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ABSTRACT 

A 57-actuator segmented active mirror system designed 

for real-time correction of phase distortions due to atmo

spheric turbulence is described. Solar images and wave-

front tilt data obtained with the active mirror system 

during a recent observing run are discussed. The standard 

model for imaging through atmospheric turbulence is 

described. Based on this model, mathematical expressions 

for the atmospheric coherence diameter, the tilt-corrected 

wavefront phase structure function, and the corrected and 

uncorrected modulation transfer functions are developed. 

Analytical expressions as well as functional relationships 

obtained through computer modeling are presented. The data 

are analyzed to check for agreement with the theoretical 

predictions from the standard model. The analyses indicate 

that while the standard model may be adequate to describe 

atmospheric turbulence in some instances, it is often quite 

inadequate. The analyses also show that the degree of 

correction performed by the active mirror system was less 

than ideal. 
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CHAPTER I 

INTRODUCTION 

The resolving power of an optical telescope is 

severely limited by the presence of atmospheric turbulence. 

Local variations in the index of refraction of air caused 

primarily by thermal effects introduce phase errors to a 

wavefront as it passes through the atmosphere. The phase 

errors tend to blur the image formed from the wavefront, as 

illustrated in fig. (1-1). Even at observatory sites, 

which are usually selected for their benevolent seeing 

conditions, the angular resolution is limited to about 1/6 

arcsecond. Hence, although very large telescopes have been 

built (such as the 200-inch Hale telescope at the Palomar 

Observatory), they can achieve no better resolution than 

that of a 24-inch telescope, even under the best seeing 

conditions. 

Ideally telescopes should be located above the atmo

sphere. However, given the expense and rarity of space-

based or balloon-born telescopes, the astronomical commu

nity is forced to rely on ground-based telescopes for 

nearly all observations. A method of achieving the 

diffraction limit with available ground-based telescopes is 

needed. 

Active mirror systems are capable of performing real

time corrections of the phase distortions added to the 

wavefront by the atmospheric turbulence. Suppose an 

initially plane wave is distorted by the atmosphere so that 

it's once-constant phase function is now represented by the 

function <l>(x,y,t). Then the wave equation can be written 

as 

Y(x,y,t) = Ae-i*^X'y,t) . (1-1) 
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FIGURE (1-1). The effects of atmospheric turbu
lence on image formation. 



A, the wave amplitude, is assumed constant. By multiplying 

the phase term in eq. (1-1) by its complex conjugate, the 

effects of the atmospheric distortions can be removed: 

^'(x,y,t) = Ae-i*(x,y,t) .ei<l>(x,y,t) ^ ^ . (1-2) 

The wavefront is multiplied by its conjugate by inserting 

an active mirror in the wavefront's path. The active 

mirror surface can be deformed in such a way as to cancel 

the phase errors. The principle of conjugation (or wave-

front correction) is shown in fig. (1-2). Correction can 

also be performed using a segmented mirror as shown in fig. 

(1-3). Note that in both cases, the correction is not 

perfect. The degree of image improvement in cases where 

the wavefront is not totally corrected will be discussed in 

Chapter three. In fig. (1-4), correction is shown for a 

two-dimensional wavefront. 

In order for an active mirror system to work, know

ledge of the phase function (f>(x,y) is needed, as well as 

the ability to accurately control the surface of the active 

mirror at a bandpass comparable to the frequencies of the 

atmospheric turbulence (up to 100 Hz). Both the measure

ment and correction of the phase errors are extremely 

difficult tasks. However, recent innovations in wavefront 

sensing and actuator and control technology have trans

formed the concept of active optics into a workable 

reality. 

In 1983, Lockheed constructed a prototype active 

mirror system for use in solar astronomy. This system 

demonstrated the potential benefit of active optics for 

solar astronomy. Technical problems, however, made it 

extremely difficult to use on a routine basis. Conse

quently, Lockheed directed its research towards 



Deformable Mirror 

FIGURE (1-2). Wavefront correction with a 
deformable mirror. 



FIGURE (1-3). Wavefront correction with a 
segmented mirror. 



FIGURE (1-4). 
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Segmented correction in two dimen-



constructing a more user-friendly system, taking advantage 

of newly available actuator technology. The design, 

construction, and use of this system, as well as the 

analysis of its data is the subject of this dissertation. 

In the remainder of this chapter, the generally-

accepted model for astronomical imaging through turbulence 

will be discussed. The state of the art of active optics 

in astronomy will be reviewed, as well as the current 

understanding of atmospheric turbulence as it relates to 

astronomy. In Chapter two, the Lockheed active mirror 

system will be described. In Chapter three, the standard 

atmospheric model will be formatted so that it is 

applicable to data obtained with the active mirror system. 

In Chapter four, an observing run with the active mirror 

system will be discussed and the resulting data will be 

discussed in a qualitative sense. In Chapter five, a 

quantitative analysis of the data will be performed and 

direct comparisons with results predicted by the 

atmospheric model will be made. 

The Standard Model 

Although the understanding of atmospheric turbulence 

as it relates to astronomy is always evolving, a generally 

accepted description of the phenomenon can be found in 

literally hundreds of journal articles. It has also been 

summarized in several textbooks on the subject. 1' ̂  '-̂  The 

standard model is summarized in the following two sections. 

Functions and parameters important to the analysis of this 

model will be summarized in subsequent sections. 

Phase-Screen Representation 

In the standard model, the phase errors introduced to 

the wavefront by the atmosphere are assumed to have 

occurred at the telescope pupil. This is actually a good 



approximation, provided that the underlying statistics of 

the turbulence do not change significantly over a change of 

altitude equal to the largest fluctuations in the 

turbulence.4 The amplitude effects are assumed to be 

negligible.5 It is also assumed that the phase effects are 

homogeneous and isotropic. 

Kolmogorov Spectrum 

The statistics of atmospheric turbulence and the 

resulting phase errors, are assumed to obey Kolmogorov 

theory.2 m this theory, the Power Spectral Density (PSD) 

of the phase is represented by 

*(K) = 0.033Cn2K-ll/3 I/LQ < K < I/IQ , (1-3) 

where K is spatial frequency (cycles/meter). C^ is 

referred to as the atmospheric structure constant and is a 

measure of the relative strength ,of the phase fluctuations. 

LQ and 1Q are referred to as the outer-scale and inner 

scale, respectively. The frequency range in eq. (1-3) is 

referred to as the inertial subrange. 1Q is often assumed 

to be zero. LQ is thought to be on the order of tens of 

meters. Equation (1-3) can be modified to include the 

finite value of LQ: 

0.0330^2 
#(K) . (1-4) 

(K2+LQ-2)11/6 

Equation (1-4) is often referred to as the von Karman 

spectrum. A graph of this equation is shown in fig. (1-5). 
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The outer-scale, LQ, is often assumed to be infinite, 

or, at least, large enough to appear infinite. It is 

commonly thought that if LQ is many times the telescope 

diameter, then it can be assumed to be infinite without 

consequence. However, the validity of this assumption 

depends very much on the application. Fortunately, the 

analyses which will be presented in this dissertation are 

somewhat independent of the exact value of LQ. For 

heuristic purposes it will be assumed that LQ is about 50 

meters. This assumption is consistent with the assumptions 

of many researchers who either assume LQ is quite large, or 

ignore its effects altogether. 

The Near-Field Approximation 

In most cases of interest, it can be assumed that 

D >> ^Xz , (1-5) 

where D is the telescope diameter, X is the wavelength of 

light, and z is the average distance from the telescope to 

the turbulence. This is referred to as the near-field 

approximation. Qualitatively, it states that the phase of 

the wavefront does not change substantially as it travels 

from the turbulent layer to the telescope aperture. All 

analysis in this dissertation will assume that the near-

field approximation is valid. 

The Atmospheric Coherence Diameter 

By using the phase-screen representation and making 

the Kolmogorov assumption, it is possible to characterize 

atmospheric turbulence with a single parameter. This 

parameter is TQ, or the atmospheric coherence diameter. 

Qualitatively, rQ is the diameter of a telescope that would 
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produce long-exposure resolution in the absence of turbu

lence comparable to that obtained with a much larger tele

scope in the presence of turbulence. Quantitatively, rQ 

can be expressed in terms of C^: 

rQ - 0.185 
X2 

JCn2(^)d?; 

3/5 
(1-6) 

Here C^ is a smoothly-varying function of the height above 

the ground. rQ typically ranges from five to 20 

centimeters (cm) at observatory sites. 

Phase Structure Function 

An important function related to the PSD in eq. (1-5) 

is the phase structure function. It is defined as 

D(r) = D(|?i-?2|) - <|t(?2)-*<'^l) l̂ > (1-7) 

The <> refer to ensemble averaging. <t> is the value of the 

phase function evaluated at the spatial coordinates r^ and 

r2. Assuming Kolmogorov turbulence and an outer scale of 

Lo/ the structure function can be expressed^ as 

D(r) = 6.16rQ-5/3 
3 (rLQ/2)5/6 
r 5/3 K5/6(r/Lo) 
5 r(ll/6) 

(1-8) 

where r is the gamma function and ^^^/s is a Basset function 
of order 5/6. Convenient forms for evaluating eq. (1-8) 
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are derived in Appendix A. If LQ is assumed to be infi

nite, eq. (1-8) reduces to a very simple expression: 

fy \ 

D(r) = 6.88 
vJ^n^ 

5/3 
(1-9) 

The Isoplanatic Patch Size 

The turbulence does not actually occur at the tele

scope pupil, but is distributed throughout the atmosphere. 

Hence, points on an extended object may be imaged though 

different regions of turbulence as indicated in fig (1-6). 

The phase distortions associated with these points will be 

somewhat uncorrelated. In terms of active optics, this 

implies that the image will only be corrected over a finite 

area or angle. This angle is referred to (somewhat 

ambiguously) as the isoplanatic patch size and can be 

expressed as 

GQ = 0.528 dzCn(z)2z5/3 
1-3/5 

(1-10) 

where v is the wave number of the light, and z is height 

above the ground. Note that the isoplanatic patch size 

goes as the 6/5 power of the wavelength. Using measured 

expressions'^ for 0^(2), the isoplanatic patch size has been 

calculated to be only one or two arcseconds.^ If valid, 

this result has a severe impact on the usefulness of active 

optics in astronomy. 
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FIGURE (1-6). Summary of the standard model of 
astronomical imaging through atmospheric turbu
lence . 
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Temporal Aspects 

In general, the temporal aspects of atmospheric turbu

lence do not enter into the standard model. Instead, it is 

assumed that at any time, the realization of the wavefront 

is simply a sample from a statistical ensemble. The 

process of how the wavefront evolves from one realization 

to another is not considered. This is not meant to imply 

that the temporal characteristics are not an issue when 

dealing with adaptive optics. The system bandpass of an 

adaptive optical system must be high enough to keep up with 

the changing wavefront. In daytime seeing conditions, most 

of the power is contained in frequencies lower than 100 hz. 

The system bandpass of the Lockheed active mirror system 

will be discussed in Chapter two. 

Previous Active Mirror Systems 

The first simple tilt-mirror system was built in 1959 

using a single mirror segment and a speaker cone as a 

servo. Subsequent tilt-mirrors have been built using 

piezoelectric actuators. These systems remove the overall 

tilt from a wavefront by stabilizing the image. Tilt-

mirrors and other image stabilization systems are gradually 

becoming standard equipment on most major telescopes. 

Many active mirrors have been constructed to remove 

higher-order phase distortions in various applications; in 

fact, there are at least three major companies which 

currently manufacture them. However, very few active 

mirrors have been tested in real-time atmospheric phase 

correction. In addition to Lockheed's system, there are 

two other systems which have been successfully used in 

astronomy. 
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The RTAC System 

The Real-Time Atmospheric Compensation System (RTAC)^ 

was built by ITEK corp. for defense applications. 

Unfortunately, the results of this system are classified; 

however, it is rumored to have been successfully used for 

imaging satellites in low-earth orbits. A modified version 

of the RTAC system was used in solar observations.1^ It's 

optical configuration is shown in fig. (1-7). A shearing 

interferometer was used to measure the wavefront phase 

errors. The wavefront was corrected with a 21-actuator 

deformable mirror, controlled by a parallel analog 

processor. Although the RTAC system seemed to function 

well, no significant correction was observed in the images. 

The authors attribute the failure of the RTAC system to the 

fact that the lock point was larger than the isoplanatic 

patch. (This effect will be discussed in Chapter 4.) 

Although this may have been a contributing cause, it 

appears that the wavefront sensor used by the RTAC system 

should not have worked in solar observations since shearing 

interferometers require a point light source. 

The ONERA System 

The Office National d'Etudes et de Recherches 

Aerospatiales (ONERA), located in France, has recently 

tested an active mirror system in stellar observations.H 

Their system uses a 19-actuator continuous-face plate 

mirror and is designed for stellar and planetary observa

tions at two through five microns (//m). The servo loop is 

controlled by two coupled digital computers, producing a 

bandpass of only nine Hz. 

The initial results of this system are extremely 

impressive. In general the ONERA system nearly doubles the 

resolution in the images it has corrected. Another impor

tant feature of the results is that correction has been 

15 
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observed as far as 18 arcseconds away from the mirror lock-

point. Since the ONERA system records images in the near 

IR, we would expect a somewhat larger isoplanatic patch 

than that associated with visible observations; however, 

this result is more than a factor of ten larger than that 

predicted by eq. (1-10). The quantitative results from the 

ONERA system have not been published yet; out of fairness 

to the authors, they will not be presented here. 

Previous Turbulence Measurements 

An extensive literature search was conducted to find 

available data which might lend insight to the validity (or 

lack of validity) of the standard model described above. 

For the most part, the search was limited to two archival 

journals: The Journal of the Optical Society of America 

(JOSA) and Applied Optics (AO). The reason for restricting 

the search was two-fold. First, the intent of the search 

was to gain a survey of the available data. Both JOSA and 

AO have published hundreds of articles about imaging 

through atmospheric turbulence; these articles clearly 

represent a survey of the field. Secondly, it became 

apparent very early in the search that work of any signifi

cance in this field is eventually published in either JOSA 

or AO. 

All issues of JOSA and AO starting in 1960 were 

searched for information on imaging through atmospheric 

turbulence. Approximately 500 articles have been 

published. Most of these articles were eliminated from 

further analysis for one of the following reasons: 

1. Most were purely theoretical in nature, lacking 

data. 
2. Many were based on laboratory experiments rather 

than field-based experiments. 
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3. Some dealt only with propagation along horizontal 

paths near the ground; such experiments are interesting, 

but are probably not applicable to vertical imaging. 

4. Others had inconclusive or noisy results. For 

example, consider the Modulation Transfer Function (MTF) in 

fig. (1-8). Most MTF's, regardless of the model, are unity 

at the origin, drop to a near zero value, and follow a 

pseudo-Gaussian curve in between. Obviously, then, noisy 

results such as these cannot be used to test the validity 

of the model. 

5. Several experiments measured parameters that, for 

various reasons, could not be used to test the model. 

The remaining articles presented good, consistent 

turbulence data measured at observatory sites, using exo-

atmospheric targets (such as stars) as reference points. 

The results are summarized in the next three sections. 

STF and MTF Measurements 

The Speckle Transfer Function (STF) usually refers to 

short exposure images of stars (point sources). It can be 

calculated by dividing the average Fourier Transform of a 

series of short exposure stellar images by the Fourier 

Transform of an Airy pattern associated with a diffraction-

limited image. The STF has been numerically evaluated by 

Korf.l2 A Modulation Transfer Function (MTF) is identical 

to the STF with the exception that the average (or long 

exposure) is taken before the Fourier Transform. The MTF 

will be discussed in detail in Chapter three. 

Speckle interferometry was used to measure the atmo

spheric STF using stars as point objects. The results with 

a 1.6-meter telescopel^ ^^^ a i.22-meter telescopel^ are 

shown in fig. (1-9). The best-fitting curves from Korf's 

analysis are shown as the dotted curves. The data and the 

theory shown agree quite well. It is interesting to note 
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that two of the data sets are nearly identical even though 

they were taken one month apart. Korf's analysis is not 

applicable to frequencies higher than those shown in fig. 

(1-9). Consequently, the theory cannot be tested in the 

higher frequencies, even though data is available out to 

S Q . 

Friedl^ has derived an analytical expression for th( 

atmospheric MTF for long exposures: 

T(f) exp -3.44 
' DQ ̂  5/3^ 

(1-11) 

where D is the diameter of the telescope, Q is spatial 

frequency, and QQ is the cutoff frequency of the telescope 

(a function of D ) . 

This function has been measured using stars as point-

sources with a 20-cm telescope. In fig. (1-10), the MTF 

obtained from interferometric measurements!" of the stars 

Aldebaran and Altair are shown as the asterisks and 

triangles. The best-fitting theoretical curves obtained by 

varying r^ in eq. (1-11) are shown as the dotted curves. 

In this case, the data and the theory do not agree very 

well. Possibly, the difference can be attributed to a 

small value of L Q in the data. (Equation (1-11) assumes an 

infinite value.) In the next section, the structure func

tion will be obtained from the same data assuming a finite 

value of L Q . 

MTF measurements have also been made by analyzing star 

trails made on photographic plates with a 35-millimeter, 

(mm) rigid telescope.1^ Both day and night measurements 

were made. The results from these measurements are shown 

as the solid curves in fig. (1-11). The best-fitting 
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curves from eq. (1-11) are shown as the dotted curves. 

Apparently, the authors have mislabeled the frequency axis. 

The cuttoff frequency for a 35 mm aperture should be about 

50 cycles per milliradian. Alternatively, the diameter of 

the telescope aperture may have been reported incorrectly. 

In any case, this error should only change the scaling on 

the X-axis. Hence, the data and theory agree quite well in 

the low frequencies. The theory seems to underestimate the 

value of the MTF in the higher frequencies. Possibly, this 

is a failure of the theory. It is more likely, however, 

that this is caused by the noise dominating the signal in 

this range. 

Phase Structure Function Measurements 

Numerous measurements of the phase structure function 

have been made over horizontal paths using a variety of 

techniques.1^~23 in general, these experiments are not 

applicable to astronomical imaging. However, it is worth 

noting that in nearly every case, the data could be repre

sented fairly well by eq. (1-8) with an appropriate choice 

of rQ and LQ. Figure (1-12) shows an example of a hori

zontal path measurement!^ of the structure function and the 

best fit from eq. (1-8). LQ was typically on the order of 

50 cm in the horizontal experiments. 

Ironically, most of the horizontal experiments were 

conducted within one or two meters of the ground. In this 

region, we would not expect the turbulence to obey 

Kolmogorov statistics. Kolmogorov theory requires that the 

energy be put into the turbulence in the form of large heat 

fluctuations. The large cells then break up into smaller 

cells. Near the ground, however, energy could be put into 

the turbulence on almost any size scale, depending on the 

circumstances. Hence, the agreement between the data and 

eq. (1-8) probably only indicates that it is easier to fit 

24 



c 
o 

O a: 

0 4 8 12 
Separation (cm) 

FIGURE (1-12). Horizontal path measurement of 
the phase structure function. 

16 

25 



data to a function with two parameters than it is with only 

one parameter. 

For the case of astronomical imaging, phase structure 

functions were measured using the same data analyzed in 

fig. (1-10),-24 hence, these measurements are directly 

applicable to astronomical imaging. The results are shown 

in fig. (1-13). The best-fitting curves from eq. (1-8) are 

shown as the solid lines, along with the values of of LQ 

and rQ obtained from the fit. There is fairly good agree

ment between eq. (1-8) and at least one of the measured 

structure functions. However, LQ is surprisingly small—in 

fact, it is so small that it does not really make sense to 

characterize these data by the standard model. 

Tilt PSD 

Turbulence is often described as a fixed phase screen 

being blown across the telescope aperture by the wind at 

some velocity. If this is a valid representation, then the 

spatial statistics of the phase screen can be determined by 

measuring the temporal characteristics of the wavefront 

tilt as the phase screen moves across the aperture. The 

PSD of this tilt signal should follow a -2/3 power law in 

the low frequencies, and a -8/3 power law in the higher 

frequencies.^^ 

The tilt PSD has been measured using a star as a point 

source, and a 2.5-cm aperture.^^ The results are shown in 

fig. (1-14). The theoretical power laws are drawn as the 

straight lines; the spectrum agrees quite well with the 

theory. A similar PSD has been recently measured by 

Lockheed using a small pore on the surface of the sun as a 

point source.2^ Spectra were obtained for a variety of 

aperture sizes. Noise and various instrumental effects 

were measured and taken into account in the analysis of 

these spectra, and, hence, the results should be fairly 
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accurate. Figures (1-15) and (1-16) show spectra measured 

with 76 and 22-cm diameter apertures. The slopes of the 

straight lines indicate the power law obeyed. There is 

clearly a substantial departure from the theoretical 

predictions. 

Comments on the Data 

The experimental work which has been presented shows 

at least some agreement with the predictions of the stan

dard model, varying with the time and location of the 

experiment. In some cases, however, substantial departures 

from the model exist. It is also important to keep in mind 

that in most of the instances where the data agree with the 

model, the agreement is only over a small range, limited by 

the size of the aperture of the telescope or by the ability 

to test the agreement. In the case of the STF's, it would 

be greatly beneficial to extend Korf's analysis so that it 

could be applied to the high frequencies. Such an analysis 

could easily be done by using some of the techniques which 

will be discussed in Chapter three. 

All of the data discussed relies on long integration 

times. In these types of experiments, the wavefront tilt 

across the telescope aperture (or, alternatively, pure 

image motion) is the dominant effect. Hence, the outer 

scale becomes very important in determining the overall 

statistics of the atmosphere. Also, non-atmospheric 

sources of image motion such as building vibrations or 

telescope tracking errors could have skewed the data. 

A comment is in order regarding the use of rQ in 

studying atmosphere turbulence. rQ is a convenient way of 

representing the rms phase error in a wavefront, especially 

after the tilt has been removed from the wavefront. rQ is 

also a good way of representing the approximate resolution 

that can be expected when making long-exposure images 
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through turbulence. However, atmospheric turbulence is a 

very complex phenomenon. Turbulence can occur at many 

different altitudes in discrete layers, or in large distri

butions. It can also exist in convection plumes near the 

ground or near large objects such as trees in the presence 

of wind. It is ludicrous to assume that all atmospheric 

turbulence can be represented by varying a single para

meter . 

Understanding the atmospheric turbulence encountered 

at a specific site is extremely important when active 

optics are involved. For example, if the turbulence were 

generated locally, it would probably not be fully devel

oped. This would result in proportionally more power being 

tied up in the larger spatial scales than in the lower 

spatial scales. The larger spatial scales are always 

easier to correct and require fewer actuators to do so. 

However, if the same turbulence were characterized by 

applying Kolmogorov theory to a single tilt measurement or 

to long exposure images, a much more pessimistic result 

would be obtained. 

The isoplanatic patch size cannot be predicted from 

the standard model unless the distribution of the turbu

lence in the atmosphere is known. Such a distribution is 

very likely time and site-dependent. If the turbulence 

were generated locally, a near-infinite isoplanatic patch 

could be expected; the opposite would be true for turbu

lence at high altitudes. A local characterization of the 

seeing conditions at a given site must be obtained experi

mentally. 

Uniqueness of Approach 

The Lockheed active mirror system is different from 

all previous systems that have been used in astronomy in 

several respects: 
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1. It is based on a segmented design (as opposed to a 

continuous face-plate design). Consequently, the mirror 

can be easily aligned to within optical tolerances. Also, 

since each segment operates independent of the other 

segments, a linear phasing algorithm can be used. 

2. Only analog circuitry is used in the servo 

controls. Hence, the system bandpass is not limited by the 

sampling rate. 

3. Although it has been tested on planets during the 

night, it is primarily designed for solar observations. 

Its ability to correct a distorted image has been demon

strated. 

4. It is designed to work in visible wavelengths, as 
well as in the near infrared. 

5. It is configured to measure the atmospheric phase 
distortions as it corrects them. 

The last point has provided an opportunity to add to 

the available data on atmospheric turbulence. The analy

tical approaches which will be used in this dissertation 

differ from all previous work in several respects: 

1. The wavefront phase is analyzed in a way that is 

insensitive to the overall wavefront tilt and to other 

sources of image motion. The remaining details in the 

wavefront are much more interesting from the standpoint of 

active optics. 

2. The active mirror system makes simultaneous 

measurements of the phase over 19 subapertures instead of 

over a single aperture or a pair of apertures. The struc

ture function can then be calculated from data obtained 

over an interval of only a few seconds, insuring ergod-

icity. 

3. The system makes phase measurements in two dimen

sions, making it possible to search for structure or a 

preferred direction in the turbulence. 
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4. A straight-forward method of quantifying the degree 

of improvement in the corrected images is developed, as 

well as a method of comparing this improvement with theo

retical predictions. For the most part, end-to-end 

computer simulations rather than analysis will be used to 

compare the results to the theory. 
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CHAPTER II 

DESCRIPTION OF THE ACTIVE MIRROR SYSTEM 

The Lockheed Palo Alto Research Labs (LPARL) operated 

a 57-actuator prototype active mirror system as an obser

ving tool in solar astronomy for several years (1984-1986). 

This system's potential for correcting an image distorted 

by atmospheric turbulence was demonstrated on two observing 

runs, indicating that it was possible to obtain fair images 

under poor seeing conditions and good images under fair 

seeing conditions.1 At the time, however, all active 

mirror systems, including Lockheed's, were plagued by so 

many technical problems and were so difficult to use that 

routine observing with these instruments was impossible. 

As a result of the experience gained with the 

Lockheed prototype, the thrust of the research was directed 

towards constructing an active mirror system free from the 

technical problems plaguing previous systems. After nearly 

two years of research, design, construction, and testing, 

such a system was developed. A discussion of the develop

ment and use of this system constitutes a major portion of 

this dissertation (see Chapter 4). In July of 1988, a very 

successful observing run was conducted using this new 

"user-friendly" system. Most of the data discussed in this 

dissertation were taken during this observing run. In the 

following sections, a detailed description of the new 

active mirror system is presented. Specific problems 

associated with the older prototype system are discussed, 

along with the research conducted and the steps taken to 

correct these problems through the new system. Where 

appropriate, problems still present in the new system are 

also discussed. 
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The Piezoelectric Actuators 

A segmented active mirror corrects a distorted wave-

front by adjusting the tilts of its mirror segments with 

piezoelectric actuators. In general, piezoelectric 

actuators tend to drift significantly over a period of 

about an hour. They also tend to have a relatively large 

amount of hysteresis. Both of these problems made accurate 

alignment of the mirror surface of the active mirror proto

type extremely difficult. Often, one half of the mirror 

surface would drift in alignment before the other half 

could be aligned. 

The new active mirror employs a new type of actuator 

which represents a major break-through in piezoelectric 

technology. These actuators operate at a much lower 

voltage than conventional actuators (40 volts compared to 

400 volts), and have strain gauges glued to their sides. 

The strain gauges make it possible to measure the length of 

each actuator much more accurately than it is possible to 

position each actuator. A set of closed-loop control 

circuitry constantly adjusts the voltage on the actuators 

as necessary to maintain the desired lengths. The strain-

gauge compensated actuators have almost no hysteresis, as 

shown in fig. (2-1). 

In an experiment conducted at LPARL, the actuators 

showed almost no drift over a 24-hour period. However, we 

found that at Sac Peak, New Mexico (elevation 9200 feet), 

the actuators drifted measurably after only a few hours. 

The drift has since been traced to non-uniform heating of 

the strain-gauge bridge electronics. The resistors in the 

bridge electronics have been replaced with Low Temperature 

Coefficient (LTC) components, and the drift should no 

longer be a problem. 

Three actuators are required to control the X and Y 

tilts and average phase (piston) of a mirror segment. 
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Consequently, the actuators were mounted as triads inside 

of metal canisters as shown in fig. (2-2). The canisters 

are made of invar, which is a low-expansion alloy. The 

tops of the canisters have small flexures cut into them to 

provide a spring-loaded platform for mounting the mirror 

segments. 

The Active Mirror 

Figure (2-3) is a drawing of the new active mirror. 

The reflective surface consists of 19 hexagonal mirror 

segments which are 1.1 inches across and are separated by 

0.015-inch gaps. The mirror segments were cut from a 

0.375-inch ultra-low expansion (ULE) glass blank and 

polished to 1/10 X or better. The mirror segments are 

secured to the tops of the piezoelectric canisters with 

three small drops of epoxy. Gaps 0.005 inches wide were 

placed between the segments and the canisters to avoid 

distorting the surface of the segments as the epoxy cured. 

A major problem with the active mirror prototype was 

the difficulty encountered in aligning the mirror surface. 

Part of this problem was due to the drift in the actuators 

as mentioned above. However, the majority of the problem 

was due to the poor technique used in mounting the 

actuators on the active mirror. This mounting technique 

was chosen based on the assumption that a large range of 

adjustment would be needed to align the active mirror 

surface, since the actuators were known to drift. Also, 

out of concern that the mirror segments would be distorted 

when the actuators were bolted to the active mirror, a 

kinematic mount was incorporated into the design. This 

mounting technique is summarized in fig. (2-4). 

The mounting technique used in the active mirror 

prototype was much too complicated and introduced too much 

"slop" and cross-talk into the mounts. Consequently, a 
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FIGURE (2-3). The new active mirror 

42 



^msie sEGHê T 
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great deal of experimentation and testing was performed at 

LPARL to develop a mounting technique that would be 

extremely stable while providing only a minimal amount of 

adjustment range. We learned basically two things from 

this experimentation. First, we found that the stability 

improved as the design was simplified. Secondly, we found 

that normal steel was too soft of a metal to use in the 

contact points, since the actuators were held to the active 

mirror with about 50 pounds of force. Under these pres

sures, the steel would actually bond at the contact points 

and make indentations in the metal of about 1/4X. Conse

quently, we settled on the mounting scheme described in 

fig. (2-5) for the new active mirror. Hardened-steel set-

screws and thrust-washers serve as the contact points. The 

adjustment is performed with the set screws. The set 

screws are lubricated with molybdenum di-sulfide grease to 

avoid stiction in the threads. 

The simplified design increased the stability of the 

mounts immensely. In fact, no shift in alignment was 

noticed even after hitting a mounted actuator with a screw

driver. (This implies a change of less than 1/20X.) 

Ironically, the mounts can be easily adjusted as well. We 

have found that the entire surface of the mirror can be 

aligned to the quality of an individual mirror segment in 

under 30 minutes. 

Using the above scheme, the 19 piezoelectric canisters 

were mounted using the above scheme to an invar plate, 1.32 

inches thick, as shown in fig. (2-3). The side and lower 

supports were made of normal steel and were light-weighted 

by machining holes throughout them. The entire active 

mirror weighs about 50 pounds. 

Alignment of the active mirror surface is performed 

under a white-light interferometer (disscussed later in 

this chapter). The set screws on the back of the invar 
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mounting plate are adjusted until the interference fringes 

are straight and uniformly spaced as shown in fig. (2-6). 

The alignment process takes about 30 minutes and is usually 

good for about 72 hours. 

The 12-inch Heliostat 

LPARL operates an on-site 12-inch heliostat for use in 

solar astronomy and for the testing and evaluation of solar 

equipment. The heliostat is set up on the roof of a three-

story building as shown in fig. (2-7). Two 16-inch mirror 

flats track the sun as it moves across the azimuth. The 

sunlight is directed through a 12-inch window and lens 

combination and down to the ground floor, where it can be 

diverted to any of several optical tables with a third 

16-inch mirror. The lens has about a 50-foot focal length 

and forms a 5-inch solar image at the front of the optical 

table shown in fig. (2-7). The lens can be removed if 

necessary. 

The heliostat was aligned following a procedure 

suggested by Pasachoff and Livingston.2 The final tracking 

errors were removed by watching the motion of the solar 

image and noting the center of curvature of its path. The 

secondary mirror was tilted to move the solar image to the 

center of curvature. After this final calibration, the 

heliostat showed about one solar diameter of tracking error 

per eight hours of observing. 

The active mirror is often set up for testing on the 

optical table. Some initial observations were conducted 

with the new active mirror system.3 The seeing conditions, 

however, are usually quite poor—often five arcseconds or 

more. It is therefore necessary to take the active mirror 

system to a solar observatory to get better seeing condi

tions . 
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FIGURE (2-6). A white-light interferogram of the 
active mirror. Only the central row of segments 
has been aligned. 
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The Vacuum Tower Telescope 

The National Solar Observatories (NSO) operates 

several solar telescopes on Sacramento Peak (Sac Peak) in 

New Mexico. The site offers some of the best daytime 

seeing conditions in the world. The Tower Telescope is 

particularly useful for operating the active mirror system 

because it produces a large, non-rotating solar image at 

the front of an optical table much like the one used at 

LPARL. We have used this telescope on several observing 

runs with both the active mirror prototype and the new 

system. 

A cut-away drawing of the Tower Telescope is shown in 

fig. (2-8). The sun enters the telescope through a 30-inch 

window on the top of the tower, 136 feet above the ground. 

Two 44-inch flat mirrors track the sun and reflect it to a 

64-inch parabolic mirror, 231 feet below the ground. This 

mirror produces a 20-inch solar image near the ground level 

where it can be accessed by a number of instruments. The 

optical chamber is evacuated to eliminate internal air 

turbulence. The entire central portion of the telescope is 

supported by a mercury bearing and rotates as necessary to 

compensate for the rotation of the solar image. 

The Optical Layout 

Although the basic operation of the active mirror 

system is relatively simple, the details involved in making 

a corrected image make up an amazingly complicated optical 

system. Figure (2-9) shows a complete drawing of the 

optical layout. Some general comments about the layout are 

in order. First, it should be noted that, due to differ

ences in f-ratios and image scales, the exact positioning 

and focal lengths of the optical components is different 

for operation at Sac Peak than it is for operation at 

LPARL. Secondly, every attempt is made to block off the 
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optical paths from external light sources and local turbu

lence with baffles. Thus, in actual operating conditions, 

the optical layout is saturated with cardboard and plastic 

tubing, opaque cloth, and fiberglass walls. 

Whether the system is set up at Sac Peak or LPARL, a 

solar image is formed at the front of the optical table. 

All except about one square inch of this image is masked 

off. Usually, the image is moved so that an active region 

is in the center of this square. The solar beam passes 

through a field lens (1) at the far right of the layout, 

which forms an image of the entrance pupil of the telescope 

on the tilt mirror (2). Driven by the phase network, the 

tilt mirror removes the overall tilt in the beam. (The 

phase network will be discussed later on in this chapter.) 

This mirror also serves as an auto-alignment system, making 

frequent realignment of the wavefront sensor optics unnec

essary. The tilt-stabilized beam is split into two beams 

with a small beam splitter (3). 

The first half of this beam is sent through two lenses 

and through yet another beam splitter (4). One of the 

resulting beams is sent to a video camera (5) which records 

a video version of the uncorrected image. The other beam 

is sent to a multi-diode array (MDA) camera, where the same 

image is digitized and stored on a computer tape. (In the 

active mirror prototype, film cameras were used instead of 

the MDA cameras.) 

The second half of the stabilized beam is sent 

through a lens (7) to form a tiny image near a small "pick-

off" mirror (8). This image is at the focal point of the 

large lens towards the back of the layout (9). This lens 

forms a 6-inch collimatad beam which is sent through the 

interferometer, to the active mirror, and through the 

wavefront sensor. The 6-inch beam reflects off the active 

mirror and is sent back through the large lens (9) to form 
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another small image. This image is magnified with a micro

scope objective lens (18) and sent to a another CCD array 

camera (21) and another video camera (22). These images 

have been corrected by the active mirror. 

The White-Light Interferometer 

Since it is the purpose of the active mirror to 

correct distortions in the wavefront, it is important that 

the nominal position of the active mirror surface itself be 

as free from distortions as possible, that is, optically 

flat. A normal commercial laser-light interferometer could 

be used to produce the correct tilts on the mirror 

segments, but there could still be any integral number of 

wavelengths difference between the average phases of each 

mirror segment. 

This problem is solved by performing the alignment 

under a Michelson white-light interferometer. The inter

ferometer is shown in fig. (2-9) and consists of a 6-inch 

reference flat (11), a ten-inch beam splitter (13), a ten-

inch compensator plate (13), and, of course, the active 

mirror surface. The positions of the mirror segments on 

the active mirror are adjusted until a continuous fringe 

pattern is visible with regards to tilt as well as fringe 

color. The white-light interferometer is rather difficult 

to set up because the difference in length of the two 

optical paths must be less than ten /um; however, once it is 

set up it is relatively easy to use. 

A major inconvenience inherent in using the interfero

meter is that it cannot be used while the mirror is locked 

up. (Otherwise, there would be a double image at the 

wavefront sensor and on the corrected image cameras.) It 

would be quite beneficial to be able to monitor the inter

ference pattern as the active mirror performed its 

correction. Therefore, a considerable amount of time was 
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spent investigating complex interferometer designs which 

would allow viewing of the interference pattern while the 

mirror was locked. We settled on the embarrasingly simple 

solution shown in fig. (2-10). The compensator plate now 

serves as a beamsplitter to drive the wavefront sensor. It 

is still necessary to block off the interferometer when 

recording images, however. 

The Wavefront Sensor 

The exact positions and focal lengths of lenses (1) 

and (7) in fig. (2-9) are adjusted so that there is a 

collimated image of the entrance pupil of the telescope on 

the active mirror surface. Part of the beam that reflects 

off of the active mirror surface is diverted by the large 

beam splitter (13) and sent through a set of lenslets (15, 

16) to form images on the wavefront sensor (17). The 

lenslets are arranged in a hex-pattern identical to that of 

the active mirror, so there is an image on the wavefront 

sensor corresponding to each active mirror segment. The 

average tilt across the wavefront over a mirror segment, 

then, is translated to motion of the corresponding image on 

the wavefront sensor. 

Usually, the primary solar image is moved so that a 

small solar pore is in the field of view. The motions of 

the pores at the wavefront sensor are detected with quad-

cells as shown in fig. (2-11). The light intensity falling 

on the four quadrants is measured. These intensities are 

immediately amplified (to avoid noise) with preamps built 

into the wavefront sensor and relayed to the active mirror 

controller. At the controller, the difference in intensity 

between the top and bottom quadrants and the left and right 

quadrants are calculated to produce the error signals: 
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quad FIGURE (2-11). A small pore centered on a 
cell. The error signals are generated by 
subtracting the intensities on the left from 
those on the right, and by subtracting the inten
sities on the top from those on the bottom. 
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ẐX - (A+B) - (C+D), (2-1) 

and 

AY - (B+D) - (A+C), (2-2) 

AX and AY are proportional to the position of an image with 

respect to its zero position; that is, where AX and AY are 

zero. The positions of the quad-cells can be adjusted 

mechanically so that the error signals are zero when the 

active mirror surface is flat. The mirror driver signals 

are generated by integrating the error signals with analog 

electronics. 

The Active Mirror Controller 

Figure (2-12) shows the controller for the active 

mirror prototype. There were 628 separate knobs, trim 

pots, test points, and switches—all of which were essen

tial to the operation of the active mirror. The active 

mirror was locked on a target by turning up the 57 PZT gain 

pots (with a screw driver) and unlocked by turning them 

down. All of the electronics for the 19 channels were 

wire-wrapped. Wire-wrapping was selected in the anticipa

tion of making many changes to the electronics as we 

learned more about the operation of the system. However, 

these boards were prone to shorts and broken wires and made 

trouble-shooting extremely difficult. 

During normal operation of an active mirror system, 

the light source can be interrupted momentarily by clouds, 

passing aircraft, the observer's hand, and miller moths 

attracted to the sunlight. When this occurred with the 

prototype system, the integrators would saturate and rail 
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FIGURE (2-12). The controller for the active 
mirror prototype. In the new system, a computer 
takes the place of most of the 628 knobs, 
switches, and test points. 
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the actuators against their stops. This sudden jar would 

change the positions of the mirror segments, requiring a 

lengthy realignment. 

It became clear after a few observing runs that the 

prototype* design would have to be simplified and improved 

considerably before the active mirror system could be used 

as a routine observing tool. A microcomputer was incorpo

rated into the new system to manage many of the higher-

order functions, such as setting the gains, zeroing the 

error signals, etc. The controller electronics in fig. 

(2-12) were replaced with 19 of the printed circuit boards 

(one per channel) shown in fig. (2-13). Figure (2-14) 

shows how the new controller cards work and how the micro

computer contributes to their operation. The entire mirror 

can be locked onto a target by flipping a single switch. 

An interesting feature of the new design is its beam-

interruption circuitry. When the light source is inter

rupted, this circuitry disengages the integrators and 

gently forces the actuators to a nominal position. When 

the obstruction is removed, lock is automatically regained. 

The Phase Network 

By adjusting the tilts of the mirror segments, the 

controller maintains a zero value for all of the error 

signals. Consequently, the local tilt is removed from each 

section of the wavefront corresponding to the 19 active 

mirror segments. However, there still may be significant 

errors in the wavefront since the average phases over each 

wavefront sub-section are not the same. The amount that 

each mirror segment needs to be moved in or out (piston) to 

correct this problem can be calculated from the X and Y 

tilts of each segment.^ The algorithm that performs this 

calculation is referred to as "Hudgin's algorithm." 

Hudgin's algorithm is a nearest neighbor fitting algorithm 
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FIGURE (2-13). A new controller card. 19 of 
these printed circuit boards replaced the wire-
wrapped units used in the prototype system. 
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that provides the best fit to the wavefront that can be 

determined from the tilts alone. it works by making 

repeated applications of the following sequence of matrix 

operations: 

<f) - (j>T - XA - YB , (2-3) 

• - •'̂  ' (2-4) 

*10 - 0 • (2-5) 

<̂  is a 19-element vector containing the average phases of 

each mirror segment and T, A, and B are 19 X 19 matrices 

describing the geometry of the active mirror surface, and 

are shown in fig. (2-15). (j)io ̂ ^ maintained at zero to 

prevent the algorithm from diverging. 

The average phases are calculated in real time with an 

analog computer termed the "phase network." The X and Y 

tilts are represented by the X and Y integrator outputs 

from all 19 channels. The matrix operations are repre

sented by performing the multiplications and summations 

with analog electronics. The phase network also sums the X 

tilts and the Y tilts from all of the integrator outputs to 

drive the tilt mirror shown in fig. (2-14). However, a 

detailed description of the design of the phase network is 

beyond the scope of this dissertation. 

Data Recording Media 

As shown in fig. (2-9), two video cameras monitor both 

the corrected and uncorrected images during normal opera

tions. A chronometer inserts the time and date into the 

upper portion of the images. The video signals are 

displayed on two separate monitors and recorded on two Beta 
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video recorders. Beta recorders were chosen over VHS 

because, at the time of purchase, they produced a superior 

video image. They are currently being replaced with two 

VHS machines. 

On the observing runs performed with the active mirror 

prototype, wide field images were recorded on 35-mm film 

with two Acme cameras. We replaced these cameras with two 

identical MDA cameras during the July, 1988 observing run. 

The arrays on each camera consisted of 256 X 320 pixels 

with an aspect array of 1.2. The image scales were 

adjusted so that each pixel covered a 0.036 X 0.046 

arcsecond area of the sun. The images were digitized every 

five seconds and stored on magnetic tape via a main frame 

computer supplied by NSO at the Tower Telescope. Although 

the digital images do not contain nearly as much informa

tion as their film counterparts, they have been much easier 

to analyze. 

The addition of the microcomputer to the new system 

allows us to sample and store several types of voltages 

which exist as a natural consequence of the system's opera

tion. The voltages are digitized with a 128-channel 

Preston data acquisition system. On the last observing 

run, we recorded the X and Y integrator outputs (yielding 

the X and Y tilts on the wavefront), which are used exten

sively in this dissertation. 
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CHAPTER III 

THE STANDARD MODEL APPLIED 

TO THE ACTIVE MIRROR 

In this chapter, the standard model discussed in 

Chapter one will be presented in a form appropriate for the 

data obtained with the active mirror system. Specifically, 

the tilt-corrected atmospheric phase structure function and 

the modulation transfer functions (MTF's) of the corrected 

and uncorrected imaging systems will be determined. Where 

possible, analytic solutions will be derived. For the most 

part, however, we will rely on "brute-force" computer 

simulations based on artificially generated wavefronts to 

obtain the solutions. 

Measurements of rp 

The structure functions and MTF's which will be 

derived in this chapter and calculated in Chapter five 

depend heavily on Fried's atmospheric coherence diameter, 

rQ, discussed in Chapter one. Consequently, a method of 

calculating rQ from the available data is needed. 

The Differential Tilt Method 

As mentioned in Chapter two, the tilts on the active 

mirror segments were sampled and recorded during the obser

vations. Fried-̂  has derived a method of measuring rQ from 

the difference between the tilts on two circular apertures. 

His method is ideal for the available active mirror tilt 

data. He derives the following relationship: 

rQ = 0.531 
I(S,Y)X2 

.<(ai-a2)2>Dl/3> 

3/5 
(3-1) 
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ai and a2 are the tilts across the two apertures of 

diameter D. The function I(S,Y) is evaluated by Fried and 

is determined by the angular direction of the tilt, T, with 

respect to the aperture separation S. This function is 

plotted in fig. (3-1) for angles of 0 and 90 degrees. 

By restricting the analysis to angles of 0 and 90 

degrees, we have a total of 82 pairs of mirror segments 

and, hence, 82 independent calculations of rQ that can be 

made from a single set of active mirror tilt data. The 

pairs of mirror segments are summarized in fig. (3-2) along 

with the computed values of 1(3,Y). 

The Root-Mean-Square (rms) Method 

In the computer simulations which will be used 

throughout this chapter, it will often be necessary to 

calculate the value of rQ associated with a set of computer 

generated wavefronts. Noll^ has derived a formula that 

relates the mean-square phase of a wavefront after the tilt 

has been removed over a circular aperture of diameter D, 

with rQ: 

/Ti \ 

.134 
XnJ 

5/3 
(3-2) 

The mean-square phase, a^, is measured in radians. The 

tilt is determined by performing a least-squares fit to the 

wavefront over the aperture and subtracted from the wave-

front. (Note that, in this case, the tilt is removed from 

the entire aperture rather than from a single segment.) 
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Generation of Wavefronts 

The functions which will be derived in this chapter 

are quite complex. (For example, the tilt-corrected 

structure function requires manipulation and reduction of 

four-dimensional integrals.) Where possible, analytical 

representations of these functions will be derived, or 

adapted from others' work. For the most part, however, the 

functions will be obtained from computer simulations. The 

motivation for relying on computer simulations is three

fold: 

1. Analytical solutions often require unphysical 

assumptions. This will be discussed in greater detail in 

later sections. 

2. The hexagon-based geometry of the active mirror 

often makes analytical solutions extremely difficult to 

obtain. 

3. Performing the simulations is a good check of the 

analytical solutions that are used. This use of computer 

simulations is not meant to imply that there is no merit in 

performing analytical calculations. In fact, the anal

ytical approach often points out symmetries and relation

ships that would go unnoticed, in a computer simulation. 

The computer simulations in this chapter will be 

performed by generating random wavefronts (or phase 

screens) and treating these wavefronts in the same way that 

the active mirror system would treat real wavefronts. In 

order for the simulations to be credible, it is necessary 

that the wavefronts follow exactly the same statistics 

implicit in the standard model (Chapter one). In the 

sections to follow, we will present a method of generating 

the wavefronts, a method of adapting them so they follow 

the correct statistics, and a method of determining the 

validity of the results. 
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The Simple-Minded Approach 

As discussed in Chapter one, the PSD of the phase 

fluctuations associated with Kolmogorov turbulence with a 

finite outer scale can be described by the von Karman 

spectrum: 

*n(K) - (K2+LQ-2)-11/6 (3_3) 

where 

K = ^Kx'+Ky' , (3-4) 

and LQ is the outer scale. The constant multiplicative 

factor usually associated with eq. (3-3) has been elimi

nated, since all scaling will be performed after generation 

of the wavefronts. The goal in generating the wavefronts 

is to create an ensemble of spatial functions that have 

this PSD (and, consequently, the von Karman structure 

function), but vary randomly in their exact structure. 

This can be accomplished by creating random phases in 

frequency space, assigning the proper amplitude, and then 

transforming back to the spatial domain through the use of 

a discrete Fourier transform. 

We will begin by forming a two-dimensional complex 

array with random numbers for both the real and imaginary 

parts. The random numbers should be normally distributed 

with zero mean and unity variance. Since the desired 

functions must be real, we will require that the array be 

Hermitian: 
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A^y - Ay^ (3-5) 

This can be easily accomplished by generating one half of 

the random array and combining it with a version of itself 

that has been reflected through the origin, with the sign 

on the complex part reversed. The random array can then be 

multiplied by an amplitude mask given by the square root of 

eq. (3-3). (Recall that the power of a single function is 

the square of its Fourier transform.) The desired random 

wavefront function is the real part of the Fourier trans

form of the product: 

<t>(x,y) -C Re F-I|A(U,V)(U'+V'+LQ2)-11/12J (3-6) 

Here we have substituted u and v for K^ and Ky. The 

constant C is arbitrary and can be adjusted to obtain the 

desired scale in <|>(x,y). 

One hundred 64 X 64 wavefronts were generated from eq. 

(3-6). A fast Fourier transform (FFT) was used to take the 

Fourier transforms. LQ was set equal to 100 meters, with 

the 64 X 64 array representing one meter. The rQ of the 

generated wavefronts was determined from eq. (3-2), by 

subtracting the tilt from each wavefront and calculating 

the average mean-square phase of the tilt-corrected wave-

fronts. The tilts were determined by the least-squares 

method. Based on this value of rQ, the theoretical struc

ture function was calculated from eq. (1-7) and is shown as 

the solid line in fig. (3-3). The structure function of 

the generated wavefronts was measured using the definition 
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in eq. (1-6), and is shown as the dotted line in fig. 

(3-3). The measured structure function is not even close 

to the theoretical function. 

The discrepancy is caused by the use of discrete 

Fourier transforms (DFT's). Even though an outer scale of 

100 meters is specified, the DFT can only produce compo

nents with a period less than or equal to one meter. Any 

wavelengths larger than one meter are not included. The 

periodic effect of the DFT is also apparent in fig. (3-3). 

One way to improve the results is to use larger 

arrays, saving only 64 X 64 portions of the resultant wave-

fronts. One hundred N X N wavefronts were generated for 

each of N=128, 256, 512, 1024, and 2048 representing two, 

four, eight, 16, and 32-meter apertures. (The Vax 11780 

used to perform the FFT's was not capable of handling an 

array larger than 2048 X 2048.) In each case, the 

wavefronts were rescaled so that rQ was identical to that 

of the 64 X 64 case. The structure functions of these 

wavefronts are shown as the five dashed lines in fig. 

(3-3). Even the 2048 X 2048 case still falls quite short 

of having enough of the low frequency components. 

Array Size Determination 

Before proceeding, it would be useful to determine how 

large the arrays need to be, using the above approach, to 

produce a specific level of accuracy in the generated wave-

fronts. We can gain a rough idea of the size by consid

ering a one-dimensional case. Consider the function 

s i n ( 2iix) 
y i ( x ) = , ( 3 - 7 ) 
^ [ 1 + L Q - 2 ] 1 1 / 1 2 
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shown as the solid line in fig. (3-4). This function 

represents a typical wave component, one meter in length 

across a one-meter aperture. LQ is 100 meters. The dotted 

line in fig. (3-4) is the function 

YIQ(^) 
s i n ( 2 i i x / 1 0 ) 

[ ( 1 / 1 0 ) 2 + L o - 2 ] l l / 1 2 
( 3 - 8 ) 

which represents a Fourier wave component ten meters in 

length. 

In the computer simulations which follow in this 

chapter, the overall tilt will be removed from the wave-

fronts. We can remove the one-dimensional tilt from both 

Yl and y^g t>y performing a least-squares fit to the func

tions over the interval (-1/2, 1/2] and subtracting the 

resulting lines. These tilt-corrected functions could be 

calculated analytically. However, rather than trying to 

calculate the equations of the tilt-corrected functions, we 

will treat these equations digitally with a computer 

program (actually, a very simple program). Figure (3-5) 

shows these functions after removing the tilt. The 

question to be asked is, "How large is the tilt-corrected 

ten-meter component compared to the one-meter component?" 

The answer can be found by calculating the ratio of 

the rms values of each function. Recall that the rms value 

is given by 

rms = <(y-y)2> 
1/2 

(3-9) 
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component to the phase function across a one-
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The rms of the tilt-corrected ten-meter component is (.053) 

and the rms of the tilt-corrected one-meter component is 

(.444); hence the ratio is 

rms^ 
= 0.1 . (3-10) 

rmsio 

Thus, a ten-meter wave component would contribute about ten 

percent to a one-meter aperture. 

The ratio in eq. (3-10) was calculated for wave compo

nents ranging from one to five hundred meters, and is shown 

in fig. (3-6). At 32 meters, the contribution is about 

five percent. Hence, the simple-minded approach above is 

probably not adequate for generating the wavefronts. 

Clearly, a more efficient way of getting around this annoy

ing property of the discrete Fourier transform is needed. 

The Herman method 

Herman and Stragula3 have proposed a method of gener

ating wavefronts which separates the high and low spatial 

frequency components of a wavefront into two separate 

arrays. The high-frequency arrays are generated in a 

manner identical to the 64 X 64 case above. The low-

frequency arrays, however, are generated explicitly from 

the definition of a discrete fourier transform. In this 

case, it is assumed that each pixel in the low-frequency 

array is the size of the entire high-frequency array. The 

low-frequency array is given by 
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FIGURE (3-6). The relative effect of a tilt-
corrected wave component on the phase across a 
one-meter aperture. A wave component 100 meters 
across contributes less than one percent to the 
total phase. 
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M/2 

<i>L^^'y) = > 
/ 

exp 
2jii 

MN 
(jx+ky) jk^jk (3-11) 

j,k=-M/2 

By the same reasoning used in the previous section, the 

constant factor is ignored. M+1 and N+1 are the sizes of 

the low and high frequency arrays, respectively. The vari

ables X and y may take on values in the interval [-N/2, 

N/2]. The variable h is an M+1 by M+1 array of complex 

random numbers; both the real and imaginary parts have 

gausian distributions with zero means and unity variances, 

h is also hermitian, so that 

hjk = ^^-j,-k) (3-12) 

Note that, in this definition, the zero-point of the array 

is taken to be at the center; hence eq. (3-11) differs from 

eq. (3-6). The prime on the sum means that any term with j 

or k equal to +M/2 is to be weighted by 1/2, and that the 

j=k=-M/2 term is defined to be equal to the j=k=M/2 term. 

Both of these conditions can be met by modifying the appro

priate terms of h, after h is generated. Hence, the prime 

will be dropped from subsequent summations. Fĵ j is the 

square-root of the PSD and is given by 

ID 
r j ] 
IMDJ 

2 
+ f ^ 1 

IMDJ 

2 
+ f •'•I 

^Lo^ 

2-

. 

-11/12 
(3-13) 

where D is the diameter of the aperture 
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We will be generating roughly 100 wavefronts with N-64 

and M-512. Hence, eq. (3-11), in its present form,, will 

require a total of 

100(M+1)2(N+1)2 s loll (3-14) 

evaluations of the argument. This would require more than 

10,000 hours of CPU on a Vax 11780 available for the compu

tations. We are motivated to seek a workable approximation 

of eq. (3-11). 

We begin by using the identities 

ei® - cos(e)+isin(e) 

cos(e+a) « cos(e)cos(a)-sin(e)sin(a), 

(3-15) 

(3-16) 

sin(e+a) = sin(e)cos(a)+cos(e)sin( a), (3-17) 

to write eq. (3-11) as 

M/2 
^ ' 

*L^x,y) = 2 J^jk^jk 

j,k=-M/2 

cos(cjx)cos(cky)-sin(cjx)sin(cky) 

+ 1 sin(cjx)cos(cky)+cos(cjx)sin(cky) , (3-18) 

with 
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2ii 

Many of the terms in the above summation are redundant. 

The summation can be split up into the five sections shown 

in fig. (3-7) (with M=4). The summation can be performed 

over each region separately: 

M 
— 1 

M/2 2 M/2 M/2 

^ j k - ^ ^Qjk+Q-j,-k)+2l^jj+Q-j,-j) + QOO • (3-20) 

M M j=k+l j=l 
•2,k k̂  
" ' 2 2 

Q represents the argument of the summation. We may express 

the complex random number h as 

hjk = ^jk + il̂ jk ' (3-21) 

where a and b are real gausian random numbers with zero 

mean and unity variance. The FQO term may be arbitrarily 

set to zero, since it will only add a uniform phase shift 

to the wavefront. If we note also that 

Fjk = F.j^.k = Fj^_k = F-j,k ' (3-22) 

ajk = a_j^_k , (3-23) 
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FIGURE (3-7). Breaking the summation up into 
five regions. In this example, M=4. 
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bjk - -b_j,_k ' (3-24) 

eq. (3-16) becomes 

M 
' —1 

2 

fL(x,y)-2 

M/2 

> >F jk 13 cos(cjx)cos(cjy)-sin(cjx)sin(cjy) 

M j-k+1 

- bjk sin(cjx)cos(cky)+cos(cjx)sin(cky) 

M/2 

+ >F 33 3D cos(cjx)cos(cjy)-sin(cjx)sin(cjy) 

D-1 

- b DD sin(cjx)cos(cjy)+cos(cjx)sin(cjy) > . (3-25) 

Note that as a result the expression no longer contains 

imaginary terms. 

Equation (3-25) can be greatly simplified by expanding 

each sin and cos function in a power series 

cos(0) 

sin(0) 

1 -

e -

0^ 0̂ * 
2T "̂  41 

03 05 

(3-26) 

(3-27) 
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keeping only the most significant terms. The number of 

terms that need to be kept is somewhat difficult to deter

mine; however, the accuracy of the choice can be tested 

after the wavefronts are generated by computing the struc

ture function and comparing it with the theoretical form. 

A small angle approximation is probably not sufficient in 

this case since the arguments can take on values as large 

as .707n. The fourth order approximations to the sin and 

cos seem to be the preferred choice since they give less 

than a ten percent error at ii/2, and the arguments are 

greater than n/2 in only a few of the terms in the 

summation. Keeping terms through the fourth order will 

provide 12 terms beyond the constant term and the tilt (the 

X and y terms) to specify the shape of the wavefront. 

Equation (3-25) becomes 

M 

2 

*L(^'y)=2< 

M/2 
: — \ — 

> >fjk ID 

r q2 q4 p2 p2q2 p4 
1 + + 

r3 r.3. 

2 24 2 
f pq+ \-
24 ^^ 6 6 j 

M D=k+1 
u=--

2 - bjk 
' pq2 p3 q3 p2q> 

2 6 
•+q-

2 j 

M/2 

+ >F 

j = l 

DD DD 

r2 r4 p2 p2,2 p4 
1 +• 

2 24 2 

p^ p T " p-* pr3 p3r^ 
— + + — — pr+ + 

- b DD 2 6 

24 

f pr2 p3 r-̂  p2r' 
+ r 

2 ) 

6 J 

(3-28) 

with 
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P = C]X , 

q = cky , 

(3-29) 

(3-30) 

and 

r = cjY (3-31) 

Finally, using nearly every letter in the Greek 

alphabet, we can express the low-frequency wavefront as a 

15-term function: 

•^L^^^y) = a + (3x + Sy + exy + yx^ + Ky2 + Xxy2 + / /x2y 

+ px3 + (jy3 + 0xy3 + vx3y + \|/x2y2 + ^^x^ + ^^y^ , ( 3 - 3 2 ) 

w h e r e 

M 
— 1 

^ 2 1^/2 

a = 2 

M/2 

> / a j k ^ ' j k + / ^ j j ^ j j 

M D=k+1 
k = — 

2 

j = l 

( 3 - 3 3 ) 

(3 = 
4ii 

MN 

M 
— 1 
2 M/2 M/2 

V 
>_ ^ j k F j k D + / ^ j j ^ j j 3 

M D=k+1 
k = — 

2 

j = l 

( 3 - 3 4 ) 
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M 
— 1 

/ 2 
4ii 

MN 

M/2 M/2 

V 
l_ 2^jkf'jkJ^ + 2^ j j^ j j3 

M j = k + l j = l 
k - — 

2 

( 3 - 3 5 ) 

-8 i i2 

M2N2 

M 
— 1 
2 M/2 M/2 

> / a j k f j k J k + > a j j F j j j 2 

M D-k+1 
k - — 

2 

j = l 

( 3 - 3 6 ) 

-4 i i2 

M 2 N 2 

M 
— 1 
2 M/2 M/2 

/ l^kJ^k^'^ + 2!.^j^jj3^ 
M j = k + l j = l 

k = — 
2 

( 3 - 3 7 ) 

-4 i i2 

M 2 N 2 

M 
— 1 
2 M/2 M/2 

> / a j k f j k k ^ + / ^ J D ^ J J ^ 

M D=k+1 
k = — 

2 

j = l 

( 3 - 3 8 ) 

X 
8ji-

3 M 3 M^N 

M 
— 1 
2 M/2 M/2 

> / b j k f j k J k ^ + > ^ j j ^ j j 3 

M D=k+1 
k = — 

2 

j = l 

( 3 - 3 9 ) 
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M 
— 1 
2 M/2 M/2 

8il^ 

M^N^ 
/ b j k F j k J ^ k + > b j j F j j j 3 

M D-k+1 
k - — 

2 

D-1 

( 3 - 4 0 ) 

M 
— 1 

'' 2 j/i/2 
8ll-

3M-̂ N 3M3 

M/2 

]> / b j k ^ j k D ^ + > ^ j j ^ j j 3 ^ 

I M D-k+1 
k -— 

2 

J - 1 

( 3 - 4 1 ) 

8n-

3M^N 3M3 

M 
— 1 
2 M/2 M/2 

) >bjkFjkk^ + > ^ j j ^ j j 3 ^ 

M D-k+1 
k = — 

2 

j = l 

( 3 - 4 2 ) 

0 
16ii^ 

3 M 4 N 4 

M 
— 1 
2 M/2 M/2 

\ / I j k F j k D k ^ + / ^ j j ^ j j ^ ^ 

M D=k+1 
k = — 

2 

j = l 

( 3 - 4 3 ) 

1611^ 

3 M 4 N 4 

M 
— 1 
2 M/2 M/2 

• 4 
> >ajkFjkD^k + > a j j F j j D 

M 3=k+l 
k — 

2 

j = l 

( 3 - 4 4 ) 
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t 

8ii4 

M4N4 

M 
— 1 

' 2 M/2 M/2 

l_ ^jkFjkJ^k2 + ^^Dj^jj^"* 

M j=k+l j=l 

°~2 

(3-45) 

0) -

4il-

3M4N4 

M 
— 1 
2 M/2 M/2 

/ ^jkfjkJ"^ + ^jj^jj3 

M J-Ĵ  + 1 j-1 
k - — 

2 

(3-46) 

4ii' 

3M4N4 

M 
— 1 
2 M/2 M/2 

2_ ^jkFjkk^ + 2133̂ 33̂ "̂  
, M D-k+1 j-1 
k - — 

2 

(3-47) 

Equation (3-33) may be discarded since it just adds a 

uniform phase shift to the wavefront. Once the coeffi

cients are determined, <f>L can be calculated at any point 

within the aperture using eq. (3-32). 

One thousand 64 X 64 low-frequency wavefronts were 

generated using eqs. (3-32) through (3-47). One thousand 

64 X 64 high frequency wavefronts were also generated using 

eq. (3-6). In their approach, Herman and Stragula^ pay 

close attention to the relative scaling of the low and 

high-frequency arrays. However, because an FFT was used to 

generate the high-frequency wavefronts, a DFT was used to 

generate the low-frequency wavefronts, and arbitrary 

scaling applied to both sets of wavefronts, it is difficult 

89 



if not impossible to keep track of the scaling. For this 

application it is more convenient to appropriately scale 

the low-frequency wavefronts with respect to the high-

frequency wavefronts so that when the structure function of 

the result is measured, it will follow very nearly the form 

in eq. (1-8). In other words, let 

<|>(x,y) » C(|>L(x,y) + <|>h(x,y) (3-48) 

where c is the scaling constant to be determined. 

We can get a close approximation to the optimal value 

of c by assuming the majority of the rms phase of ^ will be 
determined by ^j^, and the majority of the rms phase of i> 
after subtracting the tilt will be determined by 4»h- Noll2 

states that 

rms(tilt-removed) 
=0.361 , (3-49) 

rms(whole-waves) 

so. 

c = 
a h ( t i l t - r e m o v e d ) 

0 . 3 6 1 < T L 

(3-50) 

c was calculated roughly in this fashion and applied 

to eq. (3-48). The value of c was fine-tuned so that the 

measured structure function in eq. (1-7) of the wavefronts 

agreed with the theoretical structure function in eq. (1-8) 
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in the middle portion of the function, as shown in fig. 

(3-8). The middle portion was chosen because, as will be 

shown in the next section, this portion is the most impor

tant when dealing with actual data. 1000 new wavefronts 

were generated. Figure (3-9) is a surface plot of a 

typical wavefront. 

It is interesting to note that the structure function 

of the new wavefronts falls short of the theoretical func

tion, even though wavelengths up to 500 meters were 

included in the calculation. Apparently, this difference 

must be caused entirely by the tilt contributed by the 

wavelengths larger than 500 meters. This is demonstrated 

in fig. (3-6), where it is shown that wave components 

larger than 500 meters contribute less than one part in a 

thousand to the tilt-corrected wavefront. 

Scaling of Wavefronts 

One distinct advantage of assuming a simple power-law 

expression for the atmospheric turbulence spectrum is that 

the scaling of the turbulence is entirely relative. This 

can be realized by observing that any power-law expression 

appears as a straight line when plotted on log-log paper, 

and that the slope of this line is independent of the units 

used on the X and Y axes. Hence, after the wavefronts are 

generated, the turbulence can be set to any strength by 

scaling the wavefronts. The scaling can be done so that a 

desired rQ is obtained. The scaling factor can be deter

mined by calculating the rms phase, a, of the ensemble of 

wavefronts over a circular aperture of diameter D after the 

wavefront tilt has been removed over the aperture. For 

convenience, D can be chosen to be the width of the 

generated wavefronts. From eq. (3-2), it can be shown that 

the desired scaling factor is 
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FIGURE (3-8). Comparison of the theoretical 
structure function (dashed) and the structure 
function measured from the generated wavefronts 
(solid). The agreement is quite good. 
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FIGURE (3-9). A surface plot of a typical 
computer-generated wavefront. 

93 



0.366 

.des ired ro> 

5/6 'present r^^^/^ 

.desired r^, 
(3-51) 

By the same arguments, the wavefronts arrays can 

represent an aperture of any size. However, it is impor

tant to remember that the turbulence outer scale, LQ, 

changes proportionately. For example, the wavefronts 

discussed so far have been assumed to be one meter square, 

with an outer scale of 100 meters. If we let these same 

wavefronts represent an aperture 0.635 meters in diameter 

(as we will have to do in order to compare the simulations 

with the data), the outer scale becomes 63.5 meters. 

Whether or not the change in the outer scale is significant 

depends on the application. In the simulations which will 

be performed in this chapter, the tilt will always be 

removed from the wavefront. As shown in fig. (3-6), then, 

the contribution of a wave component 63.5 meters in size is 

less than two percent. Hence, we can safely ignore the 

effects of the reduced outer scale. 

The Tilt-Corrected Structure Function 

Much of the data presented in this dissertation 

consists of wavefront phase measurements which were made 

during the July, 1988 observing run. Of primary interest 

is the comparison of the structure function calculated from 

these measurements with the Kolmogorov structure function 

D(r) = 6.88 
'r ^5/3 

vrQ̂  

(3-52) 
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discussed in Chapter one. Unfortunately, the above repre

sentation of the structure function is not directly applic

able to phase measurements made with the active mirror. 

This is due to two effects that the active mirror intro

duces to the data. 

The first of these effects is the removal of the 

overall tilt from the wavefront. The active mirror uses an 

image stabilization system that effectively removes all of 

the overall tilt from the wavefront before the phases are 

measured. Since most of the power in atmospheric turbu

lence is associated with tilt^, removing the tilt dras

tically changes the form of the structure function. Even 

if the atmospheric tilt were not removed, it would still be 

difficult to deconvolve this tilt from tilts introduced by 

non-atmospheric effects such as building vibrations, 

seismic activity, microphonics, and human intervention. 

Secondly, the active mirror does not sample the phase 

with infinite resolution; rather it measures the average 

phase over an aperture roughly the size of a mirror 

segment. Normally, this averaging would not significantly 

affect the structure function since the larger features of 

the wavefront, which dominate, would not be affected. 

However, since the overall tilt is removed from the wave-

front, it is the finer details which remain that determine 

the form of the structure function, and they tend to become 

smoothed out by the averaging. 

In the sections to follow, the above two effects are 

modeled into the structure function of eq. (3-52). The 

results of this modeling are solved numerically to yield 

the tilt-corrected structure function. The analysis is 

confirmed by deriving the same function with a computer 

simulation based on the wavefronts that were discussed in 

the previous section. Finally, the validity of applying 

this analysis to the active mirror tilt data is discussed. 
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Formalism 

Assume that the aperture is a circle of radius a with 

its center at (0,0). Assume also that the phase is 

measured at points q^ and q2 by averaging over smaller 

apertures of radius b, centered at q̂  and q2 as in fig. 

(3-10). The average phases at these points can be 

expressed as 

n 
Tib , 

Wb(q-qi)4>(q)dq (3-53) 

• 2 
nb^J 

Wb(q-q2)*(q)dq (3-54) 

where 

(1 if |q| < b 
Wb(q) = 

lO otherwise 
(3-55) 

We can remove the tilt from the phase function before 

averaging by subtracting the best-fitting plane: 

<!>' (q) = <l>(q) - aqx - 3q. (3-56) 

a and 3 are the X and Y slopes of the best-fitting plane, 

and can be determined by performing a least-squares fit to 

the phase function. The linear regression formulas for 

slope are^ 
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FIGURE (3-10). Phase sampling model. Tilt is 
removed from the aperture of radius a. Phases 
are measured at q̂  and q2 by averaging over the 
smaller apertures of radius b. 
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N2:xi<|>i-Exi2:<f>i 

N E x i ^ - ( E x i ) ' 
( 3 - 5 7 ) 

13 
N E y i ' - ( Z y i ) ' 

( 3 - 5 8 ) 

By symmetry arguments , the sum of a l l x^ or y^ i s z e r o . 
Thus, 

a 

2:xi<i>i 

Lx 
( 3 - 5 9 ) 

3 ( 3 - 6 0 ) 

We can replace the sums with integrals yielding. 

;Wa(S)Sx<l>(S)dS 
^ 2 -^^ 

JWa(S)xMS 
-1 

(3-61) 

(3 
-• -> -> -> 

JWa(S)Sy(|)(S)dS JWa(S)y dS 
-> -, -> -1 

(3-62) 

where 

98 



a if Isl < a 
W;,(S) - I 

.0 otherwise , 
(3-63) 

and S is a dummy variable. Noting that 

JW(S)x'dS - JW(S)y'dS - na4 naV4 , (3-64) 

eq. (3-53) changes to 

•l 
iib\ 

Wb(q~qi) *(q) -q. 
iia' 

Wa(S)S<(>(S)dS dq (3-65) 

If we make the substitution q —> q+q^, eq. (3-65) becomes 

H 
Jib\ 

Wb(q) <(>(q+qi) (q+qi) 
na' 

Wa(S)S<|>(S)dS dq . (3-66) 

S i m i l a r l y , eq . ( 3 - 5 4 ) becomes 

(j>2 = 
lib 

Wb(q) <|>(q+q2) •(q+q2) 
iia 

W a ( S ) S < f ) ( S ) d S dq . ( 3 - 6 7 ) 

S u b t r a c t i n g eq . ( 3 - 6 5 ) from eq . ( 3 - 6 6 ) g i v e s 
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<t>l-<l>2 = 
rib 

W b ( q ) * ( q + q i ) - <t>(q+q2) 

Tia' 
• (q2-q i ) W a ( S ) S < j > ( S ) d S dq ( 3 - 6 8 ) 

The structure function we desire is the expectation value 

of the square of eq. (3-68). Before squaring, let 

A = <t>(q+qi) (3-69) 

B = <J>(q+q2) (3-70) 

4Aq. 

na' 
Wa(S)S<(»(S)dS (3-71) 

Aq q2-qi (3-72) 

Then we will write the square of eq. (3-68) as a double 

integral over unprimed and primed variables: 

(<(>l-<(>2) 
n'b^J 

Wb(q)Wb(q')dqdq' (A-B)(A'-B') 

C(A'-B')+C'(A-B) CC (3-73) 

100 



Equation (3-73) can be broken up into the three integrals 

defined by the square brackets. Taking the expectation 

value and returning to the previous notation, we have 

Dtc(qi'q2) " <(*i-<l>2) > - II + l2 + 13 (3-74) 

where 

n b^. 
Wb(q)Wb(q') 

-• -• -• -• -> -> -4 -* 

< <j> (q+qi) «f> (q'+qi )>-<*( q + q i )<!>( q ' + q 2 ) > 

- < • (q+q2 ) <(> ( q' + q i ) > + < 4> ( q + q 2 ) • (q' +q2 ) > dqdq' , (3-75) 

I2 
4Aq 

Ii3b4a4 

-> -» 

W b ( q ) W b ( q ' ) W a ( s ) s 
-> -• -> -• •+ •+ 

< <J> ( q + q i ) * ( S )>-<<!> ( q + q 2 ) <(> ( S ) > 

+ <4>(q'+qi)*(S)>-<<f>(q'+q2)'l>(S)> dSdqdq' (3-76) 

16 

I3 = 
Ii4a8b4j 

-> -¥ -• -> 

Wb(q)Wb(q')Wa(S)Wa(S')(/^q-S)(Aq-S' ) 

X <(j)(S)<t>(S')>dqdq'dSdS' . (3-77) 

We now devote our attention to simplifying eq. (3-75). 

Fried has solved an integral similar to eq. (3-75)^. 

Following his method, we make the substitution 
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u - q-q' (3-78) 

V = (q+q')/2. (3-79) 

to yield 

2',4 

-* •* -• -• •+ -> -> -> -• -> 
dudvWb(v+u/2 ) Wb(v-u/2 )\<<^{ v+u/2+qi) <|)( v-u/2+qi) > 

Ti'b^JJ I, 
- • • + - • - > - • - • _ ^ _ > _ ^ ^ ^ _ ^ 

+ <<(>(v+u/2+q2)<j>(v-u/2+q2)> - <<(>( v+u/2+qi) <|>( v-u/2+q2 ) > 

- <4>(v+u/2+q2 )q(v-u/2+qi)> (3-80) 

Making use of the relationship between an auto-correlation 

function and a structure function,^ 

-• -> 1 -> -> 
<<t>(ri)<J>(r2)> = r(|ri-r2'|) = ^(0) - -D(ri-r2) , (3-81) 

eq. (3-80) simplifies to 

Ii = 
2iî b4j 

dudvWb(v+u/2)Wb(v-u/2) 

D(Aq+u) + D(Aq-u) - 2D(u) (3-82) 
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Continuing along Fried's approach,^ we define the 
function 

K(u,b) = dvWb(v+u/2)Wb(v-u/2) (3-83) 

and write eq. (3-82) as 

II 
2iî b4 

K(u,b)du 
-> -• -• ^ 

D(Aq+u) + D(Aq-u) - 2D(u) (3-84) 

Equation (3-83) is, to within a constant factor, an 

integral expression for the well-known modulation transfer 

function of a circular aperture. The constant factor can 

be determined by making sure that the result is equal to 

the area of the circle Wb when u=0. With this in mind, eq. 

(3-83) becomes 

K(u,b) = 2b Cos - 1 
'u ^ 

UbJ 

'u ^ 

UbJ 
1 -

fU > 2̂  

l '̂ 2b>' j 

1̂  

2 , 

/ 

if |u| < 2b 

otherwise . (3-85) 

The variable u refers the the magnitude of the vector u. 

With eq. (3-85), the expression for Î  becomes 
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I l 
n b 

Cos -1 
û ̂  

UbJ 

^u ^ 

UbJ 

/u ^ 2 ^ 
1-
l 2̂b>' J 

1/2 

D(Aq+u) + D(Aq-u) - 2D(u) du (3-86) 

The limits on the integral in eq. (3-86) are over the 

circle defined by eq. (3-85). 

Equation (3-76) can be greatly simplified by breaking 

it up into two integrals; one with primed variables in the 

angle brackets and one with only unprimed variables. By 

switching primed and unprimed variables in one of the inte

grals, we see that we actually have the same integral 

written twice. Hence, eq. (3-76) can immediately be 

written as 

l2 
8Aq-

Ii3a4b4 
Wb(q')dq' Wb(q)Wa(S)SdqdS 

< <l> ( q+q 1 )*( S )>-<«<>( q+q 2 )*( S ) > (3-87) 

The first integral in eq. (3-87) can be integrated to yield 

iibS the area of the circle Wb- With eq. (3-81), eq. 

(3-87) becomes 

l2 = 

4Aq 

2 4 
Ji a ^ b^J 

Wb(q)Wa(s)s D(q+q2"S)~^^^"*"^i"^) dqdS . (3-88) 
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Finally, we seek a simpler expression for eq. (3-77). 

The integrand of eq. (3-77) is not a function of the q or 

q' variables, so those integrals can be factored out and 

immediately integrated to yield Jî b4, with eq. (3-81), eq. 

(3-77) can be further simplified and expressed as 

-8 

n^Q 
Wa(S)Wa(S')(Aq-S)(Aq-S')D(S-S')dSdS' (3-89) 

Note that the constant r(0) from eq. (3-81) vanishes under 

the integral due to its symmetry and the fact that the 

integrand is an odd function. 

By construction, the phase structure function in eq. 

(3-52) is homogeneous and isotropic, i.e., its value should 

only depend on the magnitude of the separation vector, Aq. 

This is clearly the case for Iĵ . Although it is less 

obvious, we see that I3 has this property by virtue of the 

rotational symmetry of the integration. 12^ on the other 

hand, demonstrates a clear dependence on the individual 

vectors q^ and q2. Thus, the tilt-corrected structure 

function in eq. (3-74) will not be homogeneous and 

isotropic. 

At a first glance, this result seems counter-intu

itive; however, it becomes obvious when we examine the 

physical process taking place in the tilt-correction. In 

general, the plane that is subtracted from the phase is not 

homogeneous or isotropic, and the result will not be 

either. Consequently, when applying this analysis to data, 

it is necessary to strictly define the values of the 

vectors q^ and q2/ rather than just the absolute value of 

their difference. 

105 



Application 

The sum of eqs. (3-86), (3-88), and (3-89) represent 

the most simplified form of eq. (3-74) without specifying 

the form of the original structure function, D(r). We will 

assume that this structure function can be represented by 

eq. (3-52). In principle, we could use eq. (1-8) for D(r), 

but doing so would make evaluation of the integrals nearly 

impossible. Hence, we must assume that the effects of the 

outer scale, LQ, are negligible. The validity of this 

assumption can be determined later, via a computer simula

tion. 

As a further simplification, we will specify a rela

tionship between the radii of the large aperture and the 

sampling aperture: 

a = nb , (3-90) 

and express all lengths, that is, q, qi, q2/ ^> b, S, u, 

and rQ in units of b. Finally, we will only consider se 

rations which satisfy the criteria (see fig. 3-11) 

q2 = (l-n)x , (3-91) 

qi = qix -(n-l)< qi < (n-1) , (3-92) 

so that 

Aq = (l-n-qi)x . (3 93) 
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^ 2b„ 

FIGURE (3-11). Application of the phase sampling 
model to the active mirror. The radius b is 
chosen so that the sampling aperture will have 
the same area as a mirror segment of width 2bQ. 
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So far, we have not chosen a system of coordinates in the 

integrals. In performing the integrations, we will express 

the vectors in polar coordinates: 

q —• (q,e) (3-94) 

-> 

S (S,a) (3-95) 

S' —> (S' ,a' ) , and 

u —> (u,(3) 

(3-96) 

(3-97) 

By applying eqs. (3-52) and (3-90) through (3-97) to the 

three integrals, II, 12, and 13, it is possible to totally 

remove the vector dependency from the integrals. After 

making this application, eqs. (3-86), (3-87), and (3-89) 

take on horrendous, but numerically integratable forms: 

II = 
0.697 2 j i r 2 

Cos 
'û  

— 
'û  

5> 1-
'u^ 
.2. 

2̂  V 

2 . 

> 

_1 ^ u 

X I u^+2u(1-n-qi)cos3+(l-n-q^)^ 
5/6 

u^-2u(1-n-qi)cosa+(1-n-qi) 
5/6 

- 2u5/3 •ududa, (3-98) 
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I2 
2.79(l-n-qi) 

n4rQ5/3 

2ii 2II 

o J 

n 
dSdqd0daqS^cosa 

X 
2 ^ 2 

q +S +(l-n) -2qScos(0-a)+2(l-n)(qcos0-Scosa) 
-|5/6 

2 „ 2 2 
q +S +qi -2qScos(0-a)+2qi(qcos0-Scosa) 

l5/6 

(3-99) 

-5.58(l-n-q;L) 

nl/3,^5/3 

2II 

o J 

'2II 

o , 

1 

oj 

2 ... 2 
d^d^'dada'^ I,' cosacosa' 

^^+K''-2^^'cos(a-a') 
5/6 

(3-100) 

Note that, in eq. (3-100), we have used the substitutions 

S = n^ (3-101) 

S' = n^ (3-102) 

Equations (3-98), (3-99), and (3-100) were numerically 

integrated using n=4.809, with q^ ranging from -3.809 to 

3.809. IMSL^ quadrature routines were used to perform the 

integrations. A maximum error of one percent was specified 

in the routines. The tilt-corrected structure function, 

eq. (2-23), was obtained by summing the results of the 

three integrations and is plotted in fig. (3-12) with units 

of IQ^/^, as a function of the separation distance, Aq. 

(Recall that rQ is expressed in units of b.) The 
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Tilt-corrected structure function 
Equation (3-52) is plotted as the 
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Kolmogorov structure function from eq. (3-52) is included 

for comparison. 

The motivation for choosing n»4.809 as the relation

ship between a and b requires a little explanation. 

Clearly, the choice must necessarily be somewhat arbitrary 

since the above formulation is based on circular apertures 

and the active mirror is comprised of hexagons. 

Nonetheless, we can minimize the errors associated with 

this approximation by making a logical choice of n. The 

validity of the approximation will be discussed in the next 

section. 

The active mirror does not actually measure the 

average phase across each mirror segment; rather it 

measures the average X and Y tilts across a circular sub-

aperture within each mirror segment (see Chapter 2.) The 

phases are then reconstructed later by applying Hudgin's 

algorithm^ to the tilt data. Hudgin's algorithm makes the 

assumption that the average X and Y tilts across each 

segment are known exactly, and then calculates the best 

fitting phases based on those tilts. Hence, although the 

tilts are somewhat undersampled, the recovered phases will 

appear as though they were averaged over each mirror 

segment. The sampling effect of the mirror segments, then, 

should be approximated by circles with the same area as a 

mirror segment. The radius of such a circle is easily 

found to be 

2l3/n 
1/2 

= 1.05b O' (3-103) 

where bQ is half of the width of a mirror segment as shown 

in fig. (3-11). 
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The choice of the radius of the larger aperture, a, is 

not so obvious. When applying this analysis to real or 

simulated data, we will always remove any residual tilt in 

the phases recovered with Hudgin's algorithm. Therefore, 

the large aperture should at least contain each of the 

smaller circles. This occurs when 

a = 4bQ + b 

= (4.80925)b ; (3-104) 

hence, n was chosen to be 4.809. 

Figure (3-12) shows two surprising results. The first 

of these is that the value of the tilt-corrected structure 

function decreases between about four and seven sampling 

aperture radii. At a glance, this seems to be a non-

physical result, since we normally expect the correlation 

between two points to become smaller as their separation 

increases. The decrease, however, is an artifact of the 

least-squares method used in fitting the plane to the wave-

front. Since the area contained within a differential 

radius element is proportional to the radius, the best 

fitting plane tends to be determined more by the points 

near the perimeter of the circle than those near the 

center. For example, suppose we were to fit a plane to a 

wavefront by considering only points on the perimeter of 

the circle. Then, by definition, the tilt-corrected phases 

at these points would be nearly equal—even if the points 

were opposite each other on the perimeter—and the struc

ture function would drop at the larger separations. 

The second surprising result apparent in fig. (3-12) 

is that there is such a large difference between the 

Kolmogorov and tilt-corrected structure functions. This 
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result becomes believable, however, when we recall our 

previous observation that nearly all of the power in 

Kolmogorov turbulence is associated with tilt. 

Verifying the Analysis 

In an effort to verify the above analysis, a brute-

force simulation with the 1000 64 X 64 wavefront arrays 

discussed in the second section of this chapter was 

performed. The following operations were performed: 

1. The tilt was removed from each wavefront by 

performing a least-squares fit of a plane to the points 

within the large circle in fig. (3-13), and subtracting the 

resulting plane. 

2. The wavefronts were multiplied by a scaling factor 

so that, on the average. 

^° " 4.809 
(3-105) 

In other words, the wavefronts were scaled so that TQ was 

exactly equal to the sampling aperture radius. The scaling 

factor was determined by calculating the average mean-

square phase of all 1000 tilt-corrected wavefronts and 

applying eq. (3-2). 

3. The phases were averaged over the small circle in 

fig. (3-13) as it was moved across the large aperture, one 

pixel at a time. 
4. The structure function was then calculated from the 

definition which we reproduce here: 

D t c ( q i ' q 2 ) = < ( ^ ( q i ) - ^ ( q 2 ) ] ' > • ( 3 - 1 0 6 ) 
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qi was chosen to be at the center of the small circle in 

its first position as shown in fig. (3-13), and q2 was 

allowed to move across the large aperture with the small 

circle. The square of the phase differences were averaged 

over all 1000 wavefronts. The result is shown as the solid 

curve in fig. (3-14). The tilt-corrected structure 

function from fig. (3-12) is shown for comparison as the 

dashed curve. The two curves agree surprisingly well. We 

can conclude several things from this agreement. First, it 

would appear that the derivation of the tilt-corrected 

structure function is correct. Secondly, we can get an 

idea of how accurate the brute-force simulation method will 

be in cases where we do not have the exact analytical 

solution. Most importantly, however, the assumption of an 

infinite outer-scale does not appear to have influenced the 

results significantly. (Recall that the generated 

wavefronts have an outer-scale of only 63.5 meters.) 

The Validity of Applying the 
Analytical Approach to the Tilt Data 

In order to apply the tilt-corrected structure 

function derived above, to the active mirror tilt data, it 

is necessary to make make several assumptions. We need to 

assume: 

1. that the 19 hexagonal mirror segments can be 

approximated by circular apertures of equivalent area, as 

shown in fig. (3-11) and by eq. (3-103), 

2. that the overall tilt in the wavefront across the 

larger aperture shown in fig. (3-11) can be accurately 

represented by the best-fitting plane to the 19 average 

phaseij over the smaller apertures, 

3. that, at least in a statistical sense, the average 

phases can be accurately represented by the phases 
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FIGURE (3-14). Comparison of the analytical 
tilt-corrected structure function (dotted) and 
the computer generated structure function 
(solid). The agreement is quite good. The 
asterisks are the result of a computer model 
which exactly duplicates the operation of the 
mirror. 
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recovered from the average X and Y tilts using Hudglrn's 
algorithm, and 

4. that the average X and Y tilts across each hexago

nal mirror segment can be accurately represented by the 

average X and Y tilts across the smaller circular sub-

apertures shown in fig. (3-15). 

These assumptions are actually fairly reasonable. It 

is, after all, the validity of the second, third, and 

fourth assumptions that make the operation of the active 

mirror system possible. Nonetheless, the validity of these 

assumptions can be determined quite easily by performing 

another brute-force computer simulation involving the < 

random wavefronts. The following operations were performed 

on each wavefront: 

1. The wavefronts were multiplied by a scaling factor 

so that, on the average, eq. (3-105) was satisfied. : 

2. A least-squares fit of a plane to the wavefront 

phase over each of the shaded regions in fig. (3-16) was 

performed. The shaded regions approximate the physical 

sampling region of the active mirror system as shown in 
fig. (3-15). Thus, the average X and Y tilts of the wave-

front over each subaperture were determined. 

3. Hudgin's algorithm (eqs. 2-3, 2-4, and 2-5) was 

applied to the X and Y tilts to obtain an approximation to 

the average phase of the wavefront over each mirror 

segment. 

4. The square of the phase differences between the 

pairs of mirror segments described in fig. (3-17) were 

calculated. As can be seen, the active mirror has a six

fold symmetry. The results were averaged for pairs with 

equal separations. 

5. The results from each of the 1000 wavefront's were 

averaged, to produce a measure of the tilt-corrected 
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FIGURE (3-15). The phase-sampling area of the 
active mirror. It is necessary to assume that 
the tilt across the mirror segments can be repre
sented by the tilts across the circular aper
tures. 
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FIGURE (3-16). The approximation to the phase 
sampling areas for the computer simulations. 
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FIGURE (3-17). The mirror pairs used to calcu
late the structure function in the simulations 
Note that the active mirror has a six-fold 
symmetry. 
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structure function at four different separation distances. 

These values are shown as the asterisks in fig. (3-14). 

It would appear that the active mirror system tends to 

underestimate the value of the structure function. 

Although this result is somewhat disappointing, it is by no 

means fatal. First, since we are only interested in 

testing the validity of the standard model, we can simply 

compare the data to the asterisks in fig. (3-14), instead 

of the analytical expression. (The structure function can 

only be measured at these four points, anyway, so there is 

no loss of information.) Secondly, it is important to 

remember that the structure function goes as the square of 

the phase. Hence, the data should exhibit large deviations 

from the results in fig. (3-14), if indeed the data does 

not follow the standard model. 

Modulation Transfer Functions 

The active mirror system is normally set up to record 

both corrected and uncorrected images simultaneously. The 

corrected images are formed after removing local tilt and 

phase errors in the wavefront with the active mirror. The 

uncorrected images are formed after removing only the 

overall tilt in the wavefront. Needless to say, the two 

images have vastly differing properties and this difference 

must be modeled accordingly. 

The Uncorrected MTF 

The uncorrected images taken with the active mirror 

have tilt removed from the wavefront, but no higher order 

aberrations. We now seek an expression for the MTF of the 

uncorrected imaging system. Since we are restricting our 

analysis to data obtained within the isoplanatic patch as 

discussed in Chapter one, the effects of a turbulent atmo

sphere on the image can be characterized by a linear 
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system. If we let s represent the image before it was 

degraded by the atmosphere and s' represent the degraded 

image, we can write 

s'(q) - h(q)*s(q) . (3-107) 

The asterisk denotes mathematical convolution. The 

variable h is the filter function which describes the 

process of imaging through the turbulent medium. It also 

includes the effects of the atmosphere, the geometry of the 

aperture, the imaging optics, and the recording media. For 

the time being, we will assume that only the atmosphere and 

the aperture effect h, i.e., that the data recording media 

and the imaging optics are perfect. The validity of this 

assumption will be discussed in a later section of this 

chapter. The optical transfer function (OTF) is related to 

h by 

OTF(f) = nF|h(q)| (3-108) 

where F refers to the Fourier transform. The constant ri is 

usually chosen so that 

OTF(O) - 1 . (3-109) 

The OTF can also be expressed as the normalized autocorre

lation of the pupil function, P, 
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OTF(f) P(q)P*(q-Xf)exp <l>(q)-<l>(q-Xf) dq (3-110) 

where X is the average wavelength of the light and <(> is the 

phase function across the pupil. 

Since, as stated in Chapter one, we are restricting 

our analysis to near-field cases, i.e., those in which 

D >> ^Xz (3-111) 

where D is the pupil diameter and z is the propagation 

length through the turbulent media, the wavefront amplitude 

aberrations do not affect the OTF. The wavefront 

distortions can then be represented totally by a phase 

screen which is assumed to occur at the pupil. Hence, the 

OTF becomes 

OTF W(q)W(q-Xf)exp i/((»(q)-<|,(q-Xf) dq (3-112) 

W is a function which is unity within the pupil and zero 

elsewhere. If we let N be the normal vector of the plane 

representing the overall tilt of the wavefront in the 

pupil, then the OTF with tilt removed (for a single real

ization of the function ^) is 
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OTFu(f) W(q)W(q-Xf)exp iU(q)-N-q-<()(q-Xf) 

^ -> -> >! 

+ N-(q-Xf)| dq (3-113) 

The subscript, u, implies that this OTF refers to an uncor

rected image. 

Taking the expectation value of eq. (3-113) will yield 

the average atmospheric OTF for the uncorrected image. 

Then, if we take the absolute value of the result, we have 

the uncorrected atmospheric MTF. 

Fried's Short-term MTF 

Fried^ has calculated analytically the absolute value 

of the expectation value of eq. (3-113). The result he has 

obtained is 

MTFu(S2) = T( Q)exp 
/ )>i\ 

-3.44 
S 

r̂, 

5/3 
l-(2)l/3 (3-114) 

where Q is the spatial frequency in fractions of the cutoff 

frequency of the aperture (assumed circular), and rQ is 

Fried's atmospheric coherence length in fractions of the 

aperture diameter. T(S2) represents the contribution of the 

circular aperture to the MTF and is given by 

T(Q) = -
n 
Cos-̂ (S2)-S2*Jl-S2 (3-115) 

124 



Equation (3-114) is plotted in fig. (3-18) for ten values 

of rQ ranging from .05 through .5 whole-aperture diameters. 

In his derivation. Fried makes an assumption which has 

been questioned^^ and needs to be addressed before eq. 

(3-114) can be accepted. Basically, he assumes that the 

tilt of a wavefront is independent of the residual phase 

after removing the tilt. If this same assumption were made 

in deriving the tilt-corrected structure function in the 

previous section, we would have to ignore eqs. (3-76) and 

(3-77), which are known to make very substantial contribu

tions to the results. Hence, there is good reason to 

suspect that eq. (3-114) is quite erroneous and cannot be 

applied to the data. 

The easiest way to check the validity of eq. (3-114) 

is to calculate the same function via the computer simula

tions used in previous sections. Towards this goal, the 

following operations were performed on each wavefront: 

1. The wavefronts were scaled so that a specified 

value of rQ was obtained according to eq. (3-51). rQ 

ranged from .05 to .50 meters in ten separate simulations. 

The aperture was assumed to be one meter in diameter. 

2. The overall tilt of each wavefront across the 

circular aperture shown in fig. (3-19) was removed. 

3. A new complex array was created for each wavefront: 

(•>' = cos((|>) + isin((()) . (3-116) 

The regions of the wavefronts outside of the aperture were 

set to zero. 

4. The 64 X 64 wavefront arrays were inserted into 128 

X 128 arrays as shown in fig. (3-20). This was done to 
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FIGURE (3-18). Fried's short-term MTF for values 
of rQ ranging from .05 to .5 aperture diameters. 
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FIGURE (3-19). The approximation to a circular 
aperture used in the computer simulations. The 
areas outside the aperture are set to zero. The 
array is 64 X 64 points. 
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FIGURE (3-20). The 64 X 64 arrays are inserted 
into 128 X 128 arrays to avoid aliasing in the 
Fourier transforms. The area outside the 
circular aperture is set to zero. 

128 



prevent aliasing in the Fourier transforms. The 128 X 128 

arrays were transformed^^ 

0(u,v) = F 
.2 

<l>(x,y) (3-117) 

to produce the complex optical transfer function (OTF) for 

each wavefront. The Fourier transforms (F) were performed 

with an FFT algorithm. 

5. The OTF's of all 1000 wavefronts were averaged. 

The absolute value of the average two-dimensional OTF was 

taken and normalized to obtain the two-dimensional MTF. 

Such an MTF is shown in fig. (3-21). Because a circular 

aperture was used, the MTF had circular symmetry. The two-

dimensional MTF's were averaged over the azimuthal angle 

for each case of rQ considered to produce the one-

dimensional MTF's shown in fig. (3-22). 

Figure (3-23) shows a comparison of the atmospheric 

MTF's calculated analytically using Fried's approach and 

exactly using the computer simulations, for rQ = .15 and 

.40 aperture diameters. It would appear that Fried's 

approximation is not accurate for the higher frequencies; 

hence, eq. (3-114) cannot be used. 

Because of the complexity involved with taking the 

expectation value of exponential terms in an integral, an 

analytical solution which does not contain Fried's approxi

mation would be difficult if not impossible to derive. 

Hence, for purposes of this dissertation, we will rely on a 

family of curves generated via the computer simulations to 

specify the uncorrected atmospheric MTF. To make these 

curves more applicable to the data, the tilt will be 

removed over the hex-shaped region shown in fig. (3-24), 
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FIGURE (3-21). A 2-D MTF with TQ equal to .30 
aperture radii. Because of the radial symmetry, 
the 2-D MTF's will be averaged over the azimuthal 
angle. 
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FIGURE (3-22). The one-dimensional MTF's 
obtained after averaging the two-dimensional 
MTF's over the azimuthal angle. Cases for rQ 
ranging from .05 through .50 aperture diameters 
are shown. 
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FIGURE (3-23). Comparison of the MTF's calcu
lated with Fried's approach (an approximation; 
dotted) and calculated exactly (computer 
simulation; solid). Comparisons are made for rQ 
equal to .15 and .40 aperture diameters. Fried's 
approximation appears to be invalid. 
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FIGURE (3-24). The approximation to the hex-
shape of the active mirror. The MTF's will be 
calculated by removing the tilt over this 
aperture, instead of the aperture in fig. (3-19) 
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instead of the circular region in fig. (3-19). The hex-

based curves were generated following the procedure 

outlined above, and are shown as the dotted lines in fig. 

(3-22). 

A comment is in order regarding the azimuthal aver

aging of the two-dimensional MTF's. In the case where the 

wavefront tilt was removed from a circular aperture, the 

resulting two-dimensional MTF's had, by definition, radial 

symmetry. Hence, it was appropriate to perform averaging 

over the azimuthal angle. In the case where the tilt was 

removed over the aperture shown in fig. (3-24), the resul

ting two-dimensional MTF's did not exactly have radial 

symmetry. The question we need to answer is, "is it 

appropriate to perform azimuthal averaging on these MTF's?" 

Figure (3-25) is a contour plot of the two-dimensional 

MTF of the aperture in fig. (3-24) without any additional 

phase errors added. Although there are strong remnants of 

the hex-shape in some of the low spatial frequencies, in 

general, the MTF shows very good azimuthal symmetry. 

Consequently, azimuthal averaging will be employed in the 

simulations and also when analyzing the active mirror data. 

The phrase "short-exposure MTF" is commonly used to 

describe the curves in fig. (3-22) in order to differen

tiate them from the similar "long-exposure MTF" in which 

the overall tilt is not removed from the wavefront. This 

notation is misleading in two respects. First, although 

the tilt is always removed from the wavefront in a physical 

application, a long-exposure needs to be taken to ensure a 

statistical average. Second, this notation makes it easy 

to confuse these MTF's with the STF for a single short-

exposure image.^^ In order to avoid confusion, then, we 

shall henceforth refer to the family of curves in fig. 

(3-22) as the "uncorrected MTF's." 
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FIGURE (3-25). A contour plot of the 2-D MTF of 
the aperture in fig. (3-24). Except for some of 
the low-spatial frequencies, the MTF demonstrates 
azimuthal symmetry. 
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The Corrected MTF 

The corrected images have the local tilts and phases 

removed from the wavefront over each of the 19 mirror-

segments. In principle, an analytical expression for the 

MTF of the corrected imaging system could be derived. 

However, given the fact that the complicated derivation of 

the uncorrected MTF was inadequate, it is doubtful that 

much progress could be made towards obtaining an acceptable 

expression for the corrected MTF. Consequently, we will 

rely solely on the computer simulations for determining the 

corrected MTF's. 

Ideally, the active mirror should perform the correc

tion by subtracting the best-fitting plane (in a least-

squares sense) from the wavefront over each mirror segment. 

However, practical considerations make this impossible. As 

shown in fig. (3-15), geometrical factors restrict the 

sampling area of the wavefront to circles covering only 61 

percent of the available area. Also, Hudgin's algorithm 

only produces the best approximation to the phases which 

can be obtained from the available tilt information. 

Consequently, the correction actually performed by the 

active mirror may be slightly less than ideal. 

In this section the MTF of the corrected imaging 

system will be calculated through the use of the computer 

simulations. Families of MTF's will be generated for two 

related cases. 

The first case will model the action of the active 

mirror exactly. The X and Y tilts of the wavefront over 

each mirror segment will be measured by fitting a plane to 

the regions covered by the circular subapertures shown in 

fig. (3-16). The tilts will then be removed from uhe 

wavefront over each mirror segment; however, the average 

phases will not be changed. They will be calculated from 

Hudgin's algorithm based on the X and Y tilts and then 
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subtracted from the wavefront. The corrected MTF's will 

then be calculated following the procedure outlined in the 

previous section. 

The second case will model the action of an ideal 

19-segment active mirror system. Planes will be fit to the 

wavefront over each mirror segment; the entire area of each 

segment will be used in the fit. These planes will then be 

locally subtracted from the wavefront to form the corrected 

wavefront. The "perfect" corrected MTF's will then be 

calculated following the procedure outlined in the previous 

section. 

The simulations were carried out for both of the above 

cases, averaging over the 1000 wavefronts. In each case, 

several values of rQ were considered. The MTF's of the 

perfect system are shown as the solid curves in fig. 

(3-26). The MTF's representing the actual performance of 

the active mirror system are shown as the dotted curves in 

the same figure. For comparison, a case without any 

atmospheric effects (rQ = «) is included as the dashed 

curve. This curve represents the geometrical contributions 

of the aperture to the MTF's. The actual performance of 

the active mirror is surprisingly worse than the ideal 

case. The difference can be attributed to the size of the 

phase sampling apertures and to the use of Hudgin's 

algorithm. The solid curves in fig. (3-26) will be used to 

represent the corrected MTF's. 

If we remove the effect of the telescope aperture from 

the ideal corrected MTF's (so that all that remains is the 

effects of the corrected wavefront) we see a rather amazing 

property of the active mirror system. The effects of the 

aperture can be removed by dividing each cf the solid 

curves in fig. (3-26) by the dashed curve. The resultant 

curves are plotted in fig. (3-27). Except for the low 

frequencies, we see that the corrected images have a 
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FIGURE (3-26). The corrected MTF's. The solid 
curves represent a perfect active mirror system, 
the dotted curves represent the actual active 
mirror system. In both cases, curves for rQ 
ranging from .10 and .50 aperture diameters are 
shown. The dashed line is the MTF of the 
aperture alone (rQ = ®). 

138 



c 
o 
D 
•D 
O 
cn 

c 
03 
U 
\_ 
<u 
CL 

0.8 

0.6 

0.4 J 

0.2 

0 

n/no 

FIGURE (3-27). The corrected atmospheric MTF 
(effect of the aperture removed). ^The curves 
show that the corrected image can be thought of 
as being diffraction-limited with scattered light 
added. Curves are shown for rQ equal to .Ub 
through .50 aperture diameters. 
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uniform degradation of all of the frequency components. 

This means that a corrected image will be diffraction-

limited, even in seeing as bad as rQ=.05 whole-aperture 

diameters. The only difference is that the image will have 

a lower contrast. The uniform degradation factor is 

plotted as the solid curve in fig. (3-28). Incidentally, 

this relationship can be expressed almost exactly by 

(rQ-a)5/3 
y = r — , (3-118) 

3+(rn-a)5/3 

with a equal to .025 whole-aperture diameters and (3 equal 

to .0121. This function is plotted as the dotted curve in 

fig. (3-28). From this curve, we see that diffraction-

limited performance cannot be achieved when rQ is less than 

a. The physical interpretation of 3 is less obvious. 

These results are for the 19-segment active mirror. 

It would be interesting to perform the same analysis 

using 37 segments and also seven segments. It is reason

able to expect the contrast degradation to be a function of 

only tQ and the average residual rms wavefront error over a 

mirror segment. 

The Ratio of the Corrected 
and Uncorrected MTF's 

The corrected and uncorrected MTF's calculated above 

will be compared to those measured from actual image data 

in Chapter five. As noted in eq. (3-107), the corrected 

and uncorrected imaging systems can be described as 

s'u(q) = hu(q)*s(q) (3-119) 
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FIGURE (3-28). Uniform contrast degradation as a 
function of tQ. 
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and 

s'c(q) - hc(q)*s(q) , (3-120) 

where s'^ is the uncorrected image, S'Q is the corrected 

image, and s is the undistorted image, h^ and h^ represent 

the uncorrected and corrected imaging systems. Since we 

are assuming that the imaging systems are linear, eqs. 

(3-118) and (3-119) can actually be written as 

s'u^q) - au(q)*t(q)*Ou(q) * s(q) (3-121) 

and 

s'c^q) - ac^q)*t^^)*°c<q) * ^(q) , (3-122) 

so that 

hu(q) = au(q)*t(q)*Ou.(q) (3-123) 

hc(q) = ac(q)*t(q)*Oc(q) (3-124) 

where a^ represents the phase of the wavefront (with tilt 

removed), aQ represents the residual phases of the wave-

front after being corrected by the active mirror, t repre

sents the effects of the aperture on the images, o^ repre

sents any imperfection in the optics of the uncorrected 

imaging system, and OQ represents any imperfections in the 

optics of the corrected imaging system. 
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In a short exposure, there is a slight problem in 

separating o^ and OQ from the other terms. They constitute 

fixed aberrations which could possibly be improved by a 

wavefront aberration shaped in just the right way. 

However, since we are using long exposures, the terms can 

be separated entirely. 

By taking the absolute value of the Fourier transform 

of eqs. (3-119) and (3-120), we find that the corrected and 

uncorrected MTF's can be written as 

|Hu(S2)| |Su'(!2)| 
MTF^(S) - (3-125) 

|Hu(0)| |S(Q)| 

and 

|HC(S2)| |SC'(S2) 

MTFc(Q) - - , (3-126) 
|HC(0)| |S(!2)| 

where the upper-case letters refer to the Fourier transform 

of their lower-case counterparts. It is assumed that the 

same intensity units are used for both the corrected and 

uncorrected images. 

Syj and SQ are easily calculated from data. Unfortu

nately, S, the fourier transform of the undistorted image, 

is very difficult to obtain. There are certainly methods of 

estimating S, however. For example, the Fourier transform 

of the best image out of a large number of images of the 

same object could be used as an estimate. Unfortunately, 

large numbers of images of the same target are not avail

able. There are other methods^^ available that rely on the 

assumption of Kolmogorov statistics. However, this is the 
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assumption that is being tested, and it does not make sense 

to devise a test that relies on the assumption's validity. 

We would like a form of the MTF's that does not rely on 

knowledge of S. 

Such a form is easily obtainable by dividing eq. 

(3-124) by eq. (3-125): 

MTFQ(Q) SC(Q) 
R(S2) - - . (3-127) 

MTFu(S2) Su(S2) 

This ratio can easily be calculated from available image 

data. Note also that the effect of the corrected and 

uncorrected imaging optics will cancel, provided they are 

comparable. The ratio can then be compared to the curves 

in fig. (3-29), which were obtained by dividing the dotted 

curves in fig. (3-26) by the curves in fig. (3-22). The 

agreement or disagreement of the data and the ratios will 

be a possible way to test the validity of the standard 

model. In any case, the calculated ratios will be an 

excellent way of quantifying the correction performed by 

the active mirror system. 
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FIGURE (3-29). The ratio of the corrected MTF to 
the uncorrected MTF, for rQ ranging from .15 
through .45 aperture diameters. 
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CHAPTER IV 

A QUALITATIVE OVERVIEW OF THE DATA 

The Observing Run 

On July 3, 1988, the new active mirror system was 

transported to Sunspot, New Mexico, for use with the 

30-inch Tower Telescope. Most of the data discussed in 

this dissertation was obtained during this run. 

The system was assembled according to fig. (2-9). 

With a resolution target at the prime focus of the tele

scope, the imaging optics were aligned so that good images 

were obtained in both the corrected and uncorrected image 

paths. The magnifications were adjusted so that the field 

of view on both video monitors was 20 arcseconds square. 

To increase contrast and remove any chromatic aberrations, 

480 nanometer (nm) interference filters were placed in both 

imaging paths. These filters had a 5 nm bandpass. KG-3 IR 

filters and appropriate neutral density filters were also 

added to avoid saturating the video cameras. The neutral 

density filters were chosen so that both cameras showed the 

same light intensity. Finally, an aperture mask the shape 

of the active mirror surface was placed directly against 

the tilt mirror. This was added so that the corrected and 

uncorrected images would be formed from apertures of the 

same size and shape, thus allowing a more direct compar

ison. With the mask in place, the aperture was effectively 

25 inches across at its widest point, making each mirror 

segment represent 12.7 cm. 

At the beginning of each day, the active mirror was 

aligned under the interferogram as described in Chapter 

two. Unfortunately, we found that the mirror segments 

would drift significantly over a period of about one hour 

and, consequently, have to be realigned. This was later 

determined to have been caused by the uneven heating of the 
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strain-gauge bridge resistors brought on by the high eleva

tion (9200 feet) of the observatory. (We had previously 

only tested the active mirror system at sea level.) 

During July 6-10 we experienced two days of rain and 

three days of clouds with some intervals of sun in poor-

fair seeing. During these intervals, we locked the active 

mirror on a variety of sunspots and pores and obtained 

about two hours of videotaped images. From these observa

tions, it became clear that a change in the magnification 

of the wavefront sensor lenslets would be necessary before 

we could get a good lock on small pores. Consequently, we 

decided to first take all of the sunspot data we needed, 

make the modifications, and then devote the remainder of 

the observing run to small pores. 

On July 11, we had a morning of good seeing. We 

obtained an impressive set of video data of a ten-arcsecond 

sunspot. On the 12th, we added the digital cameras to the 

setup and obtained about 70 corrected and uncorrected image 

pairs of various sunspots in fair-good seeing. 

On July 13, we made the necessary optical modifica

tions to allow for pore tracking. On the 14th, we took 

about 100 images of small pores in poor-fair seeing condi

tions. The active mirror performed extremely well under 

these conditions. 

Digital Image Data 

The observatory supplied the two MDA cameras described 

in Chapter two. Each pixel on the MDA cameras recorded the 

integrated intensity falling on that pixel. Camera pixels, 

in general, behave linearly, but may have varying gains and 

offsets. This characteristic was compensated for in the 

image data by applying a "flat-field correction" to each 

image. This technique will be discussed in detail in 

Chapter 5. 

148 



The flat-fielding process not only compensates for 

gain and offset variations, but also removes dust particles 

from the images. (Actually, it sets obscured pixels to a 

nominal value, but the dust particles are almost 

unnoticeable after flat-fielding.) One problem with 

imaging systems employing active optics is that when an 

otherwise moving image is tilt-stabilized, the otherwise 

stationary dust-particles near the prime-image appear to 

move. If the dust particles have moved with respect to 

those in the flat-fields, they will not be removed in the 

flat-fielding process. Consequently, it is vitally 

important that all of the optics before the tilt-stabilizer 

be extremely clean. Some of the images presented in this 

dissertation have visible dust particles that were not 

removed because of this problem. However, the presence of 

the dust should only increase the noise in the images and 

not alter the main features. 

When the active mirror was locked on its target, the 

corrected and uncorrected images were digitized simulta

neously every five seconds and stored on computer magnetic 

tape, using the FITS format.^ The exposures were eight 

milliseconds long. 

Corrected and Uncorrected Images 

Figure (4-1) shows corrected/uncorrected image pairs 

of a small pore taken in various seeing conditions on July 

14. The field of view is nine arcseconds square. In the 

left-most first pair, the corrected image (bottom) shows a 

light bridge beginning to form across the pore. This 

feature is not visible in the corresponding uncorrected 

image (top). The uncorrected image, however, does have 

several small points of light which are not found in the 

corrected image. These points are speckle images of the 

light bridge and, hence, are not consistent from frame to 
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FIGURE (4-1). Pairs of corrected and uncorrected 
images of a small pore taken in various seeing 
conditions. Each corrected image (bottom) was 
taken simultaneously with the corresponding 
uncorrected image (top). The picture pairs are 
arranged in order of decreasing seeing quality. 
The field of view is nine arcseconds square. 
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frame. As the seeing conditions worsen, the pore in the 

uncorrected images reduces to nothing but a smear across 

the field. The corrected image, on the other hand, 

maintains a high resolution image of the granulation and 

pore, but at a greatly reduced contrast. 

It is interesting to note how well the degradation of 

the images in fig. (4-1) agree qualitatively with the 

prediction of fig. (3-27) and also with the predictions of 

computer simulations done by Smithson and Peri.^ These 

simulations predict that as the seeing worsens, the 

contrast of the corrected image will decrease, but the high 

frequency information, will remain. It is also interesting 

to note that an increase in resolution occurs across the 

entire field of view of the corrected image, or over an 

area of at least 13 arcseconds in diameter. This 

contradicts theoretical calculations of the "isoplanatic 

patch size" which state that correction should occur only 

over one or two arcseconds.^ This result is predicted by 

further computer simulations.^ 

Near-Diffraction-Limited Performance 

Figure (4-2) shows the evolution of a small sub-

granule 6.5 arcseconds from the lock point of the active 

mirror. The images were taken about five seconds apart. 

The contrast was enhanced by a factor of five to bring out 

the low-contrast information predicted by the above simula

tions. In the right-most image, the sub-granule is only 

1/4 arcsecond across, very near the diffraction limit of 

the telescope. These images were taken in roughly two or 

three arcsecond seeing. 

Comparison With Other Images 

Human beings do not normally perceive images with high 

frequency content to be of high image quality; rather they 
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FIGURE (4-2). Evolution of a sub-granule. These 
six images were taken sequentially five seconds 
apart. The contrast has been artificially 
increased to show the high frequency information. 
The field of view is 3.65 arcseconds square. In 
the last image (f), the subgranule is only 1/4 
arcsecond wide, 80 percent of the diffraction 
limit of the telescope. The images were taken in 
two or three arcsecond seeing. 
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tend to look for high contrast and a large field of view.5 

Active mirror images taken in poor seeing intrinsically 

have low contrast. They also tend to have small fields of 

view since the isoplanatic patch may be small. Therefore, 

when comparing active mirror images to other images it is 

important that they be printed at the same size with the 

same field of view and with the same contrast. Figure 

(4-3) shows a comparison of a 4.3 arcsecond section of 

granulation taken from an uncorrected image, the same 

section of the corresponding corrected image, a section of 

a SOUP^ image, and a section of a granulation image taken 

in the Canary Islands'^. All four images were printed at 

the same contrast level and with the same scale. The SOUP 

data and the Canary Island data represent the best images 

of solar granulation ever taken from space and from the 

ground, respectively. It is clear that the corrected image 

is comparable to the SOUP and Canary Island data. The 

uncorrected image contains far less useful information. 

(The uncorrected image contains more noise than the 

corrected image. This problem will be discussed in Chapter 

5.) 

Performance With a Large Lock-point 

Figure (4-4) shows a corrected image (bottom) and an 

uncorrected image (top) of a small sunspot. The active 

mirror was locked on the entire sunspot. There does not 

appear to be any improvement in the corrected image. 

Similar results were obtained everytime the mirror was 

locked on a sunspot. Apparently, the lock point must be no 

larger than a few arcseconds for the system to achieve good 

correction. 

Mirror-Tilt Data 

During the July, 1988 observing run, the microcomputer 

was programmed to sample and record all 38 integrator 
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FIGURE (4-3). Four sections of granulation 
printed with the same field of view and contrast 
for comparison. The corrected image is compar
able to the SOUP and La Palma images. The uncor
rected image shows much less useful information. 
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FIGURE (4-4). A corrected (bottom) and 
uncorrected (top) image of a sunspot. There does 
not appear to be any improvement in the corrected 
image. This is due to the fact that the lock 
point was too large. 
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outputs (mirror tilts) 292 times per second. Fifteen 

seconds of wavefront data was taken about 20 times through

out the observing run in conjunction with the digital image 

data. Unfortunately, a typographical error in the wave-

front sampling program resulted in only every other 16K of 

data being stored, so the longest sequence of data in each 

set is 2.95 seconds. 

Figure (4-5) shows a typical plot of the tilts from 

one channel. The values have been converted to microra-

dians of tilt across the mirror segment. It is important 

to remember that the overall tilt across the telescope 

aperture is automatically removed from the data, by the 

action of the tilt mirror. 

Reconstructed Phases 

Hudgin's algorithm, as presented in eqs. (2-3), (2-4), 

and (2-5), was applied to the mirror-tilt data to recon

struct the average phase of the wavefront across each 

mirror segment, as a function of time. In Chapter five, 

these phases will be used to calculate the tilt-corrected 

phase structure function. The phase and the X and Y tilts 

of a mirror segment are sufficient to specify the equation 

of the plane representing that mirror segment. By 

combining sections from the planes for all 19 mirror 

segments, a three-dimensional picture of the distorted 

wavefront (as approximated by the hexagons) was made. 

Eight hundred sixty sequential sets of tilt and phase data 

were analyzed in the same manner to produce a movie of the 

evolution of the wavefront. Although a movie cannot be 

included in this dissertation, a single frame is presented 

in fig. (4-6). Phase has been mapped to intensity. 
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FIGURE (4-5). A typical tilt signal from one 
channel. 
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FIGURE (4-6). A reconstructed wavefront. The 
relative value of the phase is proportional to 
the intensity. 
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Calibration of the Tilt Data 

The tilts of the wavefront over the mirror segments 

were measured by digitizing the voltages on the integrator 

output shown in fig. (2-14), with the Preston analog to 

digital converter (ADC). The digitized voltages were 

stored in memory on the microcomputer and written to a 

computer disk. In order to make meaningful calculations 

with this data, it is necessary to convert the stored 

numbers to radians of wavefront tilt. The conversion 

factor for a Y-tilt is derived and shown in fig. (4-7). 

The conversion factor for X-tilts is obtained by dividing 

the Y conversion factor by 0.866 to account for differences 

in the controller gains. Note that this factor converts 

from ADC units to microradians of wavefront tilt at the 

active mirror. Since each mirror segment (2.8 cm across) 

represents 12.7 cm of the telescope aperture, the tilts 

must be divided by 4.54 to get the actual wavefront tilt at 

the telescope aperture. 
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FIGURE (4-7). The factors needed to convert from the 
numbers stored on the microcomputer to radians of wave-
front tilt across a mirror segment. 
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CHAPTER V 

QUANTITATIVE DATA ANALYSIS 

Measurements of r^ 

During the July, 1988 observing run, roughly 20 sets 

of wavefront tilt data were obtained. Each set was taken 

over a 15-second interval, at the rate of 300Hz per 

channel. However, as discussed in Chapter four, a software 

error resulted in only half of the data being written to 

disk (in 1.5-second blocks of continuous data). Conse

quently, each set only represents about nine seconds of 

actual data, and about 2500 measurements of the X and Y 

tilts of the wavefront over each mirror segment. The gaps 

in the data do not present a problem for the type of 

analysis that will be performed. 

Fifteen of the 20 data sets were taken while the 

active mirror was locked on sunspots. These sets will not 

be analyzed since, as demonstrated in fig. (4-4), they very 

likely represent averages of tilts over several isoplanatic 

patches. The remaining five sets of data were taken while 

the mirror was locked on small pores and should represent 

the tilt measured over only one isoplanatic patch. 

The recorded mirror tilt-signals were converted to 

micro-radians of wavefront tilt at the telescope entrance 

pupil using the conversion factor described in fig. (4-7). 

The mean of each signal (in a particular data set) was 

calculated and subtracted to remove any electrical biases 

that might have been present due to small misalignments of 

the mirror segments. rQ was calculated for each data set 

by applying eq. (3-1) to the mirror pairs in fig. (3-2); 

hence 81-values of rQ were calculated for each data set. 

The typical spread of the values of rQ in any one data set 

is shown in fig. (5-1). In this figure, the box-shapes 

represent tilts that were parallel to their separation, and 
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FIGURE (5-1). The typical spread in rQ measure
ments associated with the differential-tilt 
method. The squares represent cases with the 
tilt vector parallel to the separation vector, 
and the asterisks represent cases with the tilt 
vector perpendicular to the separation vector. 
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the asterisks represent tilts that were perpendicular to 

their separation. The average values of rQ are shown in 

table (5-1). 

The spread in the data points in fig. (5-1) can be 

attributed to the tracking errors of the mirror servo-

system. The bandpass of the active mirror is large enough 

to ensure tracking accuracies of at least 1/20 of an arc-

second. Fried^ points out that with this pointing 

accuracy, a ten percent rms error can be expected in the 

results. 

Tilt-Corrected Structure Function 

Three of the five sets of tilt data contained one or 

two signals that were saturated (sets 1, 2, and 4), indi

cating that one or both axes of a mirror segment was not 

locked during the data acquisition. The saturated signals 

of these data sets were excluded from the rQ calculations. 

Also, the image data taken under these circumstances were 

not analyzed. 

The two data sets that did not contain saturated 

signals (sets 3 and 5) were analyzed to calculate the tilt-

corrected structure function. This data analysis closely 

paralleled that of the computer simulation described in 

Chapter three. First, the tilts were converted to micro-

radians, subtracting the mean value from each signal. 

Then, the phases associated with each tilt "sample" (19 X 

and Y tilts recorded simultaneously) over each mirror 

segment were recovered, making 100 successive applications 

of eqs. (2-3), (2-4), and (2-5) (Hudgin's algorithm) to the 

sample. Any residual overall wavefront tilt was removed 

from the recovered phases of each sample by subtracting the 

best-fitting plane. After recovering the phases from all 

2500 samples, the tilt-corrected structure function was 
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calculated from eq. (1-7), at four separations, using the 
mirror pairs described in fig. (3-17). 

The resultant structure functions of sets 3 and 5 are 

shown as the squares in fig. (5-2) and (5-3), respectively. 

The asterisks represent the theoretical values obtained 

from the computer simulation, as in fig. (3-14). 

Set 3 shows a definite departure from the theory. The 

turbulence with spatial scales on the order 10 or 20 cm are 

lower than the theoretical predictions. Alternatively, it 

can be concluded that a higher percentage of the total 

turbulent energy is contained in the larger components, 

than predicted by theory. Such deviations tend to work in 

favor of active optics: the large spatial scales are more 

easily corrected than the fine structure. 

One possible explanation for the lack of power in the 

small components is that the turbulence may not be fully 

developed. Such would be the case if the source of the 

turbulence were near the telescope. Set 3 was taken after 

about a five-day period of light afternoon showers. Typi

cally, the seeing at Sac. Peak is bad after a rain storm, 

but tends to improve each day as the ground dries. 

Possibly, set 3 was taken while we were looking through a 

local thermal plume, caused by evaporation of moisture. 

Set 5 was obtained after two or three days of dry weather, 

in much better seeing conditions. These data agree remark

ably well with the theoretical values, indicating that this 

turbulence was very likely Kolmogorov. 

The theoretical points in fig. (5-2) were plotted 

assuming the value of rQ measured by eq. (3-1). In fig. 

(5-3), however, the theoretical points were scaled to match 

the experimental points from set 5. In doing so, an rQ of 

24.8 cm was indicated, in contrast to the value of 20.5 cm 

determined from eq. (3-1). This discrepancy is a bit 

disturbing since, if indeed the turbulence is Kolmogorov, 
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FIGURE (5-2). The tilt-corrected structure 
function from data set 3. The squares were 
calculated from the tilt data. The asterisks are 
theoretical points obtained from a computer simu
lation. There is a definite deviation from the 
theoretical predictions. 
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FIGURE (5-3). The tilt-corrected structure 
function from data set 5. The squares were 
calculated from the tilt data. The asterisks are 
theoretical points obtained from a computer simu
lation. The data points agree quite well with 
the theoretical points. 
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the same value of rQ should be obtained from both types of 

measurements (both measurements rely solely on the 

assumption of Kolmogorov turbulence). i do not currently 

have an explanation for the difference. However, it has 

become apparent in working with this data and with the 

computer simulations that slight errors in scaling the 

phase translate into large scaling errors in the structure 

function. This is due to the fact that the structure 

function is based on the square of the phase. Very 

possibly, we are seeing an error of this sort. In any 

case, the significant result is that the two sets of data 

obviously come from very different statistical ensembles; 

they cannot both be Kolmogorov! 

It must be noted that the data presented says very 

little about the turbulence spatial scales that are many 

times the diameter of the aperture. Such components 

primarily add tilt to the wavefront and, consequently, are 

removed from the data. 

Image Analysis 

In this section, we will extract the MTF ratios shown 

in fig. (3-29), from the image data obtained on July 14, 

1988. A method of flat fielding the images will be 

discussed, as well as a method of compensating for imper

fections in the imaging optics in the calculations. 

Several groups of corrected and uncorrected images are 

selected from the data. The average of each group is taken 

to approximate a long exposure. The Fourier spectrum of 

the corrected and uncorrected images in each group is 

calculated, and the ratios are determined. Finally, the 

agreement between the theoretical and experimental ratios 

is examined. 
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Flat Fielding and Error Correction 

Immediately after the image data were obtained, the 

telescope was moved to a quiet region of the sun (i.e., no 

sunspots) near the disk center. Forty images of solar 

granulation were recorded while the telescope was moved 

around at random. Normally, these images would have been 

averaged to produce a good calculation of the gain of each 

individual pixel on the MDA cameras. However, the camera 

exposures were set for an area near the limb of the sun 

which was somewhat dimmer than the disk center. Conse

quently, all of these images were saturated. This error 

was not discovered until several weeks later when the 

images were analyzed. 

Without a good flat field, it is usually impossible to 

make out even the most obvious details in the images. 

However, sometime in the middle of the data taking session 

that day, the telescope operator accidentally hit the wrong 

switch on the control console, causing the telescope to 

lose track and wander at random for about one minute. By 

an amazing coincidence and by an enormous stroke of luck, 

we were taking data when this occurred, and, consequently 

gained ten images of solar granulation that were not satu

rated. The ten granulation images were averaged and used 

as the flat field. If it were not for this mishap, there 

would be no image data presented in this dissertation! 

Ten dark field images were obtained by blocking off 

the prime image, and recording images with the same 

exposure time as the data images. The average of these 

images represents any contributions to the image data from 

electronic dark counts and stray room light. The dark 

field was subtracted from the flat field to remove its 

effects. 

Some of the pixels in the camera were not operational. 

These pixels were set to the average value of the flat 
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fields. All of the images that were recorded were stored 

in single data files as corrected and uncorrected image 

pairs. The flat field was split up into the corrected and 

uncorrected portions. Each portion was divided by its 

mean, so that the mean intensity was unity. All of the 

image data, then, were corrected for gain and offset varia

tions in the camera pixels by subtracting the dark field 

from each image and by dividing the result by the flat 

field. About 15 percent of the images showed a peculiar 

type of noise in their upper portions. This was later 

traced to an extra number being inserted in the middle of 

the image arrays as they were being read from the cameras. 

Consequently, these images were offset from the flat field 

by one or more pixels, producing a shadowy appearance on 

the affected portions. This was easily corrected by 

removing the offending pixel, and sliding the remaining 

pixels down one position. Some of the granulation images 

used to create the flat field had the same problem; these 

were, of course, corrected before making the flat field. 

Scattered Light Correction 

Subtracting the dark field removes contributions to 

the images due to stray room light. However, due to the 

large number of optical elements in the active mirror 

system, there is still quite a lot of scattered light which 

remains in the images after dark field correction. This is 

primarily caused by dust and thin films on the optical 

surfaces. The effect is generally to lower the contrast of 

the entire image by a consistent amount. The actual amount 

of scattered light is proportional to the background inten

sity of the image. (In this case, it is proportional to 

the intensity level of the granulation surrounding the 

pore. ) 
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The level of scattered light in both the corrected and 

uncorrected images was measure by placing the resolution 

target shown in fig. (5-4) at the prime solar image, and 

recording several images formed with the corrected and 

uncorrected imaging systems. The average of three of these 

images is shown in fig. (5-5). Since the central disk is 

opaque, any intensity viewed in this region in the images 

must be due to scattered light. The intensity was measured 

in both the corrected and uncorrected images and found to 

be 11 percent and seven percent, respectively, of the 

intensity of the surrounding granulation. The scattered 

light in each data image was calculated by measuring the 

background level, and subtracted. Finally, the uncorrected 

image of each image pair was scaled so that its mean value 

was equal to that of the corrected image. 

The above image processing can be summarized by the 

following equations: 

Dc(x,y) = <Dc^i(x,y)>i (5-1) 

Du(x,y) = <Du,i(x,y)>i (5-2) 

<Fc,i(X'y)-Dc,(^'y)>i 
Fc(x,y) = 

<Fc,i(x,y)>i,x,y 

(5-3) 

<Fu,i(x,y)-Du,(x,y)>i 
Fu(x,y) = . <5-^) 

<Fu,i(x,y)>i,x,y 

C(x,y)-Dc(x,y) 
C'(x,y) = Sc*Cb / 

Fc(x,y) 

(5-5) 
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FIGURE (5-4). The resolution target used to 
measure the scattered light and MTF's associated 
with the imaging optics. The target was 
digitized on a microdensitometer for numerical 
analysis. 
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FIGURE (5-5). The resolution target as seen 
through the uncorrected (top) and corrected 
(bottom) imaging optics. The two images are 
nearly identical in quality. 
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U(x,y)-D(x,y) 

"'̂ ""'̂ ^ ;: ^ - ^^*"b . (5-6) 
F(x,y) 

and 

<C'(x,y)> 
U"(x,y) - U'(x,y) liZ . ( 5_7 ) 

<U'(x,y)>x,y 

The subscripts c and u refer to the corrected and uncor

rected imaging systems, the subscripts x and y refer to the 

spatial coordinates, and the subscript i refers to the ith 

image. D refers to the dark fields, and F refers to the 

flat fields. S Q and S^ are the fraction of the background 

intensities, C^ and U^, that are scattered. C and U'' are 

the resulting corrected and uncorrected images. 

Image Selection 

Approximately 250 images of pores were recorded on 

July 14th, and processed using the above procedure. Some 

of the images were taken when the active mirror was 

unlocked. Others had camera-related electronic errors that 

could not be removed. Still others were taken while the 

reference flat shown in fig. (2-9) was not covered. (We 

periodically examined the interference fringes to insure 

that all of the mirror segments were locked.) Images taken 

while the reference flat was uncovered have a faint ghost 

image added to them. 

Images with any of the above problems were discarded, 

leaving 126 images for further analysis. Of these images, 

70 were selected to form the eight groups of images shown 

in table ( 5 - 1 ) . Each group consists of images taken over a 

time interval of less than one minute. The time 
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restriction is important, since the solar features can 

change on time scales that are larger than one minute. 

The images of each group were registered (aligned) 

with respect to each other to remove any residual image 

motion due to uncorrected wavefront tilt as well as slow 

drifts in the table optics. The registration was performed 

by calculating the centroid of the pore in each image, as 

shown in fig. (5-6). The images in each group were 

averaged to approximate a long exposure. The averages from 

each group are shown in fig. (5-7). 

Method of Calculating the Image Spectra 

In order to extract the the ratio between the 

corrected and uncorrected MTF's from the images, it is 

necessary to calculate their Fourier spectra. A method of 

finding the PSD of solar images has been developed and 

shown to work quite well.2'3 This method is summarized in 

fig. (5-8). 

First, the mean is subtracted from the image, and the 

total variance of the image is calculated: 

a = I(x,y)-I(x,y) dxdy . (5-8) 

Next, the image is multiplied by a two-dimensional 

Blackman-Harris^ window to minimize the edge effects in the 

Fourier transform. A trace through this window is shown in 

fig. (5-9). This window is designed to minimize the broad

ening of peaks in the spectra. 

A two-dimensional Fourier transform of the image is 

taken and squared. The result is then integrated over the 
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FIGURE (5-6). An example of the area of a pore 
used to calculate the centroids for^image^regis-

tri 
we 

•ed to calculate the centroids tor image tegxs,-
•ation. All regions below a specific threshold 
,re set to zero after the image was inverted. 
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FIGURE (5-7). The average uncorrected (top) 
images and corrected images (bottom) from the 
eight image groups. The regions in the white 
boxes were subjected to Fourier analysis. 
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Integrate Square 
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Apply 2-D window 

I = I-W 

Take 2-D FFT 
and square 
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Integrate over 
azimuthal angle 
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P-aP 
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FIGURE (5-8). A flow chart of the method used to 
calculate the Fourier spectra of the images. 
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FIGURE (5-9). A one-dimensional Blackman-Harris 
window. 
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azimuthal angle, following contours of equal absolute 
spatial frequency: 

f = Ju^ + v^ = const . (5_9) 

In this integration, the aspect ratio of the camera pixels 

are taken into account. The resultant 1-D spectrum is 

rescaled so that 

P(u,v)dudv = a^ , (5-10) 

or, in other words, so that Parseval's theorem is obeyed. 

Finally, the square-root of the result is taken. 

This method has the advantage of improving the smooth

ness of the resultant spectrum. This is extremely impor

tant when dividing spectra, where otherwise, large errors 

might occur due to noise and "glitches" in the spectra. 

This method has the disadvantage of requiring that the 

image- be somewhat azimuthally symmetric. Fortunately, the 

pore images which will be analyzed are very nearly round. 

Also, since the ratio of the spectra of two very nearly 

identical images (the corrected and the uncorrected) will 

being taken, errors due to their lack of symmetry should 

tend to cancel somewhat. 

Image Spectra 

The above method was applied to the eight average 

images in fig. (5-7) over the regions shown inside of the 

boxes, to calculate eight corrected and uncorrected image 
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spectra. As an example, the spectra of image group 2 is 

shown in fig. (5-10). The regions that were analyzed are 

either 5 or 7 arcseconds square, depending on the pore. At 

first, this may seem like a very large area to be 

analyzing, since the isoplanatic patch is thought to be 

only two or three arcseconds in diameter. This analysis is 

quite valid, however, for the following reasons: 

1. Most of the power of interest is in the perimeter 

of the pore, hence the outer regions will not affect the 

results much. 

2. The Blackman-Harris window de-emphasizes the outer 

regions, further lessening their effect. 

3. There is a growing amount of evidence, presented in 

this dissertation and elsewhere, that suggests that the 

isoplanatic patch can be much larger than even 7 

arcseconds. 

4. Even if the isoplanatic patch were smaller than 5 

arcseconds, the outer regions would only be partially 

decorrelated from the inner regions. 

The MTF's of the Imaging Systems 

In an effort to measure the quality of the corrected 

and uncorrected imaging systems, the spectra of the 

corrected and uncorrected resolution targets shown in fig. 

(5-5) were calculated, after treating them exactly like the 

image data. These spectra are shown as the solid and 

dotted lines in fig. (5-11). Unlike the pores on the sun, 

the Fourier characteristics of the resolution target can be 

calculated exactly. The resolution target was digitized on 

Lockheed's microdensitometer, and is shown in fig. (5-5). 

The actual target image was scaled so that its background 

level agreed with that of the corrected and uncorrected 

target images. The spectra of the target image was calcu

lated and is shown as the dashed line in fig. (5-11). 
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FIGURE (5-10). The Fourier spectra of î Ĵ ^̂  
lt̂ i,o 0 The solid line is the corrected 
I^ec^rum, and the^otted line is the uncorrected 
spectrum. 
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FIGURE (5-11). The spectra of the resolution 
target. The solid line is the corrected spectra, 
the dotted line is the uncorrected spectra, and 
the dashed line is the spectra of the actual 
target (without imaging). It is clear that the 
uncorrected camera noise dominates the signal 
above five cycles per arcsecond. 
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The corrected and uncorrected target spectra were 

divided by that of the actual target spectra to produce the 

MTF's of the corrected and uncorrected imaging systems 

shown in fig. (5-12). The vertical dotted line represents 

the diffraction limit of the telescope. The MTF's are 

somewhat noisy, but it is clear that there is a 

considerable amount of degradation in the higher spatial 

frequencies. This merely reflects the MTF of the 

telescope, which is shown as the dashed curve in fig. 

(5-12). 

The MTF's of the corrected and uncorrected imaging 

optics are slightly different, but this effect can be taken 

into account in the calculation of the desired ratios. In 

fig. (5-13), the ratio between the corrected and 

uncorrected imaging MTF's is shown. Note that the 

corrected imaging optics are slightly worse than the 

uncorrected; this is to be expected since the corrected 

imaging system is much more complicated than the 

uncorrected imaging system. When the ratio between the 

corrected and uncorrected image spectra is calculated, we 

need to divide each ratio by the curve in fig. (5-13). 

In order to avoid adding more noise into the ratios, 

the smooth dotted line in fig. (5-13) will be used instead 

of the solid empirical line. The smooth line was deter

mined by requiring that the ratio be unity at the origin 

and at the telescope cutoff frequency. Only the first half 

of the solid curve was considered in forming the smooth 

curve. The justification for this will be discussed in the 

next section. In any case, this function will only have a 

second order effect on the resulting image spectra ratios. 

Camera Noise 

The spectra of the corrected and uncorrected resolu

tion target images are shown in fig. (5-11). It is clear 
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FIGURE (5-12). MTF's of the corrected (solid) 
and uncorrected (dotted) imaging systems. The 
vertical dotted line shows the cuttoff frequency 
of the telescope. The dashed line represents the 
MTF of the diffraction-limited telescope. 
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FIGURE (5-13). The corrected MTF divided by the 
uncorrected MTF. The dotted line is an empirical 
representation of this ratio which ignores the 
higher spatial frequencies. 
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that above five cycles per arcsecond, the camera noise 

dominates the uncorrected target image. This effect will 

be even more noticeable in the solar image data since there 

is much less signal there to begin with. In principle, it 

is quite easy to subtract most of the noise from the 

spectra. An estimation of the noise spectrum could be 

obtained by analyzing the flat field images in exactly the 

same way that the data images were analyzed. However, we 

would have needed to defocus the telescope image before 

taking the flat field images in order to remove all image 

power from the images. Unfortunately, this was not done. 

We could probably make a crude guess at the noise 

spectrum and subtract it, but then there would always be 

the suspicion that a perceived level of improvement in the 

corrected images was due only to the lessening of the 

signal in the uncorrected images. Instead, therefore, we 

will report the ratios as lower limits to the true ratio, 

and put less emphasis on the portions above three cycles 

per arcsecond. The lower regions are probably not affected 

by the noise problem. 

The Ratio of the Spectra 

The ratios of the corrected and the uncorrected image 

spectra for image groups 1 through 8 are shown in figures 

(5-14) through (5-21). These curves also reflect division 

by the smooth line in fig. (5-13). 

In fig. (5-14), (group 1), there does not appear to be 

any observed improvement in the corrected images. The lack 

of improvement may have occurred because the seeing was too 

poor. However, HQ was measured to be 8.17 cm, and we have 

seen good improvement in worse seeing than this (group 2). 

It is also possible that the lock point was too large to 

achieve good correction. Most likely, however, the lack of 

correction was caused by an unlocked mirror segment. The 
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FIGURE (5-14). The ratio of the corrected and 
uncorrected image spectra from group 1. 
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FIGURE (5-15). The ratio of the corrected and 
uncorrected image spectra from group 2. 
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FIGURE (5-16). The ratio of the corrected and 
uncorrected image spectra from group 3. 
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FIGURE (5-17). The ratio of the corrected and 
uncorrected image spectra from group 3. 
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FIGURE (5-18). The ratio of the corrected and 
uncorrected image spectra from group 5. 
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FIGURE (5-19). The ratio of the corrected and 
uncorrected image spectra from group 6. 
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FIGURE (5-20). The ratio of the corrected and 
uncorrected image spectra from group 7. 
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FIGURE (5-21). The ratio of the corrected and 
uncorrected image spectra from group 8. 

196 



wavefront data taken shortly before the group 1 images were 

recorded shows a railed channel; it is possible that this 

went undetected during the image acquisition. 

Groups 2 through 6 show a large improvement in the 

corrected images especially at three cycles per arcsecond. 

Groups 1, 2, and 6 have measurements of rQ that were made 

at roughly the same time the images were recorded. In each 

case, the ratio indicates that rQ was much larger than the 

value measured by the differential tilt method. Possibly, 

this is a blatant failure of the theory. Although the lack 

of an adequate theory may be partially responsible for the 

discrepancy, it is most likely due to short-comings of the 

active mirror system. 

There are many things that could have caused the 

active mirror system to operate less than ideally. For 

example: 

1. Wavefront Amplitude effects could have caused 

shifts in the spot centroid on the wavefront sensor not 

associated with a phase tilt. (Amplitude effects are 

ignored in the standard model.) 

2. The active mirror may not have been perfectly 

aligned before taking data. 

3. The pore may change shape during a data run, intro

ducing errors in the quad-cell offsets. 

4. During a data run, the mirror may have had one or 

more unlocked segments, causing phasing errors for the rest 
of the mirror. 

5. The gain of the servo loop may not have been high 

enough to ensure accurate tilt measurements. 

6. The fine details on the sun may have evolved during 

the time spanned by the image groups, causing an apparent 

blurring in the images. 
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7. At high spatial frequencies, the signal in the 

uncorrected images may be grossly dominated by the camera 

noise. 

A great deal of design, experimentation, and theoreti

cal work was conducted to minimize the above problems. The 

point is, however, that none of these problems could have 

improved the performance of the active mirror system. It 

stands to reason that the active mirror will probably 

always achieve somewhat less improvement than is predicted 

by a theory. Consequently, the ratio of image MTF's is 

probably not a good method of characterizing the prevailing 

seeing. It is, however, an effective technique for quanti

fying the performance of an active mirror system. Most of 

the data analyzed shows a factor of three to five 

improvement in contrast in a long exposure at spatial 

frequencies that would otherwise be unobservable. 
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CHAPTER VI 

CONCLUSIONS, CONTRIBUTIONS, 

AND FURTHER WORK 

The Active Mirror System 

The work performed for this dissertation (part of a 

Lockheed Independent Research program) has resulted in a 

working active mirror system for use in solar astronomy. 

During an observing run in 1988, this system was used 

successfully in making actual solar observations. These 

observations were the first ever to show a substantial 

improvement in the corrected solar image. 

Despite its success, there are several aspects of the 

active mirror system which could be improved by further 

research in this area. The most obvious improvement would 

be to expand the system to 37 segments; this could be done 

by simply adding another ring of segments around the exist

ing 19. The added segments would increase the degree of 

correction in an image and make it possible to perform 

correction in seeing conditions worse than currently poss

ible with the present system. Also, this improvement would 

make it possible to measure the tilt-corrected structure 

function at six separations instead of the four presented 

in Chapter five. The computer simulations performed in 

Chapter three could easily be expanded to accommodate the 

increased number of mirror segments as well. 

As determined from the MTF calculations presented in 

Chapter three, the Hartman wavefront sensor performs a 

less-than-perfect job of estimating the phase. This is the 

result of two problems in the current design: the fact that 

the tilt is sampled over subapertures that comprise only 

about 70 percent of the area of each segment, and the fact 

that only one (X and Y) tilt measurement is made for each 

mirror segment. These problems could be eliminated by 
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designing a Hartman wavefront sensor with the geometry 

shown in fig. (6-1). Three diamond-shaped lenses would be 

glued together to form three images of the lock point (and, 

consequently, make three separate tilt measurements) for 

each mirror segment. The lenses would cover nearly 100 

percent of each mirror segment. The phase network would 

have to, be redesigned entirely to take into account the 

change in the geometry; likewise, the computer simulations 

would need to be repeated. It is reasonable to expect that 

this new wavefront sensor would provide near-perfect 

estimation of the average phase across each mirror segment. 

All of the data presented in Chapter five was obtained 

with the active mirror locked on pores. If the active 

mirror system is to be used as a routine observing tool, it 

must be capable of locking on the dark lanes between gran

ules. On past observing runs, a single segment has been 

locked up on granulation for as long as 30 minutes at a 

time. As the granulation evolved, the segment would grad

ually acquire another local minimum in intensity, thus 

retaining the lock. Conceivably, all 19 segments could be 

locked on the same inter-granule dark lane; however, there 

is currently no guarantee that each mirror segment would 

track the same feature as the granulation evolved. A new 

tracking algorithm must be developed to ensure that the 

segments do not drift with respect to eachother. 

Wavefront Generation 

In Chapter three, the Herman method was used to gener

ate Kolmogorov phase screens (wavefronts). The approxima

tion developed in Chapter three reduced the computer time 

needed to make each wavefront from ten hours to only a few 

seconds; hence, 1000 wavefronts were easily generated. The 

"brute-force" approach used to model the MTF's and struc

ture functions proved to be an extremely valuable tool in 
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FIGURE (6-1). A suggested improvement to the 
Hartman Wavefront Sensor. 
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understanding the statistical nature of imaging through 

turbulence. These simulations made it possible to model 

processes which could not be described by analytical 

methods without making unphysical assumptions. 

In Chapter three, the relative scaling between the 

large and small components was determined by trial and 

error. This should be repeated with attention payed to all 

of the constants usually associated with Fourier Trans

forms. Also, it would lend more credence to the results of 

all of the simulations if a 128 X 128 grid were used 

instead of 64 X 64 grid. 

MTF Calculations 

The ratio method developed in Chapter three proved to 

be an excellent method of quantifying the performance of 

the active mirror. It has been shown to produce somewhat 

noisy, but conclusive results, indicating a factor of three 

to five improvement in image contrast. This method has an 

advantage over other techniques in that it does not require 

knowledge of the PSD of the target. This is important when 

studying solar images, since the target PSD is not always 

known. However, the ratio method is not a good method of 

testing the validity of an assumed model of atmospheric 

turbulence; it does not take into account the effects of 

operational difficulties experienced in all realistic 

observing conditions. 

The ratio method is somewhat sensitive to camera 

noise. The effects of camera noise were limited by 

averaging a series of short exposures before taking the 

Fourier Transforms. If low-noise images were available, it 

would be advantageous to calculate the ratio based on the 

Fourier Transforms of single exposures (i.e., the STF 

discussed in Chapter one), retaining the high frequency 
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information in each image. Such modeling could be easily 

performed using the techniques in Chapter three. 

The ratio method indicates the relative improvement of 

a corrected image compared to its uncorrected counterpart. 

However, it does not say anything about how the corrected 

image compares to an ideal, undistorted image. To make 

such a comparison, it is necessary to know the PSD of the 

target. If the target is a complex active region on the 

sun, this is almost impossible. However, if the target is 

solar granulation, an estimate of the target PSD can be 

made by taking advantage of the fact that the PSD of solar 

granulation is somewhat static. The PSD of solar granula

tion has been calculated from images taken from Spacelab 

Two and in extremely good seeing conditions at ground-based 

observatories. ̂  

Phase Structure Functions 

The active mirror system is a good tool for studying 

atmospheric turbulence. It is possible to measure or 

calculate several atmospheric parameters simultaneously and 

relate those parameters to the corrected and uncorrected 

images formed by the system. 

In Chapter three, a method of measuring the structure 

function from the tilts of the mirror segments was devel

oped. This method removes the overall wavefront tilt from 

the analysis, allowing an accurate characterization of the 

remaining details. This method is unique in that it uses 

tilt signals from 19 subapertures. Statistically accurate 

results can be obtained in a relatively short amount of 

time, thus ensuring ergodicity. It is also unique in that 

it makes it possible to construct a two-dimensional 

"picture" of the wavefront. Tilt-corrected phase structure 

functions were measured from data obtained on two separate 

days. One set of data clearly indicates that the 
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turbulence was Kolmogorov; the other set is clearly non-

Kolmogorov. 

The differential-tilt method discussed in Chapter 

three was successfully applied to the wavefront data in 

Chapter five. This appears to be a very robust method of 

measuring rQ (or, alternatively, the rms wavefront error 

after removing tilt), since the active mirror offers a 

large number of independent tilt measurements. 
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Note 

^ D. S. Acton, et al., "Power Spectra of Solar Granu
lation," Bulletin of the American Astronomical Society, 
vol. 19, no. 4 (1988), p. 1118. 
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GLOSSARY 

Active mirror. A piezoelectrically driven array of mirrors 
designed to correct a distorted wavefront. A drawing 
of the active mirror is shown in fig. (2-3). 

Active mirror system. The combination of the active 
mirror, the imaging optics, the control electronics, 
the data acquisition systems, and the computer. 

Actuator. A piezoelectric device which expands when a high 
voltage is applied to it. 

Atmospheric coherence diameter. Fried's parameter, rQ. A 
measure of the strength of the wavefront distortions. 

Atmospheric turbulence. The combination of several atmo
spheric phenomena which cause phase distortions in a 
wavefront which propagates through it. 

AURA. The association of Universities for Research in 
Astronomy. 

Beam splitter. An optical flat coated to allow partial 
transmission and reflection of a beam of light. 

Canisters. Three piezoelectric actuators mounted in an 
Invar tube. A canister is shown in fig. (2-2). 

Compensator plate. An uncoated beam splitter used in a 
Michelson interferometer. 

Controller. The active mirror controller electronics. The 
controller performs all of the low-order analog func
tions . 

Corrected image. An image which has been corrected by the 
active mirror system. 

DFT. Discrete Fourier transform. 

Drift. The gradual change in the zero-position of an actu
ator . 

Error signals. A small electrical differential signal 
indicating the position of a pore on a quad-cell. 

Field lens. A lens positioned near the prime solar image. 

FFT. Fast Fourier transform. 

Heliostat. A two-mirror system designed for tracking the 
sun. The Lockheed heliostat also forms an image at 
thefront of the optical setup as shown in fig. (2-7). 

Hex-pattern. The pattern formed by the 19 hex-shaped 
mirror segments of the active mirror. 
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Hudgin's algorithm. An algorithm designed to recover the 
phase of a wavefront based on the derivative of the 
phase at a limited number of points. In the case of 
the active mirror system, the derivative is repre
sented by the tilt of the wavefront over each of the 
mirror segments. 

Integrator. An analog circuit used to integrate the error 
Signals. 

Interferogram. A pattern of colored lines formed by the 
white-light interferometer. The straightness and 
uniformity of the lines is an indication of the 
quality of the figure of the active mirror surface. 

Invar. A low-expansion nickel-steel compound. 

Kinematic mount. A mounting technique which, in theory, 
eliminates the possibility of distorting the surface 
being mounted. 

Kolmogorov spectrum. The Fourier spectrum of fully-
developed turbulence. The standard model assumes that 
all atmospheric turbulence can be fully described by 
this spectrum. 

Lenslet. One of 19 small lenses used to form a solar image 
on the wavefront sensor. 

LPARL. Lockheed Palo Alto Research Labs. 

MDA. Multi-diode array. Two MDA's were used to record the 
solar images during the last observing run with the 
active mirror system. 

Michelson interferometer. The interferometer design used 
to monitor the figure of the active mirror. 

MTF. Modulation transfer function. A function giving the 
percent attenuation of a spatial frequency component 
in an image, based on the frequency of that component. 

Near field. Cases for which the aperture diameter is much 
greater than the square-root of the product of the 
wavelength of light and the height of the turbulence. 
The standard model assumes that the near field case 
applies. 

NSO. National Solar Observatories. 

OTF. Optical transfer function. A complex generalization 
of the MTF, given by the normalized autocorrelation of 
the pupil function. 

Outer scale. The size of the largest wave components that 
follow the Kolmogorov spectrum. The standard model 
assumes that the outer scale is about 100 meters. 
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Piezoelectric actuator. See actuator. 

Phase network. An analog neural network which applies 
Hudgin's algorithm, in real time, to assure proper 
phasing of the wavefront. 

Phase screen. A single-layer representation of the phase 
errors present in a wavefront. The position along the 
propagation path where the phase errors were intro
duced is irrelevant. 

Preston. A 128-channel analog to digital converter system. 

rQ. See "atmospheric coherence diameter." 

Reference flat. A mirror used in the interferometer to 
check the figure of the active mirror. 

rms. Root-mean-square. 

Sacramento Peak. The location of the Tower Telescope. 

Seeing. The atmospheric turbulence. Also refers to the 
strength of the turbulence, and its effects on imaging 
systems. 

Segment. One of 19 hex-shaped mirrors which comprise the 
active mirror surface. 

Short exposure MTF. A functional form of the uncorrected 
MTF developed by Fried. 

Standard model. A physical and mathematical description of 
atmospheric turbulence and its effects on astronomical 
imaging which is generally accepted and used by the 
astronomical community. 

Stiction. The tendency of metal contact points to bond 
when under pressure. 

Strain-gauge. One of 57 electronic components used to 
measure the length of the actuators. 

Structure function. A statistical representation of the 
mean-square phase difference in a wavefront as a func
tion of separation. 

Tilt mirror. A separate mirror used to remove the high-
order tilt from the wavefront before being corrected 
by the active mirror. The tilt mirror removes high-
frequency tilts from the wavefront, as well as gradual 
misalignments due to thermal drift. 

Tilt-stabilization. The process of removing the overall 
tilt from the wavefront. 

Triad. Three actuators. 
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Uncorrected image. An image formed with the benefit of 
tilt-stabilization, but without further correction of 
the wavefront with the active mirror. 

Vacuum Tower Telescope. The telescope most frequently used 
with the active mirror system. Most of the data 
discussed in this dissertation were taken with the 
Tower Telescope. 

von Karman spectrum. A Kolmogorov spectrum constrained 
with an outer scale. 

Wavefront. The phase portion of the light waves. 

White-light interferometer. See Michelson interferometer. 
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APPENDIX 

A CONVENIENT FORM FOR CALCULATING 

THE PHASE STRUCTURE FUNCTION WHEN 

THE OUTER SCALE IS FINITE 

The phase structure function. 

r̂ ̂  
D(r) = 6.88 

\r (^J 
(A-1) 

is more accurately represented by 

/T N 

D(r) = 6.16 
U 

3 

o^ 

3 (r/Lo)5/6 

5 25/6r(ll/6) 
•K5/6(r/Lo) (A-2) 

which takes into account the finite size of the outer 

scale, LQ . ̂  For astronomical observations, it is typically 

assumed that LQ is about 50 meters. K5/6(x) is a Basset 

function of order 5/6. K5/5(x) is somewhat difficult to 

evaluate directly. In this appendix, we shall derive 

approximations to the K5^5(x) which can be used for small 

and large arguments. 

We begin by using the identity 

K^(x) = 
ii[I_v(x) - IvU)] 

2sin(vJi) 
(A-3) 
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where I^(x) is a general hyperbolic Bessel function^ of 

order v. with v«5/6, eq. (A-3) reduces to 

K ̂,(x) = n[I_5/5(x) - l5/5(x)] (A-4) 

For small x, the general hyperbolic Bessel functions can be 

approximated by3 
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for small x. Note that we have made use of the identity. 

nv 
r(l-v) = 

r(l + v)sin( Ji\)) 

(A-7) 

For large x, K5/6 is given by 
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For large x, then, eq. (A-2) beco mes 
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Equation (A-6) should be used if r/LQ is less than 0.6 and 

eq. (A-9) should be used if r/LQ is greater than or equal 

to 0.6. 
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Notes 

^B. J. Herman and L. A. Strugala, (in press). 

^Jerome Spanier and Keith B. Oldham, An Atlas of 
Functions (New York: Hemisphere Publishing Corporation, 
1987), p. 501. 

^Spanier and Oldham, p. 495. 

^Spanier and Oldham, p. 411. 

^Spanier and Oldham, p. 505. 
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