63) 
a, ^ +co^ 

H':(s) = ^ = - (5.64) 
ay s^+(o; 

^a'(^) = — = ^ (5.66) 
a^ s +COê  

9 ©v 1 
K'(s) = ^^ = - r (5-67) 

K'(s) = -^= , \ . (5.68) 

From equations (5.1) to (5.6) and equations (5.13) to (5.14), the transfer 

functions of voltages to displacements can be written as detection scale factors. 

H^(s) = ^ = k', (5.69) 
r 

X 

HUs) = ^ = k' (5.70) 

H^(s) = ^ = k: (5.71) 

< W = ^ = ^e. (5-72) 

":S'^ = ^ - < , <5.73) 
y 
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<.(^) = y ^ = ̂ s.- (5.74) 
z 

The six DOF accelerometer transfer function can be obtained by 

multiplying the above two transfer functions: 

HSS) = H:'(S)H:(S) = ^ ^ (5.75) 
5^+coJ 

H^{S) = H':{S)H:{S) = ^ ^ (5.76) 

H^is) = H:^is)H:{s) = ^ ^ (5.77) 

H, {s) = Hl'{s)-Hl{s)= , '' ^ (5.78) 

5 +co^ 

//« (5) = / / ^ (5 ) - / / : (5 )= , '- , (5.79) 
"" "• ^ + 0 ) 9 

x'' 
//e {s) = Hl'{s)Hl{s)= , -̂ , . (5.80) 

Equations (5.75) to (5.80) are the final transfer functions of a six DOF 

accelerometer. 

In this chapter, several important system parameters, which determine the 

performance of the six DOF accelerometer system have been derived. One of 

them is the detection scale factor, defined by equations (5.13) and (5.14). It is the 

sensitivity of the detection system. The second parameter is the electrostatic 

suspension sccde factor, defined in equations (5.15) and (5.16). The feedback 

voltages must produce enough suspension force or torque for the system to operate 

correctly. The system control gain, in equations (5.17) and (5.18), is another 

design parameter which will affect the system stiffness. The fourth parameter is 
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the system stiffness, defined in equations (5.43) and (5.44). Its inverse value is the 

system sensitivity. The system stiffness is concemed with all factors which 

contribute to this parameter. The final parameter is the system natural frequency, 

defined in equations (5.45) and (5.46). The transfer function, equations (5.75) to 

(5.80), shows that the system natural frequency play a key role in the dynamic 

characteristics of the six DOF accelerometer system. AU of these parameters are 

main design factors. The first three are more involved in the electrical system 

design and the last two will be considered in the mechanical system design. 
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CHAPTER 6 

CONTROL SYSTEM DESIGN 

In the previous chapters, a special stmcture for an accelerometer detection 

and suspension system, which can overcome the problems in conventional design, 

has been designed. A pure six DOF electrostatic spring can levitate the proofmass 

without any connection between the proofmass and the case. Also this special 

design decouples a multi-input multi-output (MIMO) system into a single-input 

single-output (SISO) system. This would tremendously reduce the complication of 

the control system. However, considering fabrication and circuits element errors, 

keeping the proofmass in equiUbium and limiting these errors in the output is 

difficult. Therefore, the control system plays an important role in the whole 

system. Classical control methods can be used for this purpose. For example, 

phase-lead, PD control and PID can be employed as a compensator to keep the 

proofmass in the balanced position. However, the modem state space method can 

provide more powerful, accurate control. For this potential high accurate 

accelerometer candidator, the modem control system is the best choice. In this 

chapter, system state space equations are derived first. Then a control law of 

system and a Kalman estimator are designed. Finally, a Matiab simulation result 

will be given. 

6.1 System State Space Equation 

Equations (5.51) to (5.56) or equations (5.57) to (5.62) in Chapter 5 

represent time domain, six DOF accelerometer dynamics. These equations assume 

the control forces or torques act as a mechanical spring which produce a force or 

torque by multiplying the spring rate with the dispacement. In the static case or 

quasi-static case, this electrostatic suspension system acts as a mechanical spring. 
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However, in a dynamic situation, it is more comlicated than a simple mechanical 

spring. Although it can stUl be called a spring, the spring rate is a controllable 

variable in this case. In a control sense, another form for the dynamic equations is 

desUable. Substituting equations (5.49) and (5.50) into equations (5.47) and (5.48) 

and then decompose them gives 

rx= ^x+«x (6.1) 
m 

ry= ^ y + S (6.2) 

1 Z7 

rz= Pz+a, (6.3) 
m 

9 . = - 7 7 ; +«; . (6.4) 

I ^y^—J^.^'^y (6-5) 

9 \ = - y r 9 , - h a , (6.6) 

—Fi{i = X,Y,Z) and - F (7=9^,9 , 9 J can be thought of as 
m I ^ ^ 

controlable accelerations. For the proofmass, these terms are also extemal 

accelerations, so all of them can be moved to the right side of the equations. 

Equations (6.1) to (6.6) form another type of time domain six DOF accelerometer 

dynamics. Converting them into state space form gives 

X = AX + BiU + a) (6.7) 

Y = CX. (6.8) 

In these equations, X is the system state vector, U is the controller output, which 

is for balancing the proofmass. a is the extemal acceleration. Y is the system 
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output or detection value of displacement. A, B and C are system matrices and are 

constant. These matrices are defined as: 

^ = ['•jc ^x ^y ^y ^z ^z ^x ^x ^ > ^ >' ^ z ^ z J (6.9) 

U = 0 
m 

0 ^̂^ 0 - ^ 0 - ^ 0 
m m 

Ta T, 

I 
0 

-\T 

(6.10) 

a = \0 a^ 0 Gy 0 a^ 0 UQ 0 ttg 0 ttg (6.11) 

Y = [Y, Y2 Y, Y, Ys Y, Y, Y, Y, Y,Q Y,, Y,.J (6.12) 

A = 

0 1 0 0 0 0 0 0 0 0 0 0" 

0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 1 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 1 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 1 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 1 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 1 

0 0 0 0 0 0 0 0 0 0 0 0 

(6.13) 

79 



B = 

0 0 0 0 0 0 0 0 0 0 0 0 

0 1 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 1 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 1 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 1 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 1 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 1 

(6.14) 

C = [l 0 1 0 1 0 1 0 1 0 1 0] (6.15) 

Equations (6.7) and (6.8) are a state space representation of six DOF 

accelerometer dynamics. Equations (6.9) to (6.12) define the variables and 

equations (6.13) to (6.15) are system matrices. 

The control system above is a multi-input and multi output system (MIMO), 

with twelve input and twelve output variables. In general, it is a very complicated 

system. However, as shown in Chapter 3 and Chapter 4, the detection system and 

the electrostatic suspension system are already decoded to single-input and single-

output (SISO). This can also be seen from the constant metrices A, B and C . 

Because all diagonal components in marix A and in B are identical (see 

equations (6.13) and (6.14), these six, two-dimensional, SISO systems are 

identical from control point of view even though they have different variables. 

Their general formular is: 

X = AX + BiU + a) (6.16) 
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Y = CX. (6.17) 

These two equations are the same as equations (6.7) and (6.8), but these 

two equations are two-dimensional. X, t/,a,and Yean be any two matched 

variables in Equations (6.9) to (6.12). The matrices A,B and C are reduced to 

two-dimensional matrices. Their values are: 

(6.18) A = 

B = 

ro 11 

[o oj 
ro] 
1 (6.19) 

C = [\ 0] (6.20) 

These decoupled, two-dimensional, space state equations in (6.16) and 

(6.17) form the basic for the control design. 

Aj Xj 

X2 =u + a 

6.2 Control Law Design 

The control problem is already simplified to a two dimensional system, 

expressed by Equation (6.16). Decomposing the equation gives the component 

equations: 

(6.22) 

(6.23) 

where small case is used for the components. AU of these variables are now scalar. 

As a first step in the controller design, the case a = 0 is considered. The 

matrices for the dynamic equations becomes: 

(6.24) 

(6.25) 

A = 

B = 

"0 1] 

0 oJ 
roi 
1 • 
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A performance criterion or "cost function" of the form 

/ = \\x''QX + U^RU)dT (6.26) 

[18, 19] can be used to optimize our controller design. Q and R are symmetric 

weighting matrices, which place relative importance to the various states and 

controls. The detection output is the displacement. In order to obtain high 

sensitivity of detection, displacement, x^, should be maximized. A small, low 

power, controller is another design criterion. The controller output is one 

dimension in this control objective. The weighting matrices values may be set as 

1 0" 
Q = 

/? = - r 

0 0 

1 

(6.27) 

(6.28) 

With these definitions, the cost function can be simplified as 

7 = f(x?+4)rft 

A performance matrix M is given by 

M = 
m^ 1712 

The gain matrix, in terms of the elements of M, is 

G = R-'BM = cAQi \\ ' =1 
\m2 m^\ 

\c ruj c'nij ]• 

M should satisfy the algebraic Riccati or quadratic equation [19]: 

MA-^A'M-MBR-'B^M^Q = () 

MA = 

A^M = 

m^ 
m^ 

"0 

1 

m̂  ) 
m^ 

0" 

0 

"0 
0 

'w, 

T 712 

r 
o_ 

W2" 

m 5. 

'0 mj 

0 m^ 

"0 0" 

m, r rij 

(6.29) 

(6.30) 

(6.31) 

(6.32) 

(6.33) 

(6.34) 
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MBG = 
rriy W j 

AWj m^ 
c^m- c^m .]= 

2 2 

c m2 
C ^ 2 ^ 3 

2 2 (6.35) 

Substituting equations (6.33) to (6.35) into (6.32), gives three component 

equations: 

-c^ml+1=0 

mj -c^m2m^ = 0 

2m2 - c^ml = 0 . 

The solution to Equations (6.36) to (6.38), is 

m. = V2? 

m2=c 
-1 

m. = 42c -3/2 

The controller gain is then 

G = yc^m2 c^m^^=\c V2c|. 

The dynamic equation matrix of the closed-loop system is given by 

A=A-BG= 
0 1 

0 0 

O" 

1 
[c V2?] = 

0 
-c -s/2i 

Hence the closed-loop poles are the roots of 

s -1 

c s + 42c 
\sl - AC\ = = s^ +42cs + c = 0 

42 
Ki =-z-ci-\±'i) 

(6.36) 

(6.37) 

(6.38) 

(6.39) 

(6.40) 

(6.41) 

(6.42) 

(6.43) 

(6.44) 

(6.45) 

The locus of the closed-loop poles is thus straight lines at 45° degree angle 

to the coordinate axes and moving away from the origin as c ^ oo, as shown in 

Figure 6.1. 
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— + jil — 
2 2 

2 2 

Figure 6.1 Closed-loop Poles of Control System 

For the case of a^OAt can be modeled as a step with 

d = 0. 

Now the state-space equation are 

(6.46) 

X, 

a 

0 1 0' 
0 0 1 

0 0 0 

" • ^ l " 

•^2 

a 

+ 
"0" 
1 

0 
u (6.47) 

A new performance matrix M will expand to: 

M = 
M, M2 

M2 M, 

/Wj ^ 2 m^ 

1712 m^ m^ 

m, m, m, 

(6.48) 

Then, as already found. 
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w,= V277 c 
-1 42c-'" 

(6.49) 

M2 can be found from the foUowing equation: 

M,E + A^M2 =0-

The matrix E is: 

(6.50) 

F = 
0" 

1 (6.51) 

Substituting the known values into equation (6.50), gives 

M2 = 
m. 

^m, 

0 1 
-c -42c 

-1 

V2c-'" 

0 
„-2 (6.52) 

So the control gain matrix can be expanded to: 

G^\G R-^BM\ 

The part of the gain matrix G due to the states [xj 

additional gain due to the forcing acceleration is: 

G„=^-'B'M,=c^[0 1] 

(6.53) 

Xj\ was already found. The 

0 
-1 = 1 (6.54) 

It is not surprising that the gain for the extemal acceleration should tum out 

to be one exactly. When .̂ 1,̂ :2 are zeros, the control acceleration u should be 

exactly equal in magnitude and opposite in sign to the extemal acceleration. 

Substituting equations (6.42) and (6.44) into (6.43) gives the control gain 

matrix as 

^ = ki 2̂ ^^V\c 4Tc 1] (6.55) 

So the control law is: 

u = -g,x,-g2X2-\a (6.56) 
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6.3 Kalman Estimator Design 

The controUer design presented above assumes all of the states variables 

are available. This is not tme for many practical problems. For accelerometer, the 

displacement of the proofmass is all that is measured. So an estimator must be 

designed to complete whole control system. Among different estimation 

algorithms, the Kalman filter is one of the best. The control problem is defined by 

equations (6.22) and (6.23). If measurement noise is included in the system, the 

measuring state space equation is modified as: 

y = x^+w (6.57) 

where w is the measuring or sensor noise which is assumed to be white, small case 

is used, because it is a one dimensional system. 

The acceleration, a, is also assumed to be a Wiener process, 

d = v (6.58) 

where v is white noise with spectral density matrix V. 

Representing a by another state variable, x^, and adjoining it to equation 

(6.32) and (6.33), gives 

^l = X2 

w\"y ^ ~ ^A^o \ tAf 

i 3 = V. 

For this system, the defining matrices are 

A = 

"0 1 0" 

0 0 1 

0 0 0 

(6.59) 

(6.60) 

(6.61) 

(6.62) 

B = 

0' 

1 

0 

(6.63) 
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F = 

"0" 

0 

1 

C = [l 0 0]. 

The optimum covariance matrix is 

P = 
Pi Pi Ps 

Pi PA PS 

PI, PS PG 

which can be derived from 

AP + PA^ -PC^W-'CP + FVF^ =0. 

For this particular system, the equation become 

2 p , - ^ = 0 
w 

P3+P4 

Pipj 

w 

Pi 

PiPl ^ Q 

w 

= 0 

2 ^ 5 - — = 0 

Pe 

W 

P2P3 

w 
= 0 

Ps v - ^ = 0 
w 

Solving equations (6.73) to (6.78), gives 

r\ 1/6 5/6 

p=2vw 
1/3 , , . 1/3 P 2 = 2 v - w 

p, = v"W' 

(6.64) 

(6.65) 

(6.66) 

(6.67) 

(6.68) 

(6.69) 

(6.70) 

(6.71) 

(6.72) 

(6.73) 

(6.74) 

(6.75) 

(6.76) 
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p, = 3v''W 

p, = 2v"W 

p,=2v"'w"\ 

The Kalman filter gain matrix is then 

(6.77) 

(6.78) 

(6.79) 

K = PC W-' = 

EL 
w 
Pi. 
w 

El. 
w 

V 1/6 2(-) 
w 

2(-)"' 
w 

w 

(6.80) 

Since V is an indicator of the randomness of the acceleration that the 

instrument is trying to measure and W is an indicator of the random noise in 

making the measurement, the ratio VAV can be regarded as a "signal-to noise 

ratio" (SNR). The filter gains in Equation (6.80), all increase with increasing 

signal-to-noise ratio, which seems reasonable. 

The filter has the dynamic matrix: 

- 2 a 1 0" 

(6.81) A^^A-KC = 

a = (-)'". 
W 

- 2 Q ' 

-Q' 

0 1 

0 0 

Thus the filter characteristic equation is 

S + 2Q. -1 0 

sI-A^\= 2 n ' s -1 

a' 0 s 
= s'+2Qs^+2Q^s + Q' = 0 (6.82) 

The characteristic roots are 

s,=-Q S2,=-Qi^±j^) (6.83) 

88 



Thus the roots lie upon a circle of radius Q = (v/w)^^^ on the negative real axis 

and at 60° degree angles. This is a characteristic "Butterworth pattern," as shown 

in Figure 6.1. 

6.4 The Behavior of the Closed-Loop System 

The complete block-diagram of the accelerometer shown in Figure 6.2, is 

based on the dynamic model 

X = U + a (6.84) 

where a is the extemal acceleration and U is the control law given by 

>N / \ 

u = -g^x-g2X-a (6.85) 

where x = x^ x = X2, and a are the estimated position, velocity and acceleration 

of the proofmass. The control gains are g^=c and 2̂ = 42c , where c is the 

Figure 6.2 System Control Scheme 
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reciprocal of the control weighting and may be regarded as one of the design 

parameters. 

The Kalman filter is given by 

X, =x2+k,(y-x^) 

X2 =u-\-k2{y-x^) 

d = k^{y-x^) 

where as determined before, the Kalman filter gain matrix is given by 

K = 

(6.86) 

(6.87) 

(6.88) 

'K' 
K 

A . 
= 

"2Q" 

2 Q ' 

_ ^ ' 

(6.89) 

with n = (—) 
w 

1/6 

V is the spectral density of the acceleration rate to be measured, and W is 

the spectral density of the noise in measuring the pick-off position. Thus, as noted 

before, Q. can be regarded as a measure of the signal-to-noise ratio. 

The Kalman estimator here not only produces the feedback signal to keep 

the proofmass "captured," but also provides an estimate a of the unknown input 

acceleration a. To the extent that the input acceleration is a random walk and the 

noise in measuring the proofmass position is white noise, the estimate 5 is 

"optimum." Otherwise the parameters Q and c are design parameters which can 

be varied to shape the dynamic characteristics of the accelerometer. 

By the separation principle, the closed-loop pole locations are the zeros of 

the characteristic polynomial for full-state feedback and the zeros of the 

characteristic polynomial of the Kalman filter. From the control gains 

42x 
•^1,2 (1±7) (6.90) 

and from the Kalman filter, 
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s,=-0. (6.91) 

s,,=-n(^ + j^). (6.92) 

Thus there are five poles in the closed-loop system having the nominal locations 

shown in Figure 6.1. Three poles lie upon a circle of radius Q on the negative real 

axis and on rays at 60° degree angles to it. These poles are due to the Kalman 

filter. The poles due to the full-state feedback control lie on a circle of radius 

Vc/2 on rays at 45° degree from the real axis. 

The compensator transfer function, HQ(S), is given by 

H (s) = - ^ = G{sl -A + BG + KCy K (6.93) 

Y(s) 

and the transfer function from the unknown acceleration a to the proofmass 

position y is 

F(s)=^^ = —-^ . (6.94) 
a(s) s'+H^(s) 

Evaluating the transfer function Hc(s) gives 

H^ (s) = G(sl -A + BG + KCy^ K 

^ {gA +^2^2 +^3)-y^ +(gl^2 +g2^3)^ + gl^3 ^^'^^^ 

s[s'^ + (^1 +g2)s + gi+k2+ k^g2 ] 

Substituting into F(s), gives 

r (5)_5[5 +ik,+g2)s + g,+k2+k,g2] ^^9^^ 

^'^ a{s) Dis) 

The characteristic polynomial for the system is then 

D{s) = s^+(k^+g2)s^+(g^+k2+k^g2)s' 

+ [{gA+g2k2+k^)s^+igik2+g2k3)s + gik^l 

The equation above can be factored into 

91 

(6.97) 



D{s) = D^(s)D,is) (6.98) 

where 

D^(s) = s'+ g,s + g, (6.99) 

D^is) = s' +ky+k2S + k,. (6.100) 

DQ(S) is the characteristic polynomial of the fuU-state feedback system and DK;(S) 

is the characteristic polynomial of the Kalman filter. This result is of course a 

consequence of the separation principle. 

The closed-loop poles can be examined by a root-locus analysis. Equation 

(6.96) indicates that the important parameter is the ratio of the radii of the two 

circles upon which the closed-loop poles lie . Setting Q=l allows the behavior of 

the closed-loop poles to be examined as a function of c. For Q=l, ki=k2=2, k3=l 

and the control law gj = c and gy = (2cy^ yields 

i2c + 242c+l)s^+(2c + 42^)s + c (6 101) 
' s[s^ +92 +42c)s + c+ 2 +cy/2c] 

s,2=-..J-'..A^±J) (6-102) 

The zeros of Hc(s) occur at 

V2? 
2(V2c-Hl) 

and the poles of Hc(s) occur at Sj = 0 and at 

As c -^ 0 we see from Equation (6.102 ) and (6.103) that the zeros tend to 

-4c72(\±j) and the poles tend to-1+j. As c ^ oo the zeros tend to-(l+j)/2 and 

the poles tend to - Vc72'(l±;). Moreover, for all values of c the poles are farther 

from the origin than the zeros. 

A straightforward calculation produces the transfer function from the 

unknown input a to the estimated acceleration a: 
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a{s}^ k,(s^ + g2S + g,) 

a(s) D{s) 

where D(s) is the characteristic polynomial for the system. Substituting D(s) into 

equation above, the equation can be reduced to 

a{s) k. Q. 3 

-, T. (6.105) 
a(s) s' + k,s' + k2S + k, s' + 2Q.s' +2Q^s + Q' 

This equation is completely independent of the control gains g^ and g.. The 

dynamics of the accelerometer depend entirely on the Kalman filter gains, which 

can be selected to provide whatever frequency response (bandwidth) is desired. 

Note also that the dc gain of the accelerometer is unity, so the accelerometer tracks 

an acceleration step with zero steady state error. The control gains, however, must 

be chosen so that the proofmass is captured "tightly" enough. Its excursion must 

not exceed the physical limits of motion under the largest acceleration that might 

be encountered during the operation of the instmment. The transfer function, F(s), 

given by equation (6.96) can be used to help determine these gains. 

6.5 Matiab Simulation 

Matiab is a powerful tool for design and simulation of control systems. 

Matiab can be used to verify and tune a designed control system before building a 

real hardware system, hi this case, SIMULINK, a Matiab toolbox is used to 

simulate the system drawn in Figure 6.2. The control blocks are drawn du^ectiy 

from the SMULINK Ubrary. Figure 6.3 is the control system. Its program is in 

Appendix A. 

6.5.1 Experiment Setup 

There are two control gains and three estimator gains. The two control 

gains are related to parameter, c, the weighting parameter and the three estimator 
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To Workspace 3 

Signal 
Generator 1 

To Workspace 5 

To Workspace 2 Integrators K3 

Figure 6.3 The SIMULINK Control Blocks Scheme 

gains are related to parameter, Q, the signal-to-noise ratio. The relationship 

between the parameters is shown in equations (6.42) and (6.89). 

The effect of each parameters are tested. Setting the certain values of 

parameters, c, and Q, the values of the control gains (g, and g2) and the estimator 

gains (k,, ka, and k^) can be determined by equations (6.42) and (6.89). Then the 

control gains and estimator gains can be changed one by one independently. To 

see the capability of the noise rejection of the control system, the input noise and 

the measuring (position) noise are considered. The experimental schedule is 

shown in Table 6.1. 

The main variable of interest are the displacement (position), the estimated 

acceleration and the control input, since this will indicate if the proofmass is 

"captured" tightly, if the estimated a is accurate enough and if the control action is 

proper. The results of all tests are shown in Figures 6.4 to 6.14 respectively. 
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Table 6.1 

Test 1 

Test 2 

Test 3 

Test 4 

Test 5 

Test 6 

Test 7 

Test 8 

Test 9 

Test 10 

Test 11 

Experimental Schedule 

c 

1 

100 

1 

X 

X 

1 

1 

1 

100 

Q 

10 

X 

X 

X 

X 

g. 

1 

100 

1 

1.5 

1 

1 

1 

1 

100 

& 

1.414 

14.14 

1.414 

1.414 

2 

1.414 

1.414 

1.414 

14.14 

k. 

2 

2 

20 

2 

2 

1.2 

2 

2 

10 

k: 

2 

2 

200 

2 

2 

2 

2.2 

2 

56 

k3 

1000 

1.25 

125 

Test 1 with input noise and measuring noise. N= 10%*signal 

Test 1 with input noise and measuring noise. N=50^c*signal 

-0.5 
10 12 

Figure 6.4 Simulation result of Test 1 
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1.6 

1.4 

1.2 

1 

0.8 L 

0.6 

0.4 

0.2 

0 

-0.2 
0 

y.->,^ 

/ \ 

1 Input 

- 1 / 1 

1 I 

Control input 

\ Position 

1 L— 

r 1 

< Estimated acceleration 

-

-

-

1.4 

10 12 

Figure 6.5 Simulation result of Test 2 

1.2 . 

0.8 . 

0.6 . 

0.4 

0.2 

-0.2 

Control input 

Input 

Estimated acceleration 

Position 

10 12 

Figure 6.6 Simulation result of Test 3 
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1.5 . 

0.5 . 

-0.5 

1 - — r 

/ \ • Control 

/ / W 

^"•^^ Estimated acceleration V^ 

I 1 1 

input 

-

• Input 

Position 

_ i . 1 1 

10 12 

Figure 6.7 Simulation result of Test 4 

1.5 

0.5 . 

-0.5 

Estimated acceleration 

Control input 

10 12 

Figure 6.8 Simulation result of Test 5 
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2.5 

2 

1.5 

1 

0.5 

0 

0 5 

1 1 1 

/ V / Control input 

/ / \ \ Jnput 

Z' Ji^y / 

Estimated acceleration > ^ 

• • • 

1 

Position 

1 

-

-

1 

0 10 12 

Figure 6.9 Simulation result of Test 6 

-0.5 

Estimated accelCTation 

Control input 

0 10 12 

Figure 6.10 Simulation result of Test 7 
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-0.5 
10 12 

Figure 6.11 Simulation result of Test 8 

Control input 

Input 

Estimated acceleration 

Position 

10 12 

Figure 6.12 Simulation result of Test 9 
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2.5 

-0.5 

2.5 

Position plus noise 

Position 

10 

Figure 6.13 Simulation result of Test 10 

12 

-1 

Position plus noise 

10 

Figure 6.14 Simulation result of Test 11 

12 

100 



6.5.2 Conclusions 

Comparing aU of these tests results, we have the foUowing conclusions. 

1. Figure 6.4 shows first simulation. We already get a very good result. 

The overshot is less than 10 percent. There is just one cu-cle before the trace of the 

estimated acceleration approximates the unit. The proofmass can be captured in its 

balance position. As we expected, the optimal design method can give quick 

solution. Not like poles placement technique, it is not dependent on the designer 

experience. 

2. The test 2 shows the simulation result when parameter c is changed from 

1 to 100. We can see that the shape of the estimated acceleration is the same as 

before. The magnitude of the displacement and control output are reduced. It 

means we can capture the proofmass more tightly by increasing the control 

weighting parameter c without changing the shape of the estimated acceleration 

These are already predicted in last section. 

3. Compared to Figure 6.4, Figure 6.6 shows the parameter Q or the 

estimator gains have a very big effect on the system response. The choice of the 

parameter Q can be employed to shaping the system response. Also it can reduce 

the deviation of the proofmass from its equilibrium position. These are also 

indicated in last section. 

4. When the control gain g^ is changed from 1 to 1.5, we get its simulation 

result in Figure 6.7. We can see that increasing the control gain g, can reduce the 

magnitude of the proofmass and the control output without effecting the estimated 

acceleration. 

5. Figure 6.8 shows that the changing of the control gain gz has the same 

effect to the system as the control gain gi. 

6. Figure 6.9 is the result of changing the estimator gain k, from 2 to 1.2. 

We can see more ripples appear in the system response. Figure 6.10 shows the 
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estimator gain ka affects the overshot of the system. Figure 6.11 shows that the 

estimator gain ks affects the time constant and the magnitude of the system. 

7. Figure 6.12 shows a fine tuned result. We can see that the response time 

is shorter than before, the overshot is tremendously reduced and the deviation of 

the proofmass is much smaller than before. 

8. Figures 6.13 and 6.14 show the control system has a very good 

capability of noise rejection. Control system can work very well, even the 

amplitude of noises become 10% of the input signal. When the amplitude of the 

noise achieve to 50% of the input signal, the system is still in control. 
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CHAPTER 7 

EXPERIMENT OF A LABORATORY PROTOTYPE 

The fundamental theory of a six DOF electrostatic accelerometer has been 

developed in previous chapters. An improvement of this should include various 

possible errors and noises in system. Proof of the basic concept of this 

accelerometer is necessary before investing a six degrees of freedom system. This 

can be done by building a testing of a laboratory prototype. The actual errors and 

noise in the test wUl help to better understand the model. This chapter wiU discuss 

the experimental results of a laboratory prototype. It should be pointed out that this 

laboratory prototype was built before the development of the six DOF electrostatic 

accelerometer. Although this prototype is different [20], the principle used is 

basically the same as the six DOF system. The test results of the prototype can be 

used to prove the basic concept. 

7.1 Overall Design of A Laboratory Prototype 

The main task of this prototype is to prove the detection and suspension 

principle. A one DOF laboratory prototype is shown in Figure 7.1. 

d 
Mechanical System 

SDS High AMP 

Figure 7.1 Overall Design of One DOF Accelerometer Prototype 
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This laboratory prototype includes: 

1. A mechanical system. A floating proofmass and four pairs of plates, 

which serve as both capacitors and electrodes. 

2. A signal detection system (SDS). An instrument amplifier, fourth order 

band-pass filter and demodulator. 

3. A PID feedback control system. 

4. A high voltage amplifier for producing electrostatic force. 

7.2 Detection and Suspension Mathematic Model 

Figure 7.2 shows the basic principle of this laboratory prototype. It consist 

of four capacitors, two on the left side and other two on the right side. Detection 

drive voltage Vp and force voltages (bias voltage and feedback voltage) are 

Conducting Plates Proofmass 

Figure 7.2 Detection and suspension principle 

104 



applied to the two upper capacitors. The detection voltages are AC voltages and 

force voltages are DC voltages. The detection {VLL and VLR ) signals are across the 

inductors and are the inputs to the differential amplifier. The force voltages are 

filtered by the inductors. This structure reduces the effect of the force voltage on 

detection. 

The equivalent ckcuit for both sides is shown in Figure 7.3. This is a 

simple LCR ckcuit. The capacitor is formed by two parallel conducting plates. 

The inductor, shown in Figure 7.2, is modeled by a idea inductor and a 

equivalent resistor. The source voltage, Vs , includes the detection drive voltage 

and the force voltage. 

V 
Ce 

Ce 

V, 

V, 

R. 

VLe 

Figure 7.3 The Equivalent Circuit for Detection and Suspension 

Transfer functions for the voltage on the capacitor C and on the inductor L, 

can be expressed by 

Hc.= 
yds) 1 

H,M = 
V^(,s) (R,+L,s)C,s 

Vo(s) + V,{s) L^Cy+R^C,s + l 

(7.1) 

(7.2) 
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Equation (7.1) is a low-pass filter and Equation (7.2) is a high-pass filter. 

The force voltage will not pass the capacitor and will not affect the detection. 

When the magnitude of the force voltage is designed to be much larger than the 

drive voltage, the force voltage becomes the dominate factor on the capacitor. 

7.2.1 Detection Mathematical Model 

The detection voltage, K, is the difference between the voltage on the left 

side and the right side in Figure 7.2. Because the equivalent resistor is very small, 

its effect on the output can be neglected. So the detection voltage may be 

expressed as 

V =V -V =\-LB£B^ ^L^L^D ny /^ ox 

where d and G are used for the left side and right side instead of Ce and LL and LR 

are used instead of L,. Let 

L,=L,=L. (7.4) 

Each capacitor in Equation 7.3 consists of two series connected, parallel 

plates. If the proofmass moves a distance 5^ in the x direction from the center 

position, the capacitor on the left side and right side are, respectively, 

PA 

C,= ^ ^ (7.5) 
"- 2{d,+3d) 

CR = ^ ^ . (7.6) 
" 2(d, -M) 

Substituting equations (7.4), (7.5) and (7.6) into equation (7.3), gives 

y ^ r ^g^COp ^^^K .y 

" 2d,-2Ld-LzA(iil 2d,+2bd-LzAcal "" 
\ i . I) 

= LzAQd' ^ - —-Vj. 
\2d,-LzAo^lf-(28dy "" 
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When 

2^0 - LzAdil » 256̂  (7.8) 

Equation (7.7) can be simplified to 

45^ 

(2dQ -LzA(i)l) «̂ = ^ ^ < . . . ""...2..yo (7.9) 

or 

K = KM D— (7.10) 

„ 4LzA(olV^ 
^D=jz:, r A 2 o ' (7.11) 

KD is the detecting scale factor. Equations (7.9) or (7.10) is the detection 

output. This is a linear relation between the detection voltage and the 

displacement of proofmass. 

7.2.2 Suspension Mathematic Model 

Figure 7.2 shows the model of the laboratory prototype. When the 

proofmass moves a distance bd in the x direction from the center position, a sum 

voltage (bias voltage VfB plus feedback voltage Vfp) is applied to the left side, and 

a difference voltage (bias voltage VFB minus feedback voltage VFF) is applied to 

the right side, as shown in Figure 7.2. The whole electrostatic force, acting on the 

proofmass, is the difference of the left side force FEL and the right side force FER 

FE=FEL-FER- (7.12) 

As discussed in Chapter 4, the electrostatic force, acting on the two parallel 

plates, can be calculated by foUowing equation 

F = i | v ^ (7.13) 

Each side has two capacitors, so the electrostatic forces acting on the left 

side and right side are 
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where 

W ^^L 1 /2 

^F.=^V, (7.14) 

^ - = i ; ^ « (7.15) 

3Q _ £^ 

V . = ^ ^ ^ Y ^ (7.18) 

1/ -y 
y.=-^^Y^- (7.19) 

Substituting equations (7.16) --(7.19) into equations (7.14) and (7.15), gives 

eA ,V„-(-V', 
(d„ +5d)' 

^E. = . . . „ . ( " I " ')^ (7.20) 

F̂  = E ^ ( Z £ ^ J W ) 2 7̂ 21) 

So the whole electrostatic force applied to the proofmass is 

_ zAiy,, + v,,f zA{y,,-y,,f 
E A/J , S : J \ 2 > ! / J S : J \ 2 

4(d,+bdy 4(d,-bdy 

zAV,,V,M+^') eA(V,\ + V,'^)d,bd 
(7.22) 

(d',-8d^f {dl-bd^y 

Equation ij.22) can be simplified under the condition 

hd « d, {12?>) 

which gives 

^ . = ^ % ^ (7.24) 
d. 
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where the permittivity, e, area. A, bias voltage, VFB , and the initial distance, do, are 

constant. So the electrostatic force is linearly proportional to the feedback voltage 

Vpf. This is the same as type equation as derived in Chapter 4. 

7.2.3 Detection and Suspension Errors 

The original detection output is expressed by equation (7.7). It can be 

rewritten as 

y _r ^^^K ^^^l .y 
" 2d, -2Ld-LzAiiil 2d, + 2M-LeAco' "̂  ^ .t^i*Q 1 .t^v/t* L.,%^xy^j^ 

4LeAco^6c? 
' n . 

(7.25) 

{2d,-LzA(iiiy-{2hdy "" 

It can be expanded under condition (7.8) as 

4LzA{sy^fid 1 

" i:id,-LzAi^\y \_^^j^d__^2 

2d,-LzA(0^ (7.26) 

4LzAc.l6d ^ ^ j ^ ^ ^ ?5^f}. 
i2d,-LzAo}iy "^ ^2d,-LzA(i)l 

So the detection error K.r is 

4LzA(x)ibd , _ 2bd y = .^^^ jjyj^ y ^^yji* . 2 ( 7 2 7 ) 

"̂^ {2d,-LzA(i)iy ^2d,-LzA(i)y ' 

There are two errors in the suspension system. One is caused by the 

linearization of the equation (7.22). The other error comes from the detection 

voltages. 

Ignoring the second-order error in the equation (7.22), the suspension 

equation can be rewritten as 

^ £ = —2 —2 • ( Z - ^ ^ ) 

do d. 
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Using the same approach as used in deriving the electrostatic force 

generated by the force voltage, the electrostatic force FED generated by the 

detection voltage is 

'' dd ^^^ dd ^ ''^ 

zA ^ (dp+bdWo Y ^A (d,-bdWo 
{d,+bdy 2d,+2^d-LzAoyy (d,-bdy 2d,-2bd-LzA(ay 

- 9 1 1 

^ (2d,+2bd-LzAcoyy {2d,-23d-LzAoiyy 

SzA(2d, - LzAa)^ )ddvy 

2 

2 \ 2 , / / - ) S : J \ 2 n 2 
[{2d,-LzA(i)yy+(2ddy] 

SzAbdV^-

{2d,-LzA(iyjyy 

(7.29) 

So the total suspension error is the sum of Equation (7.29) and the last term 

in the equation (7.28) as 

^ zAiy^^ + VJp)M ^zAMVi,^ 

^"'~ dl {2dQ-LzA(i)n'^y 
, , _ (7.30) 

^^^^^VFS^V^F)^ S e A V 
do i2dQ - LzAcao ) 

Equation (7.30) shows the electrostatic force error is proportional to the 

displacement of the proofmass. This means that the proofmass must be 

maintained in the equilibrium position. Otherwise, a large error will be generated. 

7.3 Mechanical System Design 

The mechanical system of this prototype is shown in Figure 7.4. A proofmass 

is suspended by two fine wires and is located between two fixed plates The 

110 



proofmass and die plates are made of printed ckcuit board. The copper fUms on tiie 

surfaces of tiie proofmass and tiie plates form capacitors and electrodes. This material 

is chosen because h is easy to be fabricated. There are four functional screws: one is 

on the top and others are at the base of the device. The three screws on the base can be 

used to adjust tiie proofmass to tiie balanced position properiy. Also tiie screw on die 

right side can be used to tilt tiie device to obtain a force acting on tiie proofmass. This 

force functions as an acceleration on the proofmass. Since the span, between the 

screw on the right side and tiie screws on the left side, and the pitch of the screw are 

designed parameters, a known force can be developed. The screw on the top has two 

uses. It can help to adjust the position of the proofmass. Adjusting its position can also 

produce a force and torque on the proofmass. So with this simple structure, one and 

two DOF accelerations can be obtained. Two fine wires are used to suspend the 

proofmass. The wares balance the gravity acting on the proofmass, and provide a very 

soft mechanical spring which can reduce the effect of the mechanical linkage. A smaU 

force aUows a low voltage to be used to balance the proofmass. 
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of Test Device 

Figure 7.4 The Assembly Scheme of Mechanical System 
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So this simple mechanical device can miplement three functions: 

1. Produce one or two DOF accelerations; 

2. Provide a seating system; 

3. AUow for electrostatic suspension. 

7.3.1 Mechanics Analysis 

One Degree of Freedom When tiie whole device is tilted by adjusting tilt 

screw, a one degree of freedom system is formed. The force distribution scheme is 

shown in Figure 5 (a). 

/ Fw 

Wn 

W 

Wn 

(a) (b) 

Figure 7.5 One Degree of Freedom System 

As shown in the Figure 5 (b), the weight V̂  of proofmass can be decomposed 

into two components. One component, Wr, is along the suspending wire, the other 

component, Wn, is perpendicular to the proofmass plate. 

If the device is tilted an angle 6, the relation between the weight, W, and its 

components, Wr, and W„, is given by 
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Wr = WcosQ (7.31) 

Wn = W^sine. (7.32) 

The force balance equation can be expressed as 

F^ = Wr = VKcos e (7.33) 

F = Wn = H^sme. (7.34) 

The weight, W, equals the mass times the acceleration of gravity, g as 

W = mg, (7.35) 

Equation (7.33) and (7.34) can be combined as 

Fw=^r = mg cosQ (7.36) 

F = Wn = mg sine. (7.37) 

When the angle, 9, is smaU, Equation (7.37) can be approximated as 

F = mge . (7.38) 

As shown in Figure 7.5, there is only one force component, W^, that needs to 

be balanced by the electrostatic force, F. So this is a one degree of freedom system. 

Two Degree of Freedom System. If the fixed end of the suspending wires is 

moved by adjusting the upper screw, a two degree of freedom system is obtained. The 

force distribution is shown m Figure 7.6. 

The force triangle is shown in Figure 7.6 (b). 

W 
Fv. = ^ (7.39) 

COS0 

Wn = Wtane. (7.40) 

Replacing W with mg, equations (7.39) and (7.40) become 

F . = - ^ (7.41) 
cos6 

Wn = m^tane. (7.42) 
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I 
W 

(a) 

Wr 

(b) 

Figure 7. 6 Two Degree of Freedom System 

Because the force, Wn, acts on the end of proofmass, it should be balanced by 

a force F and a torque T. 

F = Wn = mgtane (7.43) 

7 = Wn-2L = 2mgtaneL. (7.44) 

When the angle 6 is smaU, equations (7.43) and (7.44) can be rewritten as 

F = W„= mge (7.45) 

T = W„'2L = 2mgeL. (7.46) 

This gives a two degree of freedom system: one degree of freedom is 

translation and other is rotation. 

7.3.2. Main Parameters 

The definitions of the main parameters of the prototype system are shown m 

Figure 7.7. The values of these geometrical parameters are shown in Table 7.1. 
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Table 7.1 Geometrical parameters 

Parameters 

Length 

Widtii 

Thickness 

Area 

Distance between the proofmass and the plate 

Length of the suspendmg wire 

Abbreviation 

a 

b 

t 

A 

do 

L 

Unit 

30.5mm 

15mm 

1.5mm 

A=b^225nim2 

0.75mm 

lOOmm 

///// / / / / / / / / / 

Figure 7.7 Geometrical Parameters 

The printed circuit broad used to make the proofmass has a density, y, of 2.328 

g/cm\ So tiie mass of tiie proofmass is 1.6 g. The capacitance of tiie capacitor is 3.98 

pY. 

For tiiis proof of principle, the prototype system is used as a one degree of 

freedom system. As previously mdicated, the angle of the whole device can be 
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adjucted by turning the screw on the base. The relation between the number, n, of 

turns and the angle is 

6 =tan~^(n- pitch / span) = n • pitch / span (7.47) 

The pitch of tiie screw is 1.0583mm and tiie span of tiie device is 200nim, which gives 

e =5.28 10-' AT (rad) (7.48) 

Usmg tills relation and tiie force relation in equation (7.45), tiie angle, 6, and 

the force, F, can be calculated from number of turns,«. 

7.4 Electrical Circuits 

The electrical cu-cuit for this laboratory prototype consists of three main 

parts: 

1. A signal detection system; 

2. A PID feedback controller and 

3. A high voltage amplifier. 

Each of these systems are described in this section. 

7.4.1 Signal Detection System 

Signal detection system is shown in Figure 7.8. The modulated acceleration 

signal is amplified, filtered. After demodulation, the original information is 

recovered [21]. 

Input 

Signal 

Instrument 
Amplifier 

Bandpass 
Filter 

Phase 
Correction 

Demodulator 
Lowpass 

Filter 

To 

PID Control 

Figure 7.8 Signal Detection System 
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Instrument Amplifier. This is a typical differential, instrumentation 

amplifier which consists of three operational amplifiers. The input signal comes 

from the transducer directly. The biasing circuit can be used to compensate for 

the mismatch of the mechanical device and provide a zero output when the 

proofmass is in the balanced position. The amplifier is shown in Figure 7.9. Its 

input-output relation is 

R3 Ri 
Vo = -VJ(-

Ri Ri + Ri 

/?4 + R5 Ri + R1R5. 

RA 

. . . Ri Ri + R3 R4 + Rs 
+ V2( + 

Ri R4 

Ri Rs. 
(7.49) 

R2 Ri + Re R4 Ri R4 

Where V and V^ are the differential inputs. K is the output. All resistors are 

indicated in Figure 7.9. The common mode rejection ratio of this circuit is 

1 R4R1 + RsRe + 2R5R, 
CMRR = 

2 R4Ri ~ RsRe 

In the ideal case, if 

/?4/?7 - R^R^ = 0 . 
The CMMR m equation (7.50) would be infinite. 

(7.50) 

(7.51) 

Input Signal 

Input Signal 

Figure 7.9 Instrument Amplifier 
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Fourth-order Band-pass Filter. Figure 7.10 is a fourth-order band-pass 

filter. The original signal amplitude modulates a ten kilohertz frequency. The 

band-pass filter here is used to remove any frequencies, that are not in the desired 

range, including any spurious signals and noise, the filter transfer function is [21] 

1 
Hsp(s) = 

(s +0J65s + \){s^+lS4Ss + l) 

This is a fourth-order Butterworth band-pass filter. 

(7.53) 

From 
Amp 

16k — 16k 
VVV~rVvVr 

I n i In 

10k 
rVW 

13k 
VW 

16k — 

I n — In 

10k 15k 
rVWTVW 

To Phase 
Corrector 

Figure 7.10 Fourth-order Band-pass Filter 

Phase Correction Circuit. A Wien bridge with a center frequency of 

lOKHz (carrier frequency) is used to correct any phase distortion from the 

previous circuit. Adjusting the lOKQ potentiometers of the Wien bridge will 

either retard of advance the phase of the signal. The circuit is shown in Figure 

7.11. The transfer function can be written as 
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H,As) = R 2^1 s 

R ,R 2C,C2s' +{R ,C, + R ^€2 + R 2C,) s + \ 

where R^ = R^+R^ and R2 = R,+R,. Substituting s 

phase transfer function 

6(7(0) = tan ^ ^ ^ 2 

(7.54) 

7C0, gives the 

{R,C,+R^C2+R2C,)co 
(7.55) 

From BP 
Filter 

To Demodulator 

Figure 7.11 Phase Correction Circuit 

Demodulator. The demodulator is shown in Figure 7.12. A differential 

amplifier with a voltage controlled current source is used for demodulation. IC 

CA3086 is an array of five well-matched transistors having excellent thermal 

tracking necessary for this application. Ql and Q2 form the differential amplifier. 

Q3 and Q4 form the voltage controlled current source. The signal generator which 

provides the excitation input of the transducer, also provides the reference carrier 

input for demodulator through the base of Ql. The modulated carrier, fed to the 

base of Q4, varies the instantaneous gain of the differential amplifier. Thus the 

carrier is multipUed by the modulated carrier. 
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22k 

From Phase 
Corrector 

Figure 7.12 Schematic of the Demodulator 

Low-pass Filter and Level shift. The output of the demodulator is a sum 

of a DC signal and a 20KHz upper side band. The low-pass filter here is used for 

eliminating the upper side band. A level shift is employed to correct for biasing in 

previous circuits. This circuit is shown in Figure 7.13. 

7.3.2 PID Control Ckcuit 

PID control circuit is chosen in this system because it is easy to tune. OP-

AMP 1 in Figure 7.14 provides the proportional gain. 0P-AMP2 provides integral 

gain term and Op-AMP3 provides derivative gain term. 0P-AMP4 sums all of the 

signal gain terms. 0P-AMP5 sums the detection drive voltage, the force biasing 

voltage and the feedback voltages. 
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R51 R53 
1000k 1000k 

VW-rVW 
From 
Demodulator 

Figure 7.13 Law-pass FUter and Level Shift Schematic 

From 
Low-pass 
Filter 

ToHV Amp 

•±r 0PAMP3 

Figure 7.14 PID Control Circuit 

Detection Drive Voltage 
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7.3.3 High Voltage Amplifier 

High voltage is needed to produce enough electrostatic force to balance the 

proofmass. The high voltage amplifier is shown in Figure 7.15. This circuit 

supplies a high voltage (up to 120V) to the transducer using the signal from the 

PID. The four transistors should be matched in order to reduce the distortion in 

the output. The voltage gain of this circuit is about ten. 

] / MPSA43 

From 
PID 

To Transducer 

-120V 

Figure 7.15 High Voltage Amplifier 

7.5 Experiment Results and Analysis 

7.5.1 Experiment Data 

Two types of the tests have been run. One is an open-loop test. The 

relationship, between the force and the voltage output of the signal detection 

system, are determined from this test. The other test is the closed-loop test. The 
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closed-loop test is used to verify the relationship between the force and the 

feedback voltage. 

During the open-loop test, the detection signal is measured at the output of 

the SDS. The force, acting on the proofmass, is generated by tUting the base of the 

mechanical system. The number of the turns are selected to be: -3/16, -1/8, -1/16, 

0, 1/16, 1/8, 3/16. The minus sign means a counterclockwise tum. Using 

Equation (7.48), the angle of the tilted device can be calculated, and the equivalent 

force can be determined by Equation (7.38). The same tests was repeated five 

times. The results are shown in the Table 7.2. Using the same approach, the 

closed-loop test was also repeated five times. The measured signal is the feedback 

voltage. The results are shown in Table 7.3. 

Table 7.2 

Force Fe 
-1.587x10' 

-1.058 
-0.529 

0 
0.529 
1.058 
1.587 

Open-Loop test results 

Test i ^0 
-8.5 
-3.5 
-1.5 

0 
2 
5 

8.5 

Table 7.3 Closed-Lo( 

Force Fe 
-1.587x10"' 

-1.058 
-0.529 

0 
0.529 
1.058 
1.587 

Test 1 FFF 
-2.8 

-1.66 
-0.77 

0 
0.66 
1.95 
2.97 

Test 2 l/o 
-8 

-3.5 
-2 
0 
2 

4.5 
8 

op test resu 

Test 2 FFF 
-2.4 

-1.55 
-0.6 

0 
0.66 
1.69 
2.82 

Test 3 Vo 
-8.3 

-4 
-1.7 

0 
2 

5.4 
9.5 

Its 

Test 3 FFF 
-2.5 

-1.66 
-0.6 

0 
0.65 
1.77 
3.2 

Test 4 Vo 
-8.7 
-3.7 
-1.6 

0 
1.5 
4.8 
8.7 

Test 4 FFF 
-1.81 
-1.53 
-0.64 

0 
0.58 
1.53 
2.17 

Test 5 Vo 
-8.4 
-3.6 
-1.8 

0 
1.8 
4.3 
8.3 

Test 5 FFF 
-2.48 
-1.66 

-0.8 
0 

0.52 
1.32 
2.05 

Average \/o 
-8.38 
-3.66 
-1.72 

0 
1.86 
4.8 
8.6 

Average FFF 
-2.398 
-1.612 
-0.682 

0 
0.614 
1.652 
2.642 

A least squares regression was used to treat the experimental data. The 

averaged data and regression curve of the open-loop test and the closed-loop test 
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are shown in Figure 7.16 and Figure 7.17 respectively. 

-1.5 -1 -0.5 0 0.5 1 15 2 
The Eqivalent Force Acting on The Proofrnass (N) y^ -|Q-e 

Figure 7.16 The relation between the Force and the Detection Voltage 

-1.5 -1 -0.5 0 0.5 1 1.5 2 
The Eqivalent Force Acting on The Proofnnass(N) ^ -|Q-e 

Figure 7.16 The relation between the Force and the Feedback Voltage 

The standard deviation for the open-loop and closed-loop are, respectively. 
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a^ =0.9761 and (7.56) 

a^ =0.1410 (7.57) 

The correlation coefficients for open loop and closed loop are 

p , =0.9872 and (7.58) 

p , =0.9974 (7.59) 

7.5.2 Result Analysis 

Figure 7.16 and Figure 7.17, and the resulting correlation coefficients 

(Equations (7.58) and (7.59)), show that both of the detection and suspension 

system have good linearity. Comparing the two correlation coefficients, p ^ > p „ -

shows that the linearity of the system is improved by closing the loop, or the 

suspension system. 

Using equation (7.24) and test data at point n=l/16 as an example, the 

electrostatic force is 

zAV^.V. 
PE = 

FB " FF 

dl 
8.85 X10"'' X 200 X10"" X 40 X 4.9 ,^ .^, 

= ; IT (7.60) 
0.75'xlO"" 

= 6.17xlO-'(iV). 

Using equations (7.48) and (7.38), the force generated by tilting the device is 

/7 =mge =529x10'^ xmgxn 
= 5.29x10"'xl .6X10"'xl/16 (7.61) 

= 5.29xlO-'(N). 

Comparing equation (7.60) with (7.61), the two forces are of the same magnitude 

and well matched. There are two minus error terms, shown in equation (7.30), in 

the electrostatic force equation. This can explain why the calculated electrostatic 

force in equation (7.60) is larger than the force generated by the device. 

125 



hi this chapter, a simple one DOF accelerometer prototype is designed and 

tested. The sampled data shows that the detection and the suspension system have 

a good linearity and support the theory studied before. 
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CHAPTERS 

CONCLUSIONS AND FUTURE WORK 

A novel six DOF electrostatic accelerometer has been theoretically 

developed in this thesis. A special detection system and a pure electrostatic 

suspension system have also been developed. This new concept makes it possible 

to measure six DOF acceleration with one proofmass. Two major barriers, in 

development of multi DOF accelerometers, are the suspension system and the 

decoupling technique for both the detection and the suspension system. These 

problems have been theoreticaUy studied through developing the dynamics 

equations of a six DOF accelerometer. A single hollow cubic proofmass and 

twenty-four paks of plates are employed in this new device. A special 

combination of these twenty-four pairs of plates forms six Wheatstone bridges 

which serve as both the detection system and the suspension system. This new 

detection system can sense six DOF accelerations, with only one proofmass, 

without any coupling effects. The pure electrostatic suspension system can levitate 

the proofmass without any electrical and mechanical linkages, which makes it 

possible to design highly accurate accelerometers. Both the detection system and 

the suspension system have been carefully modeled, hnmunity for this new sensor, 

to cross-coupling effects, found in traditional accelerometers, has been shown. 

Transfer functions of a six DOF accelerometer system and several important 

constants are given. A control system based on modem state space method has 

been investigated and simulated by Matiab SIMULINK. A one DOF 

accelerometer prototype has been designed, built and tested. The test results 

3upport the theory developed in Chapter 3 and Chapter 4. The author believes 

that this new six DOF electrostatic accelerometer will fill the vacancy of this area 
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and will find many applications in space exploration, robotics, bioengineering, 

automobiles and a new generation navigation system. 

Developing a six DOF electrostatic accelerometer based on this study will 

need more advanced research. These will include: 

1. An advanced model for the detection system and the suspension system 

have to be investigated. Various errors, such as the location and orientation of the 

proofmass, must be considered in an advanced model. Understanding of the 

detection system and the suspension system under a wide range of variation is 

necessary before building a real system. 

2. The designed control system is a continuous system. It should be 

converted to a digital system. Six DOF acceleration measurements are more 

complicated than a single DOF system. A microprocessor may be used for whole 

system control and signal processing. 

3. The system transfer functions are akeady derived. System errors and 

fundamental noises should be modeled through these transfer functions. This 

research can predict the potential sensitivity and resolution of system. 

4. A new detection ckcuit and control circuit, suitable to a six DOF 

system, should be designed, modeled and simulated before implementation. 

5. For miniaturization of this system, the fringe effect between conducting 

plates needs to be examined. Related manufacturing techniques should also be 

studied. 
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