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CHAPTER I 

INTRODUCTION 

The Problem 

'̂ ên designing a controlled experiment to test wheth

er different treatments have different effects, it is often 

desirable or necessary to test the range of treatr.ents en 

several different homogenous groups (blocks). This experi

mental design is called a two-v7ay layout because each ob

servation may be considered as being classified by two var

iables, 1) block, and 2) treatment. If the treatments 

are randomly assigned to the individuals within each block, 

then this experimental design is called a randomized CO.TT-

plete block design. It is for the randomized complete 

block design with one observation per cell that we will 

propose a test as to whether the results of the experiment 

are due to the treatments or due only to random error. 'Je 

will consider existing procedures and compare some of their 

properties with those of the new test. 

Let the results of a randomized complete block de

signed experiment consist of n*k observations, where 

n = no. of blocks 

k = no. of treatments. 



Each observation has associated with it: a block, (a fixed 

variable), a treatment (a fixed variable), and a measure

ment on the variable (a random variable) of interest. The 

observations can be arranged as follows: 

Treatment 

Block 

1 

2 

n 

1 

^11 

^21 

^ n l 

2 

^12 • • 

^22 • • 

^n2 • • 

k 

• ^Ik 

• ^2k 

• ^nk (1) 

We will consider the X's to be modeled as 

X. . = A^ + a• + £̂  ̂  
i:) 3 1 D̂ 

(2) 

Where: 

Aj is the effect due to treatments such that ZA. = 0 

â  is the effect due to block such that Za. = 0 

£.. is the error term. 

A. and aj_ are unknown constants and £j_j is a random variable 

whose density is denoted by f^ (t). The density of X is then 

given by 

f^(t) = f£(t-Aj-ai) 

The null hypothesis of the test, that the treatments have no 

effect, is given by 



H : A. = A'., for all l<i<k, l<j<k (3) 

and the alternative hypothesis that at least one treatment 

has an effect is given by 

H : A. 7̂  A., for some (i,j). (4) 
» 1 3 

Criteria for Comparing Tests 

One criterion for comparing tests is the degree to 

which a test is distribution free. If the assumptions of 

the test do not depend on the underlying distribution in 

any way, then we say the test is distribution-free. If 

it is distribution-free only as the number of treatments, 

block, or number of observations per cell approaches infin

ity, we say the test is asymptotically distribution-free. 

If a test is distribution-free only after a certain con

figuration has been observed we say the test is condition

ally distribution-free. 

A second criterion for comparing tests is the Asymp

totic Relative Efficiency (A.R.E.) as defined in Hajek & 

Sidak (1967 p. 267). In brief, the A.R.E., under the as

sumptions of a particular distribution of the random var

iables, gives us a measure of comparison of the abilities 

of two tests to detect treatment differences when the 

sample sizes are large. More precisely it indicates the 

ratio of sample sizes required by two tests to achieve the 

sam.e power, under assumptions of a common distribution as 



the sample size gets large. An A.R.E. equal to 1 would in

dicate that for large sample sizes, the two tests are about 

equal in ability to detect treatment effects under the as

sumption of the given distribution. An A.R.E. less than 1 

would indicate that the first test is in some sense, less 

powerful than the second and a larger A.R.E. would indicate 

that the first test is more powerful than the second. 

There are other means by which to compare tests and 

their efficiencies, but we shall restrict our discussion to 

the distribution-free property and the A.R.E. 

Existing Procedures 

Two-way Analysis of Variance 

If the X.. are each distributed as normal random 
ID 

variables with means y. . and common variance a^, the most 
J 

powerful procedure for testing for treatment effects is 

the two-way analysis of variance (ANOVA). In this pro

cedure the estimated variance due to treatment effects 

is divided by the estimated variance due to random error. 

After multiplying this quotient by a suitable constant, the 

statistic is found to be distributed as an F statistic and 

large values of it lead to the rejection of H . This pro

cedure is the most commonly used method for handling this 

design and is often used when the above assumptions are not 

met. When they are not met and the sample size is large, 

the two-way ANOVA is still an approximate test and because 



of its robust nature gives approximately the same probabil

ity of a Type I error. However, under certain non-normal 

distributions, the ability to detect treatment differences 

may be significantly decreased. In fact, for certain non-

normal distributions, the ANOVA's A.R.E. in comparison with 

certain rank tests is zero (Hodges & Lehmann 1956). Sev

eral tests have been devised to overcome the dependency of 

this test and its efficiency on the underlying distribution 

of X... These tests are discussed next. 

Friedman Test 

Friedman (19 37) devised a test for the two-way lay

out based upon within-block ranks. In this test, the ob

servations are ranked from 1 to k within each block. Let 

R. . be the Friedman within-block rank of the observation 
13 

corresponding to the i-th block and the j-th treatm.ent. 

Next all ranks corresponding to each particular treatment 

are summed. Let the sum corresponding to the j-th treat

ment be given by 
n 

s . = y R. . . 

3 i=l "̂  

The expected values of these sums under the null hypothesis 

are all the same and equal to S = ^^^— . So, under the 

null hypothesis S(S.-S)=0 and under the alternative hypoth

esis S(S.-S)7^0. In order to obtain a measurement of dis

tance from zero the sum of squares. 
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I (S.-S)^ (6) 
j=l ^ 

is found. For two treatments the Friedman test is equiv

alent to the sign test. For more than two treatments, the 

sum of squares given by (6) is multiplied by an appropriate 

constant, C, to obtain a statistic 

^ - 2 
C-I (S -S) (7) 

i=l ^ 

which is asymptotically distributed as a Chi-Square random 

variable with k-1 degrees of freedom. 
This test is distribution-free, but has an A.R.E. 

3 k of only jj'jTify # which is approximately .64 for the two 

treatment case. 

Wilcoxon Signed Rank Test (for the two treatment case) 

The Wilcoxon signed ranks (W.S.R.) test (Wilcoxon 

1945) is designed for n paired-observations to test if the 

populations corresponding to two treatments, differ by a 

location parameter. This is equivalent to the two-way lay

out with k=2 treatments, and each pair being considered a 

block. 

In this test the absolute value of the difference of 

each pair. 

A.= |Xi,-X^2l ' ^ ' 

is found- These absolute values are then ranked. Let 

these ranks be given by, 



7 

Rdx^^-x^^i)- (9) 

The signs of the differences 

sign (Xii-X^2>'i = l,...,n , (10) 

are then attached to the respective ranks. These signed 

ranks are summed giving the statistic: 

n 

W = ^ sign(X^^-X^2^- ^(Ix^^-X^^l^- ^̂ ^̂  

The vV.S.R. test is distribution free and has an A.R.E. of 
3 

^ assuming an underlying normal distribution when compared 

with the standard ANOVA test (Hodges and Lehmann 1965). 

Under certain non-normal distributions its A.R.E. when com

pared with the ANOVA test approaches infinity (Hodges and 

Lehmann 1965). However, the W.S.R. test exists only for 

the two-treatment case. 

Aligned Ranks Test 

Hodges and Lehmann (1962) noted the difference in 

the A.R.E.'s of the Friedman test for two treatments and 

the W.S.R. test. They attributed the discrepancy to the 

lack of interblock comparisons in the Friedman test. They 

proposed an alternative to the Friedman test which they 

showed in the two treatment case to be a function of the 

W.S.R- test. 

They call their test the aligned-ranks test. In it 

they first align the observations by subtracting from each 
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of them the observed mean of the observations of the block 

of which the observation is a member. This removes the 

block effect. The aligned observations are then pooled and 

ranked from 1 to n*k. These ranks are used to arrive at an 

approximate Chi-Square distribution with k-1 degrees of 

freedom in a similar fashion as with the Friedman test. 

For two treatments this test is equivalent to the U.S.R. 

test, and is therefore distribution-free. 

For more than tv70 treatments this test is only con

ditionally distribution-free. It is conditioned on the va 

the ranks are partitioned am.ong the blocks (Lehmann 1964) . 

The aligned ranks test has been shown to have an A..R.E. 
3 

greater than or equal to ̂  and is a function of the number 

of treatments. (Mehra and Sarangi 1967) 

Doksum Test 

Doksum (19 67) presents the following procedure for 

handling the tt/o-way layout. 1) For each of the 2 

possible pairs of treatments, treatment h and treatment m, 

(with l<h<m<k) the n absolute differences 

\r 

D, X., -X. j=l,...n (12) 
hmj jh 3m 

are formed. 2) After ranking these differences within each 

pair of treatments from 1 to n, the ranks, only including 

those in which X.^<X. , are suirmed. This is done for each 
3h 3m 

possible pair of treatments. 3) Subtract from these sums 

their expected value, and, 4) an apprcxirr.ate Chi-Square 



random variable v/ith k-1 degrees of freedom is obtained in 

a similar manner as with the Friedman test. 

This test is equivalent to the '7.S.R. test in the two 

treatment case, but for k>2 this test is only asymptoti

cally distribution-free as n (the number of blocks) ap

proaches infinity. Its A.R.E. as shovm by Doksum (1967) is 

a function of k, and is always greater than, or equal to :^ . 



CHAPTER II 

THE TEST 

Generalizing the Wilcoxon Signed Rank Test 

Both the Hodges and Lehmann and Doksum tests are in 

some way generalizations of the W.S.R. test, but both tests 

fall short of being completely distribution-free. 

If we view the W.S.R. test slightly differently tnan 

these two tests we can arrive at a distribution-free gener

alization of the W.S.R. test. Rather than viewing the ab

solute values of the differences given in (9), 

^i = î il ' ^±2\' i = l,...,n (13) 

from the W.S.R. test as subtractions, we may view them as 

the range of the observations in each pair. Let the range 

of the observations in each block in the k treatment case 

be given by 

U. = Max(X..) - Min(X..), i = 1,...,n (14) 
1 j -'•3 j -̂̂  

which is equivalent to (13) in the case where k=2. So, to 

generalize to more than two treatments we may consider these 

absolute values of the differences to be the range of the k 

observations in each block. Other measures of dispersion 

such as the standard deviation or various quantiles may also 

be used. The W.S.R. test then ranks differences from 1 to 

n to arrive at the rank term, R(|Xj_2 - Xj_2l)' 

10 
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Likewise the measurements of dispersion in the k treatment 

case can be ranked from 1 to n. Let the rank term in the 

k treatment case be given by 

T. = Rank[Max(X. )-Min(X..)]. (15) 
i -' j ^^ 

Next the W.S.R. test multiplies this rank term by a sign 

term, 

sign(X.,-X.^). (16) 
^ il i2 

With the following simple manipulation it can be shov/n that 

in the two treatment case this sign term is a function of 

the Friedman within-block ranks. 

Let R.. be the Friedman Rank (the rank of the i-th 

element within the j-th block) when k=2. In this case R.. 

takes on the values 1 or 2. Then we see that 

signCX^^-X^2^=2-(R^^-3/2). (17) 

This can be verified by considering both cases: 

1) X^i<X^2 ' ^ ^ 

2) X.j^>X^2 • ^̂ ^̂  

To generalize this step of the W.S.R. test to k treatments, 

rather than subtracting 3/2, we will want to subtract the 

expected value of the Friedman Ranks R^. under H^ given by, 

E(R. .)= ! ^ = R (say) . (19) 
13 ^ 

We may drop the factor of t'.̂o in the sign term of tlie 
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W.S.R. Test without changing the effects of the test. 

Hence, the sign term, of the W.S.R. test given by (16) may 

be expressed in the k-treatment case as (Rj_j-R) . 

The W.S.R. test takes the product of the rank term 

and the sign term and computes the sum, 

n 
I R(X^^ - X̂ 2> 'sign(Xii - X^j^' (20) 

To generalize to k treatments we may sum these products 

separately for each treatment. Let the corresponding sum 

of these products under the j-th treatment for the k treat

ment case be given by S. where S. is defined by 

n _ 
S. = I T-(R..-R) j=l,...,k . (21) 
^ i=l 13 

Under the null hypothesis we would expect the S.'s to be 

about the same. A measure is then needed which is sensi

tive to differences in the S.'s. The sum of the S.'s, 

j=l ^ 

will be zero even if the S.'s are very different and hence, 

this sum is not sensitive to differences in the S.'s. We 

therefore first square the S.'s and then sum them over j. 

Multiplying this sum of squares by an appropriate constant 

gives us a test statistic; which is sensitive to differ-

ences in the S.'s aind asymptotically approaches a Chi-

Square random variable. 



13 
Proper t ies of the Test 

We consider the following s t a t i s t i c , which i s a gen

e r a l i z a t i o n of the W.S.R. Test for the k treatment two-way 

layout . 

Q = k - 1 
k 

k 
1 

3=1 

n 
I T, • (R. . 

i i l ^ iJ 
-R) 

(22) 

Where: k = no. of treatments 

n = no. of blocks 

T^ = rank of the range of the i-th block 

Rj_j = the Friedman Rank of the i-th observation 

within the j-th block 

R = — o — = expected value of R. . 
2 13 

V = Var 
n 
J l T.(R..-R) (k+1) (k-1) n (n+1) (2r.+ l) 

72 

We s h a l l show tha t t h i s s t a t i s t i c i s d i s t r ibu t ion - f r ee and 

t ha t i t i s asymptotically d i s t r ibu ted as a Chi-Square ran

dom va r i ab le with k-1 degrees of freedom. 



CHAPTER III 

DERIVATION OF PROPERTIES 

Distribution-Free Property 

In this section we show that the new test, under very 

general assumptions, is distribution-free. These assump

tions are as follows. 

(i) The joint distribution of random variables in 

each block differs from the joint distributions of 

the random variables in other blocks only by a loca

tion parcimeter. 

(ii) The random variables in a block are statisti

cally independent of those in other blocks. 

(iii) The underlying distributions of the X.. are 
13 

continuous. In other words, ties among the ranks 

occur with probability zero. 

The test statistic is a function of the configuration 

of rank terms T. and sign terms (R̂  .-R) . In finding the 

probability of the occurence of any configuration of T. and 

(R. .-R) we need the following theorem which is stated and 

proved on page 38 of Hajek & Sidak (1967). In these theorems 

fjj is the set of all permutations of the first n integers. 

Theorem 1. 

Let the random vector X = (X, ,...,X^) have the density 
^ 1 n 

f (Xj^, - . - ,Xj^) and l e t Y = (Y , . . . , Y ^ ) be t h e v e c t o r of o r d e r 

14 
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statistics for the vector X. Let R. be the rank of X. and 
- 1 1 

R = (R-ĵ #... ,R^) , then under the null hypothesis R and Y are 

stochastically independent and 
P(R = r) = i. for r e 4'̂ . (23) 

Let Y^. be the j-th order statistic in block i, and let 

Dĵ  be the range of the observations in the j-th block. Then 

Di = Y^^ - Yii = Max(Xij) - Min(Xij) . (24) 

Further, let T̂^ be the rank of the D̂  among the n blocks. 

From Theorem 1 and the independence of the ranges, D., for 

llifn implied in property (ii), the probability of any con

figuration of the T.'s is given by 

P(T = t) = -, fort e ̂  . (25) 

Let R.. be the rank of the j - t h observation within the 
13 

i - t h block and l e t R. be the vector of ranks (R., , . . . ,R-,.) in 
~i 11 ij^ 

the i-th block. Under the null hypothesis each configuration 

of R- is equally likely and has a probability of ̂ ,. From 

assumption (ii) we know the blocks are independent of one 

another and hence the probability of any over all configura
tion of within-block ranks 

R = 

^11 ••• ̂ Ik 

^21 ••• ̂ 2k 

nl nk 

(26) 
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is given by 

P(R = r) = (i,)^ (27) 

'̂fliere: r e fi = 

•^1 

.En. 

r^e^ k' •'•-i-^ 

and "H^ - set of all permutations of the integers from 1 to 

k. Likewise, the random matrix (R-RJ) (where J is a matrix 

of I's of conformable size to R) has the same orobability 

given by 

P ((R-RJ) = r) = (i )^ , (28) 

Where: r = 

£l 

-n 

and rj_ + R [1,. . . ,1] e ̂  ^. 

In order to find the density of the configuration of 

products Tĵ . (R^j-R) , we need to show that the ranges of the 

blocks are independent of the within-block ranks. 

The range within each block is a function of the vec

tor of order statistics in that block. By Theorem 1 the 

range is then independent of the vector of ranks. This, 

coupled with the fact, that the random variables within each 

block are independent of those within all other blocks, al

lows us to say that 
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Ta(Tj^,... ,Tĵ ) is stochastically independent of R and like

wise of R-RJ. So the joint probability of any configuration 

of the ranks, T, and any configuration of the within block 

ranks is given by 

P(T=t, R=r) = (i ).(i )^, te 'f , re ^. (29) 
"••»»•»•«. n. •'̂. -K, n^** 

This expression is free from the underlying distributions 

of the X... Therefore, the distribution of Q, given by (22) 
13 

which is a function of T and R only, is free of the distri-

butions of the Xj_ • . Hence, the test is distribution-free. 

Asymptotic Distribution of the Test 

In deriving the asymptotic distribution of the test 

we will find the following theorems useful. 

Theorem 2. 

Let I . and I^ be i n t e g e r s chosen a t random without r e -
1 J 

placement from the f i r s t n i n t e g e r s l , . . . , n 

t hen , a) E(I^) = E(I j ) = - ^ 

b) E ( l | ) = E d ? ) = l n ± l l _ i 2 n ± l l 

c) V a r d i ) = V a r ( I . ) = i B l i ^ i l l i l 

, X (n-H) (3n-H2) 
d) E ( i ^ . i j ) = n 

n-f-1 
e) Cov(I^, I.) = -][2" • (30) 

The proofs of parts a, b, and c, can be found in Conover 

(1971 p. 46). The proofs of parts d and e follow. 
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Proof. 

(d) E(I^.I^) 
n n 

i=l j=l n(n-l) 

n n 

i=j j=l i=l 
n(n-l) 

'n(n+l) ' 
I 2 1 

2 n(n+l) (2n+l) 
6 

n(n-l) 

3n2 (n+1) 2-2n (n+1) - (2n-H) 
12 n(n-l) 

- (n-H) - (3n+2) 
12 (31) 

(e) Cov (I^.Ij) = E(I^.Ij) - E(I^).E(Ij) 

(n+1) • (3n+2) _ (n+1) 
12 4 

n+1 
12 . (32) 

Theorem 3. (Hajek & Sidak 1967 p. 153) 

Let YT,...,Y be independent identically distributed 
1 n 

random variables with expection: 

E(Y. ) = y^ ^°^ i"-̂ ' • • • '^ (33) 

and finite variance: 

Var[Y.] = a . 
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For all a^, such that 

n 
^ a 2 lim i=l '̂i (35) 

max [a. ] 
1 •• 

l<i<n 

approaches infinity the linear combination 

n 
S = I a -Y. (36) 

i=l ^ 1 

is asymptotically distributed as a normal random variable 

with mean 

n 
^S = ^Y ' ̂  ^i (3'7) 
^ ^ i=l 1 

and variance 

2 2 ^ 2 

a = a . [ a. . (38) 

^ ^ i=l 1 

Theorem 4. (Hajek & Sidak 1967 p. 168) 

Let X and Z be random vectors of equal dimension. 

X converges in distribution to Z, if and only if h(X ) con

verges in distribution to h(Z) for every function, h, 

where h is continuous for all values of Z, for which p.d.f. 

of Z is positive. 

This theorem allows us to make statements about the 

asymptotic properties of a function of random variables 

when we know that the random variable asymptotically con

verges in distribution to another variable. 
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Theorem 5. (Hajek & Sidak 1967 p. 31) 

Consider a normal random vector (Z,,...,Z ) with ex-
1 n 

pectations 

E[Z^] = 0 i=l,...,n (39) 

variances 

Var[Z^]=l-c^2 i=l,.,.,n (40) 

and covariances 

Cov[Z^,Zj] = -c^ c. l<i?^j<n. (41) 

Then, 

Y = Z-2 +...+ Z 2 (42) 
I n 

is distributed as a Chi-Square random variable with (k-1) 

degrees of freedom. 

Theorem 6. (Hajek & Sidak 1967 p. 168) 

Let Z be a random vector of dimension k, and T be a 

sequence of random vectors of dimension k. 

converges in distribution to 

k 

jil ^ ̂  

for every real vector (X. , ,X, ), if and only if T con-
1 JS. V 

verges to Z in distribution, for all v>l. 
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Before showing that Q is asymptotically distributed 

as a Chi-Square random variable we will first show that S'. 

given by 

n 
S' = I T -(R..-R) (43) 
J i=l 1 1^ 

is asymptotically distributed as a normal random variable. 

To do this we use Theorem 3, letting the T.'s of (43) be the 

a^'s of Theorem 3 and (R^.-R) of (43) by the Y^'s of Theorem 

3. Now we show the conditions of Theorem 3 are met. By as

sumption (i), given j, the (R^.-R)'s are independent and 

identically distributed random variables. Their expectation 

is given by 

E[R..-R] = E[R..]-E[R] 
1 j 13 

= R - R = 0 (44) 

The variance of (R..-R) can be expressed by 

Var[R..-R] = Var[R..J. 
13 13 

The R..*s are all integers randomly chosen from 1 to 

k and within each block are chosen without replacement. So 

Theorem 2 may be applied giving 

Var[R,.] =iiS±iy^^liI. (45) 

To show the condition given by (35) we must first 

note that the T.'s take on only integer values from 1 to n 

and that the (R..-R)'s, which are independent copies of a 
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random variable, may be summed in any order with any coeffi

cients without loss of generality. Hence (43) 

n 
Ŝ  = I T.(R..-R) 
^ i=j 1 1̂  

may be expressed as 

n 
I i Y. (46) 
i=l ^ 

which is equivalent to (36) with a.=l. Condition (36) is 

then met by noting that 

^ 2 ? .2 

i=l ^ = i=l 
2 2 

iijax[a. ] max(i ) 
1 1 

n ( n + l ) (2n+l) 

6-n^ (47) 

which approaches infinity as n approaches infinity. So the 

conditions of Theorem 3 have been met and we have the re

sult that S'. is distributed as a normal random variable 

with mean 

__ n 
E[S'.] = E (R. .-R) 'I T. = 0 (48) 

3 13 i=l 1 

and variance 

Var[S'] =Var[R..-R] I T.^^ (k+1) (k-1).n(n+1) (2n+l) 
^ 1:3 i=l 1 12 6 

(49) 

which results in 



23 

var s; = (iĉ l)-(lc-l)-n(n-M)-(2n-Hl) (5^, 

If we define S. by 
3 ̂  

<, S! S! 
^j = 3 = _J. (51) 

•VariSlJ /v 

then S. is asymptotically distributed as a standard normal 

random variable. 

In order to apply Theorem 5 it must be shown that 

S = (/ ̂  S^,...,/~^S^ ). (52) 

is asymptotically distributed as a normal random vector. 

To do this we apply Theorem 6 by showing that every linear 

combination of the elements of S, 

L = f X. / ̂  S. , (53) 

is asymptotically distributed as a normal random vector and 

as prescribed in Theorem 5 

E[Sj] = 0 

Var[Sj] = 1 'cf 

Cov[Sĵ ,S.] = -c^'c. , (54) 

for some c = (c,,...,c,). 

Consider 
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^^ s 

n _ 
1, y T. (R. .-R) 

j=l ^ ̂  ^ /T 

Now interchanging summations results in 

k 
\ X^(R_-R) 

L = IT," 
n >i D 13 

i=l " /T 

n 
= I T.-B (say). (55) 
i=l ^ ^ 

The B.'s are copies of the same random variable and may be 

summed in any order with any order of coefficients, T.. T. 

takes on the values 1 thru n so the summation may be ex

pressed as, 

n 
= I i-3. . (56) 
i=l ^ 

The B.'s are mutually independent identically distributed 

random variables as a result of the mutual independence be

tween blocks. Applying Theorem 4 as in (47) it is found 

that L is asymptotically distributed as a normal random 

variable. From this, and Theorem 6 it can be concluded 

that the vector. 

¥ ^ /¥2-4 '"' 
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is asymptotically distributed as a normal random vector. 

It is noted that. 

Var /¥^3 
k - 1 

= ^ V a r ( S . ) 
k 3 

= ¥-
- - I (58) 

ana 

C o v [ / ^ S., / ^ S ] = E [ ^ s , S . ] - E [ / E r s . j E [ / ^ S.] 

^ {E[S.S.]-E[S.]E[S.]} 
k 1 3 1 1 

~ i E [ S . S . ] 
k 1 3 

n n 

: - l „ m=l ^ ^ - h= l ̂  ^^ 
. -R) 

/ V /V 

n 
h ^ ^ E [ I T^(R^ . -R) (R^.-R) + 
V k -I m m i m3 m=l -̂  

m=l h = l 
h ? ^ 

(59) 

Independence bet';7een blocks specified by assumption (ii) , 

makes the cross product term equal to 0 leaving 
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m=i 

By using properties of expectation, we arrive at 

(60) 

Note that T^ is an integer chosen without replacement from 

the integers 1 thru n and that R . and R . are integers 
mi mj -̂  

chosen from 1 to n without replacement. By Theorem 2b and 

2e the covariance may then be expressed as 

1 k^l Y (n+1) (2n+l) . k+1. 
V k S 6 "̂ 12 ̂  ' m=l 

Replacing V v/ith its value found at (50) gives us 

72 k-1 (n+1) (2n+l) , k-1, 
•n* r (- T^s-) . (k+1) (k-l)n(n+l) (2n+l) k ^̂  6 ^ 1 2 

By simplifying, we find that the covariance is then. 

(61) 

(62) 

Thus, by letting the c of Theorem 5 be ^, the conditions 

of Theorem 5 are met and therefore, 

Q=,I </¥^j'' (63) 
3 = 1 
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is asymptotically distributed as a Chi-Square random var

iable v/ith k-1 degrees of freedom. 



CHAPTER IV 

CONCLUSION 

The test has been shown under general assumptions to 

be distribution free and asymptotically to have a Chi-

Square distribution. Finding the A.R.E. of the new test is 

not a straightforv^ard problem. The test statistic (being a 

product of two independent ranks) does not exactly fit the 

form of other rank statistics. Hence, theorems found in 

chapters VI and VII in Hajek and Sidak (1967) appear to be 

inapplicable. However, in the two treatment case this test 

reduces to the W.S.R. Test, and vie might expect it to have 

many of the sam.e asymptotic properties of the W.S.R. test. 

In particular, it is hoped that the A.R.E. of the W.S.R. 

Test, when compared with the ANOVA Test under normal assump

tions, jr , v/ill be a lov/er bound for the corresponding 

A.R.E. of the nev7 test. 
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