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ABSTRACT 

A generalized controUer based on fuzzy clustering and fuzzy generalized 

predictive control has been developed for nonUnear systems. The proposed controUer 

is particularly useful when the dynamics of the nordinear system to be controlled are 

difficult to yield exact solutions and the system specification can be obtained in terms 

of crisp input-output pairs. It inherits the advantages of both fuzzy logic and predictive 

control. The identification of the nonlinear mapping of the system to be controlled is 

realized by a three-layer feed-forward neural network model employing the input-

output data obtained from the system. The speed of convergence of the neural 

network is improved by the introduction of a fuzzy logic controlled backpropagation 

learning algorithm. The use of fuzzy clustering faciUtates automatic generation of 

membership relations of the input-output data. Unlike the linguistic fuzzy logic 

controller which requires approximate knowledge of the shape and the numbers of the 

membership functions in the input and output universes of the discourse, this 

integrated neuro-fuzzy approach allows one to find the fuzzy relations and the 

membership functions more accurately. Furthermore, there is no need for tuning the 

controller. The proposed controUer is applied to a nonlinear heating/cooUng system 

and a multUink robot manipulator and it is shown that its performance is superior to 

the performances of the cunentiy employed conventional controUers both in terms of 

accuracy and energy consumption. 
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CHAPTER I 

INTRODUCTION 

The control problem can be defined as identifying the optimal control 

parameters for a given system so that the system performance meets the required 

specifications. A controUer can be viewed as one of the most important components of 

a system as the system performance depends on it. 

In the last several decades, considerable progress has been made in control 

theory. Most of the more advanced control techniques developed in the last two 

decades employ a mathematical model of the system to be controUed [l-IO]. However, 

since it is often very difficult and sometimes impossible to obtain an accurate 

mathematical model of the system, presently most of the controUers utiUzed in the 

industry are based on PID control [1, 11-16]. 

When the future trajectory of the system is known, predictive control strategies 

yield better results [1-4, 6-9, 17]. A predictive controller uses the future behavior of 

the system to be controlled to compute the control action, employing a dynamical 

model of the system. Predictive control is suitable for difficult processes such as slow 

responding systems and systems with time delays. It provides a structured mechanism 

to weigh benefits against costs with regard to the future. However, the knowledge of 

an accurate system model is required for robust control. 



An alternative to conventional control is fuzzy logic control [18-22]. Fuzzy 

logic control is based on the fact that an experienced human operator can control a 

process without the knowledge of its dynamics [23]. Developing a fuzzy logic 

controller (FLC) is usuaUy easier and cheaper than developing a model based 

controller. FLCs are more robust than conventional controllers in that they cover a 

wider operation range. FLCs have been successfuUy applied to a limited number of 

systems that (i) cannot completely be modeled mathematicaUy, (ii) contain time 

varying dynamics and nonUnearities, (iU) do not have sensors with required accuracy. 

There are, however, two major disadvantages associated with FLCs. First, there is no 

systematic methodology for developing fuzzy rules. Second, very Uttie work has been 

done on stabUity analysis of FLCs [26, 27]. 

The use of the conventional K-means or the fuzzy C-means clustering 

algorithms based on optimized objective function allows generation of the membership 

functions of the control variables for developing the control rules. The use of 

integrated neuro-clustering models for generating appropriate control rules is also 

worth considering since the number of clusters need not be specified in such clustering 

models [24, 25]. 

1.1 Approach 

When developing a controUer, it is preferred , if possible, to employ a simulator 

rather than the actual process to be controlled, since with a simulator the results can be 



obtained more quickly and the values of the variables can be measured more 

accurately. In addition, the use of the actual process may be very costly and 

impractical, for example in the case of flight control. Therefore, although the 

identification process is not the main part of developing a controUer, most control 

systems consist of identification and control stages. With recent developments, neural 

networks have become a powerful tool for identification of nonUnear systems, in 

addition to their use in pattern recognition/classification, adaptive control, process 

modeling and control, and time series prediction problems [28-38]. 

In this study, the dynamics of the nonUnear system to be controlled are 

assumed unknown. A three-layer feed-forward neural network with backpropagation 

learning algorithm is employed to identify the nonUnear dynamical system. Input-

output pairs representing the possible modes of the nonUnear system are used to train 

the neural network in order to obtain the nonUnear mapping of the system. Despite the 

effectiveness of the backpropagation learning algorithm, its speed of convergence can 

be a problem. Hence, fuzzy logic controlled backpropagation is introduced to increase 

the speed of convergence of the neural network. Following the identification, the 

neural network is utiUzed as a simulation tool to generate input-output pairs for fuzzy 

logic control. A new fuzzy logic controller based on fuzzy clustering and generaUzed 

predictive controller is proposed as an alternative to the control techniques which 

currently exist. The proposed controller is very useful when the system specification is 

given in terms of crisp input-output pairs. It inherits the advantages of fuzzy logic and 



predictive controllers. Furthermore, there is no need to guess the shapes and numbers 

of the membership functions in the input and output universes of discourse. The fuzzy 

relations are directiy obtained by fuzzy clustering of the input-output data. A 

prediction of the control action and its memberships to the clusters are utiUzed to 

compute the crisp control action. The prediction is performed using an approximate 

linear ARMAX model of the system. In accordance with other fuzzy controllers, a 

highly accurate system model is not needed, since the proposed fuzzy logic controUer 

computes the crisp value of the control variable employing the predicted value and its 

memberships to the clusters which are obtained directiy from the input-output data. 

Hence, the proposed controller overcomes the disadvantages of both the linguistic 

fuzzy logic and the predictive controllers. The stages for developing the new 

generalized predictive fuzzy logic controller are shown in Figure 1.1. 

1.2 Applications 

A complex real world process, a second-order quadratic nonUnear 

heating/cooUng system is chosen as the first appUcation. The main purpose in 

employing controllers in heating/cooUng systems is to create a comfortable indoor 

climate whUe lowering the energy consumption [16, 39, 40]. Over the past decades, 

several control techniques have been appUed to heating/cooUng systems. However, 

most of these techniques have basicaUy addressed the problem of creating a 

comfortable indoor climate rather than simultaneously lowering the energy 
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Figure 1.1. The block diagram of the stages for developing the new FLC. 



consumption. In current heating/cooling systems, modem control strategies are usuaUy 

not used. The techniques often employed are simple on/off and PI/PID controllers [41-

43]. There is a considerable need for robust control in this area, since the energy used 

by heating/cooling systems constitutes a large percentage of the total energy avaUable. 

Since, with such a system, the two most important aspects are the comfort and 

energy consumption, a performance measure is proposed which combines the 

deviation from the desired trajectory and the energy consumption. The second 

appUcation is the control of a multilink robot manipulator. Robots are gaining 

popularity in many industrial appUcations with the need for increased productivity and 

deUvery of end products of uniform quaUty [44-50]. However, the robots in use today 

are usuaUy simple positional machines. They execute a given task by playing back 

prerecorded and preprogrammed sequences of motions that have been previously 

taught by a user. Hence, there is stiU need for robust controllers in this area in order to 

enhance the performance in terms of accuracy and energy conservation. 

The generalized predictive fuzzy logic control technique proposed in this study 

is applied to both systems and its performance is compared with the performances of 

the existing control techniques. In both cases, the performances of the control 

techniques are compared employing the performance measure mentioned above. 



1.3 OutUne of the Dissertation 

This dissertation is arranged into 6 chapters. In Chapter II, a brief introduction 

to the multUayer feed-forward neural network with backpropagation learning rule and 

its appUcation to identification of nonUnear dynamical systems wiU be presented. 

Chapter III consists of a brief introduction to fuzzy logic and the generalized 

predictive fuzzy logic controller based on fuzzy clustering and generalized predictive 

control. Application to a nonlinear heating/cooling process and the results obtained are 

presented in Chapter IV. Chapter V contains the appUcation to a multilink robot 

manipulator and the results obtained. The conclusions are presented in Chapter VI. 



CHAPTER II 

IDENTIFICATION OF THE NONLINEAR DYNAMICAL SYSTEM 

Process control usuaUy requires a causal input-output system. If high control 

efficiency is desired, a mathematical model of the system in the form of differential or 

difference equations has to be derived. 

There are two approaches for obtaining the dynamical model of a system [51]. 

In one approach, the forward problem, the physical characteristics of the system are 

employed to obtain the system model. This approach is usuaUy used to estimate the 

future performance of the system whUe designing it. In the altemate approach, the 

inverse problem, the actual system performance data is employed to obtain the system 

model. In this approach, the system is considered as a black box whose characteristics 

are to be inferred from measured input-output data. It is usuaUy desired that the 

number of adjustable parameters in the model be smaU since the information obtained 

by measurements is very limited. The models obtained by the inverse method are 

usuaUy simpler and more accurate than those obtained by the forward method. 

The four most predominantiy employed inverse techniques are electric analog 

networks [52-54], ARMAX models [55-60], differential equations and modal analysis 

[61]. These are equivalent in the sense that they are different ways of representing a 

differential equation describing a system. 
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The ARMAX model is commonly utilized when obtaining the system model. In 

this study, the ARMAX model is employed since it can be easily generalized to 

nonUnear systems. 

2.1 The ARMAX Model 

Assuming a narrow operation range, a linear approximation of the system 

model can be obtained. In addition, a physical process has to obey causaUty in the 

sense that the present value of the output (y) is a unique function of the past values of 

the output, the control input (Uc) and the measurable disturbances (Umd). These two 

constraints can be used to obtain the relation 

jdx[ay(x)y(t-x)-ac(x)uc(t-x)-anKi(x)umd(t-x)] = 0, (2.1) 
0 

where ay, ac and amd are functions that depend on the system [42, 43]. 

In practice, the values of the variables are known only at discrete time 

intervals. Therefore, the integral is approximated by a series of discrete time steps: 

Ny Nc Nml 

£ay(k)y(n - k) - 2^ac(k)uc(n - k) - ]£a™i(k)umd(n - k) = 0, (2.2) 
k=0 k=0 k=0 

This is the ARMAX (Auto Regressive Moving Average with an exogenous 

signal, i.e., with a control variable and/or measurable disturbance) model. The number 

of terms in (2.2) can be decreased by allowing more than one term in the sum over y. 



In tills case, the previous values of y contain some of the information that would 

otiierwise have to be supplied by a large number of terms in sums over other variables. 

In simulations, usuaUy the Unear ARMAX model is employed to keep the 

number of the parameters to be determined as small as possible. Standard least-squares 

techniques can be used to determine the coefficients in the model fi-om the actual 

system performance data over a given period of time [60]. 

The ARMAX model can be generalized to nonUnear systems [57-59]: 

f [ y ( t ) , y ( t - l ) , - - - , Uc(t) , U c ( t - l ) , - - - , Umd(t), Unx i ( t - l ) , - - - ] = 0 . ( 2 . 3 ) 

This model is caUed the nonUnear ARMAX (NARMAX) model. Hence, 

expanding f[] as a polynomial. 

my ny mc nc mmd nmd 

XXa-i(y("-'^))'+ZXc-i(uc(n-x))^-h;^^dm(unvi(n-x))^ 
T1=l X=0 Tl=l X=0 Tl=l X=0 ( 2 - 4 ) 

-i-crossterms = 0 

is obtained. 

ARMAX or NARMAX models of a system can be employed to generate input-

output data for computer simulations when the actual system is not accessible or for 

another reason cannot be employed. The structiu"e of the ARMAX model is simple and 

the coefficients can easUy be obtained employing standard least-squares methods or 

other simUar methods such as the prediction error method [55-57, 59, 60]. The 

structure of the NARMAX model is more complex and the coefficients have to be 

obtained employing nonlinear techniques such as the recursive extended least-squares 

method or recursive maximum UkeUhood method [58]. 

10 



2.2 The NonUnear Identification Model 

The nonUnear models employed in the nonUnear multi-variable control 

strategies generaUy tend to become computationaUy intensive as the process behavior 

becomes complex. Neural networks offer an alternative approach to modeUng process 

behavior as they do not require a priori knowledge of the process. They learn by 

extracting preexisting patterns fi-om data that descrit)e the relationship between the 

inputs and the outputs of the process. When appropriate inputs are applied to the 

network it obtains knowledge from the environment in a process caUed learning. 

Hence, the neural network assimUates information on the process that can be recaUed 

later. Neural networks can handle complex and nonUnear problems, process 

information rapidly, and reduce effort required in model development. 

Therefore, neural networks are perfect candidates for simulation of nonlinear 

processes. In control problems, it is advisable to perform tests on dynamic simulations 

of the real processes before implementing the controllers on the real process systems. 

Dynamic simulations faciUtate better understanding of the dynamic processes and 

provide insights into the nature of the interactions between the inputs and outputs. In 

addition, performing the tests on dynamic simulators enables studying the control 

issues without the interference from other operational aspects such as safety and 

economics. 

11 



Neural networks have been successfuUy applied to a number of problems, such 

as system identification [31, 33, 34, 62], pattern recognition and adaptive control [35, 

63], process modeling and control [36], and statistical time series modeUng [37, 38]. 

There are several different types of neural networks that are being studied. 

They are categorized as feed-forward neural networks and recurrent neural networks, 

based on the direction of the information flow. Neural networks are further classified 

as static or dynamic networks depending on whether the stored mapping can be 

instantly recalled or whether it involves some delay or time-domain characteristics. 

The learning can be achieved by supervised or imsupervised learning methods [64]. In 

supervised learning, the difference between the actual and the desired responses is 

UtiUzed to externally correct the network parameters, weights, so that the error 

decreases. Thus, an input-output data set caUed the training set is required for 

supervised learning. In unsupervised learning, the desired response is not known. 

Therefore, expUcit error information cannot be employed to improve the network 

behavior. Hence, suitable self-adaptation mechanisms for the weights have to be 

embedded in the network. 

This study focuses on feed-forward neural networks. Feed-forward neural 

networks with error backpropagation learning algorithm have been successfuUy 

UtiUzed to identify nonUnear dynamical systems [27, 31, 33, 34, 62, 63]. Feed-forward 

neural networks can approximate any real continuous function whUe the 

12 



backpropagation algorithm [28-30] allows on-Une training of the neural network 

identifiers to match unknown nonlinear mappings. 

Multilayer perceptrons are feed-forward networks with one or more hidden 

layers which contain nodes that are not directiy connected to the input and output 

nodes (Figure 2.1). Input nodes feed the input pattern into the rest of the network and 

the result of the computation is read off at the output nodes. In the class of feed

forward networks, there are no connections leading from a node to nodes in previous 

layers, nor to the nodes in the same layer, nor to the nodes more than one layer ahead. 

Every node feeds only the nodes in the next layer. 

The number of nodes must be large enough to form a decision region that is as 

complex as required by a problem. However, it must not be so large that the weights 

cannot be reUably estimated from the training data. 

The backpropagation algorithm is based on the gradient descent algorithm 

[28]. A cost function, the mean square difference between the desired and the actual 

network outputs, is minimized employing a gradient search technique. 

The network is trained by initiaUy selecting smaU random weights and internal 

thresholds and then presenting aU training data repeatedly. Weights are adjusted after 

every trial untU they converge and the cost function is minimized to an acceptable 

value. The weights of the neural network are updated according to 

13 



Input Layer Hidden Layer Output layer 

Figure 2.1. Three-layer perceptron. 
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Aw,j = - 7 i - — , (2.5) 
dwij 

where Wij, r| and e are the weights of the neural network, the learning rate and the 

mean square difference between the desired and the actual network outputs, 

respectively. 

Considering a network with M layers m=l,2,...,M and using V" for the output 

of the ith unit in the mth layer, V,°=5' the ith input and Wij" the connection from Vj"'̂  

to Vi"", the backpropagation procedure is given by: 

1. Initialize the weights to small random values. 

2. Choose a pattern ^^ and apply it to the input layer (m=0) so that 

Vk° = k̂"̂  for aU k. (2.6) 

3. Propagate the signal forwards through the network using 

vr=g(hr) = g(]^w,rvr'), (2.7) 
i 

where g(h) = is the sigmoid function. 

l-i-exp(-h) 

4. Compute the deltas for the output layer 

5i" = g'(hi^ )[0''- v r ] (2.8) 

by comparing the actual outputs Vi'̂  with the desired ones î̂  for the pattern p 

being considered. 

5. Compute deltas for the preceding layers by propagating the errors 

15 



backwards 

&'"' = g'(h>'"')^wr5r (2.9) 

j 

for m=M, M-1,..., 2 untU a delta has been calculated for every unit. 

6. Use 
Awij- =r|5,'"Vr' (2.10) 

to update aU connections according to wij"" = wij°" -i- Awij. 

7. Go back to step 2 and repeat for the next pattern. 

Setting r|, the learning rate, to a very smaU value can result in slow 

convergence while setting it to a large value can cause osciUations about the minimum. 

Hence, despite the effectiveness of the backpropagation learning rule, its speed of 

convergence can be a problem. 

Therefore, fuzzy control of backpropagation is introduced. This is done by 

assuming that e, the error, and de, the change-in-enor, are fuzzy variables taking on 

values e(n) and de(n) at each iteration n. Also defined is another fuzzy variable r\, the 

learning rate, taking on the value r|(n) at each iteration n. The algorithm of [65] is 

modified by defining Tj as the fuzzy variable instead of Arj, the incremental change 

in Tj. The advantage of choosing rj as the fuzzy variable over Ar| is that the former (r|) 

can assume a large range of values to adapt to error surfaces whUe the value of the 

latter (Arj) can change at a much slower rate. An upper limit on the value that r| can 

16 



assume is imposed and, thus, larger changes in r) after each iteration are aUowed to 

increase the effectiveness of the algorithm. The fuzzy membership functions of e. de 

and r| are given in Figure 2.2 where LO, ME and HI denote low, medium and high, 

respectively. 

The fuzzy logic controUer employs 9 rules (Figure 2.3) whose inputs are e and 

de, and whose outputs are r\. Hence, the rules are of the form: If (e is LO and de is 

ME), then (r| is ///).Defuzzification is achieved by employing the center-of-area 

method: 

_XTV£(IT) 

To compare the convergence speeds of the conventional backpropagation and 

the fuzzy controUed backpropagation, both algorithms are applied to the x-or problem. 

Each technique is applied for 100 times and the average number of iterations, untU the 

minimum error criterion (e=0.001) is met, is computed. It is seen that every time the 

speed of convergence for fuzzy controlled backpropagation is higher than that for 

conventional backpropagation with the average number of iterations being 86 and 463, 

and the variances being 12 and 35, respectively. Typical runs for fuzzy controlled 

backpropagation and conventional backpropagation are Ulustrated in Figure 2.4. 

However, it should be noted that just as conventional backpropagation, fuzzy 

backpropagation does not guarantee convergence to a globally minimum solution. 
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Figure 2.4. Typical results obtained for the speed of convergence of 
conventional (cbp) and fuzzy controlled backpropagation (fbp) when applied to the x-
or problem. 
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Gradient descent can become stuck in local minima of the cost function [28]. 

The size of the initial random weights is very important. If they are too large, the 

sigmoid saturates from the beginning and the system oscUlates in a local minimum or a 

very flat plateau near the starting point 

There exist four possible identification models for the representation of a single 

input-single output nonUnear plant [27, 31, 63]. In these models, (u(k),x(k)) is the 

input-output pair at time k and f and g are assumed to be differentiable functions of 

their arguments. 

Model I: The output of the unknown nonUnear plant is assumed to depend 

Unearly on its past values and nonlinearly on the past values of the input (Figure 2.5): 

n-l 

x(k-^l) = 5^ax(k-i)-hf[u(k), u(k-l),---, u(k-m-t-l)]. (2.12) 
i=0 

Model II: In this model, the output depends linearly on the input and its past 

values and nonUnearly on its own past values (Figure 2.6): 

m-l 

x(k-Hl) = f[x(k), x(k-l),---, x(k-n-Hl)] + XPm(k-i)- (2-13) 
i=0 

Model III: The output of the unknown plant depends nonUnearly on its past 

values as weU as those of the input. However, the effects of the input and output 

values are additive (Figure 2.7): 

x(k-Hl) = f[x(k), x(k-l),---, x(k-n-Hl)]-hg[u(k), u(k-l),---, u(k-m-hl)]. (2.14) 
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Figure 2.5. Structure of the plant for model I. 
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Figure 2.6. Structure of the plant for model II. 
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Figure 2.7. Structure of the plant for model III. 
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Model IV: This is the most general model and subsumes aU of the models 

above. The output of the plant is a nonUnear function of the past values of both the 

input and the output (Figure 2.8): 

x(k-Hl) = f[x(k), x(k-l),---, x(k-n-hl); u(k), u(k-l),--, u(k-m + l)]. (2.15) 

To identify the plant, one of the procedures outlined above is chosen based on 

prior information on the type of the plant. 

In this study, model FV is assumed since it is very simUar to the nonUnear 

ARMAX model structure given in (2.3). The structure of the identification model is 

given in Figure 2.9 where e(k-i-l) is utiUzed to adjust the weights of the neural 

network. 
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Figure 2.8. Structure of the plant for model IV (nonlinear ARMAX model). 
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x(k-Hl) 

Figure 2.9. Structure of the neural network identification model. 
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CHAPTER m 

GENERALIZED PREDICTIVE FUZZY LOGIC CONTROL 

Given a system, the control problem can be defined as identifying the optimal 

control parameters so that the system performance meets the required specifications. 

A closed-loop system (Figure 3.1) is one in which certain forcing functions 

(inputs) of the system are determined, in part, by the response (outputs) of the system 

[66-69]. The physical system (process) to be controlled is caUed the plant. The 

response of the plant is measured by the sensor and is compared with the desired 

response. The difference signal (error) initiates actions that force the actual output to 

approach the desired output, consequentiy driving the error toward zero. Generally, an 

unacceptable closed-loop response occurs if the error signal is directiy applied to the 

plant. Instead, the error signal is processed by another physical system which is caUed 

a controller, a compensator or a filter. 

In the past two decades, fuzzy logic has been successfuUy applied to a limited 

number of control problems, often yielding superior results compared to conventional 

techniques [18-23]. 

Fuzzy logic control is based on the fact that an experienced human operator 

can control a process without the knowledge of its dynamics [23]. Fuzzy logic 

controllers (FLCs) can be applied to systems which contain time varying dynamics and 

nonUnearities and/or lack sensors with required accuracy. Since the FLCs do not 
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Figure 3.1. A closed-loop system. 
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require an exact mathematical model of the system to be controlled, they are cheaper 

and easier to implement than model based controUers. 

Fuzzy logic was introduced by Zadeh [70] to overcome the limitations of crisp 

set theory and Boolean algebra when deaUng with ambiguities and uncertainties 

associated with most real world systems. Successful appUcations have been made in 

various areas as diverse as engineering, psychology, artificial inteUigence, medicine, 

ecology, decision theory, pattern recognition, information retrieval, sociology and 

meteorology. The theory of fuzzy sets has been receiving more and more recognition 

as a vaUd and useful extension of classical mathematics. 

3.1 Basic Concepts of Fuzzy Logic and Fuzzy Sets 

In traditional logic and computing, sets of elements are crisp, i.e., an element 

either is or is not a member of a given set. In fuzzy logic, however, degrees of 

membership are assigned to the elements of a set 

In fuzzy set theory, each element of a fuzzy set is defined as an ordered pair 

{x, PA(X)}, where PA(X) is the membership of x in fuzzy set A [18, 19]. PA(X) is a 

function whose values are in the interval [0, 1]. 

AU operations in fuzzy set theory are defined based on membership functions. 

Assuming A and B to be two fuzzy sets with membership functions PA and PB. 

respectively, the most commonly used set operations are defined as foUows: 
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1. The membership function of the union of two fuzzy sets A and B is defined 

as 

pAofi(x) = max[pA(x),pB(x)]. (3.1) 

2. The membership function of the intersection of fuzzy set A and B is defined 

as 

pAandB(x) = min[pA(x),pB(x)]. (3.2) 

3. The membership function of the complement of a fuzzy set A is defined as 

PnotA(x) = l - p A ( x ) , ( 3 . 3 ) 

where (-) is the ordinary arithmetic subtraction. 

4. A fuzzy subset C of A, denoted by C c A is defined as 

C = {(x,pc(x))/ pc(x) < PA(X), X e U} . (3.4) 

5. Let Ai, ...,An be fuzzy sets in Ui, ...,Un with membership functions PAI(X), 

...,PA2(X), respectively. The membership function of the Cartesian product AiX-xAn in 

the product space Uix•••xUn is defined as 

PAix-An(Xl , . . . ,Xn) = min [pAi (Xl ) , . . . , pAn(Xn) ] 

or (3.5) 

pAix...An(Xl,.. . ,Xn) = pA. (Xl ) pA«(Xn), 

where (•) denotes the ordinary algebraic product. 

6. The support of a fuzzy set A is a crisp set of aU points x e U such that 

PA(X)>0. 

7. If A is a fuzzy singleton whose support is the point Xi then 
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A l ^ ( X l ) 
A=-^^^^^^- .̂ (3.6) 

XI 

3.2 Fuzzv Logic ControUer 

An FLC consists of a fuzzifier, fuzzy rule base, fuzzy inference engine and 

defuzzifier as shown in Figure 3.2 [18, 19, 71]. 

The FLC performs a mapping from U c R° to V c R. It is assumed that 

U=Uix--xUn, where Ui c R, i=l,..., n. 

The fuzzy rule base consists of a collection of fuzzy if-then rules: 

R '̂'̂ :If XI isFi'' and ••• XnisFn\ theny i sG\ (3.7) 

where x = [xl,...,xn] eU and y e R are the input and output of the fuzzy logic 

system, respectively, Fi'̂  and G*̂  are labels of fuzzy sets in Ui and R, respectively, and 

k=l, 2, ..., M. Each fuzzy if-then rule of (3.7) defines a fuzzy impUcation F/X•••xFn'^-^ 

G*̂  which is a fuzzy set defined in the product space UxR [18, 19]. Four commonly 

used fuzzy impUcations are [18, 19]: 

1. Min-operation rule of fuzzy impUcation: 

pF.'x-xFn' -> G'(x,y) = min[pFi'x..xFn'(x),pc''(y)]; (3.8) 

2. Product operation rule of fuzzy impUcation: 

pF.'x-xFn' ->G'(x,y) = pf,'x-xF„'(x)-pc'(y); (3.9) 

3. Arithmetic rule of fuzzy impUcation: 

pfi^x-xPn'^G'(x,y) = min[l, l-pF.'x-xFn'(x)-i-pG'(y)]; (3.10) 
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Figure 3.2. Basic configuration of an FLC. 
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4. Maximum rule of fuzzy implication: 

pF.'x.xFn'' ^G''(x,y) = max[min[pFi''x.- xFn''(x),pc''(y)],l-pji'x...xFn'(x)]; (3.11) 

where pp.'x .XF„'(X) is defined by 

PF.̂ ...XF„̂ (X) = PF.'=(X)*•••*PF.̂ (X). (3.12) 

The symbol (*) in (3.12) denotes the t-norm [18, 19]. The most commonly 

used operations for the t-norm are: 

min (u, V) fuzzy intersection 

u* V = < u • V algebraic products (3.13) 

max (0, u + V -1) bounded product 

The fuzzy inference engine performs a mapping from fuzzy sets in U to fuzzy 

sets in R, based upon the fuzzy if-then rules in the fuzzy rule base. Let Ax be a fuzzy 

set in U, then each R̂ ^ of (3.7) determines a fuzzy set Ax»R^̂  in R based on the 

foUowing sup-star computational rule of inference: 

pAx.R '̂'̂ (y) = sup[pA,(x)*pFi''x...xF„'' -»G'(x,y)], (3.14) 

where (*) is the t-norm of (3.13) and pFi'x-xFn' ->G'(x,y) is determined by fuzzy 

impUcation rules of (3.8)-(3.11). The final fuzzy set, Ax«(R '̂\ ..., R^^) determined by 

aU the M rules in the fuzzy rule base is obtained by combining PAX . R '̂̂ (y) of (3.14) for 

k=l, 2,..., M using fuzzy disjunction: 

pA,.(R '̂\....R^%(y) = pA,.R^Xy)-h--4pA,.R^"^(y), (3.15) 

where + denotes the t-conorm [18, 19]. The most commonly used operations for the 

t-conorm are: 
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U-H V = < 

max (u, V) fuzzy union 

u + V - u • V algebraic sum 

min(l,u-i-v) bounded sum 

(3.16) 

The fuzzifier maps a crisp point x = [xi,...,Xn]^e U into a fuzzy set Ax in U. 

There exists at least two possible choices for this mapping [71]: 

(i) Ax is a singleton with support x, i.e., pA,(x') = 1 for x'= x, and pA,(x') = 0 

for aU other x'e U with x'^x. 

(u) pAx(x) = l and PA,(X') decreases from 1 as x' moves away from x, e.g., 

pAx(x') = exp[ ], where Cf̂  is a parameter characterizing the shape of 

PA.(X') . 

The defuzzifier maps fuzzy sets in R to a crisp point in R. There exist at least 

three possible choices for this mapping: 

(i) Maximum defuzzifier is defined as 

y = argsup[pA,.(R"\...4^^%(y')], (3.17) 
y'eR 

where pAx.(R"\...ji^'^')(y') is given by (3.15). 

(ii) Center-average defuzzifier is defined as 

M 

£ynMA-«"'(y")] 
y = l . L , (3.18) 

£[MA..R'"'(y"^)] 
k=l 

where y'*" is the point in R at which pG''(y) achieves its maximum, and PA,.R^'Xy) is 

given by (3.14). 
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(ui) Modified center-average defuzzifier is defined as 

M 

y=^ , (3.19) 
X[^A,.R^^^(y'^)/a^] 
k=l 

where o*" is a parameter characterizing the shape of pG'(y) such that the narrower the 

shape of pG'(y), the smaUer is o*". 

3.3 FLC Based on Fuzzy Clustering and Predictive Control 

As was stated earUer, there exists no systematic methodology for developing 

fuzzy rules. Currentiy, fuzzy rules and fuzzy membership functions utiUzed in PT.Cs are 

obtained employing intuition based heuristic methods. Hence, sometimes it may be 

difficult to obtain an optimal set of fuzzy rules and fuzzy membership functions in the 

input and output universes of the discourse. 

On the other hand, assuming that the system specification is given in terms of 

crisp input-output pairs, fuzzy rules can be generated by fuzzy clustering [72, 73]. In 

[72], the Takagi-Sugeno [74] fuzzy model is employed to obtain a predefuzzified 

control value for each cluster. The computation of the parameters of the model 

requires matrix operations of the order of the number of input-output pairs. In 

addition, the controUer proposed in [72] does not have adaptive features. In [73], a 

smoothing parameter is employed. The control efficiency is increased by choosing a 

smaU enough value for this parameter using a trial and error method. However, as the 
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smoothing parameter becomes smaller, the interpolation characteristics of the system 

become progressively worse. 

The generalized predictive fuzzy logic controUer which is proposed in this 

study combines fuzzy clustering and generalized predictive control and has adaptive 

properties: The fuzzy relation derived from each given rule defines a cluster in the 

input-output space. FoUowing the clustering, a crisp value for the control input is 

obtained by defuzzification, employing the predicted value of the control input and its 

memberships to the clusters. Cluster centers are updated after computing the crisp 

value of the control variable. Hence, the generalized predictive fuzzy logic controUer 

which is proposed inherits the predictive nature of the generalized predictive control 

algorithm and the fuzzy logic controUer's abiUty to interpolate and to adapt. The 

generaUzed predictive fuzzy logic controUer consists of three stages (Figure 3.3). 

3.3.1 Clustering of the Input-Output Pairs 

Given the input (control input Uc and measurable disturbances Unid)-output pairs 

(Ui, yi) where Ui=[Uci Umdi] e U and yi e Y and i=l, 2, ..., N, representative of aU 

modes of the system, a clustering algorithm is applied in the input-output product 

space UxY to group the input-output pairs that are geometricaUy close. Fuzzy 

clustering techniques are very promising since they usuaUy yield better results than 

conventional clustering techniques when applied to complex data. Some of the fuzzy 

clustering techniques that can be employed are fuzzy C-means algorithm [75, 76], 
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Figure 3.3. The flowchart of the proposed FLC. 
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adaptive fuzzy leader clustering (APT.C) algorithm [24] and integrated adaptive fuzzy 

clustering GAFC) algoritiim [25]. The advantage of the AFLC and the lAFC 

algorithms is that the number of clusters in a complex data set does not have to be 

known a priori. The lAFC model also uses a sirrdlarity measure and a new updating 

rule for the cluster centroids, thus yielding better partitioning of the data. 

If the fuzzy C-means algorithm is utiUzed to obtain K cluster centers denoted 

by (Uk ,yk) for k=l, 2,..., K, the fuzzy relation R corresponding to the kth cluster is 

given by 

^lR'^'(u,y) = 
y r ( U c - U c k * ) ^ - t - ( U m d - U m d k * ) ^ + ( y - y k * ) ^ ^ 

i=l \^ ( U c - U c i * ) ^ - l - ( U i n d - U m d i * ) ^ - | - ( y - y i * ) ^ J 

(1-m)' -1-1 

(3.20) 

where u=[Uc Umd] e U, y e Y, k=l, 2,..., K, and m>l is a weight exponent 

The K fuzzy relations (clusters) obtained by fuzzy clustering constitute the K 

fuzzy rules in the FLC: 

R '̂'̂ : If Uc is Fc"" and Umd is Fmd'', then y is G'', 

or 

R '̂'̂ : If Uc is Fc''and y is G \ then Umd isFmd'', 

or 

R '̂'̂  If UnidisFmd''andyisG\ thenucisFc^ 

(3.21) 

fork=l, 2,..., K. 

The optimal number of rules is determined by cluster vaUdation. Several 

measures of vaUdity are proposed in [77]. The most commonly employed metiiod is to 
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perform the clustering for several values of K and to choose the K with the highest 

vaUdity. 

3.3.2 Prediction of the Control Input and its Memberships 
to the Clusters 

Once the clusters are constructed, the next step is prediction of the control 

input and its memberships to the clusters. 

t+D-l . . t+D> Let D pairs (u^^, ym* ), (u^d' , ym ), .••, (Un>d , ym ) be given where ŷ , is 

the desired trajectory and t, t-i-1, ..., t-i-D denote the time steps. The memberships of 

the first pair to the clusters projected on û d and y space are computed as 

PR^ '̂(Umd\ym^*^) = 
^ ( (Umd' - Umdk*)^ + (ym'"^ - yk*) 

^ \ (Umd^-Umdi*)^4-(ym'^ ' -yi*)^ ^ 

2 \( l -m) ' 

(3.22) 

for k=l, 2,..., K. 

Next, a prediction of Uck\ the fuzzy control input whose defuzzified version 

wiU be applied to the system, is performed for the (Un,d\ yJ''^) pair employing the 

generalized predictive control technique [1-8]: UtiUzing the least-squares metiiod [60, 

78, 79], a lower order linear ARMAX model of the system is obtained using the input-

output data for the most recent tr^l time steps, t, t-1, ..., t-tf. From tiiis model, a d-

step ahead predictor is obtained. Letting d=l, 2, ..., D, a set of D equations is 

obtained. This set of equations can be rewritten in matrix form as 
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y = RcUck+RindUiixi-i-y-he, (3.23) 

where y is the predicted output vector whose elements are y'^\ /^^, ..., y"̂ ,̂ Uck is the 

control vector whose elements are Uck\ Uck̂ ''\ ..., Uck*̂ "̂\ û d is the measurable 

disturbances vector whose elements are Umd\ Umd^\ ..., Umd'*̂ '\ y is a vector whose 

elements depend on y\ y^'\ ..., Uck̂ \ Uck'"', ..., Umd̂ '', Umd*'̂ , ..., and e is the prediction 

error vector. The entries of the lower triangular Re matrix and block lower triangular 

Rmd matrix are obtained from the Unear ARMAX model. 

Minimization of the cost function which is defined as 

J = E{[y-ym]''[y-ym]-fiR^^(umd\ym'*') + pudc'"uci} (3.24) 

with respect to Uck yields 

Uck=[|iR^'(UmdV,ym^*^)Rc^Rc-hpI]-^}iR*^(Unxi\ym'*^)Rc'^[ym-y-RiTKiUmdJ, ( 3 . 2 5 ) 

for k=l, 2, ..., K, where p is the trade-off between the control effort and the deviation 

from the desired trajectory, I is the identity matrix, and ym is the desired trajectory 

vector whose elements are ym̂ "̂ \ ym̂ ^̂ , ..., ym̂ °̂. In this study, the cost function is 

defined as in (3.24) so that the fuzzy relations with higher possibiUty are weighted 

more heavUy since 0<pR^''Xunid\ym*''^)<l. The first element of the Uck vector is Uck̂  

which will be used to compute the crisp value of the control input. 

The next step is computing the membership of the (u\ym^ '̂) pair to the kth 

cluster employing 
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pR^^'(u',y.'*') = 
K / ^ / „ . t „ . * \ 2 , / „ t _ • N 2 . / . . t+1 » 2\^''™^''" 

I (Uck' - Uck*)^ + (Unxl' - Umdk*)^ - l - (ym'**-yk*)^^ 

v2 (3.26) 
,=l\^ (Uc i ' -Ua*)^4- (Umd ' -Unid .* )^ + (ym'*' - y.* ) ' 

where u'=[uck' u^d^ for k=l, 2,..., K. 

The crisp value of the control input is computed using the center-of-area 

method: 

1̂ 

ipR-(u\yn,'*') 
ucc '̂ = ̂  . (3.27) 

k=l 

3.3.3 Updating of the Clusters 

The updating of the clusters is performed as foUows: The crisp value of the 

control input Uccrisp* which is obtained by defuzzification is applied to the system and 

the actual output y*"̂^ is measured. Next, the distances between the N original input-

output pairs and the most recent input-output pair, (Uccrisp\ u^d^ Z^'), are computed 

employing the EucUdean distance measure. The original input-output pair with the 

smallest distance is replaced by (Uccrisp\ Umd̂  y^^). A new clustering is performed to 

compute the updated cluster centers. The number of the clusters is not changed since 

the original number of clusters is representative of aU modes of the system. FoUowing 

the updating of the clusters, stage 2 is repeated for the new (Umd*, ym*̂ )̂ pair to obtain a 

new value for the control input. 
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The new fuzzy logic control technique which is proposed in this study can be 

successfuUy applied to real-time control problems since for most real world systems 

the input-output data is sampled at discrete time intervals and the dead-time in 

between these samples can be utiUzed to perform the computations. When applied to 

nonUnear time-invariant systems, stage 3 can be skipped, reducing the number of 

computations. 

In this method, there is no need to guess the numbers and shapes of fuzzy sets 

in the input and output universes of the discourse. The fuzzy relations are directly 

obtained by fuzzy clustering in the input-output universe of the discourse and the 

number of clusters is determined by emplojdng a measure of cluster vaUdity for the N 

original input-output pairs. 

3.4 StabiUty Analvsis 

StabiUty analysis is one of the most important, but least addressed issues in 

designing FLCs [27]. In [80], classical describing function techniques are used to study 

the StabiUty of an FLC. In [81], tiie notion of granulized state-space is developed and a 

metiiod of analysis that is based on systematic mapping of the process state, using 

control rules as transition functions, is proposed. In [82], the closed-loop system is 

considered stable if a fuzzy energy function can be found that is monotonically 

decreasing along the solution trajectories of tiie system. In [83], the concept of ceU-to-

ceU mapping is applied to the StabiUty of fuzzy control systems. However, tiiis 
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approach requires an accurate mathematical model of the process. An alternative 

approach is presented in [84]. It assumes a plant structure with unknown and bounded 

parameters whose bounds, however, are known and estabUshes a set of conditions 

which guarantee the stabiUty of the closed-loop fuzzy linguistic control system. 

At this time, simUar to the approach of [84], assuming that an accurate 

mathematical model of the process is not avaUable, a stabiUty analysis based on 

bounded input-bounded output (BI-BO) stabiUty criterion wiU be presented for the 

generalized predictive fuzzy logic controller. 

Considering the closed-loop system of Figure 3.1, it is assumed that the plant is 

stable in the sense of BI-BO. It is also assumed that the measurable disturbances are 

bounded, i.e., |Umd|̂  <«̂  where ^ is a finite number. Hence, the control inputs must be 

bounded in order for the closed-loop system to be BI-BO stable. 

Theorem: The closed-loop system is stable in the sense of BI-BO iff 

(pR '̂Rc'̂ R -h pl)-' exists for k=l, 2,..., K. 

Proof: Let a, p and 7 be positive constants. 

(=>): The closed-loop system is stable. Hence, 

Thus, from (3.27) 

|Uck'|<P < - . 
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Using (3.25) 

(pR^^Rc^R-hpI)-̂  exists for k=l, 2,..., K since 

IIPR^'^RC"^ ( y m - y - RnxdUmd ) | | < Y < « « . 

(<=): (pR^̂ Rc'̂ R-Hpl)-̂  existsfork=l,2,...,K. Hence, using (3.25) 

|Uck̂ |<p <oo, since 

IPR^'^RC"^ ( y m - y - RnxiUmd ) | | < Y < « « . 

Thus, using (3.27) 

luccrisp̂ l̂ a <«', since 

0 < pR̂^̂  < 1, and not aU pR̂ ^ = 0. 

Hence, the closed loop system is stable. 

Q.E.D. 

Hence, assuming that the plant is stable in the sense of BI-BO, the necessary 

and sufficient condition for BI-BO stabiUty of the closed-loop system is that 

(pR^'Rc'^R-hpI)-' exists for k=l, 2,..., K. 

As was stated earUer, stabiUty analysis of fuzzy logic controllers is a subject of 

great importance. However, so far, very Uttie work has been done in this area. The 

methods given in [80-84] impose their own special constraints on the control system 

to b>e analyzed. Furthermore, most of the existing methods are specificaUy developed 

for conventional (linguistic) fuzzy logic controUers based on error and change-in-error. 
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an example of which wiU be given in Chapter IV. At this time, no general theory for 

StabUity analysis of fuzzy logic controUers exists, thus, it stiU remains as a subject to be 

further explored. Currently, to account for the lack of an adequate stabiUty analysis, 

the fuzzy logic controllers are usuaUy tested exhaustively before application [27]. 

3.5 Performance Measure 

In the Uterature, the controllers applied to nonUnear systems are usuaUy 

compared visually after plotting the performances data versus time [34-37]. Since with 

a control system, the two most important aspects are the accuracy and energy 

consumption, a performance measure is proposed which combines the deviation from 

the desired trajectory and the energy consumption: 

mp = XMya( t + l)-yci(t + l)]'+p[uc(t)]'} (3.28) 
t=0 

where ya, yd and Uc are the actual trajectory, the desired trajectory, and the control 

input applied to the system, a and p are weighting factors and are chosen so that the 

magnitudes of the first and second terms in the sum are of the same order. The 

performance measure is then utUized to compare the performances of the controllers 

employed, keeping the values of a and p constant. 

This measure contains information on the energy consumption as weU as 

overshoot, rise time and settiing time characteristics of a given controUer. 

46 



CHAPTER IV 

APPLICATION TO HEATING/COOLING PROCESS 

The main objective of control in heating/cooUng systems is to create a 

comfortable indoor climate whUe lowering the energy consumption [16, 39, 40]. 

Control of heating/cooUng systems has been achieved over the past decades by various 

conventional control techniques. However, most of these techniques have basicaUy 

addressed the problem of creating a comfortable indoor climate rather than 

simultaneously lowering the energy consumption. 

In the last decade, digital control systems with micro-computers and 

controllers have been introduced to heating/cooUng control. Although, these digital 

controllers have some added features, such as outdoor temperature compensation and 

semi-optimal start-up mechanisms, to save energy, they are mainly concemed with 

providing a comfortable indoor climate. In current heating/cooUng systems, simple 

on/off and PI/PID controllers are often employed instead of more advanced control 

techniques [41-43]. 

An optimal control strategy can be successfuUy applied to a heating/cooling 

system if it can solve several problems associated with the system. One problem is 

caUed the intermittent conditioning problem. Energy can be saved when a buUding, for 

example an office bmlding, is conditioned only when it is necessary to condition it. 

Obviously, during the unconditioned period, the controller has to make a decision so 
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that the indoor temperature reaches the required level at the beginning of the 

conditioned period. 

Another problem is the limited capacity of the heating/cooUng system at some 

required condition. Due to the limited capacity, the controUer may need to apply 

preheating or precooUng to the system. 

The weather conditions are a considerable load for the indoor climate system. 

Solar radiation can cause overheating of the buUding whUe the outdoor temperature 

can cause the cooUng of the buUding by heat transmission through the windows and 

outer waUs. AU of the above mentioned effects and problems have to be taken into 

account by an indoor climate control system in order to fulfiU the objective of 

providing a comfortable indoor cUmate at lowest costs. 

The requirements of the indoor temperature are derived from the theory of 

thermal comfort [85]. This theory shows that the indoor temperature does not have to 

be strictiy controlled according to a given set-point, but may vary between certain 

temperature boundaries. It also shows that these boundaries may vary throughout the 

seasons of the year. In addition, it states that the indoor climate has to be controlled 

only when it is required, i.e., when the building is occupied. 

These mentioned control problems indicate that an optimal solution requires a 

control strategy that is able to take into account the response of the indoor 

temperature and the course of the weather conditions for a certain period in the future. 

Hence, heating/cooUng systems are perfect candidates for the generalized predictive 
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fuzzy logic control introduced in Chapter III. This technique uses the future behavior 

of the system to be controlled to compute the control action. In addition, a highly 

accurate system model is not required since the crisp value of the control variable is 

computed employing tiie predicted value and its memberships to the clusters which are 

obtained directiy from the system input-output data. 

In a heating/cooUng process, the mathematical model of the system describes 

the performance of the indoor environment as a function of the internal loads, 

disturbances (ambient weather conditions) and controlled heat inputs (heating/cooling 

power supplied to the system). The effects of appUances, Ught sources and humans are 

usually neglected in order to avoid unnecessarily complex models. 

There are two approaches for obtaining the dynamical system model of a 

building [51]. In one approach, the forward problem, the physical characteristics of the 

buUding are employed to obtain the system model. This approach is usuaUy used to 

estimate the energy consumption and the peak and average loads of the buUding whUe 

designing it. In the altemate approach, the inverse problem, the actual bmlding 

performance data is employed to obtain the system model. In this approach, the 

buUding is considered as a black box whose characteristics are to be inferred from 

measured temperature and energy data. It is usuaUy desired that the number of 

adjustable parameters in the model is smaU since the information obtained by 

measurements is very limited. The models obtained by the inverse method are usuaUy 

simpler and more accurate than those obtained by the forward method. The reason for 

49 



tills is that it is very difficult to obtain a model for a particular indoor climate system 

on a theoretical basis, because it would require a different model for each single room 

of the buUding including the elements, such as the fumiture, in it. It is also possible 

that the behavior of a certain indoor climate is not constant over a period of time 

because of different outdoor conditions, and changing properties of the system. 

4.1 Dvnamical System Model of a Building 

This section wiU focus on inverse methods. Although there exist a number of 

inverse methods, only four most predominantly employed techniques wiU be described: 

thermal networks, ARMAX models, differential equations and modal analysis. These 

are equivalent in the sense that they are different ways of representing a differential 

equation. 

4.1.1 Thermal Networks 

The buUding can be approximated by a simple network containing several 

resistances and capacitances. Some possible networks are presented in Figure 4.1 [51]. 

A dynamic model must contain at least one resistance and one capacitance 

(Figure 4. La). However, features of such a network are not reaUstic. The capacitance 

is assumed always to have the same temperature as the interior air, whereas in reality 

almost aU of the heat capacity resides in the soUd parts of the buUding and there exists 

a thermal resistance between the interior air and the rest of the buUding. By adding a 
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Ti=Tc 

R=l/L 

T, 
• o -

R=l/L Re = F C 

(a) (b) 

C J -

Rci Tci 

T..^-c=]-HbHi' 

R=l/L 

(c) (d) 

Figure 4.1. Examples of simple thermal networks for buildings. 
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resistance between the capacitance C and the interior air temperature Tj, the peak 

instantaneous thermal loads can be reduced since Tj responds to changes in thermostat 

set points much faster than the buUc of the building (Figure 4. l.b) [52-54]. 

In buildings witii brick waUs, the heat capacity of the envelope can significantiy 

buffer the daUy pulse of the exterior temperature and solar radiation. This can be 

accounted for by using the network in Figure 4.1.C where the envelope is characterized 

by two paths: massless through Rj (aU exchange and windows) and massive through 

R2+R3 (heavy walls). 

The network in Figure 4.1.d can be employed to account for two different 

masses inside the building, for example fumiture and internal walls. 

To employ a thermal network for calculations, first order differential equations 

for the networks in Figure 4.1 are written: 

For example, from Figure 4.1.a with a single heat input in the interior 

C—-h—T,=-^Te-Hp (4.1) 
dt R R 

where Tg and p are the exterior temperature and the heat input, respectively, can be 

obtained. The parameters in (4.1) must be interpreted as equivalent thermal parameters 

[52, 54]. 

Although thermal networks are a valuable tool in understanding the behavior of 

buildings, it is usuaUy difficult to determine the numerical values of equivalent thermal 
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parameters and there is no systematic method for deciding which network to use for a 

given buUding. 

4.1.2 The ARM AX Model 

Considering the narrow range of temperatures involved, a Unear approximation 

of aU heat transfer equations can be assumed. In addition, the process has to obey 

causaUty in the sense that the present value of the interior temperature is a unique 

function of the past values of the interior temperature, exterior temperature, auxiUary 

heat input and solar heat input. These two constraints can be used to obtain the 

relation 

jdx[a.(x)T(t-T)-ae(T)Te(t-x)-ap(x)p(t-T)-as(x)(|)(t-x)] = 0, (4.2) 
0 

where aj, a ,̂ ap and â  are function that depend on the buUding and (j) is the direct 

solar radiation [55, 56]. 

In practice, the temperatures and the energies are known only at discrete time 

intervals. Therefore, the integral is approximated by a series of discrete time steps: 

Ni Ne 

]^ai(k)Ti(n-k)-^ae(k)Te(n-k) 
k=o k=o (43) 

Np N. 

-£ap(k)p (n - k)- Xas(k)(l)(n - k) = 0, 
k=0 k=0 

This is the ARMAX (Auto Regressive Movmg Average with an eXogenous 

signal, i.e., with a control variable and/or measurable disturbance) model. The number 
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of terms in (4.3) can be decreased by aUowing more than one term in the sum over Tj. 

In this case, the previous values of Tj contain some of the information that would 

otherwise have to be supplied by a large number of terms in sums over other variables. 

The number of independent variables in (4.3) is Ni-i-Ne-i-Np-i-N5-i-2 since two 

variables can be eliminated. One variable can be set to one, scaling the equation. 

Furthermore, (4.3) must hold under steady state conditions. Hence, 

L(T,-Te) = p-hA({), (4.4) 

where L is the steady state heat loss coefficient and A is the steady state solar 

aperture. Since, under steady state conditions, (4.3) and (4.4) have to be identical for 

any Tj, Tg, p and ([), 

Ni Ne 

Xai(k) = Xae(k). (4.5) 
k=0 k=0 

In addition, L and A are given by 

Ni Ns 

L=^ and A = ^ . (4.6) 
Ian 

k=0 k=0 

The ARMAX model can be generalized to nonUnear systems [57-59]: 

F[T(t), T(t-l),---,Te(t),Te(t-l),---, 

p(t),p(t-l),--,(l)(t),(j)(t-l),---] = 0. 
(4.7) 

This model is caUed nonUnear ARMAX (NARMAX) model. Hence, expanding 

F[] as a polynomial. 
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mi Hi me ne 

X I,aTn(T,(n - x))^-H X Z ^(Te(n - x))^ 
I 1 = 1 T = 0 TI=1X=0 

nip np ms rit 

+ X £cm(p(n - x))^ + X Z^ - i ( ^ ( " - '^))'' ('̂ •8) 
T|=lT = 0 Tl = lT = 0 

+crossterms = 0 

is obtained. 

In simulations, usuaUy the linear ARMAX model is employed to keep the 

number of the parameters to be determined as smaU as possible. Standard least-squares 

techniques can be used to determine the coefficients in the model from the actual 

system performance data over a given period of time [60]. 

4.1.3 Differential Equations 

The terms in (4.2) are of the form 

jdxa(x)T(t-x). (4.9) 

Expanding T in a Taylor series. 

Jdxa(x)T(t-x) = XanT^"^(t) (4.10) 
n n=0 

can be obtained where 

(Xn=fdxa(x)^ . (4.11) 

Hence, the buUding can be described by a differential equation of the form 
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a,oT(t)-ae,oTe(t)-ap,op(t) 

-as,o(|)(t) -h a, i t , ( t)- a..ite(t) 
(4.12) 

-ap.ip(t)-as.i(j)(t) 

+higher order terms = 0, 

where a's are constant coefficients to be determined by fitting data. In practice, only 

the lowest order terms are kept for simplicity. 

When data are given only at discrete time intervals, the derivatives can be 

replaced by finite differences. If a second-order differential equation is utUized, one 

possible approach is 

Ti(t)-^Ti(n-At) 

• , , T,(n)-Ti(n-At) 
Ti(t)-^ / ^ (4.13) 

At 
f.^. _^ T(n-HAt)-2T(n) + T ( n - A t ) 

(At)^ 

Hence, replacing the derivatives by finite differences, an ARMAX model can 

be obtained. The number of terms in sums increases with the order of the differential 

equation. The finer the time resolution of the data, the smaUer is the error introduced 

by the finite difference approximation. 

4.1.4 Modal Analysis 

The differential equations for a thermal network can be v^itten in the form 

N M 

C n t n = 2 1 KnkTk + 5 ] D n . U i , ( 4 . 1 4 ) 

k=l i=l 

where Cn and Tn are the heat capacity and the temperature of the nth node. 
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respectively [61]. K̂ k is the effective conductance between the nth and kth nodes and 

Ui are the driving terms, i.e., heat inputs and external disturbances applied to the 

system. 

(4.14) can be considered as a matrix equation, with the diagonal matrix C 

whose elements are Cn. Since aU Cn are positive, C'̂  exists. Furthermore, the effective 

conductances can be assumed symmetric, i.e., Knk=Kkn. Hence, the matrix C K is 

symmetric and has real eigenvalues. The corresponding eigenvectors are the modes of 

the system. Letting P be the matrix that relates the vector of node temperatures T to 

the eigenvectors X according to 

T = PX, (4.15) 

(4.14) can be written in matrix form as 

X = E X - H F U , (4.16) 

where 

E = F^C^KP and F = F^C^D. (4.17) 

E is the diagonal matrix of eigenvalues and its elements are Ei=l/Xi where Xi are the 

time constants. 

The solution of (4.16) is 

t '̂  r t* 
Xk(t) = exp(-)[Xk(to)-hy fexp(-)Fk,U(t')df] (4.18) 

where Xk(to) are the initial conditions. The output is given by 

Y(t) = GX(t)-hHU(t). (4.19) 
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For a single zone buUding, Y is the scalar Ti. Letting H=0 and N=l, matrices 

E, G and X reduce to scalars. Multiplying (4.16) by G and substituting T=GX, 

t = ET-HGFU (4.20) 

can be obtained. This is a different way of writing the differential equation (4.1) of the 

network in Figure 4.1 .a. 

Furthermore, a system of N coupled first-order differential equations is 

equivalent to a single nth order differential equation. Hence, a relationship exists 

between the modal analysis, differential equation and, consequently, ARMAX 

methods. 

4.2 Problems Associated with Dynamical System Models 

Although the outUned methods are straightforward, some difficulties can be 

faced in practical implementation [51]. They can arise from incomplete or erroneous 

data or from the faults of the model. Most commonly encountered problems are given 

below. 

4.2.1 Variable Air Exchange Rate 

In most buUdings the air exchange rate varies depending on the weather and/or 

operating mode. Hence, the most important parameter, the heat loss coefficient L 

contains a variable component. As an example, if the air exchange accounts for half of 
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the total heat loss and if the exchange rate varies by ± 50%, tiien the total heat loss 

coefficient varies by ±25%. 

To avoid errors introduced by variable heat exchange, the term 

Qair = (mcp)(Ti - Te), (4.21) 

where m and Cp are the flow rate of air and the specific heat of air, respectively, has to 

be subtracted from the total heat input. Q^ can be determined by gas tracer devices 

that are expensive and labor intensive [86]. 

4.2.2 Correlated Data 

The independent variables in the model should not be correlated. However, the 

exterior temperature usually tends to be correlated with solar radiation. This can cause 

the product of heat loss coefficient and solar aperture, both of which are positive 

quantities, to be negative [87]. 

The effect of the correlations among data can be eliminated by redefining the 

variables according to the Gramm-Schmidt orthogonalization procedure. 

4.2.3 Solar Radiation 

In practice, the solar gain is defined as A(j). However, this is not a very accurate 

approach since in a buUding aU windows do not usuaUy face the same direction and 

only the data for the hemispherical radiation (sum of direct and diffuse radiation) on 

the horizontal surface is known. 
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A more accurate approach is separating the contributions of direct and diffuse 

radiation for each window orientation. However, this would require a large number of 

parameters, resulting in an unnecessarily complex model. A more promising approach 

is a hybrid one, in which the window areas for each direction are measured and are 

used to calculate (() as an equivalent buUding-weighted measure of solar radiation. 

Despite the fact that Ac]) is only an approximation, it is widely utiUzed since 

solar gains, especiaUy in winter, are relatively smaU in most buUdings (10% to 30% of 

the total heat input) [51]. 

4.2.4 Sky and Air Temperature 

In the preceding sections, Tg was treated as a single weU defined quantity. 

However, in reality, the surrounding air, the ground and the sky are usuaUy at different 

temperatures with different heat transfer coefficients. In clear weather, the difference 

between the sky and air temperature can exceed 30°C, thus, creating problems in 

determining Tg. As in solar radiation, a more accurate model results in an increase in 

the number of parameters, causing the model to become more complex. 

4.2.5 Multiple Zones 

At the design stage, the analysis of separate zones is very important because 

the heating/cooUng system must be designed to have sufficient capacity in each zone. 
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However, for the inverse problem, the differences between zones are difficult to 

analyze and are irrelevant. In practice, a properly operating heating/cooUng system 

keeps the entire buUding approximately at the same temperature. Hence, as far as the 

uniformity of the interior temperature is concerned, there is only a single zone. The 

difficulty in analyzing the temperature differences between different zones arises from 

the fact that the smaUer the temperature differences the smaUer are the heat flows 

between the different zones. Zonal analysis is only employed in the case of semi-

conditioned spaces such as basements [56]. 

4.3 Identification of the Plant 

A three-layer feed-forward neural network with backpropagation learning rule 

is employed for identification. It is utiUzed to obtain a simulation tool, since it is 

usuaUy more economical, and more practical to utiUze simulators when developing 

new control techniques rather than employing the actual process, as is the case in most 

real world control problems. 

It is assumed that the output of the plant is a nonUnear function of the past 

values of both the inputs and the output: 

T>(t +1) = f (Ti(t),Ti(t - l),...,p(t),p(t -1),..., 

(l)(t),(l)(t-l),...,Te(t),Te(t-l),...), 

where Tj, p, ({) and Tg are the internal temperature, the power supplied to the system. 
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direct solar radiation and the external temperature, respectively. Thus a NARMAX 

model of the plant is used: 

mj tii mp np 

X X a^(T'(t - x))^-H £ £ bm(p(t - x))^ 
Tl = l T = 0 T1 = lT=:0 

nis ns me ne 

+ Z Z c^(<t)(t - x))"̂  + X £dTn(Te(t - x))^ (4.23) 

+crossterms = 0. 

Letting 

crossterms=0, mi=mp=ms=nie=2, ni=np=ns=ne=2, 

aoi=l' ao2=boi=bo2=coi=co2=doi=d02=0 and t^t-^l, 

a second order quadratic NARMAX model is obtained. The NARMAX model of the 

plant is employed to generate the input-output pairs that are then used to train the 

neural network identifier (see Appendix A for the values of the coefficients): 

T,(t + l) = aiiTi(t)-Hai2T^(t) + a2iTi(t-l) + a22T^(t-l) 

+ b i ip ( t ) + bi2p ' ( t ) + b2ip(t -1) + b22p'(t -1) 
(4.24) 

-I-Cll(l)(t)-I-Cl2(l)'(t)-I-C2l(j)(t - 1)-f-C22({)'(t - 1) 

-HdllTe(t)+dl2Te'( t )-Kd2lTe(t- l ) + d22Te ' ( t - l ) . 

The structure of the three-layer neural network employed for identification is 

given in Figure 4.2. The input, hidden and output layers contain 8, 15 and 1 nodes, 

respectively. The structure of the identification model is as in Figure 2.9. 

Figure 4.3 shows the results of the identification process. In Figure 4.3.a, Tj 

obtained by the neural network (Tjj^) and the actual Tj generated employing the 

NARMAX model (Tj^) are given. As can be seen, the neiu-al network with fuzzy 
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Input layer Hidden layer Output layer 

Ti(t-Hl) 

Figure 4.2. The structure of the identification neural network for the 
heating/cooUng process. 
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(a) 

(b) 

(c) 

Figure 4.3. Performance of the identification model, (a) outputs of the neural 
network (Tj^^) and the actual NARMAX model (Tj^), (b) the training data, and 
(c) the test data. 
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controlled backpropagation identifies the nonUnear system successfuUy. Figure 4.3.b 

and Figure 4.3.c illustrate the training and test data, respectively. 

4.4 GeneraUzed Predictive Fuzzy Logic Control 

For real-time control, a lower order system model has to be obtained. Hence, 

categorizing the variables of the plant model into three groups, output, controlled 

input and measurable disturbances, the following linear ARMAX model is obtained: 

T,(t-i-l) = 51aixT,(t-x)-hXa2Tp(t-x) 

(^•25) 
ns ne 

-I- X a3x(t)(t - X) -I- X a4TTe(t - X), 

where T̂  is the output, p is the controUed input, and (j) and Tg are the measurable 

disturbances [78]. 

If the number of required time steps for each variable is known, standard least-

squares techniques can be used to determine the coefficients of the model from the 

actual system performance data over a period of time [60, 78, 79]. 

Assuming ni=np=n5=ng=l, the foUowing equation is obtained: 

Ti(t-i-l) = aioT,(t)-i-aiiTi(t-l) 

-Ha2op(t)-Ha2ip(t-l) 
(4.Z0) 

-i-a30(j)(t)-i-a3i(})(t-l) 
-i-a4oTe(t)-i-a4iTe(t-l). 

Let 
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a = [aoi an a2o a2i aso asi a4o a4i]^; 
(4.27) 

V(t) = [T(t) T ( t - l ) p(t) p ( t - l ) m (l)(t-l) Te(t) Te(t-1)]\ 

Then 

T( t ) = T(t)-He(t), (4.28) 

where Ti is the actual temperature value, Ti is the value of the temperature computed 

using the system model (4.26) and e is the error resulting from the model prediction, 

and 

ti(t +1) = a''V(t) -K e(t -h 1). (4.29) 

A least-squares regression technique is used to calculate the model parameters 

in terms of the actual data values for internal temperature fi(t -i-1) and the vector V(t) 

over a time interval [0, tf] by minimizing the sum of the squared error over the same 

interval. This results in 

a = W'z, (4.30) 

where W and z are 8x8 and 8x1 matrices, respectively, and given by 

W = XV(t)V^(t) (4.31) 
t=0 

and 

z = 5^t(t-Hl)V(t). (4.32) 
t=0 

Let a be obtained using (4.30) as (see Appendix A for the values of the 

coefficients) 
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a = [ki k2 k3 k4 k5 k6 ki kif. (4.33) 

Thus, the system model (1-step ahead predictor) becomes 

Ti(t + l) = kiTi(t)-Hk2T(t-l) 

-i-k3p(t)-i-k4p(t-l) 
(4 34) 

-f-k5(l)(t)-Hk6{l)(t-l) ^ ^ 
-Hk7Te(t) + k8Te(t-l). 

From (4.34) 2-step and 3-step ahead predictors are obtained, respectively, as 

T,(t-h2) = biT,(t)-hb2T,(t-l) 

+ b3p(t + l) + b4p(t) + b5p(t -1) 

-I-b6(t)(t-h 1)-h b7(l)(t) 4-b8({)(t -1) 

+ b9Te( t + \) + b loTe( t ) + b l l T e ( t - 1), 

where 

bi = ki"^ -I- k2; b2 = k ik2 ; bs = k3; b4 = k i k s + k4; bs = k ik4; b6 = ks ; 

b7 = kik5-i-k6; b8 = kik6; b9 = k7; bio = kik7-i-k8; bi i = kik8; 

and 

T,(t-h3) = ciTi(t)-Hc2Ti(t-l) 

+ C3p(t -t- 2) + C4p(t -H 1) -I- C5p(t) + C6p(t - 1) 

-I- C7(t)(t -I- 2) -I- C8(l)(t -I-1) -I- C9(l)(t) + C10(t)(t - 1) 

+ CllTe(t + 2) + C12Te(t + l) + C13Te(t) -I- C14Te(t - 1), 

(4.36) 

where 

ci = k i -i-2kik2; C2 = ki k2-i-k2 ; C3 = k3; C4 = k ik3 + k4; C5 = ki k3-i-k2k3-i-kik4; 

C6 = k i^k4- i -k2k4; C7 = k5; C8 = kik5-i-k6; C9 = ki^k5-i-k2k5-i-kik6; cio = ki"^k6-i-k2k6; 

cii = k7; C12 = k ik7 4-k8; ci3 = ki^k7-i-k2k7-i-kik8; ci4 = ki^k8-i-k2k8. 

Rewri t ing (4.34), (4.35) and (4.36) in matrix form 
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y = RcUc + RmdUmd -I- y (4.37) 

is obtained where 

and 

y = 

Rc = 

Uc = 

T( t -H) 

T(t-h2) 

T(t-H3)_ 

•k3 0 

b3 b4 

C3 C4 

p ( t ) • 

p ( t + l ) 

p(t + 2) 

> 

0 

0 

C5 

J 

rvmd — 

ks k7 0 0 0 0' 

b7 bio be bg 0 0 

C9 Cl3 C8 Cl2 C7 Cll 

Umd = 

>( t ) 

Te(t) 

(t)(t + l) 
Te(t + 1) 

(l)(t + 2) 

Te(t-H2) 

y = 

ki k2 k4 ke ks 

bi b2 bs bs bii 

Cl C2 C6 ClO Cl4 

•T(t) 

T ( t - l ) 

p ( t - l ) 

(|)(t-l) 

Te(t-l) 
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UtiUzing the neural network simulator, N=600 input-output pairs are 

generated. Employing fuzzy C-means algorithm, K cluster centers are obtained. The 

optimal value of K is found to be 3. 

Once the clusters are constructed, the next step is prediction of the control 

input. From the neural network, input-output pairs {uj, yn,'̂ )̂, (Un,d'̂ \ ym'̂ )̂ and 

(Umd̂ "", ym*̂  ) where y^ is the desired trajectory for T, are obtained. The memberships 

of the first paU to the clusters projected on Umd and y space are computed as 

P R * ' ( U m d \ y m ' * ' ) = 
(Umd' -Umdk*)^ +(yni '*^ - y ^ * ) ^ ^ 

(1-m) 

(4.38) 
i=l \̂  (Umd' -Umdi*)^ +(ym^'*"^ - y * ) ^ > 

fork=l, 2,..., K. 

Next, a prediction of Uck\ the fuzzy control input whose defuzzified version 

wiU be applied to the system, is performed for the (Umd\ ym̂ '*'̂ ) pair employing the 

generalized predictive control technique described in Appendix B. 

Minimization of the cost function which is defined as 

J = E{[y-ym]^[y-ym]jlR*numd',ym'*^)-l-puck^Uck} (4.39) 

with respect to Uck yields 

U c k = [ p [ R * ^ ( U m d \ y m ' * ^ ) R c ^ R c - H p I ] - ^ j l R * ^ ( U m d \ y m ^ * ' ) R c ^ [ y „ , - y - R n , d U x n d ] , ( 4 . 4 0 ) 

for k=l, 2,..., K, where p is the trade-off between the control effort and the deviation 

from the desired trajectory, I is the identity matrix, and ym is the desired trajectory 

vector for T, whose elements are yn,''*"\ ym̂ ^̂ , ym̂ ^̂ . The cost function is defined as in 
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(4.39) so that the fuzzy relations with higher possibUity are weighted more heavUy 

since 0 <|iR '̂̂ (umd',ym'*^)<l. The first element of the Uck vector is Uck* which wUl be 

used to compute tiie crisp value of the control input. 

The next step is computing the membership of the (u',yn,'̂ )̂ paU to the kth 

cluster employing 

K 
*)^„t , , t + U _ Y (U^^ -Ucl^ ) +(llmd -Umdk ) -H(ym - y k ) ] 

i ^ \ (Uck' -Uc i* )^ -|-(Uind' -Umdi*)^ +(ym' ' ' ^ -y*Y j 
PR*nu\ym"^) = , (4.41) 

where u'=[Uck' u^d']^ for k=l, 2,..., K. 

The crisp value of the control input is computed using the center-of-area 

method: 

2^Uck*PR*^(u\ym*"^) 
=1 

XpR-(u\y.^^^) 
ucc^'=-^^i^^ . (4.42) 

k=l 

The updating of the clusters is performed as foUows: The crisp values of the 

control input p(t)=Uccrisp which is obtained by (4.42) is applied to the system and the 

actual output Ti(t-i-l)=ŷ "̂ ^ is measured. Next, the distances between the N original 

input-output pairs and the most recent input-output pair, [Ti(t), Ti(t-l), p(t), p(t-l), ^ 

(t), (|)(t-l), Tc(t), Te(t-l); Td(t-i-l)], are computed employing the EucUdean distance 

measure. The original input-output pair with the smaUest distance is replaced by the 

most recent input-output pair. A new clustering is performed to compute the updated 
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cluster centers. The number of the clusters is not changed since the original number of 

clusters is representative of aU modes of the system. Following the updating of the 

clusters, stage 2 is repeated for the new (Umd\ ym̂ ''̂ ) pair to obtain a new value for the 

control inputs. 

Te and (() are generated to sunulate the daUy variation. Figure 4.4 Ulustrates T ĵ, 

the desired temperature, Te and (j) for a period of 600 minutes. These data are used in 

control simulations. 

The results obtained by the generalized predictive fuzzy logic controller with 

original system parameters are presented in Figure 4.5 where Ti, Td and p are the 

internal temperature, the desired temperature and the power supplied to the system, 

respectively. Changing the system parameters to aij'=0.95aij, bij'=0.75bij, Cij'=0.9cij, 

dij'=l.ldij, i,j=l,2 yields the results given in Figure 4.6. 

Figures 4.7 and 4.8 show the error 

e(n) = 7[Td(n)-Ti(n)]' (4.43) 

with the original system parameters and after changing the values of the system 

parameters, respectively. 

As can be seen, the controller performs very satisfactorily both with the 

original system parameters and after changing the system parameters. The adaptive 

nature of the fuzzy logic controUer and the fact that the cluster centers are updated 
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Figure 4.4. Td, Te and (j) data generated for a period of 600 minutes. 
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Figure 4.5. Ti, Td and p for the generalized predictive fuzzy logic controUer 
with the original system parameters. 
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100 

Figure 4.6. Ti, Td and p for the generalized predictive fuzzy logic controUer 
after changing the system parameters. 
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Figure 4.7. e(n) for the generalized predictive fuzzy logic controller with the 
original system parameters. 
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Figure 4.8. e(n) for the generalized predictive fuzzy logic controller after 
changing the system parameters. 
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and the coefficients of the system model are recalculated at each time step contribute 

to the satisfactory performance. 

4.5 Conventional Control 

Presentiy, a majority of heating/cooUng systems employ simple on/off and 

PI/PID controllers (see Appenduc B) [39-42]. In the last decade, more advanced 

control strategies such as predictive control and Unguistic fuzzy logic control have 

been applied to the heating/cooUng control problem in a Umited fashion [14, 15, 42, 

43]. In tiiis section, results obtained by on/off, PI, PID, predictive and linguistic fuzzy 

logic controUers wiU be presented for comparison purposes. 

4.5.1 On/Off ControUer 

The simplest controller employed in heating/cooUng systems is the on/off 

controller. The controller output is either "on" or "off. In order to avoid too rapid 

cycling, a control differential is used. The type of on/off controller utiUzed in this 

section is the three position (heat-cool-off) controller (Figure B.l.d). The results 

obtained with the original system parameters are presented in Figure 4.9 where T„ Td 

and p are the internal temperature, the desired temperature and the power supplied to 

the system, respectively. 

Changing the system parameters to the values given in section 4.4 yields the 

results given in Figure 4.10. The change in the performance of the controUer is not 
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Figure 4.9. Ti, Td and p for the on/off controller with the original system 
parameters. 
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Figure 4.10. Ti, Td and p for the on/off controller after changing the system 
parameters. 
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very significant since, for this type of controUer, there is no tuning involved, and thus, 

there exists little dependency on system parameters. 

Figures 4.11 and 4.12 show the error defined in (4.43) with the original system 

parameters and after changing the values of tiie system parameters, respectively. 

4.5.2 PI and PID ControUers 

Both PI and PID controllers are applied to the process. Trial and error method 

is employed for tuning. The results are shown in Figures 4.13 and 4.14 for PI and PID 

controllers, respectively. As can be seen, the result obtained by the PI controller is 

superior to that obtained by the PID controUer since the derivative term promotes a 

control response which is much faster than the normal response of the heating/cooling 

system. 

Figures 4.15 and 4.16 show the error defined in (4.43) with the original system 

parameters for the PI and PID controUers, respectively. 

Changing the system parameters to the values given in section 4.4 significantiy 

worsens the performances of the controllers due to the dependency of the gain 

constants on the system parameters and yields the results given in Figures 4.17 and 

4.18 for the PI and PID controllers, respectively. 

Figures 4.19 and 4.20 show the error defined in (4.43) with the original system 

parameters for the PI and PID controUers, respectively. 
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Figure 4.11. e(n) for the on/off controller with the original system parameters. 
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Figure 4.12. e(n) for the on/off controller after changing the system 
parameters. 
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Figure 4.13. Tj, T^ and p for the PI controller with the original system 

parameters. 
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Figure 4.14. Tj, T̂ i and p for the PID controller with the original system 

parameters. 
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Figure 4.15. e(n) for the PI controUer with the original system parameters. 
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Figure 4.16. e(n) for the PID controUer with the original system parameters. 

86 



100 

Figure 4.17. Tj, T^ and p for the PI controller after changing the system 

parameters. 
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Figure 4.18. Tj, T̂ j and p for the PID controller after changing the system 

parameters. 
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Figure 4.19. e(n) for the PI controller after changing the system parameters. 
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Figure 4.20. e(n) for the PID controller after changing the system parameters. 
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4.5.3 Generalized Predictive ControUer 

Employing the system model given in (4.37), the control strategy is obtained 

by minimizing 

J = (y-ym) (y-ym)-i-puc Uc 

= (RcUc + RmdUmd -l- y - ym) (RcUc -I- RmdUmd -f- y - ym) -I- pUc Uc, 

where ym = [ym(t-H 1) ym(t-i-2) ym(t-i-3)]^, with respect to u^. Hence, 

Uc = (Rc'̂ Rc + pl)-^ Rc"̂  (ym - y - RmdUmd) (4.45) 

is obtained. The first component of Uc is applied to the system as the control input. 

The results obtained with the original system parameters are presented in 

Figure 4.21. Changing the system parameters to the values given in section 4.4 yields 

the results given in Figure 4.22. Changing the system parameters to the values given in 

section 4.4 significantiy worsens the performance of the controller since the control 

input obtained by minimizing (4.44) is highly dependent on the system parameters. 

Figures 4.23 and 4.24 show the error defined in (4.43) with the original system 

parameters and after changing the values of the system parameters, respectively. 

4.5.4 Linguistic Fuzzy Logic Controller 

The linguistic fuzzy logic controller utiUzed in this study consists of 25 rules 

(Figure 4.25) whose inputs are e, the error, and de, the change-in-error, and whose 

outputs are p, the power suppUed to the heating system. NB, NS, ZE, PS and PB 
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Figure 4.21. Ti, Td and p for the generalized predictive controller with the 
original system parameters. 
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Figure 4.22. Ti, Td and p for the generalized predictive controller after 
changing the system parameters. 
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Figure 4.23. e(n) for the generalized predictive controller with the original 
system parameters. 
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Figure 4.24. e(n) for the generalized predictive controller after changing the 
system parameters. 
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Figure 4.25. The confusion matrix for the control rules used by the linguistic 
fuzzy logic controUer. 
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denote negative big, negative smaU, zero, positive smaU and positive big, respectively. 

The error and change-in-error are defined as 

e = T,(t)-Td(t) (4.46) 

and 

de = [Ti(t) - Td(t)] - [Ti(t -1) - Td(t -1)], (4.47) 

respectively. Hence, the rules are of the form: If {e is NS and de is PS), then (p is ZE). 

The membership functions of e and de are chosen intuitively and the 

membership function for p is obtained during system tuning (Figure 4.26). 

Defuzzification is achieved by employing the center-of-area method: 

pcnsp = -^P^^P^. (4.48) 

The results obtained by the linguistic fuzzy logic controller are presented in 

Figure 4.27. Changing the system parameters to values given in section 4.4 yields the 

results shown in Figure 4.28. As can be seen, the performance of the controUer 

remains almost the same. 

Figures 4.29 and 4.30 show the error defined in (4.43) with the original system 

parameters and after changing the values of tiie system parameters, respectively. 

4.6 Summarv 

Employing a second-order quadratic nonUnear ARMAX model of the 

heating/cooUng process, the forward dynamics is obtained. The neural network 
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Figure 4.26. Membership functions of (a) e, (b) de and (c) p. 
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Figure 4.27. Tj, T^ and p for the linguistic fuzzy logic controller with the 

original system parameters. 
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Figure 4.28. Tj, T̂ } and p for the linguistic fuzzy logic controller after changing 

the system parameters. 
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Figure 4.29. e(n) for the Unguistic fuzzy logic controller with the original 
system parameters. 
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Figure 4.30. e(n) for the linguistic fuzzy logic controller after changing the 
system parameters. 
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identifier with fuzzy backpropagation learning rule is trained employing input-output 

data obtained from the forward dynamics. It is shown that the neural network which is 

tiien UtUized as a system simulator identifies the nonUnear mapping of the process 

successfuUy. 

For generalized predictive fuzzy logic control, a Unearized system model is 

realized employing the neural network and the least-squares technique. Results 

obtained by the generalized predictive fuzzy logic conu-oUer as weU as the results 

obtained by conventional controllers, such as the on/off, PI, PID, generaUzed 

predictive, and linguistic fuzzy logic controUers, are Ulustrated. It is shown that the 

control results obtained by the generalized predictive fuzzy logic controller are far 

superior to the results obtained by the conventional controllers both in terms of 

accuracy and energy consumption.. 

The performance measure given in Chapter III is applied to aU controllers and 

the results are given in Table 4.1 for a= l and p=0.5 where GPFLC, O/OC , PIC, 

PIDC, GPC and LFLC denote the generalized predictive fuzzy logic, on/off, PI, PID, 

generalized predictive and linguistic fuzzy logic controllers, respectively. Case 1 and 

case 2 indicate simulations with original system parameters and after changing the 

system parameters. 
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Table 4.1. The performance measure for a=l and p=0.5. 

Case 1 

Case 2 

GPFLC 

2.522 

2.639 

O/OC 

3.711 

3.875 

PIC 

2.997 

3.701 

PUDC 

3.245 

4.394 

GPC 

2.837 

27.933 

LFLC 

2.701 

3.226 
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CHAPTER V 

APPLICATION TO MULTILINK ROBOT MANIPULATOR 

Witii the need for increased productivity and the deUvery of end products of 

uniform quality, industry is turning toward computer-based automation. The 

inflexibUity and generaUy high cost of most of the special purpose machines in use 

today have led to a growing interest in the use of robots capable of performing a 

variety of manufacturing functions in a more flexible environment at lower production 

costs. 

An industrial robot is a computer-controUed manipulator consisting of several 

rigid Unks connected in series by revolute and prismatic joints. One end of the 

manipulator is connected to a supporting base, whUe the other end is equipped with a 

tool to perform predetermined tasks. The motion of the joints results in relative motion 

of the links. The arm subassembly can generaUy move with three degrees of freedom. 

The wrist subassembly unit usuaUy consists of three rotary motions: pitch, yaw and 

roU. Hence, for a robot manipulator, the arm assembly is the positioning mechanism, 

while the wrist assembly is the orientation mechanism [44-50, 88]. 

Although commerciaUy avaUable industrial robots are employed in 

manufacturing and assembly tasks, such as handling materials/hazardous materials, 

spot/arc welding, parts assembly, paint spraying, space and undersea exploration, 

loading and unloading numericaUy controlled machines, most of today's industrial 
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robots are simple positional machines [44, 49]. They execute a given task by playing 

back prerecorded and preprogrammed sequences of motions that have been previously 

taught by a user. 

Before moving the robot arm, it is of interest to know whether there are any 

obstacles present in the path and whether the manipulator arm needs to traverse along 

a specified path. Hence, the control problem of a robot manipulator can be divided 

into two coherent subproblems: trajectory planning subproblem and motion control 

subproblem [44]. 

There are two tasks in robot arm motion control: target positioning and target 

tracking. Target positioning involves leading the end effector from an initial position to 

a desired position within the working space, whereas target tracking involves guiding 

the end effector along a predefined trajectory in the Cartesian space. This study wiU 

primarily deal with target tracking as the generalized predictive fuzzy logic controUer 

introduced in Chapter III is very suitable to systems where the desired trajectory is 

known. 

With the knowledge of the dynamics of a serial manipulator, the underlying 

task is to control the manipulator to follow a desired path. Robot arm dynamics 

involves the mathematical formulations of the equations of the robot arm motion. The 

dynamical equations of motion of a manipulator are a set of equations describing the 

dynamic behavior of the manipulator. Such equations of motion are useful for 

computer simulation of the robot arm and the design of a suitable controller for the 
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robot arm. The actual dynamical model of the robot arm can be obtained from known 

physical laws such as the laws of Newtonian and Lagrangian mechanics. This leads to 

the development of the dynamical equations of motion for the various joints of the 

manipulator in terms of specified geometric and inertial parameters of the Unks. 

Conventional approaches Uke the Lagrange-Euler (L-E) and Newton-Euler (N-E) 

formulations [89-91] can tiien be applied systematicaUy to develop the actual robot 

arm motion equations. 

The derivation of the dynamical model of a manipulator based on the L-E 

formulation is simple and systematic. Assuming rigid body motion, the resulting 

equations of motion, excluding the dynamics of electronic control devices, backlash, 

and gear friction, are a set of second-order coupled nonUnear differential equations. 

Hence, the L-E equations of motion provide expUcit nonUnear state equations for 

robot dynamics and can be utiUzed to analyze and design advanced joint-variable space 

control strategies. They can be utUized to solve the forward dynamics problem, i.e., 

given the desired torques, the dynamical equations are employed to solve the joint 

accelerations which are then integrated to solve for the generalized coordinates and 

their velocities; or the inverse dynamics problem, i.e., given the generaUzed 

coordinates and their fUst two time derivatives, the generalized forces are computed. 
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5.1 Lagrange-Euler Formulation 

The general motion equations of a manipulator can be expressed through the 

direct appUcation of the L-E formulation to the system. Denavit-Hartenberg [92] 

matrix representation is usuaUy utUized to describe the spatial displacement between 

the neighboring Unk coordinate frames to obtain the Unk kinematic information and 

then the Lagrangian dynamics formulation is applied to derive the dynamical equations 

of a manipulator. This approach results in a convenient and compact algorithmic 

description of the manipulator equations of motion. The algorithm is expressed by 

matrix operations and faciUtates both analysis and computer implementation. 

The derivation of the dynamical equations of a manipulator with n degrees of 

freedom is based on the understanding of: 

1. The 4x4 homogeneous coordinate transformation matrix Ai'"\ which 

describes the spatial relationship between the ith and (i-l)th link coordinate frames. It 

relates a point fixed in Unk i, expressed in homogenous coordinates with respect to the 

ith coordinate system, to the (i-l)th coordinate system. 

2. The L-E equation 

6_ 

dt 

aL 
3qi 

= Xi, i = l, 2, ..., n (5.1) 
3qi 

where 

L = Lagrangian function = kinetic energy K - potential energy P, 

K = total kinetic energy of the robot arm. 
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P = total potential energy of the robot arm, 

qi = generalized coordinates of the robot arm, 

qi = first time derivative of the generaUzed coordinate, qi, 

Xi = generalized force (or torque) appUed to the system at joint i to drive link i. 

From above L-E equation, a set of generalized coordinates are required to be 

chosen. Generalized coordinates completely describe the position and the orientation 

of a system with respect to a reference coordinate frame. For a simple manipulator 

with rotary joints, various sets of generalized coordinates are avaUable to describe the 

manipulator. However, since the angular positions of the joints are readUy avaUable 

because they can be measured by sensing devices, they provide a natural 

correspondence with the generalized coordinates. This corresponds to the generaUzed 

coordinates with the joint variable defined in each of the 4x4 link coordinate 

transformation matrices. Hence, in the case of a rotary joint, qi^Oi, the joint angle span 

of the joint 

A detaUed derivation of the equations of motion for a multUink robot arm is 

given in [44]. Following the same steps for a two link robot manipulator (Figure 5.1) 

and assuming: joint variables = 6i, 62; mass of the Unks = mi, ni2; lengths of the Unks 

= li = I2 = 1 and torques applied to the Unks = Xi, X2, the foUowing set of equations of 

motion is obtained: 

109 



Figure 5.1. A two Unk manipulator. 
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x(t) = D(e)e(t)-Kh(e,e)-Hc(e), (5.2 

where h(0,0) and c(G) are the coriolis and centrifugal, and gravity terms, respectively. 

The individual terms in (5.2) are given by 

x(t) = 
Xi 

X2 
(5.3) 

D(e) = 
mil^ 4 m 2 r _̂  _ ,2^ mil' ^ m i f C i 

+ 1-m2l C2 1 
3 3 

m2l^ m2l^C2 
3 2 

m2p 
(5.4) 

e(t) = BI 

62 
(5.5) 

h(e,e) = 

2A 2 -miSiVQi 
-m2S2r0i62 

m2S2l'ei' 
(5.6) 

0(6) = 

miglCi m2glCi2 , ^ 
^ - I - — -l-m2glCi 2 

m2glCi2 
(5.7) 

where Ci=cos(6i), Si=sin(6i), and Cij= cos(6i-i-6j). 

From Figure 5.1, the end effector position (x,y) can be obtained as 

X = li cos(6i) + l2COs(6i -I- 62) 

y = lisin(6i)-i-l2sin(6i-i-62) ' 
(5.8) 

When data for a variable v are given only at discrete time intervals the 

derivatives can be replaced by finite differences [51]. With a second-order equation 

one of the possible schemes is 
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v( t ) -^ v(n-At) , 
, ^ ^ 3 ^ v ( n ) - v ( n - A t ) 

At 
,̂̂ ^̂  ^ v(n-hAt)-2v(n) + v(n-At) 

(Atf 

The forward dynamics problem for a two link manipulator can be obtained by 

applying (5.9) to (5.2) and solving (5.2) for 6i and 62: 

^^^"• ' ^^^-TlkT [ l ^ ^ > ( n - l ) - ^ X 2 ( n - l ) 

kik. 

+ (2———)6i(n)-H(-l-h----)ei(n-l) 
kik4 kik4 

K 2 K 7 _ . 9 . . ZK2K7 _. . ^-. ^ , ^ K2K7 ^ 9 , , ̂  
+ --—6i'(n)-——-6i(n)6i(n-l)-H-—-6i'(n-l) 
kik4 kik4 kik4 

-—62'(n)-h^^62(n)62(n-l)-—62'(n-l) (5.10) 
ki ki ki 

-—6i(n)e2(n)-h—6i(n)62(n -1) 
ki ki 

^'6i(n-l)62(n)-—6i(n-l)62(n-l) 
ki ki 

k2k9 

ki 
-ks] 
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klk4 

+ ( 2 - l ^ ) e 2 ( n ) + (-l + i ^ ) 6 2 ( n - l ) 
k ik4 k ik4 

k 3 k 5 ^ 2 . X 2k3k5 k 3 k 5 ^ 2 e2'(n) e2(n)62(n-l)-h^^^^^62'(n-l) 
kik4 kik4 kik4 

^ 6 i ' ( n ) - h ^ 6 i ( n ) 6 i ( n - l ) - — 6 2 ' ( n - l ) (5.11) 
K4 k4 k4 

^ e i ( n ) 6 2 ( n ) - ^ 6 i ( n ) 6 2 ( n - l ) 
kik4 kik4 

^ 6 i ( n - l ) 6 2 ( n ) + ^ ^ 6 i ( n - l ) 6 2 ( n - l ) 
kik4 kik4 

ksks , , 
kg] 

where 

, mif 4m2f _ ,2 , ni2f m2C2p 
ki = + -i-m2C2r, k2 = 4- , k3 = k2, 

, m2l , -m2S2l̂  , o ,2 , m2S2r 
k4 = , k5 = , k6 = -m2S2l, k7 = 

miglCi m2glCi2 ,^ , m2glCi2 
k8 = — - — + — -i-m2glCi, k9 = — 

5.2 Identification of the Plant 

A three-layer feed forward neural network with backpropagation learning rule 

is employed for system identification. It is utiUzed to obtain a simulation tool. Before 

implementing the controllers on the real process systems, it is advisable to perform 

tests on dynamic simulations of the real processes. Dynamic simulations faciUtate 
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better understanding of the dynamic processes and provide insights into the nature of 

the interactions between the mputs and outputs. In addition, performing the tests on 

dynamic simulators enables studying the control issues without the interference from 

other operational aspects such as safety and economics. 

The discrete time equations of motion, (5.11) and (5.12), are employed to 

generate the input-output pairs which are tiien utUized to train the neural network 

identifier. The system parameters are set to m=10kg, and li=l2=lm. The input, hidden 

and output layers of the neural network identifier contain 8, 15 and 2 nodes, 

respectively (Figure 5.2). The structure of the identification model is as in Figure 2.9. 

Figure 5.3 Ulustrates the results of the identification process. In Figure 5.3.a, 

the trajectory obtained by the neural network and the actual trajectory generated 

employing equations (5.10), (5.11) and (5.8) are shown. As can be seen, the neural 

network with fuzzy controlled backpropagation leaming rule identifies the dynamics of 

the two-link manipulator successfuUy. Figures 5.3.b and 5.3.C Ulustrate the training 

and test data, respectively. 

5.3 GeneraUzed Predictive Fuzzy Logic Control 

For real time control purposes, the L-E equations of motion are very difficult 

to utiUze unless they are simplified. Thus, for generalized predictive fuzzy logic 

control, a lower order linear model of the system to be controlled has to be obtained. 
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Input layer Hidden layer Output layer 

e.(t-hl) 

e2(t-i-l) 

Figure 5.2. The structure of the identification neural network for the two Unk 
manipulator. 
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ynn(n) o - ya(n) 0 -

xnn(n) xa(n) 

(a) (b) 

Tl(n) T2(n)0.5 -

(C) 

Tl(n) T2(n)0.5 -

(d) 

Figure 5.3. Performance of the identification model: outputs of (a) the neural 
network and (b) the actual system equations of motion, (c) the training data, and 
(d) the test data. 
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UtiUzing the least-squares regression technique described in section 4.3, the 

Unear system model (1-step ahead predictor) is obtained as 

6i(n-i-l) = ci6i(n)-i-C26i(n-l) 

+ C3Xi(n)-i-C4Xi(n-l) (5.12) 

-I-C562(n) + C662(n-1) 

and 

62(n + l) = C762(n) + C862(n -1 ) 

+ C9X2(n) + cioX2(n -1 ) 
^ (5.13) 

+ cii6i(n)-Hci26i(n-l) 
+ ci3Xi(n) -I- ci4Xi(n -1 ) 

where the coefficients Ci, i=l, . . . , 14 are recalculated at each time step. 

From (5.12) and (5.13), a 2-step ahead predictor is obtained as 

6i(n + 2) = bi6i(n) + b26i(n -1 ) 

-f-b3Xi(n-i-l)-i-b4Xi(n)-i-b5Xi(n-l) , (5.14) 

+ b662(n + 1) + b762(n) + b862(n -1 ) 

where 

bi = ci^ -I- C2; b2 = C1C2; bs = cs; b4 = ciC3 -1- C4; 

bs = C1C4; be = cs; b7 = cics -1- ce; bs = cice; 

and 

62(n + 2) = b962(n) -K bio62(n -1 ) 

-I- biiX2(n -I-1) + bi2X2(n) + bi3X2(n -1 ) 

-I- bi46i(n +1) + bi56i(n) -H bi66i(n - 1 ) ' 

-I- bi7Xi(n -H1) -I- bi8Xi(n) -1- bi9Xi(n -1 ) 

(5.15) 

where 
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b9 = C7 + cs; bio = C7Cs; bii = C9; bi2 = C7C9 -i- cio; 

bi3 = C7Cio; bi4 = cii; bis = C7Cii + C12; bi6 = C7C12; 

bi7 = C13; bis = C7C13 -I- C14; bi9 = C11C14. 

Equations (5.12) and (5.14), and (5.13) and (5.15) are rewritten, respectively. 

as 

y = RcUc -I- RmdUmd -I- y , (5.16) 

where 

y = 
•6i(n-Hl)" 

6i(n-H2) 

Rc = 
C3 0 

b4 bs 

Uc = 
xi(n) 

xi(n-f-l) 

Rmd — 
C5 0 

b7 be 

Umd = 

y = 

62(n) 

62(n + l)_ > 

Cl C2 C4 C6 

bi b2 bs bs 

" 6i(n) 

6 i (n- l ) 

x i (n- l ) 

62(n-l) 

and 

y'=Rc'uc'-l-Rmd'umd'-f-y', (5.17) 

where 
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y = 

Rc'= 

Uc' = 

"62(n-hl)" 

_62(n-f 

C9 

bi2 

• 2 ) . 

0" 

bii_ 

X2(n) 

_X2(n-i-l) 

Cll 

bi5 

C13 

bi8 

0 0 

bi4 bi7 

Umd = 

• 6 i ( n ) • 

Xi(n) 

6i(n-hl) 

Xi(n-Hl) 

y = 
C7 CS ClO Cl2 C14 

b9 bio bi3 bi6 bi9 

62(n) 

62(n-l) 

X2(n-1) 

6 i (n- l ) 

xi(n- l ) 

A 3-step ahead predictor is obtained and its performance is compared to the 

performance of the 2-step ahead predictor. Since there is no significant difference in 

their performances, the 2-step ahead predictor is employed in order to reduce the 

computational intensity. 

Utilizing the neural network simulator, N=90 input-output pairs are generated. 

Employing the fuzzy C-means algorithm, K cluster centers are obtained. The optimal 

value of K is found to be 4. 
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Once the clusters are constructed, the next step is prediction of the control 

inputs. FUst for 61, input-output pairs (u„,d°, ym°̂ )̂ and (u ,̂d°̂ ^ ym°̂ )̂ where y„, is the 

desired trajectory for 61 are obtained. The memberships of the first paU to the clusters 

projected on Umd and y space are computed as 

PR^''\Umd",ym""') = 
"^r(umd"-Umd.*)^-f(y.-^-y.*)^Y-"^"' 

t([ (Umd" - Umd,*)̂  + (ym"*̂  - y,* )' 
(5.18) 

fork=l, 2,..., K. 

Next, a prediction of Uck°, the fuzzy control input whose defuzzified version 

wiU be applied to the system, is performed for the (Umd", ym°"̂ ') pair employing the 

generalized predictive control technique described in Appendix B. The coefficients of 

the equations (5.16) and (5.17) are obtained applying the least-squares method. 

Minimization of the cost function which is defined as 

J = E{[y-ym]^[y-ym]-pR^ '̂(umd",ym" '̂)-Hpudc''udc} (5.19) 

with respect to Uck yields 

U d c = [ | i R ^ ' ' ( U m d " , y m " * ^ ) R j R c - H p I T ^ P R ' ^ X U m d " , y m " * ^ ) R c ^ [ y m - y - RmdUmd], ( 5 . 2 0 ) 

for k=l, 2, ..., K, where p is the trade-off between the control effort and the deviation 

from the desired trajectory, I is the identity matrix, and ym is the desired trajectory 

vector for 61 whose elements are ym°'̂ \ ym°̂  . 

The next step is computing the membership of the (u°,ym°̂ )̂ pair to the kth 

cluster employing 
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|UR"'^(u",ym"*^) = 
f 

(Udc" - Udc*) ' -H (Umd" - U m d k ' ) ' -H (ym""^ - y k * ) ' 

^ \ (Udc" - U a * ) ' -h (Umd" - Umd,*) ' + ( y m " " ' - y / ) ' ) 

\(l-m) -1-1 

(5.21) 

where u"=[Uck° u^d"]^ for k=l, 2,..., K. 

The crisp value of the control input for 6i is computed using the center-of-area 

method: 

K 

Xuc."pR^^Xu",ym"*') 
Uccrisp — 

n _ k=l 
K (5.22) 

X|iiR"(u",ym""') 
k=l 

Next for 62, input-output paUs (u„d'°, ym'° ) and (u^d'" , ym' ) where y'̂ , is 

the desired trajectory for 62 are obtained. The memberships of the first pair to the 

clusters projected on Umd' and y' space are computed as 

PR (Umd , y m ) = 
^ ( (Umd'" - U m d ' k * ) ' -^ ( y m ' " " ' - y ' k * ) ' 

t f t (Umd'"-Umd',*)'-H(ym'""'-y'i*)' 

.(1-m) n-l 

(5.23) 

fork=l, 2,..., K. 

Next, a prediction of Uck'°, the fuzzy control input whose defuzzified version 

?n . . >n-i-l> 
wiU be applied to the system, is performed for the (Umd' , ym' ) pair employing the 

generalized predictive control technique. 

Minimization of the cost function which is defined as 

iT ( i ' ) / ' n '" . » '"•••1 i T „ I J = E{[y'-y'm]ly'-y'm]-pR^'^(umd'",ym'""^)-hpudc''udc'} (5.24) 

with respect to Uck' yields 
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Udc'=[Pu.<^>(umd'",ym'""')Rc'̂ Rc'-HpI]-'pi,^^Xumd'",ym'""')Rc'̂ [ym'-y'-Rmd'umd'], (5.25) 

for k=l , 2, ..., K, where ym' is the desired trajectory vector for 62 whose elements are 

.n+l ,„+l 
jva 5 j m 

Next, the membership of the (u'",ym'""') paU to the kth cluster is computed 

employing 

pR''^(u'",ym'""') = 
r ( U d . ' " - U c ' k * ) ' - h ( U m d ' " - U m d ' k ' ) ' - H ( y m ' " " ' - y ' k * ) ' Y ' " ' " ^ 

1-1 

t ! { ( U d . ' " - U c ' , * ) ' - h ( U m d ' " - U m d ' ; ) ' - ^ ( y m ' " " ' - y ' r ) ' J 
(5.26) 

,»n r »n , , ^DTT 
where u'°=[Uck'° u^d'"]' for k=l, 2,..., K. 

The crisp value of the control input for 62 is computed using the center-of-area 

method: 

£ u c k ' " p R ^ ^ X u ' " , y m ' " " ' ) 

Ucciisp — 'n _ k=l 
K (5.27) 

X^lR^^^(u^ym'""') 
k=l 

The updating of the clusters is performed as foUows: The crisp values of the 

n n 

control inputs Xi(n)=Uccrisp and X2(n)=Uccrisp' which are obtained by (5.22) and (5.27), 

n-t-l 
respectively, are applied to the system and the actual outputs 6i(n-i-l)=y° and 

'n+l 
62(n+l)=y° are measured. Next, the distances between the N original input-output 

pairs and the most recent input-output pair, (Xi(n), X2(n), 61 (n), 62(n), Xi(n-l), X2(n-1), 

61 (n-l), 62(n-l); 61 (n+l), 62(n-i-l)), are computed employing the EucUdean distance 

measure. The original input-output pair with the smallest distance is replaced by the 
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most recent input-output pair. A new clustering is performed to compute the updated 

cluster centers. The number of the clusters is not changed since the original number of 

clusters is representative of aU modes of the system. FoUowing the updating of the 

clusters, stage 2 is repeated for the new (u^d", ym"') pair to obtain a new value for the 

control inputs. 

The results obtained by the generaUzed predictive fuzzy logic controller are 

presented in Figure 5.4 for original system parameters, td and ta are the desired 

trajectory and the actual trajectory, respectively, given in terms of the (x,y) 

coordinates obtained employing (5.8). Figure 5.5 Ulustrates the torques applied to the 

manipulator. 

Figure 5.6 shows the error 

e(n) = -y/[xa(n)-Xd(n)f-H[ya(n)-yd(n)f, (5.28) 

where [Xa(n),ya(n)] and [Xd(n),yd(n)] are the actual trajectory and the desired trajectory, 

respectively. 

Figures 5.7, 5.8 and 5.9 show the desired and actual trajectories, the torques 

applied to the manipulator and the error, respectively, after changing the system 

parameters to m=13kg, and li=l2=1.3m. 

As can be seen, the controller performs very satisfactorily both with the 

original system parameters and after changing the system parameters. The adaptive 

nature of the fuzzy logic controller and the fact that the cluster centers are updated 

123 



yd(n) 0 -

(a) 

ya(n) o -

(b) 

Figure 5.4. Generalized predictive fuzzy logic control with the original system 
parameters, (a) the desired trajectory td and (b) the actual trajectory ta. 
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Tl(n) 

(a) 

T2(n) 0.5 

0 

(b) 

Figure 5.5. The torques applied to the manipulator employing the generaUzed 
predictive fuzzy logic controUer with the original system parameters, (a) Xi, (b) X2. 
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Figure 5.6. The error e(n) for the generalized predictive fuzzy logic control 
with the original system parameters. 
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yd(n) 0 -

(a) 

ya(n) 0 -

(b) 

Figure 5.7. Generalized predictive fuzzy logic control after changing the values 
of the system parameters, (a) the desUed trajectory td and (b) the actual trajectory ta-
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Tl(n) 

(a) 

T2(n)o.5 

0 

(b) 

Figure 5.8. The torques applied to the manipulator employing the generalized 
predictive fuzzy logic controller after changing the values of the system parameters. 
(a) Xi, (b) X2. 
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Figure 5.9. The error e(n) for the generalized predictive fuzzy logic control 
after changing the values of the system parameters. 
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and the coefficients of the system model are recalculated at each time step contribute 

to the satisfactory performance. 

5.4 Conventional Control 

In [93], a controller based on an ARMA model to fit the input-output data 

from the manipulator is proposed. The control algorithm assumes that the interaction 

forces among the joints are negligible. The least-squares identification scheme is used 

to estimate the parameters which are used in the optimal control of the manipulator. 

The system model is obtained as in equations (5.16) and (5.17). For 6i, 

minimization of the cost function which is defined as 

J = E{[y - ym]̂ [y - ym] + puc'̂ Uc} (5.29) 

with respect to Uc yields 

Uc = [Rc'̂ Rc + pl]"̂ Rc'̂ [ym- y- RmdUmd], (5.30) 

where p is the trade-off between the control effort and the deviation from the desired 

trajectory, I is the identity matrix, and ym is the desired trajectory vector for 6i whose 

elements are ym° \̂ ym°̂  • 

For 62, minmiization of tiie cost function which is defined as 

J = E{[y'-y'm]^[y'-y'm] + pUc'̂ Uc'} (5.31) 

with respect to Uc' yields 
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Uc'=[Rc'^Rc'-HpIT'Rc'^[y„.'-y-R^'Umd'], (5.32) 

where ym' is tiie desUed trajectory vector for 62 whose elements are ym'°''\ ym'"''̂  

The first components of Uc and Uc' are Xi and X2, respectively, which are tiien 

appUed to the manipulator as control inputs. 

The results obtained by the conventional controller based on the ARMA model 

of the manipulator are presented in Figure 5.10 for original system parameters, td and 

ta are the desUed trajectory and the actual trajectory, respectively, given in terms of the 

(x,y) coordinates obtained employing (5.8). Figures 5.11 and 5.12 Ulustrate the 

torques applied to the manipulator and the error e(n) defined in (5.28), respectively. 

Figures 5.13, 5.14 and 5.15 show the desired and actual trajectories, the 

torques applied to the manipulator and the error, respectively, after changing the 

system parameters to m=13kg, and li=l2=1.3m. 

5.5 Summary 

Employing the L-E formulation, inverse dynamics are obtained for a two-link 

robot manipulator. Replacing the derivatives with finite differences and solving the 

equations for the joint angles, the forward dynamics are obtained. The neural network 

identifier with fuzzy backpropagation leaming rule is trained employing input-output 

data obtained from the forward dynamics. It is shown that the neural network which is 

tiien UtiUzed as a system simulator identifies the nonUnear system mapping 

successfuUy. 
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yd(n) 0 -

(a) 

ya(n) o -

(b) 

Figure 5.10. The conventional controller with the original system parameters, 
(a) the desired trajectory td and (b) the actual trajectory ta. 
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Tl(n) 

(a) 

T2(n)0.5 

0 

(b) 

Figure 5.11. The torques appUed to the manipulator employing the 
conventional controller with the original system parameters, (a) Xi, (b) X2. 
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e(n) 

0 

0.4 

0.2 

1 

I 

— 

— 

0 

0 
50 

n 88 

Figure 5.12. The error e(n) for the conventional controller with the original 
system parameters. 
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yd(n) 0 -

(a) 

ya(n) Q -

(b) 

Figure 5.13. The conventional controUer after changing the values of the 
system parameters, (a) the desired trajectory td and (b) the actual trajectory ta. 
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Tl(n)2 

(a) 

T2(n)0.5 

0 

(b) 

Figure 5.14. The torques applied to the manipulator employing the 
conventional controUer after changing the values of the system parameters, (a) Xi, 

(b) i2. 
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Figure 5.15. The error e(n) for the conventional controller after changing the 
values of the system parameters. 
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For real-time control purposes, the L-E equations are very difficult to utiUze 

unless tiiey are simpUfied. Hence, a Unearized system model is realized employing data 

generated by the neural network and the least-squares technique. The Unearized 

system model is then utUized to obtain the generalized predictive fuzzy logic controUer 

as weU as a conventional controller using an ARMA model of the system. It is shown 

that the control results obtained by the generalized predictive fuzzy logic controller are 

far superior to the results obtained by the conventional controUer, both in terms of 

accuracy and torques appUed to the joints, thus, the energy consumption. 

The performance measure given in Chapter III is applied to both controllers 

and the results are given in Table 5.1 for a=l and (3=0.5 where GPFLC is the 

generalized predictive fuzzy logic controller and CC is the conventional controUer 

based on an ARMA model of the manipulator. Case 1 and case 2 indicate mi=m2=10, 

1=1 and mi=m2=13,1=1.3, respectively. 
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Table 5.1. The performance measure for a=l and (3=0.5. 

Case 1 

Case 2 

GPFLC 

0.479 

0.675 

CC 

0.872 

1.465 
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CHAPTER VI 

CONCLUSIONS 

In this study, a new generalized nonUnear fuzzy logic control technique based 

on fuzzy clustering and generalized predictive control was developed as an alternative 

to the conventional Unear control techniques which currentiy exist. In the next section, 

a brief overview of the dissertation and comments on the performance of the 

generalized predictive fuzzy logic controller wiU be presented. 

6.1 Concluding Remarks 

In this study, first, assuming that the dynamics of the nonUnear system to be 

controlled are unknown, a feed-forward neural network employing the 

backpropagation leaming rule was utiUzed for system identification. Despite the 

effectiveness of the backpropagation leaming mle, the convergence rate depending on 

the choice of the leaming rate can be a problem. Hence, fuzzy control of 

backpropagation was introduced to increase the speed of convergence. The algorithm 

of [65] was modified by defining r\ as the fuzzy variable instead of Ar|, the incremental 

change in r|. The advantage of choosing Tj as the fuzzy variable over Arj is that the 

former (r|) can assume a large range of values to adapt to error surfaces whUe the 

value of the latter (Ar|) can change at a much slower rate. Applying a neural network 

with fuzzy controUed backpropagation leaming mle and a neural network with the 
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conventional backpropagation leaming mle to the x-or problem, it was shown that the 

convergence rate of the former is about 4 times faster tiian the convergence rate of the 

latter. Four possible identification models for the representation of a nonUnear plant 

are presented and the most general model that corresponds to the nonUnear ARMAX 

model is assumed. 

The neural network was trained employing input-output data representing the 

possible modes of the system. It is utiUzed to obtain a simulation tool. The reason for 

employing a system simulator is as foUows. Before implementing the controllers on the 

real process systems, it is advisable to perform tests on dynamic simulations of the real 

processes. Dynamic simulations faciUtate better understanding of the dynamic 

processes and provide insights into the nature of the interactions between the inputs 

and outputs. In addition, performing the tests on dynamic simulators enables studying 

the control issues without the interference from other operational aspects such as 

safety and economics. 

A new fuzzy logic controller based on fuzzy clustering and generaUzed 

predictive controller was developed as an altemative to the control techniques which 

currentiy exist. The generalized predictive fuzzy logic controller is very useful when 

the system specification is given in terms of crisp input-output pairs. It inherits the 

advantages of fuzzy logic and predictive controllers. Furthermore, there is no need to 

guess the shapes and numbers of the membership functions in the input and output 

universes of discourse. The fuzzy relations are directiy obtained by fuzzy clustering of 
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the input-output data. A prediction of the control action and its memberships to the 

clusters are utiUzed to compute the crisp control action. The prediction is performed 

using an approximate Unear ARMAX model of the system which is obtained by the 

least-squares algorithm. In accordance with other fuzzy logic controUers, a highly 

accurate system model is not needed, since the generalized predictive fuzzy logic 

controUer computes the crisp value of the control variable employing the predicted 

value and its memberships to the clusters which are obtained directiy from the input-

output data. Hence, the proposed controUer overcomes the disadvantages of both the 

Unguistic fuzzy logic and the predictive controUers. 

Two complex real world problems were chosen as appUcations. The 

performance of the generalized predictive fuzzy logic control method was compared 

with the performances of the existing conventional control techniques. 

The first appUcation was a nonUnear heating/cooUng process. A known 

second-order nonUnear ARMAX model of the process was utUized to generate the 

input-output pairs which are then used to train the neural network identifier. It was 

shown that the fuzzy logic controUed neural network identifies the system successfuUy. 

The neural network identifier was later utiUzed to simulate the heating/cooling 

process, since it is usuaUy cheaper, easier and more practical to use simulators when 

developing new control techniques rather tiian employing the actual process. 

The main purpose in employing controllers in heating/cooUng systems is 

creating a comfortable indoor climate whUe lowering the energy consumption [16, 39, 
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40]. Most of the control techniques that have been applied to heating/cooling 

processes have basicaUy addressed the problem of creating a comfortable indoor 

climate rather than simultaneously lowering the energy consumption. In current 

heating/cooUng systems, modem control strategies are usuaUy not used. The 

techniques often employed are simple on/off and PI/PID controUers [41-43]. 

After obtaining the system simulator, the generalized predictive fuzzy logic 

controUer was applied to the process. It was shown that its performance is very 

satisfactory both in terms of accuracy and use of energy. Next, on/off, PI, PID, 

generalized predictive and Unguistic fuzzy logic controllers were appUed to the 

heating/cooUng process. It was shown that the results obtained by the generaUzed 

predictive fuzzy logic controUer were far superior to the results obtained by other 

conventional methods both in terms of energy consumption and accuracy (comfort). 

A performance measure that combines the deviation from the desired trajectory 

and the control effort was introduced to compare the performances of the controllers 

employed. FinaUy, this measure was applied to the results obtained by aU controllers 

and the performances of the controllers are compared numerically. 

The second appUcation was a multilink robot manipulator [44-50]. Employing 

the L-E formulation, inverse dynamics were obtained for a two-Unk robot manipulator. 

Solving the equations for the joint angles, the forward dynamics were obtained. The 

neural network identifier with fuzzy backpropagation leaming mle was trained 

employing input-output data obtained from the forward dynamics. It was shown that 

143 



the neural network which was then utiUzed as a system simulator identified the 

nonUnear system mapping successfully. 

A linearized system model was realized employing data generated by the neural 

network and the least-squares technique since for real-time control purposes, the L-E 

equations are very difficult to utiUze unless they are simplified. The linearized system 

model was then utUized to obtain the generalized predictive fuzzy logic controller as 

weU as a conventional controUer using an ARMA model of the system. It was shown 

that the control results obtained by the generalized predictive fuzzy logic controUer 

were far superior to the results obtained by the conventional controller, both in terms 

of accuracy and torques applied to the joints, thus, the energy consumption. 

The performance measure was applied to both controllers and the results have 

been presented. 

6.2 Future Research 

There are several issues that were not addressed in tiiis dissertation which have 

been topics for future research. These issues are the stabiUty analysis, utiUzing neural 

networks as the system predictors in the second stage of the generalized predictive 

fuzzy logic controller, and employing other clustering techniques in the first stage of 

the generaUzed predictive fuzzy logic controUer. 
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6.2.1 StahiUtv Analysis 

StabiUty analysis is one of the most important, but least addressed issues when 

designing FT..Cs. The existing stabiUty analysis metiiods impose theU own special 

constraints on the control system to be analyzed [80-84]. Furthermore, most of the 

existing metiiods are specificaUy developed for conventional FLCs. A Umited stabUity 

analysis based on bounded input-bounded output stabiUty criterion is presented for the 

generalized predictive fuzzy logic controller. It should be noted, however, that no 

general theory for stabiUty analysis of FLCs exists at tiiis time. Hence, it stiU remains 

as a subject which needs to be further explored. Further research in this area, however, 

is not included in the framework of this study and will be left as future research. 

6.2.2 Neural Networks as Nonlinear Predictors 

In this study, a linear ARMAX model of the process to be controlled is 

employed in the second stage of the generalized predictive fuzzy logic controller. 

Although it is shown that the performance of the controller employing the ARMAX 

model is satisfactory, it is anticipated that the performance can be further improved by 

employing a nonUnear model of the process for prediction. 

It should be noted, however, that tiiis proposed approach requires the 

modification of the cost function defined in Chapter EI. 

It is very difficult to obtain an optimal neural network with an optimal leaming 

algorithm for a given system. Therefore, it is essential to consider automated and 
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robust leaming strategies with satisfactory performance in many classes of problems. 

The current trend is to employ optimization tools and strategies that exhibit distinctiy 

superior performance [94-101] and are easier to apply because tiiey do not requUe the 

choice of the critical parameters, such as the leaming rate, by tiie user. 

6.2.3 Other Clustering Techniques 

In tills study, the fuzzy C-means clustering metiiod [75, 76] is employed for 

clustering in the first stage of the generalized predictive fuzzy logic controller. Its 

performance is compared with that of the conventional K-means clustering algorithm. 

It is found that there is no significant improvement achieved by employing the fuzzy C-

means clustering algorithm. However, both of these clustering techniques require a 

priori knowledge of the number of clusters. Hence, in both cases, a cluster vaUdation 

has to be performed. 

Some of the other clustering techniques that can be employed are adaptive 

fuzzy leader clustering (AFLC) algorithm [24] and integrated adaptive fuzzy clustering 

(IAFC) algoritiim [25]. The advantage of the AFLC and the lAFC algoritiims is that 

the number of clusters in a complex data set does not have to be known a priori. The 

lAFC model also uses a simUarity measure and a new updating mle for the cluster 

centroids, thus, yielding better partitioning of the data. However, it should be noted 

that the former method utilizes a vigUance parameter that determines the number of 

the clusters obtained. 
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APPENDIX A 

COEFFICIENTS OF THE SYSTEM MODELS 

The coefficients of (4.24) are originally set to: 

an=0.99 , ai2=0.00095, a2i=0.75, a22=0.0007, [°F/°F]; 

bi 1=0.055, bi2=0.0005, b2i=0.0009, b22=0.000085, [°F/kW]; 

011=0.00135, 012=0.00002, C2i=0.0012, C22=0.00001, [°F/W/m2]; 

di 1=0.0215, di2=0.00002, d2i=0.015, d22=0.00001, [°F/°F]. 

Then, the coefficients are changed to 

aij'=0.95aij, bij'=0.75bij, Cij'=0.9cij, dij'=l.ldij, i,j=l,2. 

The coefficients in (4.33) are obtained as 

ki=1.7891, k2=-0.7912, k3=0.0324, k4=-0.00031, 

k5=0.0014, k6=-0.0012, k7=0.0001, k8=0.0022. 
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APPENDIX B 

CONVENTIONAL CONTROL TECHNIQUES 

Conventional control techniques, such as two/three position (on/off) control, 

modulating (PI/PID) control and generalized predictive control wiU be presented. 

B.l TwoAThree Position Control 

The smiplest controller that can be employed in a system is the two/three 

position controller in which the controller output is either on or off [16, 102, 103]. In 

order to avoid too rapid cycling, a control differential must be used. When employed 

in a heating/cooling system, the operating differential is always greater than the control 

differential because of the time and thermal lags inherent in the system. Four basic 

two/three position temperature controllers used in heating/cooUng systems are 

presented in Figure B.l where e=T(iesUed-Tactual' 

The output of two/three position controUer is given by 

Otwo/threeposition ( t ) = m p , ( B . l ) 

where m is the manipulated variable, defined as in Figure B.l, and p is the fixed power 

applied to the system. 
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Figure B.l. Four basic discontinuous characteristics of two/three position 
temperature controllers: (a) heating (two-position/heat-off), (b) cooUng (two-
position/cool-off), (c) heating-cooUng (bang-bang/heat-cool), (d) heating or cooling 
(three-position/heat-off-cool). 
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B.2 Modulating Cnnrrnl 

Presentiy most of the controllers employed in the industry are based on 

modulating control, or more specificaUy on PID control [1, 11-16]. It is usuaUy very 

difficult to obtain an exact matiiematical model of a complex dynamical system. 

Therefore, the fact that PID controllers utiUze the error, the integral of the error and 

the derivative of tiie error rather tiian tiie expUcit model of the process to be controlled 

has made tiiem quite popular. However, although PID controllers are reUable and 

efficient, their parameters requUe precise adjustment to obtain optimal performance 

and they are heavily dependent on system parameters. 

The output of the PID controller is given by 

OpiD(t) = kpe(t) -f- ki f e(x)di -F k o ^ ^ , (B.2) 

0 dt 

where e(t) is the error and kp,ki and ko are the proportional, integral and derivative 

gain constants, respectively. (B.2) can be discretized by sampling with period T: 
k 

OpiD(kT) = kpe(kT) + ki2^e(jT) + kD[e(kT) - e((k - 1)T)]. (B.3) 
j=0 

The proportional gain governs the change in controller output per unit change 

in the sensor input. The integral term has the effect of continual increase of the output 

so long as the error persists, consequentiy driving the system to eliminate the error. 

The derivative term describes the rate of change of the error at a point in time, and 

therefore, may promote a control response which is much faster than the normal 
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response of the system. Because of tiiis, it is usuaUy preferable to a\ oid the use of 

derivative control in heating/cooUng systems [102]. A PI controller can be obtained by 

setting kD=0 m (B.2) and (B.3). 

In the Uterature, several methods are proposed for mning of the gain constants. 

They range from the trial and error metiiod [104] to the Ziegler-Nichols metiiod [105] 

and the Cohen-Coon metiiod [106], both of which employ the process reaction curve 

(the response of the process to a unit step change in the manipulated variable). 

However, none of these techniques is completely reliable. WhUe the first metiiod does 

not guarantee an optimal set of gain constants, in the other two metiiods a 

considerable error can be introduced when interpreting the process reaction curve 

[107]. 

B.3 Predictive Control 

A predictive controller uses the future behavior of the plant to be controlled to 

compute the control actions [1-8]. To achieve this, the controller employs a 

mathematical model of the plant. When the future reference inputs of the plant are 

known, the predictive controller can anticipate future operating changes of the process 

based on the information on the plant. 

Three basic elements of a predictive controller are (i) a predictor which is 

derived from the process model, (U) an objective function which has to be minimized, 

and (ui) a minimization procedure. 
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B.3.1 Model and Predictor 

The models which are employed in predictive cond-oUers are usuaUy chosen to 

be Unear models with the parameters being functions of the delay operator q\ Hence, 

the general Unear model structure of a single input-single output system is given by [1, 

3, 4, 60] 

A(q-^ )y(t) = B(q-' )u(t - do) -h ̂ ^ ^ ^ , (B.4) 
D(q"') 

where 

A(q"^) = l + aiq"̂ -H---+anq"", 

B(q-^) = l-hbiq'-h-.-hbmq-'", 

C(q'^) = 1 + ciq"^ +• • •-i-Ckq"'', 

and do = n-m. 

The ARMAX model structure is often employed in predictive controllers and 

can be obtained by letting D(q'^)=l. D=l-q"^ may be another choice which leads to the 

ARIMAX (Auto Regressive Integrating Moving Average with an eXogenous signal) 

model. 

The process model can be rewritten to get an expUcit expression for the output 

at a future time [1, 3, 4]. For a d-step (d>do) ahead prediction 

y(t-Hd) = Rci(q'')u(t-Hd-do)-hyd(t)-hFde(t-Hd) (B.5) 

can be obtained where Rd(q"̂ )u(t-i-d-do) depends on u(t), ..., u(t-i-d-do) and yd(t) is a 

function of u(t-l), u(t-2), ..., y(t), y(t-l), ... . yd(t) can be interpreted as the 

constrained prediction of y(t-i-d) under the assumption that u(t) and future control 
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inputs are zero. Hence, the output at time t-i-d depends on future inputs, the input to be 

chosen and old inputs and outputs. Using (B.5) 

y(t -H1) = Ri(q-' )u(t -H1 - do) -H yi(t) + Fie(t -H 1) 

y(t -I- 2) = R2(q-̂  )u(t 4- 2 - do) -i- y2(t) -i- F2e(t + 2) 
(B.6) 

y(t -h N) = RN(q'̂  )u(t -h N - do) -H yN(t) -h FNe(t -I- N) 

can be obtained. This set of equations can be rewritten in matrix form as 

y = Ru + y -I- e (B.7) 

where 

y = [y(t + l)---y(t + N ) ] \ 

u = [u(t -I-1 - do)- • •u(t -I- N - do)]" .̂ 

y = [yi(t)---yN(t)]'', 

e = [Fie(t-f-l)---FNe(t-hN)]'', 

R = 

ro 0 ••• 0 

n ro ••• 0 

rN 1 IN - 2 • • • ro 
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B.3.2 Cost Function and Minimization 

The definition of the cost function influences the behavior of the control 

system. By properly choosing the parameters of the cost function, a desired behavior 

of the control system can be achieved. One possibility is to use [1] 

d d 

J = E{X[y(t + k)-ym(t-hk)]'-h5^p[u(t-^k-do)]'} (B.8) 
k=l k=l 

where ŷ n is the desired trajectory and p is the trade-off between the cost of energy 

and discomfort 

Assuming the future trajectory is known, the cost function of (B.8) can be 

minimized, yielding a sequence of future control inputs. Only the first element of the 

control sequence is used and the calculations are repeated when a new measurement is 

obtained. This type of controUer is caUed an open-loop-optimal-feedback controller. It 

is assumed that feedback is used, but it is computed only employing the information 

avaUable at the present time. 

Rewriting (B.8) in matrix form and inserting (B.7) 

J = E{(y-ym)^(y-ym) + puM 

= (Ru -I- y - ym)^(Ru -i- y - ym) -i- pu^u 

is obtained where ym = [ym(t -i- 1)L ym(t + N)] . 

Minimization of (B.9) with respect to u yields 

(B.9) 
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u = (R^R-l-pI)-'R'(ym-y), (B.IO) 

where I is the identity matrix. The first component of u is u(t), which is the control 

signal appUed to the system. 

The computation of u in (B.IO) involves the inversion of an NxN matrix. To 

decrease the complexity of the computation, constraints can be imposed on the control 

signal. For instance, the control signal can be assumed constant after Nu steps, 

resulting in 

l r> T, u = (Ri Ri-^pI)-^Ri (ym y), (B.ll) 

where 

Ri = 

ro 

n 
• 

0 • 

ro • 

-• 0 

•• 0 

'•.ro 

rN -1 rN - 2 • • • IN Nu 

and the matrix to be inverted becomes of the order NuxNu. 
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