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ABSTRACT 

This dissertation is concerned with the common problems appearing in the 

classification analysis. A simulation study is performed to compare the logit 

model to the normal linear discriminant analysis model and the rank transfor

mation linear discriminant model under non-normal distributions. The logit 

model is more efficient than the linear discriminant analysis model and the 

rank transformation linear discriminant model in many situations, particu

larly when the sample sizes are unequal. The effects of using some estimates 

of prior probabilities are measured in the linear discriminant analysis model. 

Of particular interest in this study is the pattern of the individual apparent 

error rate. The prior probabilities have greater impact when the distance 

between categories is small. 

Another simulation study is concerned with the estimation of the true loss 

rate in the linear discriminant analysis model under normal distributions and 

in the logit model under exponential distributions. Since the constant loss 

rate is known to underestimate the true constant loss rate, it should be used 

with caution when the sample sizes are not large. The holdout method is not 

an appropriate estimation method to measure the prediction power when used 

with small samples. Resampling methods such as the cross-validation and the 

bootstrap methods are compared with the holdout method in the simulation 

studies. The bootstrap method produced an almost unbiased estimate with a 

small variance. 

Based on the results of the simulation studies, six classification models 

of bond ratings using prior probabilities, loss functions, and the bootstrap 

method are compared. The criteria of comparisons are the loss rates and 

the bootstrap estimate of true loss rate. The logit model clearly dominated 



all other classification models for both binary classification and multinomial 

classification cases. 
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CHAPTER 1 

INTRODUCTION AND BACKGROUND 

1.1 Introduction 

Classification analysis is a multivariate statistical technique for classifying 

observations into mutually exclusive and exhaustive categories on the basis 

of a set of independent variables. The basic classification model can handle 

either two categories or multiple categories. In the fields of biology, business, 

transportation, and economics, there are a wide variety of situations in which 

this technique may be useful. Some examples include Kleinbaum, Kupper, and 

Chambless's (1982) study of classifying disease status on epidemiologic data . 

Train's (1980) examination of transportation mode choice, Lee and Cohen's 

(1985) work on the behavioral choice decisions of hospital selection. South-

worth's (1981) study on travel mode and destination choice, Becker (1962), 

and Schmidt and Strauss's (1975) work on job discrimination, and Kaplan and 

Urwitz's (1979) work on the classification of industrial bond ratings. 

Over the years, several models have been developed to describe the rela

tionship between a dependent categorical variable and a set of independent 

variables, and to allocate observations to previously defined categories. The 

most widely used models for classification are regression models, discriminant 

analysis models, rank transformation discriminant models and logit models. 

Each model uses different assumptions for parameter estimation in the classi

fication function. 

In developing predictive classification models, it is useful to employ three 

stages of the analysis. The first stage, concerned solely with the original 

samples, is used to estimate a classification function for the purpose of classi

fication. There are two important points to be checked before the estimation 



of the classification function. First, the distribution assumptions concerning 

the data need to be checked. The discriminant analysis model assumes multi

variate normality of the independent variables, while the rank transformation 

discriminant models and the logit model require no assumptions on the form 

of the distribution of the independent variables. 

Second, appropriate prior probabilities need to be incorporated into the 

classification function to account for the relative classification of observations. 

Since the population prior probabilities are rarely known, it is common to use 

intuitive estimators of the prior probabilities. Most widely used intuitive esti

mators are equal prior probabilities or sample proportions for each category. 

Sometimes, however, prior probabilities for each category might be approxi

mated well from the knowledge of the relative sizes for each category in the 

population. The use of correct prior probabilities will improA^e reliability of 

the classification function and increase the effectiveness of the classification 

results. 

The second stage is concerned with the performance of a classification 

model. A number of misclassification rates may be considered in this stage. 

One way of evaluating its performance is to calculate the apparent error rate, 

which is the proportion of observed errors made by the classification function 

on its own sample. It is possible to evaluate the overall apparent error rate 

or the individual category apparent error rates. Both are of interest. If each 

category is to be treated equally, the use of the apparent error rate is useful 

to measure the performance of the classification model. However, if categories 

can be ordered or ranked, the spread of misclassification should be considered 

to measure the goodness-of-fit. Therefore, an alternative misclassification rate 

such as a loss rate, which measures the spread of misclassification, should be 

employed when dealing with the ordered multinomial classification case. 



The third stage is concerned with prediction power of the classification 

model. As with any inferential technique based on samples, it is well known 

that the misclassification rates obtained in the second stage tend to underesti

mate the true misclassification rate. This is because the prediction is based on 

the same data used to derive the classification functions. The most frequently 

suggested estimation method is a holdout method, in which the sample is 

randomly split. Recently, resampling methods such as cross-validation and 

bootstrap methods have been used in order to estimate the prediction power 

of the classification model. 

For the empirical study, the classification models of bond ratings are con

sidered since the bond ratings of outstanding debt are important in that , (1) 

they determine how much a company must pay to buy up its outstanding debt 

for sinking fund and other purposes; (2) they influence the price of any further 

debt that the management may be planning to issue. Many researchers have 

expended considerable efforts to develop decision models that predict agency-

assigned ratings. The regression models and the discriminant analj'^sis models 

have been chosen by most researchers. However, they ignored the assumption 

of multivariate normahty of the data, overlooked the importance of the prior 

probabilities, and used some holdout methods in measuring the prediction 

power of classification models. 

In this study, six possible classification models of the bond rating are 

compared: (1) a regression model (RM), (2) a linear discriminant analysis 

model (LDM), (3) a quadratic discriminant analysis model (QDM), (4) a rank 

transformation linear discriminant model (RLDM), (5) a rank transformation 

quadratic discriminant model (RQDM), and (6) a logit model (LTM). 



1.2 Review of the Literature 

1.2.1 Statistical Classification Models 

The discriminant analysis models require the assumption of normahty of 

the independent variable. Historically, Fisher (1936) was the first to propose 

a procedure for the two categories case based on maximizing the separation 

between the categories in the spirit of analysis of variance. When covariance 

matrices are unequal, the quadratic discriminant analysis model is optimal. 

When covariance matrices are equal, the linear discriminant analysis model 

is optimal. Marks and Dunn (1974) made some comparisons between the 

quadratic and the linear discriminant analysis models. They concluded that 

for large samples from normal distribution the quadratic discriminant anal

ysis model was much better than the linear discriminant analysis model for 

large differences between covariance matrices; for small differences between 

covariance matrices, it is slightly better. For small samples, however, the 

quadratic discriminant analysis model performed much worse than the linear 

discriminant analysis model for small differences between unequal covariance 

matrices. 

Under non-optimal conditions Krzanowski (1976) evaluated the perfor

mance of the linear discriminant analysis model. He found the following 

results: (1) The use of the linear discriminant analysis model for unequal 

covariance matrices and multivariate normality of the independent variables 

across categories may be satisfactory for classification but not for estimating 

probabilities of an observation belonging to a particular category as the pa

rameters were found to be biased. (2) For continuous non-normal data, the 

linear discriminant analysis model was greatly affected and resulted in a higher 

misclassification error rate. (3) For data containing both discrete and con

tinuous variables, the linear discriminant analysis model also produced poor 



results in the misclassification error rate. He recommended that the data be 

transformed to approximate normality prior to the use of the linear discrimi

nant analysis model. 

Lachenbruch, Sneeringer, and Revo (1973) examined the performance of 

the discriminant analysis models under certain types of non-normal distribu

tions. They found that the discriminant analysis model may be quite sensitive 

to normality, and suggested possible transformation of the data. Conover and 

Iman (1980) developed distribution-free models such as the rank transfor

mation discriminant models and compared them with standard discriminant 

analysis models in cases of data with normal distributions and non-normal 

continuous distributions. The non-normal distributions considered were the 

lognormal, the logit normal, and the inverse hyperbolic sine normal which 

was transformed from the normal distribution. They concluded that when the 

populations were normal and sample sizes were equal, the rank transformation 

linear discriminant model was almost as effective as the linear discriminant 

analysis model. For unequal sample sizes the effectiveness of the rank trans

formation discriminant models was reduced. On the other hand, when the 

population is non-normal, the rank transformation linear discriminant model 

was found to be better than the linear and quadratic discriminant analysis 

models, but not as good as the rank transformation quadratic discriminant 

model when the covariance matrices were unequal. 

The logit model requires no assumption on the form of the distribution 

of the independent variables. For the binary case. Press and Wilson (1978) 

presented theoretical arguments of the logit model over that of the Hnear 

discriminant analysis model and provided two empirical examples where the 

assumption of normality is clearly violated. They concluded that the logit 

model outperformed the linear discriminant analysis model in both cases, but 



not by a large amount. Efron (1975) compared the efficiency of the logit model 

under normality in terms of the expected error rate of the linear discriminant 

analysis model to that of the logit model. He found that the logit model is 

between 40% and 90% as efficient as the linear discriminant analysis model. 

Byth and McLachlan (1980) compared the logit model to the linear dis

criminant analysis model for non-normal distributions by comparing the mean 

square error of the probability of an event occurring. They found that the es

t imate of category probability obtained by the maximum likelihood method 

is more efficient than the one obtained by the discriminant analysis model 

when both populations are heavily distorted. Hosmer, Hosmer, and Fisher 

(1983) compared the logit model and the linear discriminant analysis model 

for data from mixed continuous and discrete variables. Their conclusion was 

that the estimated coefficient of the continuous variable is asymptotically un

biased, but the estimated coefficients of the discrete variables may be severely 

biased. Brooks, Clark, Hadgu, and Jones (1988) compared the logit model 

and the linear discriminant analysis model and suggested that if there is no 

particular reason to assume the distribution of the independent variables as 

normal and a strong relationship between independent and dependent vari

ables is suspected, then the logit model should be used for reasonably large 

sample sizes. 

1.2.2 Estimating Misclassification Rates 

The misclassification rate such as the apparent error rate or loss rate ob

tained in the second stage of the classification procedure typically tends to 

underestimate the true misclassification rate such as the true error rate or 

true loss rate so that it can badly mislead the prediction power. Accurate 

estimation of true error rate or true loss rate is an important component of 



classification analysis. Toward this goal, three possible methods such as the 

holdout, the cross-validation, and the bootstrap methods are considered. 

The most frequently suggested estimation method is the holdout method, 

in which the sample is randomly split. One of the subsamples is used to develop 

the estimate of the classification functions, and these estimated classification 

functions are applied to the observations in the other subsample for prediction 

purpose. Typically the model does less well in the second subsample than it 

did predicting the first subsample, upon it was based. The first subsample 

predictions are overly optimistic. 

The cross-validation method omits an observation, recalculates the classifi

cation function from the remaining observations, classifies the deleted observa

tion, and repeats these steps for each observation in turn. The cross-validation 

estimate of the true misclassification rate is the misclassification rate over the 

observed data, not allowing an observation to enter the construction of the 

classification function for its own prediction. The cross-validation method was 

discussed by Stone (1974) and Geisser (1975). 

Another estimation method is the bootstrap method suggested by Efron 

(1979). Application of the bootstrap method usually requires the generation of 

the bootstrap samples. The bootstrap method provides a very general method 

for obtaining nonparametric estimates. Efron (1979, 1983), and Efron and 

Gong (1983) compared the bootstrap method with the cross-validation method 

under a normal distribution in the Hnear discriminant analysis model. He 

concluded that the cross-validation method gives a nearly unbiased estimate 

of the true error rate, but often unacceptably high variability, particularly if 

the sample size is small. The bootstrap method produces an approximately 

unbiased estimate with a small variance. 



1.2.3 Bond Rating Classification Models 

Because of the importance of corporate bond ratings, researchers have de

veloped classification models that predict agency-assigned ratings on a limited 

number of independent variables. Horrigan (1966) performed the first study 

to estimate and predict bond ratings based on the characteristics of the bonds 

and the issuing firms. He studied about 200 bonds in the 1959-64 time pe

riod and used a regression method in which the dependent variable had a 

nine-point scale. This model explained about 65% of the total variation in 

the dependent variable. On a holdout sample he could correctly predict the 

ratings in approximately 58% of the cases. He concluded that subordination, 

total assets (size), and the ratio of net worth to total debt (leverage) were the 

most important variables. 

West (1970) criticized accounting variables and employed four market-

measured independent variables and the same dependent variable as Horrigan. 

He estimated the equation in logarithmic form in a sample of 57 firms in 1949. 

He obtained R^s that ranged from .71 to .79 and used the 1949 coefficients 

to predict correctly the bond rating for 48 of the firms from a sample of 77 

firms (62%) in 1953. The important variables he found were coefficient of 

variation in earnings (stability) and the number of years without creditor loss 

(stability). 

Pogue and Soldofsky (1969) used a sample of 40 industrial bonds in the 

top four rating categories and used five variables to explain bond ratings with 

the regression method. They used a regression model and compared only two 

of four categories at a time using a 0-1 dummy variable for two categories. 

They obtained R^ that ranged from .33 to .90 for each pair of ratings. They 

concluded that the long-term debt (leverage) and the ratio of the net income 

to total assets (profitability) were most important variables. This model was 
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then applied to a holdout sample of 10 firms and 8 out of 10 were correctly 

classified. 

Pinches and Mingo (1973) used a linear discriminant analysis and analyzed 

some 35 variables for a sample of 180 firms that were rated from Aa down to 

B by Moody's bond survey in 1967 or 1968. The 180 bonds were randomly as

signed to one of two groups: 132 firms for a training sample and 48 firms for a 

holdout sample. Their model yielded a correct classification rate of 69.7% for 

the training sample and 64.58% for the holdout sample. The most important 

variables they found were the years of consecutive dividends (stabiHty), issue 

size (size), and subordination. They (1975) also used a quadratic discriminant 

analysis model with the same variables as the 1973 study but developed dif

ferent coefficients for subordinated bonds and non-subordinated bonds. They 

could correctly predict 75% of the holdout sample. 

Kaplan and Urwitz (1979) selected 120 bonds from Moody's rated indus

trial bonds in the 1971-1972 time period and left 60 holdouts in a sample for 

evaluation. They used the maximum likelihood estimation technique in the 

regression model and were able to correctly predict 66% of the holdout sample. 

They suggested that linear modeling is a useful predictive tool, in that it can 

capture expert judgment. 

1.3 Statement of Problems in Bond Rating Models 

The problems found in the previous works of bond ratings classification 

models are: (1) the specification of the regression model, (2) the violation of 

a assumption of multivariate normality in the discriminant analysis model, 

(3) the ignorance of the use of prior probabilities, (4) the report of overall 

apparent error rate, and (5) inaccurate error rate estimation techniques. 



Horrigan (1966), Pogue and Soldofsky (1969), and West (1970) used re

gression models for industrial bond rating classification. They treated the 

dependent variables as ordinal. When the dependent variable has the ordi

nal scale {1 ,2 ,3 ,4 ,5 ,6} in regression analysis, the specification has several 

apparent problems. First, the linearity assumption is violated. Second, the 

error terms do not have a constant variance. Third, the error terms are not 

normally distributed. 

Pinches and Mingo (1973, 1975) used the discriminant analysis models 

in classifying bonds into rating categories. They assumed that the indepen

dent variables have multivariate normal distributions with constant covari

ance matrices. However, since they employed two discrete and four continu

ous independent variables, the six independent variables violated multivariate 

normality. They did not incorporate population prior probabilities into the 

formulation of the classification model and emploj-'ed equal prior probabilities. 

Since the samples were selected from Moody's Industrial Manual or Moody's 

Bond Survey, the population prior probabilities can be approximated well 

from the knowledge of the relative sizes for each category. If the assumed 

prior probabilities are quite different from the population prior probabilities, 

the classification rule and the misclassification rate may become unreliable. 

There is another problem in the report of the overall apparent error rate. 

All previous works employed sample proportions as weights in obtaining the 

overall apparent error rate for the classification model. Each study employed 

different sample sizes for each category and reported different overall apparent 

error rates. In addition, if classification results from different studies are 

compared, then it is essential that they use the same weighting scheme in the 

report of the overall apparent error rate. 
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The most important problem is concerned with the method to estimate 

the prediction ability of the classification model. AU previous works inves

tigated the prediction power of the classification model with small holdout 

samples. This method is appropriate when the sample is large enough to in

sure stability of the classification results. However, when the holdout sample 

is relatively small, this method is impractical because splitting a small sam

ple makes the estimated classification function even less reHable. Therefore, 

alternative resampling methods such as the cross-validation method and the 

bootstrap method should be considered. 

1.4 Purpose of the Study 

This study deals with the common problems appearing in the classification 

analysis. First, this study compares three types of classification models under 

certain non-normal distributions. There are extensive investigations compar

ing efficiency between the Hnear discriminant analysis and the logit models, 

and between the linear discriminant analysis model and the rank transforma

tion linear discriminant model under non-normal distributions. Both the logit 

and the rank transformation linear discriminant model are proved to be more 

efficient than the linear discriminant analysis model under non-normal distri

butions. The above results lead to a direct comparison of the three models 

under some non-normal distributions. 

Second, this study incorporates the prior probabilities into the classifica

tion model and measures the effects of the prior probabilities on the classi

fication results. The impact of the prior probabilities is examined, and the 

pat tern of misclassification rates for individual and overall categories is also 

investigated. 

11 



Third, this study introduces a loss function in order to measure the spread 

of misclassification and evaluates the performance of the classification model 

with the loss rate instead of the apparent error rate. The loss rate can be 

defined as the average of the loss made due to misclassification. 

Fourth, this study is concerned with the estimation of true loss rates in 

a relatively small sample. The estimation method which best provides an 

approximately unbiased and stable estimate of the true loss rate, which can 

be defined as the expected value of the loss function, is examined. 

Finally, six possible classification models of the bond ratings are compared 

using prior probabilities, loss functions, and the bootstrap method. To our 

knowledge, the use of the prior probabiHties in the classification function, the 

comparison of six classification models, and the bootstrap methods have not 

been applied to the bond rating classification model. 

1.5 Organization of the Dissertation 

The remainder of this dissertation is organized as follows. Chapter 2 re

views the classification models and includes the methods of parameter esti

mation associated with the classification functions. Chapter 3 is concerned 

with (1) the assessment of misclassification rate, (2) a comparison of the clas

sification models under non-normal distributions, and (3) the effects of the 

prior probabilities on the probability of misclassification. Chapter 4 discusses 

the loss rate estimates and compares various methods. In chapter 5, six clas

sification models of bond ratings are compared in term of the loss rate and 

the bootstrap estimate of the true loss rate under two empirical studies. The 

first study deals with binary classification into investment and speculative 

categories. The second study concerns multinomial classifications from Aaa 

12 



rated category to B rated category. Chapter 6 contains a summary of the 

results, conclusions, and a brief description of further research. 
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CHAPTER 2 

STATISTICAL CLASSIFICATION MODELS 

2.1 Introduction 

The data consist of random samples of size n; from each category i: 

Xi = (Xia,Xi2, . . . ,Xi„J --• '^ Fi with Pi, 1 = 1 , 2 , . . . , g, (2.1) 

where Xy is used a k-variate random variable, F; is an unknown probabil

ity distribution, and pi is a prior probabiHty that an observation belongs to 

category i. The overall data of random samples for all categories is 

X = ( X i , X 2 , . . . , X j . (2.2) 

Having observed X = x, observations are classified into one of the g alternative 

categories using a classification model. The model defines disjoint classifica

tion regions Ri(x), R 2 ( x ) , . . . , Rg(x) such that a future observation XQ is 

classified to category i if XQ G Rj(x). 

In this chapter the brief theoretical description of each of six possible clas

sification models is considered. Section 2.2 considers the regression model 

and includes the ordinary least squares estimation method. Section 2.3 is 

concerned with the discriminant analysis models which assume the multivari

ate normality of the independent variables. Section 2.4 pertains to the rank 

transformation discriminant models based on ranks of observations. Section 

2.4 considers the logit model and includes the maximum likelihood method. 

2.2 Regression Model 

The regression model can be set out in matrix notation as 
-o-̂  

Y = X/3 + e, (2.3) 

14 



where Y is the dependent variable on a g-point scale; that is 1 is the first 

category, 2 is the second category, and g is the last category. If the category 

can be ordered or ranked, 1 becomes the highest ranked category, 2 becomes 

the next highest category, and g becomes the lowest ranked category. To 

estimate the vector of coefficients /3, we must make further assumptions about 

the random error term 

E(e) = 0 E(ee') = a^. (2.4) 

Taking (2.3) and (2.4), the ordinary least-squares (OLS) method is applied to 

estimate the parameters of (2.3). The OLS estimator of/3 is 

P = ( X ' X ) - ^ X ' Y . (2.5) 

Given a future observation XQ, the estimated dependent variable is YQ = '^o$-

To construct the classification rules arbitrary division points are defined using 

equal intervals. The division points are 1.5, 2 .5 , . . . , (g — .5). Therefore, an 

observation is assigned to category 1 if YQ < 1.5, category 2 if 1.5 < YQ < 2.5, 

. . . , category g if Yo > (g - .5). 

2.3 Discriminant Analysis Models 

Suppose that a k x l random vector x can arise from one of g distributions 

with mean vectors /ii,/i2, • • • ,/ig and covariance matrices Ei , E2,. . . , Sg. Let 

fi(x) be the probability density function of the random vector Xjj from the 

category i. Let Ri(x) be the classification region for which observations are 

classified as category i, let p(j | i) be the conditional probability of classifying 

an observation from category i as category j , and let c(j | i) be the cost of 

misclassifying an observation from category i into category j . The conditional 

probability p(j | i) can be denoted by J-^. fi(x)dx. But, in practice it is difficult 

15 



to estimate the misclassification costs. It is common to assume equal misclas

sification costs. Following Johnson and Wichern (1982) we can formulate the 

classification rule which minimizes the total probability of misclassification 

(TPM) given equal cost of misclassification. 

T P M = x : P i t P O I O 

= EPiE/fiWdx 
i=l i^i -̂ Ĵ 

i = l j = l -'^3 -^R-i 

g g 

= 1 - E / Pifi(x)dx, since Yl f fi(x)dx = 1. (2.6) 
i = i • ' ^ j = i -^^j 

The classification regions are defined so that the TPM is minimized, which 

requires maximizing the integrals in (2.6). Since pi and fi(x) are nonnegative 

for all X, the classification region Rj must be the set of x such that Pifi(x) is 

largest. Consequently, an observation x is assigned to category i if 

Pifi(x) > Pjfj(x), or if 

Inpifi(x) > Inpjfj(x). j = l , 2 , . . . , g, j / i . (2.7) 

The classification rule can also be determined by a Bayesian approach which 

takes the form of a posterior probability 

p(i|x) = pif i (x) / f :p j f i (x) . i = l , 2 , . . . , g . (2.8) 
j = i 

Classifying an observation x as category i when p(i|x) > p(j|x) is equivalent 

to using the rule of (2.7) because the denominator in (2.8) is constant given 

x. In particular, under the normal assumption, the posterior probabilities can 

be easily estimated. 
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An important special case occurs when the 

'̂̂ ""̂  ^ (27r)V2|SJi/2^' 'P^~2^' ' ~ A^i)'^r'(x - fii)}, i = l , 2 , . . . , g , (2.9) 

are multivariate normal densities. If further c(i|i) = 0, c(j|i) = 1, j ^ i, the 

left side of (2.7) becomes 

k 1 
In Pifi(x) = In Pi - - I n 27r - - I n |Ei| 

- i ( x - / . i ) ' E i - ^ ( x - ^ i ) . (2.10) 

The constant term (k/2)ln27r can be ignored in (2.10) since it is the same for 

all categories. The quadratic discriminant function for category i can therefore 

be defined as: 

qi(x) = - ^ l n | E i | - i ( x - /ii)'S;-^(x - /Xi) + In pi. (2.11) 

If the g categories are normally distributed and the covariance matrices for 

each category are unequal, the quadratic discriminant analysis model produces 

the best classification rule, in the sense of minimizing the expected probabili

ties of misclassification. The classification rule is to allocate x to category i if 

qi(x) > qj(x) for j = 1, 2 , . . . , g, j ^ i. 

A simplification is possible if the covariance matrices, Ei, are equal. When 

Ei = E, for i = 1, 2 , . . . , g, the discriminant function of (2.11) becomes 

qi(x) = --^InlEl - - ( x - ^ i ) ' E - ^ ( x - ; [ i i ) - f i n Pi 

= - i l n | S | - ^ x ' E - ^ x - - / x ; E - V i + /^iS-^x + ln Pi. (2.12) 

Since the first two terms of (2.12) are the same for all categories, they may be 

discarded for classification purpose. The remaining terms are defined as the 

linear discriminant function for category i: 

li(x) = In Pi - ^ /xiE-Vi + /iiE-^x. (2.13) 
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In practice, /ii ,Si , and pi are rarely known so that they must be estimated 

from the samples taken from the respective populations. The sample statistics 

such as the sample mean vector Xi, sample covariance matrix Sj, and the 

estimated prior probability pi are substituted respectively into the right sides 

of (2.11) and (2.13). The sample-based estimates of qi(x) and li(x) are then 

qi(x) = _ i l n | S i | - i ( x - X i ) ' S i - H x - X i ) + l n p i , (2.14) 

ii(x) = Inpi -^xiSp-^Xi + xiSp-^x, (2.15) 

where Sp = pooled estimate of E: Sp = 2f=i(ni — l)Si/(X)f=i ^i ~ §)• 

Since the prior probability is a part of the classification functions of (2.14) 

and (2.15), it is important to examine whether it might be estimated before 

analysis. When little is known about prior probabilities, it is useful to set equal 

prior probabilities for each category pi = p2 = . . . = Pg = 1/g. Other intuitive 

estimates of prior probabilities are the sample proportions for each category, 

so that Pi = Ui/ YA=I n-ij i = 1; 2 , . . . , g. Sometimes pi might be approximated 

from the knowledge of the relative size of each category if the sample is drawn 

from published statistics. It may also be useful to use subjective guesses to 

estimate the pi. 

As mentioned before, the discriminant analysis models assume the mul

tivariate normality distribution of the independent variables. Therefore, the 

multivariate normality assumption should be tested before the use of the dis

criminant analysis models. One way to determine multivariate non-normality 

is through the use of a chi-square probability plot. It simply compares the 

probability level against the chi-square distribution. If the observations were-

generated from a multivariate normal distribution of category i with mean 

vector /ii and covariance matrix Ei of full rank, then 

( X i - / i i ) ' E i - ^ ( X i - / i i ) , i = 1, 2 , . . . , g, (2.16) 
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is distributed as Xdf=k- When a sample of data is under consideration, Xi 

and Si are substituted for /ii and Si, the squared generalized distance for an 

observation Xit of category i is 

dit = (x i t -Xi ) 'S i - ' (x i t -Xi ) , t = l , 2 , . . . , Ui, (2.17) 

where Xii, Xi2,..., Xjn; are the sample observations for category i. 

When the population is multivariate normal, each of the squared distances 

should behave like a chi-square random variable. Although these distances are 

not exactly chi-square distributed, it is helpful to plot them as if they were. 

The steps followed in constructing a chi-square probability plot for category i 

are listed below: 

1. Compute the squared generalized distances for the sample observations 

for category i. 

2. Order the squared generalized distances from smaUest to largest. 

3. Compute the chi-square probability values of the j th ordered squared 

generalized distances as x^(di,k) for j = 1, 2, . . ., Ui. 

4. Plot the value of the j th ordered chi-square probabilitj^ value on the 

horizontal aods and (j - .5)/ni along the x-axis for j = 1, 2 , . . . , Ui. The .5 in 

the numerator is a continuity correction. 

If the plot is near linear, it suggests that multivariate normality is not 

violated. A systematic curved pattern suggests lack of multivariate normality. 

Some points far to the right of the line indicate large distance, or outlying 

observations, that merit further attention. 

2.4 Rank Transformation Discriminant Models 

Conover and Iman (1980) suggested a rank transformation that applies to 

all distributions equally well. Using their terminology, let Xi be a random 

19 



variable from category i, i = 1, 2 , . . . , g. The k components of Xi are denoted 

by Xim, m = 1, 2 , . . . , k. Rank transformation involves ranking the mth in

dependent variables of all categories from the smallest, with rank 1, to the 

largest, with rank N = Ui -f- n2 -|- • • • + ng. Each independent variable, m = 

1 to m = k, is ranked separately. The sample means fi and sample covari

ance matrix Si(r) are computed on the ranks of the observations from each 

category separately. If the covariance matrices are assumed to be equal, the 

pooled covariance matrix Sp(r) is used. Then traditional linear and quadratic 

discriminant analysis models are applied, producing an estimate of the rank 

transformation quadratic discriminant function 

rqi(x) = - ^ l n | S i ( r ) | - ^(r(x) - r-i)'Si-Hr)(r(x) - fi) + In pi, (2.18) 

and an estimate of rank transformation Hnear discriminant function 

r"li(x) = In Pi - ^f:Sp-^(r)fi + f;Sp-^(r)r(x). (2.19) 

The classification rule of the rank transformation discriminant model is that 

an observation x is allocated into the category with the largest value of the 

estimated rank classification functions. The rank transformation discriminant 

models are simple to apply and they circumvent the non-normality of the 

distribution of the independent variables. 

2.5 Multinomial Logit Model 

2.5.1 Model Structure 

Much of the multinomial logit theory is at t r ibuted to Theil (1970), Mc-

Fadden (1974, 1976, 1981), and Ben-Akiva and Lerman (1985). The multino

mial logit model assumes that an individual observation's overall preference or 

ranking of a category is a function of the utility which the category holds for 

20 



the observation. The utility can be divided into two parts: (1) the classifica

tion function component, V(X), which is a function of observed independent 

variables, and (2) an random component, e, that is not observed. The random 

component represents the effects of omitted independent variables. Thus the 

utility of an observation x for the ith category is 

Ui(x) = Vi(x) + ei. i = l , 2 , . . . , g. (2.20) 

The first term of the right side of (2.20) is defined as the logit classification 

function and is specified to be linear in the parameters: 

Vi(x) = Ao + XiAi + . . . + XkAk 

= X ' A , (2.21) 

where f5\ is the (k-|-l) X 1 vector of the parameters for category i to be esti

mated. 

Another assumption is that an observation x is classified into category i if 

and only if Ui(x) > Uj(x) for aU j ^ i. Because the ei is a random variable, 

the event Ui(x) > Uj(x) for all j 7̂  i is also random. Let us now consider 

the category probabiHties. The category probabiHty that an observation x is 

classified into category i, is denoted by cpi(x), 

cpi(x) = P{Ui(x) > Uj(x)}, j ^ i . (2.22) 

By substituting (2.20) into (2.22), 

cpi(x) = p{Vi(x) + e; > Vj(x) + ej}, j / i. (2.23) 

Rearranging the above equation results in 

c p i ( x ) = p { e j - e i < V i ( x ) - V j ( x ) } . j 7̂  i. (2.24) 
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To determine the category probabiHty of (2.24), the probability distribution of 

(cj —ei) should be known. The e|s are assumed to be distributed independently, 

identically in accordance with a Weibull distribution. Given the distribution 

for the unobserved random components of utiHty, the category probability of 

the multinomial logit models has the form 

exp{Vi(x)} 
cpi(x) = 

Z..J=iexpiVj(^x;j-

1 = 1, 2 , . . . , g. (2.25) 

E ^ i e x p { V j ( x ) } 

exp(x'A) 
Ef=aexp(x'/5j) 

A detailed derivation of (2.25) is provided by McFadden (1974). The depen

dent variable for this model is the actual category from a set of g categories. 

The probabilities for each category are not observed, only the actual category, 

and hence the dependent variable takes a value 1 for the actual category or 

a value 0 for other categories. Theil (1970) demonstrates that log-odds of 

any pair of categories, i and j , can be expressed as a Hnear function of the 

independent variables: 

= x'(/?,-ft), j j ^ i . (2.26) 

By selecting a particular category j as the base category, there are g - 1 logits 

of (2.26). Since the logit model compares the ratio of the probabiHties of any 

pair of categories, the parameters of a base category j must be normalized to 

zero. Then (2.26) can be rewritten as 

I n ^ = x'A. (2.27) 
cPj(x) 

A weak point of the structure of the logit model is that the log-odds of any 

pair of categories is independent of the independent variables of other 
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categories. McFadden (1974) caUed this condition of the multinomial logit 

model "independence from irrelevant alternatives." 

On the other hand, there is an obvious strength. This condition makes it 

possible to infer classification with multiple categories from paired compar

isons, and allows great economy in parameter estimation. McFadden, Train, 

and Tye (1977) mentioned that this property greatly reduces the complexity 

of estimation and leads to the easy interpretation of the parameters. 

2.5.2 Maximum Likelihood Estimation 

In order to calculate the category probability, the parameter vectors A 

must be estimated by maximum Hkelihood methods, requiring nonlinear iter

ation. McFadden (1974, 1981), and Amemiya (1981) discussed the estimation 

procedures for simple random samples. Manski and Lerman (1977), Cosslett 

(1981), and Ben-Akiva and Lerman (1985) discussed the estimation procedure 

for category based samples. The two different estimation procedures for the 

different sampling strategies are explained briefiy as follows. 

In the simple random sampling strategy, observations are drawn at random 

from the entire population and their categories are observed. That is, the 

simple random sampling is defined as drawing (i, Xt) combinations at random 

from the entire population. The joint density function f (i, Xt) is considered 

which is the product of a conditional probability and marginal distribution of 

Xt: 

f ( i , x t ) = p ( i | x t ) p ( x t ) , (2.28) 

where p(i|xt) represents the probability for category i given an observation Xt 

as a function of unknown parameters. The Hkelihood of an observation Xt in 
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the simple random sampling strategy is 

nf^if(i,xt)^", (2.29) 

where yit is one if the actual category of an observation Xt is i, or zero otherwise. 

Now the entire sample of size N is considered. Since the observations are 

mutually independent, the likelihood for any random sample of N observations 

can be expressed as 

L = nLinf=,f(i,xO^'' 

= Hf=,^f^,{cpi(xOp(xOF^ (2.30) 

and its natural logarithm is given by 

N g N 

LL = ^ J ] y i t In cpi(xt) + X] ln p(xt) 
t = l i = l t = l 

= E E y i t { x ; A - l n E e x p ( x : A ) } + E l n p(xt). (2.31) 
t = l i = l j = l t = l 

The maximum likelihood estimate of the {(k -|- 1) x 1} vector of parameters 

for category i , A; is defined as the value of the column vector A tha t max

imizes equation (2.31). The second term of the right side of (2.31) can be 

dropped before maximizing since it does not contain the unknown parameter 

vectors. The set of first-order conditions necessary for the maximization can 

be expressed by differentiating (2.31) with respect to the column vector A and 

setting them equal to zero: 

^LL _ ^ ^ Xt exp(xtA) , 

5A " k t . E^iexp(x;A)^ 

A drawback of necessary conditions is that it is not guaranteed to converge to 

a global maximum. 
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Since (2.32) is nonlinear in A > the MLE must be obtained by an iterative 

method such as the Newton-Raphson technique. Amemiya (1981) showed that 

the corresponding algorithm at the (q-)-l)th iteration for column vector A is 

31+1 _ /oq m q ^ - l ^ ^ • ' ^ ^r' = A'̂ -CHf) 

d^LL 1 gLL, 

di3,d(3yv ^ di3i = ^^-[^^l^ri^U (2-33) 

where Ĥ ^ is the Hessian matrix at the qth iteration for column vector A- The 

initial values of the parameters in the iterative algorithm are estimated by 

the ordinary least squares method. This procedure is to be repeated until 

the iteration converges. It is well known that under general conditions the 

maximum likelihood estimator is consistent. 

Lnder the second sampling strategy, the population is partitioned into a set 

of categories, and observations within each category are drawn randomly. For 

example, in the classification of bond ratings, a random sample is drawn within 

each bond rating. Estimation of parameters under category-based sample is 

fairly complex in general. Manski and Lerman (1977), Cosslett (1981), and 

Ben-Akiva and Lerman (1985) concluded one result which can be used without 

involving a complex estimation procedure. This result can be stated as follows. 

If a category-based sample is used and the constant term is included in the logit 

classification functions for each category, then estimating parameters as if the 

sample were a random sample produces consistent estimates for all parameters 

except the constant term. Further, the constant term is biased. Therefore, the 

constant term of the estimated logit classification function should be adjusted 

by subtracting ln(si/pi) from the corresponding random sample estimates. 

The adjusted constant term of the estimated logit classification function for 
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category i is denoted by 

Si 
/ 3 r o = A o - l n - . i = l , 2 , . . . , g. (2.34) 

Pi 

where Si is the sample proportion for category i and pi is the population prior 

probability for category i. Consequently, if pi is known, then a consistent 

estimate of the constant term is obtained. 

2.5.3 Asymptotic Covariance Matrix 

To get the asymptotic covariance matrix for the estimates of parameters , 

it is necessary to form the information matrix. Let 1(A) denote the sample 

information matrix for the vector of parameters of category i: 

fj2T T 

= c6v-'(A), (2.35) 

where c6v(A) is the sample covariance matrix of the A- The A of ^IL estima

tors is asymptoticaUy normal as Ui goes to infinity: 

y K [ ( A - A ) - ^ N ( 0 , E i ) . (2.36) 

The asymptotic variance-covariance matrix, Ei, for the vector of A is consis

tently estimated by 

S i = n i I ( A ) - \ (2.37) 

The diagonal elements of (2.37) are used to test the significance of the param

eters. 
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2.5.4 Elasticity Analysis 

Since the category probability in (2.25) is a function of unknown param

eters, it is useful to measure the elasticity which determines the percentage 

change in the probability of category i with respect to the percentage change 

in one independent variable, holding other variables constant. Ben-Akiva and 

Lerman (1985) discussed a general formula for the calculation of elasticity in 

the multinomial logit model. The elasticity of probability of choosing any 

category i for an observation Xt with respect to a marginal change in the mth 

independent variable of Xt can be defined: 

%Acpi(xt) 
8; i t m 

%Axt^ 

_ Acpi(xt)/cpi(xt) 

Axtm/Xtm 

= ^ P ; W { ^ } . (2.38) 
Ax^m cpi(xt) 

As A approaches zero, (2.38) reduces to 

«„„ = ^ 2 * l ) { ^ ^ . } . (2.39) 
dxt^ cpi(xt) 

An operational formulation for this elasticity requires the partial derivatives. 

This can be done as follows: 

^cpi(xt) ^ d exp(x[A) 1 

dxt^ dxt^ Ef=iexp(x;A) 

An. e x p ( x ; A ) { E ^ i e x p ( x ; A ) } - A m {exp(x;A)}^ 

{E^ iexp (x ;A)}2 

= Cp;(Xt)Am{l - Cpi(xt)}, (2.40) 

where Am is coefficient of the mth independent variable of category i. 

By substituting (2.40) into (2.39) the elasticity îtm becomes 

^itm = A m X t m { l - C p i ( x t ) } . ( 2 - 4 1 ) 
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Aggregate elasticity summarizes the responsiveness of some category rather 

than that of any observation. The aggregate elasticity of the mth independent 

variable of category i is obtained by weighting the individual elasticities by 

their category probabilities: 

^im - E c p i ( X t ) ^ i t . n { E c p i ( X t ) } - \ ( 2 . 4 2 ) 
t=l t= l 

where 1 = 1 , 2 , . . . , g., and m = 1, 2, . . . , k. The interpretation of the value 

of elasticity is very simple. The probability of category i is said to be elastic, 

of unitary elasticity, or inelastic according to the value of ^im. If îm > Ij the 

probability of category i with respect to the mth independent variable is elastic 

; a given percentage change in the mth independent variable results in greater 

percentage changes in the probability of category i, holding other independent 

variables constant. Thus, small changes in the mth independent variable result 

in more significant change in the probability of category i. When î im = 1, the 

probability of category i with respect to the mth independent variable has unit 

elasticity, indicating the percentage change in the mth independent variable 

and the probability of category i are the same, holding other independent 

variables constant. Finally, if Si^ < 1, the probability of category i with 

respect to the mth independent variable is inelastic. A given percentage change 

in the mth independent variable results in a smaller percentage change in the 

probability of category i, holding other independent variables constant. 
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CHAPTER 3 

EVALUATION OF CLASSIFICATION MODELS 

3.1 Introduction 

In this chapter, the problems in the appHcation of the classification mod

els are analyzed. The problems are concerned with (1) the assessment of 

classification error rate, (2) the comparison of the classification models under 

non-normal distributions, and (3) the effects of the prior probabilities. 

After developing classification rules in chapter 2, the next step is to eval

uate the performance of a classification model. As a direct evaluation of a 

classification model, the apparent error rate is the most widely used measure 

of classification performance. A simulation study is performed to compare the 

logit model to the Hnear discriminant analysis model and the rank transfor

mation linear discriminant model under three non-normal distributions. 

The prior probabilities can be incorporated into the classification functions 

to account for the relative occurrence of observations in different categories. 

Usually, either equal prior probabilities or sample proportions for each cate

gory are assumed in the absence of knowledge of the population prior prob

abilities. These intuitive prior probabilities can lead to the different values 

of the constant terms of classification functions and can result in the differ

ent apparent error rates for each category if they are quite different from 

the population prior probabilities. Thus, the effects of prior probabilities on 

classification results are examined. 

The apparent error rate has problems in its appHcation. First, it is appro

priate when the loss of misclassification from one category to other category 

is assumed to be equal. When classification categories are ordered or ranked, 

it only measures the percentage of misclassification and does not consider 
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the spread of misclassification. Therefore, an alternative misclassification rate 

such as a loss rate should be employed. 

The remainder of this chapter is organized as foUows. Section 3.2 defines 

misclassification rates in mathematical terms and suggests a general report of 

the overall apparent error rate. Section 3.3 pertains to a comparison of the 

results of three classification models under non-normal distributions. Section 

3.4 examines the effects of the prior probabiHties on the probability of mis

classification. Section 3.5 introduces the loss function to incorporate different 

misclassification costs and defines the loss rate. 

3.2 Misclassification Rates 

The apparent error rate (AER) is defined as the proportion of observed 

errors made by the estimated classification functions in the sample. It is useful 

to define a misclassification variable Mij(Xo|X) which indicates the misclassi

fication of an single observation XQ from category i into category j . given the 

entire sample X. Thus 

[ 0 if Xo G Ri(x) 
Mij(XolX) = 

I 1 otherwise. 

Let AERij be an estimate of conditional probabiHty of misclassifying an obser

vation from category i into category j . The apparent error rate of category i, 

AERi, is an estimate of the marginal probability of misclassifying an observa

tion from category i. It can be expressed as the proportion of observed errors 

made by the classification functions on its own sample for category i: 

g 

AERi = E AERij 

= - E E M i j ( x i t ) . i = 1, 2 , . . . , g. (3.1) 
n i t = i j ^ i 
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The overall apparent error rate, AER, is an estimate of the overall probabiHty 

of misclassification and is obtained by multiplying each AERi by its sample 

proportion Si = ni/N and summing it over i: 

AER = E ^ i AERi 
i = l 

= lEEEMij(xit) . (3.2) 
i = l t = l J5,ti 

The apparent error rate is intuitively appeaHng and easy to calculate. It 

is used as an estimate of the true error rate. Efron (1983) defined the true 

error rate (TER) which is the probabiHty of incorrectly classifying a randomly 

selected future observation XQ. FoUowing Efron (1983) the true error rate for 

category i using (3.1) can be defined as: 

TERi = X^EoF,{Mij(Xo|X)} 
j#i 

= f :PoF,{XoGRj(x)} , i = 1, 2 , . . . , g. (3.3) 

In these expressions the data X and the classification regions Rj(x) are re

garded as fixed. The symbol "EOF;" indicates expectation over a single new 

observation XQ from unknown distribution Fi. The overaU true error rate is 

e 
T E R = ^ P i T E R i , (3.4) 

i = l 

where pi is a prior probabiHty for category i. Comparing (3.3) with (3.5), we 

can see that the AER may mislead the overaU prediction power of a classifica

tion model if the sample proportions for each category are quite different from 

the population prior probabiHties. Consider for simpHcity two categories and 

assume that the conditional probabiHties of the misclassification are known. 

Then the overall apparent error rate is given by 
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AER = si p(2| l) + s2 p(l |2) 

= ( | ) p ( 2 | l ) + ( ^ ) p ( l | 2 ) 

= (^ )P (2 |1 ) + { 1 - ( ^ ) } P ( 1 | 2 ) 

= P(li2) + ( ^ ) { p ( 2 | l ) - p ( l | 2 ) } . (3.5) 

The AER is a linear function of the sample proportion of one category. There

fore, AER can take any values between p( l | 2) and p(2 | 1) given different 

combinations of sample sizes for each category. Since different sample sizes can 

yield different values of the AER even with identical classification functions, 

a general form of overaU apparent error rate can be rewritten as 

A E R = X ^ P i AER;. (3.6) 
i = l 

That is, if the prior probabilities are known or can be estimated, they wiU be 

applied instead of sample proportions. 

Another problem arises when the overall apparent error rates from different 

studies are compared with different sample sizes for each category. In com

paring these studies, it is essential that the same weighting scheme be used in 

the report of overall apparent error rates. The effects of the prior probabilities 

on the probability of misclassification will be discussed further in section 3.4. 

3.3 Comparison of Three Classification Models 

There has been considerable theoretical and empirical work to date on 

classification models for the case of two categories. Lachenbruch, Sneeringer, 

and Revo (1973) investigated robustness of the Hnear and quadratic discrim

inant analysis models for three specific multivariate nonnormal distributions. 

The three distributions were the log normal, the logit normal, and the inverse 
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hyperboHc sine normal. They concluded that the LDM may be quite sensitive 

to multivariate nonnormality and the QDM did not significantly improve the 

results, and in many cases they were worse, depending on the type of non-

normality. They suggested that the data should be transformed, if possible, 

to a approximate normality and the LDM can be used. 

Conover and Iman (1980) developed the rank transformation discriminant 

models. They compared classification results using eight different discriminant 

functions. They found that the RLDM is almost as effective as the LDM for 

da ta with a multivariate normal distribution of the independent variables and 

equal sample sizes for each category. When the populations are not normal, 

the RLDM is likely to be better than the LDM and QDM, but not as good 

as the RQDM when the covariance matrices for each category are unequal. In 

addition, the effectiveness of the RLDM and the RQDM was reduced under 

unequal sample sizes for each category. 

Press and Wilson (1978) presented theoretical arguments for using the 

LTM over the LDAI in the case of two categories and provided two empirical 

examples where the assumption of normahty is clearly violated. They con

cluded that the LTM outperformed LDM in both cases, but not by a large 

amount. 

Three selected studies here indicated that the use of the LTM or the RLDM 

would be preferable to the LDM in a situation where the normahty assump

tions are violated. Therefore, a more extensive study comparing three classi

fication models for three non-normal situations can be of particular interest 

here. Suppose that a random vector X arises from one of two normal distri

butions with different means /ii = ( -.5, 0 ) and /i2 = (-.5+ S, 0), and identity 

covariance matrices. Observations were generated from normal distributions 

for each category and then were transformed by one of three non-Hnear 
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transformations suggested by Johnson (1949). The transformations are given 

in Table 3.1. For each of the three distributions, 100 independent samples 

were generated for two sets of sample sizes and two different mean values for 

each category. Two sets of sample sizes, m = n2 = 30, and ni = 20, n2 = 40, 

and two values of the distance, 6 = i and 8 = 3, were used to examine the 

effects of different sample sizes and the effects of different distances between 

the two categories. Since the prior probabilities were unknown, the overall 

apparent error rate of (3.3) was employed. All of the quantities in Table 3.2 

were the apparent error rates obtained by averaging over repeated 100 trials. 

The overall apparent error rates were identical for all three nonnormal 

distributions under the RLDM. Since the transformation from the normal 

random variable X to the other three distributions are monotonic, the rank of 

the variables is not changed by the transformations. Therefore, the overall ap

parent error rate of the RLDM is identical for three transformed distributions 

and for the normal distribution. 

When sample sizes were equal and ^ = 1, the LDM was as good as the LTM 

or the RLDM for logit normal and inverse hyperbolic sine normal distributions. 

As the distance becomes wider from 8=1 to 8=3, both the RLDM and the LTM 

showed a sharp decrease in the overall apparent error rate for the three non-

normal distributions and yielded a smaller overall apparent error rate than the 

L D J \ I . On the other hand, the LDM produced a great decrease in the apparent 

error rate only for the logit normal distribution. When the sample sizes were 

unequal and 8 = 1, the LDAl produced almost same results as the RLDM for 

the logit normal and inverse hyperboHc sine normal distributions and yielded 

worse result for the lognormal distribution. As the distance became wider 

from (J = 1 to 5 = 3, the RLDM produced better results than the LDM by 

a big margin, except for the logit normal case, but was not as good as the 
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LTM. For unequal sample sizes, the LTM always showed better results than 

the RLDM and the LDM regardless of the distance. 

Table 3.1 

Non-Linear Transformation 

Name 

Lognormal 

Logit normal 

Inverse hyperbolic sine 

Transformation 

Y = exp(X) 

Y = exp(X)/( l+exp(X)) 

Y = sinh(X) 

domain 

0 < X < GO 

0 < X < 1 

- c o < X < CO 

Table 3.2 

AER for Three Classification Models 

Name 

Log 

normal 

Logit 

normal 

Sinh 

normal 

Model 

LDM 

LT^I 

RLDM 

LDM 

LTM 

RLDM 

LDM 

LTM 

RLDM 

ni = 30 

na = 30 

8 = 1 

32.6% 

31.2 

29.7 

29.7 

29.5 

29.7 

29.5 

29.3 

29.7 

30 

30 

8 = 3 

19.8% 

5.5 

5.4 

7.0 

5.1 

5.4 

17.3 

5.4 

5.4 

20 

40 

8 = 1 

37.1% 

27.2 

30.7 

30.0 

25.8 

30.7 

30.3 

29.5 

30.7 

20 

40 

8 = 3 

26.5% 

5.4 

9.7 

5.4 

4.7 

9.7 

23.2 

5.2 

9.7 
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In summary, when the populations were not normal, sample sizes were 

equal, and the distance between categories was small, the LDM produced 

comparable results with the RLDM or the LTM. As the distance became 

wider from 8 = lio 8 = 3, the effectiveness of the RLDM and the LTM was 

increased radically. When the sample size were equal and ^ = 3, the RLDM 

was always better than the LDM for three non-normal distributions. In this 

study, the LTM was more efficient than the LDM or the RLDM whenever the 

sample sizes were unequal. In addition, the problem of the LDM was not as 

great when the distribution was bounded, which was the case with the logit 

normal distribution, as compared with other unbounded distributions. 

3.4 Effects of the Prior Probabilities 

In theory, the form of the classification rule is developed given known prior 

probabilities. But, in practice, prior probabilities are estimated or intuitive 

estimators such as equal probabilities and sample proportions are employed. 

The use of some estimates of prior probabilities can affect the the constant 

terms of the classification functions and the report of the probabilities of 

misclassification. 

In this section, the effects of the prior probabilities on the probability of 

misclassification in the linear discriminant analysis model are considered. The 

classification results are compared, assuming population prior probabilities, 

sample proportions, and equal prior probabilities. For simplicity two multi

variate normal populations with equal identity covariance matrices, namely, 

N(/ i i , I ) and N(/i2,I), where /ii = (-.5, 0) and /12 = (-.5-|-^, 0) are considered. 

Two values of 8 were used to measure the effect of the distance between distri

butions on the classification results. Let pi = 1/3 and p2 = 2 / 3 be population 
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prior probabiHties for categories 1 and 2, respectively. Then the ith density is 

f iW = ^ ^ ; T ^ e ^ P { - ^ ( x - / X i ) ' r ^ ( x - / i i ) } . i = 1, 2. (3.7) 

If category i has the density (3.8) and prior probabiHties pi, i = 1, 2, the 

classification regions are given by 

Ri(X) : (/ii - /i2)'l X - - ( / t i - /i2)'l (/ii -f- /i2) + In— > 0, 
^ P2 

R2(X) : ( / i i - / i 2 ) ' l x - - ( / i i - / i 2 ) ' l ( / i i + / t 2 ) + l n — < 0 . (3.8) 
2 P2 

The above classification regions were constructed from a rearrangement of 

(2.13). The population misclassification probabilities of the rule can be calcu

lated theoretically. Let X be a random observation. The distribution of 

Y = ifx, - ix,)'l X - i(/xi - /X2)'I (/xi + fi2) + I n ^ (3.9) 
Z P2 

needs to be known on the assumption that X is distributed according to 

N(/ii, I) and then on the assumption that X is distributed according to X(/i2,I). 

When X is distributed as X(/ti ,I) , Y is normally distributed with mean 

Ei(Y) = ( / i i - / i 2 ) ' l / i i - o ( / i i - M 2 ) ' l (Ai i+Ai2)+ln-^ 
Z P2 

= i ( / i i - / X 2 ) ' l ( / x i - / ^ 2 ) + l n ^ , (3.10) 
2 P2 

and variance 

Vi(Y) = ( / i i - / i 2 ) ' l ( / i i - / ^ 2 ) - (3.11) 

The Mahalanobis squared distance between N(/ii,I) and N(/X2,I) is 

( /^ i -^2) ' l (A^i - /^2) = A ^ (3.12) 

Then Y is normally distributed as ^A^ + I n ^ , A^) if X is distributed as 

N(/ia,I). K X is distributed as N(/i2,I), then 
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E2(Y) = (/ii - / i 2 ) ' l /i2 - - ( / i l -Ai2)'l (/^l + /X2)+ln— 
Z P2 

= - o ( / ^ i - / ^ 2 ) ' l (/Xl-/i2) + ln— 
^ P2 

= _ i A 2 + l n ^ . (3.13) 
2 P2 

The variance is the same as when X distributed as N(/i i ,I) . The probability 

of misclassification, if the observation is from category 1, is 

p ( 2 | l ) = P ( Y < 0 ) 

= r 1 e x p { - - i , ( y - i A ^ - l n ^ ) n d y 
J-oa v27rA 2A'' 2 p2 

= / ' -̂  ^ e x p ( - ^ ) d z 
i-oo V2^ ^ 2^ 

1 I n ^ 

= *(4^-^)' ^̂-̂̂^ 
and the probabiHty of misclassification, if the observation is from category 2, 

IS 

p ( l | 2 ) = P ( Y > 0 ) 

= / "~7=6xp(—— jdz 
y(iA2-in£i)/A V27r 2 

= $ ( - ^ A + ^ ) - (3-15) 

where $ is the standard normal distribution function. The overall probabiHty 

of misclassification is 

PM = Pi p(2| l) + P2 P(l |2) . (3.16) 
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Table 3.3 shows the probabiHties of misclassification assuming three dif

ferent prior probabiHties - (1) population prior probabiHties (pi = 1/3 and 

P2 = 2/3) , (2) sample proportions (pi = 2/3 and p2 = 1/3), and (3) equal 

prior probabilities (pi = 1/2 and p2 = 1/2). 

Table 3.3 

Effects of Assumed Prior ProbabiHties in LDM 

Name 

population 

prior 

prob. 

sample 

propor

tions 

equal 

prior 

prob. 

Pi 

Pi = 1/3 

P2 = 2/3 

Pi = 2/3 

P2 = 1/3 

Pi = 1/2 

P2 = 1/2 

P(j|i) 

P(2|l) 

P(l |2) 

PM 

P(2|l) 

P(l |2) 

PM 

P(2|l) 

P(l |2) 

PM 

8= 1 

57.7% 

11.6 

26.8 

11.6 

57.7 

42.5 

30.9 

30.9 

30.9 

8 = 3 

10.2% 

4.2 

6.2 

4.2 

10.2 

8.2 

6.7 

6.7 

6.7 

When 5 = 1, pi = 1/3 and p2 = 2 /3 , A^ = 1, p(2| l) = $(.193) = .577, 

p( l |2 ) = $(—1,193) = .116, and the overall probability of misclassification is 

.268. When <5 = 3, A^ = 9, p(2| l) = $(-1 ,269) = .102, p(2| l) = $ ( -1 ,731) = 

.042, and the overall probabiHty of misclassification is .062. As the distance 

is increased to ^ = 3, the overaU population probabiHty of misclassification 

for the population prior probabiHty case drops from 26.8% to 6.2%. The 

probabilities for misclassification for the sample proportions and equal prior 

probabiHties cases can be calculated in the same way using (3.15), (3.16), and 

(3.17). 
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A closer examination of Table 3.3 reveals that when the distance between 

two categories was smaU {8 = 1), the pattern of individual probabiHties of 

misclassification changed radicaUy. For example, the values of (p(2 | l ) , p ( l |2 ) , 

PM) were (57.7, 11.6, 26.8), (11.6, 57.7, 42.5), and (30.9, 30.9, 30.9) for pop

ulation prior probabiHties, sample proportions, and equal prior probabiHties, 

respectively. Compared with the known population probabilities of misclassifi

cation, the effects of the prior probabiHties on probabiHties of misclassification 

were too severe. These effects were reduced when there was substantial sep

aration of the two categories. When 8 = 3, (10.2, 4.2, 6.2), (4.2, 10.2, 8.2) 

and (6.7, 6.7, 6.7) were the corresponding results. To measure the impact 

of the distance, the percentage change in the probabiHty of misclassification 

between different prior probabilities cases was examined. If the p(2 | l ) for the 

population prior probabiHty case is used as the base, the percentage change 

in p(2 | l ) for the sample proportions and equal prior probabiHties cases were 

79.9% and 46.4% when ^ = 1. When 8 =3 , the corresponding percentage 

changes were 58.8% and 37.3%. Table 3.3 shows that when the estimates of 

prior probabilities are vastly different from population prior probabilities, the 

resulting probabilities of misclassification can be quite misleading. 

It can be concluded that when the distance between categories is small, the 

prior probabilities will have their greater impact on individual probabilities of 

misclassification. When the populations are very distinct, the effects of the 

prior probabiHties v/ere reduced. Therefore, the classification results can be 

misleading if the correct prior probabilities are not employed especially when 

the distance between categories is small. 
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3.5 Loss Rate 

It is assumed that categories can be ordered or ranked. For a set of cat

egories successive ranks are assigned to ordered categories. In this situation 

the appHcation of the apparent error rate, which assigns equal loss of misclas

sification, seems to be inappropriate. An alternative method should be used 

which can measure the spread of misclassification. In ranked categories it is 

assumed that the loss of misclassification increases as the difference between 

the observed rank and the estimated rank becomes wider. Therefore, a general 

loss function should be introduced when an new observation XQ from category 

i is misclassified as category j as follows. 

f | i - j | " if Xo 6Rj(x) 
L^(Xo|X)= ' ' ' ° Ĵ  ^ (3.17) 

[ 0 if Xo G Ri(x), 

where a is a given positive number. If a = 0, define 0° = 0. Since a is usually 

unknown, the assignment of a must be highly subjective matter. When there 

are only two categories, the loss function in (3.18) is independent of a. 

When a = 2, Lij(Xo|X)^(x) is called the squared loss function, when a = 

1, L,"(Xo|X) is called the absolute loss function, and when a = 0, L^(Xo|X) 

is caUed the constant loss function which is the same as the misclassification 

variable in (3.1). 

The loss rate of category i can be defined as the average of the loss made 

in the sample of category i due to misclassification. 

LRr = - E E ^ M , i = 1, 2,..., g, (3.18) 
^i t = l j^i 

and the overaU loss rate like the overaU apparent error rate can be defined as 

LR" = X : P i L R r . (3.19) 
i = l 
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That is, the apparent error rate is a special case of the loss rate when a = 

0 in the loss function. When a = 0, LR° is called the overall constant loss 

rate, and when a = 1, LR-*̂  is caUed the overaU absolute loss rate. In the next 

chapter, we employ the constant loss rate instead of the apparent error rate 

when a = 0. 
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CHAPTER 4 

ESTIMATION OF TRUE LOSS RATE 

4.1 Introduction 

When the original sample is reclassified by the classification model, the 

resulting loss rate is biased optimistically. Therefore, accurate estimation of 

predictive power in the classification model is an important component. A 

variety of methods have been proposed to deal with the estimation of the 

true loss rate. In most previous classification studies, the holdout method 

has been used to estimate the true loss rate. Due to disadvantages of the 

holdout method, statistical resampHng procedures such as cross-validation and 

bootstrap methods can be employed to improve the accuracy of the estimation 

of the true loss rate. 

Section 4.2 defines the true loss rate, and section 4.3 is concerned with the 

excess loss and the estimation of the true loss rate. Section 4.4 pertains to 

the bootstrap method proposed by Efron (1979, 1981, 1983) to estimate the 

expected excess loss and the true loss rate. Sections 4.5 and 4.6 contain a 

general discussion of the cross-vaHdation and holdout methods for the estima

tion of the true loss rate. Section 4.7 compares three vahdation methods in 

a relatively smaU sample and includes a discussion of the results in the Hnear 

discriminant analysis and the logit models. 

4.2 True Loss Rate 

Efron (1979) defined the true error rate which is the probability of incor

rectly classifying a future observation in the binary classification case. His 

theory is extended to the multinomial case and the true loss rate as a function 

of a parameter a is defined. The true loss rate can be defined as the expected 
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value of the loss function, which measures the loss of a randomly selected fu

ture observation Xo from an unknown distribution. Let TLR^ be the true loss 

rate of misclassifying an observation from category i into category j . The true 

loss rate for category i, TLRf, is 

TLR^ = f (Fi I X) 

= ETLR,^ 
j#i 

= EEoF.{L,^(XoiX)} 
j#i 

= E l i - i r P o F . { X o G R j ( x ) } , i = 1, 2 , . . . , g, (4.1) 

and the true overall loss rate is 

TLR" = E Pi TLRr. (4.2) 
i = l 

The notation f (Fi | X) emphasizes that, given entire sample X, the true loss 

rate for category i is a function of the unknown probability distribution Fi. 

The symbol "EOFI" indicates expectation over a single new observation XQ from 

Fi with X = X fixed. PoFi{Xo G Rj(x)} indicates probability of misclassifying a 

single new observation from Fi into category j . Since X is fixed at its observed 

value, true loss rate is a random variable in the repeated sampling context. 

Just as two types of loss rates were defined by a parameter of a section 3.5, 

two types of true loss rates can also be defined. TLR° is called the true overall 

constant loss rate when a = 0, and TLR^ is caUed the true overaU absolute 

loss rate when a = 1. 
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4.3 Excess Loss 

The sample-based loss rate in section 3.5 is strongly consistent for the true 

loss rate as the sample sizes for each category go to infinity. Thus, the bias 

converges to zero as the sample sizes for each category go to infinity. However, 

for a relatively smaU sample, the sample-based loss rate usually tends to be 

smaller than the true loss rate because the sample data have been used both to 

construct and to evaluate the classification functions. Therefore, an estimation 

of the expected excess loss and the true loss rate is necessary. As Efron (1983), 

and Efron and Gong (1983) defined an excess error, excess loss can also be 

defined as a random variable. The excess loss for category i is 

R? = T L R f - L R f 

= f ( F i | X ) - f (Fi|X) 

= ETLR^-ELRy 
j#i J#i 

= t EoF.{L^(Xo|X)} - EEoF.{L^(Xo|X)} 

= E i i - j r PoF.{XoGRj(x)} 
j#i 

- E | i - J r P o F , { X o G R j ( x ) } , (4.3) 

J5^i 

and the overall excess loss is 

g 

1 
i = l 

R" = X] Pi i^r- (4-4) 

The notation f (Fi|X) emphasizes that, given entire sample X, the loss rate 

for category i is a function of the known empirical probabiHty distribution 

Fi which puts mass l /n ; at each observation in category i. The symbol 

P O F { X O e Rj(x)} indicates probabiHty of misclassifying an observation X„ 
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from the original sample of category i into category j . Therefore, the second 

term of the right side of (4.3) is 

E | i - J r PoF.{Xo G R,(x)} = - E E L « ( x i t ) (4.5) 
j?^i ^ i t = l J5^i 

the loss rate for category i. R° is called the overall excess constant loss when 

a = 0, and R^ is caUed the overall excess absolute loss when cc = 1. In order 

to estimate the true loss rate, we have to consider the expected excess loss, 

the expected amount by which the true loss rate exceeds the sample-based 

loss rate . If the expected excess loss could be estimated, then a reasonable 

estimator of the true loss rate would be T L R " = LR"-f E(R°). In subsequent 

sections we will discuss methodologies that estimate the expected excess loss 

rate and the true loss rate. 

4.4 Bootstrap Method 

If the population distributions were known or more data were available, 

they could be employed to estimate the true loss rate and to obtain a better 

estimate. However, the assumption for the moment is that the population dis

tributions are unknown, and the data available for the estimate are those for 

the original sample. A method is necessary to assess the statistical accuracy 

of the estimate given by the sample. The bootstrap method was developed for 

such a purpose. This procedure mimics the process of selecting many differ

ent samples from populations. The bootstrap samples for each category are 

generated as follows. The computer assigns a number to each observation of 

each category and then generates the sample by matching a string of random 

numbers to the numbers corresponding to observations. The samples gener

ated in this way are called bootstrap samples. The bootstrap procedures for 

the estimation of the expected excess loss are presented in five steps: 
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Step 1 

An empirical probabiHty distribution of the data for category i is con

structed by putt ing the mass l /ui on Xit: 

Fi : mass l/m on Xit, t = 1, 2 , . . . , nj. (4.6) 

Step 2 

Bootstrap samples are generated by independent random sampHng with 

replacement from the empirical probabiHty distributions. The bootstrap sam

ples for category i can be denoted by 

Xr = (Xfi, Xj*2,..., Xf„.) ~iia Fi, (4.7) 

and the overaU bootstrap sample for all categories is 

X"' = ( X - , X ; , . . . , X p . (4.8) 

In the resampling, the bootstrap samples contain a subset of the sample 

data since the sample data are considered as a population. Original obser

vations of the sample may occur once, twice or more, or not at all in the 

bootstrap samples. Let rit = #(Xj] = Xit)/ni be the resampHng proportion 

of Xit selected in the bootstrap sample of category i. For a given bootstrap 

sample rit = 0 if Xit does not occur, rit = l/ui if Xit occurs once and in general 

Tit = c/ni if Xit occurs c times in the bootstrap sample of category i. Let Ff 

be the empirical probabiHty distribution of the bootstrap sample of category 

i which is denoted by 

FT : mass rit on Xit, t = 1, 2 , . . . , nj. (4.9) 
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Step 3 

Given the bootstrap samples, the bootstrap classification functions are 

constructed. 

Step 4 

A bootstrap estimate of the excess loss is calculated. The bootstrap esti

mate of the excess loss for category i is 

B ' ' (Rn = T L R p - L R p 

= f ( F i | X ' ) - f (Fi-lX") 

= ETLRr-ELR^'^ 

= EEoF.{L.^(Xo|X^)} - E„p,{L,^(Xo|X-)} 
j?^i 

= E | i - J rPoF.{XoGRi(X'" )} 
j#i 

- E | i - J r PoF.'{XoGRj(X-)}, (4.10) 

and the bootstrap estimate of the overall excess loss is 

B^(R") = X : Pi B-(Rr), (4.11) 
i = l 

where P^p.{XQ G R J ( X * ) } measures the probability of misclassifying an ob

servation Xo from the original sample of category i into category j by the 

bootstrap classification functions. Thus, the first term of the right side of 

(4.10) is the expectation of the loss function over an XQ from Fi, given the 

entire bootstrap sample. This is equal to the loss rate made in the original 

sample of category i by the bootstrap classification functions: 

E l i - J r PoFjXoGRj(X^)} = ^ E E L ^ ( - i t | X l . (4.12) 
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Since PoF|'{Xo G Rj(X=')} measures the probabiHty of misclassifying an ob

servation Xo from the bootstrap sample of category i into category j by the 

bootstrap classification functions, the second term of the right side of (4.10) 

indicates the expectation of the loss function over an Xo drawn from F^, given 

the entire bootstrap sample. This is the loss rate made in the bootstrap sample 

of category i by the bootstrap classification functions: 

E i i - j r PoFr{XoGRj(x^)} = f:x:L,^(xitix^) rit. (4.13) 
j ^ i t=l j#i 

Therefore, a bootstrap estimate of the excess loss for category i can be rewrit

ten as 

BIRD = E E ^ ( ^ i t | X 1 ( - -rit). (4.14) 
t = l JTti ^ i 

Step 5 

The steps from 2 to 4 are repeated some large number NBOOT times, ob

taining independent bootstrap replications B^(R?); B2(R") , . . . ,Bj^BooT(Rr)-

A bootstrap estimate of expected excess loss for category i is 

-1 NBOOT 

approximated by averaging NBOOT repHcations. The bootstrap estimate of 

expected overcdl excess loss is 

m n = E Pi B(Rr)- (4-i6) 
i 

When a = 0, B(R°) is called a bootstrap estimate of the expected overaU 

excess constant loss, and when a = 1, B(R^) is caUed a bootstrap estimate 

of the expected overaU excess absolute loss. The bootstrap estimate of the 

expected excess loss B(R") can be used as an estimate of the expectation of 
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t rue excess loss E(R") . Thus, the bootstrap estimate of the true loss rate can 

be calculated by adding the bootstrap estimate of the expected excess loss to 

the loss rate as defined by (3.19). The bootstrap estimate of the true loss rate 

for category i is 

B ( T L R n = LRf + B(Rf), (4.17) 

and the bootstrap estimate of the true overall loss rate is 

B(TLR") = E Pi B ( T L R n . (4.18) 
i = l 

When en = 0, B(TLR°) is called a bootstrap estimate of the true overaU con

stant loss rate , and when a = 1, B(TLR-') is called a bootstrap estimate of 

the true overall absolute loss rate. The problem is how many bootstrap repli

cations may be necessary to obtain a reliable estimate of the expected excess 

loss. Efron (1980) showed that as few as 100 bootstrap replications may be 

required to get a stable estimation of the bias. 

Efron (1979) provided the rationale for the bootstrap method. Efron 

(1979) , Singh (1981), and Bickel and Freedman (1981) showed that the boot

strap distribution is asymptotically identical to the true distribution for a 

variety of interesting statistics. Based on their theory, the bootstrap estimate 

of true loss rate converges in probability to the true error rate as the sample 

size and the number of replications approach infinity: 

B(TLRf) —>P TLRf as n-, and NBOOT —> oo. (4.19) 

These conditions also imply 

B(TLR") - ^ P TLR". (4.20) 
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4.5 Cross-VaHdation Method 

The cross-validation method is discussed in a wider context by Stone (1974) 

and Geisser (1975). The cross-validation method omits one observation from 

the sample at a time and reconstructs classification functions based on the 

remaining sample to see if the omitted observation is correctly predicted by 

the reconstructed classification functions. Let X(it) be the sample data with Xit 

removed, and L^(xit|X(it)) be the loss due to misclassification of the omitted 

Xit by the reconstructed classification functions. The cross-validation estimate 

of the true loss rate for category i is 

C(TLRr) = ^ E E L u ( ^ i t | X ( i t ) ) , (4.21) 
^i t=l j ^ i 

and the cross-validation estimate of the true overall loss rate is 

C(TLR") = E Pi C(TLRf). (4.22) 
i = l 

When a = 0, C(TLR°) is caUed a cross-vahdation estimate of the true overaU 

constant loss rate, and when a = 1, C(TLR^) is caUed a cross-validation 

estimate of the true overall absolute loss rate. 

4.6 Holdout Method 

In the holdout method, the sample is randomly spHt. One of the sub-

samples is used to estimate the classification functions, and the estimated 

classification functions are appHed to the observations on the other subsample 

for vahdation purposes. The former is called the training sample denoted by 

X' and the latter is caUed the holdout sample denoted by XK The holdout 

estimate of the true loss rate is the predicted loss rate in the holdout sample. 

The holdout estimate of the true loss rate for category i is 

"- g 

H(TLRr) = ^ E E L . " ( x r t | X ' ) , (4.23) 
^ i t = l J5ii 

51 



and the holdout estimate of the true overaU loss rate is 

H(TLR«) = X : Pi H(TLRr). (4.24) 
i = l 

When a = 0, H(TLR°) is caUed a holdout estimate of the true overall constant 

loss rate , and when a = 1, H(TLRi) is called a holdout estimate of the true 

overall absolute loss rate. 

The holdout method may be appropriate with a large sample size. How

ever, it has three obvious Hmitations. First, for a relatively smaU sample size 

its use is impractical because spHtting an already smaU sample makes the es

t imated parameters of classification functions even less reHable. Second, the 

predicted loss rate in the holdout sample may not be representative of the 

classification functions which may be derived from the total sample. Third, 

there is no obvious splitting rule. 

4.7 A Comparison of Three Methods 

This section compared three estimation methods in a linear discriminant 

analysis model and a logit model with two categories using the constant loss 

rate LR° at a = 0. Two criteria in the simiUation study are compared using 

the different methods. First, the sampling distributions of the excess constant 

loss estimators are considered and their means and standard deviations are 

compared. This criterion is important since the population distributions are 

usually unknown. Second, it is possible to consider the bias and the root mean 

squared error of the true constant loss rate estimator if all parameters of the 

population distributions were known: 

Bias = E ( T L R ° - T L R ° ) (4.25) 

x^^dSE = 7 E ( T L R ° - TLR°)2. (4.26) 
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In this simulation study, bivariate normal distributions and exponential distri

butions for two categories were considered. In the normally distributed case, it 

is assumed that the populations are normaUy distributed with different means 

and identity covariance matrix: 

Fi : X ~ N(/xi,I), pi = .5. 

F 2 : X ~ N(/i2,I), P2 = .5, (4.27) 

where /Xi = (-.5, 0) and /t2 = (.5, 0). The Hnear discriminant analysis model 

was employed since (4.27) constitutes the basic assumption of this model. A 

set of independent samples with sample sizes ui = n2 = 20 were generated in 

100 trials from two bivariate normal distributions. Table 4.1 shows the results 

of the simulation experiments over 100 trials. The bootstrap estimates for 

each trial were obtained by averaging 100 repHcations. The cross-validation 

estimates were obtained from 100 trials. In the holdout method, the data is 

randomly divided into two halves. The first half was used for model estimation 

and the second half was used for an estimate of the true constant loss rate. The 

holdout estimate of the true constant loss rate was compared with the true 

constant loss rate and the constant loss rate based on the whole sample. Each 

method was investigated to determine which one of them offered improved 

estimation in relatively small sample sizes in the linear discriminant analysis. 

Since the population parameters are known in advance, the true constant 

loss rate for each trial can be calculated theoretically: 

From (2.15), an observation x is assigned to category 1 if 

(xi - X2)'Sp-^x - \{x, - X2)'Sp-^(x, + X2) + I n ^ > 0. (4.28) 

Let X be a random observation. Then the Hnear discriminant function Y = 
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(xi - x,)'S;'X is normaUy distributed with the following mean and variance 

when X comes from category 1. 

Ei(Y) = ( x , - x 2 ) ' S ; V i , 

Vi(Y) = (x i -X2) 'Sp - I (Sp-^ ) ' (x , -x2 ) . 

The true constant loss rate for category 1 can be written 

(4.29) 

(4.30) 

as 

TLR° = P { Y < - ( x , - x 2 ) V ( x i + X 2 ) - M n P i } 
^ Pi 

= P{Z < [^(xi - X2)'Sp-^(xi + X2 - /.O + I n ^ l / v / v ^ m } 

= P ( Z < z ) 

= *(2) ' (4.31) 

z = [2(xi - X2)'S;^(xi + X2 - /xi) + l n ^ ] / ^ V i ( Y ) . 

where 

2 - - Pi 

Similarly, the true constant loss rate for category 2 can be expressed as 

TLR^ = ^{[^(X2 - xO'Sp-^(x2 + X, - /X2) + In^y-JV^)}. 
P2' 

The overall true constant loss rate is 

1 
TLR° = - (TLR° + TLR°). 

Table 4.1 

SampHng Experiment in LDM 

(4.32) 

(4.33) 

Var. 

R° 

B(R°) 

C(R°) 

H(R°) 

Mean 

2.7% 

2.7 

2.8 

3.9 

Std. 

7.2% 

1.2 

2.6 

10.0 

Var. 

B(TLR°) 

C(TLR°) 

H(TLR°) 

Bias 

0 

0 

1.2 

VMSE 

8.0 

8.3 

11.6 
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The random variable, defined by (4.4) as the overaU excess loss, R° had 

a mean 2.7% and standard deviation of 7.2%, on the average. The constant 

loss rate underestimated the true constant loss rate by about 2.7%, on the 

average, and the standard deviation of the difference was 7.2% from trial to 

trial. The bootstrap estimate B(R°) was unbiased, and it had average 2.7% 

and standard deviation 1.2%. 

The cross-vaHdation estimate C(R°) had mean and standard deviation ap

proximately (2.8%, 2.6%). It had almost same average as B(R°) but was 

about 2.2 times as variable as B(R°). H(R°) produced a mean 3.9% and stan

dard deviation 10.0% which were about 8.3 times as variable as B(R°). Both 

B(TLR°) and C(TLR°) were approximately unbiased estimators of TLR°. The 

holdout estimate H(TLR°) was biased sHghtly upward of 1.2%, on the average. 

The root mean square errors for the bootstrap and cross-vaHdation estimators 

yielded similar results. However, the root mean square error of the holdout 

estimator of the true constant loss rate was much higher than those of the two 

other estimators. 

Under the non-normal distribution case, the data generated from exponen

tial distributions were generated for two categories and the logit model was 

employed. Two populations can be described by the exponential probabUity 

density functions fi(x) = A exp(-Ax), x > 0, for category 1, and f2(x) = 

A exp( -A(x - s)), x > s, for category 2. 

For the logit model, cpi denotes that the true category probabiHty of x 

being classified into category 1, which takes the form 

cpi = {1 + e x p ( - A - A x ) } - ^ (4.34) 

The estimated logit of cpi was defined as the natural logarithm of the odds: 

l o t ( c p x ) = A + A x , (4.35) 
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where /?o and A were estimated using the maximum HkeHhood method. The 

cutoff point here was c = - ^ / A . The true constant loss rate per trial in 

the logit model was calculated theoreticaUy using the cutoff point c. 

TLR° = - {TLRt2 + T L R ° J 

A 0o 

Pi Pi 

- - {J^ f l ( x ) d x + jf f 2 ( x ) d x } 

= 2 {exp(-Ac) + m a x [ 0 , l - e x p ( - A ( c - s ) ) ] } , (4.36) 

lues. where max[0,1 - exp(-A(c - s))] is a maximum value between two vah 

As an example. Table 4.2 presents results based on 100 trials in the logit 

model when A = 1 and s = 1 . 

Table 4.2 

Sampling Experiment in LTM 

Var. 

R° 

B(R°) 

C(R°) 

H(R°) 

Alean 

1.7% 

0.8 

2.1 

0.6 

Std. 

5.7% 

0.7 

2.3 

5.0 

Var. 

B(TLR°) 

C(TLR°) 

H(TLR°) 

Bias 

-0.9 

0.3 

-1.2 

VMSE 

5.7 

6.3 

7.8 

The true expected excess constant loss was 1.7%. However, the true excess 

constant loss was also variable. The bootstrap estimate B(R°) was biased a 

little downward, averaging 0.8%, but was far less variable than C(R°) and 

H(R°). The cross-validation estimate C(R°) had mean 2.1%, and biased a 

Httle upward, but had about 3.3 times as large a standard deviation as B(R°). 

The holdout estimate H(R°) was biased downward and was far more variable 

than the two other estimators. The standard deviation of H(R°) was about 
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7.1 times as variable as that of B(R°), and was about 2.2 times as variable as 

that of C(R°). 

In regard to the bias of the estimate of the true constant loss rate, the 

bootstrap and cross-vaHdation methods produced estimators with less than 

1% difference. The holdout method produced the largest bias and the root 

mean squared error. The bootstrap estimate B(TLR°) was better since its 

root mean squared error was smaller than those of C(TLR°) or H(TLR°). 

In conclusion, the constant loss rate underestimated the true constant loss 

rate in two simulation experiments. The bootstrap method produced the most 

stable estimate and reduced the bias. The cross-validation method was also 

effective in reducing the bias, but the standard deviation of C(R°) and the root 

mean squared error of C(TLR°) was higher than that of B(R°) and B(TLR°), 

respectively. The holdout method yielded the biased estimators which were 

too variable themselves to be useful for estimating the true constant loss rate. 
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CHAPTER 5 

CLASSIFICATION MODELS OF BOND RATINGS 

5.1 Introduction 

Bond ratings are based, in part, on available statistics depicting a firm's 

operating and financial conditions. In addition to quantifiable data, the rater 's 

quaUtative judgment concerning the future ability of a firm to make the sched

uled interest and principal or sinking fund payment on time also influences 

the bond ratings. The bond ratings are often used by institutional portfolio 

managers or investors as a guide to reflect the level of bond risk. Under the 

commercial bank regulations issued by the ControUer of the Currency, bonds 

rated in the top four categories by Moody's - Aaa, Aa, A, Baa - are generaUy 

considered ehgible for bank investment. The Baa rating, bordering between 

investment and speculative categories, is the lowest which quahfies for invest

ment. Therefore, the classification of bonds into investment and speculative 

categories as well as the classification of bonds into individual rating categories 

with a limited number of independent variables is of interest. 

In order to get empirical evidence, classification models can be used to 

see if selected independent variables help to classify bond ratings. One way 

of evaluating a model's performance is to calculate the apparent error rate 

which simply classifies the sample using the classification rule calculated from 

it. The apparent error rate is useful for measuring the misclassification rate. 

However, if the categories can be ordered or ranked, the use of a loss rate is 

more meaningful for measuring the goodness-of-fit of the classification models 

since it can put more loss on a larger difference between the observed and 

predicted category. Since the loss rate is typically biased, the issue of validity 

can be raised in sample-based classification models. The bootstrap method 
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can be employed in order to obtain an approximately unbiased and stable 

estimate of the true loss rate. In addition, elasticity analysis, which measures 

the impact of a given percentage change in a particular independent variable 

on the percentage change in probabilities for each rating, can be examined. 

Researchers have expended considerable effort to develop statistical mod

els that predict agency-assigned ratings. The major problems found in pre

vious works of bond rating models are the ignorance of the effects of prior 

probabiHties for each category and the violation of the multivariate normality 

assumption of the independent variables in the discriminant analysis models. 

Another serious problem is the use of the holdout method to measure cor

rect prediction abihty. Previous researchers employed different distributions 

of bonds by ratings for the holdout sample and reported different prediction 

power. As seen in section 4.7, the holdout method can be misleading since the 

mean square error is large. Furthermore, the overall apparent error rate they 

applied in the holdout sample depends on the sample sizes of each category 

as seen in (3.6). The overaU apparent error rate in the original sample and 

the holdout sample should be measured by weighting prior probabiHties to 

the individual apparent error rates if prior probabilities can be obtained. In 

this chapter, the prior probabilities and normality assumptions for each cate

gory are examined and the bootstrap method to estimate the true loss rate is 

employed. 

In this chapter, six possible models of the bond ratings classifications are 

compared: (1) a regression model, (2) a Hnear discriminant analysis model, 

(3) a quadratic discriminant analysis model, (4) a rank transformation Hnear 

discriminant model, (5) a rank transformation quadratic discriminant model, 

and (6) a logit model. The remainder of this chapter is organized as foUows: 

Section 5.2 is concerned with the use of the prior probabilities and the data. 
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Section 5.3 pertains to binary classification into investment and speculative 

categories and includes the classification results with constant loss rates and 

the bootstrap estimates of true constant loss rate, and elasticity analysis. Sec

tion 5.4 presents multinomial bond ratings classification models and includes 

comparisons of classification models with the constant loss rates and the ab

solute loss rates as well as their bootstrap estimates. 

5.2 Data 

Each of the previous studies in the area of bond ratings employed different 

variables, different samples of firms, used different time periods and achieved 

varying restUts. They ignored prior probabilities and did not examine the 

multivariate normality in the discriminant analysis model. A possibility to 

consider is that prior probabilities might be approximated from knowledge of 

the relative population shares of the ratings in the Moodj'-'s Industrial Manual 

in 1987. However, the problem can be raised when relative population shares 

from a single period in time are used since the relative expected shares of each 

category may vary from period to period. Historically, however, agencies have 

actually changed ratings on less than 3% of all issues each year. Therefore, the 

relative population share for each category in 1987 Moody's industrial manual 

was employed as approximate estimates of prior probabiHties. 

In order to obtain the sample, the data was collected on 130 outstanding 

industrial corporate bonds for the top six ratings from Moody's Industrial 

Manual in 1987. Industrial corporate bonds include those issued by manu

facturers, retailers and the Hke. UtiHties, banks, other financial firms and 

transportat ion companies were eUminated in this research because they had 

different financial measures. Many firms were deleted because they had differ

ent bond ratings. Table 5.1 presents the distributions of issues by rating for 
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both population and sample and shows sample proportions and prior proba

bilities associated with their ratings. 

Table 5.1 

Distribution of Bonds by Rating 

Rating 

Aaa 

Aa 

A 

Baa 

Ba 

B 

Total 

Sample 

Size 

8 

20 

35 

22 

18 

27 

130 

% 

6.2 

15.4 

26.9 

16.9 

13.8 

20.8 

100 

Population 

Size 

16 

41 

120 

80 

44 

108 

409 

% 

3.9 

10.0 

29.3 

19.6 

10.8 

26.4 

100 

Bond ratings have been proved in previous research to be based, in part , 

on several variables depicting a firm's operating and financial conditions. 

Schwendiman and Pinches (1975) found that the the common stock rankings 

were positively correlated with bond ratings. Since the purpose is to compare 

classification models and not to discover new rating determinants, the results 

of previous studies were relied upon. The following proxies for the selected 

independent variables of the firms were obtained: 

(1) Xi: Size variable = Total Assets in 100 miUion doUars 

The size of the firm wiU be assumed to be positively related to the bond 

ratings. If two firms have equal financial ratios, their bond ratings may be 

different if there is a large difference between the sizes of the firms. 

(2) X2: Leverage Variable = Long Term Debt / Total Capital 

This ratio is a measure of the capital structure of the firms under consideration. 
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This ratio is expected to be negatively related to the bond ratings since the 

lower ratio may mean the lower probabiHty of bond impairment, holding other 

variables constant. 

(3) X3: ProfitabiHty Variable = Net Income / Total Assets 

This ratio is a measure of the abihty of management to earn a satisfactory 

return on total assets. This is also expected to be significantly related to bond 

ratings in a positive fashion. 

(4) X4: InstabiUty variable = Coefficient of Variation of Net Income 

This is a ratio of the standard deviation of net income to the arithmetic mean 

of net income. This ratio measures the stabiHty of earnings and provides the 

foundation of future stability, and is expected to have a negative relationship 

with the bond ratings. 

(5) X5: Stock Ranking 

The stock ranking is divided into four categories such as high grade, investment 

grade, medium grade, and speculative grade. Medium grade was again divided 

into three categories such as medium high, medium, and medium low. Thus, 

we coded the stock rankings based on a six-point scale. The stock ranking 

may be a crude way to estimate bond ratings. This measure is expected to be 

positively correlated with bond ratings. 

The above information was obtained from three sources: Moody's Indus

trial Manual, ]\Ioody's Handbook of Common Stocks, and Standard and Poor's 

Stock Report Index in 1987. Financial ratios from X1-X3 were computed us

ing a five-year arithmetic average of the annual ratios from 1982 to 1986. The 

mean and standard deviation of the instabiUty variable were also computed 

from annual ratios for the years 1982-1986. The stock rankings in 1987 were 

obtained from Moody's Handbook of Common Stocks. This was done because 

bond raters look beyond a single year's data to avoid temporary anomalies. 
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The sample contains firms from a variety of industries and thus, problems 

with financial ratios characteristics of specific industries wiU be avoided. 

5.3 Binary Classification 

The purpose of this section is to analyze the binary classification into in

vestment and spectUative categories with the use of six statistical classification 

models with prior probabilities, including (1) statistical significance of each in

dependent variable, (2) the loss rate in the original sample and the bootstrap 

estimate of true loss rate for future samples, and (3) the elasticity analy

sis. The binary classification can be conveniently represented by a categorical 

dependent variable that takes the value one if the investment category is ob

served and the value zero if the speculative category is observed. Let pi be a 

prior probability for the investment category, and po be a prior probability for 

the speculative category. In this section, we point out some advantages and 

disadvantages of the classification models, compare their results and present 

our conclusions. These classification models will be discussed in detail below. 

5.3.1 Classification Models 

Consider the Hnear regression model: 

yt = Xt/3 + et, (5.1) 

where Vt is an ordinary BernouUi random variable that takes the value 1 if the 

the t t h bond is observed in the investment category and zero otherwise, Ct is 

an random error term which is normaUy distributed with E(et) = 0 and E{e^) 

= 0-2, and /3 is a unknown vector of parameters. If cpi(xt) is the category 

probabiHty that yt = 1 and (1 - cpi(xt)) is the probabiHty that yt = 0, 

then E(yt) = cpi(xt) = Xt/3 if E(et) = 0. Therefore, the E(yt) is simply the 
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conditional probabiHty that yt = 1 when the level of the independent variable 

is Xt. 

The usual specifications about the distribution of the error term have sev

eral apparent problems. First, due to the BernoulH character of yt, the error 

terms et can take oiUy two values, given Xt: When y^ = 1, et = 1 - Xt/3, and 

when yt = 0, et = - Xt^. Therefore, the error terms can not have a normal 

distribution. Second, the error terms do not have equal variance. The variance 

of the error terms is 

cr\e,) = cpi(xt)(l - cpi(xt)) = (xt/3)(l - x,/3). (5.2) 

Since cr^(et) depends on Xt, the error term variance differs at different levels 

of the independent variables. Third, even if E(yt|xt) is confined to the unit 

interval, predictions outside the unit interval can be produced for any value 

outside the sample range. 

Since the error term variances are unequal, the OLS estimator is not op

timal. We have to employ the weighted least squares (WLS) estimator with 

weights: 

1 ^ 1 . - g s 
""' - cpi(xt)(l - cpi(xt)) E(yt)[l - E(yt)]- ^''' ' 

The weights estimated from the OLS fit are 

w. = rrj^y (5.4) 
y t ( i - y t ) 

Let V be defined as a diagonal matrix the elements of which are the estimated 

weights Wt. The WLS estimator oi{3 is 

/3 = (X'VX)- 'X'VY (5.5) 

a minimum variance unbiased Hnear estimator of /3, with asymptotic variance-

covariance matrix 

cov(;S) = (X 'VX)-^ (5.6) 
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Even with the advantages of the WLS estimator, there are stiU some problems. 

One problem is that there is no guarantee that the values of y^ may faU in the 

unit interval unless they are constrained to do so. The classification rule of 

the RM is that an observation is classified into investment category if yt > Pi . 

The discriminant analysis model assumes that two populations of multi

variate normal random variables exist. That is, 

Fi : X ~ N ( / i i , S i ) with pi , 

F o : X ~ N ( / i o , S o ) with Po. (5.7) 

The relevant sample statistics, Xi,Xo,Si,So, and Sp are used for the construc

tion of estimates. The estimate of the linear discriminant function is then 

i = ( x i - X o ) V > ^ - ^ ( ^ i - X o ) V ( S i - ^ o ) + l n ^ , 
^ Po 

= /?o + ,5'x, (5.8) 

where 

A = - i ( x i - X o ) ' S p - ^ ( x i + X o ) - f l n ^ , 
-̂  Po 

/3 = (x i -Xo) 'Sp- \ 

and the estimate of the quadratic discriminant function is 

q = - 2 ^ n | g i | - - ( x - X i ) ' S - ^ ( x - X i ) 

+ i ( x - X o ) ' S ; ' ( x - X o ) + l n ^ . (5.9) 
2 Po 

The classification rule of the discriminant analysis model is that an observation 

is classified into an investment category if 1 > 0 or q > 0. 

Rank transformation discriminant models circumvent the non-normality 

problem by using the ordinal data transformed by rank from the original 
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data. The estimate of the rank transformation Hnear discriminant function is 

then 

rl = (fi - fo)'Sp-^(r)r(x) - ^(f^ - T,)'S;\v){r, + fo) + In ^ i , 
•̂  P o 

= /3o + /3'r(x), (5.10) 

where 

/3o = -^(f i - fo) 'Sp-^(r) ( f i + f o ) - M n ^ , 
-̂  Po 

/3 = (fi-fo) 'Sp-Hr), 

and the estimate of the rank transformation quadratic discriminant function 

is 

'"^ ^ -^l^l | |^ | -^(^W-^i)V(r)(r(x)- fO 

+ ^(r(x) - fo)'So-Hr)(r(x) - fo) + In ^ . (5.11) 
/ Po 

The classification rule of the rank transformation discriminant model is that 

an observation is classified into an investment category if rl > 0 or rq > 0. 

Logit models can be used for classifying observations into one category or 

another. In the logit model, the probabiHty of an investment category takes 

the form 

cp,(x) = {1 + exp[-(^o + /3'x)]}-\ (5.12) 

This approach has theoretical appeal and good statistical properties. The logit 

cumulative distribution is a sigmoid curve that asymptotically approaches zero 

and one. The statistical properties of this model are also desirable since it is 

more robust to distributional assumptions. The ratio cp i (x) / ( l - cpi(x)) rep

resents the odds favoring an investment category. The logit of the probabiHty 

66 



cpi(x) is defined as the natural logarithm of the odds: 

A = ln(-^El(^) 
l - c p i ( x ) ' 

= A + / 5 ' x . (5.13) 

The parameters are estimated by a maximum HkeHhood approach in section 

2.5. This leads to an estimated logit 

A = A + / 3 ' x . (5.14) 

To find out the estimated probabiHty for the investment category, the inverse 

function needs to be calcidated: 

cPi(x) = {1 + exp [ - (A + /3 'x)]}-^ (5.15) 

The classification of the logit model is that an observation is classified into the 

investment category if cpi(x) > pi . When evaluating the binary logit model, 

care must be taken with regard to two points. First, the estimated coefficients 

do not indicate the increase in probabiHty of a certain categorj' given a one 

unit increase in the corresponding independent variable. Rather the estimated 

coefficients reflect the effect of a change in an independent variable upon In 

{ c p i / ( l — cpi)} . The sign of the coefficient does indicate the direction of the 

change. Second, the usual individual hypothesis tests about coefficients can 

be made with the estimates of the asymptotic standard errors. 

Amemiya (1981) investigated when the use of the logit model would be 

preferable to usual linear discriminant analysis. He concluded that if the in

dependent variables were multivariate normal, then the Hnear discriminant 

model was asymptotically efficient. On the other hand, the discriminant anal

ysis models were not efficient when the independent variables were not normal, 

but the logit model was. 
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5.3.2 Empirical Restdts 

The sample data were divided into one of two categories- -85 bonds with 

Baa or better forming the investment category and 45 bonds with Ba and B 

forming the speculative category. The prior probabiHties used for investment 

and speculative categories were .628 and .372, respectively. AU of the five 

independent variables were employed in the binary classification. 

Prior to exanuning the distributional properties of the five independent 

variables, descriptive statistics are presented in Tables 5.2 - 5.5. Descriptive 

statistics show that two of the independent variables, firm size (Xi) and in

stability variable (X4) tended to be highly positively skewed with a few large 

values. Hence, a much greater proportion of the values Hes to the left of the 

variable mean than to the right. Since the distributions of Xi and X4 were 

skewed to the right, the natural log transformation was used to make the 

marginal distributions of the variables more symmetric. Let LXi and LX4 

denote the natural log transformed variables. 

Referring to the correlation matrix for investment category in Table 5.4, 

the correlation between X3 and LX4 was -.592. This indicates that without 

considering other independent variables, the linear relationship between prof-

itabihty and instability was negative. There were also moderate correlations 

between X5 and other independent variables as follows: 

r(X5,LXi) = - .554 r(X5,X2) = .489 

r(X5,X3) = - .518 r(X5,X4) = .569. 

Therefore, the other variables in the model could be overlapping X5. For the 

correlation matrix for the speculative category from Table 5.5, there were weak 

correlations between LXi and X3, and between LXi and LX4. 
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Table 5.2 

Statistics For Investment Category 

Variable 

Xi 

X2 

X3 

X4 

X5 

Mean 

77.088 

.247 

.058 

.653 

2.812 

Std. 

125.853 

.097 

.028 

1.62 

1.063 

Skew 

2.949 

.091 

.333 

7.231 

-.099 

p-level 

.000 

.726 

.203 

.000 

.704 

Table 5.3 

Statistics For Speculative Category 

Variable 

Xi 

X2 

X3 

X4 

Xs 

Mean 

18.89 

.417 

-.059 

2.707 

4.822 

Std. 

32.757 

.126 

.712 

4.026 

.747 

Skew 

4.131 

-.065 

-6.076 

3.137 

-.036 

p-level 

.000 

.855 

.000 

.000 

.918 

Table 5.4 

Correlation Matrix For Investment Category 

Variable 

LXi 

X2 

X3 

LX4 

Xs 

LXi 

1 

-.102 

-.008 

-.175 

-.554 

X2 

-.102 

1 

-.442 

.320 

.489 

X3 

-.008 

-.442 

1 

-.592 

-.518 

LX4 

-.175 

.320 

-.592 

1 

.569 

Xs 

-.554 

.489 

-.518 

.569 

1 
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Table 5.5 

Correlation Matrix For Speculative Category 

Variable 

LXi 

X2 

X3 

LX4 

Xs 

LXi 

1 

-.052 

-.387 

.376 

.163 

X2 

-.052 

1 

-.062 

-.059 

.228 

X3 

.387 

.062 

1 

-.104 

-.097 

LX4 

.376 

-.059 

-.104 

1 

.252 

Xs 

.163 

.228 

-.097 

.252 

1 

The assumption of multivariate normality was examined using the chi-

square probability plot discussed in section 2.3. Chi-square probability plots 

for each category, both before and after the natural log transformation on the 

Xi and X4 variables, are presented in Figures 5.1 and 5.2. If the distribution of 

the independent variables were multivariate normal, the chi-square probability 

plot would be approximately a straight line. Chi-square probability ploti be

fore transformation show that the difference between the probability level and 

the chi-square distribution function were large enough to reject multivariate 

normality. But, after the natural log transformation was applied. Figure 5.2 

shows a reasonable approximation of the multivariate normal distribution. 

The effects of the natural log transformation were examined in the LD?^1 

using the prior probabilities. Table 5.6 reports the constant loss rates for both 

before and after the natural log transformations. Since the overaU constant 

loss rate reduced from 12.5% to 8.5% after transformation, it is clear that the 

Hnear discriminant analysis after variable transformation can lead to substan

tially different results when the data do not follow the normality assumption. 

Therefore, the bond data should be first transformed, if possible, when 
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Figure 5.1: Chi-Square Plots for Binary Categories on Original Data 
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(1) Investment Category 
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Figure 5.2: Chi-Square Plots for Binary Categories on Transformed Data 
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using discriminant analysis models which assume multivariate normahty of 

the independent variables. 

Table 5.6 

Loss Rate Before and After Transformations in LDM 

Category 

Investment 

Speculative 

OveraU 

Constant Loss Rate 

Before 

10.6 % 

15.6 

12.5 

After 

8.2% 

8.9 

8.5 

The effects of the prior probabiHties were examined since the classification 

rules incorporate prior probabilities to account for the relative occurrence of 

bonds. Table 5.7 shows constant loss rates of six classification models assuming 

equal prior probabilities, and Table 5.8 presents constant loss rates assuming 

population prior probabilities. 

Comparing results for equal and population prior probabilities, the use of 

population prior probabiHties in LDAI, RLDM, and LTM significantly reduced 

the overall constant loss rates for equal prior probabiHties. For example with 

the RLDJ\I, the overaU apparent loss rate was 14.9% for the equal prior proba

biHties case as compared with 8.2% for the population prior probabUities case. 

On the other hand, overaU constant loss rates for the population prior prob

abiHties under RM and QDM increased compared with those for the equal 

prior probabilities. 

More important , however, than the comparison of the overaU constant loss 

rate was the fact that the constant loss rates for each category shifted radically 

by the use of population prior probabiHties. For example, 15.3% of investment 

category bonds were misclassified assuming equal prior probabUities whereas 
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8.2% were misclassified in the population prior probabiHties case in LDM. 

This illustrates that if the correct prior probabiHties are not employed, the 

classification result may be misunderstood. 

Table 5.7 

Constant Loss Rate Given Equal Priors 

Category 

Investment 

Speculative 

Overall 

RM 

7.1% 

17.8 

11.1 

LDM 

15.3% 

2.2 

10.4 

QDM 

3.5% 

35.6 

15.4 

RLDM 

22.4% 

2.2 

14.9 

RQDM 

11.8% 

2.2 

8.2 

LTM 

5.9% 

11.1 

7.8 

Table 5.8 

Constant and True (Estimated) Loss Rate Using Population Priors 

Category 

Investment 

Speculative 

Overall 

RM 

23.5% 

(23.5) 

2.2 

(4.3) 

15.6 

(16.4) 

LDM 

8.2% 

(8.3) 

8.9 

(12.6) 

8.5 

(9.9) 

QDM 

2.4% 

(3.6) 

46.7 

(50.3) 

18.9 

(21.0) 

RLDM 

11.8% 

(13.7) 

2.2 

(4.4) 

8.2 

(10.2) 

RQDM 

8.2% 

(8.2) 

8.9 

(10.1) 

8.5 

(8.9) 

LTM 

5.9% 

(5.9) 

4.4 

(8.0) 

5.3 

(6.7) 

Note: ( ) = bootstrap estimates of true loss rate. 

To evaluate the predictive abihty of the different classiflcation models, 100 

bootstrap repHcations were used to calculate the bootstrap estimate of the true 

constant loss rate. Table 5.8 shows that both individual constant loss rates and 

overaU constant loss rates tended to underestimate the true constant loss rates. 

The RM misclassified 15.6% of the original sample and tended to misclassify 

16.4% of future samples on the average. The LDM yielded an overaU constant 
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loss rate of 8.5% and an estimate of overaU true constant loss rate dropped 

to 9.9%. The QDM did not improve the results of the LDM and produced a 

higher overall constant loss rate and a higher estimate of true overaU constant 

loss rate than those of other classification models. The RLDM had an overaU 

constant loss rate of 8.2% and an estimate of true overall constant loss rate of 

10.2% which were comparable to those of the LDM. The RQDM had the same 

overall constant loss rate as the LDM, but its estimate of true overaU constant 

loss rate under the RLDM was smaller than that of the LDM by 1% on the 

average. The RQDM performed better than LDM and QDM. In addition, 

when the results of the RLDM from Table 5.8 were compared with those of 

the LDM from Table 5.6 in case of non-transformed data, the RLDM is clearly 

preferred over the LDM since the former decreased an overall constant loss 

rate of the latter by 4.3%. Conover and Iman's (1980) simulation studies have 

shown that the RLDM and RQD-\I are consistentlj' better than the LDM 

or the QDM when the poptUation are nonnormal. When the population is 

normal, very Httle is lost by using the RLDM and RQDM instead of the LDM 

and QDM, respectively. The results of the rank transformation discriminant 

models support their findings. 

The LTM results appear to be as good as we might expect a priori and 

yielded an overaU constant loss rate of 5.3% which was the smaUest overaU 

constant loss rate compared with other classification models. An estimate of 

the true overaU constant loss rate of the LTM was also superior to the results 

obtained from the other classification models. When the results of the LTM 

were compared with those of the LDM using untransformed data in Table 5.6, 

overaU as weU as within category constant loss rates of the LTM were much 

better than the LDM by a big margin. One interesting observation from Table 

5.8 is the pat tern of apparent loss rates. There is a serious variation in the 
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constant loss rates between categories. The RM, QDM, and RLDM yielded a 

much lower constant loss rate for one category and produced a much higher 

constant loss rate for the other category, whUe the LDM, RQDM, and LTM 

produced similar constant loss rates for both categories. 

The results of parameters estimated for four Hnear types of models are 

presented in Table 5.9. AU of the variables have the expected signs in our 

results. One of the problems is to determine the statistical significance tests 

of independent variables. Unlike the regression model and logit model, the 

linear discriminant analysis and the rank linear discriminant models can not 

test whether a given coefficient is significantly different from zero or some other 

constant. The logit model produces the asymptotic standard errors for each 

independent variable so that we can test the significance of each independent 

variable. The results of maximum Hkelihood estimation of the logit model are 

given in Table 5.10. 

The coefficient of the constant term could be interpreted as the difference 

between the average impact of unobserved independent variables for the clas

sification of binary categories. The positive coefficient of the constant term 

was significantly different from zero at the .01 level. It may reflect that some 

other variables such as management, industry, future prospect and other qual

itative factors have an effect on classification into investment and speculative 

categories. 

The coefficients of profitability and instabihty variables were proved to be 

insignificant at the .01 level. The coefficients such as size, leverage, and stock 

ranking were significant at the .01 level and appear to be more important for 

classifying bond ratings. The interpretation of the logit coefficients can be 

made by incremental effects of independent variables on the log-odds ratio. 

The negative coefficients for the leverage and stock ranking variables indicate 
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Table 5.9 

Parameter Estimates for Linear Models 

Variable 

Constant 

Size 

Leverage 

Profitability 

Instability 

Stock Ranking 

RM 

1.253 

.048 

-.921 

.064 

-.055 

-.135 

LDM 

3.942 

.615 

-5.481 

.491 

-.540 

-1.042 

RLDM 

2.957 

.024 

-.017 

.011 

-.007 

-.043 

LTM 

11.797 

1.121 

-11.408 

.316 

-.708 

-2.551 

Table 5.10 

Parameter Estimates for Logit Model 

A'ariable 

Constant 

Size 

Leverage 

Profitability 

Instability 

Stock Ranking 

>3 

11.797 

1.121 

-11.408 

.316 

-.708 

-2.551 

ASD 

3.679 

.415 

4.13 

.792 

.355 

.795 

%^-ratio 

10.28 

7.29 

7.63 

.16 

3.98 

10.29 

p-level 

.001 

.007 

.006 

.690 

.046 

.001 

Note: ASD = asymptotic standard deviation, 

p-level = significance level of chi-square ratio, 

that an increase in the leverage ratio or the stock ranking decreases the prob

abUity of being classified into the investment category, holding other the inde

pendent variables constant. The positive coefficient for the size variable means 

that an increase in total assets increases the probabiHty of being allocated into 

the investment category relative to the probability of being classified into the 
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speculative category. We conclude that firm size, leverage, and stock rank

ing were the most important variables, instabiUty was less important, and 

profitabiHty was not important in classifying bonds between investment and 

speculative categories. 

In business, management poHcy questions relating to what impact a change 

in an independent variable can be expected to have on the probabiHty of a 

particular category can receive considerable guidance from an examination of 

the elasticities associated with the independent variables for each category. 

For some independent variables, a smaU percentage change results in a signif

icant percentage change in the probabiHty of the category. In this case, the 

probability of a certain category is said to be very elastic to changes concern

ing some independent variables. For other independent variables, a relatively 

large change leads to a corresponding smaller change in the probability of a 

category. In this case, the probability of a certain category is inelastic to those 

variables. 

Aggregate elasticities, obtained by weighting the individual elasticities bj'-

their probability of category, are given in Table 5.11. 

Table 5.11 

Aggregate Elasticities 

Variable 

Firm Size 

Leverage 

Profitability 

Instability 

Stock Ranking 

Investment category 

.298 

-.400 

.001 

.002 

-1.130 

Speculative category 

.656 

-.881 

.003 

.004 

-2.489 
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Stock ranking was the only variable with an elasticity greater than unity 

for both categories, suggesting that a given percentage change in stock ranking 

results in a greater percentage change in the probabiHties for both categories. 

The speculative category had about two times as large a stock ranking elastic

ity as the investment category, indicating that the stock ranking variable was 

more important in the speculative category. The variables of profitability and 

instabiUty displayed nearly zero elasticities for both categories. In general, 

the values of elasticities in the speculative category tend to be larger than 

those in the investment category. The firm size and leverage variables showed 

to be more inelasticity for the investment category than for the speculative 

category. Table 5.11 appears to suggest that management in the investment 

category should be concerned more with stock ranking, while management in 

the speculative category should consider stock ranking and leverage ratio, 

5.4 Multinomial Classification 

The specification of binary classification models in section 5,3 can be ex

tended to multinomial classifications. Each of six classification models was 

estimated using five independent variables and evaluated with the loss rate 

and the bootstrap estimate of the true loss rate. The regression model did 

not use the population prior probabiHties for each category- The other five 

classification models employed the population prior probabilities of Table 5.1. 

Multinomial classification models should be evaluated with loss rates, as 

opposed to misclassification rates. It is possible that a model produces high 

correct classification rates, but that the spread of the misclassificati0u is seri

ous. Therefore, the constant loss rate as weU as the absolute loss rate shmM 

be examined for a comparison of classification models. Since the loss rates 
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underestimate the true loss rates, the bootstrap method is employed to correct 

the problem of bias and to estimate the true loss rate. 

The early studies of the bond rating decision by Horrigan (1966) and West 

(1970) employed an ordinary least squares regression model. They used the 

knowledge that bond ratings were ordered and assigned successive integer 

values to successive ordered categories, so that Y = 1 if Aaa, Y = 2 if Aa , . . . , 

Y = 6 if B. The primary classification problem with such a regression model is 

tha t it defines Y on an interval scale with arbitrary intervals attached to each 

category. The division points employed were 1.5, 2.5, 3.5, 4.5, and 5.5 so that 

a bond would be classified Aaa if Y < 1.5, as Aa if 1.5 < Y < 2.5, etc. These 

division points partitioned the dependent variable scale into equal intervals. 

In the LTM, the Baa rating was selected as the base rating. The functional 

form of the logit was 

I n - ^ = ./3io + AiLXi + A2X2 + A3X3 + A4LX4 + A5X5, (5.16) 
CP4 

where i = 1, 2, 3, 5, 6, and 1 = ''Aaa," 2 = "Aa," 3 = "A," 4 = "Baa," 5 

= "Ba," and 6 = "B." Manski and Lerman (1977), Cosslett (1981), and Ben-

Akiva and Lerman (1985) showed that if constant terms are included in the 

logit model and the sample is a category-based sample, then estimating the 

model parameters as if the sample were random sample produces consistent 

estimates for aU parameters except the constant terms. Therefore, the con

stant terms, which were estimated by the MLE method under simple random 

sampling, were adjusted by subtracting In si/pi. 

Both LDM and QDM assume the independent variables are normaUy dis

tr ibuted whUe LTM, RLDM, and RQDM do not. Thus, the multivariate nor

mahty assumption can be examined using the chi-square probabiHty plot. The 

chi-square probabiHty plots for each category both before and after natural 

80 



logarithmic transformations on the Xi and X4 variables are given in Figures 

5.3 and 5.4. As can be seen in Figure 5.3, the assumptions of the multivariate 

normality for each category would be very difficult to support. Comparing 

the plots between Figures 5.3 and 5.4, it is evident that the data, after the 

natural logarithmic transformation, better fitted the chi-square distribution 

than do non-transformed data. However, there are stiU significant deviations 

from multivariate normal distributions. The transformations do not affect 

the result of the RLDM and RQDM, but they may affect the results of the 

discriminant analysis models. 

The effects of variable transformations and the effects of prior probabili

ties on the classification results in LDM are presented in Table 5.12. Prior 

to the transformations, the overall constant loss rate and the overall absolute 

loss rate, were 40.2% and 47.3%, respectively. After the transformations, the 

corresponding two loss rates decreased to 30.6% and 34.0%. Table 5.12 also 

presents the effects of prior probabiHties on the classification results on the 

transformed data. The overall constant loss rate for the equal prior probabili

ties was 29.0% which was slightly better than that of 30.6% for the population 

probabilities case. The absolute loss rate for the equal prior probabiHties was 

higher than that for the population prior probabilities. 

The classification results for the six classification models in the original 

sample are presented in Tables 5.13-5.18. The summary of the constant loss 

rates and the absolute loss rates are presented in Table 5.19. The classification 

results are generaUy less satisfactory than those of the binary classification. All 

classification models except the RM classified most Aaa, A, and B bond cor

rectly and had trouble with Ba bonds. The RM produced an overaU constant 

loss rate of 36% and an overaU absolute loss rate of 36.6%. It misclassified 

only one bond rated Ba beyond one category of the correct ratings. The 
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Figure 5.3: Chi-Square Plots for Six Categories on Originail Data 
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Figure 5.3 continued. 
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(5) Ba Category 
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Figure 5.3 continued. 
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Figure 5.4: Chi-Square Plots for Six Categories on Transformed Data 
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Figure 5.4 continued. 

86 



(5) 3a Category 
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Table 5.12 

Effects of Transformations and Priors on Loss Rates in the LDM 

Category 

Aaa 

Aa 

A 

Baa 

Ba 

B 

overall 

LR 

LRl 

LRJ 

LRj 

LR^ 

LR^ 

LRl 

LR^ 

LRl 

LR? 

LRi 

LRg 

LRJ 

LR° 

LR^ 

Before 

37.5% 

37.5 

70 

70 

31.4 

31.4 

40.9 

54.5 

88.9 

94.4 

18.5 

33.3 

40.2 

47.3 

After 

0% 

0 

45 

1 45 

25.7 

25.7 

31.8 

36.4 

77.8 

83.3 

14.8 

22.2 

30.6 

34.0 

Pi = 1/6 

0% 

0 

15 

20 

31.4 

31.4 

22.7 

31.8 

83.3 

94.4 

18.5 

33.3 1 

29.0 

36.4 

Pi 

0% 

0 

45 

45 

25.7 

25.7 

31.8 

36.4 

77.8 

83.3 

14.8 

22.2 

30.6 

34.0 

88 



Table 5.13 

Classification Results for RM 

Actual rating 

Aaa 

Aa 

A 

Baa 

Ba 

B 

Predicted Rating 

Aaa 

8 

2 

Aa 

12 

3 

A 

6 

23 

2 

1 

Baa 

9 

15 

3 

Ba 

5 

13 

13 

B 

1 

14 

Total 

8 

20 

35 

22 

18 

27 

Table 5.14 

Classification Results for LDM 

Actual rating 

Aaa 

Aa 

A 

Baa 

Ba 

B 

Predicted Rating 

Aaa 

8 

1 

Aa 

11 

3 

A 

8 

26 

4 

1 

Baa 

6 

15 

4 

2 

Ba 

2 

4 

2 

B 

1 

9 

23 

Total 

8 

20 

35 

22 

18 

27 
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Table 5.15 

Classification Results for QDM 

Actual rating 

Aaa 

Aa 

A 

Baa 

Ba 

B 

Predicted Rating 

Aaa 

8 

1 

Aa 

11 

2 

1 

A 

7 

31 

4 

3 

1 

Baa 

1 

2 

16 

5 

1 

Ba 

2 

2 

B 

1 

8 

23 

Total 

8 

20 

35 

22 

18 

27 

Table 5.16 

Classification Results for RLDM 

Actual rating 

Aaa 

Aa 

A 

Baa 

Ba 

B 

Predicted Rating 

Aaa 

8 

1 

Aa 

13 

3 

A 

6 

26 

4 

1 

Baa 

6 

14 

5 

1 

Ba 

3 

4 

2 

B 

1 

8 

24 

Total 

8 

20 

35 

22 

18 

27 
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Table 5.17 

Classification Results for RQDM 

Actual rating 

Aaa 

Aa 

A 

Baa 

Ba 

B 

Predicted Rating 

Aaa 

8 

1 

1 

Aa 

15 

4 

1 

A 

3 

26 

3 

Baa 

1 

2 

12 

3 

Ba 

1 

5 

9 

3 

B 

1 

1 

6 

24 

Total 

8 

20 

35 

22 

18 

27 

Table 5.18 

Classification Restdts for LTM 

Actual rating 

Aaa 

Aa 

A 

Baa 

Ba 

B 

Predicted Rating 

Aaa 

8 

A a 

11 

1 

A 

9 

31 

4 

Baa 

3 

15 

6 

1 

Ba 

3 

6 

2 

B 

6 

24 

Total 

8 

20 

35 

22 

18 

27 
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Table 5.19 

Constant and Absolute Loss Rates for Classification Models 

Category 

Aaa 

Aa 

A 

Baa 

Ba 

B 

OveraU 

LR 

LRl 

LR} 

LR? 

LR^ 

LR^ 

LRJ 

LR^ 

LRJ 

LR? 

LRJ 

LR6° 

LRJ 

LR° 

RM 

0% 

0 

40 

40 

34.3 

34.3 

31.8 

31.8 

27.8 

33.3 

48.2 

48.2 

36.0 

LR^ 36.6 

LDM 

0% 

0 

45 

45 

25.7 

25.7 

31.8 

36.4 

77.8 

83.3 

14.8 

22.2 

30.6 

34.0 

QDM 

0% 

0 

45 

50 

11.4 

11.4 

27.3 

36.4 

88.9 

105.6 

14.8 

25.9 

26.7 

33.7 

RLDM 

0% 

0 

35 

35 

25.7 

25.7 

36.4 

40.9 

77.8 

83.3 

11.1 

14.8 

29.5 

32.0 

RQDM 

0% 

0 

20 

25 

25.7 

37.1 

45.5 

54.5 

50 

50 

11.1 

11.1 

25.0 

29.0 

LTM 

0% 

0 

45 

45 

11.4 

11.4 

31.8 

31.8 

66.7 

66.7 

11.1 

14.8 

24.2 

25.2 
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QDM produced a better result by reducing the constant loss rate of the LDM 

by 3.9%, but its spread of misclassification was wider than the LDM. The 

RLDM yielded an overaU apparent loss rate of 29.5% which was sHghtly better 

than the LDM and most of the bonds were classified within one category. The 

RQDM results were better than the RLDM, but the spread of misclassification 

was serious. For example, the bonds for category A were classified through 

aU categories so that the difference between the constant loss rate and the 

absolute loss rate was surprisingly 11.4%. The LTM resulted in the lowest 

constant loss rate of 24.2% and the lowest absolute loss rate of 25.2% when 

compared with other classification models in the data we examined. 

Comparisons with the six classification models indicated that when the 

data did not follow multivariate normahty, the rank transformation discrim

inant models produced better results than the discriminant analysis models. 

Conover and Iman's (1980) simulation studies have shown that the RLDM is 

likely to be better than the LDIM, but not as good as the RQDM when the 

data are non-normal. The restdts of this study support their findings. An

other finding was that the spread of misclassification of the quadratic types of 

the models was much wider than that of the Hnear types of the models. Thus, 

these prediction results of quadratic types of classification models would seem 

to be unstable when the loss of misclassification is quite different for each 

category. The RM employed an ordered dependent variable, but it produced 

inferior results to other unordered classification models. The LTM seems to 

be more successful than the other classification models and can be used as a 

prediction model because of its smaUer constant loss rate and narrower spread 

of the misclassification. 

The effects of the five independent variables in the LTM on bond ratings 

;d below. The Baa rating was selected as the base rating for 
are examinee 
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comparison since the Baa rating bordered between investment and spectUative 

ratings. The estimated coefficients, their chi-square ratios, and their signif

icance levels are given in Table 5.20. The chi-square ratios are the squared 

ratios of the estimated coefficients to their estimated asymptotic standard 

errors. The p-levels mean significance levels of the chi-square ratios. Consid

ering first the effect of firm size LXi, the three positive coefficients, for the 

three investment ratings versus Baa, indicate that the larger firm size makes 

it more likely to be in a higher rating than in the Baa rating, other variables 

being held constant. The two negative coefficients, for spectUative ratings 

versus Baa, indicate that a smaUer firm size makes it more likely to be in a 

lower rating than in the Baa rating, other variables being held constant. The 

coefficients of the firm size were significant at the .05 level in Aa versus Baa, 

A versus Baa, and B versus Baa. 

The coefficients of the leverage variable X2 have reverse signs that are the 

reverse of the coefficients of the firm size. All coefficients that were significant 

at the .05 level indicate that the higher leverage ratio makes it more likely 

to be in a lower rating than in a base rating Baa, holding other variables 

constant. The partial effects of the profitabiHty variable X3 on the bond ratings 

classification were doubtful. Only one coefficient, in Aaa versus Baa, was 

significant. The partial effects of the instabihty variable X4 were significant 

at the .05 level in Aa versus Baa, and A versus Baa. This variable was not 

portant in comparing speculative ratings with the base rating Baa. The 

ffects of the stock ranking X5 were fairly clear-cut. AU coefficients, except in 

A versus Baa, were significant at the the .01 level. This indicates that higher 

stock ranking make it more Hkely to be in a higher rating than in a base rating 

Baa, holding other variables constant. The stock ranking variables was not 

significant in the comparison of A with Baa, holding other variables constant. 
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Table 5.20 

Effects of Independent Variables on Logits 

Logit 

InSEi 
cp4 

In^Ei 
cp4 

lnS2i 
CP4 

I n ^ 
cp4 

I n ^ 
CP4 

/5 

X̂  -ratio 

p-level 

/? 

X^-ratio 

p-level 

/3 

%^-ratio 

p-level 

/5 

%^-ratio 

p-level 

/? 

X^-ratio 

p-level 

LXi 

2.725 

1.87 

.172 

2.489 

12.56 

.0004 

1.737 

10.27 

.0013 

-.303 

.51 

.476 

-2.099 

20.13 

.0001 

X2 

-62.038 

10.40 

.0013 

-18.671 

7.15 

.0075 

-10.287 

3.83 

.050 

8.949 

5.63 

.018 

11.931 

11.98 

.05 

X3 

24.331 

280.21 

.0001 

6.453 

.86 

.355 

.216 

.01 

.905 

-.135 

.74 

.389 

-.178 

.02 

.901 

LX4 

.691 

.05 

.8271 

-2.247 

5.18 

.023 

-1.955 

6.84 

.0089 

.455 

1.74 

.188 

.456 

.88 

.348 

Xs 

-10.162 

13.48 

.0002 

-2.105 

4.94 

.026 

-.230 

.15 

.6977 

1.793 

6.77 

.009 

4.266 

37.70 

.0001 

To evaluate classification models' prediction abihty for future bonds, 100 

boots t rap repHcations were used to calculate the bootstrap estimate of the true 

loss rate. Most previous studies employed the holdout method to evaluate the 

true loss rate. The holdout estimate of the true loss rate could be imprecise 

because of large variability. Since the bootstrap method is effective in reducing 

the variabiUty, it was appHed in this research. The bootstrap estimate of the 

true constant loss rate and the bootstrap estimate of the true absolute loss 

rate based on 100 bootstrap repHcations are presented in Table 5.21. 
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Table 5.21 

Bootstrap Estimates of True Loss Rates 

Category 

Aaa 

Aa 

A 

Baa 

Ba 

B 

Overall 

B(TLR) 

B(TLR°) 

B(TLRJ) 

B(TLR°) 

B(TLR^) 

B(TLR3°) 

B(TLRJ) 

B(TLR°) 

B(TLRJ) 

B(TLR?) 

B(TLR^) 

B(TLR°) 

B(TLR^) 

B(TLR°) 

B(TLR^) 

RM 

0% 

0 

41.5 

41.5 

36.3 

37.7 

35.2 

35.2 

32.2 

39.6 

49.2 

50.6 

38.2 

39.7 

LDM 

5.3% 

5.3 

49.8 

49.8 

29.8 

29.8 

39.0 

45.3 

84.0 

90.3 

20.5 

31.7 

36.0 

40.9 

QDM 

13.3% 

20.8 

57.7 

64.5 

20.0 

20.7 

42.4 

59.1 

97.3 

114.6 

22.7 

38.9 

37.0 

47.5 

RLDM 

8.1% 

8.1 

42.9 

42.9 

31.1 

31.6 

44.6 

51.0 

82.8 

88.5 

17.0 

24.0 

35.9 

39.8 

RQDM 

17.3% 

24.4 

32.4 

38.3 

34.1 

48.2 

59.2 

72.8 

66.4 

69.8 

21.9 

30.8 

39.0 

49.4 

LTM 

5.9% 

2.4 

52.9 

52.9 

16.8 

17.3 

40 

41.9 

71.7 

71.9 

17.0 

24.0 

30.1 

32.2 

Comparing Tables 5.19 and 5.21, we can see that both the constant loss 

rate and the absolute loss rate are biased optimistically. The Hnear types of 

classification models tended to produce a smaller difference between the loss 

rate and the true loss rate when compared with the quadratic types of the 

classification models. 

The LDM produced a constant loss rate of 36%, on the average, on future 

data compared with 30.6% on the original data. The QDM produced the third 

best constant loss rate of 26.7% on the original data but yielded an estimate 

of the true constant loss rate of 37% which was even higher than the LDM. 
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The RLDM produced almost same predictive ability as the LDM and yielded 

a bet ter prediction abihty than the RQDM. The RQDM performed poorly in 

prediction, yielding an estimate of the true constant loss rate of 39% and an 

estimate of the true absolute loss rate of 49.4%. The LTM produced the best 

predictive ability and gave an estimate of the true constant loss rate of 30.1% 

and an estimate of the true absolute loss rate of 32.2%. 
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CHAPTER 6 

SUMMARY AND FURTHER RESEARCH 

6.1 Summary of ResrUts 

This research has discussed several important problems appearing in the 

appHcation of classification models, including the problem of multivariate nor

mality of the independent variables, the effects of the prior probabiHties, the 

introduction of the loss function, and the estimation of true loss rate. 

The discriminant analysis models assume multivariate normality of the 

independent variables. They would be expected to behave poorly when deahng 

with some types of non-normal distributions. Thus, alternative models such 

as the rank transformation discriminant model and the logit model were also 

considered which do not require the normality assumptions of the independent 

variables. A simulation study was performed to compare the apparent error 

rate under three types of non-normal distributions in section 3.3. The resiUt 

was that if sample sizes are equal for each category and the distance between 

categories is small (for example, 8 = 1), the LDM produced similar constant 

loss rates under the logit normal and the inverse hyperbolic sine normal. When 

the categories are widely separated {8 = 3), the LTM and the RLDM yielded 

much smaller constant loss rates than the LDM. It is clear that the LTM is 

more efficient than the LDM or the RLDM whenever the sample sizes are 

unequal. 

The importance of the prior probabilities has been overlooked simply be

cause they are unknown before analysis. As a result, most researchers have 

assumed the intuitive estimators such as the equal prior probabilities or the 

sample proportions. This may not always be desirable in practice. Consider, 

for example, a two-category situation of bond characteristics in which about 
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63% of the total population are from the investment category and about 37% 

are from the speculative category. Before analysis, we can expect a higher 

probabiHty that any given bond belongs to the investment category rather 

than the speculative category. Thus, the use of intuitive prior probabilities 

in fact limits the abihty to make any meaningful estimates of loss rates when 

they are substantially different from the population prior probabiHties. Table 

3.3 shows that if the distance between the categories is smaU, the effects of 

the prior probabilities are more Hkely to affect classification restUts. As the 

distance is increased from 8 = 1 to 8 = 3, the effects fall off because the sep

aration of the categories is very distinct. Therefore, the use of correct prior 

probabilities, when the distance between categories is small, can improve the 

accuracy of the classification rules and estimate more reliable loss rates for 

each category. In addition, once prior probabilities are estimated, they should 

be employed in the report of the overall loss rate. As seen in (3.6) the use of 

the sample proportions as weights can mislead the results of the overall loss 

rate. 

After developing classification rules, the natural next step is to evaluate 

the performance of the classification models. It is usuaUy assumed that the 

loss of misclassification of one category to other category is equal. This may be 

inappropriate in practice when dealing with ordered categories. When bond 

ratings are considered as conveying ordinal information, it is certainly not ap

propriate that the constant loss of misclassification be used. For example, it is 

not reasonable to assume that the loss of misclassification of an Aa rating into 

the next lower rating A is the same as the loss of misclassification into the Baa 

rating. Therefore, the loss function should be employed to deal with different 

losses of misclassification and the absolute loss rate should be examined as 

well as the constant loss rate. 
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The main issue of this research is the estimation of the true loss rate of 

the classification models when the sample size is not large. As the sample 

sizes go to infinity, the loss rate is a consistent estimator of the true loss 

ra te and hence the expected excess loss converges to zero. However, for a 

given specified sample size, it is weU known that the loss rate is optinusticaUy 

biased. To obtain a more accurate estimate of the true loss rate, three methods 

were employed to estimate the expected excess loss and the true loss rate. 

They were compared in a simulation study in the linear discriminant analysis 

model and the logit model in section 4.7. Both simulation studies show that 

the bootstrap and the cross-validation methods are effective in reducing the 

expected excess constant loss and bias of an estimate of the true constant 

loss rate. The cross-validation method gave nearly unbiased estimates of the 

expected excess constant loss and the true constant loss rate in the LDM 

and it produced sHghtly upward biased estimates in the LTAI. The cross-

validation method yielded higher variability than the bootstrap method. The 

holdout method gave upward biased estimates in the LDM and it produced 

downward biased estimates in the LTM. The holdout estimators yielded the 

largest variability for both simulation studies. The bootstrap method gave 

an unbiased estimate of the expected excess loss and the true loss rate in the 

L D J \ 1 and it produced sHghtly downward biased estimates in the LTM. These 

bootstrap estimates had lower variabiUty as compared with those obtained 

from the cross-vaHdation or the holdout methods. 

Based on the above findings, the multivariate normality of the independent 

variables was examined, the prior probabiHties were incorporated in order to 

improve the accuracy of prediction, the performance of the classification mod

els with the constant loss rate as weU as the absolute loss rate was measured, 

d the bootstrap method to estimate the prediction power of the bond ratings 
an 
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classification models was employed. The multivariate normahty assumptions 

for both binary and multiple categories were examined by using chi-square 

probabiHty plots. Figures 5.1 and 5.3 show that the data before a log trans

formation did not support the assumption of multivariate normahty. By com

paring the chi-square probabiHty plots in Figures 5.1 and 5.2, it is evident that 

the transformed data more closely fit the chi-square distribution than do the 

original data for the binary categories case. A comparison of the chi-square 

probabiHty plots in Figures 5.3 and 5.4 shows clearly that the transformed 

data still does not support multivariate normahty because of substantial de

partures from a straight Hne. The classification resiUts before and after the 

transformations were substantiaUy different in the LDAl. Therefore, the use 

of the discriminant analysis models is suspect when the distribution of the 

independent variables is not multivariate normal. 

The effects of the assumed prior probabilities were examined in Tables 

5.7, 5.8, and 5.12. These tables show that the constant loss rates for each 

category assuming equal prior probabilities might bear little relationship to 

what we might expect in the population. The empirical results of the binary 

classification models showed that a regression model was not appropriate as 

a classification model. The primary problem with a regression model is that 

it defines the dependent variable as an interval scale with arbitrary intervals 

attached to each category. In other words, it assumes that the risk differential 

between an Aaa and an Aa bond is the same as that between a Ba and a B 

bond. The rank transformation discriminant models produced better results 

than those of the discriminant analysis models. The logit model gives the best 

classification results. The most important variables for binary classifications 

were firm size, leverage ratio, and stock ranking. The instability variable was 

less important and the profitable variable was unimportant. 
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For multinomial classifications, the Hnear types of classification models 

were found to be more useful for the determination of bond ratings than 

the quadratic types of classification models. Especially, the quadratic types 

of classification models were not appropriate in predicting bond ratings for 

future samples because of possible wider spread of the prediction. The logit 

model clearly dominated aU classification models in terms of the classification 

results of the original sample and the prediction abiUty for future samples. 

It produced the narrowest spread of misclassification. From Table 5.20 the 

most important variables comparing speculative categories to the Baa category 

were leverage ratio and stock ranking. The variables relating to firm size and 

instability were found to be less important and the profitability variable was 

unimportant . The leverage variable was significant for all comparisons at the 

.05 level and the profitable variable was insignificant at the .05 level for all 

comparisons except for a comparison of Aaa to Baa. 

6.2 Further Research 

Follow-up research might take several directions. First, the loss function 

may be incorporated into classification models. It is not difficult to include 

the loss function into the discriminant analysis models. A classification rule 

can be determined by minimizing the expected loss of misclassification (ELM) 

instead of the total probabiHty of misclassification (TPM). Thus, the expected 

loss is 

ELM = f : p i E L u P ( J | i ) - (6-1) 

The regions of classification are defined by assigning an observation to category 

i i f 

Pifi(x)i:LrkW^pi^iw4Lr^w- j = i '2 , . . . , g , j^ i . (6.2) 
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In the case of the logit model, the way of inclusion of the loss function into the 

classification function component may be the same as that of the discriminant 

analysis model. Therefore, the incorporation of the loss function deserves 

further consideration. 

Second, attention might be given to some different types of bootstrap pro

cedures. In this study, bootstrap samples were drawn from the empirical 

distributions of the original sample. The bootstrap algorithm can be executed 

exactly as before, except starting with a smoothed estimate of the unknown 

distributions Ff in place of Fj. Efron (1981) suggested a smooth estimate of 

Fi as 

F? = Fi©(.5*Fr°^"^) (6.3) 

the convolution of Fj with a parametric maximum likelihood estimate F"°"" 

scaled by the factor .5. 

Third, other bootstrap estimates of the true loss rates may be used in fur

ther research. Efron (1983) showed that for large samples a typical bootstrap 

sample includes approximately the proportion 1 - exp(- l ) , i.e., 63% of the 

original sample. He suggested the .632 true error rate estimator as 

.632 
T E R = .368 A E R + .632 E(excess error). (6.4) 

These weights .368 and .632 could be appHed to the estimation of the true loss 

rate. In the smaU samples, however, the percentage may be higher than 63% 

on the average. Thus, theoretical work for the determination of the weights 

for smaU samples deserves further consideration. 

Finally, stepwise procedures for variable selection could be considered in 

the bootstrap procedure. Some bootstrap samples drawn from the original 

sample may not support the significance of the preselected independent vari

ables. The set of important variables may be different in some bootstrap 
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estimates of the classification functions. Therefore, the stepwise procedures 

for the variable selection deserve further research. 
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