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CHAPTER I 

INTRODUCTION 

A prismatic folded plate structure can be defined as 

a series of rectangular plates that are monolithically 

joined along their common edges in such a manner as to 

develop the spatial rigidity of the component parts, these 

component parts being supported at the ends by transverse 

end-diaphragms. 

Folded plate structures are used as roofing or 

flooring systems to span large transverse and longitudinal 

distances because of their inherent structural stiffness. 

This stiffness, or rigidity, is demonstrated by the small 

displacements which occur when the structure is subjected 

to the service loads of the roof or floors. The smallness 

of the displacements is a consequence of the capability of 

individual plate components of the folded plate structure 

to resist the forces acting in their planes. 

Originally the folded plate structure was conceived 

of and analyzed as being a simple structure. It was 

assumed that it consisted of a series of rectangular plates 

with each plate acting as a deep beam simply supported at 

the ends by transverse end-diaphragms and hinged along 

common edges to the adjacent plates. The hinges were 

assumed to prevent slippage and to transfer shear between 

the component plates. This assumption of hinges neglected 



the monolithic nature of the joints and the subsequent 

effects of the relative displacements between successive 

joints. Therefore, the resulting stress analysis of the 

folded plate structure was unrealistic because of the limi

tations imposed by the above assumptions. 

Through analytical and experimental research, the 

monolithic nature of the joints has been included in the 

stress analysis and the resulting methods have been 

refined to such a degree that some of the methods are 

referred to as being exact solutions to the folded plate 

structure. 

The so-called exact methods of stress analysis, 

based on fundamental relationships of theoretical elas

ticity and plate theory, are exact only within the limits 

of the assumptions made during theoretical development 

and the conditions existing at the end-diaphragms. 

The exact methods, regardless of the approach to 

obtaining a solution of the governing elastic and plate 

equations, make a common assumption concerning the behav

ior of the end-diaphragms. The end-diaphragms are assumed 

to be rigid in their own planes and to be completely free 

to rotate normal to these planes. This assumption with 

regard to the rigidity, although common to all existing 

methods of stress analysis, is inaccurate when applied to 

actual folded plate structures. 

Folded plate structures are supported at the ends 



by deformable structures, such as frames or trusses con

structed of elastic materials, that deflect in their own 

planes when subjected to service loadings. Therefore, the 

assumed in-plane rigidity of the end-diaphragms does not 

exist. In current practice, the resulting in-plane deflec

tions of the end-diaphragms and their effects on the inter

nal stress resultants in folded plate structures are neg

lected or ignored. 

Reports on several experimental investigations have 

mentioned the difficulties encountered with the deflec

tions of the end-diaphragms and the corrective measures 

taken to negate their effects when they occurred. Specifi

cally, Scordelis, Cory, and Stubbs [1] commented on the 

displacements of the supporting structures used as end-

diaphragms. They reported that during the course of the 

experimental portion of their investigation, the deflec

tions of the end-diaphragms significantly affected the 

magnitudes of the internal stress resultants, and that 

the effects of these deflections required further 

research. 

Purpose and Scope 

It is the purpose of this investigation to present 

a method of stress analysis applicable to folded plate 

structures supported at the ends by flexible end-

diaphragms using finite difference techniques for approxi

mating the governing elastic equations. 



This method of stress analysis will then be adapted 

to study the influence of the deflections of the flexible 

end-diaphragms on the internal stress resultants of 

single-span folded structures. 

The scope of this investigation is limited to the 

development of the method of stress analysis, the use of 

the method for the study of the influence of the end-

diaphragm deflections on the internal stress resultants, 

and a demonstration of the applicability of the method to 

actual folded plate structures with flexible end-diaphragms 

To study the influence of the in-plane deflections 

on the internal stress resultants, a mathematical model of 

a folded plate structure was subjected to two assumed dis

torted conditions of the end-diaphragms. The influence of 

these distorted shapes of the end-diaphragms was determined 

by comparing the stress resultants with those obtained upon 

assuming rigid end-diaphragms. Presently, the distortion 

of the end-diaphragms is neglected or ignored by all other 

existing methods of folded plate stress analysis. 

To demonstrate the applicability of the method to 

actual folded plate structures supported by flexible end-

diaphragms, an illustrative example is presented. This 
r 

example, a flexible four-plate structure supported at each 

end by a framed structure, was analyzed and the resulting 

effects of the flexible end-diaphragms were determined. 

The stress analysis was performed using an iterative 



procedure which couples the method developed herein with 

a plane frame stress analysis. 

Historical Background 

With the introduction of the folded plate structure 

in the 19 30's, a new structural concept was created. The 

interest in this structural concept is evidenced by the 

large number of papers, particularly those published 

within the past fifteen years, that are available concern

ing the applications and stress analysis of folded plate 

structures. 

A subcommittee was formed by the Committee on 

Masonry and Reinforced Concrete Structures of the American 

Society of Civil Engineers in 1961 to review the wide 

variety of theories and concepts for stress analysis of 

folded plate structures. The Task Committee on Folded 

Plate Construction, after reviewing a total of 106 refer

ences, presented its findings in a report to the society 

in 196 3 [2]. In this report, the development and improve

ments of methods of stress analysis were traced through 

the 10 6 references noting those that made significant 

advances in technology prior to 196 3. 

The Task Committee, in its report, credited the 

concept of the folded plate structure to Ehlers who devel

oped a very simple theory which used a membrane solution 

and neglected the effects of the monolithic joints. 



Modifications were later made by Gruber and Craemer to 

approximate the effects of the joints by including the 

relative displacements between the successive joints in 

the analysis. 

Among the most significant advances noted by the 

committee were the theories of stress analysis developed 

by Goldberg and Leve, and Werfel who presented methods 

that were referred to as elasticity methods. These are 

based on the fundamental relationships defining equilib

rium of the individual structural elements of the folded 

plate system obtainable from the elastic equations 

defining the plane stress problem for loadings in the 

plane of the elements and the classical equation from 

plate theory for the loads normal to the plane of the 

element. 

The elasticity method of Goldberg and Leve [3] has 

been generally referred to as being the exact solution to 

the folded plate structure because of its simultaneous 

consideration of membrane action and plate bending. The 

resulting elastic theory of folded plate structures is 

exact within the limits of the normal assumptions per

taining to elasticity and plate theory and the support 

conditions at the end-diaphragms. 

Using the elastic theory of folded plates as their 

basis, several methods have been presented for stress 

analysis of folded plate structures. Among these methods 



were those of Goldberg, Glauz, and Setlur [4]; Mast [5]; 

and Goldberg, Gutzwiller, and Lee [6, 7]. The above men

tioned methods make the same basic assumptions, but vary 

in the procedures used to define and solve the governing 

equations of equilibrium. Thus, these methods could also 

be referred to as being exact solutions. 

Regardless of the method and the procedure involved, 

there exists one assumption concerning the structural 

behavior of the end-diaphragms that is common to all the 

methods. The end-diaphragms are assumed, for use as 

boundary conditions, to be rigid in their own planes and 

free to rotate normal to these planes. This assumption 

of in-plane rigidity does not yield a valid boundary con

dition when applied to actual structures. End-diaphragms 

are constructed of elastic materials in general structural 

shapes. As a result, the structures deflect in their own 

planes when subjected to the shearing forces developed 

between the end-diaphragms and the plate structure. In 

order to account for the in-plane flexibility of the end-

diaphragms, a different set of boundary conditions must 

be assumed. 

The method of stress analysis presented by Goldberg, 

Gutzwiller, and Lee [6, 7] uses a finite difference tech

nique to approximate the governing relationships and the 

boundary conditions for the elements of the folded plate 

structure. Therefore, it would be a logical method to 



8 

use as a basis for the incorporation of the in-plane 

deflections of the end-diaphragms as boundary conditions. 

The resulting method can then be used to predict the 

effects on the internal stress resultants of the in-plane 

deflections of the supporting flexible end-diaphragms. 



CHAPTER II 

DEVELOPMENT OF METHOD 

For this investigation, a method of folded plate 

stress analysis is developed to include the effects of 

the in-plane deflections of flexible end-diaphragms on 

the internal stress resultants. The method is based on 

obtaining a solution to a series of elasticity relation

ships that will satisfy the governing equations of 

equilibrium. The solution is obtained using finite dif

ference techniques to approximate the elasticity rela

tionships . The deflections of the end-diaphragms are 

included in the solution by considering them as boundary 

conditions. 

Theory of Folded Plates 

The governing equations of equilibrium are obtained 

by expressing the equilibrium of a differential element 

of size dx by dy by t cut from the plate system under the 

influence of the body-and external-forces, X, Y, and q, 

per unit area. For the differential element indicated in 

Figure 1, shown as consisting of a plate and a membrane 

element to separate the internal tractions for clarity, 

equilibrium of forces in the x, y, and z directions 

respectively, requires satisfaction of the following 

relationships: 
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•y ay 

Plate Element 

9N yx 

Membrane Element 

Figure 1. Differential element of plate system, 
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8N„ 9N, 
^ i^ + + -TTT + X = 0, (2.1) 8x 9y 

9N 9N 
-af^+ 3 ^ + ^ = 0' <2-2) 

and 

3Q^ 9Q, 
'̂  + TT-^ + q = 0, (2.3) 

9x 9y 

where N^, N , N = N , Q^, and Q are the internal force 

resultants per unit length. Equilibrium of moments acting 

on the plate element must also be satisfied; therefore, 

neglecting second order terms, the following relationships 

assure equilibrium of the moments about the x and y axes, 

respectively: 

9M 8M 
- T ^ - T-^ + Qy = 0, (2.4) 
9x 9y y 

and 

9M 9M 
- + -7^ - Q^ = 0, (2.5) 

9x 9y "̂x 

where M̂ ,̂ M , and M = -M^^ are the internal bending and 

twisting moments per unit length. 

Combining Equations (2.3-5) through the common terms 

Q^ and Q , equilibrium of the plate element can be defined 

by 
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9̂ M 9̂ M 9̂ M 
7-2^ + 7-T^ - 2---i^ 4- q = 0. (2.6) 
9x'' 9y^ 9x9y 

By coupling the above equations of equilibrium. 

Equations (2.1, 2, and 6), equilibrium of the total dif

ferential element shown in Figure 1 is defined. These 

equations of equilibrium, subject to the assumptions 

given by Timoshenko [8, 9], are the governing equilibrium 

equations of the method of stress analysis developed herein. 

The different methods of obtaining solutions that 

satisfy these governing equilibrium equations have provided 

the basis for several methods of folded plate structural 

stress analysis. Among these may be cited those of 

Goldberg and Leve [3]; Mast [4]; Goldberg, Glauz, and 

Setlur [5]; and, Goldberg, Gutzwiller, and Lee [6, 7]. 

Although each of these methods differs in the approaches 

to obtaining solutions that will satisfy the equations of 

equilibrium, they make the same basic assumptions and 

thus produce similar results. 

For this investigation, the method for stress 

analysis of folded plate structures presented by Goldberg, 

Gutzwiller and Lee [6, 7], hereafter referred to as Gold

berg's Method, was extended to permit displacements at the 

ends caused by flexible end-diaphragms. Goldberg's method 

was selected as a basis because the approach used in obtain

ing a solution that would satisfy the governing equations of 

equilibrium was most easily adaptable to generalization. 



13 

Goldberg employed a numerical technique that reduces 

a continuous system, such as a folded plate structure, to 

a finite number of discrete points. This reduction allows 

the governing equations of the method to be expressed as 

algebraic relationships in terms of pertinent variables 

at each of the discrete points. Therefore, the final 

solution is directly dependent on the assumed boundary 

conditions at the end-diaphragms. By considering the 

in-plane deflections of the flexible end-diaphragms as 

boundary conditions and introducing them into the system 

of equations for solution, a method results for the 

stress analysis of folded plate structures supported by 

flexible end-diaphragms. 

Method of Analysis 

For this investigation, the finite difference 

method of folded plate stress analysis was extended to 

allow solution of folded plate structures supported at 

each end by a flexible end-diaphragm. 

The finite difference method of stress analysis, as 

Goldberg presented it, is limited in application to folded 

plate structures supported by end-diaphragms which are 

assumed to be rigid. This limitation is not unique; it 

is common to all other methods of folded plate stress 

analysis. 

In conjunction with the development and presentation 

of the fundamentals of the finite difference method. 
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Goldberg [7] demonstrated the method by showing its versa

tility and application to folded plate structures. This 

demonstration served not only to illustrate the method, 

but also to document the accuracy of the results obtained 

using the method. Since the basic finite difference 

method of folded plate stress analysis is well presented 

by Goldberg, it is not necessary to reiterate the method 

in its entirety. It will be sufficient to present only 

the fundamentals of the method, and to define and illus

trate those steps necessary to extend the method to 

include the in-plane flexibility of the end-diaphragms. 

Goldberg developed a method of folded plate stress 

analysis that reduces the continuous structure to a series 

of discrete points. At each of the discrete points, the 

governing differential equations of the method are numeri

cally approximated by a series of algebraic equations 

using finite difference techniques. Solutions to the 

algebraic equations are obtained using a tridiagonal 

reduction routine for the solution of simultaneous 

equations. 

The governing differential equations of the method 

were obtained by Goldberg [7] in the following manner. 

Using the appropriate stress-strain and strain-

displacement relationships as developed by Timoshenko 

[8, 9], the equations of equilibrium. Equations (2.1, 2, 

and 6), were rewritten respectively as: 
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and 

9'*w . ̂  9'*w iv , ̂  9̂ w 9̂ w q ^ 
^ -̂  2—5—y + - — - a = 0, (2.9) dx 9x^9y^ 9y 

where u, v, and w are the displacements of the discrete 

points in the x, y, and z directions, respectively. Since 

the finite difference approximations to Equation (2.9) do 

not result in a tridiagonal system of expressions. Equa

tion (2.9) is rewritten as: 

^̂ x̂ , 1 S X , D(l- v)^ 3V ,, ̂ ^̂  
i^J-*vi7^ + U J^T^=-'i' (2.10) 

by virtue of 

9 w 9 w 
M„ = -D(f4 + vf^). (2.11) 

^ 9x 9y 

Thus, Goldberg established the basis of the finite 

difference method: the simultaneous solution of four equa

tions. Equations (2.7, 8, 10, and 11), in terms of four 

unknowns, u, v, w, and M^. The solution to these equa

tions will satisfy the governing equations of equilibrium. 

Equations (2.1, 2, and 6). 
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To extend the finite difference method of stress 

analysis to include flexible end-diaphragms, a set of 

boundary conditions similar to but different from those 

presented by Goldberg [6, 7] was assumed to exist at the 

end-diaphragms. It is these boundary conditions and their 

incorporation into the system of finite difference equa

tions for solution that provides a means by which the 

effects of the in-plane flexibility of the end-diaphragms 

are considered in the resulting stress analysis. 

Under the influence of the dead and service loads 

acting on the plate structure, the end-diaphragms and 

that portion of the plate structure connected to them 

will distort to some deflected shape other than the 

original configuration. These displacements can then be 

induced into the plate system through the boundary con

ditions as predetermined values of the v and w plate dis

placements at the ends of the structure. The introduc

tion of these v and w displacements at the end-diaphragms 

will impose the deflected shape of the end-diaphragms on 

the plate structure. 

Thus, to extend the finite difference method of 

stress analysis for this investigation and allow solution 

of folded plate structures with flexible end-diaphragms, 

the following boundary conditions were assumed to exist 

at the end-diaphragms for simply supported folded plate 

structures: 
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Nx = 0-

Mx = 0' 

and 

V and w = predetermined values (or 0 for 
a rigid end-diaphragm). 

These boundary conditions are introduced into the system 

of equations for solution at the intersection of the end-

diaphragms with the longitudinal grid lines corresponding 

to the interior, free edge, and fold lines. The introduc

tion of these boundary conditions results in a set of coef

ficients different from those given by Goldberg [7] in the 

matrix equations for the longitudinal lines above. These 

coefficients differ in the following manner: 

(1) In the finite difference approximations to the 

governing equations for the longitudinal lines above along 

the first transverse interior grid line, line "1". 

(2) The addition of a transverse grid line at the 

end-diaphragm, line "0", to introduce the boundary condi

tions of the in-plane deflections of the end-diaphragms. 

To illustrate the development and the resulting 

differences of the coefficients created by the introduc

tion of the new boundary conditions, the folded plate 

structure of Figure 2 and the grid pattern of Figure 3 

for plate number one will be used. The developed coef

ficients will be substituted at the corresponding points 
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A = (|)j_ - c()2 

Figure 2. Cross-section of folded plate structure. 

I— End-Diaphragm 

J I \ 

1 ^ - Line of Transverse 
Symmetry 
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I HFold Line | r Fold Line 
I' 

End-Diaphragm 

il Free Edge 

I I I I I 

al 1 \ \ L 
0 1 2 3 4 

n @ h = L / 2 

5 6 
J 

Fictitious Line at 
Free Edge 

Figure 3. Grid pattern for Plate 1, 
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for those coefficients in the matrix equations for the 

interior lines, free edges, and fold lines developed and 

documented by Goldberg [6, 7]. 

Development of Coefficients for the 
First Transverse Interior 

Grid Line, Line "1" 

For transverse interior grid line "1", Figure 3, 

the finite difference expressions approximating the four 

governing equations of the method. Equations (2.7, 8, 10, 

and 11), are obtained using central difference operators. 

These expressions differ from those presented by Goldberg 

for points along this grid line. The difference lies in 

the omission, by Goldberg, of the coefficients of those 

terms that were identically zero because of the assumed 

rigid end-diaphragms. 

Interior Lines 

The finite difference expressions of the governing 

equations for interior points along grid line "1", can be 

exemplified by those for grid point "c,l". They are: 

{̂'̂ CO - 2"e,l + "c,2^ + ' V "" "̂b,l ' '"c,l 

"d,i^ * -^TF-^ ^̂ b,o - -b,2 - ̂ d,0 ̂  -d,2> * 

2(1 - vMh^ 
Et c,l 

X^ , = 0, (2.12) 
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r̂  ^'1 C/1 a,l c,0 c,l 

•I (1 + V) r 

^c,2> + 4r ^%,0 - %,2 - ^d,0 + ^d,2> + 

^^^iF^Vi = 0' 

v{M - 2M + M^ } + TT {M - 2M + 
^c,0 ^c,l ^c,2 ^ ^b,l ^c,l 

D(l - v)2 
; -r 

'd,l 
^x^ T̂  ^ "T^I? ^^b,0 - 2Wb,i + wĵ 2̂ - 2Wc,0 + 

^^c,l - 2w^,2 + ̂ d,0 - 2w^,l -̂  ̂d,2> -̂  

^^^^c,l = 0' (2.14) 

and 

Ĵ x̂  + ^ ^^c,0 - 2Wc,i + w^^2> + -MJ K , 1 -
C , X 

2"c,l + *'c,l> = °- <2-15) 

When the in-plane flexibility of the end-diaphragms 

is considered, the above expressions are valid for any 

interior grid point with the exception of points along 

the free edge, i.e., along longitudinal grid line "b". 

Figure 3. 

Free Edge 

For grid point "b,l", the intersection of transverse 
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grid line "1" and the edge, line "b", the unknowns corre

sponding to fictitious line "a" were eliminated from the 

finite difference approximations to the governing equa

tions through use of a procedure suggested by Goldberg [7]. 

To eliminate the unknowns of line "a", the free edge 

boundary conditions. 

My = 0, 

Ny = 0. 

^xy = °' 

and 

Vy = 0, 

were expressed in finite difference notation. These 

expressions were then solved to obtain equations of 

definition for the unknowns corresponding to line "a" and 

substituted into the governing expressions. This is iden

tical with Goldberg's procedure for the elimination of the 

unknowns at the other interior points along the free edge 

with the exception of those corresponding to point "a,0". 

In order to define u^ Q, 

_ 4 1 
^a,0 - I ^a,l " I ̂ a,2' 

was used. However, for this investigation, the relation 
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may be considered to be valid only if it be assumed that 

no rotation occurs in the y direction at grid point "b,0". 

This assumption (of no rotation) was necessary in order to 

provide an adequate definition of u^ Q without involving 

additional fictitious lines other than line "a". 

Therefore, when the distorted shape of the end-diaphragm 

is imposed on the plate system, it is imperative that it 

be assumed that no rotation occurs at the joint corre

sponding to point "b,0", the intersection of the free edge 

and the end-diaphragm. 

The resulting finite difference expressions approxi

mating the governing equations for grid point "b,l" are 

as follows: 

2t"b,0 - 2"b,l + "b,2> + '^^ "' ^2u^^i - 2û ^̂ i + 

(-̂ b,0 + ^b,2)> + '\r ""' t^^'%,1 - %,3>> + 

2(1 - v^)h^ 
Et ^b,l = 0' ''•"' 

fr {2v̂ ,i - 2v̂ î + ̂ ^<-%,0 -̂  %,2>* * 

<̂  - ̂ )<^b,0 - ^\,l ^ \,2^ ̂  - ^TF^ -̂"c,0 ̂  

I "c,l - I "c,2 ̂  I <-̂ b,0 + ̂ b,l ̂  ̂ b,2 



.̂ ^ 2(1 - v^)h^ 
^b,3^> -̂  Et Yi^,l = 0, 
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(2.17) 

v{M^ - 2M + M^ } + ^- {2M - 2M } + 
''b,0 ''b,l ^b,2 ^ ^c,l ^b,l 

D(l - v ) ^ , 
TTz i2w„ n - 4w_ T + 2w_ ^ - 2w^, n + 4w r-'h c,0 c,l c,2 'b,0 b,l 

2Wb,2> ^ ^h'^b,l = °' (2.18) 

and 

M X 

_̂  D(l - vM , ^ 
+ :;; iw, ^ - 2w 

b,I b,0 b,l ̂ ^ , 2 ^ = °- (2.19) 

Fold Line 

At the fold lines along grid line "1", the eight 

equations presented by Goldberg [7] to establish continuity 

between the adjacent plates become typical of those at 

the other interior grid points when considering the flexi

bility of the end-diaphragms. These equations, four main

taining continuity of displacement and four maintaining 

equilibrium of forces and moments, in finite difference 

notation for grid line "1" are as follows: 

for the displacements. 

"g,l.- "e,l ̂ " e M " " g M 
/9w 
9y 

9w 
9y 

), (2.20) 
f ' 

^ f M = ^f,l 
(u transformation), (2.21) 
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v^, ^ = (cosA)v^ ^ - (sinA)w^ ^ (v transformation), (2.22) 

and 

w^, , = (sinA)v^ ^ + (cosA)w^ ^ (w transformation); (2.23) 

and for the equilibrium equations. 

— {u T - u T + u , , r g,l e,l g',1 

% ' , 1 ^ - ^f,0 ^ ^f,2 ^ 

^f',0 - ^f,2 = 0 
(N - N = 0), (2.24) xy^ xy^, 

M 
,D(l_:;_vll^ 

"̂ f.l h 
^f,0 - 2Wf^i + 

^f,2^ - ^x 
. D ( l - V-) ^ 

f',1 h f',0 

2^f',I "̂  ̂ f',2^ = ° 
(M - M = 0) , (2.25) 

^^^*2^r:r72-]^vr(-u£^Q + Uf̂ 2^ -

Ve,l + Vg^i} - cos(J)2{-M̂  + 
e, 1 

:D(1 - V)' , ^ _ 
»x , + — T ^ '-"e,0 + 2w^^i 

9/1 

w^ o + w^ ^ - 2w^ -, + w ^) } -e,2 g,0 g,i g,^ 



sin4)_ [ 
EtV 

t^'i 2"3{vr(-u^, ^ + u ) -
1 1 - v ^ f',0 f',2 
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^ g M ^ ^e',I^ ^ oosc^^{-M^ + 
g /I 

M 
X eM 

4. D(l - V ) ' , 
h g',0 ""g',1 

2w , 

w g',2 ^ ^e',0 - 2 w ^ M + ^e',2^> = ^ (ZFjj = 0) , (2.26) 

and 

CO 
EtV 

^*2tr-r-^Hvr(-Uf^Q + Uf^2) -

^e,l -̂  ̂ g,l> -̂  sinc^2^-^x 
e,l 

M. + q(^ : w ' 
"^ ' "e,0 • ""e,l 9/1 

(-ŵ  n + 2w, 

<̂̂  9 •*• ̂rr n " 2w^ , + w^ ^) } -e,2 g,0 g,l g,2' 

EtV 
^°s*3^[3~:-^Hvr(-Uf,^Q + ^f,2) 

+ v^, T } - sin(t)T {-M̂  + ^g" ,1 ' "e' ,1^ " ô xxy-Lt-.-x̂  

D(l - v) ̂  
^x^.^, " h^ ^ - g ' , o ^ 2 W g M 

^g',2 + ^e',0 - 2we.^i + ^e',2)> = ^ (IF^ = 0). (2.27) 
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The expressions above are typical of those for the other 

interior points (with appropriate subscripts). However, 

the expressions differ from those presented by Goldberg for 

grid line "1" inasmuch as Goldberg omitted the coefficients 

of those terms that were identically zero because of the 

assumed rigid end-diaphragms. 

By coupling the finite difference expressions. Equa

tions (2.12-27), the approximations to the governing equa

tions and fold conditions along grid line "1" are defined 

in such a manner as to allow the stress analysis of folded 

plate structures supported by flexible end-diaphragms. To 

accomplish this, these expressions may be substituted into 

the appropriate matrix equations for the interior lines, 

free edges, and fold lines of the finite difference method. 

This substitution requires consideration of an additional 

transverse grid line at the end-diaphragm to provide 

definition of those terms that correspond to the varicibles 

at points along the end-diaphragm. 

Development of Coefficients for the 
Transverse Grid Line at the 

End-Diaphragm, Line "0" 

At the end-diaphragm (transverse grid line "0"), 

the boundary conditions assumed in this investigation to 

consider the in-plane flexibility of the end-diaphragms 

are introduced into the matrix equations for the interior 

lines, free edges, and fold lines as finite difference 

expressions. These expressions are substituted for the 
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governing equations of the method along these grid lines 

(at the end-diaphragms) because they relate the pertinent 

variables, u, v, w, and M̂ ,̂ at the diaphragm to those at 

adjacent points. 

Interior Lines 

The boundary conditions may be introduced into the 

solution by proceeding in the following manner. 

By definition. 

Et ,9U , 9V. . r . T O N 

N„ = 2 ^^— + "^^'' (2.28) 
^ 1 - V 9x 9y 

The evaluation of N^ at a typical interior point along the 

end-diaphragm, as exemplified by point "c,0", yields 

Et ,9u . .9v, 

'c,0 
N^ = -. 2 (T~ + ̂ T"^ 
x^ ^ 1 - v^ 9x 9y 

^ = 0. (2.29) 
c,0 

In finite difference notation, using a one-sided differ

ence approximation for iii. Equation (2.29) may be written 
oX 

as; 

^^ 2 {-3u ^ + 4u_ , - u 
1 - v^ c,0 c,l c,2 

F '-b,o ^-d,o'> = °- ''•'°> 

On solving for u n' ^" equation of definition relating 

u p, to the parameters of the adjacent point results, 
c, u 



28 

Therefore, 

'^CO = 1 "c,l - I "c,2 + IT <-^b,0 + ^d,0) • <2.31) 

Similar finite difference expressions of definition result 

for the other boundary conditions assumed at point "c,0". 

These are: 

^c,0 = ^c' <2-32) 

"c,0 = " C <2-33) 

and 

M„ = 0, (2.34) 
c,0 

where v^ and w^ are predetermined values of the plate dis

placements at the end-diaphragms. 

These finite difference expressions. Equations 

(2.31-34), are typical of those for the other interior 

points along the end-diaphragm and only the subscripts 

need be changed to obtain them. 

Free Edge 

At the free edge, a similar set of expressions 

results. However, inasmuch as grid point "b,0" is the 

intersection of the end-diaphragm and the free edge, the 

force-displacement relationship for N^ can be written as: 



N„ = Etx-
\ , 0 ^^ 

29 

9u 
b,0 = °' ^2.35) 

by virtue of N = 0 . Therefore, using a one-sided 
^b,0 

difference, the following finite difference expression 

results: 

^t^-3"b,0 + ""b.l - "b,2> = °- <2-36) 

Solution for u, ^ yields an equation of definition for 

"b,0 = I "b,l - I "b,2- '2.37) 

Similarly, the remaining boundary conditions at point 

"b,0", in finite difference notation, are: 

^b,0 = ^b' <2.38) 

"b,0 = "b' <2.39) 

and 

M^ = 0. (2.40) 
'̂ b,0 

Fold Line 

Expressions similar to those at the free edge may 

be used to define the variables corresponding to the point 

of intersection of the end-diaphragm and fictitious lines 

at the fold lines. These expressions, as exemplified 
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by those for point "g,0", are as follows: 

"g,0 =|"g,l - |"g,2' (2.41) 

'g,0 = ^g' (2.42) 

"g,0 = "g' (2-43) 

and 

M^ = 0. (2.44) 
g,o 

Again, as with Equation (2.37), the finite differ

ence expression defining u Q. Equation (2.41), was 

obtained using the boundary condition N = 0 along the 

end-diaphragm. This equation of definition differs from 

those at the other interior points such as "c,0". This 

form is valid only if the interior joints are restricted 

to translation with no rotation. 

This assumption (of no joint rotation) was necessary 

to obtain a final solution because of the errors which 

result when one-sided approximations to the continuity 

equations along the fold lines are used. The assumption 

can be justified if finer and finer grid solutions are 

obtained until, eventually, the displacements on either 

side of the joint are identical to those of the joint 

line. Care should be taken to observe this assumption 

when defining the deflected shape of the end-diaphragms 
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in the region of the fold lines. In finite difference 

notation, the limitations imposed by these assumptions 

for the grid pattern of Figure 3 are as follows: 

^e,0 = ^f,0 = ^g,0' ^2.45) 

and 

"e,0 = "f,0 = "g,0- (2-46) 

By using the finite difference expressions [Equa

tions (2.31-34) and (2.37-44)] subject to conditions set 

forth in Equations (2.45) and (2.46), the boundary condi

tions along the end-diaphragms are defined in such a 

manner as to allow consideration of the in-plane flexi

bility of the end-diaphragms. These equations are used 

in lieu of the governing equations of the method at the 

respective points of applications along the end-diaphragms 

because these expressions provide definition to those 

parameters in the matrix equations associated with the 

additional transverse grid line at the end-diaphragms. 

In general terms, the extended finite difference 

method for stress analysis of folded plate structures 

supported by flexible end-diaphragms is outlined below. 

(I) Generate coefficient matrices for n + 1 longi

tudinal points as described by Goldberg [7] where n equals 

the number of longitudinal grid points between the end-

diaphragms . 
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(2) At points along the end-diaphragms, replace the 

resulting finite difference expressions generated above 

with the applicable finite difference expressions for 

boundary conditions described herein. 

(3) Replace the membrane approximations corre

sponding to grid point "b,l" with those described herein. 

(4) Introduce, through the boundary conditions, v 

and w displacements corresponding to the deflected shape 

of the end-diaphragms to be imposed on the plate struc

ture. These displacements are subject to the conditions 

set forth by Equations (2.45) and (2.46) for points adja

cent to fold lines and are induced through the constant 

column vectors by replacing the terms at the point in 

question by the desired displacement magnitudes. 

(5) Obtain the final solution as outlined by Gold

berg [7] using the tridiagonal reduction routine and 

special routines described for the fold lines. 

To provide verification of the extended finite dif

ference method, zero v and w displacements were induced 

through the load vectors as boundary conditions at the 

end-diaphragms. The resulting solution was identical to 

a solution presented by Goldberg [7] of an illustrative 

example assuming rigid end-diaphragms. 



CHAPTER III 

APPLICATION OF METHOD 

An extension of the standard finite difference 

method of folded plate stress analysis is used to predict 

the stress resultants for folded plate structures with 

flexible end-diaphragms. The extended method of analysis, 

based on the solution of elastic equations expressing the 

equilibrium of the individual plate elements of a struc

tural system, is developed and described in Chapter II. 

The extended finite difference method is designed 

to allow the introduction of predetermined displacements 

at the ends of the folded plate structure as boundary 

conditions. The magnitudes and directions of the dis

placements may be arbitrarily selected or may be calcu

lated to correspond to the resulting deflected shape of 

the end-diaphragm structure when the in-plane flexibility 

is considered. The introduction of the displacements 

into the system will impose a deflected shape on the 

folded plate structure that differs from the original 

configuration. The subsequent stress analysis will pre

dict the internal stress resultants for folded plate 

structures supported at the ends by flexible end-

diaphragms . 

As part of this investigation, a study was made to 

determine the effects of the in-plane deflections of the 

33 
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end-diaphragms on the internal stress resultants of a 

folded plate structure. The study was performed using 

a mathematical model of a folded plate structure and 

subjecting it to two assumed conditions of end-diaphragm 

distortion. In addition, an illustrative example of a 

folded plate structure supported at each end by an elas

tic frame is presented to demonstrate applicability of 

the extended method. 

Mathematical Model Study of 
End-Diaphragm Distortion 

To determine the effects on the internal stress 

resultants of the in-plane deflections of the end-

diaphragms, a mathematical model of a single-span folded 

plate structure was subjected to two assumed conditions 

of end-diaphragm distortion. The mathematical model 

selected for the study, with axes of symmetry in both the 

transverse and longitudinal directions, is shown in Fig

ure 4 together with its member and material properties. 

The two distorted shapes assumed for the end-

diaphragms, conditions A and B, are shown as schematic 

representations in Figure 5. These represent the deflec

ted shapes the end-diaphragms could assume when the inter

ior joints are allowed to translate but not to rotate. 

The resulting joint translations for conditions A and B 

are represented by the displacements 6 and 6 of Figure 5. 
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i-± 
Uniform Load of 

1.414 psi I—LJ 

Fold Line (2) 
(Longitudinal Axis of 

Symmetry) 

Free Edge 

11.54 in 

Section 

Dimensions and Material Properties 

Modulus of elasticity = 10 x 10^ psi 
Poisson's ratio =0.3 
Span = 25 in 
Plate thickness = 0.1 in 
h = 2.5 in 
r = 0.4 

End-Diaphragm Fold Line (2) 

z 

^ F o l d Line (1) ^ T r a n s v e r s e 
' ^ Center Line 
I (Transverse Axis 

Free Edge of Symmetry) 

;^7Z^ ^ 

3.52 in 

777/7 

10 (3 h = 25 in 

Side View 

Figure 4. Structural and material properties of 
folded plate used as mathematical model for study. 
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Condition A 

Note: 6-L and 62 are greatly exaggerated to 
indicate resulting deflected shapes 
for conditions of study. 

Condition B 

Figure 5. Conditions of assumed joint translation 
for study. 
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Using the above conditions, A and B, displacements 

corresponding to each deflected shape were calculated for 

introduction into the plate system as boundary conditions. 

To obtain the displacements v and w, the magnitudes of 6̂  

and 62/ of Figure 5, were selected arbitrarily as being 

approximately ten percent of the calculated translation 

of the corresponding joint at the transverse center line 

of the folded plate structure supported by rigid end-

diaphragms. This ten percent magnitude is a reasonable 

value for a fairly stiff end-diaphragm frame. 

After introducing the displacements as boundary 

conditions, a stress analysis for each condition of end-

diaphragm distortion was obtained by using the extended 

finite difference method. For ease of solution, the 

extended finite difference method of stress analysis was 

programmed for an IBM 360/50 electronic digital computer 

following the general procedure outlined by Goldberg [7]. 

The results of the stress analysis for the condi

tions of study, A and B, were compared with a solution 

obtained assuming rigid end-diaphragms. The differences 

in corresponding stress resultants were taken as being 

measures of the effects of the in-plane deflections of 

the end-diaphragms. The results obtained in these solu

tions and the respective changes, expressed in percent

ages, along the transverse center line are given in 

Table 1. The points given in Table 1, and indicated in 



TABLE 1 

TEST RESULTS ALONG TRANSVERSE CENTER LINE FOR 
STUDY CONDITIONS A AND B 
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Reference 
Conditions 

Point Rigid 

Condition A 

Flexible Percent Change 

Condition B 

Flexible 
Percent 
Change 

Mĵ  - Moment (in-lb/in) 

Free 
Edge 
Fold 
Line (1) 
Fold 
Line (2) 

1.0167 

-1.8619 

-1.6158 

My 

Free 
Edge 
Fold 
Line (1) 
Fold 
Line (2) 

0.0000 

-6.8368 

-4.7747 

1.0221 

-1.8529 

-1.6083 

0.53 

-0.48 

-0.46 

1.0181 

-1.8567 

-1.6118 

0.14 

-0.28 

-0.25 

- Moment (in-lb/in) 

0.0000 

-6.8231 

-4.6945 

0.00 

-0.20 

-1.68 

0.0000 

-6.8315 

-4.7248 

0.00 

-0.08 

-1.05 

N^ - Force (lb/in) 

Free 
Edge 
Fold 
Line (1) 
Fold 
Line (2) 

265.9756 

-142.7339 

17.2867 

253.2804 

-152.3021 

23.8717 

-4.77 

6.70 

38.09 

253.6429 
1 

-153.5475 

17.8118 

-4.64 

7.58 

3.04 

Ny - Force (lb/in) 

Free 
Edge 
Fold 
Line (1) 
Fold 
Line (2) 

0.0000 

-11.3079 

-13.9156 

0.0000 

-11.3192 

-13.8625 

0.00 

0.10 

-0.38 

0.0000 

-11.3147 

-13.8758 

0.00 

0.06 

-0.29 
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Figure 4, correspond to the intersections of the transverse 

center line with the free edge and two fold lines. The 

results at the remaining fold line and free edge were not 

given because of the assumption of longitudinal symmetry. 

An examination of the results of Table 1 shows that, 

for the model used in the study, the magnitudes of the 

stress resultants are affected by the in-plane deflections 

of the end-diaphragms. Even though the resulting effects 

are small, they indicate that the change in stress result

ants would be of interest. 

An additional objective of the model study was to 

verify the extended finite difference method for the stress 

analysis of folded plate structures. To determine the 

validity of the stress resultants for conditions A and B, 

the extended method of stress analysis was verified in the 

following manner. Reworking the example problem presented 

by Goldberg [7], duplicate predictions of the stress result

ants were obtained by the extended method assuming zero v 

and w displacements as the boundary conditions at the end-

diaphragms. A second duplication of the predicted stress 

resultants was obtained when the end-diaphragms were 

assumed to displace uniformly in a vertical direction. 

The results indicated the uniform vertical displacements 

included as boundary conditions and yielded stress result

ants identical with those obtained assuming rigid end-

diaphragms. These duplications of the predicted stress 
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resultants served to indicate that the extended method 

was correct and that the method had been programmed 

successfully. 

To investigate further the validity of the extended 

finite difference method, the results obtained were 

examined for symmetry. For the model used in the study, 

symmetrical results were obtained when the modulus of 

elasticity was 1,000 psi. However, when the modulus of 

elasticity was 10,000,000 psi, the results were unsym-

metrical by percentages up to ten percent. Since the 

solution should be independent of the modulus of elas

ticity, the unsymmetrical results were attributed to 

several factors. These factors or combinations of 

factors are (1) round-off or truncation errors due to 

the large number of required computations and lack of 

necessary core storage to facilitate a double precision 

solution; (2) use of too coarse a grid pattern for joints 

that are restricted only to translation and thus, an 

adverse effect on the stress resultants in the region of 

the end-diaphragms and fold lines; and, (3) inherent 

errors associated with finite difference approximations 

to differential equations. The round-off or truncation 

errors can be minimized by using a factored modulus of 

elasticity. The inherent errors and the adverse effects 

on the stress resultants can be minimized by using a 

finer grid pattern. 
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Iterative Procedure for Stress Analysis of 
Folded Plate Structures Supported by 

Framed Structures 

The extended finite difference method for the stress 

analysis of a folded plate structure assumes that the 

deflected shape of the end-diaphragms is known. To allow 

stress analysis of a folded plate structure when the final 

deflected shape of the end-diaphragms is not known, an 

iterative procedure was developed. 

The iterative procedure is designed to determine 

a deflected shape that will represent a state of stable 

equilibrium of the plate and the supporting end-diaphragm 

structures. This deflected shape may be determined by 

coupling the extended method of folded plate stress 

analysis with a method of stress analysis for framed 

structures. A simplified flow diagram of the procedure 

is given in Appendix A. 

Each cycle of the iteration procedure is begun by 

defining the deflected shape of the supporting end-

diaphragms. This deflected shape provides the necessary 

boundary conditions for the extended finite difference 

method. For the initial cycle, these boundary conditions, 

the predetermined values of the v and w displacements, may 

be assumed to be zero. After introducing the deflected 

shape into the system equations, the shearing forces that 

develop at each end of the folded plate structure may be 

calculated using the extended finite difference method. 
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Under the influence of these shearing forces, the end-

diaphragm structures will assume some deflected shape. A 

stress analysis of the end-diaphragm structures using the 

plane frame method will allow the resulting deflected 

shape to be determined. If this deflected shape coin

cides with the original deflected shape, introduced as 

the boundary conditions, then the shearing forces calcu

lated for the plate and for the supporting structures 

will be equal and a final solution to the folded plate 

structure will have been obtained. However, if the 

deflected shapes do not coincide, the procedure is 

repeated using a different set of boundary conditions. 

To obtain rapid convergence, the new boundary conditions 

may be defined by averaging the deflected shapes. 

Illustrative Example 

To illustrate the applicability of the iterative 

procedure and of the extended method, a folded plate 

structure supported at each end by an elastic structure 

was analyzed. The results of this stress analysis were 

intended to further indicate the effects on the internal 

stress resultants when the in-plane flexibility of the 

end-diaphragms is considered. 

For this illustrative example, an exact solution 

was calculated for the folded plate structure and the 

supporting framed structure shown in Figure 6. To predict 

the exact solution, an extrapolation technique suggested 
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f f ? ir 
Uniform Load of 

0.080 ksf t f f t 

Center Line (Axis of 
Symmetry) 

110° 

33.84 ft -• 

Section 

Dimensions and Material Properties 

Modulus of elasticity = 4.32 x 10^ ksf 
Poisson's ratio = 0.15 
Span = 60 ft 
Plate thickness = 4.0 in 
Grid definition 

Fine: h = 3 ft, r = 0.4167 
Coarse: h = 6 ft, r = 0.4167 

Support structure member components 
Width = 8 in 
Thickness = 6 in 

Figure 6. Section and material properties for 
illustrative example. 
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by Richardson [10] and described by Smith [11] and Goldberg 

[7] was used. This technique is used to project exact solu

tions to problems that employ finite difference techniques 

by extrapolating from two or more solutions of different 

grid size. For this illustrative example, two solutions 

of different grid size were used to extrapolate the exact 

solution. These solutions were obtained using a fine 

(h = 3 feet) and a coarse (h = 6 feet) grid pattern. 

Extrapolation from the results of the fine and 

coarse grid solutions yielded a solution that is a pre

diction of the exact solution of the folded plate struc

ture supported at each end by a framed structure used in 

this illustrative example. A select portion of the pre

dicted exact stress resultants for points along the free 

edge, fold lines and transverse center line are shown in 

Figures 7-15 as the flexible solutions. Also shown in 

these figures are the exact predictions of the stress 

resultants that would have resulted had the end-diaphragms 

been rigid in their own planes. 

Examination of the results presented in Figures 7-15 

indicates that the magnitudes of internal stress resultants 

of the folded plate structure are affected by the in-plane 

deflections of the supporting end-diaphragms. The signifi

cance of the changes is realized when the effects of the 

changes are noted. 
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Figure 8. M Moment along fold line 1. 
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Figure 10. N Tractile force along free edge 



0.0 

-50.0 

1̂ -10.0 

X 

-15.0 

-20.0 

Rigid 
Flexible 

Grid Point 

6 

48 

Figure 11. N Tractile force along fold line 1 
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Figure 12. N Tractile force along fold line 2 
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The design of reinforced concrete folded plate 

structures centers on the selection and arrangement of 

reinforcing steel to supplement the inadequacies of the 

concrete. Reinforcing steel is necessary to provide 

resistance to tensile stresses developed within the con

crete structure and to provide additional compressive 

strength at points where the allowable compressive 

strength of the concrete has been exceeded. 

In general, the design of the reinforcing steel to 

resist the tensile stresses created by the transverse 

moments. My, is most critical for folded plate structures. 

Not only are folded plate structures composed of members 

that are thin, but also the bending moments are generally 

a maximum at the fold lines, which involve changes in 

continuity and thus demand additional emphasis on the 

design of the reinforcement. Therefore, to provide 

adequate reinforcement and prevent cracking of the sec

tions and possible failure of the structure, accurate 

prediction of the bending moment is necessary. Examination 

of Figures 7-9 indicates that the bending moments, M , are 

generally reduced throughout the structure when the 

analysis takes into account the deflection of the supports. 

This reduction in stress will subsequently permit reduc

tion in the required amount of reinforcing steel and make 

the placement easier. 

Similar examination of Figures 10-13 indicates that 
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the longitudinal stresses, created by the tractile force, 

N^, are essentially increased or decreased proportionally 

throughout the structure. Thus, the design of reinforce

ment to resist the longitudinal stresses is not signifi

cantly affected; however, the tensile stresses at the free 

edges are increased, thus requiring some additional atten

tion in design. 

Examination of Figures 14 and 15 indicates no sub

stantial change in the magnitudes of stress resultants M 

and N . Moreover, the magnitudes of these resultants are 

small and the corresponding effects on the design will be 

insignificant. In general, the magnitudes of these 

resultants are neglected in the design of folded plate 

structures. The tensile stresses created by these result

ants are assumed to be adequately provided for by the 

temperature and shrinkage reinforcement and they may thus 

be neglected. 

For the illustrative example of this investigation, 

examination of the results indicates that the internal 

stress resultants are significantly affected by the 

in-plane displacements of the end-diaphragms. By proper 

selection of the supporting structures, the results indi

cate that it may be possible to reduce the magnitudes of 

the critical stress resultant, M . However, it should be 

noted that the supporting framed structures of this illus

trative example were assumed to be more flexible than 
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normal supporting structures. For normal flexibility, 

the magnitudes of the resulting changes would be smaller 

and the majority of the effects would generally be 

insignificant. 

To obtain the exact predictions of the stress 

resultants shown in Figures 7-15, the two solutions, a 

fine and a coarse, used in the extrapolation procedure 

were obtained in the following manner. Using the itera

tive procedure previously described, a solution that 

represented stable equilibrium between the plate and the 

supporting structure was obtained for the fine grid 

pattern., h = 3 feet as defined in Figure 6. For this fine 

grid pattern, six cycles of iteration were necessary to 

obtain convergence between the original deflected shape 

that initiated each cycle and the subsequent deflected 

shape that the supporting structure assumed under the 

influence of the calculated shearing forces. The results 

of the sixth cycle were considered as being the solution 

to the illustrative example using the fine grid pattern. 

The coarse grid pattern, h = 6 feet as defined in 

Figure 6, was used to obtain the second solution of dif

ferent grid size. Using this coarse grid and the deflec

ted shape of the fine grid solution as the boundary condi

tions, the second solution was obtained using the extended 

finite difference method. 

The results of the fine and coarse grid solutions 

used to predict the exact solution to the illustrative 
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example at selected points along the free edge, fold 

lines, and the transverse center line, indicated in Fig

ure 16, are tabulated in Appendix B. These results were 

examined for symmetry about the longitudinal axis of 

symmetry. The differences in the corresponding terms 

were determined to be negligible in most cases. However, 

a few terms indicated differences of one to three percent. 

This reduction in the differences was obtained by using 

the modulus of elasticity in units of kips rather than of 

pounds and by taking the fine grid pattern for the itera

tive procedure to determine the final deflected shape of 

the illustrative example. 

For the illustrative example, the times required 

per cycle of iteration were eighty minutes for the fine 

grid solution and nineteen minutes for the coarse grid 

solution using an IBM 360/50 digital computer. These 

times could be reduced by approximately fifty percent 

by taking advantage of transverse symmetry. 



CHAPTER IV 

SUMMARY 

In the preceding chapters an extension of the finite 

difference approximation to the exact method of folded 

plate structures has been presented. The extended method 

of stress analysis was designed to allow a solution to be 

obtained for folded plate structures supported at the ends 

by flexible end-diaphragms. 

As part of the research of this investigation, a 

mathematical model of a folded plate structure was sub

jected to two conditions of end-diaphragm distortion 

approximating those which would result from the shearing 

forces developed between the plate and the end-diaphragm 

structure. These conditions were designed to determine 

the effects of the in-plane displacements of the end-

diaphragms on the internal stress resultants of the folded 

plate system. 

In conjunction with the study, an iterative pro

cedure was devised to facilitate the stress analysis of 

folded plate structures that are supported at each end 

by framed structures. This procedure couples the extended 

finite difference method of stress analysis with a method 

of stress analysis for framed structures and, by itera

tion, a final solution to the plate structure is obtained 

that represents a state of stable equilibrium of the 

56 
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folded plate structure and the deflected supporting struc

tures. An illustrative example using this procedure is 

provided in Chapter III. 

Conclusions 

Several general conclusions can be drawn as a result 

of this investigation. 

(1) The internal stress resultants are affected by 

the in-plane displacements of the end-diaphragms. 

(2) It may be possible to reduce the primary internal 

stress resultant, M^, by supporting folded plate structures 

with end-diaphragms consisting of flexible framed 

structures. 

(3) The stress resultants in the region of the end-

diaphragms are more significantly affected by the dis

placements of the end-diaphragms than are the resultants 

along the transverse center line. 

(4) Solutions obtained using the extended finite 

difference method are extremely sensitive to truncation 

errors. 

(5) It is possible to analyze folded plate struc

tures supported by flexible end-diaphragms by using the 

iterative procedure. 

Recommendations 

From the experience gained in this investigation, 

several recommendations are made for further research. 
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These recommendations are as follows: 

(1) The study of this investigation could be 

expanded to include a variety of folded plate structural 

shapes with the result that more definite conclusions 

could be drawn concerning the effects of the in-plane 

displacements of the end-diaphragms on the internal 

stress resultants. 

(2) Study should be made of the effects of the 

torsional resistance of the end-diaphragms on the internal 

stress resultants. 

(3) The extended finite difference method of stress 

analysis could be modified to include the end-diaphragms 

as an integral part of the plate system such that a 

closed-form solution could be obtained. 

(4) With the availability of, and access to, larger 

and faster electronic digital computers, finer grid pat

terns could be used in the region of the end-diaphragms 

to make better predictions of the stress resultants in 

that region. 

(5) The existing plate equation for the bending of 

plates could be extended to include the secondary bending 

effects of membrane forces as suggested by Timoshenko [9]. 
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APPENDIX A 

FLOW DIAGRAM OF ITERATIVE PROCEDURE 

A simplified flow diagram of the iterative procedure 

coupling the extended finite difference method with a 

plane frame method of stress analysis is given below. A 

discussion of the functions of each portion follows. 

No 

INPUT (1) 

I 
COEFFICIENT MATRICES 

INPUT (2) 

I 
SOLUTION ROUTINE 

BACK SUBSTITUTION 

STRESS RESULTANTS 

OUTPUT (1) 

COUPLING ROUTINE 

INPUT (3) 

i 
PLANE FRAME 

STRESS ANALYSIS 

OUTPUT (2) 

CONVERGENCE CHECK 
AND AVERAGING ROUTINE 

RESULTS 

Yes 
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INPUT (1) - This portion gives the structural properties 
of the folded plate structure and the necessary 
data to define the grid pattern to be used. 

COEFFICIENT MATRICES - This portion generates the coef
ficient matrices, which consist of the coef
ficients from the finite difference approxi
mations to the governing equations of the 
method, for the matrix equations. 

INPUT (2) - This portion gives the v and w displacements 
that will define the assumed deflected shape 
of the end-diaphragms when introduced as 
boundary conditions through the load vectors 
at points along the end-diaphragms. This 
assumption of a deflected shape is necessary 
to initiate the iterative procedure. 

SOLUTION ROUTINE - This portion begins the tridiagonal 
reduction of the matrix equations. A 
special routine is called for at each fold 
line to reduce the continuity equations at 
the fold lines. 

BACK SUBSTITUTION - This portion solves for the 
u, V, w, and M at each node point. 

unknowns 

STRESS RESULTANTS - This portion computes the internal 
stress resultants at each node point. 

OUTPUT (1) - This portion prints the structural data, 
the values of the unknowns, and the values 
of the internal stress resultants, 

COUPLING ROUTINE - This portion converts the shearing 
forces at each grid point along the end-
diaphragms into horizontal and vertical 
components. 

INPUT (3) - This portion gives the structural 
the framed supporting structure. 

data for 

PLANE FRAME STRESS ANALYSIS - This portion performs the 
stress analysis of the framed structure under 
the influence of the shearing forces applied 
at points corresponding to grid points of the 
plate structure. 

OUTPUT (2) - This portion prints the results of the frame 
stress analysis. 
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CONVERGENCE CHECK AND AVERAGING ROUTINE - This portion 
compares the assumed deflected shape that 
initiated the cycle with the deflected shape 
computed by the frame analysis. If equality 
does not exist, the averages of the deflected 
shapes above are computed to determine the v 
and w displacements for a new deflected shape 
to initiate an additional cycle of iteration. 

RESULTS - This portion of the procedure represents the 
final solution to the folded plate structure 
supported at each end by framed structures. 
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APPENDIX B 

TABULATED RESULTS OF ILLUSTRATIVE EXAMPLE 

To predict the exact solution to the illustrative 

example, the fine and coarse grid results were substituted 

into the following relationship: 

"e = Uf * I ("f - "c' 

where U , U^, and U are, respectively, the exact, fine, 

and coarse grid solutions. This relationship was developed 

and presented by Smith [11] for the extrapolation of exact 

results from two finite difference solutions of different 

grid size when the grid sizes are in the ratio of two to 

one (2:1). 

The results of the coarse, fine, and exact solutions 

at selected points along the free edge, fold lines, and 

transverse center line indicated in Figure 1, are tabu

lated in Tables 1-4. 
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t-

Line 

End 

1/10 

1/5 

3/10 

2/5 

C-L 

End 

1/10 

1/5 

3/10 

2/5 

C-L 

TABLE 1 

BENDING MOMENT 
"y 

Coarse Grid 
Solution 

Rigid Flexible 

Fine Grid 
Solution 

Rigid Flexible Rigid 

Exact Solution 

Flexible Change 

Free Edge 

All points identically 

zero at free edge 

F o l d L i n e (1 ) 

0 . 0 0 0 0 

- 1 . 2 9 3 1 

• 1 . 8 6 9 3 

• 2 . 1 2 2 9 

• 2 . 2 3 0 7 

• 2 . 2 6 0 6 

0 . 0 0 0 0 

- 1 . 7 8 0 5 

- 2 . 0 9 4 2 

- 2 . 1 7 9 7 

- 2 . 2 1 0 4 

- 2 . 2 1 8 5 

0 . 0 0 0 0 

• 1 . 3 5 5 8 

• 1 . 8 8 7 4 

• 2 . 1 1 6 1 

• 2 . 2 1 3 2 

• 2 . 2 4 0 0 

0 , 0 0 0 0 

- 1 . 9 2 9 4 

- 2 . 0 8 4 2 

- 2 . 1 4 4 8 

- 2 . 1 7 0 4 

- 2 . 1 7 7 5 

0 . 0 0 0 0 

- 1 . 3 7 6 7 

- 1 . 8 9 3 4 

- 2 . 1 1 3 8 

- 2 . 2 0 7 4 

- 2 . 2 3 3 1 

0 . 0 0 0 0 

- 1 . 9 7 9 0 

• 2 . 0 8 0 9 

• 2 . 1 3 3 2 

• 2 . 1 5 7 1 

• 2 . 1 6 3 8 

0.0000 

-0.6023 

-0.1874 

-0.0193 

0.0503 

0.0693 

Percent 
Change 

0.00 

43.75 

9.90 

0.91 

-2.28 

-3.10 

Fold Line (2) 

End 

1/10 

1/5 

3/10 

2/5 

C-L 

FE 

1/4 

1/2 

3/4 

FLl 

1/4 

1/2 

3/4 

FL2 

0.0000 

-0.7839 

•1.1773 

•1.4705 

•1.6704 

•1.7416 

0.0000 

0.1346 

-0.5466 

-1.0879 

-1.4241 

-1.5382 

0.0000 

-0.9109 

-1.3233 

-1.6498 

-1.8775 

-1.9586 

0.0000 

0.1179 

-0.7463 

-1.3425 

-1.7091 

-1.8334 

0.0000 

-0.9532 

-1.3720 

-1.7096 

-1.9465 

-2.0309 

0.0000 

0.1123 

-0.8129 

-1.4274 

-1.8041 

-1.9318 

0.0000 

1.0656 

0.5591 

0.2822 

0.1424 

0.0991 

Transverse Center Line 

0 . 0 0 0 0 

- 0 . 0 1 6 7 

- 0 . 3 9 6 5 

- 1 . 1 4 3 3 

- 2 . 2 6 0 6 

- 1 . 3 4 5 7 

- 0 . 9 4 9 9 

- 1 . 0 7 9 9 

- 1 . 7 4 1 6 

0 . 0 0 0 0 

- 0 . 0 1 9 1 

- 0 . 3 9 4 5 

- 1 . 1 2 7 4 

- 2 . 2 1 8 5 

- 1 . 2 5 9 9 

- 0 . 8 1 5 6 

- 0 . 9 0 2 6 

- 1 . 5 3 8 2 

0 . 0 0 0 0 

- 0 . 0 1 6 0 

- 0 . 3 8 9 6 

- 1 . 1 3 0 6 

- 2 . 2 4 0 0 

- 1 . 3 8 3 0 

• 1 . 0 4 4 6 

• 1 . 2 3 3 6 

• 1 . 9 5 8 6 

0.0000 

-0.0132 

-0.3772 

-1.0989 

-2.1775 

-1.2996 

-0.9369 

-1.1085 

-1.8334 

0.0000 

-0.0158 

-0.3873 

-1.1264 

-2.2331 

-1.3954 

-1.0762 

-1.2848 

-2.0309 

0.0000 

-0.0112 

-0.3714 

-1.0894 

-2.1638 

-1.3128 

-0.9773 

-1.1771 

-1.9318 

0.0000 

0.0045 

0.0159 

0.0370 

0.0693 

0.0826 

0.0988 

0.1077 

0.0991 

0.00 

"11.1.78 

-40.75 

-16.51 

-7.32 

-4.88 

0.00 

-28.75 

-4.10 

-3.28 

-3.10 

-5.92 

-9.18 

-8.38 

-4.88 
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FORCE RESULTANT N 
X 

Line 

End 

1/10 

1/5 

3/10 

2/5 

C-L 

End 

1/10 

1/5 

3/10 

2/5 

C-L 

End 

1/10 

1/5 

3/10 

2/5 

C-L 

FE 

1/4 

1/2 

3/4 

FLl 

1/4 

1/2 

3/4 

FL2 

Coars 
Solu 

Rigid 

0.0000 

10.5736 

19.8044 

26.3342 

30.1999 

31.4800 

0.0000 

-5.1524 

-9.4806 

-12.5201 

-14.3108 

-14.9000 

0.0000 

-0.8642 

-1.2708 

-1.5116 

-1.7344 

-1.8296 

31.4800 

19.3634 

7.8114 

-3.5016 

-14.9000 

-11.2356 

-7.8891 

-4.7823 

-1.8296 

e Grid 
tion 

Flexible 

Fine Grid 
Solution 

Rigid Flexible 

Exact Solution 

Rigid 

Free Edge 

0.0000 

14.1604 

24.4090 

29.8695 

33.4020 

34.6422 

0.0000 

-6.0121 

-11.3592 

-15.2331 

-17.2574 

-17.8796 

0.0000 

0.8969 

1.7700 

2.2342 

2.2638 

2.2210 

34.6422 

20.9915 

7.8994 

-4.9461 

-17.8796 

-12.4371 

-7.3353 

-2.4838 

2.2210 

0.0000 

12.8974 

23.0439 

30.1242 

34.3047 

35.6874 

0.0000 

-6.2900 

-10.9176 

-14.1723 

-16.0529 

-16.6614 

0.0000 

-1.2704 

-1.4461 

-1.8605 

-2.2816 

-2.4502 

Trans 

35.6874 

22.0250 

8.9765 

-3.8042 

-16.6614 

-12.6725 

-9.0198 

-5.6365 

-2.4502 

0.0000 

21.4943 

27.0450 

33.5053 

37.6384 

39.0093 

Fold Line 

0.0000 

-7.4395 

-13.9077 

-17.5052 

-19.3575 

-19.9386 

Fold Line 

0.0000 

1.0294 

2.3301 

2.3218 

1.9026 

1.7021 

verse Cent 

39.0093 

23.6963 

8.9936 

-5.4397 

-19.9386 

-14.0889 

-8.5692 

-3.3255 

1.7021 

0.0000 

13.6719 

24.1236 

31.3874 

35.6728 

37.0897 

(1) 

0.0000 

-6.6692 

-11.3965 

-14.7230 

-16.6335 

-17.2484 

(2) 

0.0000 

-1.4058 

-1.5045 

-1.9768 

-2.4640 

-2.6570 

er Line 

37.0897 

22.9121 

9.3648 

-3.9051 

-17.2484 

-13.1514 

-9.3967 

-5.9212 

-2.6570 

Flexible 

0.0000 

23.9387 

27.9236 

34.7171 

39.0504 

40.4648 

0.0000 

-7.9152 

-14.7571 

-18.2625 

-20.0574 

-20.6248 

0.0000 

1.0736 

2.5168 

2.3510 

1.7822 

1.5291 

40.4648 

24.5978 

9.3583 

-5.6042 

-20.6248 

-14.6394 

-8.9805 

-3.6060 

1.5291 

Change 

0.0000 

10.2667 

3,8000 

3.3297 

3.3776 

3.3751 

0.0000 

-1.2461 

-3.3606 

-3.5395 

-3.4239 

-3.3764 

0.0000 

2.4793 

4.0213 

4.3278 

4.2462 

4.1862 

3.3751 

1.6857 

-0.0065 

-1.6992 

-3.3764 

-1.4880 

0.4162 

2.3152 

4.1862 

Percent 
Change 

0.00 

75.09 

15.75 

10.61 

9.47 

9.10 

0.00 

18.68 

29.49 

24.04 

20.58 

19.58 

0.00 

-176.37 

-267.28 

-218.93 

-172.33 

-157.55 

9.10 

7.36 

-0.07 

43.51 

19.58 

11.31 

-4.43 

-39.10 

-157.55 
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Line 

End 

1/10 

1/5 

3/10 

2/5 

C-L 

End 

1/10 

1/5 

3/10 

2/5 

C-L 

End 

1/10 

1/5 

3/10 

2/5 

C-L 

FE 

1/4 

1/2 

3/4 

FLl 

1/4 

1/2 

3/4 

FL2 

Coars 
Soli. 

Rigid 

0.0000 

0.5801 

0.5782 

0.4988 

0.4473 

0.4312 

0.0000 

-0.1578 

-0.2224 

-0.2443 

-0.2509 

-0.2524 

0.0000 

-0.1228 

-0.2134 

-0.2737 

-0.3107 

-0.3233 

0.4312 

0.3351 

0.1874 

-0.0092 

-0.2524 

-0.1687 

-0.1599 

-0.2120 

-0.3233 

e Grid 
ition 

Flexible 

0.0000 

0.4445 

0.4732 

0.4641 

0.4584 

0.4570 

0.0000 

-0.2376 

-0.2407 

-0.2330 

-0.2281 

-0.2264 

0.0000 

0.0182 

-0.1496 

-0.2531 

-0.3115 

-0.3306 

0.4570 

0.3634 

0.2177 

0.0210 

-0.2264 

-0.1521 

-0.1545 

-0.2161 

-0.3306 

Fine Grid 
Solution 

Rigid Flexible 

Exact Solution 

Rigid 

Free Edge 

0.0000 

0.6088 

0.5906 

0.5105 

0.4628 

0.4464 

0.0000 

-0.1616 

-0.2187 

-0.2354 

-0.2400 

-0.2409 

0.0000 

-0.1427 

-0.2423 

-0.3053 

-0.3454 

-0.3593 

Trans 

0.4464 

0.3500 

0.2018 

0.0042 

-0.2409 

-0.1686 

-0.1728 

-0.2373 

-0.3593 

0.0000 

0.4492 

0.4834 

0.4869 

0.4879 

0.4862 

Fold Line 

0.0000 

-0.2436 

-0.2262 

-0.2179 

-0.2128 

-0.2110 

Fold Line 

0.0000 

-0.0072 

-0,1944 

-0,2999 

-0.3594 

-0.3789 

>verse Cent 

0.4862 

0.3900 

0.2414 

0.0409 

-0.2110 

-0.1531 

-0.1728 

-0.2504 

-0.3789 

0.0000 

0.6184 

0.5947 

0.5144 

0.4680 

0,4515 

(1) 

0.0000 

-0.1629 

-0,2175 

-0,2324 

-0.2364 

-0.2371 

(2) 

0.0000 

-0.1493 

-0.2519 

-0.3158 

-0.3570 

-0.3713 

.er Line 

0.4515 

0.3550 

0.2066 

0.0087 

-0.2371 

-0.1686 

-0.1771 

-0.2457 

-0.3713 

Flexible 

0.0000 

0.4508 

0.4868 

0.4945 

0.4977 

0.4959 

0.0000 

-0,2456 

-0.2214 

-0,2129 

-0.2077 

-0.2059 

0.0000 

-0.0157 

-0.2093 

-0.3155 

-0.3754 

-0.3950 

0.4959 

0.3989 

0.2493 

0.0475 

-0.2059 

-0.1534 

-0.1789 

-0.2618 

-0.3950 

Change 

0.0000 

-0.1676 

-0.1079 

-0.0199 

0,0298 

0,0445 

0,0000 

-0,0827 

-0,0039 

0,0196 

0,0287 

0.0312 

0.0000 

0.1337 

0.0426 

0.0003 

-0.0184 

-0.0237 

0.0445 

0.0439 

0.0427 

0.0389 

0.0312 

0.0151 

-0.0018 

-0.0161 

-0.0237 

Percent 
Change 

0.00 

-27.10 

-18.15 

-3,87 

6.36 

9.85 

0.00 

50.80 

1.79 

-8.42 

-12.13 

-13.16 

0.00 

-89.51 

-16.91 

-0.11 

5.16 

6.38 

9.85 

12.37 

20.67 

448.48 

-13.16 

-8.98 

1.02 

6.55 

6.38 



TABLE 4 

FORCE RESULTANT N, 

70 

Line 

End 

1/10 

1/5 

3/10 

2/5 

C-L 

End 

1/10 

1/5 

3/10 

2/5 

C-L 

Coars 
Solv 

Rigid 

e Grid 
ition 

Flexible 

Fine Grid 
Solution 

Rigid Flexible 

Exact Solution 

Rigid 

Free Edge 

All points identically 

zero at free edge 

Flexible Change Percent 
Change 

Fold Line (1) 

0.0000 

-1.4412 

-1.5918 

-1.5814 

-1.5559 

-1.5449 

0,0000 

-1.7683 

-1.7255 

-1.6305 

-1.5700 

-1.5489 

0.0000 

-1.4772 

-1.5676 

-1.5413 

-1.5090 

-1.4974 

0.0000 

-1.7920 

-1.6680 

-1.5688 

-1.5064 

-1.4855 

0.0000 

-1.4892 

-1.5595 

-1.5279 

-1.4934 

-1.4816 

0.0000 

-1.7999 

-1.6488 

-1.5482 

-1.4852 

-1.4644 

0.0000 

-0.3107 

-0.0893 

-0.0203 

0.0082 

0.0172 

0.00 

20.86 

5.73 

1.33 

-0.55 

-1.16 

Fold Line (2) 

End 

1/10 

1/5 

3/10 

2/5 

C-L 

FE 

1/4 

1/2 

3/4 

FLl 

1/4 

1/2 

3/4 

FL2 

0.0000 

-1.9355 

-1.9811 

-2.0201 

-2.0843 

-2.1123 

0.0000 

-1.0512 

-1.5357 

-1.8353 

-2.0212 

-2,0850 

0.0000 

-2.0716 

-2.0722 

-2.1352 

-2.2241 

-2.2609 

0.0000 

-1.1613 

-1.7043 

-2.0178 

-2.2182 

-2.2882 

0.0000 

-2.1170 

-2.1026 

-2.1736 

-2.2707 

-2.3104 

0.0000 

-1.1980 

-1,7605 

-2,0786 

-2,2839 

-2,3559 

0.0000 

0.9190 

0.3421 

0.0949 

-0.0132 

-0.0455 

Transverse Center Line 

0.0000 

-0.1268 

-0.5352 

-1.0618 

-1.5449 

-1.9218 

-2.0891 

-2.1380 

-2.1123 

0,0000 

-0,1275 

-0.5349 

-1.0641 

-1.5489 

-1.9220 

-2.0795 

-2.1159 

-2.0850 

0.0000 

-0.0881 

-0.4838 

-1.0109 

-1.4974 

-1.9481 

-2.1716 

-2.2632 

-2.2609 

0.0000 

-0.0880 

-0.4779 

-1.0005 

-1.4855 

-1.9442 

-2.1809 

-2.2840 

-2.2882 

0.0000 

-0.0752 

-0.4667 

-0.9939 

-1.4816 

-1.9569 

-2.1991 

-2.3049 

-2.3104 

0.0000 

-0.0748 

-0.4589 

-0.9793 

-1.4644 

-1.9516 

-2.2147 

-2.3400 

-2.3559 

0.0000 

0.0004 

0.0078 

0.0146 

0.0172 

0.0053 

-0.0156 

-0.0351 

-0.0455 

0.00 

-43.41 

-16.27 

-4.37 

0.58 

1.97 

0.00 

-0.49 

-1.66 

-1.47 

-1.16 

-0.27 

0.71 

1.52 

1.97 




