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ABSTRACT 

In this thesis we explore the primary definitions of finite projective planes and 

finite aflSne planes. Then we explore Latin squares and their connections with projec

tive and affine planes. Finally, we explore specific examples of projective and affine 

planes and their correlated Latin squares. 
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CHAPTER I 

INTRODUCTION 

When one first thinks of studying geometry, one imagines the torture of high school 

geometry. Endless theorems, definitions and corollaries to be memorized, senseless 

proofs, and rigid proof tables. Students are hardly aware that they are studying 

"Euclidean" geometry, much less that Euclidean geometry is not THE Geometry. 

Finite projective geometries are related to classical Euclidean geometry only in 

the respect that they can be visualized in a vaguely natural or Euclidean manner. 

Whereas one of the foundations of Euclidean geometry is that a line contains an infi

nite number of points, lines of a finite projective plane (indeed of any finite geometry) 

contain more than one, but only a finite number of points. 

The first finite geometry to be studied was a three-dimensional geometry contain

ing seven lines and seven points. That finite geometries is a modern field is best 

emphasized by the fact that the first finite geometry was explored by Gino Fano in 

1892, but some ideas can be traced as far back as von Standt in 1856. Finite pro

jective geometries are even more modern not being studied until 1906 by Veblen and 

Bussey. 

Everything written about any form of geometry (or any kind of mathematics 

for that matter) should address the "So what?" question that is inevitably asked. 

Naturally any mathematician will want to answer that one should study mathematics 

for the beauty of mathematics, but most of the sentient members of this universe 

have no concept of such a definition of aesthetics. For these people I answer that 

finite geometries have many practical applications in statistics and combinatorics. 

Statistics have an obvious application to business situations, and combinatorics have 

many applications to computer science research. More historical information finite 

geometries may be found in Modern Geometries Fourth Ed. by Smart [5]. 

In this thesis, I will first discuss the basic definitions and theorems in the study 

of projective planes. Connections between projective planes and affine planes and 



the basic theorems concerning affine planes will then be presented. I heavily rely on 

Kallaher's Affine Planes with Transitive Collineation Groups [2] for the content and 

structure of these first two chapters of mathematical content. After this presentation, 

I will digress into combinatorics and Latin squares in order to gather the background 

needed to present the connections between Latin squares and projective planes. Fi

nally we will look at specific examples of Latin squares and projective planes. 



CHAPTER II 

PROJECTIVE PLANES 

We begin our discussion of finite projective planes by looking at our primary 

definition. 

Definition 2.1. A projective plane is a set, whose elements are called points, to

gether with certain subsets, called lines, satisfying the following axioms: 

1. Two distinct points are contained in a unique line. 

2. Two distinct lines intersect in a unique point. 

3. There exist four points no three of which are collinear. 

Example 2.1. Consider the set S = {A, F , G, F , F , F, G} with the following subsets: 

[A, F, G}; {F, G, F}; {F, F , G}; {A, G, F} ; 

{F,G,C};{A,F,E}-{B,F,D} 

This set forms a projective plane which can be represented as in Figure 2.1 below. 

The properties of projective planes are easy to verify. 

A 

Figure 2.1: Projective plane of order two. 



Now consider the more complex example below. 

Example 2.2. Consider the set S = {A, B, G, F , F , F, G, F , / , J, F , F, M} li/î /i Âe 

following subsets: 

{A, F, G, F}; {A, F, F, G}; { ,̂ F , /, J}; {.4, F , F, M}; {F, F, F , !<}• 

{F, F, /, L}: {F, G, J, M}; {G, F, /, M}: {G, F, J, F } ; {G, G, F , L}; 

{F, F, J, L}; {F, F, F, M}; {F, G, /, F } 

r/iz5 5ei forms a projective plane which can be represented as in Figure 2.2 below. 

Figure 2.2: Projective plane of order three. 

The first result is a direct consequence of the definition of a projective plane. 

Lemma 2.1. IfV is a projective plane, the following statements hold: 

1. Every line ofV contains at least three points. 



2. In V there exist four lines, no three of which go through the same point. 

The next definition leads to an important lemma. 

Definition 2.2. A projective plane Vi, is isomorphic to the projective plane V2- de

noted by V\ = V2. if there exists a bijection if of the points of Vi onto the points of 

V2 mapping lines of Vi onto lines of V2 and satisfying 

P eiif and only if Pip e iip = {Qip \ Q e i} 

for all points P ofVi, and all lines i ofVi. The mapping if is called an isomorphism 

ofVi ontoV2. 

Now we come to one of the most important lemmas concerning finite projective 

planes. 

Lemma 2.2. The following statements hold. 

1. The identity mapping Ip of a projective plane V onto itself is an isomorphism. 

2. If if : Vi —^ V2 is an isomorphism of the projective plane Vi onto the projective 

plane V2, then if~^ '-1^2 -^Vi is an isomorphism of the projective plane V2 onto 

the projective plane Vi. 

3. If Vi,i = 1.2,3, are projective planes, and ip : Vi ^- V2,r : 7̂ 2 -> '̂ â are 

isomorphisms, then -^T :Vi ^ V2, is an isomorphism. 

4. Isomorphism of projective planes is an equivalence relation. 

Proof 1. Let A, B e i and ^ be a line of V. Then Al-p = A and Blp = B. Show 

that I77 is one-to-one. Assume Al-p = Bl-p. Then, ^ = F by the definition of 

Ip. Now show that this mapping is onto. Show that A E V gets mapped to. 

Well, Alp = A, so all ^ G 7̂  gets mapped to, so Ip is a bijection. 

Now we need to show that A e i if and only if Al-p G Up, where £lp is defined as 

above. Assume A e i. Since .41^ = A, Alp G i. For each Q e i, Qlp = Q e i, 

so Up = L Therefore, Alp G tip. The proof of the other direction is similar. 



2. Since ^ is a bijection, (p~̂  exists and is also a bijection. We know that P ^ i 

if and only if Pip G if'. We need to show F G ^ if and only if Pf~^ G i'^~^. 

Assume F^"^ G lf:~^; show Pet. We know that Pf G lif, so Pif'^f G ^(^~V 

and therefore P e i by the definition of inverse. Assume Pel. and show 

F(^~^ G ^<^~^ Prove the contrapositive, that is, if P(f~'^ ^ (̂y^~\ then P ^ i. 

Since (̂  is an isomorphism, if Pip ^ (̂̂ , then P ^ i. So, F(^"V ^ ^(T?~V înd 

P ^ t, thus proving this part of the lemma. 

3. Since ip and r are bijections, ipr is a bijection. We need to show that P e i 

if and only if Pipr G if)r. We know that F G ^ if and only if P(f G iip and 

F G £ if and only if PT G ir. If we assume that Pel, then F(p G (̂̂  and 

Pipr G ^(^r. Now if we assume that Pipr G tipr, then we know from part two 

that T~^ exists and preserves the elements of sets. So PiprT~^ G iiprT~^, or 

more simply, Pip G iip. We also know that ip~^ exists and preserves sets, so 

Pipip~'^ G iipip~'^, or P e i, thus proving the lemma. 

D 

The following definition illustrates what is probably one of the most interesting 

aspects of projective planes. 

Definition 2.3. / / V is a projective plane, one can define V in the following way: 

The points of V are the lines of V, and the lines of V are the subsets P' = {i \ 

£is a line of 7 .̂ F G i}, where P is a point ofV. This new plane, V is called the dual 

ofV. 

If one changes the words "point" and "line" and the phrases "lies on" and "goes 

through," a statement about a projective plane V becomes a statement, also called a 

dual of the original statement, about the dual V oiV. 

One can also easily verify that 

ip')' = P. 

6 



Principle of Duality. Let C be a class of projective planes having the property that 

V e C implies the dual V € C. If a statement holds for all planes ofC, then the dual 

of the statement also holds for all planes of C. 

This principle is important because every statement that is true for every projec

tive plane has a dual that is true for every projective plane, thus effectively doubling 

the knowledge we have about projective planes. 

We now employ this powerful principle to expand our knowledge of projective 

planes. 

Lemma 2.3. Every point in a projective plane is on at least three lines. 

Proof. This is the dual of Lemma 2.1 part 1. D 

Lemma 2.4. Let i and m he distinct lines of a projective plane V. There exists a 

bijection of the points of i onto the points ofm. 

Proof. Assume Q is a point of V with Q ^ i and Q ^ m. We are assured of the 

existence of such a point by Definition 2.1, part three. Define the mapping T : £ —^ m, 

as follows: For every R e i. define RT = QR Pi m. This mapping is well defined 

because the definition of a projective plane guarantees the existence of a unique line 

connecting every point of i and Q. It is onto because every point of m is connected 

to Q by a unique line. It still remains to be shown that r is one-to-one. Let R,Sei. 

If Rr = ST, then 

QRnm = QSnm. 

Thus 

QR = Q{QR n m) 

(since R, Q, and QR D m are collinear) and 

Q{QR n m) = Q(QS n m) = QS. 

Hence 

R = QRni = QSni = S, 



since QR = QS. Thus if Rr = Sr, then R = S, and we have a bijection. 

n 

Lemma 2.5. Let P and Q be distinct points of a projective plane V. There exists a 

bijection of the set of lines going through P onto the set of lines going through Q. 

Proof. This is the dual of Lemma 2.4. • 

Theorem 2.1. Let V be a projective plane with a line i having exactly n -f 1 points, 

ivhere n > 2. The following statements hold: 

1. Every line of V has exactly n + 1 points. 

2. Through every point of V there goes exactly n-\-1 lines. 

3. V has n^ + n + 1 lines and n^ -r n + 1 points. 

Proof. From Lemma 2.1 part one we know that n ^ 2. 

1. This is an immediate consequence of Lemma 2.4. 

2. We need to show that for any given point there are n-\- 1 lines going through 

it. Let F be a point of V. and ^ be a line of V with P ^ i. Every line through 

the point F intersects the line £ in a unique point, and every point on i lies on 

a unique line through the point P. We know that i has exactly n -r 1 points, so 

the point P must have exactl}' n + 1 lines passing through it. Now by Lemma 

2.5. every point of V has n-\-1 lines passing through it. thus proving part two. 

3. Because of duality, we only need to find the number of points in V. Choose 

any P in V. We know that n — 1 lines pass through P. and each of these lines 

contains n points other than F-or n(n + 1) points total-or n(n + 1) -I- 1 points 

counting P. We have now shown that V has n~ -T n ^ 1 lines and n-̂  + n 4- 1 

points. 

n 
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This theorem leads quite naturally to the following invaluable definition. 

Definition 2.4. A projective plane V has order n, where, n is an integer, if one (and 

hence every) line of V has exactly n + 1 points on it. 

We now have enough knowledge to state the following very powerful theorem. 

Theorem 2.2. Bruck-Ryser. If n is a positive integer such that n cannot be ex

pressed as the sum of two integral squares, and either n = 1 (mod 4), or 

n = 2 (mod 4), then there does not exist a projective plane of order n. 

Proofs of this theorem will be indicated in Chapter IV. Notice that this theorem 

rules out an infinite number of possibilities, but does not positively identify any orders 

that do exist. This theorem rules out the possibility of the existence of a plane of 

order six. because 6 = 2 (mod 4) and six is not the sum of two integral squares. This 

particular case will be examined more closely in Chapter V. 

9 



CHAPTER HI 

AFFINE PLANES 

In this chapter we will define affine planes, and establish their connection to 

projective planes. The definition for an affine plane will sound similar to that of a 

projective plane, and with good cause, as we will discover later. 

Definition 3.1. An affine plane is a set, whose elements are called points, together 

with certain distinguished subsets, called lines, satisfying: 

1. Two distinct points lie on one unique line. 

2. Given a point P. and a line C inith P ^ L there exists a unique line m with 

P e m and mr\i = 0 . 

3. There are three points not on the same line. 

Part two of this definition gives rise to the following definition that will sound 

familiar to all who have studied Euclidean geometry. 

Definition 3.2. We say that two lines of an affine plane are parallel, denoted by \\, 

if they are equal, or if they do not intersect non-trivially. By equal we mean that the 

lines contain exactly the same points. 

Lemma 3.1. For every affine plane U with lines a,b,c e ii, if a \\ b and a }/{ c, then 

Proof Let a \\ b {a ^ b) and a |f c: say F G a H c. Since F ^ 6, by the definition of an 

affine plane, there exists a unique line m with P e m and mCib = 0. Since the line 

a satisfies these conditions, we have that m = a and c jf 6. 

D 

Lemma 3.2. For every affine plane It. the relation \\ is an equivalence relation on 

the set of lines of il. 
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Proof. 1. Since a is equal to a, then a\\ a. 

2. Show if a 11 6, then b 11 a: Assume a 11 6. If: 

(a) If a = 6, then b = a, and 6 || a. 

(b) If a ^ 6, then a fl 6 = 0, so 6 n a = 0, and 6 || a. 

3. Show if a II 6 and b \\ c, then a \\ c: Assume a \\ b and b \\ c. The trivial cases are 

obvious. Assume a \\ c. This imphes that they intersect in at least one point. 

As a II 6, 6 also intersects c by Lemma 3.1. This is a contradiction because we 

know that 6 || c. 

We have shown that the relation || is an equivalence relation. D 

Now that we have the definition of parallel, and we know that || is an equivalence 

relation, we are prepared to state one of the most important lemmas about affine 

planes-specifically one that connects projective planes and affine planes. 

Lemma 3.3. If V is a projective plane, and i is a line of V, then the geometric 

structure Vi obtained by deleting the line £ and the points on it is an affine plane. 

The proof of this lemma is straightforward. 

We need to develop the following definition in order to continue our investigation 

of affine planes. 

Definition 3.3. A parallel class of an affine plane H is an equivalence class of the 

equivalence relation \\. 

Lemma 3.4. Let il be an affine plane. There exists a projective plane V and a line 

iofV such that il = Ve- Furthermore, the plane V is unique up to an isomorphism. 

Proof. 1. Existence 

For every parallel class <l>, add a new point called F(^ ) , and if m is a line in 

^, add F($) to m. Furthermore, connect all points F (^ ) in a new line i, such 

that i = (F(<l>) I ^ is a parallel class of it}. By doing so we have eliminated all 

11 



parallel lines, and connected all new points in a unique line. Thus P̂ = itU Hs 

a projective plane and il = "P̂ . 

2. Uniqueness 

Assume il = P£ and il = Q .̂ We want to show that V = Q. We know that 

there exists a bijection (̂  of il onto Vi such that F G ^ if an only if Pip G if, 

and that there exists a bijection r of il onto Qi such that F G ^ if and only if 

PT G ir. Define ib : Vi ^^ Qi hy ip = if ~'^T. Then ^ is a bijection because the 

composition of bijections is also a bijection. We want to show that P e Hi and 

only if Fv G ii^. 

.\ssunie that Pf G i\.\ and show that Pet. We know that v"'^ exists and 

preserves sets, so 

Pi)il)-^ e iipip'K 

and 

Pei. 

Now we need to show that Pei implies Pip G iip. Prove the contrapositive. 

Assume 

Pip i iip, 

and show that this implies 

P ii. 

This follows almost identically to the proof of Lemma 2.2, and we find that 

Pihi!^~'^ i iil^ib~^. We can thus conclude that Pei, thus proving the lemma. 

D 

Lemma 3.5. Let i and m be distinct lines of an affine plane it. There exists a 

bijection of the points of i onto the points of m. 

Proof Assume Q is a point of il with Q ^ i and Q f m. We are assured of the 

existence of such a point by Definition 3.1 part three. Define the mapping r : i -> m 

12 
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as follows: For every R e i, define RT = QR n m. This mapping is well defined 

because the definition of an affine plane guarantees the existence of a unique line 

connecting every point of i and Q and onto because every point of m is connected to 

Q by a unique line. Now let R,S e i. If RT = ST, then 

QRnm = QSnm. 

Thus 

QR = Q(QRnm) 

(since F, Q, and QR n m are collinear) and 

Q(QR nm)= Q{QS fl m) = QS. 

Hence 

R = QRr]i = QSr\i = S, 

since QR + QS. Thus if RT = ST, then R = S, and we have a bijection. 

D 

Lemma 3.6. Let P and Q be distinct points of an affine plane il. There exists a 

bijection of the set of lines going through P onto the set of lines going through Q. 

Proof. We know that there exists a bijection of the set of lines going through a point 

P onto the set of lines going through Q in a projective plane. 

We also know that if 'P is a projective plane, and if ^ is a line of V, then Vi is an 

affine plane. 

The bijection is not destroyed by eliminating one line, so this lemma is inherited 

from projective planes. D 

Definition 3.4. / / i t is an affine plane, and iX = Vi for the projective plane V and 

the line i ofV, then i is called the line at infinity (improper line) o/il, and is denoted 

by ioo; the points of ioo = i are called the points at infinity (improper points) o/it. 

Finally the plane V is called the projective extension of the plane it, and the notation 

V = iiU ioo 25 used. 

13 



Theorem 3.1. / / i l is an affine plane containing a line i having exactly n points on 

it, then the following statements hold: 

1. Every line contains exactly n points. 

2. Through each point there are exactly n-\- 1 lines. 

3. il has V? points and r? -^n lines. 

4.- il has n 4- 1 parallel classes, each of which contains exactly n lines. 

Proof. 1. This is an immediate consequence of Lemma 3.5. 

2. We only need to show that there exists one point having n + 1 lines running 

through it. Let P be a point of il, and f be a line of it with P ^ i. 

Every point on i lies on a unique line through the point P. The line i contains 

n points, so P has at least n points going through it. However, the definition of 

an affine plane requires that there be a unique line through P parallel to i, so 

P has n -t- 1 lines passing through it. By Lemma 3.6 we know this is true of all 

points in il. 

3. A line i contains n points, and each point has n -I- 1 lines running through it. 

n{n + 1) = n^ + n. A point P has n + 1 fines through it. Each of these lines 

contains n — 1 points other than P, for a total of (n 4- l)(n + 1) = n^ — 1 points. 

Now if we include the point P, we have n^ points. 

4. We know that every projective plane of order n has lines containing n4-1 points 

and exactly n + 1 lines run through each point. We also know that two distinct 

lines intersect in a unique point. 

An affine plane can be created by removing one line from a projective plane. 

For each point of the removed line, we have created a parallel class, so there 

are exactly n + 1 parallel classes. Through each of the now nonexistent points 
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there passed n-\-l lines, but one of these lines was the line we removed, so each 

parallel class contains n lines. 

^\'e are now able to form the following natural definition. 

Definition 3.5. An affine plane il has order n if one. and hence every, line of it has 

exactly n points. 

Corollary 3.1. For a positive integer n there exists an affine plane of order n if and 

only if there exists a projective plane of order n. 

Proof. .A-Ssume there exists a projective plane V of order n. Therefore. V contains 

n— 1 points on each line. If we form Vi. we now are left with a structure that has n 

points on each line. We know by Lemma 3.3 that P^ = il where il is an affine plane 

of order n. 

Now assume there exists an affine plane il of order n. Therefore, il contains n 

points on each line. If we adjoin a line i to il, we have, as in the proof of Lemma 3.4, 

created a projective plane V with n -r 1 points on each line; hence, P* is a projective 

plane of order n. D 

Many people have proven what amounts to the converse of Theorem 3.1. They 

started with a system of points and lines that satisfied certain combinatorical prop

erties similar to the above theorem, then proved that these points and lines formed 

an affine plane. The following theorem is an example of this that first appeared in 

Ostrom (1964) and is attributed to Hughes [3]. 

Theorem 3.2. Hughes. Let it 6e a set of order n^.n> 1, and let C be a collection 

of subsets of it. / / 

L every element of C contains n points, and 

2. for every pair of distinct elements P,Q e ii there is exactly one element i e C 

such that i contains both P and Q, 

15 



then il IS an affine plane (with the elements of C as lines). 

Proof. Assume 

1. il is a set of order n^ and £ is a collection of subsets of it, (n > 1). 

2. Every element of C contains n points. 

3. For every F, Q G il, there exists a unique i e C such that P,Q e i. 

Show 

1. Two distinct points lie on one and only one line. Condition three satisfies this. 

2. Given a point F, and a line i with P ^ i, there exists a unique line m with 

P em and m Pi ̂  = 0 . 

(a) Existence 

-A.ssume we have a point F, and a line i with P ^ i. The point F must 

be connected to every point of ^ by a line (assumption number three), 

so there must exist at least n more lines. This brings our point total to 

n4-n(n — 2)4-1 = 71̂  — n - f l points. Since we are n — 1 points from our 

desired total of n^ points, and each additional point must be connected to 

F , we must have at least one line through P that does not intersect i. 

(b) Uniqueness 

Assume there are two lines through a point P parallel to i, say m and q. 

(See Figure 3.1 for illustration.) We have 3n — 1 points represented on the 

three main lines. From P to i there exist n lines with n — 2 points on each 

not already represented. Therefore, to connect the point P to the line i 

as required by the definition of an affine plane, we require an additional 

n{n — 2) points. Thus we have 

3n-l + n{n-2) = 3n-l + n^ -2n = n^ -{-n-1 

16 



points. As we are only allowed n^ points, and n > 1, we have n - 1 

points more than are allowed, thus our original assumption is incorrect, 

and m = q. 

•i 

Figure 3.1: Uniqueness of parallel lines through a point. 

3. There are three points not on the same line. This follows directly from part two 

of this proof. Since line m is guaranteed to contain at least two points, we can 

choose two points on m and one point on i. 

D 

Example 3.1. Let\X^{A,B,C,D} with the lines {A,B},{A,C},{A,D], 

(F , G}, (F , F } , {G, F } . "dis an affine plane, in fact, the smallest possible one, and 

has pictorial representation as in Figure 3.2 below. 

Figure 3.2: Affine plane of order two. 
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CHAPTER IV 

LATIN SQUARES 

At this point we seemingly depart on the unrelated topic of Latin squares, but as 

we will show later in this chapter, Latin squares have a deep and interesting connection 

with finite projective planes. We must first begin by forming the definitions of Latin 

rectangles and Latin squares. 

Definition 4.1. Let S be a set of n elements. A Latin rectangle based on the n-set 

S is an r by s rectangular array 

A = [ai-j] {i = l,2,...,r;j = l,2.....s) 

with the requirement that each row is an s-permutation of elements of S and each 

column is an r-permutation of elements of S. 

This definition of a Latin rectangle leads in a very natural way to the following 

definition of a Latin square. 

Definition 4.2. If r = s = n, then the Latin rectangle is called a Latin square of 

order n. 

Definition 4.3. Let Ai = [a\^^] and A2 = [aĵ  ] denote two n by n Latin squares 

based on n elements labeled 1, 2, ... . n and let n> 3. The Latin squares Ai and A2 

are called orthogonal provided that the n^ 2-samples 

(0^,4^) (i,j = 1,2,...,n) 

are distinct. 

More simply stated, if these two Latin squares were superimposed on each other, 

and coordinates were created from the two entries in each space, each coordinate 

would be unique. 

Consider the following example: 

18 



Example 4.1, 

Ai = 

1 

2 

3 

2 

3 

1 

3 

1 

2 

and A,= 

1 

3 

2 

2 

1 

3 

3 

2 

1 

-4i and Ao form a pair of orthogonal Latin squares because the matrix 

(1.1) (2.2) (3,3) 

(2,3) (3.1) (1,2) 

(3.2) (1,3) (2,1) 

contains nine unique coordinate pairs. 

Note 4 .1 . Orthogonal Latin squares are often referred to as Graeco-Latin squares or 

Euler squares. 

Definition 4.4. Let Ai. A2 At be a set of two or more Latin squares of order 

n > 3. The Latin squares of this set are called orthogonal, and we refer to Ai,A2..... At 

as an orthogonal set, provided that Ai and Aj are orthogonal for each i / j . 

Theorem 4.1. Let Ai,A2 At be a set oft orthogonal Latin squares of order 

n > 3. Then 

t<n-l. 

Proof. If we relabel the elements of each of the Latin squares so that the first row of 

each of the Latin squares consists of the elements 1, 2, . . . , n in this order, we do 

not destroy the orthogonality of the set. Consider now the t entries that appear in 

the (2, 1) position of these Latin squares. These t entries must be distinct, otherwise 

we do not have orthogonal Latin squares. Nor can these entries be equal to one, so 

i < n - l . [4] D 

Definition 4.5. / / equality holds in the above theorem, the set of orthogonal Latin 

squares is said to be complete. 
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We now have enough information about Latin squares to form the theorem that 

connects finite projective planes and Latin squares. 

Theorem 4.2. Let n > 3. We may construct a projective plane of order n if and 

only if we may construct a complete set of n—1 orthogonal Latin squares of order n. 

Proof. See proof in Ryser, pages 92-93. [4] 

D 

Theorem 4.3. Let n = p^. where p is a prime and a is a positive integer. Then 

there exists a finite projective plane T of order n. 

Proof. This proof can be found in Ryser, page 93. [4] D 

With this background in Latin squares, we have enough knowledge to restate the 

Bruck-Ryser theorem about the non-existence of projective planes, though this time 

in a slightly different form. 

Theorem 4.4. Bruck-Ryser. Let n = 1 or 2 (mod 4), and let the square-free part 

of n contain at least one prime factor p = 3 (mod 4). Then there does not exist a 

finite projective plane V of order n. 

A rather extensive and complicated proof of this theorem appears in Ryser on 

page 115 [4]. A more elementary number theory based proof appears in Denes and 

Keedwell (pp. 170-173) [1]. 
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CHAPTER V 

CONNECTIONS 

Many classic questions are centered around projective planes and Latin squares. 

Consider, for example, Euler's problem of the 36 officers. This problem asks for an 

arrangement of 36 army officers of 6 different ranks and from 6 different regiments in 

a square of size 6 by 6. The constraints on the arrangement are as follows: 

1. Each row and each column may contain one and only one officer of a particular 

rank. 

2. Each row and each column may contain one and only one officer from a partic

ular regiment. 

If we label the ranks and the regiments from one to six, and create ordered pairs where 

the first element represents the officer's rank and the second element of the ordered 

pair represents the officer's regiment, Euler's problem of the 36 officers reduces to a 

problem of creating a pair of orthogonal Latin squares of order six. In 1782, Euler 

conjectured that there exists no pair of orthogonal Latin squares of order n = 2 

(mod 4). Around 1900, Tarry verified by a systematic enumeration the validity of 

Euler's conjecture for n=6. 

Of course, from the Bruck-Ryser theorem and the relationship between Latin 

squares and finite projective planes, today one can easily draw the same conclusion. 

Since we know that a finite projective plane of order six does not exist, one may 

reasonably wonder what happens that makes the construction of this plane impossible, 

after all, the existence or non-existence of a particular plane is not at all intuitive. 

It seems improbable that one could ever run out of elements. We will not prove the 

non-existence of a plane of order six, but instead examine what type of problems one 

may encounter when attempting to construct one. 

Consider the following example: 
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Example 5.1. A projective plane of order six would contain forty-three elements, so 

consider the following set: 

{A, F , G, D, F , F, G, F , / , J, K, L, M, Â , O, P, Q, F , 5, T, U, 

V, W, X, Y, Z, a, /?, 7, S, C, ??. 6*, A, p, ^, TT, p, a, r. (̂ , -0, ^ } -

Orze cow/cf construct the first seven lines rather easily: 

[A, B. G, D, F , F, G}; {A, F , / , J, F , F, M}; {A, V, O, F, Q, F, 5}; {A, T. F, U, PU, X. r } : 

{A, Z, a, /?, 7,6, C}; {A, 77, ^, A, p, ^. TT}; {A, p, a, r, (/!), x̂ ', w}. 

The next six lines are not as easy, but if you place the elements of the above lines 

in a matrix, then read off elements columnwise, one can see where these particular 

lines came from and why these lines are legal for a projective plane: 

{F, F , N, T, Z, T], p}- {F, / , O, U, a, 0, a}; {F, J, F, V, p, A, r } ; 

{B,K,Q,W,j,p,(l>};{B,L,R,X,6,^,iP}-{B,M,S,Y,(:^7r,i^}. 

When one begins to create the next six lines, one quickly finds an insurmountable 

problem. We can create another two lines, though not without some difficulty: 

{C.H,O.V,j,^,ij};{C,I,N,W,l3,7r,iP} 

When we attempt to create another line, we find that we can use the elements G, J, Q, T, 

and a, but it is impossible to find another element to place in this line that is not al

ready collinear with one of these elements. So we cannot legally create the other lines 

needed to complete this projective plane. 

Now that we have examined the sixth order case, let's return to the case of a third 

order projective plane. We already know of the existence of this plane, in fact, we 

have already seen a pictorial example of this plane. Let's examine another pictorial 

representation of this plane, and the corresponding set of Latin squares. 
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First of all, let's investigate the following representation of a third order projective 

plane. One can see that the picture looks almost three dimensional-this is done to 

make it easier to distinguish the cndpoints of the four axial lines. The remaining 

lines, however, may not be as easy to distinguish as in the previous representation 

(Figure 2.2). 

Figure 5.1: Three-dimensional representation of a projective plane of order three. 

If we again look at Example 4.1, we find that this proves, by Theorem 4.2, that 

the projective plane of order three exists. 

Ai = 

1 2 3 

2 3 1 

3 1 2 

and A , = 

1 2 

3 1 

2 3 

3 

2 

1 
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Ai and A2 form a pair of orthogonal Latin squares because the matrix 

(1.1) (2,2) (3,3) 

(2,3) (3,1) (1,2) 

(3.2) (1,3) (2,1) 

contains nine unique coordinate pairs. 

We can also look at a pictorial representation of an affine plane of order three. 

Figure 5.2: Affine plane of order three. 

Using Theorem 4.2 that states the correlation between Latin squares and pro

jective planes, we can prove the existence of projective squares of orders four and 

five. 

Theorem 5.1. There exists a projective plane of order four. 
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Proof. Consider the following set of matrices: 

-4i = 

1 2 3 4 

4 3 2 1 

2 1 4 3 

3 4 1 2 

Ao = 

1 2 3 4 

2 1 4 3 

3 4 1 2 

4 3 2 1 

and A, = 

1 2 3 4 

3 4 1 2 

4 3 2 1 

2 1 4 3 

It is eas\- to verify that each of these are Latin squares. All that remains to be shown 

is orthogonality, because if they are orthogonal, we have a complete set of n — 1 

orthogonal Latin squares, and we have the existence of a projective plane of order 

four. 

Ai and A2 are orthogonal because they form the matrix: 

(1.1) (2,2) (3.3) (4,4) 

(4.2) (3,1) (2,4) (1,3) 

(2.3) (1,4) (4,1) (3,2) 

(3.4) (4,3) (1,2) (2,1)_ 

which contains sixteen unique coordinate pairs. 

.4i and A3 are orthogonal because they form the matrix: 

(1.1) (2,2) (3,3) (4,4) 

(4.3) (3,4) (2,1) (1,2) 

(2.4) (1,3) (4,2) (3,1) 

(3.2) (4,1) (1,4) (2,3)_ 

which contains sixteen unique coordinate pairs. 

A2 and A3 are orthogonal because they form the matrix: 

'(Ul) (2,2) (3,3) (4,4) 

(2.3) (1,4) (4,1) (3,2) 

(3.4) (4,3) (1,2) (2,1) 

(4,2) (3,1) (2,4) (1,3)_ 

which contains sixteen unique coordinate pairs. 

This shows we have the existence of a projective plane of order four. D 
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-A. pictorial representation of a fourth order projective plane is too complex to be 

included here, but one can be found on page 164 of Denes and Keedwell [1]. 

Theorem 5.2. There exists a projective plane of order five. 

Proof. Consider the following set of matrices: 

Ai = 

A, = 

1 2 3 4 5 

3 1 5 2 4 

5 3 4 1 2 

2 4 1 5 3 

4 5 2 3 1 

1 2 3 4 5 

4 5 2 3 1 

3 1 5 2 4 

5 3 4 1 2 

2 4 1 5 3 

Ao = 

and A,= 

1 2 3 4 5 

5 3 4 1 2 

2 4 1 5 3 

4 5 2 3 1 

3 1 5 2 4 

1 2 3 4 5 

2 4 1 5 3 

4 5 2 3 1 

3 1 5 2 4 

5 3 4 1 2 

It is easily verified that each of these are Latin squares. All that remains to be proven 

is that they are orthogonal, and from this we get the existence of a plane of order 

five. 

Ai and A2 are orthogonal because they form the matrix: 

(1.1) (2,2) (3,3) (4,4) (5,5) 

(3,5) (1,3) (5,4) (2,1) (4,2) 

(5.2) (3,4) (4,1) (1,5) (2,3) 

(2,4) (4,5) (1,2) (5,3) (3,1) 

(4.3) (5,1) (2,5) (3,2) (1,4) 

which contains twenty-five unique coordinate pairs. 
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Ai and A3 are orthogonal because they form the matrix: 

(1.1) (2,2) (3,3) (4,4) (5,5) 

(3.4) (1,5) (5,2) (2,3) (4,1) 

(5.3) (3.1) (4,5) (1,2) (2,4) 

(2.5) (4.3) (1,4) (5,1) (3,2) 

(4.2) (5,4) (2,1) (3,5) (1,3)_ 

which contains twenty-five unique coordinate pairs. 

Ai and A4 are orthogonal because they form the matrix: 

(1.1) (2,2) (3,3) (4,4) (5,5) 

(3.2) (1,4) (5,1) (2,5) (4,3) 

(5.4) (3,5) (4,2) (1,3) (2,1) 

(2.3) (4,1) (1,5) (5,2) (3,4) 

(4.5) (5.3) (2,4) (3,1) (1,2) 

which also contains twenty-five unique coordinate pairs. 

A2 and A3 are orthogonal because they form the matrix: 

(1.1) (2,2) (3,3) (4,4) (5,5)' 

(5.4) (3,5) (4,2) (1,3) (2,1) 

(2.3) (4,1) (1,5) (5,2) (3,4) 

(4.5) (5,3) (2,4) (3,1) (1,2) 

(3.2) (1,4) (5,1) (2,5) (4,3)_ 

which contains twenty-five unique coordinate pairs. 

A2 and A4 are orthogonal because they form the matrix: 

(1.1) (2,2) (3,3) (4,4) (5,5) 

(5.2) (3,4) (4,1) (1,5) (2,3) 

(2.4) (4,5) (1,2) (5,3) (3,1) 

(4.3) (5,1) (2,5) (3,2) (1,4) 

(3.5) (1,3) (5,4) (2,1) (4,2) 
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which contains twenty-five unique coordinate pairs. 

.\nd finall}- A3 and A4 are orthogonal Latin squares because they form the matrix 

of coordinate pairs: 

'(1,1) (2,2) (3,3) (4,4) (5,5) 

(4.2) (5.4) (2,1) (3,5) (1.3) 

(3.4) (1,5) (5,2) (2,3) (4.1) 

(5.3) (3,1) (4,5) (1,2) (2,4) 

_(2,5) (4,3) (1,4) (5,1) (3,2)_ 

which contains twenty-five unique ordered pairs. 

Thus proving the existence of a projective plane of order five. D 
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CHAPTER VI 

CONCLUDING REMARKS 

In the course of our adventure through the world of finite projective planes, we 

have encountered many strange and unusual creatures. While studying projective 

planes we have encountered pictures so aesthetically pleasing, people not mathemati

cally inclined will have trouble believing that they have any mathematical significance 

whatsoever. We have found the path that connects the jungles of affine planes and 

projective planes. Then we found that what appeared to be a jungle was really a very 

ordered system when we proved the connection between Latin squares and projective 

planes (and hence affine planes). Once we cleared enough vines to see the structure 

of the jungle, we were able to fairly quickly prove some results about the existence of 

a projective plane of order four and order five. 

The jungle is far from being cleared, however. As powerful as the Bruck-Ryser 

theorem and the theorem connecting Latin squares and projective planes may be, 

they still leave many questions unanswered. For example, a projective plane of order 

ten is not covered by the Bruck-Ryser theorem because 10 = 1̂  -I- 3^. The plane is 

believed to not exist because C. Lam at Concordia gave a computer "proof that 

the plane did not exist. No formal mathematical proof of the non-existence of this 

plane exists to date. The next plane that the existence or non-existence is not known 

(formally or informally) is the plane of order twelve. This particular plane is not 

covered by the Bruck-Ryser theorem because 12 = 0 (mod 4). It is probably safe 

to assume that there will be a computer "proof of this case before there will be a 

formal proof as in the case of order ten. 

This thesis focused mainly on elementary results about finite projective planes 

and the various connections that can be made to other fields of mathematics, but the 

field of finite projective planes is much richer than it would appear to be from this 

thesis. For example, it is possible to assign coordinates to the points of a projective 

plane just as it is in the Euclidean plane (an infinite affine plane). 
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Here concludes our journey through the vast world of projective planes-a journey 

that has left this author marveling that a field so apparently simple could contain 

such wonderful riches. 
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