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ABSTRACT 

Numerous theories have been developed since the late 1800's in an attempt 

to predict jet behavior. However, the results of such theories have been difficult 

to apply to the physical problem. Existing theories require an accurate charac

terization of the flow at the nozzle exit for use as a boimdary or initial condition. 

Furthermore, present methods of analyzing jet response only describe the nature 

of the flow near the breakup point, a location where jet behavior is highly 

nonline2Lr, and therefore most theories become increasingly inaccurate. 

For the purposes of examining the response of liquid jets to small naturally 

occurring distmrbsuices inherent in a flow system, a new optical tool is developed. 

This non-intrusive technique allows the behavior of the jet to be examined 

near the nozzle exit, and upstream of the breakup point. Application of this 

tool allows the spatial growth rates and temporal variation of small naturally 

produced disturbances to be measured with significantly improved resolution and 

increased sampling rates. 

The development of this tool includes a derivation of the intensity distribution 

resulting from the incidence of collimated coherent monochromatic light on 

a dielectric cylinder. Two separate approaches are presented, the region of 

appHcability being determined by the jet radius to light wavelength ratio. 

Using this tool, the stability of a vertical liquid jet exiting from a simple 

nozzle with a fully developed laminar velocity profile into ambient air is inves

tigated. The magnitude 2uid frequency of temporal jet dieuneter variations 

are obtained at points along the axis of the jet. Spatial growth rates are also 



analyzed and compared to the predictions of existing theories. From these results, 

it was possible to conclude that liquid jet instability is not well represented by the 

transformed predictions of temporal instability analyses. 

Furthermore, two separate spatial regions of jet behavior were identified. 

For the conditions of this investigation, approximately the first 35% of the jet 

is dominated by the influence of velocity profile relaxation and appears to be 

characterized by the slow spatial growth of distiu'bances associated with low 

frequency variations in jet diameter. The results indicate that these low frequency 

disturbances are related to the formation of the smooth sinusoidal disturbances 

which are visible in photographs slightly upstream of the breakup point. 

The last 25% of the jet appears to be governed by the exponential growth 

of high frequency temporal disturbances. These high frequency changes in jet 

diameter are associated with the small short bulges which appear near the 

breakup point. The above two regions are separated by a transitional region 

which exhibits behavior indicative of the interference between disturbances 

corresponding to low and high frequency temporal variations in jet diameter. 
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CHAPTER I 

INTRODUCTION 

The breakup of a low-speed capillary fluid jet into a stream of droplets has 

been a subject of study for over one hundred and fifty years. What began in 

the 1800's as a fascination with a natural phenomenon has developed into a 

modem field of study with a wide variety of appUcations. Recently, considerable 

effort has been focused on defining and obtaining conditions which result in the 

formation of a stream of uniform-sized droplets. The abiUty to generate such 

a monodisperse stream has been pursued for specific appUcations including 

the formation of ink droplets for ink jet printers [1], the production of aerosol 

standards for the study of particulate matter in air poUution control [2], the 

formation of solidified fuel spheres for use in nuclezir reax:tors [3], and the 

formation of liquid droplets for heat rejection in space [4]. It is sometimes 

desirable to produce a long, continuous jet rather than a stream of droplets. 

Examples of such applications include the production of metal fibers by jet 

soUdification [5] and the absorption of gases by Izuninar Uquid jets [6]. 

The formation of a stream of droplets from a capiUary jet occurs due to a 

natural instability of the fluid flow. When a cylindricsJ column of fluid is formed 

in air it is not at its lowest energy state due to the ax:tion of surface tension 

forces. Therefore, small perturbations (which axe always present to some extent 

in a physical system) trigger the onset of instabiUty and ultimately result in 

the formation of spherical droplets of varying sizes for which the free energy is 

significantly reduced. 



Although the physical description above provides an overaU view of the 

cause of jet breakup, a complete, detailed description of the behavior of the jet 

is considerably more involved and is yet to be obtained. From an analytical 

standpoint, difficulty zunses due to the inabiUty to expUcitly define the state of 

the fluid as it leaves the nozzle or orifice. Depending on the form of the analysis, 

the exit condition is either presented as an initial condition, as occurs in the 

case of a temporal instabiUty study, or as a boimdsiry condition, as is considered 

in a spatial instabiUty analysis. Common practice is to assume the general 

state of the fluid at the exit, therefore assiuning the form of the perturbations 

inherently present in the system. 

With an exit condition assiuned, analytical analyses proceed by applying 

the equations of continuity, energy, and momentiun subject to certzdn assump

tions. The results then typically include a description of the specific perturbations 

to which the jet is unstable, and the growth rate of these perturbations. These 

results can then be applied to determine, to a certEiin extent, the jet length (the 

length of the continuous column of fluid prior to droplet formation), and the 

drop size upon jet breakup. 

Although analytical analyses have provided a wezdth of information 

regarding the stability of liquid jets, the results axe difficult to apply to the 

physical problem. Specifically, experimental results have shown jet behavior to 

largely be a fimction of the specific flow apparatus and nozzle geometry. As it 

has been impossible for experimenters to expUcitly identify the exit condition 

and accurately charax:terize the nature of the smaU perturbations present in 



the system, useful expressions describing jet behavior have reUed on empirical 

correlations or correction factors. 

When specific applications require a monodisperse stream of droplets, 

common practice has been to impose a periodic disturbance of sufficient 

magnitude near the exit or upon the entire flow apparatus. In these cases, the 

behavior of a naturaUy unstable jet subjected to smaU perturbations has been 

replaced by the response of a jet to larger extemaUy imposed disturbances. The 

manner in which these large disturbances grow to produce jet breakup has been 

even more difficiilt to predict, as nonUnear solution techniques are required. 

While the generation of monodisperse droplets has been pursued by 

dominating the smadl pertiu'bations inherent in the system configuration, the 

formation of large jet lengths has relied on the suppression of these perturbations. 

Typically, large jet lengths have been pursued by attempting to isolate the flow 

system from external distiu"bances, and employing a nozzle geometry which 

reduces vortex formation. The extent to which the small perturbations C2ui 

be suppressed has been judged by the jet length which results from different 

system configurations. Although analytical results have provided background 

information on the nature of the perturbations for which the jet is unstable, 

they have yet to provide a means by which the jet length can be rezisonably 

estimated a priori. 

Aside from the limitations of existing theories, verification of existing 

theories for either small or finite pertubations has not been weU documented as 

an accurate mezms of characterizing both the exit condition and the growth of 

the imposed distmrbance is required. Methods which experimentally investigate 



the early stages of disturbance growth do not appear in the Uterature to 

date. Presently, characterization of the propagation of perturbations has 

principally relied on measurements of the breakup length and photographic 

observations. In order to advance the general state of knowledge in the field, a 

new, nonintrusive, optical method of analyzing the propagation of perturbations 

in jet flow was developed. Application of this method appears to be weU-suited 

for investigating the behavior of Uquid jets in significantly greater detail, thus 

allowing the verification of existing theories or the citation of the need for 

alternative approaches. Specifically, the abiUty to accmrately characterize the jet 

surface sufficiently neau- the exit and significzuitly upstream of the breakup point 

provides greater insight into the physical nature of the problem and aUows the 

assumed conditions of analytical treatments to be investigated. 

A review of the Uterature pertaining to the stability of Uquid jets is 

provided in the following chapter. Analytical analyses, experimental investiga

tions, and existing methods of characterizing the behavior of Uquid jets axe 

included. A presentation of the background theory required for the development 

of the experimentzJ method used in this study appears in Chapter III. A 

description of the experiment is provided in Chapter IV. Chapter V contains 

the experimental results, which are employed in a detailed analysis of Uquid 

jet behavior. The results of this analysis axe then appUed in the verification of 

existing theories and the development of new methods to describe the physicEil 

phenomenon. A summary the conclusions and recommendations resulting from 

this work appear in Chapter VI. 



CHAPTER II 

LITERATURE REVIEW 

This chapter begins with a section regarding the separate regimes of jet 

flow. Within each regime, the factors influencing the behavior of the jet, and 

observations and correlations from the Uterature are discussed. 

The next section addresses the analytical methods and techniques used 

in the various stabiUty analyses which appeax in the Uteratmre. Due to the 

vast niunber of analyses performed to date, this section is divided into several 

subsections each of which represents a different theory or approach. As 

previously mentioned, no theory to date has been successful in completely 

predicting jet behavior. As a consequence, analytical analyses have ultimately 

come to rely upon experimental evidence to determine unknown terms. Therefore, 

work based in part on experimental results or enhancements to theory provided 

by the work of experimenters axe included when possible immediately foUowing 

the presentation of the appropriate theory. 

Experimental investigations appearing in the Uterature which do not seek to 

modify an existing theory axe discussed in the third section. 

The last section of this chapter presents a review of the experimental 

methods appearing in the literature which have been used to analyze jet 

behavior. 

2.1 Jet Breakup Curve 

The most common representation of fluid jet behavior in the literature is 

given by the jet breakup curve (sometimes referred to as the jet stabiUty curve). 



which has been investigated by numerous authors [7],[8],[9],[10]. The general 

shape of the breakup curve given by Lefebvre [11] is shown in Figure 2.1. By 

plotting the jet breakup length as a function of jet velocity, it is possible to 

identify five separate regions. 
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Figure 2.1 Breakup Curve. 

The first region is characterized by dripping flow, where individual drops 

form at the exit end until sufficient fluid exists for the weight of the droplet to 

overcome surface tension. This region is shown as a dotted line in Figure 2.1 



due to the fact that no deflnable jet length exists. As the jet velocity is 

increased, a short continuous column of fluid is formed, indicating the beginning 

of the laminar flow (or varicose) region, shown as point A on Figure 2.1. A 

correlation for the transitional velocity at point A has been given by Lehrer [12] 

as: 

— J -

As the velocity is increased past point A and into the lEuninEu- flow region, 

the breakup length continues to increase almost Unezurly, and the jet profile 

is characterized by a smooth colunrn of fluid with a periodic bulging of the 

fluid near the end of the jet. Within this region, the velocity of the jet with 

respect to the quiescent air remains small; therefore, the behavior of the jet is 

dominated by surfax:e tension forces. Jets within this region axe 2L1SO commonly 

referred to as low-speed jets as they represent the lower range of flow velocities 

or capiUziry jets as they axe primaxily influenced by surface tension. 

As the velocity of the laminar jet is increased past the linear region, air 

resistance between the moving fluid and stagnant air becomes more significant 

until the jet length reaches a maximum at point B which identifies the beginning 

of the transition (or sinuous) region. The velocity at point B is referred to 

in the literature as the critical jet velocity, and has been found by Grant and 

Middleman [8] to be a function of the Ohnesorge number. The Ohnesorge 

number is a dimensionless ratio of viscous to surface tension effects given in 

terms of the Weber number ( W e ^ ) and the Reynolds number ( i l eo ) by Oh = 

1/2 
WCQ /RtD' For a water jet issuing into air at stzmdaxd temperature and 
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pressure, they present a correlation for the Reynolds number at the critical 

velocity given by 

i^eo = 3250/l-°•2^ (2.2) 

To extend the work of Grant and Middleman, Fenn and Middleman [13] have 

shown that the critical velocity is independent of ambient air pressure for Weber 

numbers (based on the density of air) less than 5.3. It is important to note 

that the end of the laminar region for fluid jets is given in terms of the Weber 

number as well as the Reynolds number. Therefore, the laminar jet regime does 

not necessarily correspond to that for laminax internal flow (i.e., Reo < 2300). 

Within the transition region, air resistance produces an irregulztr weaving 

of the jet which increases in magnitude with jet velocity and results in a 

decrease of the jet length. As the jet velocity is increased beyond point C, 

the inertia of the fluid overcomes the effect of air resistance and the jet length 

again increases with increasing velocity, indicative of the turbulent region. The 

mechanism of breakup within this region has not been directly attributed to 

any single factor. Reitz and Bracco [14] have suggested that a combination of 

mechanisms including disturbances induced at the nozzle exit, radial velocity 

components within the tube flow, and cavitation inside the nozzle all influence 

the behavior of the turbulent jet. The exact shape of the brealcup curve at the 

end of the turbulent region and into the fully developed spray region is not well 

understood. Hiroyasu et al. [15] and Arsii et al. [16] have suggested that the 

brealcup length should again increase with velocity at the end of the turbulent 

region before decUning in the fully developed spray region, as shown in Figiue 

2.1. 



The focus of this anzdysis is restricted to the Izuninzu flow region. Readers 

interested in the stability of turbulent jets axe referred to the classical work 

of Castleman [17], the data of Miesse [18], the correlations of numerous other 

authors, [19],[20],[21],[22] and the description of the breakup mechanism 

provided by Reitz and Bracco [14]. 

2.2 Jet Stabilitv Analvses 

In this section, each of the estabUshed methods of analyzing the stabiUty 

of laminar Uquid jets is reviewed. The discussion foUows in a somewhat 

chronological order from classical techniques to the most recent treatments. 

The flrst analytical analysis of capillary instabiUty was performed in 

1879 by Lord Rayleigh [23]. Rayleigh's theory provides a stability criterion 

for laminar, inviscid liquid jets based upon a linear temporal analysis. This 

theory is also presented in a later compilation of Lord Rayleigh's works [24], 

and similax, although more rigorous, analyses of this type have been performed 

by Anno [25] and Chandrasekar [26]. Linear temporal analyses remain as the 

fundamental bases of liquid jet instability studies; therefore, reviews of these 

methods for inviscid and viscous jets axe provided in the next two sections. 

2.2.1 Three-Dimensional Linear Temporal Inviscid Analvses. Analyses 

of this type axe based upon the assumption that an infinitesimal, periodic, 

surface perturbation exists on the jet surface at the exit. The amplitude of 

this perturbation then grows until its magnitude exceeds the radius of the 

undisturbed jet and breakup occurs. As the perturbation is small, the products 

of its magnitude can be neglected, resulting in a linear analysis. Furthermore, 
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temporal analyses consider the growth of the perturbation magnitude with time 

rather than along the jet axis, as is considered in spatial analyses. In order to 

illustrate the advantages and Umitations of this type of analysis, the method in 

general is presented in the following paragraphs. 

Consider a section consisting of a fixed mass of fluid whose surface is 

described in cylindrical coordinates by 

r . = ao-|-/(<A,2;t) (2.3) 

where a© is a constant of similax magnitude to the imdistvubed jet radius. 

The function fi<pjZ;t) is a smaU magnitude surface perturbation which can be 

expressed in a generzJized Fourier series as 

/ (<^ ,z ; t )= ^ ankit)cosin(f>)cosikz) (2.4) 
n,k=0 

where n is the mode of the angular perturbation, and k is the wavenumber given 

by A: = ^ . The stability of the jet is analyzed by considering a single zubitrary 

term of the above series acting on a stationary section of fluid one wavelength 

long. 

The potential energy of the fluid is assumed to be due to surface tension 

alone, and is determined as a constant times the surface axea. Relative to that 

of an undisturbed column of fluid, the potential energy per unit length of fluid is 

given by 

PE=^ik^a^±n'-l)^ (2.5) 
4 a 

where a is the undisturbed cylinder radius. In arriving at this expression, terms 

of the order aoa„jfc, k^a^/^, and n^ct^k were neglected. Therefore, it is assumed 
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that a is much less than Oo (as indicated earUer). More importantly, the form 

of the function fi<f>, z;t) has been assumed to be representable by the lower 

harmonics. 

As the flow is incompressible and inviscid, the kinetic energy is determined 

by employing the potential function, ip. The equation of continuity of the fixed 

mass is then written as Laplace's equation given by 

^,, , , a v i5t/» 1 a v 5V 1 1 , X 
A^(r,^,z) = ^ + - ^ + - ^ + ^ = V>..+ -V^.-f;:,V'.. + V>., = 0. (2.6) 

The velocity potential is then also expressed in a generaUzed Fourier series for 

which each term is of the form 

rp = l3nigir)cosin<p)co3ikz). (2-7) 

Substitution of Equation (2.7) into Equation (2.6) results in the modified 

Bessel's equation in terms of r. The first boundary condition is specified by 

a finite velocity at the centerline. The second boundaxy condition is obtained 

by considering that the radial velocity as given by the potential function must 

agree with the time derivative of Equation (2.3). The latter condition fixes the 

value of ^nk in terms of the time rate of change of the perturbation zunpUtude, 

cxnk- The kinetic energy is then determined by appUcation of Green's theorem 

to the integral equation contzdning the derivatives of the velocity potential. The 

resulting equation is given by 

^ .paza„, /„(7) 

4* /„(7) 

where /n(7) represents the derviative of the nth-order hyperbolic Bessel function 

with respect to 7 where 7 has been substituted for ka. By setting the time rate 
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of change of the system energy iPE -\- KE) equal to zero, a second-order Unear 

differentied equation in terms of Oink(t) is obtained for which e"'* is 2unong the 

possible solutions provided that 

Equation (2.9) is commonly referred to as a dispersion relationship in the 

literature. As the ratio of the Bessel fvmctions ^"r j is strictly positive, the 

condition outUned in Equation (2.9) is only true provided that n = 0, 

in which case the disturbance is axisynunetric. Therefore, Unear instabiUty 

smalyses indicate that a fluid jet is stable for all antisymmetric perturbations. 

Furthermore, these analyses imply that a jet is unstable for an inflnitesimal 

disturbance whose wavelength is greater than the circumference of the jet. This 

condition identifies a cutoff wavenumber, 7co = 1, which serves as a criterion 

for instability (i.e., the jet is unstable for all 7 < 7co). By solving for the 

absolute minimum in Equation (2.9), it can be concluded that a perturbation 

of wavelength equal to the circumference of the jet divided by 0.697 propagates 

most rapidly, resulting in a state of majcimum instability. The existence of such 

a condition leads to the definition of a criticed perturbation wavenumber, for 

which 7crit = 0.697 based on the above results. 

It is important to note that if the condition in Equation (2.9) is not 

satisfied, the jet is stable and the disturbance wiU osciUate with an eingulax 

frequency equal to w. If the condition is upheld, u corresponds to the growth 

rate of the disturbance for which the jet is unstable. Therefore, the real part 

of UJ represents the frequency of an oscillating disturbance and the imaginary 
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portion of u is equal to the growth rate of a disturbance. The terms "growth 

rate" and "frequency" axe used interchangeably in the Uterature and the reader 

should keep in mind the conditions to which each term refers. 

Assuming that a single, axisynunetric disturbEuice for which 7 < 7co exists, 

the siuface profile of the jet for smaU perturbations is given by 

r = ao + exp ^ • ( 7 2 - h n 2 - l ) t 
pa2 /„(7) 

cosikz). (2.10) 

Although the above analysis provides a first-order estimate of the stabiUty 

criterion and perturbation growth rate for liquid jets, it has several shortcomings. 

First, as Unear instabiUty ansdyses assume that the magnitude of the perturbation 

a„jt remains small, they fail to describe the behavior of the fluid jet near the 

point of breakup. Second, although the original form of the perturbation was 

represented by a Fourier series, it was later necessaxy to restrict the solution to 

the first few harmonics. Therefore, the functional form of the perturbation at 

the exit was assumed to be sinusoidal. 

McCormack et al. [27] performed a modified analysis using a technique 

similax to that described above. In this method, selected second-order terms 

were included and the exit condition was assumed to consist of a small velocity 

modulation rather than a surface perturbation. Agzdn, in order to apply the 

results of this analysis, a knowledge of the exit condition is required. 

The results of linear temporal stability analyses can be expanded (recognizing 

that a notable error exists) to determine the jet length. Multiplying the average 

jet velocity by the length of time required for the magnitude of a disturbance at 
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the wavelength of maximum instability to become equal to the undisturbed jet 

radius a results in an estimate of the jet length given by 

i---a)(^v' 
where 6Q is the ampUtude of the pertm-bation. Rajagopzdan and Tien [28] quote 

an equation for the jet length of the form 

0.5 

where a value of 2.86 replaces the imknown term Inlf-j. Provided that jet 

breakup occiurs under these conditions, droplets would form whose disuneters axe 

uniform and equal to 3.78 times the luidisturbed radius of the jet. 

2.2.2 Three-Dimensional Linear Temporal Viscous Analvses. Although 

Rayleigh later expanded his theory to include the influence of viscosity [29], 

the analysis became excessively complicated and failed to yield any applicable 

results. It was not until 1931 that Weber [30] provided a more straightforwEird 

method of analyzing the stability of a viscous laminax jet. The ansdysis 

procedure follows the same general path as the inviscid analysis presented in the 

previous section. However, Weber assumes that an axisynunetric perturbation 

existing at the exit is of the form 

(5(2, t) = Soexpiqt + ikz). (2.12) 

Applying the same energy considerations (this time including a viscous dissipation 

term), Weber arrives at the characteristic equation given by 

.2 

, ^ f f , + 5 H j ^ = ^ ( l - 7 ' y (2.13) 
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where the following coefficients are defined by 

where. 

2 /1 (7 ) 

2 \ 0-5 

Following Rayleigh's inviscid analysis, it is assumed that 7 < 1. Therefore, it 

is possible to approximate the coefficients of Equation (2.13) by if 1 a 1 and 

H2 % 3. Subject to these conditions, an expression for the maximum growth 

rate of the disturbance is given by 

By neglecting the small perturbation assumption, Weber's analysis yields an 

expression for the breakup length given by 

Dj \26oJ 
„^ i 3Wej 

(2.15) 

It is important to note that Weber's analysis focuses on the growth rate of the 

assumed exit condition and does not provide a stabiUty criterion for viscous jets. 

Furthermore, Equation (2.15) suffers from the same shortcomings as Equation 

(2.10), as it cannot be directly applied due to the existence of the term ( ^ ) . 

Therefore, modification of this equation has relied on experimental evidence. 

Weber reported a value of 12 for the term In I j ^ J based on the data of 

Haenlein [31]. A subsequent experimental investigation of the breakup length of 

file:///26oJ
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a laminzir jet issuing from a capiUzuy tube of sufficient length to allow the flow 

to become fully developed was performed by Grant and Middleman [8]. After 

measuring the jet length for many different solutions and nozzle dimensions. 

Grant and Middleman performed a least squares fit of their data to Weber's 

expression and presented a modified version of Equation (2.15) given by 

- = 13.4 X Wei, + 3^^-
Re D J 

(2.16) 

where the jet diameter Dj in Equation (2.15) was replaced by the tube inside 

diameter D in all terms except l^ Ij^)' FoUowing this procedure, they arrived 

at a value of 13.4 for the term In ( j ^ j • Although Weber arrived at a value 

of 12 for the same constant, it is not clear which dizuneter (that of the nozzle 

or that of the jet) Weber applied to the data, and any comparison of the two 

results may be inappropriate. Grant and Middleman also cited the failure of 

expressions in the form of Equations (2.15) and (2.16) to correlate well with 

experimental data at extreme values of the Ohnesorge number. Therefore, 

according to Grant and Middleman, the term In ( j ^ j may be a function 

of the Ohnesorge number, and a modification of Equation (2.16) is in order. 

The modified version of Equation (2.16) presented by Grant and Middleman, 

which represents the best fit of their data talcen over a wide range of Ohnesorge 

numbers, is given by 

— = 19.5 X 
0.85 

(2.17) 

A point to be considered is the appearance of both the free jet parameters 

Dj and Vj-, and the internal flow paxaxneters D and V in the literature. 
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Depending on the Reynolds number, the jet may either expand or contract at 

the exit. This phenomenon is due to a relaxation of the velocity profile from 

the parabolic distribution associated with laminar fully developed internal 

flow, to the essentiaUy constant profile associated with the free jet. For large 

Reynolds nim[ibers and fluids with low viscosities, the ratio -^^ = ^ has been 

determined by a mass and momentum analysis performed by Harmon [32], 

and confirmed by the experimental data of Middleman and Gavis [33]. Linear 

stability zmalyses neglect this difference and cite results in terms of the free jet, 

whereas experimentalists have foimd it easier to develop correlations in terms of 

the internal flow parameters. 

2.2.3 Three-Dimensional Nonlinear Temporal Analvses. As a result of 

the assumption that the perturbation magnitude remains smaU relative to the 

diameter of the jet, lineeu analyses fail near the point of jet brezdcup. Therefore, 

these methods do not result in a prediction of the droplet sizes nor can they 

accurately forecast the jet breakup length. ReseEirchers have accordingly turned 

to nonlinezu perturbation analyses in hopes of gzdning a better understanding of 

the physical nature of the problem. 

Of practical importance is the desired abiUty to predict the occurrence of 

"satelUte drops." SateUite drops exist when small Ugaments form between main 

drops and produce one or more smaller droplets. The presence of satelUte drops 

gained importance during the development of ink jet printers. Ink jet printers 

seek to produce a monodisperse single stream of droplets which axe guided by a 

magnetic field to generate printed images. The presence of satellite drops results 

in misguided droplets which may produce stray marks. By more acciurately 
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characterizing the jet behavior near the point of breakup, the tendency for 

satelUte droplets to form can be investigated. 

As these types of £malyses are prevalent in the Uterature, considerable space 

is devoted to a review of the associated methods, assiunptions, and results. A 

knowledge of this material is essential to imderstand the discussion presented in 

subsequent chapters. 

The two most well-known nonlineax suialyses of this type were published 

in 1968, the first by Yuen [34] and the second by Wang [35]. Although some 

variations axe considerable, other analyses of the same general type were 

performed later by Nayfeh [36], Lafrance [37,38], and Chaudhary and Redekopp 

[39]. The methods of Yuen, Wzuig, and Chaudhary and Redekopp are essentiaUy 

similax and axe reviewed below in some detzdl foUowed by a discussion of the 

work of Nayfeh, Lafrance and others. Errors in the original papers and opposing 

theories and/or viewpoints axe mentioned when appUcable. 

NonUneax temporal jet instability analyses axe performed on an initially 

stationary colunui of fluid subjected to a spatially haxmonic initial surface 

disturbance. The problem is formulated as an axisynunetric, periodic, irrotational 

flow which is chaxacterized by a dimensionless velocity potential ipir,z,t) and a 

dimensionless surface displacement T]iz^t). Accordingly, the velocity potential 

satisfles the Laplace equation 

A^ = xP,, ± xP^r + - ^ r = 0 , (2.18) 

r 

and the jet free surface is described by 

r = l-hr7(z,t) . (2.19) 



19 

The results of Unear theory justify the axisymmetric treatment. However, as 

opposed to linear analyses, the problem now considers the vziriation of the 

velocity potentizd with time as a consequence of the boundary conditions. AU 

variables in this discussion are dimensionless where the characteristic length is 

the imdisturbed jet radius a, and the characteristic time is iaa'^p'^)'^!"^. 

Two boundary conditions are applied on the free surface of the jet and are 

given as the kinematic and dynamic conditions, respectively, by Lamb [40]. As 

a particle which is initially on the surface remains of the surface, the kinematic 

boundary condition is given by 

^r-rjt- xPzTi, = 0. (2.20) 

The dynamic boundaxy condition is obtained by considering that the difference 

in pressure at the free surface is equal to the coefficient of surface tension as 

given by 

1 - V-, - \[^P\ - ^V\ - (1 + '7)-'(l + ^ z ) ' " ' + '?.r(l + -nl-) - Zn- = 0. (2.21) 

As these types of analyses consider the stability of a column of fluid initiaUy 

at rest, the first initial condition is given by 

r/<(2,0) = 0. (2.22) 

The second initial condition specifies the type of initial disturbcuice imposed 

on the jet. Yuen [34] considered an initially sinusoidal siuface displacement 

disturbzmce of the form 

T,{z,(i) = ecos(-iz) + (1 - i f ' ) ' / ' - 1 (2.23) 



20 

where the nonsinusoidal term is a consequence of applying conservation of mass 

to a column of liquid of length equal to 7r/ib. 

Wang [35] chose to apply the initial condition in the form of a periodic 

disturbance of the velocity potential. This treatment resulted in both initial 

velocity and surface displacement perturbations. The condition appUed to the 

first-order velocity potential is of the form 

^ = iaie'' + a2e~^)/o(7r)cos(72) (2.24) 

where r is the strained time coordinate obtained by the transformation r = 

ut. The straining parameter u is purely a function of the wavenumber 7, 

and characterizes the growth rate of the unstable states. It is also assumed 

that u can be represented by a power series in terms of the small paxaxneter 

€. Although in Wang's work e is characteristic of the amplitude of an initial 

disturbance, it is not equal to an initizd surface displacement as reported by 

Bogy [41]. 

Chaudhary and Redekopp [39] considered the effects of non-monochromatic 

siuface velocity disturbances by applying initial conditions described by 

77(2,0) = 0, T]tiz, 0) = euocosikoz) -f SnUJoCosinkoz -f- 6). (2.25) 

In the above equation, UQ is used as a chaxacteristic scaling frequency which 

is given in terms of the fundamental wavenumber ko by the Unear dispersion 

relation 

Iiiko)koil - PQ) 

lo(ko) 
UJQ = (2.26) 
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which is essentiaUy the square of Equation (2.9) from the linear theory. The 

disturbance amplitudes e and (5„ are those of the fimdamental cmd one or more 

of the nth-order harmonics, respectively. In terms of the variables used in the 

discussion of Unear analyses, e = ^ . By applying an initial condition purely 

in the form of a velocity disturbamce, Chaudhary and Redekopp avoid the 

additional terms which axe required to maintain conservation of mass. 

AU three authors assumed that both the velocity potentizd and the surfax:e 

displacement were representable by power series expansions of the form 

^ = E^"''"' V' = X^e>n (2.27) 

where, the parameter e, except for Wang, represents the initial ampUtude of 

the surfaxre displacement. To maintain the validity of such expansions, it is 

required that the individual terms of these series exist in decreasing order for 

all times in the stable case (i.e., the series converges uniformly). In the unstable 

case, the above condition is only required to exist for a time period related to 

the jet breakup time. In other words, provided the jet is stable or has yet to 

breakup, the stable solution should be void of secular terms. Secular terms 

are defined as those terms which exist early in a series expzuision and cause a 

misrepresentation of the physical problem by predicting an unbounded solution. 

To ensure that this condition is upheld, the method of strained coordinates 

used by Wang with respect to time was also used by Yuen and Chaudhary cmd 

Redekopp with respect to spatial coordinates. Both Yuen and Chaudhary and 

Redekopp strained the axial coordinate by first performing a transformation 

in terms of the cutoff wavenumber, and then applying the assumption that the 
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cutoff wavenumber could be expressed as a power series in terms of the initial 

perturbation ampUtude e. For convenience, the waveniunber of the appUed 

perturbation, 7, was normalized by the cutoff wavenimiber. This procedure is 

expressed by 

C = 7co2 , Ico = X I «"7co,n, K = — ( 2 . 2 8 ) 

where /c represents the normalized wavenumber, and 7co,i was set to unity in 

keeping with the results of the linear theory. One of the goals of nonUnear 

analyses was to investigate the influence of the initizd disturbance zunpUtude e 

on the cutoff waveniunber 7co- Expanding the cutoff waveniunber in terms of 

€ faciUtated the determination of such a relationship. Furthermore, through 

appUcation of this method, any secular terms arising in the velocity potential 

and siuface displacement expansions were eUminated by the appropriate choice 

of the straining paxameters. Yuen notes that the existence of secular terms in 

the third-order solution prompted the need for strained coordinates. 

As the governing equation [Equation (2.18)] is Unear, each term of the series 

expansions for tp and 77 can be applied individually. This approach results in 

separate flrst-, second- and third-order solutions. The boundaxy conditions axe 

applied at the unknown location r = 1 -f- r; by expanding 0 and its derivatives 

in a Taylor series about r = 1. Following substitution into Equations (2.20) 

and (2.21), and equating equal powers of e, trEuisformed boundaxy conditions 

are obtained for each order of the solution. Similar, although considerably less 

tedious, treatments are appUed to the initizd conditions. 

In several analyses, the form of the initial perturbation has been such 

that singulaxities in the solution exist neeu the cutoff wavenumber. When such 
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situations arise, common practice has been to divide the analysis into separate 

paxts which address the stable and unstable states individuaUy. In such cases, 

only the unstable solutions wiU be presented. 

The first-order solutions of these analyses are fundamentally the same as 

those of the Unear analyses discussed in the previous section, the only difference 

being attributable to different initial conditions. 

The second-order solutions begin to exhibit the benefits of nonUnear 

analyses. A corrected version of Yuen's second-order solution for the surface 

displacement of a jet subject to the initial conditions given by Equations (2.22) 

and (2.23) is given by 

r?2(C, r) = B22(r)co3(2/cC) - IcoshiOwiT) (2.29) 
8 

where. 

B22{T) = a22COshiu2T) + 632COS/i(2a;ir) -|- C22, 

2u;;/6(l - 2/c/a) ±[2-\-K^± u;?(3 - J^)]/c 
622 = 4hiul-4ul) 

and 

. . ^ ^ 2 + ^^+u;?(l + /;) 
022 = -[022 + C22j, C22 8(1 - 4 / c 2 ) 

2 / C ( 1 - K 2 ) 2 2 K ( 1 - 4 / C ^ ) 

^ 1 = F ' ^ 2 - 7 

" " / ! ( « ) ' ' / I ( 2 / C ) 

Nayfeh remarked that Yuen's solution contained typographical errors. Upon 

a thorough review, it was determined that several terms were absent from 

Yuen's solution. The missing terms are consistent with the omission of the term 
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2'/i,C' which is included in Yuen's trzuisformed dynamic boundary condition, 

but appears to have been omitted in the final solution procedure. A corrected 

version of the second-order velocity potentiad solution is given by 

^ ' ( ^ • ^ ) = 2 ! ! | g ) ^ ° ( 2 « . ) c o . ( 2 < ) + ^'-^cos(2.C>uHM T ) 

where. 

+ i [ 3 -H u;?(l - II)]T - ^ [ 3 -H a;?(3 -h ll)]sinh(2wiT) (2.30) 

P22 = \<^ill - 2Kla]. 

As 7co,2 and 1/2 were set to zero, the second-order solution fails to yield an 

expression relating the cutoff wavenumber to the amplitude of the appUed 

perturbation. 

Due to the inclusion of an additional haxmonic in Chaudhaxy and Redekopp's 

velocity disturbance initial condition, the resulting second-order surface 

displacement solution is considerably longer that Yuen's result. The solution 

primaxily consists of sinusoidal terms with spatial arguments and exponential 

terms with temporal 2uguments as given by 

Tj2 = B2i(r)cos(2/cC) + J522(r)cos[(2(n/cC + 0)] -\- B23(r)cos[(n - 1)KC -f B] 

-\- B24iT)cos[in -I- 1)«C + e]-\- 525Cos(/cC) -\- 526(r)co5(n«C) + Bioir). (2.31) 

The temporal coefficients are lengthy, and the interested reader is referred to the 

original publication for further details. 

The second-order surface displacement solution obtained by Wang is also 

lengthy due to the fact that the initizd perturbation was expressed in terms of 
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the velocity potential, which produces disturbances in both the velocity and 

surface profiles. As Wang's solution procedure did not include straining the 

spatial coordinate, the results are presented in terms of 7 and not /c, as given by 

7^/^(7) 
"J^ = -2;;^^('r)[i<'^^'' + ̂ 2e-y + Ao]cô (27z) 

_ia.er-ae-pWm,) 

M(7) 

where u;J(7) is of the same form as the expression for wf included in Equation 

(2.29) with 7 substituted for /c. The reader is referred to the original paper for 

the remaining coefficients M(7) and AQ. 

Each of the second-order solutions just presented clearly exhibits different 

growth rates corresponding to the different appUed initial perturbations. 

Furthermore, the growth rates of all of these solutions cue considerably more 

complicated than the exponential growth of a sinusoid predicted by linear 

analyses. Although these solutions provide a greater insight into the response 

of a jet to an applied perturbation, they fail to provide an expression describing 

the ampUtude dependence of the cutoff wavelength. This shortcoming is due 

to the second-order straining paxameters which were set to zero to avoid the 

presence of secular terms. Therefore, for second-order solutions, the expansion 

of the cutoff wavenumber given in Equation (2.28) is reduced to a single term, 1. 

Third-order solutions avoid this shortcoming. In order to eliminate secular 

terms, nonzero straining paxameters are determined which, when substituted 

into Equation (2.28), yield a functional relationship between the perturbation 

amplitude and the cutoff wavenumber. The third-order solutions are outlined 

in the paragraphs which follow. Even the appUcation of Yuen's initial condition 
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(which provides the most straightforward solution) to the third-order problem 

results in surface displacement and velocity potential solutions which are 

too long to present in this section. In the interest of saving space, the reader 

is referred to the original publications for the coefficients appearing in the 

third-order solutions of Yuen, Chaudhaxy and Redekopp, and Wang and only 

skeletzd results indicating the generzd form of the expressions wiU be included 

here. Therefore, the discussion which foUows is Umited to an interpretation 

of the solutions and a presentation of the ampUtude dependence of the cutoff 

wavenumber. 

The third-order surface displacement solution obtained by Yuen is of the 

form 

m = B31 (r)co3(«C) + B33(r)co5(3/cC)- (2.33) 

This solution begins to exhibit some of the interactions between different 

harmonics of the applied, fundamental perturbation wavenumber. As a 

consequence of the interaction among the lower haxmonics, a higher haxmonic of 

the form cos(3/c^) is introduced. Furthermore, a secondary "feedback" into the 

fundamentzd exists in the form of an additionzd cosiK(^) term. It is importzmt at 

this point to reemphasize that, due to the Unearity of the governing equation, 

the complete solution consists of the superposition of the first through the third-

order results. Upon superposition of the individual solutions, this term results 

in a growth rate of the fundamental wavenumber which exceeds that predicted 

by linear theory. Therefore, in compaxision to linezu: analyses, Yuen's nonlineax 

analysis not only provides an additional estimate of the growth rate of 
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secondary and tertiary harmonics but also predicts a larger growth rate of the 

fundamental wavenumber. 

Yuen's third-order results also show that the cutoff wavenumber is dependent 

on the second-order of the initial disturbance ampUtude as given by 

7co = 1 + —vl (2.34) 

This result is in contrast to the constant value of yco = 1 predicted by linear and 

second-order analyses. 

The third-order perturbation method presented by Wang fails as 7 

approaches either 0.5 or 1.0. However, in the process of eUminating secular 

terms an expression is obtained for the temporal straining parameter u. As 

this paxEuneter is representative of the growth rate of an appUed perturbation, 

Wang investigated the conditions for which u is maximized. By confining 

the search to a neighborhood of 7 = 0.697 (the wavenumber of maximum 

instability as prediced by linear theory) where the solution holds, Wang's results 

indicate the existence of a critical wavenumber which is a function of the appUed 

perturbation magnitude. For sufficiently small initial disturbances of magnitude 

eci and ea2, the critical wavenumber which results in a state of maximum 

instability is given by 

7 = 0.697 - 3.255e'^aia2 (2.35) 

where, oi and 02 are the magnitudes of the assumed velocity profile perturbation 

given in Equation (2.24), and as previously mentioned, e is a representative 

quantity of the initial surface profile perturbation magnitude. 
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By applying the method of strained coordinates to the spatizd coordinate as 

well as the temporal coordinate, Chaudhary and Redekopp were able to obtain 

the third-order surface profile solution given by 

m = B3i(r)cos(/cC) -f- B32(T)co3(nKC -\-9)-^ B33(r)cos(3KC) 

-h B34(r)cos[3(n/cC 4- 9)] -h B35(r)co3[(n - 2)/cC + ^] -h B^e{T)co3[{n -\- 2)/cC + 9] 

-\- B37(r)co5[(2n - l)/cC + 2^] -f- B38(r)co3[(2n -\- ! ) < + 29] (2.36) 

where the temporal coefficients axe given by exponential expressions. In a 

manner similar to Yuen's result, Chaudhary and Redekopp's solution also 

includes a feedback into the appUed co5(/c0 and cos(n/cC + 9) perturbations. 

Furthermore, depending on the particulzu harmonic initially acting of the 

system (i.e., the value of n) , the terms cos[in — 2)/c(̂  -|- 9] and cos[(2n — l)/cC + 29] 

can have the same wavelength as the fundmental or one or more of the other 

haxmonics. Therefore, the solution indicates the potentizd for interference to 

exist due to a phase difference between components of equal wavelength. 

Upon performing an investigation of the influence of the perturbation 

ampUtude, Chaudhary and Redekopp indentify three different growth zones 

as shown in Figure 2.2. Moving from left to right along a line of const2uit 

perturbation magnitude WQC, the behavior of the jet is flrst characterized by an 

exponential disturbance growth rate which changes to a lineax growth rate at 

7 = 1. As 7 is increased past 1, the growth rate of the disturbance is reduced 

until a stable, oscillatory solution exists. Although the trzuisition from one zone 

to the next is not characterized by a sharp dividing line, the Une AC which 

represents the boundary between the zone of exponential growth and the cutoff 
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Figure 2.2 Zones of Solution for Finite Initial Input [39]. 

zone is given by 

7 = 1 — ujQe. (2.37) 

The line AB was considered by Chaudhary and Redekopp to represent an 

expression for the cutoff wavenumber. Therefore, the relationship between the 

magnitude of an appUed velocity disturbance of the form given by Equation 

(2.25) and the cutoff wavenumber is given by 

7,„ = 1 -I- 1.0665a;oc. (2.38) 
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Another expression for the cutoff wavenumber is provided by MaUk et al. 

[42]. Using the same initial condition and following essentizdly the same analysis 

procedure as Yuen, they obtained an equation of the form 

7co = 1 + 0.36663r/J (2.39) 

as weU as an equation for the surface proflle which agrees with Equation (2.33). 

Using the surface proflle results, a numerical search for the breakup time was 

performed. By plotting the surface profile at the brezdcup time, estimates of 

the jet behavior at the breakup point and the size of droplets resulting from jet 

breakup were obtained as a function of the wavenumber. 

Lafrance [37,38] also foUowed Yuen's procedure up to the second-order 

solution. However, Lafrance's third-order result was obtained by assimiing a 

solution form which is void of seculax terms. This assumption yields a solution 

which indicates that the cutoff wavenumber remains, to third-order, equal to 

unity. However, upon a thorough review carried out by Chaudhsuy and verified 

by the author, Lafrance's third-order solution is of questionable vaUdity as it 

fails to satisfy the transformed third-order initial conditions. 

The nonlinear temporal analyses just discussed address three different 

assumed initial conditions, but have all used the method of strained coordinates 

to some extent. Nayfeh [36] dismissed the vaUdity of the strained coordinate 

method in favor of a second-order technique which employs multiple time scales. 

Nayfeh indicated that , during Yuen's eUmination of secular terms, an expression 

was employed which does not exist at 7 = 1. Furthermore, upon a closer 

inspection, Nayfeh shows that perturbations appUed at the cutoff wavenumber 

given by Equation (2.34) will grow with time. 
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Nayfeh's assumes the same boundary conditions exist as Yuen, i.e., those 

given by Equation (2.23). However, the method of multiple time scales does not 

employ an expzuision of the spatial or temporal coordinates, but rather assumes 

that the surface disturbance and velocity potential can be represented by 

rjiz,t) = Y.e^rjn(z,To,T2), 0 ( z , t ) = ^ e'»t/'n(z,ro,r2) (2.40) 

where TQ = t and T2 = e^t are two time scales. Using this procedure, a second-

order solution was obtained which agrees with Equation (2.29) (Yuen's second-

order solution), but also failed to exist at 7 = 1. A second approach, this time 

using the time scales To = t and Ti = 6t, provided a solution for values of 7 near 

1. The end result is a slight modification of Equation (2.33) as given by 

7co = 1 + -^ll (2.41) 

Nayfeh states that the above method can be extended to obtain a third-order 

solution by using a third time scale, but the solution becomes excessively 

tedious. 

2.2.4 One-Dimensional Temporal Analvses and Cosserat Theorv. In order 

to avoid the compUcated expressions which result from the three-dimensional 

analyses, efforts have been made to simpUfy the governing equations to one-

dimensionzd form. Lee [43] was among the first to explore this approach. 

By neglecting the radial velocity gradient, (i.e., assuming a plug flow) Lee 

performed an analysis which consisted of solving inviscid, linearized versions 

of the momentum equations in the axial and radial directions along with the 

continuity equation. An initial perturbation of the axial velocity given by 

V = vo-\-Av sinikz), (2.42) 
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where aU vzuriables are now in dimensional form, was assumed to be acting on a 

stationary jet. By continuity, the axial velocity perturbation results in an initial 

surfax:e disturbance given by 

6t = -]-Avk cosikz). (2.43) 

The surface profile solution is then given by 

8 = -^cosikz)sinh(Ljt) (2.44) 

UJ = r ^ i b 2 ( l - ik'a^). 

where, 

UJ = 

2pa 

This technique yielded the same cutoff wavenumber ijco — 1) as the 

analyses based on energy considerations which were discussed in Section 2.2.1. 

However, a critical wavenumber of 'ycrit — 0.707 was obtained using this 

technique, in contrast to the value of 0.697 obtained by the previous linear 

treatments. 

Lee also performed a lineax analysis on a jet subjected to radial pressure 

osciUations. By adding a term of the form PeCosikz) to the pressure term used 

in the axial momentum equation, a solution of the form 

Pea[l - coshiujt)]cosikz) 

^ = ail-k^a^) (2-^^) 

was obtained. 

Lee concluded his work with a finite difference numerical analysis of the 

nonlinear equations of motion. The results exhibit that the primary growth 
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rate is sUghtly increased as nonUnear effects are taken into consideration. 

Furthermore, within the range of par£uneters investigated, the solution indicates 

the existence of a secondzu-y hEirmonic which always results in the formation of 

satelUte droplets. 

Another one-dimensional approaxJi was presented two years later by Green 

[44]. Based on his eaxUer work with Laws [45], Green applied a Cosserat theory 

to model the jet as a one-dimensional directed continuum. In this approach, 

the jet profile is represented at each point by a pair of deformable vectors caUed 

directors. Inspection of the resulting equations shows an improvement over 

the one-dimensional equations given by Lee, as both radial inertia effects and 

viscosity axe included. However, Green's work focuses on the nonUnear behavior 

of droplets forming neax the end of the jet and does not provide additional 

insight into the stabiUty of the jet to appUed perturbations. Furthermore, 

solutions to physical problems axe limited due to difficulties in identifying 

reasonable boundaxy conditions. Although the equations resulting from this 

theory axe nonlineax, cmd hence difficult to solve, they axe aU in terms of one 

spatial coordinate. 

The one-dimensional Cosserat theory was later applied to the jet stability 

problem by Bogy [46], and Caulk and Naghdi [47]. Following Uneaxization, 

Bogy concluded that by including the radial inertia and viscosity terms, the 

Cosserat equations yield a critical wavenumber of 7crit = 0.697. This result, in 

contrast to Lee's solution, agrees well with the Unear analyses based on energy 

considerations discussed in Section 2.2.1. 
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By considering the same axial velocity perturbation used by Lee and given 

in Equation (2.42), Bogy obtained a solution of the surface profile given by 

6 = [-expiait) -H exp{-a2t)]- -^ -cosikz) (2.46) 
2(ai -l-a2j 

24k^ -{- k* 
^ 1 , 2 = 

( 

Weji24k^-{-k^)y 4k^l - k^) 

2RejiS-\-k^) ) ^ S-^k^ 

where, 

1/2 

_̂  fWeji24k^ -\-k*)y ^ Ak'jl-k-) 

2Rej{S-\-k^) 

Bogy's solution predicts a smaller growth rate than Weber's viscous analysis. As 

viscosity effects become negUgible (Rcj —• oo), the Cosserat equations yield a 

growth rate which agrees weU with Rayleigh's inviscid three-dimensional results 

but is smaller than that predicted by Lee's inviscid one-dimensional analysis. 

Caulk and Naghdi began with the fundamentals of the Cosserat theory 

and derived the governing equations for a twisted elliptical jet. FoUowing 

linearization, a stability analysis was performed, the results of which agree very 

weU with the much eaxUer solution of Rayleigh. For a given smaU disturbance 

which can be decomposed into synunetric and axisymmetric modes, it was 

shown that the jet is stable for ajdsymmetric modes of all wavenumbers and 

unstable for symmetric modes of wavenumber less than a cutoff wavenumber of 

unity. Caulk and Naghdi also pursue a viscous, lineax stability analysis using 

the Cosserat equations. In agreement with Bogy, Caulk and Naghdi's solution 

predicts smaller growth rates than Weber's results when consistent initial 

conditions axe assumed. 

2.2.5 Three-Dimensional Spatial Analvses. Thus fax, aU analyses discussed 

have modeled the fluid jet by studying the temporal stabiUty of a section of 
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fluid at rest. It has been assumed that the physical motion of the jet can be 

accounted for by using a transformation (Z = Zo -I- V,t) to a moving coordinate 

system. As expressions of the form e'*'* axe among the possible solutions of the 

differential equations associated with temporal analyses, these treatments have 

identifled growth rates and stabiUty criteria on the basis that an imaginary 

frequency indicates instability. Strictly spezdcing, an imaginary frequency 

indicates that the disturbance grows at all points on the jet. Under these 

conditions, it can be argued that a deflnable jet length can not exist. Therefore, 

attention is now turned to spatial analyses as an alternative approach to the 

study of Uquid jet instability. 

A spatial instabiUty study of Uquid jets emerging into a surrounding 

liquid had been performed in 1971 by Crow and Champagne [48] and was later 

expanded by Morris [49]. The first spatial analysis of a Uquid jet exiting into air 

which appears in the literature was performed by Keller, Rubinow and Tu [50] 

in 1973. By aUowing the wavenumber to be complex, the behavior of the jet was 

analyzed as a function of the axial spatial coordinate. The real portion of the 

wavenumber is stiU representative of the disturbance wavelength, however the 

imaginary portion now represents the axial growth of the disturbance. 

KeUer's analysis begins with the lineax dispersion relationship given by 

Rayleigh in Equation (2.9) and seeks to solve the equation for the complex 

wavenumber k for a real, given perturbation frequency a;. Following this 

approach, the equation becomes transcendental with an infinite number of roots. 

Therefore, for a given perturbation frequency, an infinite number of unstable 

modes may exist if the roots axe aU complex. By examining the nondimensional 
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axial growth rate (i.e., the magnitude of Imij)) as a function of the Strouhal 

number, a nondimensional frequency given by Q = ^ , a series of conclusions 

regarding the maximum growth rate was obtained. For high velocity jets (i.e., 

Wcj. :> 1 and ^ < 1) and n > 0, an equation for the roots obtained by 

expanding 7 in terms of WeJ^ and equating the first-order terms is given by 

71 = ft ± We-. - 1 ^"^"^•(n^ + n^ - 1) 

1/2 

(2.47) 
/»(fi) 

where n is the angular perturbation mode as given previously in Equation (2.4). 

An investigation of Equation (2.47) shows that, for an ajdsymmetric disturbance 

(n = 0), a maximum axial growth rate occurs at Q = 7 = 0.697 for which k = 

•^. Therefore, for this condition, temporal and spatial instabiUty analyses agree. 

However, as Q varies from 0.697 the above relationship between the frequency 

and the wavenumber no longer holds. 

Another equation for the unstable modes, obtained from the second-order 

terms, is given by 

72 = iijn m 

+ We^ ( n 2 + j 2 j 2 m = l , 2 , . . . (2.48) 

where jnm is the mth positive root of the Bessel function J„ . The imaginzuy 

part of the roots with the lower sign have a much larger magnitude than those 

given by Equation (2.47). However, the real part of 7 is of order We^ (recall 

that Wej >• 1), indicating that the wavelength, given by A = 27r/i2e(7), of these 

disturbances axe sufficiently long to exceed the jet length. 

KeUer et al. determined another set of considerably Isirger growth rates 

for low Weber numbers. However, as physical conditions where Wej <C 1 
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axe rare, the details are omitted from this discussion. For use in determining 

the growth rate for general conditions, KeUer et al. provide a representation 

of jet behavior by means of a graph of Reij) vs. Imij) over a range Wcj 

and Q. It is important to note that Keller et al. initiated their analysis with 

Rayleigh's dispersion relationship; therefore, their results are subject to the 

same assumptions outUned in Section 2.2.1. 

The region of long wavelength perturbations and large axial growth 

rates eluded to by Equation (2.48) was further investigated by Leib and 

Goldstein [51] in 1986. They performed a two-dimensional (or three-dimensional 

axisynunetric), inviscid, spatial analysis which employed a solution technique 

which is sinular to that used by Munt [52] and CargiU [53] to study the Kelvin-

Helmholtz instability of sound waves emanating from a pipe. The primary 

purpose of Leib and Goldstein's analysis was to investigate the generation 

of instabiUties at the nozzle exit caused by the "scatter" of long wavelength 

perturbations. Therefore, the equations governing spatial instability were solved 

by modeUng the flow as a fluid which leaves an exit and enters the surrounding 

air rather than as an inflnite jet or a stationary circular cyUnder. The influence 

of the local velocity proflle on the jet stability is also addressed by considering 

flows ranging from the Hagen-Poiseuille or Izuninzir parabolic proflle to a uniform 

velocity profile or plug flow. 

As spatial analyses axnount to determining the steady-state solution of a 

boundaxy value problem, difficulty is encountered due to the lack of a boundary 

condition at the jet breakup point. Even though brezdcup is inevitable, the 

location and condition of droplet formation is a goal of the problem rather than 



38 

given information. To circumvent this obstacle, Leib and Goldstein use the long 

time limit of the "casual" solution of an appropriate initial value problem as 

the steady-state solution. Leib and Goldstein also apply the "slowly varying 

approximation" which assumes that velocity variations in the axial direction 

can be neglected in comparison to the loczd velocity proflle for purposes of 

calculating the local disturbance growth rate. 

It is assumed that a disturbance in the form of an axial velocity modulation 

given by 

Au = vooc'"' (2.49) 

is imposed on the fluid a signiflcant distance upstream (i.e., z < 0) from the 

nozzle. For the above velocity field perturbation, the corresponding pressure 

fluctuation is determined by applying the momentum equation in the axial 

direction. The potential function is then determined by the linearized vorticity 

equation subject to kinematic and dynamic boundary conditions for z > 0 

and the condition of a solid boundary for 2 < 0. As the equations have been 

linearized, a solution is pursued by adding an additionad velocity potential 

term, <p^^^ to the known solution for flow in an inflnite duct. The unknown 

function <p^^^ is then considered to represent the presence of a free surface. 

The solution for (p^^^ includes a contour integrsd which appeaxs to require 

numerical evaluation. Although somewhat involved, the knowledge of <̂ ^̂ ^ at a 

given position allows the axial and radial velocities to be determined which in 

turn can be used in conjunction with continuity to obtain the local diameter. 

Leib and Goldstein instead focus on the general stabiUty issue and the general 

conclusions which pertain to velocity profile relaxation. 
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Using this approach, an analysis of the instabiUty includes investigating the 

magnitude of the imaginstry part of the complex wavenumber Jk as a function 

of the Weber number, the Strouhal number, and the shape parameter 6 which 

represents the flow velocity profile. In order to examine the effects of velocity 

profile relaxation, an equation of the form 

V = i ^ (2.50) 

was used to denote a normaUzed velocity profile which begins with the Hagen-

PoiseuiUe profile at 6 = 1 and becomes progressively more uniform until, at 6 = 

0, a plug flow exists. 

Results axe presented in the form of plots which show the movement of 

roots in response to the variation of a single pstrameter while holding the other 

two flxed. Upon inspection of these results, Leib and Goldstein reach several 

conclusions. First, they identify a region where their solution predicts an 

unbounded disturbance growth in time at a fixed location. As it is not possible 

for a such a phenomenon to exist in a steady-state system, the behavior of the 

jet under such circumstances is characterized as being "absolutely unstable." 

This region, which is restricted to low Weber numbers, is shown as a function 

of the shape parameter 6 in Figure 2.3. The remaining region in Figure 2.3 

represents a state of "convective instability" for which the long-time solution 

becomes unbounded as a function of the distance along the jet axis. 

To aid in quantifying the generation of instabiUties at the nozzle, Leib 

and Goldstein identify a coupling coefficient, C This coefficient expresses how 

weU a smaU perturbation in the system translates to a surface disturbance on 
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Figure 2.3 Region of Absolute InstabiUty [51]. 

the jet. C is defined as the ampUtude of a disturbance at the center of the 

exit divided by the ampUtude of an imposed disturbance of the form given 

by Equation (2.50) acting sufficiently fax upstream. It was concluded that 

the coupUng coefficient for Hagen-PoiseuiUe flow is larger overaU than that 

associated with plug flow. Furthermore, for Hagen-PoiseuiUe flow C increases 

with increasing Weber numbers, whereas C decreases for increasing Weber 

numbers when a plug flow exists. Leib and Goldstein are quick to point out 
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that even though the appUed disturbance may be better coupled to a Hagen-

PoiseuiUe flow, the maximum disturbance growth rate is up to 4 times larger for 

a plug flow. Therefore, zdthough a perturbation may begin to grow intemaUy 

at a large rate for a fully developed laminar flow, a long jet length wiU result 

due to the additional distance required for velocity proflle relaxation. For plug 

flow conditions, the perturbations which are imposed upstream wiU be small at 

the exit, but wiU grow at a larger rate and result in a shorter, more unstable 

jet. A similar, less rigorous set of conclusions were reached in a considerably less 

involved analysis performed by Debler and Yu [54]. 

An additional three-dimensional viscous spatial analysis which approaches 

the steady state solution by solving an initial value problem was performed 

by Berger [55] in 1988. Berger raises an objection to the vaUdity of normal 

mode zmalyses which examine the response of the jet to a single harmonic 

perturbation of arbitrary frequency. The bzisis for Berger's Eugiunent is that 

the spectrum of disturbances is continuous, not discrete as assumed when 

the response to a single frequency is determined. The opposing 2u:gument 

has been that if the response is calculated for a perturbation for which the 

jet is most unstable, the existence of a continuous spectrum of frequencies 

is inconsequential as the jet will breakup under the action of the dominant 

mode. Certainly if the problem is lineax, then the continuous spectrinn can 

be represented by superposition of an infinite number of modes. However, it 

stands to reason that subtle differences can be occur between the two treatments 

depending upon the linearization technique employed. 
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Although Berger brings up a point worthy of consideration, his analysis 

results require a numericzd inversion of a Laplace trzuisform and therefore, wiU 

not be presented in this discussion. Following the required numerical work, 

Berger uses the transformation Z = ZQ -\- Vjt to generate breakup time 

values which are compared to the temporal instabiUty results of Chandrasekar 

[26]. An inspection of the tabular results shows that Berger's treatment 

yields significantly smaUer breakup times than the analytical predictions 

of Chzmdrasekar. Berger also compEued his results with experimental data. 

With increasing viscosity, Berger's solution initiaUy underestimates and then 

consistently overestimates the breakup time. 

Busker [56] also performed an inviscid spatial analysis which, upon review, 

follows a procedure anzdogous to that of Yuen's approach to the temporal 

instability problem with the exception that the wavenumber was considered to 

be complex. The assumed exit boundary condition consists of a uniform velocity 

profile subjected to a sinusoidal perturbation acting at the jet exit according to 

V = vo(l -I- Av cosiujt)). (2.51) 

In agreement with Keller, Busker's results exhibit consistency between temporal 

and spatial analyses at high Weber numbers. A first-order solution for the 

surface disturbance normaUzed by the undisturbed jet radius is given by 

m = 7 y7a)/i(76) r^^^ _ ^^^^ _ ^^^^^^ _ ^^^^j ^2.52) 
(W - 7 a ) i l ( 7 6 ) -{uJ- 76)-' l(7a) 

where 7a and 7^ are the first and second roots of the dispersion relationship 

given by Keller and presented in Equations (2.47) and (2.48). Busker also 
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obtained a dispersion relationship which accounts for a finite viscosity. Upon 

inspection, he finds that by including viscous effects, the values of the roots 

are changed by less than 2% for the experimental conditions of Chaudhary and 

Maxworthy [57]. Therefore, Buskar concludes that viscosity can reasonably be 

neglected during the development of a stabiUty criterion. 

2.2.6 One-Dimensional Spatitd Analvses and Cosserat Theorv. In the 

same fashion as the governing differential equations used in three-dimensional 

temporal analyses were simpUfied by certain assumptions to yield one-dimensional 

expressions, spatial analyses have also been treated as one-dimensional problems. 

It appears that some investigators prefer to solve simpUfied versions of the 

governing equations rather than develop approximate solutions. Pimbley [58] 

performed a linear, inviscid spatial analysis by starting with the saxne one-

dimensional equations Lee [43] used for the temporal analysis discussed in 

Section 2.2.4. A dispersion relationship is obtained which has either 4 real 

roots or 2 real roots and 2 complex roots. Upon further investigation. Bogy [41] 

determined that the two complex roots are approximately equal to those given 

by KeUer in Equation (2.47). Even though only the one root with a negative 

imaginary part predicts instabiUty, aU four roots must be accounted for in the 

solution as the roots essentially amount to eigenvalues and the solution is given 

by the corresponding eigenfunctions. Therefore, Pimbley's solution is of the 

form 
4 

r/ = € ^ Cjkjcosiwt - kjz) (2.53) 

which requires four boundaxy conditions. Unfortunately, the same difficulty 

previously discussed is encountered when determining a reasonable boundary 
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condition at the breakup point. Pimbley instead identifies four conditions at the 

jet exit as given by 

7/(0, t) = 0, 77,(0, t) = 0, 77„(0,0 = 0, u = uo(l + At; cositji)). (2.54) 

The first and fourth boundaxy conditions express a fixed jet exit diameter and 

the nature of the imposed perturbation respectively. The second and third 

conditions state that , at the exit, the surf2w:e slope and curvature in the axial 

direction is zero. Pimbley defends the second and third conditions on the 

basis that , for an inviscid fluid, the velocity profile must be uniform and hence 

no velocity profile relaxation can occur. However, it is weU-estabUshed that 

a significant contrax:tion does occur (recall the discussion in Section 2.2.2). 

Therefore, it appears that neglecting viscosity is a satisfactory assumption with 

regaxd to determining a stability criterion based on a dispersion relationship, 

but is not an acceptable means of approximating boundaxy conditions. Bogy 

[41] also challenges Pimbley's equations on the grounds that Pimbley's solution 

fails to produce the secondary, long wavelength roots given by Equation (2.48). 

One year later, a second-order solution using the same governing equations 

was performed by Pimbley and Lee [59]. The szune four exit boundaxy conditions 

were applied, and upon expansion of the required paxameters, a second-order 

solution was obtained for the purposes of predicting satellite formation. The 

details of this analysis are left to the reader. Based on prior discussion, the 

results are most valid when no visible contraction is observed at the jet exit. 

The one-dimensional Cosserat theory discussed in Section 2.2.4 has cdso 

been applied using a spatial instabiUty approsuii. Recall that additional terms 
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were included in the Cosserat equations used for temporal analyses in order 

to improve upon the assumptions of Lee [43]. In the same paper as the Unear 

inviscid temporal analysis reviewed in Section 2.2.4, Bogy [46] also addressed the 

spatial instability of the fluid jet by employing the Cosserat equations. It was 

assumed that solutions for surface displacement and velocity were of the form 

6 = 6oexp[iiujt — kz)] (2.55) 

and 

u = vo + Au exp[t(u;t — kz)] (2.56), 

respectively. A dispersion relation WEIS then obtained, the roots of which were 

examined for two cases, Wcj >• 1, and Wcj <; 1 in a mzinner similzu: to KeUer. 

For both cases, the equation which specifles the roots is virtually identical 

to Equations (2.47) and (2.48) of Keller. Therefore, Bogy was successful in 

employing a one-dimensional approach which yields results compaxable to the 

more tedious three-dimensional technique. 

Having estabUshed the validity of modeUng the jet in only one spatisd 

dimension. Bogy proceeded to solve the second- [60] and third-order [61] 

perturbation problems in the next yeax. As just mentioned, a one-dimension£d 

second-order analysis was also performed by Pimbley and Lee. When addressing 

differences between the two solutions, Bogy refers to the uniqueness theorem 

of Green [44], which states that for a unique solution to exist, two boundary 

conditions must be known at two the end points of a jet section. Discrepancies 

between the two solutions are attributed to Pimbley and Lee's use of four 

boundaxy conditions at the jet exit. In both works. Bogy considers two 
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boundary conditions at the jet exit given by 

^0 = 0, VQ = Av cosiujt). (2.57) 

The boundaxy condition at the downstream end of the jet is treated by a 

radiation condition which specifies that energy must be outgoing as z —• oc at 

a frequency for which the jet is stable. Using this argument. Bogy neglects the 

stable roots of the dispersion relationship and pursues a solution in terms of the 

remaining two roots. After a straightforward expansion of rj and v in terms of 

Au, and substitution into the Cosserat equations, Unear differential equations 

result which can be solved for the individual first-, second-, and third-order 

terms. Expressions for the individual solutions axe very long and wiU not be 

presented. The interested reader is referred to the original pubUcation. The final 

surface profile solution is the sum of the individual terms £is given by 

7/ = Au77i -\- Av^[r)^ -h 7/2̂ ] -\- Av^[i]^ -\- T)[] (2.58) 

where the superscripts H and P indicate the homogeneous and particulax 

solutions, respectively, of the associated lineax differential equations. As Bogy's 

work was driven by the development of ink jet printers, significant space is 

devoted to a discussion of the formation of satellites. When compared to 

experimental data, no closed form solution has been able to completely describe 

this phenomenon. Bogy suggests that numerical analyses contzdning additional 

perturbation terms (i.e., greater than third-order) cuid viscous terms are 

required to be able to predict satellite formation. 

In conclusion of this review it should be noted that all of the surface profile 

solutions axe given in terms of the magnitude of some type of disturbance. 
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Whether this perturbation is assumed to be spatizdly distributed, as in the 

case of temporal analysis, or induced at the exit, as occurs in the case of 

spatial analysis, a greater understanding of jet breakup reUes on the abiUty 

to accurately characterize the state of the fiow. As it appears that the Umit 

of presently available theory has been reached, a survey of experimental 

investigations follows. 

2.3 Experimental Investigations 

The earUest experiments pertaining to laminax Uquid jet instabiUty date 

back to 1829 with the work of Bidone [62]. Savart [63] was next to examine 

the breakup of a laminax jet. During a number of experiments in 1833, he 

attempted to correlate the breakup length to the supply pressure and the 

orifice diameter by simple laws. In 1856, using the results of Savart, Plateau 

[64] explained the phenomenon of liquid jet breakup in the laminar flow regime 

in terms of a disturbance induced at the exit and propagating downstream. 

Plateau hypothesized that it is the growth of this periodic disturbzmce which 

results in the bulging of the fluid neax the end of the jet and ultimately causes 

the jet to breakup. 

In the mid-1900's, the subject was agzdn addressed for the purposes of 

developing correlations relating jet length and drop size for various fluids. 

Expanding on the work of Tyler and Watkin [7] and Tyler [65] , Merrington and 

Richardson [66] examined drop sizes and jet lengths resulting from stationary 

vertical jets and rearward dischaxged horizontal moving jets. Various fluids were 

tested in both liquid-air and liquid-Uquid systems. Aside from generating useful 
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data for comparison, they concluded that very viscous fluids, such as mercury, 

behave very differently from fluids which are often assumed inviscid, such as 

water. 

In the 1960's, attention turned from measurements of jet length and drop 

size to the development of devices which seek to produce uniform droplets. In 

addition to droplets resulting from the breakup of a jet, other methods were 

being explored. One such technique was presented by Wolf [67] and uses a 

vibrating reed which, upon touching a fluid surface, picks up a smzdl portion of 

fluid due to surface tension £uid generates a droplet by hurUng the fluid into the 

air. 

Despite research into other methods, the production of a uniform stream of 

droplets by the breakup of a continuous jet appeared to be the most promising. 

Therefore, methods were developed which sought to induce a perturbation of 

the flow at the correct frequency and in the appropriate fashion. One technique, 

in general, has been to attach the nozzle to the flow system by a flexible line 

and vibrate the entire nozzle longitudinzdly, i.e., along the axis of the flow. 

This method has been employed by many authors [68-72] for various nozzle 

configurations and operating conditions. Provided that a constant flow rate is 

maintained, this technique is closest to producing a velocity perturbation as 

the relative velocity between the nozzle and the fluid is periodically changing. 

However, it is of questionable validity to compare these experimental results 

with the analytical solutions of the previous section. This discrepancy is due to 

the fact that the nozzle is no longer an inertial reference frame as is assumed in 

the analyses. Included in these analyses is the work of Goedde and Yuen who, in 
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support of Yuen's previously discussed work, compared observed jet behavior to 

that predicted using Yuen's assumed initial surface proflle perturbation given by 

Equation (2.23). 

Another general method used in attempting to generate uniform droplets 

has been to vibrate the nozzle, or just the nozzle tip, transversely. Rajagopalan 

and Tien [28], as weU as Crane et al. [74], employed this approach with some 

success using large vibration ampUtudes and low flow rates. As the fluid at 

the nozzle exit is transversely accelerated, the axisymmetric flow assumption is 

no longer reasonable. Therefore, analyses performed to date do not accurately 

reflect the flows modeled in the previous section, and the results of these 

experimental works are for product development rather than the verification of 

an existing theory. 

Rather than apply a perturbation which is focused at the jet exit, Donnelly 

and Glaberson [75] and Rutlzmd and Jzuneson [76,77] opted to imposed a 

vibration on the structure housing the flow system. DonneUy £md Glaberson 

also used a vibrating needle which made intermittent contact with the jet. 

For both conditions, they employed a smoothly tapered nozzle equipped with 

quieting screens which resulted in very long, stable jets. Donnely and Glaberson 

compaxe their experimentally determined growth rates, taken neax the end of 

the jet, to the theory of Chandrasekar [26] which assumes a sinusoidal initial 

surface perturbation. Rutland and Jameson employed a simple straight long 

tube as a nozzle and compaxed the wavelength of the fastest growing imposed 

disturbance (i.e., that which results in the shortest jet length) to the theories 

of Chandrasekzu, Weber, and Yuen. Also included in their work are empirical 
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data regarding the occurrence of satelUte droplets at different perturbation 

frequencies. 

For use in ink jet printing, a method was developed which uses a piezoelectric 

"drumhead" acting on a plenum of fluid with an oriflce at the bottom center. 

Such an apparatus is described by Dabora [78] and was later used by Chaudhary 

and Maxworthy [57,79]. The latter authors sought to verify the theory presented 

by Chaudhary and Redekopp which assumes an osciUating initisd surf2M:e 

velocity disturbance of the form given by Equation (2.25). Again, effort 

is focused on observations of the jet nezu breakup, and the resulting drop 

sizes. Due to the fluctuating pressure which exists in the plenum, a harmonic 

disturbance of both the axial velocity and the rate of change of the surf£u;e 

proflle axe obtained. Therefore, the appaxatus is suitable for comparison with 

Chaudhary and Redekopp's theory. As the drumhead action UteraUy squeezes 

out a predetermined volume of fluid which becomes the volume of a droplet, 

such techniques have been successful in producing reasonably uniform sized 

droplets, especially at low flow rates. 

Rather than imposing a harmonic disturbance, Lafrance [80] investigated 

the response of a fluid jet to a randomly imposed perturbation. By passing 

the jet through a hole in a brass plate, and randomly vibrating the plate, 

the drop sizes resulting from the presence of random noise were analyzed. 

Following a statistical analysis of the droplet distributions, two main drop sizes 

were observed, the diameters of which were in reasonable agreement with the 

nonlinezu predictions of Yuen. 
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SterUng and Sleicher [80] investigated the influence of velocity proflle 

relaxation by employing a complicated nozzle conflguration designed to produce 

a nearly uniform velocity profile at the exit. They conclude that the lack of 

agreement between existing theory and previous experimental data can be 

attributed to the velocity profile relaxation present in the jets formed from 

long capiUary tubes of previous investigators. Note that at this time the 

analytical work of Leib and Goldstein which focuses on this matter was yet to 

be performed. SterUng and Sleicher's work also indicates that viscous shear 

between the fluid and surrounding air is no longer negUgible within the high 

velocity range of the laminax flow region. By including these f2M:tors in the 

analysis, SterUng and Sleicher developed an approach to jet length prediction 

which shows a signiflcant improvement in correlating with their experimental 

data. 

Mahoney and Sterling [81] extended the analysis of SterUng and Sleicher 

and provided a jet length correlation which is an empirical function of the 

Weber number and the Ohnesorge number. Although the work of Sterling 

and Sleicher and of Mahoney and SterUng provides improved methods of 

predicting jet length for high velocities within the laminax flow regime, the 

above researchers have employed complicated nozzle configurations designed to 

calm the flow. As it is widely known that breakup lengths axe a strong function 

of the nozzle geometry, correlations based on complex flow systems may only 

serve as estimates for more straightforward nozzles constructed from capiUary 

tubes. 
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Perhaps one of the most effective methods of producing uniform droplets 

was presented by Berglund and Liu [2]. This "vibrating oriflce" technique passes 

the fluid through a small plenum and uses the motion of a sharp-edged orifice 

attached to a tubular piezoelectric element to perturb the jet at the exit. This 

method has been very successful and is now a commercially available unit. Due 

to the f2u:t that the disturbance is imposed at the exit, the success of this device 

tends to verify theories which assume such perturbations exit. However, it is 

difficult to analyze the exact nature in which the moving orifice affects the flow. 

Therefore, theory has not been able to predict the satisfactory performance of 

this design. 

All of the methods previously discussed in this section have imposed large, 

flnite perturbations on the jet. The resulting behavior of the jet was then 

analyzed neax the breakup point. However, the jet profile near the breakup 

point is ultimately determined by the characteristics of the jet upstream, 

paxticularly neax the nozzle. The lack of available information regeuding the 

behavior of fluid jets away from the breakup point and neax the exit appeaxs to 

be a shortcoming in the literature. 

The response of a very small liquid jet to small perturbations (several 

orders of magnitude lower than the previous citations) has been performed by 

the author [82] using radiation pressure to exert a force directly on the fluid. 

Prior to this work, forces due to radiation pressure had been used by Ashkin 

to levitate smedl spheres [83], and using two laser beams, to accelerate and 

t rap small particles in an optical well [84]. Other appUcations of radiation 

pressure include the manipulation of microscopic ceUs as performed by Buican 
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et al. [85]. After calculating the magnitude of the force resulting from the 

perpendicular incidence of a laser beam on a fluid jet [86], the author performed 

a series of experiments using oscillating perturbations of variable frequency. The 

resulting data indicated that a sUght reduction in jet length occurred due to 

the appUcation of a radiation pressure perturbation at the critical wavenumber 

predicted by linear theory (i.e., 7cri< = 0.697). 

2.4 Experimental Methods of Analvzing Jet Flow 

Thus fax, experimental methods of analyzing the behavior of a fluid jet have 

been primarily Umited to photographic techniques. By using the appropriate 

lenses and processing equipment, the jet image can be enlarged to a size 

suitable for visual inspection. As the osciUations in the jet surfax;e become 

large immediately prior to jet breakup, the jet behavior in this axea can be 

chaxacterized with adequate accuracy. 

Methods using a conducting fluid and a gap between wires of uneven 

electric potential have also been used to a Umited extent. By positioning the 

axis of the wires perpendicular to the jet axis and carefully placing the two ends 

neax the jet, the breakup length and the jet disuneter can be determined by the 

electrical connection. However, this method produces data which is Umited by 

the ability to accurately position the gap and determine the gap distance . 

Using opaque ink as a working fluid, Taub [87] developed an optical probe 

method which uses a small HeNe laser to cast a shadow of the jet profile. 

The shadow is then directed through an enlarging lens onto a screen with 

a thin vertical sUt, and then into a photomultipUer tube. By connecting an 
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osciUoscope to the output of the photomultipUer, the jet profile at an axial 

location determined by the slit position can be viewed as a trace on the 

osciUoscope screen. Tuab used this technique to characterize the jet profile 

at axizd locations near the breakup point. A "drumhead" droplet generator 

was used and the surface profile was investigated for perturbations of variable 

frequency. 

While techniques employed to study jet behavior are somewhat Umited, 

many different methods have been used to anedyze the sizes of the droplets 

which result upon jet bre2dcup. The interested reader is referred to the review 

of Azzopardi [88] and the more recent pubUcations regarding optical techniques 

given by various authors [89-92]. 

In conclusion of this chapter, it should be noted that many theories, designs 

and several diagnostic tools have been developed for the purposes of studying 

liquid jet breakup. However, one of the most importzuit aspects of determining 

the instability of liquid jets (the nature of the disturbances present in the flow 

at or neax the exit) has yet to be addressed. This appeaxs to be due to the lack 

of an available experimental method. In pursuit of aUeviating this shortcoming, 

a new optical method which appeaxs to be well-suited for measuring the growth 

of disturbances in the early stages (i.e., neair the exit) is discussed in the next 

chapter. 



CHAPTER III 

DEVELOPMENT OF THE EXPERIMENTAL METHOD 

In an expansion of the author's previous work pertaining to the feasibility 

of using radiation pressure to modify and control the breakup of a Uquid jet 

[82], similztr experiments were later performed using increased laser intensity 

levels and many different flow configurations. Nozzles of variable diameter 

and length/diameter ratios, flow straightening sections, and external vibration 

isolators were all exatmined in hopes of discovering conditions which would 

promote the growth of a smsdl imposed disturbance. The effect of altering the 

manner in which the disturbance was imposed was investigated by using a 

beam of variable focus and by applying the radiation pressure perturbation at 

various 2ixial locations. In performing this work, two scenarios were examined. 

The first approach examined the possibility that the behavior of the jet could 

be controlled by adding a small perturbation of the appropriate magnitude 

and frequency to the disturbances which already exist on an unstable jet. The 

second technique addressed the possibility that the jet must be very stable for 

the small imposed disturbance to grow and influence the breakup before Izuger 

perturbations from the surroimdings, or flow turbulence, cause breakup to occur. 

During the course of this work, a rearward interference pattern, produced 

by the incidence of an unfocused laser on the jet, was observed. While inves

tigating the influence of the axial incidence location (i.e., the distance from 

the nozzle exit to the point where the laser is incident on the jet), changes in 

the character of the interference pattern were noticed. Upon positioning the 

axial incidence location near the breakup point, large rapid fluctuations in 

55 



56 

the interference pattern were observed. When the axial incidence location was 

moved to a position significantly upstream of the breakup point, but below the 

nozzle exit, fluctuations in the interference pattern stiU existed although to a 

considerably lesser extent. 

At this point it was expected that the resulting interference pattern was 

representative of the surface proflle of the jet. To ensure that the fluctuations 

in this pattern were produced by the fluid and not by the nature of the laser 

beam, a clear, cyUndrical segment of optical material (the inner core of a small 

optical flber) was fixed in the path of the beam. The same type of interference 

pattern was observed. However, no fluctuations were visible. Also, both the 

distance between the points of minimum intensity and the width of the bright 

bands were considerably reduced. As the diameter of the optical fiber core was 

smaller than the typical diameter of the jet, it was hypothesized that the form 

of the interference pattern was a function of the cylinder diameter. Following 

the same logic, the fluctuations could be explzdned in terms of changes in 

the jet dicuneter, i.e., the presence of surfax;e disturbances. The theoretical 

development which follows expresses the relationship between the jet diameter 

and the interference pattern which results from the backseattering of Ught by 

a dielectric cylinder. The phenomenon discussed is related to the formation of 

rainbows due to the interaction of sunlight cmd essentiaUy spherical raindrops. 

The reader is referred to the works of Humphreys [93], Hulst [94] and Boyer [95] 

for a discussion of the physical chracteristics of rzdnbows, and the some of the 

classical developments of the rainbow theory. 
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For the purposes of this development, it is assumed that a monochromatic, 

coherent laser beam is incident on a cyUnder of dielectric material such that 

the centerlines of the beam and the cylinder are perpendicular and intersecting. 

Furthermore, the cyUnder is assumed to be of sufficient size for the vealm of 

geometriczd optics to be vaUd. 

A plane of constant z which is normal to the jet axis and which contains 

the centerline of the beam is shown in Figure 3.1. Within this plane, consider a 

single ray of the beam striking the cylinder at a incident angle i and subsequently 

being refracted into the cyUnder media at an angle r according to SneU's law. 

Both I and r axe defined relative to a radial Une between the point of incidence 

and the center of the cylinder. For highly transparent materials, the reflected 

portion of the ray is small and attention is focused on the transmitted ray. 

The ray then undergoes a single internal reflection. At the point of internal 

reflection, the portion of the ray which is transmitted back into the surrounding 

media does not contribute to the backscattering pattern and therefore is not 

considered. At the next interaction between the ray and an interface, the 

internally reflected portion is neglected, and only the rearward transmitted 

ray is accounted for. A separate backscattering pattern is produced by rays 

which undergo two or more internal refections. Due to the transmission of a 

signiflcEmt portion of the ray for highly transpEuent materials, the intensity of 

the interference pattern is drastically reduced with each internal reflection. 

The total angle of deviation, dj^, of a ray under going N internal reflections 

is given in radians by 

dN = 2ii-r)-^Niw-2r) (3.1) 
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Figure 3.1 Deviation of an Incident Ray. 

where (i — r) and (TT — 2r) represent the deviation upon each refraction and each 

internal reflection, respectively. Following substitution of SneU's law. Equation 

(3.1) predicts the deviation angle as a function of the angle of incidence. This 

relationship is depicted in Figure 3.2 for the case of a single internal reflection, 

TV = 1. Figure 3.2 shows that di as a function of t is nonsymmetric with a 

clearly defined minimum. By simply taking the derivative of df^ with respect to 

I, it is determined that the angle of minimum deviation corresponds to the angle 
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Figure 3.2 Deviation Angle as a Function of Angle of Incidence. 

of incidence given by 

IN = cos - 1 /x2 - 1 

N^-\-2N 

where p is equal to the index of refraction of the cyUnder with respect to the 

surroundings. Therefore, rays incident at an angle less than /^v and those 

incident at an angle greater than IN both leave the cyUnder at angles greater 

(3.2) 
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than the angle of minimum deviation, DN- It is the interaction of these two 

groups of rays which produce the observed interference pattern. 

To illustrate the interference of these groups, consider four rays A,B,I?, 

and E oi a linear wavefront which axe incident on the top half of a cylinder of 

radius a as shown in Figure 3.3. A similzu wavefront exists on the bottom half, 

but is not included due to symmetry about the X axis. The ray D represents 

the ray of minimum deviation which is incident at the angle / . The rays E and 

B exhibit the path of rays incident at zoigles IB and IE which axe larger and 

smaUer than / , respectively. At the point of the internal reflection, notice that 

the D ray (which includes an arrow at this point) is reflected from a point with 

the laxgest Y coordinate. Upon subsequent refraction at the second interface, 

the D ray has the greatest slope and, a short distzmce away from the cylinder, 

becomes the ray with the smallest Y coordinate. 

After passing through the cyUnder, the initially Unear wavefront takes on 

an entirely new shape. Consider the small time interval T' — T required for 

the ray incident at A to travel a distance equal to twice the diameter of the 

cyUnder and back to A'. In the same period of time, the rays B, D, and E have 

traveled to the positions shown by B', £>', and E', respectively. By tracking 

the position of other rays at time T', the transformed wavefront W is given 

by the smooth curve between A' and B'. The section of the wavefront between 

D' and B' is now "folded" over, and aU of the rays which were located between 

E and B on the incident wavefront axe confined to a relatively smedl area on 

the W' wavefront between E' and B'• Therefore, a region of high intensity 

can be expected near D'• Also, the shape of the transmitted wavefront shows 
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Figure 3.3 Transmission of an Incident Wavefront. 

the difference in the optical path lengths between the two intersecting E and 

B rays. This difference results in a phase shift between the two wavefront 

sections and ultimately produces an interference pattern when the waves axe 

superimposed. The mathematical formulation of the intensity distribution 

within this interference pattern is the goal of the upcoming sections. The 

next section presents the development of a functional form of the intensity 

distribution by employing a virtual wavefront represented by a cubic equation. 
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This approach was originaUy appUed to spherical dielectric particles by Airy [96] 

in an analysis of naturaUy occuring rainbows. 

- - / 

Figure 3.4 Opticzd Path Length of an Incident Ray. 

3.1 Cubic Wavefront Approximation 

To determine the nature of the interference pattern, the optical path 

length must be analyzed. Referring to Figure 3.4, consider the ray originating 

at C which is incident on the cyUnder at an angle t close to / , and hence is 
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transmitted from the cyUnder at an angle close to that of minimum deviation. 

The point C is located on this ray at a point a distance L from the interface. 

The time t required for a ray to travel between C and C is given by 

t = —[a(l - cosii)) -I- 4paco3ir) -f- L]. (3.3) 

Setting this term equal to the time required for a ray to travel between A and 

A' yields an expression for L given by 

L = a[4/i(l - cosir)) - (1 - cosii))^ (3.4) 

For a set of X — y coordinates positioned at the center of the cyUnder, the point 

C is located by 

X = a cosiDi — i) -\- L co5(Di), y = —a siniDi — i) — L 5m(Z)i). (3.5) 

It is convienient to define a new set of X' — Y' coordinates by rotating the X — Y 

coordinates clockwise by the angle D[ = D\ — 7r/2, where D\ is the angle 

of minimmn deviation for singly reflected rays. In terms of the transformed 

coordinates, an angle d' is defined by 

d' = D-Di (3.6) 

where d' is smzdl. Following the transformation, the coordinates of the point C 

axe given by 

x' = -a sinid' -i)-L sinid'), y' = -a cosid' - i) - L cosid') (3.7) 

As the angle d' is small, an expansion of the first term in both equations, after 

employing the relations cosid') « 1 and sinid') w cf', yields x' and y' in the form 

X = a sinii) — ad' cosii) — Ld, y = —a cosii) — Ld' 5m(i) — L. (3.8) 
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As the Y' axis is close to being parallel to the direction of the wavefront 

propagation, it is clear that the optical path difference wiU be a strong function 

of y . Therefore, attention is focused on obtaining an expression for y' in terms 

of a single variable. To facilitate this effort, the variables a and /? are defined as 

small angles given by 

a = / - i , l3 = R^r (3.9) 

where / and R are the incident and refracted angles coresponding to the ray of 

minimum deviation. From SneU's law, it is clear that ^ is a function of a. To 

eliminate variables, 13 is expanded in terms of a in a Maclaurin series as given 

'" (S).„ 4 (S)„. ̂  ? im,^ <"»' 
where powers of a greater than three have been neglected. From Equations 

(3.1), (3.6), and (3.9), the angle d' can be expressed as 

d' = 2[a -iN-^ 1)0]. (3.11) 

After differentiating and noticing that at a = 0, fi = 0, the first derivative in the 

series expansion of 13 is given by 

Following substitution of Equation (3.12) into Equation (3.10), and using the 

relationship given in Equation (3.11), d' is expressed by 

d' = -2iN -h 1) 
2 U^Va=0^ 6 U«Va=0 

(3.13) 
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The cosii) and sinii) terms axe also addressed by employing a Maclaurin series 

containing up to third-order a terms as given by 

2 3 
cosii) = cosil -1- a) = cosil) -\- a sinil) - ^cosil) -\- %-siniI) (3.14) 

2 6 

and 

2 3 
sinii) - sinil -I- a ) = sinil) -\- ot cosil) - ^sinil) -\- %-cosiI). (3.15) 

2 6 

The cosir) term is also expanded up to third-order in a Maclaurin series. As 0 

is a function of a, the form of the equation is 

cosir) = cosir + ;3) 4- a f S^Sll j 

a^ fd^cosir)\ a^ fd^cosir) 

^Y[^^).._.^TH^)^__„ (̂-̂̂ ^ 
where, from straightforward differentiation, SneU's law, and Equation (3.12) 

fdcosir)\ _ (sinii) d(3\ _ sinil) 

and by repeated differentiation 

d'^cosir)\ cosil) sinil) fd^0\ 

d^cosir)\ sinjl) cosil) f d^0\ /sinil)d^0\ 

The second-order derivative of (3 with respect to a appearing on the right-hand 

side of the previous expressions is obtained by differentiating SneU's law twice 

and is given by 
d^0\ sinil) N^ i-2N 

. ^ « V a = o cosil) iN^l)^ 
(3.17) 
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After substituting Equations (3.13) through (3.17) into Equation (3.8), terms 

containing the third-order derivative cancel and the y' coordinate is given by 

y- = -2a[-{N' + 2N)cos{I) + ^.(N + 1) - 1/2] - '"'^^'^l^J^'"^^^- (3.18) 

Equation (3.18) represents the position of a ray on the transmitted W' wavefront 

shown in Figure 3.3. As the previous development was Umited to small values of 

d', points on the wavefront as described by Equation (3.18) must be sufficiently 

close to D'. 

In order to obtain a functional relationship for the difference in optical 

path lengths of interfering rays, the wavefront profile, not just the perpendicular 

distance from the wavefront at the location corresponding to the angle of 

minimum deviation, must be known. To this end, a translation of coordinates is 

performed such that the new origin is a point on the ray of minimum deviation 

and is now placed on a virtual wavefront Wy an axbitraxy distance in the 

positive Y' direction as shown in Figure 3.5. The virtual wavefront shows the 

shape of a wavefront in the surrounding media which would produce the same 

transmitted W' wavefront created by the cylinder. As the W^ wavefront is 

not considered to be subjected to the dielectric, it is created by mapping the 

trcmsmitted wavefront backwards along rays of equal length. On performing 

the transformation, the first term in Equation (3.18), which represents the Y' 

coordinate of the point D', is replaced by an axbitraxy constant Ci . Therefore, 

the Yi coordinate representing points on the virtual wavefront is given by 

_ aa^N^ + 2N)sin{I) 

^ ' - ^ ' Z(N +1)2 • ^ ' 
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Figure 3.5 Definition of the Virtual Wavefront. 

Now it becomes necessary to reduce the x* coordinate relationship given in 

Equation (3.8) to an expression in terms of a. Furthermore, the transformation 

to the new X\ — Y\ coordinates must be addressed. Upon inspection of Equation 

(3.8), the ray of minimum deviation corresponds to the Une x' = a sinil) as 

when I = / , cf' = 0. For small values of a, the x' coordinate can reasonably be 

expressed by 

x' — a\sinil) -\- a cos{I)] (3.20) 
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which, following the transformation to Xi-Yi coordinates, yields an approximate 

expression for the Xi coordinate of points on the virtual wavefront given by 

xi =aa cosil)^ (3.21) 

EUminating a between Equations (3.19) and (3.21), and defining the Xi - Yi 

coordinate system such that Ci = 0, results in a cubic approximation of the W„ 

wavefront given by 

xliN"^ -i- 2N)siniI) 

^ ' ~ 3a2(iV-h l)2cos3(/) (^-^^^ 

Expressing sin in terms of cos and applying Equation (3.2) for cosil) yields the 

simplified relationship 

h .3 
yi = - 3 ^ * 1 (3.23) 

where. 

1 fN^-\-2NV / iV2+27V- / i2 + l 

"= i i ^^ ) (^vr r ) V (.2-1) • ^'-''^ 
For water in air and light undergoing a single internsd reflection, p — 4 /3 and 

N = 1 yielding the result h = 4.89. 

With the proflle of the W„ wavefront known, the phase shift resulting 

from the difference in the optical path lengths of intersecting rays can be 

obtained. The phase shift as a function of a scattering angle can then be used 

to determine the relationship between the profile of the interference pattern 

and the diameter of the cyUnder. As Equation (3.23) describes the shape of a 

virtual wavefront existing in air, the presence of the dielectric no longer needs to 

be considered. Subsequent discussion will be Umited to the case of one internal 

reflection, N = I. 
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Figure 3.6 Phase Shift due to the Difference in Optical Path Length. 

In order to determine the phase shift as a function of a scattering angle, 

consider a point M on the wavefront close to the origin such that a Une 

perpendicular to the wavefront at M forms a smaU angle 9 relative to the ray 

of minimum deviation as shown in Figure 3.6. The optical path difference is 

calculated by subtracting the distance between the point M and a perpendiculax 

plane P from the corresponding distance between P and the origin. The phase 

shift between a ray originating at a point (xi,yi) on the W^ wavefront relative 
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to the ray of minimum deviation is then determined by the difference in the 

optical path lengths multipUed by 27r/A as given by 

S^^2,OL^ = 2.'^^'"W-yico^W, (3.25) 
A A 

Following substitution of Equation (3.23), and by assuming that elemental 

distances on the wavefront can be represented by dx, the superposition of the 

wave sections acting on the plane at P is represented by 

V = A^ / s m ( — - 6j,\dx (3.26) 

where. 
3 hxl cosi9) — Xi sini9) (3.27) 

3a2 

T is the period, and A^ is the amplitude per unit length of wavefront. Following 

expansion of Equation (3.26), the temporal terms can be moved outside of the 

integral sign and the amplitude of the resulting vibration at P can be expressed 

by 

Ap = A^VA2+52 (3.28) 

where, 

cosi6p)dx 

and 

B 

= / 

= / sini6p)dx. 

The Umits of integration are yet to be determined. Upon inspection of Equa

tion (3.27), keeping in mind that 9 is smzdl, it can be observed that the behavior 

of the function is dominated by the term xJ/A. For the visible rzmge, 1/A 
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is of the order 10*. Therefore, by inspection of Equation (3.27), it can be 

observed that 6p increases rapidly as xi increases signiflcantly from 0. As 

Equation (3.28) contains 6p as the argument of sinusoidal functions, the large 

increase in 6p for increasing xi results in rapid osciUations of the terms A and B 

which, when added over any finite length dx, do not contribute to the integral. 

Therefore, integration can be performed over infinite limits while recognizing 

that significant contributions to the integral are Umited to the neighborhood of 

xi = 0 . 

The intensity as a function of the scattering angle 9 is proportional to the 

square of the sunplitude Ap. As both sin and 6p axe odd functions, B = 0 when 

integrated from —oc to oo. Therefore, the intensity is represented by A2. In 

chzuacterizing the intensity, it is useful to define 

4/i 
u = 3a2A X cosi9) (3.29) 

and 

uX 
z = ^sini9) (3.30) 

for which 
/•oo 

COS 
Jo 

'X 
^(u^ - zu) du. (3.31) 

The function / (z ) defines the Airy function by 

Aii-izl2) = \li fiz) (3.32) 

where ^ = (27r2/3)^/^. An expression for the intensity as a function of the angle 

9, where 9 is defined clockwise from the angle of minimum deviation, is then 

given by 

/ = [M( Aii-(z/2)]^ (3.33) 
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where, 

3a2A \ ^/' 

; ) 4h cosi9) 

The relative intensity distribution I/Al predicted by this method is shown in 

Figure 3.7 as a function of the scattering angle (the angle 9 plus the minimum 

devation angle Di). Figure 3.7 was obtained by considering Ught with a 

wavelength of 488 nm incident on a 0.016 in. diameter cyUnder of water in air, 

for which the ratio a/A = 416. For this case, the angle of minimum deviation Di 

is 137.96^ 

Figure 3.7 shows severed characteristics of the interference phenomenon. 

First, the intensity distribution is Umited to angles greater than Di . Secondly, 

a strong maximum occurs near Di as predicted by the discussion pertzdning 

to Figure 3.3. Following the first maximum, the intensity of each maximum 

decreases shzuply at first, and then more slowly with increasing angles. The 

corresponding minima all have a zero relative intensity. Upon closer examination, 

the angular difference between minima increases with increasing angles. .\s 

expected, the nature of the intensity distribution is a function of the cyUnder 

diameter. At this point, the only method of characterizing the distribution is by 

examining the distzmce between minima as the ampUtude A^, remains unknown. 

Upon reviewing the change in the distance between minima as a function of 

a given change in the cyUnder diameter, it was determined that the distance 

between the 3rd and 4th minima wcis most sensitive to changes in the diameter 

of the cylinder. 

Therefore, according to the discussion of this section, it is possible to 

determine changes in the diameter of a fluid jet by measuring the change in the 
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Figure 3.7 Intensity Distribution Predicted by Cubic Wave Approximation. 

distance between the 3rd and 4th minima of the predicted intensity distribution. 

However, due to the assumptions required to obtain Equation (3.33), the 

cubic wavefront approximation, although useful is describing the nature of the 

phenomenon, is not weU-suited for use as an experimental tool. 

A fundamental assumption which Umits the appUcabiUty of the preceding 

derivation is the supposition that the scattering angle is close to the angle 
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of minimum deviation. Ftom Figure 3.7, it is evident that the minima of the 

intensity distribution begin approximately 1*. from Di, and the 3rd minimum 

IS located almost 3* from Di. This approximation is expected to influence every 

aspect of the results. 

Furthermore, the angle 9 was defined from the angle of minimum deviation 

with the origin located on the virtual wavefront. In order to interpret the 

results, the scattering angle is assumed to be defined relative to the center of 

the cylinder. This assumption does not influence the angular distance between 

minima, but does emphasize that the scattering angles are relative due to the 

absence of a well-deflned polar origin. 

It would be possible to account for lack of a weU-defined polax origin by 

flxing the location of the virtual wavefront. Examining this possibility leads 

to an investigation of the primary assumption that the wavefront is indeed 

accurately described by a cubic equation. For the virtual wavefront to resemble 

a cubic equation, it must be located significantly behind the wavefront W'. 

However, the constant Ci, which represents the distance along the ray of 

minimum deviation from the wavefront W' to the virtual wavefront W^^ was 

talcen to be zero. It is possible to fix the location of the virtual wavefront and 

determine the resulting intensity distribution. However, unlike Equation (3.33), 

the solution is not in closed form. Instead of pursuing this avenue, attention 

is now turned to analyzing the intensity distribution by applying a Utered 

interpretation of the Huygens-Fresnel principle. 
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3.2 Huvgens-Fresnel Approach 

Due to the shortcomings of the cubic wave approximation, alternative 

methods of analyzing the intensity distribution were investigated. The method 

discussed in this section employs a ray approach in the neighborhood of the 

cyUnder, and a wave approach in the remsdning space. A similar tactic was used 

by Malkus et al. [97] in their work on analyzing water drop sizes in clouds. As 

discussed in Chapter II, improved methods now exist for analyzing sphere sizes. 

However, the work of Malkus et al. served as a starting point for the derivation 

which foUows. 

Attention is now turned to the cyUnder cross-section with the X - Y 

coordinate system and wavefront W' as shown in Figure 3.3. The geometrical 

optics approach is assumed to be valid within this region. Rather than using the 

wavefront W' for the formulation of an approximate virtual wavefront profile, 

W is now considered as a source of spherical waves. This approach relies on a 

literal interpretation of the Huygens-Fresnel principle which, as cited by Hecht 

[98], states that "every unobstructed point of a wavefront, at a given instant of 

time, serves as a source of spherical secondary wavelets which have the same 

frequency as the primary wave. The am,plitude of the optical field at any point 

beyond is the superposition of these wavelets considering their relative amplitudes 

and phases^^^ Therefore, the wavefront W' is treated as a source of an infinite 

number of spherical waves which, upon addition, yields the intensity at a point 

which is located in the direction of the propagating wavefront. 

It is desirable for the intensity distribution of the transmitted Ught to be 

expressed in terms of the intensity of the incident Ught. Therefore, it is helpful 
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to express the intensity of the W' wavefront, Iw as a ratio of the intensity of 

the incident beam of Ught, 13. At the first interface, a portion 1 - ^ of the 

incident Ught is transmitted into the dielectric, where the reflection coefficient p 

is defined as the ratio of reflected to incident energy. Although this coefficient 

is subject to SneU's and Fresnel's laws which indicate that p is & function of 

the incident angle, for the purposes of this analysis p wiU be taken as constant 

and equal to that of normal incidence. This assumption results in only a sUght 

overprediction of the magnitude of the intensity distribution and does not 

influence the location of the distribution minima. At the second interface, a 

portion p of the energy is internally reflected. At the third interface, a fraction 

1 — p of the light is transmitted back into the surrounding media. Considering 

the cumulative effect of each interface, the intensity ratio is given by 

IB AW 

where AB and Aw are areas on the incident and W' wavefronts, respectively. 

For elemental wavefront areas, due to the surfax:es being independent of the 

cylinder ajcial coordinate, the ratio of the areas is given in terms of the angle of 

incidence by the relationship 

AB = a cosii)di/dW'. (3.35) 

The ratio of intensities is then given by 

Iw' cip{1 - p)'^cosii) 
(3.36) 

IB dW'/di 

Returning to the profile of the W' wavefront given by Equation (3.5) and taking 
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the derivative yields 

dx 
— = -smiDi) 

- 8 cQs2(i) 4 cosii) 16 cosii) + 
p cosir) /i cosir) cosir) 

19 cosii) - 8/i cosir) -\-%p-2 di (3.37) 

and 

dy 
— = —cos(Di) 

- 8 CQs2(i) 4 cosii) 16 cos(j) + 
p cosir) p cosir) cosir) 

19 cos(i) - 8/i cosir) -\-%p-2 di. (3.38) 

As the elemental distance on the wavefront dW' is equal to y/dx"^ -\- dy"^, the 

term dW'/di is given by 

dW' 

di = m = a —8 cos'^ii) 4 cosii) 16 cosii) 
+ 

p cosir) p cosir) cosir) f 

19 cosii) - 8/i cosir) -|- 8/f - 2 . (3.39) 

With the incremental intensity along the W' wavefront estabUshed, the intensity 

at a point Pix,y) is pursued by superimposing the spherical wavelets originating 

from W'. The solution technique is now governed by the wave equation. 

d^E 
- c^V^E = 0 (3.40) 

where c is the speed of light. The temporal representation of the wave with 

frequency u; is of the form 

£;(x,y,t) = F(x ,y)e — tut (3.41) 
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Upon substitution of Equation (3.41) into Equation (3.40), the corresponding 

steady-state behavior is governed by Helmholz's equation, 

V^F-^k^F = 0 (3.42) 

where k = 27r/A is the wavenumber of the Ught. The solution of Helmholz's 

equation is weU estabUshed, for example see Vladimirov [99]. Particularly, in 

unbounded regions, such as the surrounding space in which the solution of 

the intensity distribution is sought, a unique solution is given in terms of the 

Green's function provided that Sommerfeld's radiation conditions are upheld. 

For waves incoming from a scattering object in an unbounded region, these 

conditions specify that , as the distzmce from the scattering object increases, 

the wave form approximates a spherical wave. Clearly, these conditions are in 

agreement with the Huygen-Fresnel principle. 

In terms of the Green's function, the solution of Equation (3.42) at an 

arbitraxy point P for incident waves shown in Figure 3.8 is given by 

Ep = -^\f tl-LvF'hdW' - I FV r-^--^ • h dW' 

which is also known as the Kirchoff integrzd theorem from the more functionaUy 

restrictive approach of Kirchoff diffraction theory. In Equation (3.43), F is a 

spherical traveling wave of the form 

F = / i / 2 e - * ^ (3.44) 

where, as shown in Figure 3.8, g is normal to W' and in the direction of wave 

propagation. As F is evaluated on W , V F is defined by 

_ ri/2 w VF = iti: -I- ki 
gw 

e 
-ikg (3.44) 
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l>(x.y) 

Figure 3.8 Geometry of Huygens-Fresnel Approach. 

where gw' is equal to the distzmce from W' to the X axis. FoUowing substitution 

of both Equation (3.44) and the remzdning gradient, Equation (3.43) is given by 

,̂ = ^ / ([_L + „ 
47r Jw \[9W' 

+ - -I- ki 
r 

cosin,r) 1 ri/2^1// lUrtdW' (3.45) 

where (n, r) is the 2mgle between the n and r unit vectors. As gw' is approx

imately equzd to the diameter of the cyUnder, for cyUnders significantly Izuger 
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than the wavelength of the incident Ught, 

9W' 
< k (3.46) 

which is equivalent to the condition 

a/A > 0.16. (3.47) 

Furthermore, as r represents the distance from the point of observation P to the 

wavefront W', clearly in the far field 

' <k. 
r 

(3.48) 

Following appUcation of the conditions outUned in Equations (3.46) and (3.48), 

the magnitude of the optical field is obtained by squaring the real and imaginary 

parts of Equation (3.45). By assuming that the intensity of the incident beam is 

constant. Is can be placed under the integral sign and the relative intensity at 

point P is given by 

r) {Iw^ Ip_ 

IB 

f I -\- cosin, 

Jw 2Ar IB 
sin[kir 4- gfvv')]<iW' 

1/2 

-h 

f 1 -\-cosin,r) f Iw\ r. / \^ nm 

L 2Ar ( T T ) ^''s[k(r^ow)W 
(3.49) 

Rather than integrate over the ciurved wavefront W', it is convenient to express 

Equation (3.49) in terms of the emgle of incidence and integrate from 0 to 7r/2. 

Sustituting Equation (3.36) yields the form 

""/^ I-\-cosin, r) Ip_ 

IB 

T 2 

/ i 
Jo 

I 
2Ar 

*' 1-1- cosin, f) 

2Ar 

[apil - p^)fii)cosii)]^ sinikz)di + 

1/2 
[apil - p2 ) / ( , ) cos (0 ]^ cosikz)di (3.50) 
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where z = r -^ gw and /(x) is given by Equation (3.39). A closed form 

solution of the above equation is not possible. Therefore, a numericzd approach 

was chosen which evaluates Equation (3.50) at a specified point F (x ,y ) , where 

P(x,y) is located a radial distance P from the origin and an angle 9 from the 

negative X axis as shown in Figure 3.8. 

Both of the integrals appearing in Equation (3.50) were evaluated using 

an adaptive quadrature algorithm given by Forsythe et al. [100]. When the 

value of the function was required for a given i, it was necessary to perform a 

series of steps to evaluate each term. For each i, the angle r was calculated first 

by SneU's law. The point {x'yY,y'yy) on the wavefront W' corresponding to the 

incident ray is then located using Equation (3.5) and the angle of minimum 

deviation Di determined by SneU's law and Equations (3.1) and (3.2). By 

geometric considerations, the angle (n , f ) is given by 

(n, r ) = (i - TT -h Tan-^ f Vw ' V \ (3 5^^ 
\xw' - X J 

In determining z = r-{-gw'-, r is simply the distzuice between the points (x\y,y'vy) 

and (x,y). The distance gw' is talcen to be constant and equal to the diameter 

of the jet in order to establish a reference phase plane close to the origin. 

The results of evaluating Equation (3.50) aie shown in Figure 3.9. The 

relative intensity, IP/IB', is plotted as a function of the scattering angle ir - 9. 

The curve representing a/A = 5 shows a low intensity interference pattern 

with laxge angular distances between minima. The sharp peak near the angle 

of minimum deviation observed in Figure 3.7 is no longer present. As the size 

of the cylinder is increased, the intensity of the meixima and the distzmces 
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Figure 3.9 Intensity Distribution Predicted by Huygens-Fresnel Approach. 

between minima are significantly reduced. The intensity of the minima are 

no longer zero, as was the case in the cubic wave approximation, and tends to 

increase with increasing scattering angles. The results for a further increase 

in the cyUnder size, shown for a/A = 15, foUow the szune general trend of 

increasing amplitude and decreasing angular disteuices between minima. With 

increasing cylinder diameter, the intensity distribution appears to approach 
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the cubic wavefront approximation in the sense that the ampUtude is large 

for the first two maxima and then drops sharply. As was the case in the cubic 

wave approximation, the angular distzmces between minima are not constant. 

However, the Huygens-Fresnel approach shows the existence of secondary 

minima, as observed for a/A = 15, near 163o. 

Unfortunately, it is not possible to apply this approach to cases in which 

a/A significantly exceeds 20. This Umitation is due to difficulty in numerically 

integrating functions with high frequency, large ampUtude fluctuations. This 

situation was alluded to in the discussion of the integration Umits of the cubic 

wave approximation. In the present case, any modiflcations to alleviate the 

numerical difficulty in integrating the function do not maintain the essence 

of the technique. However, the results do incUcate the high sensitivity of the 

intensity distribution to changes in the cylinder diameter. Therefore, it appears 

to be well-suited for the measurement of micron-sized cylinders using visible 

light. 

It is stiU desirable to develop a technique suitable for use in measuring 

larger diameter cyUnders which is not subject to the restrictive assumptions 

of the cubic wave approximation. Such a method is discussed in the following 

section. 

3.3 Parametric Rav Addition Technique 

This technnique employs some of the relationships developed in the 

previous sections in an parametric approach to solving for the angular intensity 

distribution. Consider the cyUnder of radius a surrounded by a second cyUnder 
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S of radius P where P ^ a. Sections of each of these cyUnders are shown 

in Figure 3.10 along with the point of observation P(x ,y) and other defined 

variables. It was estabUshed early in the chapter that the interference pattern 

was produced by the interaction of intersecting rays from different parts of the 

wavefront W'. Therefore, the most straightforwau-d approzwJi to determining the 

intensity distribution is to analyze the interaction of rays from sepaxate portions 

ofW'. 

Consider the point ( x w ' , y w ' ) on the W' wavefront such that a normal Une 

at (xw'^yw) intersects the arc 5 at the point Pix,y). Therefore, rays passing 

through ixw,yw) will be incident on S at P. As before, the point Pix,y) is 

located a radial distance P from the origin and at an angle 9 from the negative 

X axis. The cUstance between ixw,yw') and P is denoted by R and the Une 

connecting the two points forms an angle ^ from the horizontal as shown in 

Figure 3.10. The angle <f> is the complement of the deviation angle given by 

Equation (3.1), i.e., 

(̂  = 4r - 2i (3.52) 

where, as before, r is given in terms of i by SneU's law. 

The coordinates of the point ( x v r s y w ) on W' and the point P on 5 are 

related by 

iLZi^ = tanW (3.53) 
X — X\y' 

where xw' and yw' were previously given in Equation (3.5) in terms of the 

angle of incidence. Substituting y^ = P^ - x^ and x = -Pcosi9) into Equation 

(3.53) yields a relationship between the original angle on incidence i and the 

angle 9 at which a ray intersects the curve S. This equation is given by 
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Figure 3.10 Geometry of Parametric Ray Addition Technique. 

9 = cos~^ 
2P[tan '{<!>) +l]\ 

2(yw' - xviri)tani(f>)-\-

yj^yw - xw')^tan^{(t>) - 4[1 -h tan(<;^)][2xw'yw'̂ an(<^) -h yĵ ,, - P2] j . (3.54) 

For each angle 9, there exist two angles of incidence, zi and i2, which 

satisfy the transcendental relationship given by Equation (3.54). Therefore, 

to determine the intensity at an angle 9 on 5, Equation (3.54) is solved by 
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a Newton-Raphson method which uses a Unear approximation as an initial 

estimate. With ij and 12 known, the corresponding positions on the W' 

wavefront (xi ,w' ,yi ,W') and {x2,w,y2,W') can be determined. The angles 

of incidence ii and 22 are less than and greater than the angle of incidence 

/ corresponding to the angle of minimum deviation respectively. Therefore, 

the point (xi,vy',yi,w') Ues on the leading portion of W' and (x2,w',y2,W') is 

located on the portion of W' which is subjected to a phase lag. 

The difference in optical paths which produces the phase shift 6 is then 

given by the difference in the distances Ri and R2 between P (x ,y ) and the two 

points on W'. At each of the two points on W' the intensities li^w and l2,w 

axe expressed in terms of the incident intensity and the respective angles of 

incidence by Equations (3.36) and (3.39). The ratio of the intensity at Pix,y) 

to the incident beam intensity is then given for this approach by superimposing 

the two waves intersecting at P (x , y) and is expressed by 

^ = 2 ( ^ ) " ' ( ^ ) " ' { c o . ( t i ) + i i l ^ ( | ^ IsinikS) - cosikS)] 

Provided the distance P is laxge, the variable Ri, which is a function I'l, can 

be set equal to the constant value of P with negligible error. This assumption 

results in the elimination of laxge fluctuations of the sinusoidal terms with 

the argument kRi. Although it is possible to calculate Ri, any smaU error 

is compounded by the magnitude of the wavenumber k and results in rapid 

fluctuations of the solution. These fluctuations have been referenced in the 

previous two sections and, using the present approach, can be eUminated. The 
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assumption of a far field observation point, and the Umitations of geometrical 

optics are the only primary restrictions on the solution. Therefore, the solution 

is expected to apply over a wide range of cyUnder sizes. 

The results of this technique are given in Figure 3.11 for values of a/A 

ranging from 300 to 400. The general trend of the interference pattern exhibits 

features incUcative of both the closed form cubic approximation solution and the 

Huygens-Fresnel approach. In agreement with both of the methods presented 

in previous sections, the angular distance between minima is not uniform and 

decreases with increasing scattering angles. 

Similax to the cubic wave approximation, and as expected for laxge 

cylinders, a sharp maximum exists for angles sUghtly greater than the angle of 

minimum deviation. The peak of this maximiun is not shown in Figure 3.11 as 

its magnitude greatly exceeds that of the rest of the distribution. 

In a manner resembUng the results of the Huygens-Fresnel approach 

for diameters neax the upper limit of its applicabiUty, the magnitude of the 

minima is not zero and decreases as the scattering angle increases. Furthermore, 

secondary local minima are observed. As a/A is increased from 300 to 400, the 

appearance of a small secondary minima to the right of the first laxge maximum 

(at approximately 139.5o) dissipates. The location of this secondary minimum 

continues to move to the left with a further increase in a/A as shown in Figure 

3.12. As a/A is increased to 450, the location of the secondary minimiun 

appears to the left of the first laxge maximum and becomes more marked for 

a/X = 500. 
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Figure 3.11 Intensity Distribution for Lower Range of a/A. 

The sensitivity of the intensity distribution to changes in the cyUnder 

diameter can be observed in both Figures 3.11 and 3.12. For visible Ught, 1/A 

is laxge, and small changes of the cyUnder radius a result in large changes in the 

ratio a/X. For increasing values of a/A, the overaU pattern past the first large 

maximum is shifted to the left. In fact, changing a/X by a factor of 100 results 

in a shift of aUnost one cycle of the last minima shown in Figures 3.11 and 3.12. 
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Figiu^ 3.12 Intensity Distribution for Upper Range of a/X. 

Furthermore, the distances between minima axe reduced for increasing 

cyUnder radii. As previously mentioned, changes in the angulax distances 

between minima are best suited for use in a measiurement tool to determine the 

cyUnder cUameter. By observing these angular distances in the far field, the 

Unear distance between minima can be made sufficiently large for very smaU 

changes to be easily detectable. Therefore, it is instrumental to examine changes 
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in the distzmces between minima as a function of the jet diameter, where Dj = 

2a. 

Figure 3.13 shows the Unear cUstances between the first two minima 

observed on a screen a radial dist2mce P = 48 in. from the cylinder. The choice 

of the observation distance is axbitrary and only influences the magnitude of the 

linear distance between minima and the relative phase of the superimposed 
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Figure 3.13 Cylinder Diameter versus Distance Between the First Two Minima. 
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waves. Figure 3.13 was generated by numerically determining the distance Du 

over a range of cyUnder diameters Dj^ The results of this calculation were then 

expressed as a functionzd relationship by performing a least-squares geometric 

regression which well represented the calculated values. 

The distance between the 2nd and 3rd minima was analyzed similarly and 

is given in Figure 3.14. Comparing Figures 3.13 and 3.14 shows that the 

0.02 

0.018 -

'O 0.016 

0.014 -

0.012 
0.45 OS 0.55 0.6 0.65 

D (in.) 
23 ^ 

Figure 3.14 Cylinder Diameter versus Distance Between the 2nd and 3rd Minima. 
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distance D23 between the 2nd and 3rd minima is smaUer but more sensitive to 

changes in the cyUnder diameter than D ^ . The smaller magnitude is reflected 

by a decrease in the leading constant from 7.9 X 10"^ to 6.3 X 10"^. The 

increased sensitivity is indicated by the larger absolute value of the exponent of 

the cyUnder diameter. 

The same general trend is shown in Figures 3.15 and 3.16 which express 

the cyUnder diameter as a function of D34 and D45, respectively. However, 

when comparing the expression for Dj in terms of D34 with the corresponding 

relationship between Dj and D45 it can be observed that the increase in 

sensitivity by considering further minima is decreasing. 

From the previous analysis and cUscussion, it is evident that considering 

the distance between minima beyond the 5th minimum is of decreasing value 

for use in a measurement tool. As a very small increase in the absolute value of 

the exponent is observed between the equations expressing Dj in terms of D34 

and 1)45, it appears that the distance between the 3rd and the 4th minima is 

most appropriate for use in a measurement tool. Furthermore, as the intensity 

distribution is to be observed in the far field, the intensity of the interference 

pattern will be reduced. Considering the distance between any further minima 

results in a further reduction of the distribution intensity and may result in an 

interference pattern which is too weak to measure. 

From the preceding discussion, it appeaxs that the parametric ray addition 

technique is best suited for accurately measuring disturbances on the surface of 

a Uquid jet. For very smaU jets, or to measure the diameter of small cylindrical 

dielectric objects, the Huygens-Fresnel approach appeaxs to be preferable. Both 
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Figure 3.15 CyUnder Diameter versus Distzmce Between the 3rd and 4th Minima. 

of these approaches require numerical operations to be performed as part of 

the solution. The paxametric ray approximation technique requires the solution 

of a transcendental equation, whereas the Huygens-Fresnel approach involves 

numerical integration. 

The cubic wave approximation represents the classical solution to the 

problem of Ught scattered by Izirge (compsured to the wavelength of the Ught) 
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Figure 3.16 CyUnder Diameter versus Distance Between the 4th and 5th Minima. 

spheres. The appUcation to cyUndrical geometry presented here is convenient 

due to the closed form solution which it yields. However, the assumptions 

associated with its derivation render it unsuitable for use as a measurement tool. 



CHAPTER IV 

DESCRIPTION OF THE EXPERIMENT 

4.1 Description of Appaxatus 

The experimental apparatus used in this work consists of a fluid flow 

system, an optical system and a data acquisition arrangement. Due to the 

nature of instabiUty studies, and the small physical dimensions involved, it 

was necessaxy to take significant measures to prevent vibration of the fluid and 

optical systems. 

4.1.1 Fluid Supply Apparatus. The fluid flow system is shown in Figure 

4.1. For smaU nozzle diameters or high flow rates, a pressurized nitrogen tank 

was used to drive the fluid, thus eUminating any possibiUty of pump surges. The 

flow rate was then controUed by regulating the supply pressure. A reservoir of 

distilled water was stored in the supply tank which feeds the fluid through a 7-

micron filter, a neecUe valve, and to the nozzle assembly. A pressure gauge was 

also mounted in the line to provide an indication of the fiow rate. AU plumbing 

was stainless steel to reduce corrosion, and Unes were mounted with rubber 

dampers to a fixed wall except for the needle assembly which was attached to 

a vibration isolation table. Adjustment of the vertical position of the nozzle 

exit was accompUshed by using spring-loaded fine thread screws at the location 

where the nozzle assembly support bar was attached to the vibration isolation 

table. 

For Izirger nozzles or low flow rates, a 20 gallon constant head tank provided 

the required driving pressure. The flow rate was then controUed by sdtering the 
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free surface level within the tank, or when larger adjustments were required, by 

raising or lowering the tank. The tank cross-sectional area was sufficient for a 

negUgible drop in the free surface to occur during the course of a typical test. 

4.1.2 Nozzles. Simple uniform diameter nozzles with variable length to 

diameter ratios were formed from hypodermic needles. A detail of a typical 

nozzle assembly is shown in Figure 4.2. Hypodermic needles varying from 

0.005 in. to 0.020 in. inside diameter were employed. Each needle was trimmed 

to a length sUghtly longer than required, filed flush using increasingly fine grades 

of siUcon carbide sandpaper and deburred using the point of an untrimmed 

needle prior to mounting in a tubing end. A 1/16 in. reentrant length was used 

to prevent clogging of the needle. The needle was protected from vibration and 

bending by an epoxy ceisting. 

4.1.3 Optical System. Figure 4.3 shows the optical system and the photo

graphic arrangement. Monochromatic Ught was generated by a water-cooled, 

5 Watt Spectra-Physics Model 165-03 Argon Laser equipped with a 240 Volt 

Spectra-Physics Model 265 Power Supply. The laser beam was reflected and 

aUgned down the center of an indexed MeUes Griot optic£d rsdl using two 

pinholes. A second mirror mounted on a translational stage was used to direct 

the beam onto the center of the jet. The mirrors and pinholes were mounted 

on Melles Griot sliding caxriers. FoUowing alignment of the optical system, the 

pinholes were removed, as they produced diffraction patterns, and the carriers 

equipped with the mirrors were fastened in place. The laser and the optical raU 

were fixed to the vibration isolation table to retain proper alignment of the laser 

beam with respect to the fluid jet. 
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Figure 4.2 Nozzle Assembly. 
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In addition to the experimental tool described in the previous chapter, 

the traditional method of high-speed photography wsis also used to observe the 

behavior of the jet. A backUghting technique was employed which produces 

dark images of the jet on a Ught background. A Pioneer stroboscope was placed 

behind a 1/8 in. translucent white acryUc screen in order to produce a high

speed diffuse Ught source. A single flash was triggered by the shutter contacts 

of the CEunera. A clear acryUc sheet with score marks every 0.020 in. was 

mounted in the fleld of the camera to estabUsh a scale for jet measurements to 

be performed from enlarged photographs. Photographs were taken with a Nikon 

F series 35 mm camera equipped with a Nikon focusing beUows, a Tamron 70-

210 mm focal length zoom lens and a Hoya K2 FUter. The czunera was mounted 

on a VivitEir Model 980 tripod. 

AU photographs were taken on Kodak Tmax 400 black-and-white film at f8 

with a shutter speed of 1/60 s. The flash duration produced by the strobe w£is 

approximately 3 /fs. Prints were processed on Kodak Polycontrast III RC paper 

and enlarged to 8 in. X 10 in., resulting in a scale of approximately 13:1. 

The intensity distribution derived in the previous chapter was measiured 

using a photodetector axray located as shown in Figure 4.4. The array consisted 

of eight NTE Electronics number 3038 phototransistor detectors located 0.1 in. 

apart on a phenolic circuit board. Each transistor was wired in series with a 

supply potential of 9 Volts and a 510 ohm resistor. The intensity of the Ught 

incident on each detector was recorded in terms of the change in voltage across 

the transistor. The cUfferential voltages were observed using an osciUoscope and 

were measured using a Zenith personal computer equipped with a Metrabyte 



101 

a 

, 0 

Xi 

•c 
s 
>» 
00 

a 

a 
Ui 

bO 



102 

DASH-16 analog to digital conversion board. The board was operated in DMA 

(Direct Memory Access) mode in order for sampling rates not be limited by the 

operating speed of the computer. 

4.2 AUfrnment of the Optical System 

In order to apply the results of the previous chapter, aUgnment of the 

optical system and measurement of certain geometric parameters were required. 

The laser produced a beam with an intensity distribution which was approx

imately Gaussian with a 1.1 mm diameter (measured between the points where 

the intensity is 1/e^ of the maximum). Therefore, a 1000 pm pinhole was 

used to align the beam down the center of the optical rjdl by traversing the 

rail and adjusting the flrst mirror angle until the resulting diffraction pattern 

remained independent of the distance between the mirror and the pinhole. A 

second pinhole was then instcdled, providing two points which could be used to 

reaUgn the laser with respect to the center of the rzdl in case the position of any 

component was disturbed during subsequent operations. 

With the beam positioned in the center of the optical rail and the second 

mirror removed, the detector axray was placed perpendicular to the beam such 

that the beam was centered with respect to the last detector. AUgnment of the 

beaxn and the last detector was accompUshed with the laser on low power by 

monitoring the detector voltage with the oscilloscope and positioning the array 

such that the maximum signal was observed. 

With the detector axray located at a flxed reference position, the location 

and reflection angle of the second mirror could be adjusted such that the desired 
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section of the intensity distribution was formed at the appropriate position 

on the array. Furthermore, in order to apply the equations of the preceding 

chapter, it was desirable to locate each detector in terms of a polar coordinate 

system with an origin at the center of the Uquid jet. Therefore, a knowledge 

of the index location of the fluid jet with respect to the optical rail, shown in 

Fig\u« 4.4 as Station C, was required. This was accompUshed by manufacturing 

a stop which was mounted on the same optical rail carrier as the second mirror. 

The stop was moved along the optical rail untU contact was made with the 

hypodermic needle, and the index location of the carrier was noted. 

The second mirror was then positioned such that the desired portion of the 

intensity distribution was incident on the detector array upon aUgnment of the 

laser beam and the fluid jet. This positioning requires an iterative adjustment 

of the mirror location and reflection angle, shown in Figure 4.4 as Station B 

and <l> respectively. When contacted by the laser, the jet acts as a thin slit and 

produces a clear, narrow diffraction pattern in the forward direction. The angle 

of reflection was adjusted for the most distinct diffraction pattern, providing a 

sufficient aUgnment of the laser beam and fluid jet centerUnes. The procedure 

was repeated following each mirror position adjustment until the intensity 

distribution was formed at the desired location on the detector axray. 

Once the appropriate location was obtained. Station B was noted. The 

distance Di could then be obtained by measuring the distance between the 

detector axray and the end of the optical rail with a tape measure. As this 

distance was laxge (on the order of 48in.), a tape measure provided sufficient 

accuracy for the percentage measurement error to be a smaU. 
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Using a similar tactic, the angle <f> was determined by forming a laige right 

triangle. With the beam aUgned down the center of the optical rail, the second 

mirror was used to reflect the beam over the top of the first mirror onto a 

perpendiculax cUstant wsdl. After marking the location of the beam on the wall, 

the mirror was adjusted such that the beam was incident on the center of the 

fluid jet. The fluid flow was then tiumed off, and the location of the beam on 

the waU was noted with a second mark. The two marks and the point of contact 

of the laser on the second mirror formed a large right triangle which was used to 

calculate 0. Repeated measurements were performed to determine the length of 

the three sides (which were on the order of 100 in. to 250 in.) until the measured 

hypotenuse was within 1% of that calculated using the remaining measm-ements. 

The preceding alignment technique was performed in order to correlate the 

distances between minima appearing on the detector array and the derivation 

of the previous chapter. With Di, D2, and <f> known, the lineax distance on the 

detector array between the nth and Tnth minima is given by 

Dnm = (Di + D2) * [tani9m -^<I>-TT)- tani9n + <?̂  - TT)] (4.1) 

where 9^ and 9m are the angulax locations of the nth and TTith minima, 

respectively. Equation (4.1) was employed in conjunction with the relationship 

P = Di + i)2 in the analysis of the jet diameter as a fimction of the 

distance between minima presented in the previous chapter. In accordance 

with the discussion of the preceding chapter, the distance D34 was used in aU 

calculations. 

The preceding alignment was performed prior to aU test runs. Therefore, 

the constants in the equation expressing Dj as a function of D34 were different 
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The preceding aUgnment was performed prior to aU test runs. Therefore, 

the constants in the equation expressing Dj as a function of D34 were different 

for each run. When runs were performed immediately foUowing each other, the 

same expression was used. In such cases, beam aUgnment with the second mark 

on the distant waU and the diffraction pattern produced by the jet were checked 

to ensure proper aUgnment. 

4.3 Data Acquisition 

Prior to initial tests runs, it was necessary to eliminate aU air from the 

supply Une. This was performed prior to alignment of the optical system by 

pressurizing the supply tank which initiated flow, and by raising the needle 

assembly such that all air rose through the Une. After sufficient time had 

elapsed for all air to be bled from the Une, the needle assembly was fastened 

in place and the valve was closed. During subsequent runs, it was necessary 

to ensure that the needle valve was never open while the supply tank was at 

atmospheric pressure or a siphon effect would introduce air into the Unes. 

During a typical test nm, the tank was pressurized, the needle valve 

was opened, and the tank regulator was adjusted to produce the correct flow 

pressure. When low pressures were required, it was only necessary to fiU the 

constant head tank to the appropriate fluid level. A minimum of 15 minutes 

was aUowed to elapse in order for the flow to become stable. Generally, the 

aUgnment of the optical system described in the previous section was performed 

during this time. Due to the reentrant length of the capiUary needle, and 

the high shear stress acting on the flow inside the needle, it was not possible 
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to accurately apply the BemoulU equation to determine the water flow rate. 

Therefore, prior to each nm, several flow rate measurements were tcdcen using a 

graduated cylinder and a stopwatch to ensure that the flow rate was correct and 

stable. 

Once the proper flow rate was obtained, the room was darkened and a 

cover plate was placed over the detector zirray to avoid extraneous signzds from 

security Ughts in the laboratory. A set of intensity measurements was then 

acquired by the computer in order to estabUsh a base noise level. A photograph 

was also taken to provide a visual representation of the jet behavior. The laser 

was then turned on and the nozzle assembly support bar adjusters were used to 

position the nozzle exit in the center of the laser beam. During this adjustment, 

the portion of the laser beam striking the nozzle produced a diffuse reflection, 

whereas the portion of the beam incident on the fluid formed the interference 

pat tern described in the previous chapter. As the detector axray was previously 

aligned with the beam, sufficient positioning of the nozzle exit with respect to 

the center of the laser beam was obtained when the dividing line between the 

two intensity distributions was observed at the center of the detector array. Due 

to the contraction of the fluid at the exit, the interference pattern appeared in 

the form of arcs rather than a thin line. This behavior was expected due to the 

secondary ctirvature of the jet surface in the axial direction. The jet proflle at 

the exit was obtzdned by sUghtly turning the adjusters such that the verticzd 

portion of the arcs was incident on the detectors. The interference pattern was 

then recorded using the computer data ax:quisition system. 
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Interference pattern data were taken along the axis of the jet by turning the 

adjusters a prescribed amoimt, taking a photograph, and then measuring the 

intensity distribution. For safety reasons, the laser output power was reduced 

while adjusting the nozzle position. Photographs were also taken at low laser 

output levels in order for the position of the laser on the jet to be visible, 

but to avoid excessive intensities which would "wash out" the film. WhUe 

recording the intensity distribution, laser output power and data Ew:quisition 

sampling rate settings were guided by observations of detector output given 

by the osciUoscope. SampUng rates were selected such that a sufficient niunber 

of samples would be acquired to describe the temporal variation of the signal 

observed on the osciUoscope. Under some circmnstances it was necessary to 

reduce the laser output power to avoid overdriving the detectors. Otherwise, 

the laser was operated at majcimum output power (0.8 Watts at A = 488 nm) in 

order for the laxgest possible signal to be obtained. 

4.4 Data Analysis and Reduction 

A representative photograph is shown in Figure 4.5. This photograph 

iUustrates behavior tjrpical of a jet dominated by surface tension. FoUowing the 

initial contraction at the exit, the jet appears smooth. A periodic disturbance is 

then observed to develop at a distance from the jet exit approximately equal to 

2 /3 of the distance between the jet exit and the point where individual droplets 

form. Towards the end of the jet, the distiurbzmce becomes irregular, and droplet 

formation occurs. The incidence of the laser is shown on Figure 4.5 by a bright 

spot appearing both on the jet and on the scale. 
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Figure 4.5 Representative Photograph of Liquid Jet Breakup. 
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A typical interference pattern resulting from the incidence of laser Ught on 

a water jet, as measured by the detectors, is shown in Figure 4.6. AU measured 

intensity distributions were restricted to the region including the third and 

fourth minima. As the distance between minima was used to represent the 
0.8 
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—Curve Pit 

-NoiM Limit 
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Figure 4.6 Typical Measured Interference Pattern. 
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diameter of the jet, caUbration of the detectors was not required and the 

experimental data are given in terms of a relative intensity By performing a 

least-squares regression, the experimental data are represented by the first four 

terms of a Fourier series as given by 

3 

H^) = 2j[«nco5(na;ox) -|- 6„3tn(nu;ox)] (4.2) 
n=0 

where x is the distance along the detector array. As shown in Figure 4.6, 

suitable agreement was obtained between the functional form of Equation (4.2) 

and the intensity measured at the detectors. 

The general trend of the exp>erimental intensity distribution is consistent 

with that predicted by the parametric ray addition solution presented in 

Chapter III. Figxure 4.6 shows a decrease in the magnitude of both the maxima 

and the minima with increasing scattering angle. The same features are 

present in the predicted distributions given in Figiures 3.11 and 3.12. The 

distribution shown in Figiu-e 4.6 was created by a jet formed from a nozzle 

with an inside diameter of 0.016 in. As the jet diameter is of the same order of 

magnitude as the nozzle inside diameter, the ratio a/X is between 300 and 500 

for the conditions shown in Figure 4.6. This range is weU within the region of 

applicability of the paxametric ray addition technique. 

In Equation (4.2), the fundamental curve fit frequency UJQ is a free parameter. 

Therefore, the curve fit standaxd error, given by 

^»td = 
\ 

^ ( / ( i „ ) - / „ , , „ )2 (4.3) 
n = l 

was investigated as a function of LOQ, where Iczp,n is the measured intensity at 

the n th detector. The resulting relationship is shown in Figure 4.7. For values 
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of Wo between 0.4rad/in. and 0.5rad/in., large fluctuations in the standard 

error e,td are observed. These fluctuations are reduced with increasing I^JQ. AS 

ujQ is increased past 0.7rad/in., the standard error converges to a minimum 

of approximately 0.010. Therefore, by selecting WQ > 0.7rad/in. the form of 

the curve fit becomes independent of UJQ and the standard error is reduced to a 

acceptable level. 
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Figiure 4.7 Standard Error as a Function of Curve Fit Frequency. 
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A noise level is also shown in Figure 4.6. This level was obtained by 

analyzing the reference data obtained in the darkened laboratory prior to 

each run. Intensity signals included in these data are due to the incidence of 

extraneous Ught which is not produced by the laser. This level was estabUshed 

by measuring the reference intensity for the same duration and with the same 

sampUng rate as the intensity distribution measmrements. The noise level was 

then calculated as the average signal of aU detectors at aU time steps plus three 

standard deviations. 

The curve fit of the measured intensity distribution was used to determined 

the distance D34 between the third and fourth minima. A numerical bisection 

type of routine was used to locate the position of the minima within a specified 

Umit. A Umit of 1.8 X 10~^ rad was used while analyzing aU experimental 

results. 

Profiles of the form given in Figure 4.6 were measured at time intervals 

specified by the sampUng rate of the analog to digital conversion board. 

Therefore, at each time step, a Fourier series curve fit was obtained and the 

distance between the third and fourth minima determined. The Dz4 values 

could then be used in the previously discussed relationship to determine the jet 

diameter as a function of time for a fixed axial location. 

4.5 Estimation of Uncertainty 

The data analysis and reduction techniques presented in the previous 

section, as weU as the development of the experimental method discussed in the 

preceding chapter, axe subject to certain approximations and inaccuracies. The 
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magnitude of the uncertzdnties associated with these approximations and 

inaccuracies wiU be estimated, and quantified when possible, in this section. 

There are two principal sources of uncertainty. The first source of uncer

tainty arises from inaccuracies inherent in determining the equation relating 

Dj and D34. These inaccuracies include the effects of approximations in the 

parametric ray addition technique, the influence of experimental error in the 

measurement of the distances D\^ i>2, and the angle ^, and errors due to the 

inaccuracy of the curve fit. 

A derivation of the parametric ray addition technique is included in the 

previous chapter. In the development of this method, it was assumed that 

the geometrical optics realm was appUcable, and that the distance Ri from 

the W' wavefront to the point of observation could be approximated by the 

radial distance P from the observation point to the center of the cyUnder (see 

Figure 3.10). The first assumption is certainly valid on the basis of the size 

of the Uquid jet compaxed to the wavelength of the light. For the Uquid jets 

used in this work, the ratio of a/X was within the range from 300 to 600. As 

the largest dimension of the obstacle, in this case the jet diameter, was weU 

over 500 times the wavelength of the Ught, the validity of geometrical optics 

is weU estabUshed and its use results in negUgible inaccuracy. The second 

assiunption is cleaxly reasonable by considering that the observation point is 

in the far field. The minimum cUstance P used in this work was 36 in. As the 

X and Y coorcUnates on the W' wavefront wiU both be less than 1.5 times the 

cUameter of the jet, using P in place of Ri results in an approximation for Ri 

which includes a negUgible error of less than a 0.06%. Therefore, neither of 
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these assumptions result in an imcertainty of sufficient magnitude to justify 

calculation or estimation. The remaining source of uncertainty associated with 

the parametric ray adcUtion technique is the use of the Newton-Raphson method 

to determine the two angles ti and »2 as described in section 3.3. By using a 

convergence Umit of 1.0 X 10~* rad, negUgible error was introduced by this 

numerical treatment. 

The majority of the imcertainty associated with determining the equation 

relating Dj and D34 is due to experimental error in the measurement of the 

cUstances Di, Z?2i and the angle <!>. The cUstance D^ was obtained using the 

indices on the optic:aI rail and the machined neecUe stop. Error associated with 

the readabiUty of the indexed rail is estimated to be ± 0.0039 in. ( ± 0.1 mm). 

Inaccuracies associated with the manufacturing and positioning of the neecUe 

stop are estimated to be neax 0.008 in. Therefore, an uncertainty of ± 0.016 in. 

is cited for the measurement of D2 • 

The cUstance Di was obtained by using a tape measure and therefore is 

subject to the considerably larger uncertainty of 0.0625 in. The lack of a refined 

measurement tec:hnique is somewhat compensated by the magnitude of D\ 

which was typically greater than 30 inches. 

While determining the reflection angle 0, large cUstance measurements were 

£dso used to produce small percentage uncertainties. Repeated measurements 

obtained by forming a right triangle were performed which resulted in an 

estimated uncertainty of ± 0.0018 rad ( ± 0.10°) The combination of these 

uncertainties influences the value obtained for i^34 for a given value of Dj 

through Equation 4.1. Applying the Pythagorean summation of cUscrete 



115 

uncertainties given by Beckwith et al. [101], a reasonable value of the uncer

tainty associated with D34 is given by 

UD..= 

1/2 

• (4.4) {"-Wr H^SrY H^-w) 
The uncertainties associated with ^3 and ^4 are negUgible as the numerical 

procedure used to determine these angles ensured convergence to within 1.8 X 

10~ rad. FoUowing substitution of the derivatives and numerical values which 

axe appropriate for this work, an uncertainty of C/'DS4 = ^-^ X 10"** in. was 

calculated, the laxgest contribution coming from the uncertainty associated with 

the measurement of D2. This uncertainty is present in the tabulzu* data which 

was used in a geometric regression to obtain an equation for Dj in terms of 1)34. 

A comparison of values calculated from the functional representation and those 

included in the tabulax data incUcates a maximum deviation between the two 

of 1.0 X 10"^ in., which is equal to the limit of the signiflcant figures included 

in the tabular results. Therefore, inaccuracies associated with the curve fit aie 

negligible. The influence of the uncertainty in the tabulax D34 data on the jet 

diameter Dj can he determined in a manner simUar to that given in Equation 

4.4 by the relationship 

Uo^=Uo..^^. (4.5) 

Substitution of UD^^ , the derivative, and parsuneters representative of a typical 

test yield the result UDJ = 4.5 X 10~^ in. For the lower Umit of jet cUeuneters 

expected, this value of UDJ translates to approximately a 0.3% uncertainty. 
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It is important to note that the uncertainties stated in the preceding 

paragraphs wiU aU influence the jet diameter results consistently for a given 

test. Therefore, although the exact value of the jet diameter is subject to all 

of the factors discussed previously, the change in jet diameter with time wiU be 

affected to a significantly lesser extent. 

The possible misaUgnment of the laser beam and the fluid jet, and misaUgn-

ment of the unreflected beam and the last detector were also examined as a 

potential source of uncertainty. Although both of these factors influence the 

angular location of the interference pattern with respect to the fluid jet, neither 

influences the cUstance between minima. The purpose of these aUgnments is 

to obtain a maximum intensity interference pattern which is formed near a 

consistent reference point and they are not critical to the measurement procress. 

The second principal source of uncertainty is due to inaccuracies included 

in determining the cUstance D34 from a curve fit of the experimental data. 

This cUstance, which is to be substituted into the equation cUscussed in the 

prececUng paragraphs to yield Dj, is subject to inaccuracies in the intensity 

measurements, misrepresentation of data by the curve fit, and errors associated 

with determining the locations of the minima from the functional form of the 

curve fit. 

There axe several potential sources of inaccuracy in the measured intensity 

cUstribution. The first is the presence of scattered Ught which is extraneous to 

that producing the interference pattern. The relative noise Umit of 0.12 included 

in Figure 4.6 is representative of this concUtion. However, the 12% noise Umit 

estabUshes an upper Umit of the magnitude of Ught detected from other sources. 
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Therefore, it denotes an approximate baseline for the measurement of Ught 

produced by the laser which appears in the interference pattern. Also, the 

noise level incUcates that Ught from other sources is not expected to exceed the 

stated intensity. Considerably more important is the incidence of laser Ught 

on the detectors which has been scattered by means other than that which is 

representative of the jet diameter. Such occurrences are Ukely to be caused by 

the passing of smaU particles (perhaps dust) with the fluid. However, as the 

detector array occupies a reasonably small area, extraneous scattered Ught is 

expected to influence the intensity measured by aU or most of the detectors 

rather than to produce a signiflcant change in the intensity sensed at a single 

location. Therefore, these occurrences should be evident during data analysis. 

Another possible source of uncertainty arises from potentially inaccurate 

detector locations. The detectors were manufactured such that they pressed into 

holes on a phenoUc circuit boEud. The holes were located on 0.1 in. centers, the 

tolerance of which during manufacture is unknown. Considering the spacing 

of the holes and the ability to position the detectors during assembly results 

in an estimate of ± 0.005 in. to represent the uncertainty associated with the 

detector locations. This is a consistent error which would influence the results as 

a whole, ELS the same circuit board was used throughout the test runs. 

The cUstances between detectors could potentially change during the 

course of a test run due to the effects of thermzd expansion. Although the room 

temperature remzdns relatively constzmt, the potentizd for localized heating of 

the circuit boaxd due to the absorption of the incident laser light exists. The 

thermal expansion coefficient of phenolic, as given by Rose et al. [102] is 
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2.5 X 1 0 " ' l / ' F . Therefore, only changes of more than a few degrees F wUl 

result in a significant alteration of the distance between detectors. Furthermore, 

the intensity distribution incident on the circuit board wiU correspond to that 

of the interference pattern. Therefore, changes in detector locations wiU be 

restrained by the presence of cooler areas, the net effect of which is difficult 

to precUct. Some compensation can be obtained by taking data in a reverse 

order for alternating tests. This approach may aUow trends solely related to 

the thermal expansion of the circuit board to be identified. With these factors 

in mind, the influence of thermal expansion wiU be addressed by including an 

adcUtional term in the overaU uncertainty estimate given in the discussion which 

foUows. 

Other sources of inaccuracies associated with the measurement of the 

intensity cUstribution can be attributed to the analog to cUgital board used to 

perform the data acquisition. Operating the system using regular Ught bulbs 

as an input showed that the signal appeared to be correct within 5 increments 

of the cUgital span when compared to the output of an osciUoscope. The 

corresponcUng relative intensity uncertainty is approximately 0.001. Clezuly, this 

type of measurement inaccuracy will influence both the overall results and the 

speciflc jet cUameter obtained at each time step. 

It is cUfficult to estimate and quantify other sources of uncertainty which 

would influence the intensity measured by some detectors and not others. The 

majority of the inaccuracies associated with intensity measurements pertain to 

aU the detectors equally and therefore do not alter the abiUty to determine the 

distance between minima. Relative motion of the detector axray with respect to 
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the incident beam can be included in this classification. The interference pattern 

IS formed such that the minima remain equaUy spaced with respect to the 

vertical. Horizontal cUsplacement of the entire array only changes the location 

of the intensity cUstribution on the detectors. Therefore, a complex motion 

would be required to produce significant alterations in the form of the intensity 

cUstribution. 

Suppose it were possible to quantify or reasonably estimate the total 

uncertainty associated with each intensity measurement. Difficulty would stUl 

remain in precUcting the extent to which intensity measurement uncertainties 

influence the cUstance between minima obtained from the Fourier analysis. 

Therefore, to examine the effect of changes in measured intensities on the 

cUstance 1^34, a "worst case" scenario was investigated by mocUfying a represen

tative data sample as iUustrated in Figure 4.8. The relative intensity of the 

detectors located at 0.5 in., 0.6in. and 0.8in. were both reduced by 0.01, 

whereas the relative intensity of the detector at 0.7 in. was increased by 0.01. 

This mocUfication corresponds to 50% of the detectors undergoing at least a 

2.5% change in a manner which consistently favors the reduction of the cUstance 

between the minima. The same Fourier analysis was performed on the mocUfied 

data set and analyzed to determine the extent to which the distance between 

the minima vras reduced. The results of this analysis incUcate that the value 

of D34 was reduced by approximately 0.004 in., or sUghtly greater than 1%. A 

similar exercise was performed but only one intensity level, that of the detector 

at 0.6 in., was modified. Reducing the relative intensity at this location by 0.01 

resulted in approximately a 0.001 in., or 0.25%, reduction in D34. 
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Figure 4.8 Influence of Intensity Distribution on D34. 

Errors associated with the representation of the data by the curve fit are 

considerably smaller that those cited in the preceding cUscussion. Figure 4.7 

incUcates a cumulative standard error of less than 0.01 for all data points. 

Similarly, the minimiuns of the curve fit were located within 1.8 X 10" in. 

which is cleaxly a sufficiently small convergence Umit for the associated error to 

be negUgible. 
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Considering aU of the contributing factors addressed in this section, 

it appears reasonable to conclude that measurements of changes in the jet 

cUameter with time should be possible with approximately a 1% uncertainty. 

Of this 1%, a 0.3% uncertainty is estimated to be associated with determining 

the equation relating Dj and D^A from the measured cUstances and angles. 

The remaining 0.7% is attributed to inaccuracies inherent in determining the 

cUstance D34 from the experimental data. 

The luicertainty associated with precisely measuring the cUameter is 

considerably higher due to the cumulative effect of inaccuracies whic:h act 

consistently during a given run or possibly throughout aU runs. Keeping the 

previously cUscussed factors in mind, an estimate of between 3% and 5% for this 

uncertainty appezurs to be reasonable. 



CHAPTER V 

RESULTS AND DISCUSSION 

5.1 Experimented Results 

A typical appUcation of the method described in the previous chapter 

is presented in this section. In this case, a nozzle with an inside diameter 

of approximately 0.019 in. and a length to diameter ratio of approximately 

40 was employed. The constant head tank was used to maintain a flow rate 

of 0.01 i n ' / s . As the working fluid consisted erf deionized water at room 

temperature, the flow inside the nozzle can be represented by an approximate 

Reynolds number of 440. Therefore, the nozzle internal flow is laminar and the 

nozzle is of sufficient length for the flow to become fuUy developed. For the 

same conditions, the regions of dripping flow and laminax jet flow axe separated 

by a transitional Reynolds number of 306, where the corresponding velocity 

was calculated using Equation 2.1. The end of the laminax jet flow region is 

denoted by a critical Reynolds number of 1410 as determined by Equation 

2.2. Therefore, the behavior described in this section corresponds to operating 

concUtions on the low end of the laminax jet flow regime where the internal flow 

prior to jet formation is fully developed and also Icuninar. 

In applying the optical tool described in Chapter III to analyze the 

instability of the jet, the second mirror was placed a cUstance D2 = 2.874in. 

from the plane of the jet. The mirror was adjusted such that the beam was 

reflected at an angle of 39.94® from the optic:al rail. The photodector array 

was aUgned at a cUstance of Di = 35.94 in. from the second mirror. For 
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this arrangement, the relationship between the jet diameter and the cUstance 

between the third and fourth minima is shown in Figure 5.1. For comparison, 

solutions derived from both the cubic wave approximation (i.e., the Airy 

solution) and the parametric ray adcUtion technique are shown. The two curves 

remain virtually paraUel with the Airy solution consistantly overprecUcting the 
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Figure 5.1 Dj versus D34 for Test ConcUtions. 
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jet diameter for a given distance between minima. The solution predicted by 

the Huygens-Fresnel approach is not presented as the measured jet racUus to 

wavelength ratio is between 400 and 500 using 488 nm Ught and the previously 

described flow concUtions. 

5.1.1 Temporal Changes in Jet Behavior. Using the experimental techniques 

and data reduction methods outlined in the preceding chapter, the jet cUameter 

at the nozzle exit as a function of time is shown in Figure 5.2. For the first 

0.005 s, the cUameter appears to fluctuate near 0.018 in. in a somewhat periocUc 

nature. With increasing time, the fluctuations be<x>me significantly larger and 

more random. Some stray data points axe observed and can reasonably be 

neglected, especiaUy those incUcating jet cUameters near 0.01 and 0.03 in. Such 

occurrences axe rare and the overaU trend of this data set, as weU as others 

acquired at the nozzle exit, exhibits laxge random fluctuations of the jet surface 

profile. 

The behavior observed in Figure 5.2 can be explained by referring to the 

geometry of the jet at the nozzle exit as shown in Figure 5.3. When the fluid 

exits the nozzle, it leaves the state of fuUy developed internal flow existing inside 

the nozzle and is immecUately subjected to a virtually shear free (air resistance 

at this speed is certainly negUgible) environment. Neax the nozzle exit, the 

step change in shear conditions and the action of surface tension forces results 

in some of the fluid occasionally adhering to the lower surface of the nozzle. 

This behavior is shown by the phantom Une in Figure 5.2 and can be visuaUy 

observed at reduced flow rates. It is in agreement with the experimental data 

that similax occurrences exist with higher frequency at increased jet velocities. 
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Figure 5.2 Jet Diameter at Nozzle Exit, Z = 0. 

This phenomenon is expected to be random and periods of time may exist where 

such behavior does not occur. Therefore, from the preceding cUscussion, rapid 

random fluctuations in the jet cUameter near the exit intermixed with periods of 

smaller, more periocUc cUsturbances can be explzdned. 

The magnitude of the measured cUsturbEmces can be adcfressed in terms of 

velocity profile relaxation. In response to the change in sheai concUtions at the 
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Figure 5.3 Jet Geometry at Nozzle Exit. 

exit, particles flowing neax the nozzle wall are accelerated while the velocities 

of those near the centerUne axe reduced. This action takes place over an axial 

jet section of sufficient length for a uniform velocity plug flow to be obtained. 

In accordance with continuity, the jet cUameter is progressively reduced in the 

axial direction due to the relaxation of the velocity proflle. Any smaU change 

in the behavior of the fluid at the exit, such as adherence to the lower surface 

of the nozzle or turbulence induced by the step change in shear concUtions, 

produces a change in the curvature of the jet proflle. As shown in Figure 5.3, 

small changes in curvature produce laxge changes in the jet diameter at a flxed 

point neax the exit. Therefore, the magnitude of the cUsturbances indicated in 

Figure 5.2 can rezisonably be attributed to changes in the curvature of the jet 

surface associated with velocity proflle relaxation. As previous methods of 
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analyzing jet flow are primarily photographic, such rapid fluctuations have not 

been previously observed to the author's knowledge. 

The jet cUameter as a function of time at an axial position 0.056 in. 

below the nozzle exit is shown in Figure 5.4. In comparison with the temporal 

jet cUameter profile at the exit given in Figure 5.2, the magnitude of the 

cUsturbances is significantly reduced. From Figure 5.4, some small changes in 

the jet diameter are observed with time, but it appears that the jet cUameter 

remains essentiaUy constant and relatively free of random cUsturbances. Upon 

closer inspection, as provided by the enlarged scale employed in Figure 5.5, 

smaU rapid flucuations of the jet cUameter are observed. Although such changes 

are not clearly periocUc, the tendency for high frequency osciUations exists as 

iUustrated by the sharp peak near a time of 0.02 s. Furthermore, the overaU 

data shows that low frequency periocUc cUameter changes may occur as incUcated 

by the presence of a minimum near 0.012 s. Therefore, a haxmonic Etnalysis was 

performed to determine the frequency of temporal variations in jet diameter 

at a fixed axial location. Using a third-order Fourier regression, the standsu-d 

error, egtti, was investigated as a function of the frequency of the fundamental 

harmonic, UQ. AS high frequency variations were not well-defined, efforts were 

focused on indentifying low frequency temporal disturbances. 

The standzird error of the third-order Fourier regression as a function of the 

fundamental frequency is shown in Figure 5.6. For LJQ < 48rad/s , the curve fit 

standard error is equal to 1.2 X 1 0 " ' and is independent of WQ. With increasing 

(jjQ, the standaxd error increases slowly at first, and then sharply at LJQ = 

90rad/s . As the highest fundamental frequency which represents the temporal 
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Figure 5.4 Jet Diameter at Z = 0.056 in. 

chzmges in jet cUameter was desired, a Fourier regression was performed using LJO 

approximately equal to 48 rad/s. The results of this analysis axe shown in Figure 

5.7. The equation of the curve which incUcates the low frequency tempored 
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Figure 5.5 Jet Diameter at Z = 0.056 in.. Enlarged Scale 

variations in jet diameter at Z = 0.056 in. is given by 

Dj = 0.123 - 0.128cos(480 - 0.0985m(480 + 0.018co5(96t) -h 0.068stn(96t) 

4- 0.005c(7s(1440 - 0.012sm(144t). (5.1) 

In Equation 5.1, the coefficients of the fundamental haxmonic terms are an 

order of magnitude laxger than those of the secondary and tertiary harmonicas. 
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Figure 5.6 Standard Error versus Fundamental Frequency at Z = 0.056 in. 

incUcating the strong presence of a very low frequency temporal variation in jet 

diameter. The presence of this mode can be observed in Figure 5.7 by noting 

that the second maximum, which occiurs neax a time of 0.023 s, lies above the 

first maximum at approximately 0.005 s. The period of 0.018 s between the two 

maxima represents the low frequency fluctuations (corresponding to 349 rad/s) 

which were observed in Figure 5.5. Therefore, at Z = 0.056 in., a low frequency 
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Figure 5.7 Low Frequency Temporal Variation in Jet Diameter at Z = 0.056 in. 

temporal variation in jet diameter is observed which is superimposed on an 

underlying very low frequency fundamentzd mode. The magnitude of both these 

temporal cUstiu-bances is small, imder 2 % of the inside dizuneter of the nozzle. 

The a^al distance from the nozzle exit was increased to 0.111 in. for the 

results shown in Figure 5.8. The scale of Figures 5.7 and 5.8 aie the same; 

therefore, it is evident from visual observation that the magnitude of the 
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variations in jet diameter has become smaUer. High frequency fluctuations 

also appeax to be present from the three approximately equally spaced peaks 

which exist near 0.003 s, 0.008 s and 0.013 s. Additional peaks occur near 0.017 s 

and 0.024 s. Between 0.018 s and 0.022 s the jet cUameter remains reasonably 

uniform. 
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The existence of lower frequency variations is not evident to the same 

extent that it was in Figure 5.5. To examine the possibiUty that underiying 

modes of very low frequency may be present, an analysis of the standard error 

associated with a third-order Fourier regression was performed and is shown 

in Figmre 5.9. For fundamental harmonic frequencies less than 2 rad/s , large 

random changes in the standard error are observed. The standard error then 

becomes essentiaUy constant for LJQ < 32 rad/s , at which point e,td is slowly 

reduced until a minimum is reached near u;o = 68.2 rad/s. Any further increase 

in LjQ results in an increase in e,td. 

The curve corresponcUng to the smaUest standard error is shown along with 

the experimental data in Figure 5.10. The equation is given by 

Dj = -0.0002 -\- 0.017cos(68.2t) -\- 0.022sin(68.2*) -\- 0.003cos(136.4<) 

- 0.0125m(136.4t) -h 0.002cos(204.60 - 0.00l5in(204.6t). (5.2) 

Although still somewhat laxger, the magnitude of the best fit fundamentEd 

haxmonic no longer greatly exceeds that of the secondary harmonic. The 

magnitude of the third harmonic has become virtuaUy negUgible. Neglecting the 

shaxp drop in the curve neax the ordinate, Figiu^e 5.10 shows small amplitude 

variations in jet diameter which include a slow decrease from left to right in the 

value of the mzixima. The period between maxima incUcate the presence of a 

weak temporal diameter variation with a frequency of approximately 502 rad/s. 

The presence of a very weak underlying mode of very low frequency is incUcated 

by the gradual slope from left to right. 
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Figure 5.9 Standard Error versus Low Fundamental Frequency at Z = 0.111 in. 

Investigating the presence of harmonics in the range given by Figure 5.9 

is clearly not going to represent the behavior incUcated by the three peaks 

mentioned previously. By focusing on the time period between 0 and 0.015 s, 

and by noting that the cUstance between peaks indicates an approximate 

frequency of 1250 rad/s, the existence of a high frequency temporal variation was 

investigated. An analysis of the standard error as a function of the frequency 
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Figure 5.10 Low FVequency Temporal Variation in Jet Diameter at Z = 0.111 in. 

of the fundamental harmonic was performed in the high frequency range, 

the results of which are shown in Fig\u"e 5.11. The minimum standaxd error 

was obtained for a fundamental haxmonic frequency of 1206 rad/s, which is 

sufficiently close to the initiad estimate of 1250raid/s. 

Applying the results of Figure 5.11, the curve fit shown in Figure 5.12 was 

obtained for UQ = 1206 rad/s. The data points shown as soUd circles cUd not 
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foUow the general trend of the remaining data and therefore were neglected in 

the analysis. The equation represented by the curve in Figure 5.12 is given by 

Dj = -0.018 -I- 2.40 X 10"^cos(1254.1t) - 1.33 X 10"*sin(1254.1t) 

-\-1.22 X 10-*cos(2508.2t) -|- 6.47 X 10"^sin(2508.2t) 

-I- 7.12 X 10"^cos(3762.3t) - 1.04 X 10"*sin(3762.3t). (5.3) 
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In this case, the magnitude of the fundamental mode is nearly twice that of the 

secondary harmonic, which, in turn is only sUghtly greater than the tertiary 

harmonic. The dominating role of the primary harmonic is cleaxly shown in 

Figure 5.12 where the three main peaks axe well-represented by the frequency 

of the fundamental mode. The secondary and tertiary harmonics represent the 

significantly smaller osciUations of the jet diameter which appear between the 
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main peaks. In comparing Figure 5.10 and Figure 5.12, which are presented 

with the same scale, it is evident that the ampUtude of the low frequency 

(502 rad/s) haxmonics is considerably less than those in the 1250 rad/s range. 

Therefore, for this axial location, the presence of low frequency temporal 

disturbances is certainly secondziry to the high frequency variations in jet 

cUameter. Although these high frequency osciUations do not appear uniformly 

throughout the duration of the data sample, three fuU cycles can be observed 

from Figure 5.12. The intermittent existence of the periocUc fluctuations in 

jet cUameter is consistent with the previous cUscussion regarcUng the behavior 

of the jet at the exit, and to a certain extent is to be expected when natural 

instabiUties are investigated. 

Comparing the results and cUscussion regarcUng the temporal variations in 

jet diameter at the nozzle exit and at cUstances of 0.056 and 0.111 in. along the 

jet, several trends can be observed. With increasing cUstance from the exit, the 

magnitude of the fluctuations, whether random or periodic in nature, is reduced. 

Furthermore, the temporal frequency of periocUc cUsturbances tends to increase 

edong the ajds of the jet. At Z = 0.056in., strong very low frequency osciUations 

of 48 rad/s were observed with weU- defined secondary oscillations occurring 

at 349 rad/s . As Z was increased to 0.111 in., a weak very low frequency 

cUsturbance of 68.2 rad/s and a sUghtly stronger low frequency oscillation of 

502 rad/s were detected. The behavior of the jet at Z = 0.111 in. was dominated 

by weU-defined intermittent cUsturbzmces with considerably higher frequencies 

of 1254 rad/s . Therefore, as the total magnitude of the temporal variations in 

jet diameter decreases with increasing Z, the existing disturbances become more 
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representative of weU-defined periodic disturbances with increasing frequencies. 

Certainly this trend cannot continue or the jet would never breakup. 

The reversal of the preceding trend begins to surface as the distance from 

the nozzle is increased to 0.167 in. As shown in Figure 5.13, larger more random 

changes in the jet diameter with time appear at this location. Some weU-

defined peaks are present in the data, such as the one near a time of 0.0085 s, 

but an insufficient number of evenly spaced peaks exists for a meaningful 

harmonic zmalysis to be performed. Although the cUameter changes do not 

appear to be periocUc at this location, the appearance of intermittent periods 

of cUffering jet behavior is evident. The interval between 0.0085 s and 0.018 s 

contains significantly smaUer, more regular fluctuations than the surrouncUng 

regions which exhibit larger, more rzmdom changes in jet cUameter. 

The trend of irregulax fluctuations with increasing magnitudes continues as 

the jet diameter is observed as a function of time at a cUstance of 0.222 in. from 

the nozzle exit. Data shown in Figure 5.14 iUustrates the temporal behavior of 

the jet at this axial location. Although the high frequency changes appeax to be 

random, a weU-defined low frequency osciUation can be identified. An analysis of 

the standaxd error as a function of the frequency of the fundamental haxmonic 

of a third-order Fourier regression was performed to identify the modes which 

best represent the data. The results obtained from the error analysis axe similar 

in form to those given previously, therefore they wiU not be presented. The 

minimum error was determined to be associated with the curve shown in 
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Figure 5.13 Jet Diameter at Z = 0.167 in. 

Figure 5.14 and given by the equation 

Dj = -0.109 -h 0.127co3(62.830 -\- 0.1465m(62.830 -}- 0.013co5(125.66t) 

- 0.0835m( 125.660 - 0.014co3(188.49t) -H 0.0073in(188.49*). (5.4) 

The fimdamental mode, with a frequency of 62.8 rad/s is significantly larger 

than the other harmonics. This mode corresponds to a very low frequency 
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Figmre 5.14 Jet Diameter at Z = 0.222 in. 

underlying fluctuation, the magnitude of which is indicated by the decrease 

in the diameters between the first maximum at approximately 0.005 s and the 

second maximum which occurs neax a time of 0.0195 s. The frequency of the 

main osciUation shown in Figure 5.14 can be estimated by the elapsed period of 

time between the two maxima and corresponds to approximately 330 rad/s. 



142 

The behavior at Z = 0.222 in. shown in Figure 5.14 is similar to that 

observed at Z = 0.056 in. and shown in Figure 5.7. Both exhibit rapid 

changes in jet diameter which tend to be random, very low frequency underiying 

fluctuations, and strong low frequency variations in jet diameter which occur in 

the 300-350 rad/s range. A further similarity can be observed by noticing that 

the fundamental mode given in Equation 5.4 for Z = 0.222 in., is sUghtly higher, 

but of the same order of magnitude, as those given in Equations 5.1 and 5.2 for 

Z = 0.056 in. and Z = 0.111 in., respectively. 

The da ta presented in Figure 5.15 for Z = 0.278 in. iUustrates some of the 

same features shown in Figure 5.14 for Z = 0.222 in. Again a weU-defined low 

frequency osciUation exists. An analysis of the third-order Fourier regression 

with the lowest standard error yields the equation given by 

Dj = 0.010 -h 7.95 X 10-^cos(75.4t) -H 6.58 X 10"^sin(75.4t) 

- 1.02 X 10"^cos(150.8t) - 4 . 9 9 X 10"^sin(150.8t) 

- 5.16 X 10-'*cos(226.2t) + 1.44 X 10"^sin(226.2t) (5.5) 

which best represents the data. The two data points shown by the soUd 

circles were neglected in the curve flt on the groimds that they cUd not follow 

the general trend of the remaining data. A comparison of the magnitudes 

corresponcUng to the fundamental, secondaxy and tertiary harmonics shows 

that the magnitude of the fundamental is somewhat larger, as incUcated by the 

lower peak of the second mEodmum. However, the magnitude of the fimdamental 

mode is not sufficient to render the remaining two modes negUgible. Therefore, 

an analysis of the low frequency osciUation must be performed from the 
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0.025 

curve shown in Figure 5.15 rather than citing the dominant haxmonic. Figure 

5.15 does not cleaxly illustrate the location of the second maxima. However, 

extension of the function indicates that the maximum is neax 0.025 s. By 

determining the period of the primaxy osciUation, as estimated by the time 

between the maximiun at approximately 0.025 s and the maximum occurring 
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near 0.007 s, an approximate frequency of 349 rad/s for the low frequency 

osciUation is obtained. 

In addition to a weU-defined low frequency osciUation, Figure 5.15 also 

shows the existence of a high frequency fiuctuation, particularly between 0.005 s 

and 0.020 s. As before, an analysis of the curve fit standard error as a function 

of the frequency of the fundamental mode was performed. However, it was 

not possible to adequately represent the data with only the first three terms 

of a Fourier series. As the peaks become less equaUy spaced, more harmonics 

are required to describe the changes in jet cUameter. For this data set, 12 

terms were required to adequately represent the high frequency fluctuations. 

An examination of the equation which best represented the data showed that 

no single haxmonic dominates. Therefore, as the equation is tecUous and its 

presentation is of little value, it will not be given. It is more instructional to 

present the curve flt, and discuss the relative range of frequencies determined by 

the temporal period between curve maxima. 

The best fit curve is plotted in Figure 5.16 along with an enlarged view 

of the data. High frequency fluctuations superimposed on the low frequency 

distmrbance iUustrated in Figure 5.15 are clearly evident. By numerically 

locating the maxima, the periods between successive peaks were determined. 

The corresponding frequencies range from 2953 rad/s to 4280 rad/s with 

an average of 3526 rad/s . Although a few stray data points are visible in 

Figure 5.16, particularly neai 0.0175 s, the general form of the data does not 

suggest that higher harmonics exist to any signiflczmt extent. Therefore, the 

temporal fluctuations present at Z = 0.278 in. include a low frequency 
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osciUation consistent with previous observations closer to the nozzle exit and 

high frequency fluctuation with frequencies significantly larger than previously 

observed. 
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Figure 5.16 High FVequency Fluctuations in the Jet Diameter at Z = 0.278 in. 

High frequency fluctuations in the jet cUameter were also observed over a 

period of time at an axial cUstance of 0.333in., as iUustrated by Figure 5.17. A 

lOth-order Fourier regression was required to reasonably represent the data and 
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is shown in Figure 5.17 by a soUd curve. No single mode dominates the behavior 

of the jet, so attention is turned to examining the cumulative effects of all the 

harmonics. The maxima appear to be somewhat evenly spaced and correspond 

to fluctuations ranging from 3672 rad/s to 4446 rad/s with an average of 

4140 rad/s. In a manner similar to Figure 5.16, the data does not incUcate the 
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Figure 5.17 High FVequency Fluctuations in the Jet Diameter at Z = 0.333 in. 
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presence of higher harmonics. It was not possible to identify a weU-defined low 

frequency fluctuation at this location. 

Figure 5.18 shows jet cUameter changes at Z = 0.389 in. which appear to 

be nearly periocUc over a time interval between 0.006 s and 0.021 s. The best fit 

function obtained by a lOth-order Fourier regression is also shown in Figure 5.18 

as a soUd curve. Although the data is not as weU represented by the curve fit 
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Figure 5.18 High Frequency Fluctuations in the Jet Diameter at Z = 0.389 in. 
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as some previous results, high frequency osciUations in the jet cUameter can be 

observed. Frequencies obtained from the functional representation of the data 

range from 2891 rad/s to 8322 rad/s , the last frequency being due to the two 

closely spaced peaks near 0.018 s. Although data in this region may incUcate the 

presence of some higher harmonics, the remaining data represents fluctuations 

with frequencies closer to the average of 4062 rad/s. Low frequency osciUations 

were not identified at this location. 

High frequency fluctuations in jet cUameter were also observed at Z = 

0.444in., as shown by Figure 5.19. The curve corresponcUng to a lOth-order 

Fourier regression with TniniTniim standard error is also included in Figure 

5.19 to represent the trend of the data. The flrst four maxima are incUcative 

of a 4388 rad /s high frequency fluctuation. Subsequent maxima appear to 

be influenced by the lower haxmonics and correspond to frequencies neax 

2500 rad/s . In a manner similax to Figure 5.18, the two maxima nejir 0.007 s 

correspond to a significantly higher frequency of 5955 rad/s . Considering edl 

maxima observed in Figure 5.19, an average frequency of 3970 rad/s is obtained. 

A photograph of the jet with the incident laser located 0.444 in. from the 

nozzle exit is shown in Figure 5.20. The photograph was taken slightly before 

the data was acquired, in accordance with the description of the experiment 

in the previous chapter. It is apparent from Figure 5.20 that the temporal 

fluctuations in jet diameter shown by the data in Figure 5.19 correspond to a 

location on the jet where spatial cUsturbances aie stiU not large enough to be 

visible on the photograph. 
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Figure 5.19 High FVequency Fluctuations in the Jet Diameter at Z = 0.444 in. 

Changes in the jet cUameter as a function of time axe shown in Figure 5.21 

for the laser beam positioned at Z = 0.5 in. The high frequency fluctuations 

observed at Z = 0.444 in. axe replaced by more random changes in the jet 

cUameter. Overall, the data shows a clear low frequency periocUc change in 

jet diameter of approximately 472 rad/s with superimposed random rapid 

fluctuations. A third-order Fourier regression with a fundamental frequency 
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Figure 5.20 Photograph of Laser Incidence at Z = .444 in. 
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Figure 5.21 Jet Diameter at Z = 0.5 in. 

which corresponds to the minimum standard error is shown in Figure 5.21 as a 

soUd curve and is given by the equation 

Dj = 0.317 - 0.383cos(65.30 - 0.276.sm(65.3/) + 0.070co5(130.60 

-I- 0.21l3m(130.60 + 0.014co6(195.9t) - 0.0463m(195.9<). (5.6) 

The haxmonics given in Equation 5.6 axe sinular to those in Flquations 5.1 and 
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5.2, which apply at 0.056 s and 0.111s, respectively However, the magnitude 

of the osciUations given by Equation 5.6 are considerably larger that those 

observed at the previous axial locations. This observation is best emphasized 

by comparing Figures 5.10 and 5.21. Figure 5.10 shows the low frequency 

underlying mode of oscillation represented by Equation 5.2. The ampUtude 

of this osciUation is approximately 0.00004 in. In comparison. Figure 5.21 is 

represented by Equation 5.21 which contains virtuaUy the same harmonics 

as Equation 5.2. However, the ampUtude of the osciUations at Z = 0.5 in. 

approaches 0.0024 in. These osciUations are approximately 12% of the jet 

cUameter and a factor of 60 times lauger than those observed at Z = 0.111 in. 

It is expected that such laxge osciUations would be visible on enlarged 

photographs. The photograph shown in Figure 5.22 agrees with this premise. 

The incidence of the laser at Z = 0.5 in. is shown by the bright spot on the 

jet. ImmecUately upstream, some necking of the jet appeaxs to exist, and 

downstream several short bulges axe evident. Therefore, the magnitude of the 

cUsturbances shown in Figure 5.21 is consistent with photographic evidence. 

The nature of the temporal changes at this point can be explained in terms of 

bulges moving towards and away from the Z = 0.5 in. axial location. Therefore, 

although the fimctional form of the data at Z = 0.5 in. and Z = 0.111 in. are 

similax, the cUsturbances recorded at Z = 0.5 in. represent temporzd changes 

of the large disturbances which, from visual observation, axe cUrectly associated 

with the breakup of the jet. 

The jet diameter as a function of time at Z = 0.556 in. is shown in Figure 

5.23. These data show a period of time between 0.006 s and 0.012 s for which 
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Figure 5.22 Photograph of Laser Incidence at Z - .5 in. 
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Figure 5.23 Jet Diameter at Z = 0.556 in. 

the jet cUameter is abruptly increased by a signiflcant amount. Smaller high 

frequency changes axe also present within the entire range of the data. However, 

insufficient intervals of periocUc behavior were observed for a meaningful 

harmonic analysis to be performed. The existence of the center region, where 

the mean cUameter changes from approximately 0.0155 in. to nearly 0.0195 in. 

and back down to 0.0155 in. again, can be explained in terms of a large short 
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bulge which moves along the jet axis through the axial location corresponding to 

Z = 0.556 in. 

Large cUsturbances were also observed in the data and photograph corres

ponding to Z = 0.5 in as given by Figures 5.21 and 5.22, respectively. Therefore, 

as Z is increased and the breakup point is approached, the presence of larger 

changes in diameter as incUcated by Figure 5.23 are expected. However, the 

da ta shown in Figure 5.21 iUustrates a large, low frequency osciUation, whereas 

Figure 5.23 indicates an abrupt change in jet cUameter. This cUfference in the 

trend of the data can be explained by referring to the photograph shown in 

Figure 5.20, which shows the breakup of the jet unobstructed by the bright spot 

produced by the incidence of the laser. Significantly upstream of the breakup 

point, the jet appears to be smooth. Moving down the axis, in the cUrection 

of increasing Z, a smooth essentiaUy sinusoidal necking and sweUing of the jet 

appeaxs. As Z is increased further, short bulges become evident immediately 

prior to the breakup point. Referring now to the photograph shown in Figure 

5.22, the jet is incident slightly above the region consisting of the short bulges. 

Therefore, the laxge, low frequency osciUation recorded at Z = 0.5 in. and shown 

in Figure 5.21 is consistent with the behavior corresponding to the smooth 

necking and swelUng of the jet. As the location of the laser is moved down the 

axis of the jet and closer to the brealcup point, the abrupt change in cUameter 

recorded at Z = 0.556 in. can be attributed to the presence of a short bulge 

which have been shown to exist in this region. From Figure 5.23, the bulging 

takes place at an approximate rate of 1050 rad/s . 
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A further increase in Z places the point of laser incidence neax or below 

the breakup point. Data recorded at a cUstance of 0.611 in. from the nozzle exit 

are shown in Figure 5.24. InitiaUy, for a time of approximately 0.003 s, the data 

incUcates that the jet is intact with a cUameter of approximately 0.016 in. The 

jet cUameter then increases sharply, with cUameters over 0.025 in. appearing near 
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.013 s. An abrupt drop in diameter is then observed near 0.015 s. A sudden 

increase is then indicated, foUowed by a reduction in diameter to near 0.018 in. 

A photograph iUustrating the incidence of the laser at 0.611 in. is presented 

in Figure 5.25. Although it is difficult to distinguish the precise jet behavior due 

to the bright spot produced by the laser Ught, it is clear that the breakup point 

is located above or near the centerUne of the incident beam. Therefore, for these 

conditions, a jet length in the neighborhood of 0.61 in. can be cited. This value 

of the breakup length is consistent with measurements from photographs which 

include the entire length of the continuous stream. As the optical method of 

analyzing the jet presented in a previous chapter only appUes to the incidence 

of a laser on a cyUndrical cUelectric, the data provided in Figure 5.24 do not 

necessarily represent the cUameters of droplets passing through the besun. 

However, the general trend of increasing cUameter foUowed by an abrupt chztnge 

to a very small diameter is consistent with the process of droplets forming and 

breaking away from the jet. 

Upon reviewing the previous jet cUameter data at a series of axial locations, 

several points axe worthy of consideration. First, the temporal frequencies 

cited do not occur under steady-state concUtions. That is, it is not possible 

to continuously observe a temporal change of jet cUameter at any location on 

the jet. Therefore, rather than being a pure case of spatial instabiUty with 

a stancUng wave type of disturbance, the jet which is not subjected to laxge 

external influences behaves as a constantly changing system. The previous 

results have shown that over short periods of time temporal changes in the jet 

cUameter exist which can reasonably be represented by periodic functions. 
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Figure 5.25 Photograph of Laser Incidence at Z = .611m. 
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The second observation regarding the preceding results is the existence of 

three distinct regions of jet behavior characterized by the frequencies of the 

temporal changes in jet diameter. Approximately the flrst 35% of the jet is 

dominated by low (300-600 rad/s) and very low (40-70 rad/s) frequencies with 

some frequencies up to 1260 rad/s being observed. This region has been shown 

to extend from shortly past the nozzle exit to an axial distance of Z = 0.222 in. 

The next section extends to approximately Z = 0.444 in. and is denoted by 

high frequency (3000-4500 rad/s) fluctuations in the jet diameter. The length 

of this section is essentiaUy equal to that of the flrst, the two combined sections 

approximately making up the first 75% of the jet length. The last 25% of the jet 

is initially chaxacterized by low frequency (400-500 rad/s) changes corresponcUng 

to regions of smooth sinusoidal cUsturbances. As the jet breakup point is 

approached, abrupt high frequency changes near 1000 rad/s become apparent 

which appeax to be caused by short bulges in the jet profile. 

5.1.2 Spatial Changes in Jet Behavior. Recent discussion has focused on the 

frequency of temporal changes in jet cUameter with Uttle cUscussion pertaining 

to the actual measured cUzuneters. As the cUameter changes with time at each 

axial location of the jet, a statistical approach is required. Figure 5.26 shows 

the mean jet diameter as a function of the axial cUstance from the nozzle exit, 

where both variables axe normalized by the nozzle inside diameter. At Z/DN = 

0, the ratio of DJ/DN is laxger than 1 reaffirming the previously mentioned 

scenario of fluid adhering to the imdemeath of the nozzle exit. A sharp drop is 

then observed, foUowed by a gradual decrezise in the mean jet diameter up to 

the point where Z/DN = 8.77. A reduction in jet cUzuneter within this region 
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is consistent with the physical process of velocity proflle relaxation. This data 

appear to follow a smooth curve and the trend occurs over the flrst 35% of the 

jet length. 
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As Z/DN is increased past 12, the mean jet cUameter remzdns relatively 

constant up to Z/Ds = 23.4. Some smaU changes of less than 0.02 are visible 
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but the normaUzed mean diameter generaUy appears to be approximately 0.86 

within this range. This result is consistent with Harmon [32] whose analysis 

predicts a reduction in the jet diameter of >/3/2 = 0.866 upon velocity proflle 

relaxation of a fuUy developed laminar flow. 

With a further increase in the axial cUstance from the nozzle, a sharp 

increase in the mean jet cUameter can be observed from Figure 5.26. At 

Z/DN = 26.3, the ratio of DJ/DN reaches 0.97 incUcating a large increase in 

the jet cUameter which is consistent with the swelling of the jet which precedes 

jet breakup. As Z/DN is increased to 29.2, DJ/DN is reduced to 0.88 in 

accordance with the necking which also occurs near the end of the jet. The 

mean jet cUameter then exceeds 1 at Z/DN = 32.164 (Z = 0.611 in.), a location 

at which has been shown to correspond to the end of the jet. 

Although spatial variations in the mean jet cUameter axe of interest 

from the perspective of velocity proflle relaxation, the stabiUty of the jet is 

determined by the growth of changes in the jet diameter. Some cUscussion 

has already been presented regaxcUng this matter while comparing temporzd 

variations of jet cUameter at cUfferent locations in the previous section. Due 

to the nature of the problem, it is most meaningful to represent the growth 

of a disturbance in terms of the standaxd deviation of the jet cUameter data. 

As c:hanges in the jet diameter occur in time at each location, the standard 

deviation, a, is weU-suited to represent the ampUtude of the disturbance as a 

function of the cUstance from the nozzle exit. 

Figure 5.27 presents the spatial changes in jet cUcuneter by illustrating the 

jet diameter standard deviation normalized by the nozzle inside cUameter as a 
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Figure 5.27 Spatial Variation of Disturbance Magnitude. 

function of the normalized distance from the exit. The large random fluctuations 

occurring at the nozzle exit in Figure 5.2 axe represented by the very large value 

of <J/DN which appeaxs at Z/DN = 0. A sUght cUstance from the exit the 

cUsturbance magnitude is signiflcantly reduced and continues to decrease with 

increasing Z/DN up to 5.85. An increase is then observed in the cUsturbance 

magnitude with increasing Z/DN up to 11.7 foUowed by a slow fluctuating 
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decrease in the cUsturbance magnitude which becomes apparent as Z/DN is 

increased to 20.5. A sharp increase in O/DN is then observed as the axial 

location approaxihes the breakup point. 

5.2 Comparison with Spatial and Temporal Analyses 

The general trend of data in Figure 5.27 shows a sharp initial decrease in 

the cUsturbance magnitude foUowed by an osciUating spatial increase in the 

ampUtude of the cUsturbances leading to the breakup of the jet. This is in sharp 

contrast to the purely exponential growth of cUstmrbances inducted at the exit 

as predicted by the Unear theories presented in Chapter II. An exponential 

representation of the data, with the exception of the data point at Z = 0, and 

the corresponcUng equation are shown in Figure 5.28. Although it is evident 

that a sharp, perhaps exponential, increase in O/DN exists, the data require the 

superposition of additional osciUating terms to adequately represent the general 

trend. 

As it appears that the underlying trend of the data is exponential, it is of 

interest to flrst examine the agreement of the Unear temporal theories presented 

in section 2.2.1 and 2.2.2. Here it is assumed that the jet velocity, given by 

the volumetric flow rate and the jet diameter Dj = ^DN can be applied to 

transform the temporal frequency of maximum instabiUty to the corresponding 

spatial wavenumber. This is the underlying assumption of temporal analyses. 

Using Equation 2.9 for inviscid flows, a spatial growth rate of 46.33 in." 

is calculated for the conditions of this experiment. Adding the influence of 

viscosity accoimted for by Equation 2.14, a spatial growth rate of 16.62in." is 



164 

10 20 

Z/D 

30 

N 

40 

Figure 5.28 Fbcponential Representation of Disturbance Magnitude. 

obtained. Both of these values considerably exceed the value of 5.466 in. "̂  given 

by multiplying the exponent of the best flt curve of Figure 5.28 by the nozzle 

diameter. 
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A considerably improved representation of the spatial growth rate data 

is obtained by the curve fit shown in Figure 5.29. The functional form of this 

expression consists of the product of the exponential presented in Figure 5.28 

and a fourth-order Fourier series as given by 

• ^ = [1.562 -h l.002cosi463.2Z/DN) + 0.025jtn(463.2Z/D;v) 

-h 0.296co3(926.4Z/D;v) - 0.7635tn(926.4Z/DN) -h 0.640co5(1389.6Z/D7v) 

- QA64sinilZS9.6Z/DN) + 0.348co5(1852.8Z/i>Ar) 

- 0.086sm(1852.8Z/Z}A^)]3.383 X lo-^eOio^^z/^^") (57) 

This functionzd form of the curve fit appears to represent aU aspects of the data. 

Again, the data point at Z = 0 was neglected as the concUtions at the exit are 

of a considerably cUfferent nature than those of the free jet. For this reason, an 

extrapolation of Equation 5.7 to Z/DN = 0 was not performed. 

Provided that the transformation Z = Vjt appUes, Equation 5.7 cleaxly 

resembles the functional form of the results given in section 2.2.3 obtained from 

third-order three-dimensional nonUnear temporal analyses. However, these 

expressions represent the spatial variation of the jet cUameter at a fixed instant 

in time, as would be observed from a photograph. The results given in Figure 

5.29 represent the maximum time averaged growth rate of a cUstiu-bance rather 

than the jet profile at a fixed moment. A similax situation exists for all of the 

cUsturbance profile expressions provided in Chapter II. The spatial wavenumbers 

appearing in those equations correspond to the spatial extent of the smcx>th 

cUsturbances such as were observed neai Z = 0.5 in. The hzLrmonics included 

in Equation 5.7 represent a considerably longer wavelength which is closer to 
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30% of the breakup length. The presence of highly unstable very long spatial 

wavelengths was noted in section 2.2.5 which addressed three-cUmensional 

spatial analyses. However, it was argued by investigators in this area that 

wavelengths corresponcUng to these modes were tcx) long to exist in real jet flow. 

The results shown in Figure 5.29 appear to rzdse the possibiUty that harmonics 

of these modes tend to influence jet behavior. 
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Perhaps the most direct method of analyzing the appUcabiUty of temporal 

stabUity analyses to the Uquid jet breakup problem is to compare the wave 

velocity with the jet velocity If the two agree, then a disturbance with a 

wavelength A wiU move with the fluid at a velocity Vj, producing a temporal 

variation in jet cUameter at a fixed point with a frequency of u; = Vj/X. Spatial 

analysis, the first of which was performed by KeUer et al. [50], show the above 

concUtion to be true for very high speed jets. By examining the 20 enlarged 

photographs associated with the results of the previous section, a wavelength of 

approximately 0.06 in. was measured which consistently represented the primary 

swelUng of the type shown in Figure 5.20. Using a jet velocity based on the 

measured flow rate and the jet cUameter Dj = ^DN^ a temporal frequency 

of 795 rad/s was calculated using the wavelength of the primaxy waves. This 

frequency considerably exceeds the 472 rad/s temporal frequency measured at 

Z = 0.5 in., a region in which photographs incUcate that the smooth primaxy 

sinusoidal cUsturbances exist. Therefore, the data incUcates the ratio of the wave 

velocity of the primaxy disturbances to the jet velocity is approximately equal to 

0.6 rather than 1 as precUcted by the appUcation of temporal instabiUty theory. 

Signiflcantly smaller wavelengths corresponding to the short bulges shown 

in Figures 5.22 and 5.25 were also measured. However, as the wavelengths of the 

short bulges varied considerably and substitution of these wavelengths results in 

an even higher frequency, the corresponding wave velocities axe not suitable for 

compaxison purposes. 

In adcUtion to attempting to precUct the surface proflle of the jet, temporal 

instabiUty analyses have also provided the basis for the majority of the jet 



168 

length correlations which exist in the Uterature. In the previous section, a 

jet length of approximately 0.61 in. was cited. FoUowing substitution of the 

appropriate concUtions, Equation 2.11, given by Rajagopalan and Tien [28] as 

a mocUfied form of the results from three-cUmensional Unear inviscid analyses, 

yields a significantly smaUer jet length of 0.141 in. Two correlations were given 

by Grant and MidcUeman [8], the basic form of which foUow the results of three-

cUmensional Unear viscous analyses. The first, given in Equation 2.16, yields 

a jet length of 0.61 in., in perfect agreement with the experimental data. The 

second, a correlation given by Flquation 2.17 which attempts to account for a 

wider variety of operating concUtions, precUcts a larger jet length of 0.77 in. 

Based on the discussion of this section, several remarks with regard to the 

use of temporal instabiUty analyses to describe Uquid jet behavior are in order. 

The first pertains to the objection to these types of analyses on the physiczd 

grounds that the complex frequencies employed imply the breakup of a jet 

at all points in space. This argument can be circumvented provided that the 

equation u = Vj/X relating the wave and fluid velocities holds. The data of 

this investigation incUcates that the primary wave velocity is significantly smaller 

than that of the fluid. Therefore, in agreement with spatial analyses, the use of 

the transformation u = Vj/X appears to be questionable. 

In experimental investigations which focus on the behavior of the jet neax 

the breakup point, the results of the nonUncEU- temporal analyses discussed 

in section 2.2.3 have been shown to describe the growth rate and breakup 

process somewhat successfuUy. Therefore, it appeaxs that the basic form of the 

expressions obtained from nonUnear temporal analyses, i.e., equations consisting 
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of the product of an exponential and several harmonics, appear to be weU-suited 

for appUcation in this region. Although the same form of expression was used 

in this study to characterize the time-averaged spatial changes in jet cUameter 

observed along the length of the jet, the wavelengths are considerably longer 

than those precUcted by temporal instabiUty analyses. However, spatial analysis 

have incUcated a high degree of instabiUty associated with very long wavelength 

cUsturbances. Therefore, using this representation of jet behavior, a question 

regarding the stabiUty of Uquid jets to harmonics of these cUstiurbances is raised. 

FVirthermore, aside from some feedback from the higher harmonics incUcated 

by third-order nonUnear analyses, the primary growth rate precUcted by 

temporal analyses is associated with the Unear term. However, the growth rates 

precUcted by Unear temporal analyses considerably exceed those observed in this 

study. This cUscrepancy can be paxtiaUy attributed to the failure of the wave 

velocity to agree with the jet velocity, as it was necessaxy to assume the two 

were equzd in order to apply the appropriate equations. 

The success of Equation 2.16 in precUcting the jet length cannot be 

considered as an incUcation of the vaUdity of temporal analyses. Although this 

relationship is based on a lineax viscous temporal analysis, the value of the 

leading constant was adjusted to agree with previous experimental data. 

The last remark regarding the appUcabiUty of temporal stabiUty analyses 

relates to the treatment of velocity profile relaxation. The data of this investi

gation incUcates that at least the first 35% of the jet is subject to the change 

from an internal laminar fully developed flow to a free plug flow. However, 

temporal analysis track the instabiUty of an infinite cylinder at rest which is 
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subjected to a spatiaUy distributed harmonic perturbation. Using this approach, 

the influence of velocity profile relaxation can not be accurately modeled. Alter

natively, it is possible to include the effects of velocity profile relaxation in 

spatial StabiUty analyses, as recently iUustrated by Lieb and Goldstein [51]. 

Remarks regarcUng the data of this experiment and the results of their work is 

included in the foUowing section which examines the region of the jet near the 

nozzle exit in more detaU. 

5.3 Spatial Regions Characterizing Jet Behavior 

An alternative to expressing the spatial jet behavior with one relationship, 

such as Equation 5.7, is to characterize the jet in terms of regions representative 

of the dominating physical processes. Some cUscussion regarcUng the existenc:e of 

three cUfferent regions characterized by the frequency of temporal fluctuations in 

the jet cUameter has already been presented at the end of section 5.1.1. By also 

considering spatial variations in both the magnitude of the mean jet cUameter 

and the time averaged magnitude of the changes in jet cUameter, adcUtional 

observations regarcUng jet behavior are possible. 

Figure 5.30 combines Figures 5.26 and 5.27 to iUustrate the spatial 

variation of both the mean jet diameter and the jet cUameter standaxd deviation, 

a parameter representative of the magnitude of surface disturbances. Two 

clesirly sepzuate regions can be identifled by the data and from physical 

considerations. The first region, extending from the nozzle exit to an axial 

location between Z/DN = 10 and Z/DN = 20, is characterized by the effects 

of velocity profile relaxation. From a location between 10 and 20 cUameters from 
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the exit to the breakup point the data incUcates behavior representative of the 

physical process of wave growth. As no clear demarcation exists between the 

two regions, the range between Z/DN = 10 and Z/DN = 20 is best designated 

as that of a region of transition. 
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Figure 5.30 Spatial Regions of Jet Behavior. 
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5.3.1 Region of Velocity Profile Relaxation. The primary feature of the 

velocity profile relaxation region is the smooth decrease in the jet diameter from 

that of the exit to that of the free jet. The sharp initial drop in jet diameter 

shown between the exit and Z/DN = 2.9 can be observed from photographs. 

The majority of the jet diameter reduction occurs prior to the location where 

Z is approximately equal to 0.22 in., i.e., within a length corresponding to a 

factor of almost 12 times the nozzle inside cUameter. Although a sUght increase 

takes place near Z = 0.3 in., a further reduction in Dj occurs up to Z = 

0.4 in., incUcating that this region may extend to a cUstance of up to 22 nozzle 

cUameters. This is somewhat less than the 30 cUameters required for velocity 

profile relaxation estimated by Scriven and Pigford [103]. 

Within this region, the magnitude of the surface cUsturbances incUcated by 

the value of o drops sharply at the exit, and then appears to increase slightly 

up to the location where Z/DN = 11-7. It appears that the laxge, random 

fluctuations which exist at the exit axe considerably attenuated within an £ucial 

cUstance corresponding to 6 nozzle diameters. Some growth of the surface 

disturbzmce magnitude is then observed. Therefore, as the jet cUameter is stiU 

decreasing within this range, it appears that cUsturbances which were present 

in the flow and were not attenuated axe beginning to increase in ampUtude as 

velocity profile relaxation occurs. This is consistent with the results of Lieb 

and Goldstein's spatial zuialysis which precUcts that a high degree of coupling, 

i.e., the abiUty of a small perturbation upstream to translate to a surface 

cUstiu'bEmce of the jet, occurs in fuUy developed flows. 
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FVom section 5.1.1, the data indicates that this coupUng is occurring 

between the jet and waves corresponding to temporal variations in jet diameter 

with both low frequencies between 300 and 600 rad/s and the weaker very low 

underlying frequencies between 40 and 70 rad/s. Therefore, waves which result 

in temporal changes of the jet diameter within this range of frequencies are the 

first to form and appear to be weU coupled with the physical nature of flows 

with racUaUy varying velocity proflles. 

The apparent growth of these disturbances is reduced between Z/DN — 

11.7 and Z/DN = 17.5. Within this range, the mean jet cUameter data is no 

longer decreasing which incUcates that the velocity profile is approaching a plug 

flow. As the absolute minimum jet cUameter coincides with the existence of a 

plug flow, it appears that the jet profile has become fuUy relaxed near Z = 

20.5 in. 

5.3.2 Region of Wave Growth. As Z/DN is increased past 22, Figure 5.30 

shows that both the mean jet cUameter and the surface cUsturbzince magnitude 

increase from an absolute minimum to a value which exceeds the nozzle 

cUameter and is consistent with jet breakup. Cleaxly, this trend corresponds to 

the rapid growth of the disturbances which cause droplet formation. This high 

rate of wave growth following the formation of plug flow can also be explained 

by the results of Lieb and Goldstein's spatial anzdysis which show that the 

growth rate of cUsturbances present in plug flows is up to 4 times laxger than 

that occurring in fuUy developed flows. Therefore, high cUsturbance growth rates 

can be expected to soon foUow velocity proflle relaxation. 
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Data included in section 5.1.1 show that the range from Z = 0.278 in. 

iZ/DN = 14.6) to Z = 0.44in. (Z/Dyv = 23.4) is chaxacterized by high 

frequency disturbances near 3000 and 4500 rad/s . Therefore, the initial stage of 

the wave growth region is characterized by high frequency temporal changes in 

jet cUameter. As Z is increased to values closer to the brezdcup point, temporal 

variations in the 400 to 500 rad/s range were recorded. From photographic 

evidence, these changes have been associated with smooth primaxy sinusoidal 

cUsturbances. A further incresise in Z incUcates that short bulges producing 

high frequency variations in the jet cUameter of approximately 1000 rad/s 

exist. Therefore, it appeaxs that jet behavior within this region is associated 

with the growth of high frequency temporal cUsturbances which inter2u:t with 

other existing perturbations to produce the primary sinusoidal disturbances 

and the short bulges observed neax the breakup point. This explanation is 

consistent with the method of spatial einalyses which assume that the nature of 

a temporally varying excitation, induced at the nozzle or upstream, results in 

the spatial growth of surface cUsturbances. 

FVom the point where plug flow appears to occur, near Z/DN = 20.5, the 

spatial growth of the disturbance magnitude occurs quite rapidly as compared 

to the small growth rate observed in the velocity relaxation region. Figure 5.31 

iUustrates that the growth rate associated with the low frequency disturbances 

appeaxs to be lineax. However, the data in the wave growth region aie weU 

represented by an exponential growth rate, as also shown by Figure 5.31. The 

ratio of the two growth rates is considerably greater than the value of 4 
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predicted by Lieb and Goldstein. In fact, the exponential growth rate is closer 

to, although StiU less than, the values predicted by Unear temporal analysis. 
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Figure 5.31 Growth Rate Comparison Between Regions of Jet Behavior. 

5.3.3 Transition Ree îon. The behavior within this region is assumed to be 

subject to the combined effects of velocity profile relaxation and wave growth. 

Towards the end of the velocity profile relaxation region, it is expected that 
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some of the high frequency disturbances wiU begin to grow as the characteristics 

of the flow begin to resemble a plug flow. The low frequency disturbances 

present in the velocity profile relaxation region are possibly subject to destructive 

interference with the newly forming high frequency disturbances. Such an 

interaction between previously growing and recently coupled disturbances of 

vastly different frequencies could explain the osciUation in both the mean jet 

diameter and the disturbance magnitude which is observed within this region in 

Figure 5.30. 

The prececUng explgmation of jet behavior within the transition region 

is supported by the results of section 5.1.1. Near the center of the transition 

region, at Z = 0.278 in. iZ/DN = 17.5), both low frequency temporal variations 

in jet diameter neai 350 rad/s and considerably higher frequency changes near 

3500rad/s were observed. For Z < 0.278in., only lower frequency temporal 

fluctuations were measured. With increasing Z, high frequency diameter 

changes were dominant. 

Another possibiUty is that the fluid motion associated with plug flow is 

incapable of supporting the low frequency cUsturbances which appezued to 

be growing when the velocity profile included racUzd gracUents. However, this 

scenario is unlikely as results neax the breakup point incUcate that temporal 

changes with frequencies neax 500 rad/s exist aind axe associated with the 

primary breakup mode. 

Further comparisons of the data in terms of the anzdyses of previous 

investigators have now become quite Umited. On several bases, inclucUng the 

lack of agreement between the wave and fluid velocities, it was concluded that 
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temporal analyses faUed to adequately describe the overaU breakup process. 

FVom the experimental data, the importance of the velocity profile relaxation is 

evident. Therefore, in the past section comparison was restricted to the work of 

Lieb and Goldstein, one of the most recent analyses and the only investigation 

to consider spatial instabiUty subjected to velocity profile relaxation. 



CHAPTER VI 

CONCLUSIONS AND RECOMMENDATIONS 

6.1 Conclusions 

Over the past one hundred years, theories of suivancing complexity have 

been developed to describe the breakup of a Uquid jet into droplets. Numerous 

experimental investigations have been performed as weU. As existing theories 

have generaUy expressed the jet stabiUty problem in terms of the magnitude 

and frequency of small perturbations, most experimental work has focused 

on reducing the magnitude of disturbances acting on the jet, or applying 

the cUsturbances of known frequency, to study Uquid jet behavior. Although 

some investigators have examined the stabiUty of Uquid jets subjected only to 

disturbances inherent in the flow system, the magnitude of these perturbations 

is smaU and it has not been possible for jet response to be adequately chzirac-

terized, especially upstream from the breakup point. 

By analyzing the interference pattern resulting from colUmated incident 

laser Ught on a cUelectric cyUnder, it was possible to develop a nonintrusive 

experimental tool which appears to be weU-suited for characterizing the 

behavior of Uquid jets subjected to small pertiurbations. During the course 

of this analysis, three separate approaches to mathematically modeUng the 

interference pattern were addressed. 

The flrst approach is based on the classical Airy theory regarcUng the 

formation of rainbows due to the interaction of Ught and spherical water 

droplets. This technique employs a virtual wavefront described by a cubic 
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equation as weU as a considerable number of simpUfying assumptions to yield a 

closed form solution for the intensity distribution. This method was successful 

in precUcting the general trend of the observed interference pattern, but lacked 

the rigor required for the development of a measurement tcx)l. 

The second approach employs a Uteral interpretation of the Huygens-Fresnel 

principle. The incident Ught is treated as a ray phenomenon in the region of 

the cyUnder. The wavefront which exists in the neighborhcx)d of the cylinder 

is then c:onsidered to be a source of secondary spherical waves, the cumulative 

effect of which is determined at a point in the far field. As the wave theory 

employed in this method is weU-estabUshed, the only theoretical Umitations axe 

those imposed by the use of geometrical optics. However, a numerical stabiUty 

problem was encotmtered for large cUameter cyUnders. Therefore, this methcxi is 

restricted to the region for which 5 < a/X < 20. 

A parametric ray adcUtion tecimique was used in the third approach. 

This method is limited to the realm of geometric optics but is not subject 

to the simpUfying assumptions of the cubic wave approximation included in 

the first approach. Instead, a ray tracing technique is employed through the 

use of parametric equations. The interference pattern is then determined 

by superimposing interacting rays with known phase shifts. The angular 

distribution of the interference pattern predicted by this method agrees weU 

with that observed in the laboratory. Provided that the observation point is in 

the far field, this method appears to be uniformly vaUd within the region for 

which 300 < a/X < 500. As this method is subject to a Umited number of 

Eissumptions, and the range of appUcabiUty includes the cyUnders formed by 



180 

small capiUary jets, it was chosen to investigate the stabiUty of a Uquid jet to 

small naturaUy occurring perturbations. 

The mathematical model obtained from the parametric ray approximation 

was implemented using an experimental apparatus and technique which 

resulted in the abiUty to measure changes in the cUameter of a Uquid jet with an 

estimated 1% uncertainty. Due to inaccuracies sissociated with the positioning 

of certain components, the actual jet cUameter cx>uld be measured with an 

estimated uncertainty of almost 5%. 

The experimental tcx)l was then employed in an analysis of the cUsturbances 

acting on a laminar Uquid jet exiting from a nozzle of sufficient length and 

cUameter for the internal flow prececUng jet formation to be laminar and fuUy 

developed. An investigation of the temporal jet behavior at axial locations from 

the nozzle exit yielded the conclusions presented in the paragraphs which foUow. 

The character of the crhanges measured using the experimental tool agrees 

weU with observations from photographs, and the average jet diameter upon 

contraction agrees well with existing analyses. Therefore, the measurement 

technique appears to be vaUd. 

The nature of the fluid flow at the exit, a concUtion which is required to 

apply existing theories, appears to be dominated by lairge random changes in 

the jet cUameter. It was postulated that these changes are due to intermittent 

periods of time when fluid adheres to the underneath side of the nozzle exit 

under the action of surface tension. 

The wave velocity of the primaxy cUsturbance obtained from temporal 

changes in the jet cUameter and photographic evidence faUs to agree with the 
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jet velocity. Results have shown that waves travel with a velocity which is 

approximately 60% of the fluid velocity These results indicate that the use of 

temporal stabiUty analyses to describe the spatial instabiUty of Uquid jets by 

using the transformation a; = Vj/X is inappropriate as the transformation does 

not apply. 

The cUsturbance growth along the axis of the jet was reasonably represented 

by a single function consisting of exponential and sinusoidal terms in a functional 

form similar to the results provided by nonUnear temporal analyses. However, 

the frequencies of the measured harmonics are considerably lower than those 

precUcted by temporal analysis. A possibiUty exists that these low frequency 

changes are harmonics of the very unstable modes precUcted by spatial analyses 

but which have previously been cUsmissed as the cUsturbance wavelengths exceed 

the length of the jet. It is more likely that spatial changes in both the cUameter 

and the cUsturbance magnitude are the result of cUffering physical processes 

dominating jet behavior. 

For the concUtions of this experiment, approximately the flrst 35% of the jet 

was dominated by the effects of velocity proflle relaxation. The initial portion 

of this region was chaxacterized by a shaxp reduction in jet cUameter and a large 

decrease in the cUsturbance magnitude in a manner consistent with the abrupt 

change from internal to sheax-free flow. Within the remainder of this region, a 

smooth reduction in jet diameter was observed along with primaxy low (300-

600 rad./s) and underlying very low (40-70rad./s) frequency temporal variations. 

Following the initial reduction, a slow approximately linear increase in the 

cUsturbance magnitude was noted. Therefore, it appeeurs that low frequency 
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temporal disturbances are weU coupled to fuUy developed flows and are subject 

to approximately Unear growth rates. 

Approximately the last 25% of the jet was dominated by the spatial growth 

of the waves which cause jet breakup. High frequency (3000-4500 rad./s) 

temporal variations were observed near the beginning of this region. Therefore, 

it appears that cUsturbances associated with high frequency changes in jet 

diameter are weU coupled to plug flow. The measured spatial growth rate within 

this region foUowed an exponential relationship incUcating that plug flows are 

subject to larger growth rates than flows containing radial velocity gracUents. 

As the breakup point was approached, both low frequency changes in the jet 

cUameter associated with the smooth primary sinusoidal cUsturbances and high 

frequency changes corresponcUng to short bulges of the fluid were recorded. 

Therefore, it appears that interaction between the low frequency temporal 

variations observed closer to the exit and high frequency temporal variations 

recently coupled to the newly formed plug flow governs the breakup process. 

No clear demarcation between the regions of velocity profile relaxation and 

wave growth exists. Therefore, the region extencUng from 35% to 75% of the jet 

length can be considered a transitional region and jet behavior within this range 

is subject to the interference between cUsturbances corresponcUng to low and 

high temporal variations in jet cUameter. 

In conclusion, the results of this experimental investigation show the 

development of the optical measurement tool to be useful in the analysis of 

Uquid jet instabiUty. The appUcation of this te<:hnique for the concUtions of this 

experiment have shown that temporal analyses do not appropriately model the 
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jet breakup process. Furthermore, two principal regions of jet flow have been 

identified which iUustrate that considerably different jet behavior is associated 

with the physical processes of velocity profile relaxation and wave growth. 

6.2 Recommendations 

After applying and analyzing the data acquired using the optical measure

ment technique presented in this investigation, the foUowing improvements are 

recommended: 

(1) A detector array with more incUvidual detectors should be used to reduce 

the uncertainties associated with inaccurate intensity reacUngs from a single 

detector. 

(2) A more precise method of positioning the incUvidual detectors with respect 

to each other and positioning the detector array with respect to the fluid jet 

should be employed. This would aUow the uncertainty related to the overaU 

magnitude of the diameter measurements to be reduced. 

(3) To investigate the accuracy of the cUameter magnitude measurements, an 

appropriately sized fuUy cyUndrical lens with a known cUameter should be 

used as a calibration device. 

Based on the results of the experiment, it is recommended that the 

improved experimental tool be used in an analysis of jets formed under various 

operating concUtions. SpeciflcaUy, the state of knowledge in this axea can be 

fuxther advanced by the foUowing: 

(1) An investigation of the influence of nozzle length to cUameter ratios should 

be performed. This would allow the influence of velocity proflle relaxation 
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to be explained to a greater extent. 

(2) Analytical treatments have shown jet behavior to be a strong function of 

the Weber number. Therefore, the specific temporal disturbances acting on 

Uquid jets and the overaU jet behavior should be evaluated for a range of jet 

velocities within the laminax jet regime. 

(3) As spatial analyses require the cUsturbance frequency to be known, am 

investigation of jet behavior under concUtions of velocity modulation, which 

induces a temporal perturbation, would aUow a more rigorous evaluation of 

existing theories. 

The fincUngs of Leib and Goldstein appetu" to be endorsed by the results of 

this work. Therefore, it is recommended that further analytical treatments focus 

on spatial instabiUty analyses subjected to velocity profile relaxation. 



REFERENCES 

[1] Kamphoefiier, Fred J. "Ink Jet Printing." IEEE TrsaisactioDS on Electron 
Devices ED-19,4 (April 1972) 584-593. 

[2] Berglimd, Richard N. and Liu, Benjamin Y.H. "Generation of Monodisperse 
Aerosol Standards." Environmentai Sdence and Technology 7,2 (February 
1973)147-153. »^ ' v 

[3] Haas, P.A. "Preparation of Sol-Gel Spheres smaUer than 200 Microns 
without Fluidization." Nuciear Technoiogy 10 (March 1971) 283-292. 

[4] Seigel, R. "TVansient Cooling of a Droplet-FiUed Layer." Joumai of Heat 
Transfer 109 (February 1987) 159-164. 

[5] Pond, R.B.; Maringer, R.E.; and Mobley, C.E. "High Rate Continous 
Casting of MetalUc Fibers and Filaments." New Trends in Materials 
Processing. Metals Park, Ohio: American Socaety for Metals (1976) 128-164. 

[6] Scriven, L.E. and Pigford, R.L. "On Phase Equilibrium at the Gas-Liquid 
Interface During Absorption." AIChE Joumai 4,4 (April 1958) 439-452. 

[7] Tyler, E. and Watkin, F. "Experiments with CapiUary Jets." Philosophical 
Magazine S.7, 14,94 (November 1932) 849-880. 

[8] Grant, RolUn Peter and MidcUeman, Stanley. "Newtonian Jet StabiUty." 
A.I.Ch.E. Joumai 2,4 (1966) 669-678. 

[9] McCarthy, M. J. and MoUoy, N. A. "Review of StabiUty of Liquid Jets 
and the Influence of Nozzle Design." The Chemical Engineering Joumai 7 
(1974) 1-20. 

[10] De-Sande, Van and Smith, John M. "Jet Break-up and Air Entrainment by 
Low Velocity Turbulent Jets." Chemical Engineering Science 31,3 (1976) 
219-224. 

[11] Lefebvre, Arthur H. Atomization and Sprays. New York: Hemisphere, 1989. 

185 



186 

[12] Lehrer, Isaac H. "Dispersion of Liquid from an Oriflce. Noniterative 
Prediction of E»t Velocity at Transition from Single Drop Formation 
to Jet Injection." Industriai Engineering Chemical Process Design and 
Deveiopment 18,2 (1979) 297-300. 

[13] Fenn, Robert W. Ill and Middleman, Stanley. "Newtonian Jet StabiUty: 
The Rx)le of Air Resistance." A.LCh.E. Joumai 15,3 (May 1969) 299-383. 

[14] Reitz, R.D. and Bracco, F.V. "Mechanism of Atomization of Liquid Jet." 
Physical Fluids 25,10 (October 1982) 1730-1742. 

[15] Hiroyasu, Hiroyuki; Shimizu, Masanori; and Arai, Masataka. "The Breakup 
of High Speed Jet an a High Pressure Gaseous Atmosphere." ICLASS'82, 
Proceedings of the 2nd International Conference on Liquid Atomization and 
Spray Systems, MacUson, Wisconsin (1982) 69-74. 

[16] Arai, M.; Shimizu, M.; and Hiroyasu, H. "Break-Up Length and Spray 
Angle of High Speed Jet." ICLASS-SSy Proceedings of the 3rd International 
Conference on Liquid Atomization and Spray Systems, London (1985) 
IB/4/1-IB/4/10. 

[17] Castleman, R.A., Jr. "The Mec:hanism of the Atomization Accompanying 
SoUd Injection." iVACA Tech Memo 440 (1932). 

[18] Miesse C.C. "Correlation of Experimental Data on the Disintegration of 
Liquid Jets." Industrial Engineering and Chemistry 47, 9 (1955) 1690-1701. 

[19] Krzywoblocki, M.A. "Jets - Review of Literature." Jet Propulsion 26 (1957) 
760-779. 

[20] Phinney, R.E. "The Breakup of a Turbulent Liquid Jet in a Gaseous 
Atmosphere." Joumai of Fluid Mechanics 60 (1973) 689-701. 

[21] Leinhard, J.H. and Day, J.B. "The Breakup of Superheated Liquid Jets." 
IVansactions of the ASME, Joumai of Basic Engineering, Series D 92, 3 
(1970) 515-522. 



187 

22] Lafranc^ P. "The Breakup Length of Turbulent Liquid Jets." IVansactions 
of the ASME, Joumai of Fluids Engineering (June 1977) 414-415. 

23] Rayleigh, Lord. "On the InstabUity of Liquid Jets." Proceedings of the 
London Mathematical Society 10,4 (1879). 

24] Rayleigh, Lord. Theory of Sound. New York: Dover, 1945. 

25] Anno, J.N. The MecJjanics of Liquid Jets. Lexington, Massachusetts: 
Lexington Books, 1980. 

26] Chandrasekar, S. Hycirodymam'c and Hydromagnetic StabiUty. Oxford: 
Clarendon Press, 1961. 

27] McCormack, P.D.; Crane, L. and Birch, S. "An Experimental and Theo
retical Analysis of Cylindrical Liquid Jets Subjected to Vibration." British 
Joumai of AppUed Physics 16 (1965) 395-408. 

28] Rajagopalan, R. and Tien, Chi. "Production of MonocUspersed Drops 
by Forced Vibration of a Liquid Jet." Canadian Joumai of Chemical 
Engineering 51 (June 1973) 272-279. 

29] Rayleigh, Lord. "The Instability of a Liquid Jet." PhUosophical Magazine 
34,153 (1892). 

30] Weber, C. "Disintegration of a Liquid Jet." Z. Angew Math. 11, 136 (1931). 

31] Haenlein, A. "Disintegration of a Liquid Jet."NACA Tech Memo 644 
(1931). 

32] Harmon, D.B. J. Franklin Institute 259 (1955) 519. 

33] MidcUeman, S. and Gavis, J. "Expansion and Contraction of CapiUauy Jets 
of Newtonian Fluids." The Physics of Fluids 4,3 (March 1961) 355-359. 



188 

'̂ '̂ ^^^"i' »^-S: "Non-Linear CapiUary InstabUity of a Liquid Jet." Journai of 
Fluid Mechamcs 33, 1 (1968) 151-163. 

[35] Wang, D.P. "Finite AmpUtude Effect on the StabiUty of a Jet of Circular 
Cross-Section." Joumai of Fluid Mechanics 34, 2 (1968) 299-313. 

[36] Nayfeh, AU Hasan. "NonUnear StabiUty of a Fluid Jet." The Physics of 
Fluids 13 (1970) 841-847. 

[37] Lafrance, P. "Nonlinear Breakup of a Laminar Liquid Jet." Physics of 
Fluids 18, 4 (April 1975) 428-432. 

[38] Lafrance, P. "Nonlinear Breakup of a Liquid Jet." Physics of Fluids 17, 10 
(October 1974) 1913-1914. 

[39] Chaudhary, K.C. and Redekopp. L.G. "The NonUnear CapiUary InstabiUty 
of a Liquid Jet. Part 1. Theory." Journai of Fluid Mechanics 96,2 (1980) 
257-274. 

[40] Lamb, H. Hydrodynamics. New York: Dover Press, 1932. 

[41] Bogy, D.B. "Drop Formation in a Circular Liquid Jet." Annua/ Review of 
Fluid Mechanics 11 (1979) 207-228. 

[42] MaUk, S.K.; Singh, M.; and Welsh, W. "NonUnear Breakup of a Self-
Gravitating Colunm." Joumai of Mathematical Analysis and AppUcations 
89 (1982) 370-385. 

[43] Lee, H.C. "Drop Formation in a Liquid Jet." IBM Joumai of Research and 
Development 18 (July 1974) 364-369. 

[44] Green, A.E. "On the Non-Linezu: Behaviour of Fluid Jets." Interaadonai 
Joumai of Engineering and Science 14, 1 (1976) 49-63. 

[45] Green, A.E. and Laws, N. "Ideal Fluid Jets." International Joumai of 
Engineering and Science 6, 3 (1968) 317-331. 



189 

[46] Bogy D.B. "Use of One-Dimensional Cosserat Theory to Study histabiUty 
m a Viscous Liqmd Jet." Physics of Fluids 2 1 , 2 (February 1978) 190-197. 

[47] CauUc, D.A. and Naghdi, P.M. "On the Onset of Breakup in Inviscid and 
Viscous Jets." IVansactions of the ASME, Joumai of AppUed Mechanics 46 
(June 1979) 291-297. 

[48] Crow, S.C. and Champagne, F.M. "Orderly Structure in Jet Turbulence." 
Joumai of Fluid Mechanics 48 (1971) 547-562. 

[49] Morris, P.J. "The Spatial InstabiUty of Axisymmetric Jets." Journai of 
Fluid Mechanics 77, 3 (1976) 511-529. 

[50] KeUer, J.B.; Rubinow, S.I. and Tu, Y.O. "Spatial InstabiUty of a Jet." 
Physics of Fluids 16, 12 (December 1973) 2052-2055. 

[51] Leib, S.J. and Goldstein, M.E. "The Generation of CapiUary InstabiUties on 
a Liquid Jet." Journai of Fluid Mechanics 168 (1986) 479-500. 

[52] CargiU, A.M. "Low FVequency Sound Radiation Due to the Interaction of 
Unsteady Flows With a Jet Pipe." in MecJianics of Sound Generation in 
Flows. New York: Springer, 1979, pp. 377-386. 

[53] Munt, R.M. "The Interaction of Sound with a Subsonic Jet Issuing From a 
Semi-Inflnite Circular Pipe." Journai of Fluid Mechanics 83 (1977) 609-690. 

[54] Debler, W. and Yu, D. "The Break-up of Laminax Liquid Jets." Proceedings 
of the Royal Society of London Series A 415 (1988) 107-119. 

[55] Berger, S.A. "Initial-Value StabiUty Analysis of a Liquid Jet." SIAM 
Joumai of Applied Mathematics 48,10 (October 1988) 973-991. 

[56] Busker, D.P. "The Non-Linear Break-Up of an Inviscid Liquid Jet using 
the Spatizd-InstabiUty Method." Chemical Engineering Science 44, 2 (1989) 
377-386. 



190 

[57] Chaucihary, K.C. and Maxworthy, T. "The NonUnear CapiUary InstabiUty 
of a Licjmd Jet. Part 2. Experiments on Drop Behavior Before Drop 
formation. Joumai of Fluid Mechanics 96,2 (1980) 275-288. 

[58] Pimbley W.T. "Drop Formation from a Liquid Jet: A Unear One-Dimen-
aonal Analysis Considerted as a Boundary Value Problem." IBM Joumai of 
Research and Development 20 (March 1976) 148-156. 

[59] Pimbley, W.T. and Lee, H.C. "SateUite Drop Formation in a Liquid Jet." 
IBM Joumai of Research and Development 21 (January 1977) 21-30. 

[60] Bogy, D.B. "Break-Up of a Liquid Jet: Second Perturbation Solution 
for One-Dimensional Cosserat Theory." IBiVf Joumai of Research and 
Development 23 , 1 (January 1979) 87-92. 

[61] Bogy, D.B. "Break-Up of a Liquid Jet: Third Perturbation Cosserat 
Solution." Physics of Fluids 22, 2 (February 1979) 224-230. 

[62] Bidone, G. Experiences sur la Forme et sur la Direction des Veines et des 
Courants d'eau Lances par Diverses Ouvertures. Turin: Imprimerie Royale, 
1829. 

[63] Savart, F. "Memoire sur la Constution des Veines Liquides Lancees par des 
Orifices Circulaues en Mince Parol." Ann de Chim. 53 (1833) 337-386. 

[64] Plateau, M.T. "On the Recent Theories of the Constitution of Jets of 
Liquid Issuing from Circulzu" Orifices." PhUosophical Magazine 12 (1856) 
286-297. 

[65] Tyler, E. "Instability of Liquid Jets." PhUosophical Magazine S.7, 16,105 
(August 1973) 505-518. 

[66] Merrington, A.C. and Richardson E.G. "The Brezdc-up of Liquid Jets." Tiie 
Proceedings of the Physical Society 59,1 (1 Jzmuary 1947) 1-13. 

[67] Wolf, W.R. "Study of the Vibrating Reed in the Production of SmaU 
Droplets and SoUd Particles of Uniform Size." Tiie Review of ScientiUc 
Instruments 32,10 (1961) 1124-1129. 



191 

[68] Schneider, J.M. and Hendricks, C D . "Source of Uniform-Sized Droplets." 
Tlie Review of Scientific Instruments 35,10 (1964) 1349-1350. 

[69] Linblad, N.R. and Schneider, J.M. "Production of Uniform-Sized Liquid 
Droplets." Joumai of Scienti&c Instruments 42,4 (1965) 635-638. 

[70] Goedde, E.F. and Yuen, M.C. "Experiments on Liquid Jet InstabiUty" 
Joumai of Fluid Mechanics 40,3 (1970) 495-511. 

[71] Sakai, Takeshi and Hoshino, Norimasa. "Production of Uniform Droplets 
by LongitucUnal Vibration of AucUo FVequency." Joumai of Chemical 
Engineering of Japan 13,4 (1980) 263-268. 

[72] Sakai, Takeshi; Sadakata, Masayoshi; Saito, Masahiro; Hoshino, Norimasa; 
and Senuma, Satoshi. "Uniform Size Droplets by Longitudinal Vibration 
of Newtonian and Non-Newtonian Fluids." ICLASS-82, Proceedings of the 
2nd International Conference on Liquid Atomization and Spray Systems, 
Madison, Wisconsin (1982) 37-45. 

[73] Crane, L.; Birch, S. and McCormack, P.D. "The Effect of Mechanical 
Vibration on the Bresdc-up of a CyUndrical Water Jet in Air." British 
Joumai of AppUed Physics 15 (1964) 743-750. 

[74] DonneUy, R.J. and Glaberson, W. "Experiments on the CapiUary InstabiUty 
of a Liquid Jet." Proceedmgs of the Royal Society of London A 290 (1966) 
547-556. 

[75] Rutland, D.F. and Jameson, G.J. "Theoretical Prediction of Sizes of Drops 
Formed in the Breakup of CapiUary Jets." Chemical Engineering Science 25 
(1970) 1689-1698. 

[76] Rutland, D.F. and Jameson, G.J. "A Non-Linear Effeect in the CapiUary 
InstabiUty of Liquid Jets." Joumai of Fluid Mechanics 46,2 (1971) 267-271. 

[77] Dabora, E.K. "Production of MonocUsperse Sprays." The Review of 
ScientiUc Instruments 38,4 (1967) 502-506. 



192 

[78] Chaucihary, K.C. and Maxworthy, T. "The NonUnear CapiUary InstabiUty 
of a Liquid Jet. Part 3. Experiments on SateUite Drop Formation and 
^^ontrol. Joumai of Fluid Mechanics 96,2 (1980) 287-297. 

[79] Lafrance, P. and Ritter, R.C."Capillary Breakup of a Liquid Jet With a 
liSJirN JSJ^**^ Perturbation." Joumai of AppUed Mechanics 9 (September 
1977) 385-388. 

[80] SterUng, Arthur M. and Sleicher, C.A. "The InstabiUty of CapiUary Jets." 
Joumai of Fluid Mechanics 68 (1975) 477-495. 

[81] Mahoney, T.J. and SterUng, M.A. "The Breakup Length of Laminar 
Newtonian Liquid Jets in Air." ICLASS-78, Proceedings of the 1st Interna
tional Conference on Liquid Atonnzation and Spray Systems, Tokyo (1978) 

[82] Gritzo, Louis A. "Laser-Induced Breakup of a SmaU Liquid Jet." Master's 
Thesis, Texas Tech University, 1990. 

[83] Ashkin, A. and Dziedzic, J.M. "Optical Levitation by RacUation Pressure." 
AppUed Physics Letters 19,8 (15 October 1971) 283-285. 

[84] Ashkin, A. "Acceleration and Trapping of Particles by Radiation Pressure." 
Physical Review Letters 24,4 (26 January 1970) 156-159. 

[85] Buican, Tudor N.; Smyth, Miriam J.; Crissman, Hsury A.; Salzman, Gary 
C; Stewart, Carlton C; and Mjuiin, John C. "Automated Single CeU 
Manipulation and Sorting by Light Trapping." Applied Optics 26,24 (15 
December 1987) 5311-5316. 

[86] Gritzo, Louis A.; Fernandez, Melvyn L.; and Anderson, Edward E. "Force 
Analysis of a Laser Beam Incident on a Fluid Jet." AppUed Optics 29,18 
(20 June 1990) 2734-2740. 

[87] Taub, Howard H. "Investigation of NonUneax Waves on Liquid Jets." The 
Physics of Fluids 19,8 (August 1976) 1124-1129. 



193 

[88] Azzopardi, B.J. "Measurement of Drop Sizes." Interaationai Joumai of 
Heat and Mass Transfer 22,9 (1979) 1245-1279. 

[89] Hess, Cecil F . and Espinosa, Victor E."Spray Characterization with a 
Nonitrusive Technique using Asbolute Scattered Light." Optical Engineering 
23,5 (September-October 1984) 604-609. 

[90] Hirleman, Dan E.; Oechsle, V.; and Chigier, N.A."Response Characteristics 
of Laser Diffraction Particle Size Analyzers: Optical Sample Volume Extent 
and Lens Effects." Optical Enguieering 23,5 (September-October 1984) 610-
619. 

[91] Ewan, B.C.R.; Swithenbank, J.; and Scruskey, C. "Measurement of 
IVansient Srpay Size Distributions." Optical Engineering 23,5 (September-
October 1984) 620-625. 

[92] Dodge, Lee G. "Change of CaUbration of Diffraction-Based Particle Sizers 
in Dense Sprays." Optical Engineering 23,5 (September-October 1984) 626-
630. 

[93] Humphreys, W.J. Physics of the Air. New York: McGraw-HiU, 1940. 

[94] Hulst, H.C. Light Scattering by Small Particles. New York: Wiley & Sons, 
1957. 

[95] Boyer, Carl B. The Rainbow, Drom Myth to Mathematics. Princeton, New 
Jersey: Princeton University Press, 1987. 

[96] Airy, G.B. "On the Intensity of Light in the Neighbourhood of a Caustic." 
IVansactions of the Cambridge PhUosophical Society,Vl (1838) 379-403. 

[97] MaUcus, V.M.R.; Bishop, R.H.; and Briggs, R.O. "Analysis and PreUminary 
Design of an Optical Instriunent for the Measurement of Drop Size and 
Free-Water Content of Clouds." NACA Tech. Note No. 1622, Washington, 
1948. 



194 

[98] Hecht, Eugene. Optics, Second Edition. Reading, Massachusetts: AdcUson-
Wesley, 1987. 

[99] Vladimirov, V.S. Equations of Mathematicsd Physics^ Moscow: Mir, 1984. 

[100] Forsythe, G.A.; Malcomb, M.A.; and Moler, C.B. Computer Methods for 
Mathematical Computations. Englewood Cliffs, New Jersey: Prentice-HaU, 
1977. 

[101] Beckworth, T.G.; Buck, N.L.; and Marangoni, R.D. iVfeciiam'cai JVfea-
surements, Tliird Edition. ReacUng, Massachusetts: AdcUson-Wesley, 1982. 

[102] Rose, R.M.; Shepard, L.A.; and WuUF, J. The Stmcture and Properties of 
Materials, Vbiume 4. New York: John WUey and Sons, 1966. 

[103] Scriven, L.E. and Pigford, R.L. "Fluid Dynamics and Diffusion Calculations 
for Laminar Liquid Jets." AIChE Joumai 5,3 (September 1959) 397-402. 


