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ABSTRACT 

Neural networks have been studied for many years in the 

hope of simulating human-like activities such as recognizing 

a friend in a picture. Associative memories are systems that 

can recall stored data by specifying all or a portion of a 

probe that has been associated or paired with that data. 

Until now, most of the researchers used the equal probability 

neuron status assumption to derive the system performance. 

Only a few considered the non-equally distributed case. In 

this dissertation, we have quantitatively analyzed the 

characteristics of a variety of sparsely encoded associative 

memories. Based on each neuron operating close to its 

threshold, a dynamic thresholding scheme is proposed. From 

this dynamic approach, the first-order sparsely encoded 

associative memory storage capacity is shown to have better 

performance than for an ordinary associative memory. 

Sensitivity of storage capacity with respect to variations of 

threshold change is calculated to observe the effect on 

capacity change. Information capacity is also investigated in 

order to choose the optimum activity rate. Extensions are 

made to the higher order system. Several properties such as 

storage and information capacities are explored to evaluate 

the system performance. Other contributions include: (1) 

consideration of the retrieval problem of stored patterns in 

the noisy environment, and (2) development of the fault 



tolerant analysis of associative memories. Both neuron and 

connection fault models are analyzed in detail. Simulation 

results are shown to be consistent with theoretical work. 
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CHAPTER I 

INTRODUCTION 

Neural networks have been studied for many years in the 

hope of simulating human-like activities such as recognizing 

a friend in a picture. Several models have been proposed for 

various applications [8-12]. Among them, the Hopfield net can 

be used as an associative memory and involves a weighting 

matrix that is easy to implement. In this research, the focus 

is on the Hopfield net. Hopfield rekindled this field in the 

early 1980s [1-2]. He introduced outer product rules as well 

as equivalent approaches based on the early work of Hebb [3] 

for training a class of recurrent networks now called Hopfield 

models [4-5]. Since then many results have been reported [4-

5,11-16]. A typical Hopfield network is shown in Fig.1.1. 

A neural network is composed of many nonlinear 

information processing nodes or neurons operating in parallel. 

Associative memories are systems that can recall stored data 

by specifying all or a portion of a probe that has been 

associated or paired with that data [1-28,35-40,49,54]. 

Therefore, an associative memory is also known as a content 

addressable memory because one obtains access to all or some 

parts of it simultaneously on the basis of the content, rather 

than the address, of the data. Each stored data is expressed 

as a vector of dimension equal to the number of components in 

the data. The stored vectors are generated by the sum of 

- • * » • \ 



outer products into a so-called weighting matrix. Ideally, 

the weighting matrix may then be multiplied by any probe 

vector to produce the corresponding stored vector. 

Assume that the neural net is densely interconnected, 

with neuron i transmitting information to neuron j through a 

linear synaptic connection T... The synaptic efficacies T,.j, 

which determine the strength of the connections, are 

determined by the Hebbian rule 

M 

T,j='£v,im)Vjirn) (i.i) 

where M is the number of stored patterns and V- (m) stands for 

the ith bit in the mth pattern. 

Denote the probe vector by x and assume that x will 

converge to the nearest pattern m̂ . The evolution sequence 

for each neuron is as follows: 

N 

Xi = sgn[J2 I'ij^j-hi^ 
N M 

= sgn[Y,Y, Viirri)Vj{m)Xj-h^] 

= sgn[Si-^Ni-hi] (1.2) 

where sgn(y)=-l, if y<0, and 1, otherwise, S. is the signal 

part arising from m=mQ and j=i, N- is the noise arising from 

m^mp and j'̂ i, and h- is the preset threshold for determining 

each neuron's next state. Due to the basic assumptions that 

each component of a stored pattern is independent from the 

others and that each component will stay at either 1 or -1 (in 

*x 



the bipolar mode) with equal probability 0.5, the mean of the 

noise N. in the Eq.(1.2) is zero. In the past, the threshold 

h. has always been set to 0 due to the equal probability state 

for each neuron and the zero mean noise assumptions [3-6]. As 

the number of stored patterns exceeds the system storage 

capacity most of the patterns can not be retrieved. This has 

motivated researchers to find a system with higher storage 

capacity. 

Until now, most of the researchers used the signal to 

noise ratio technique [55] to derive the system storage 

capacity. Assume the noise term in Eq. (1.2) is a sum of (M-1) 

identically independent distributed random variables, each 

with mean 0 and variance (N-1) . Hence if N is fixed and M is 

large, by applying the central limit theorem the normalized 

noise 

^i 

^{N-D {M-D 

tends to be a standard normal random variable. It follows 

then that the probability that the ith component of x' will 

converge to the ith component of the nearest stored pattern, 

say m^, can be approximated by 

"l-Qi/NfM) (1-3) 

where Q(y) is the standard error function and is defined as 



^^y^-i:-—^-''-^^- (1.4, v/27i' 

For large values of y, the error function can be approximated 

by 

C)(y)-—^e->^/2_ 
v/2lFy (^-5) 

For an improved accuracy of about one order of magnitude over 

that of Eq.(1.5) the error function is approximated by 

Q{y) -[ 1 — ] -J:_e->''/2 

( l - d ) y + d / P ^ v/27c (1-6) 

where d=l/n and b=2n. 

Assume one of the stored patterns is required to be 

nearly perfectly recalled, say with p=0.999999. Then Eq.(1.3) 

will be given approximately by the expression 

By using the simplified form of Eq.(1.5) and by taking 

logarithm on both sides, Eq.(1.7) can be rewritten as 

lnp=-N0iy/N7M) 

2M 2 M (1-8) 

Since we assumed the retrieval probability p is very close to 

1, by neglecting the least quantity term (i.e., the last term 

which has least effect in the whole sequence) in the right-

hand side to simplify the derivation, it implies 



2Af 

which is the result shown in [24-25]. This approximation is 

good enough when the ratio of M to N is small. However, if 

the ratio of N to M is not very large the right-hand side of 

Eq.(1.8) can not converge to 0. For example, when N=100 and 

M=8 then the right-hand side in Eq. (1.8) is about -0.113 which 

is 10% more difference from 0. 

Besides, if we hope to recall all of the stored patterns 

then from Eq.(1.3) we have 

P=Pi 
= [i-p(v/iv7^]^ 

^ • (1.10) 

Assume the recall probability is very close to 1, then by 

taking the logarithm on both sides and by applying Eq.(1.5) we 

have 

lnp=-NMQ{^/WM) 

= -mi — e 2w 
^/2^lN/M 

= -exp[-^^lnNM-^ln(^)] . (i.n) 
2M 2 M 

Since p -> 1, by neglecting the least quantity term in the 

exponent of the above equation, it implies 



— =lnNM 
2M 

^ M" E . (1.12) 
41nN-21nlnN-2ln2 

If N is very large then Eq.(1.12) can be reduced to 

j ^ ^ N 

which is again the result shown in [24-25]. Again, the 

approximation of InNM-lnN used in deriving the above equation 

is not accurate when N is not large. Take N=100 and M=8 for 

instance, lnNM-6.685 and lnN-4.605. Obviously, they are not 

equal. This explains why the number of neurons is always 

assumed to be infinite to narrow the difference. In practice, 

it is impossible to have an infinite N. To save the computer 

time, in this research we use at most 150 neurons in running 

the simulations. Fig.1.2 shows the simulation and calculated 

results for some N:<100 systems. As can be seen, when the 

number of neurons becomes larger the difference between the 

simulation and theoretical results becomes narrower. 

Therefore, in our pursuit of sparse system performance we will 

discard the conventional signal to noise ratio technique to 

avoid the problems mentioned above. 

Some of the fundamental assumptions made in probing the 

Hopfield neural networks are: (1) a neuron will stay at either 

1 or -1, with equal probability 0.5, (2) the stored patterns 

are treated as uncorrelated, and (3) a spurious pattern is 

^ 



also treated as a stable one. These assumptions play very 

important roles in analyzing the system performance. 

Recently, neurophysiological evidence reveals that mean 

activity rates are significantly lower than 0.5, i.e., only a 

few neurons are in the active states and the rest remain in 

silence [30-33]. This new finding has modified the past 

assumptions. Therefore, to better simulate a neural system 

the following aspects must be considered. 

(1) Spurious pattern's problem must be solved. For 

example, if V=( 1 1-1-1) is stored as a stable pattern then 

the reversed pattern V'=(-l-l 1 1) is also treated as a stable 

one. 

(2) More realistic models have to incorporate the 

correlated patterns in the associative memory. 

(3) The system capability must be improved. 

To deal with these problems, we will study the 

associative memory whose mean activity is different from 0.5. 

Such a system is termed as a sparsely encoded associative 

memory and abbreviated as SEAM. 

Amari [32] investigated the characteristics of a binary 

sparsely encoded associative memory from the signal to noise 

ratio point of view. He showed the storage capacity is 

proportional to N^lnN^ with N being the number of neurons. 

However, there was no simulation performed for verification. 

Hecht-Nielsen [50] analyzed this problem from the 

information content point of view. For an N neuron system, he 



derived the optimum number of active neurons L in each pattern 

to be approximately 

L=log2(^) (1.14) 

and the number of patterns M that can be stored in the network 

to be about 

For L=5, it means a system with N=100 neurons can store up to 

277 patterns. That is an amazingly large quantity. 

Undoubtedly, this result is determined by considering all 

possible patterns. Practically, a stable system can not have 

such a large capacity. This is because too many patterns 

stored simultaneously will shorten the mutual Hamming distance 

such that it will become more difficult to distinguish between 

different patterns. Therefore, this problem must be treated 

more realistically. 

To simplify the analysis we will assume every pattern has 

the same activity rate. Also assumed is that all of the 

neurons operate close to their thresholds [26,29,56]. Based 

on these two assumptions, the following results will be 

presented. 

In Chapter II, we first apply the conventional signal to 

noise ratio scheme to derive the Hebbian type SEAM storage 

capacity. The biased network is also presented for 

comparison. Based on the simulation results we will show that 
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Hebbian type SEAM system performance is inferior to the non-

sparse one. A dynamic thresholding approach is proposed to 

overcome this problem. Both the binary and bipolar translated 

to binary results will be shown. The sensitivity of storage 

capacity with respect to the variation of threshold change is 

also discussed. The information capacity is considered to 

determine the optimum activity rate. Radius of attraction is 

obtained in the last section to investigate how large a system 

can attract a noise corrupted input. 

Extension of the first-order results is made in Chapter 

III. We derive the non-sparse system storage capacity first 

and then follow with results from the dynamic thresholding 

method. Both binary and bipolar translated to binary results 

will be presented for illustration. A general form for the 

pth order SEAM is given for further exploring the higher order 

system. The information capacity is also investigated to 

determine what is the optimum activity to maximize the total 

information. 

In Chapter IV, we discuss the noise corrupted pattern 

retrieval problem. The proposed method is shown to be 

effective in asynchronously recalling the noise corrupted 

pattern. Comparisons with contemporary work [39-42] are made 

to illustrate its superiority. Several examples are also 

given for illustration. 

Fault tolerance of associative memory is addressed in 

Chapter V. Models are presented for simulating both neuron 

—'̂ v 



fault and connection fault problems. Both simulation and 

calculated results will be given for each model for 

comparison. Conclusions are indicated in Chapter VI. 
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Fig. 1.1. A basic Hopfield neural network structure 
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CHAPTER II 

CHARACTERISTICS OF SPARSELY ENCODED 

ASSOCIATIVE MEMORIES 

Characteristics of autocorrelation or crosscorrelation 

associative memory strongly depend on how stored patterns are 

encoded. A variety of sparsely encoded associative memory 

properties will be investigated in this chapter. 

2.1 What Is a SEAM? 

A neural network is composed of many nonlinear 

information processing nodes or neurons operating in parallel. 

Associative memories are systems that can recall a stored data 

by specifying all or a portion of a probe that has been 

associated or paired with that data. Therefore, the 

associative memory is also known as the content addressable 

memory because one obtains access to all parts of it 

simultaneously on the basis of the content, rather than the 

address, of the data. However, as the number of stored 

patterns exceeds the system storage capacity most of the 

patterns can not be retrieved. This motivates researchers to 

find a system with better performance. 

To improve the system storage capacity, we will study an 

associative memory whose mean activity is different from 0.5. 

That is to say, neuron status (either in the (1,-1) or {1,0} 

mode) is not equally distributed. When most of the components 

13 



of encoded patterns are in the idle states, i.e., those 

components are -1 in-the bipolar mode representation, and only 

a few are in the active states, i.e., those components are 1, 

the encoding scheme is called sparse. Such an associative 

memory is termed a sparsely encoded associative memory and 

abbreviated as SEAM. 

Define the average of each pattern V(m) by 

1 ^ 
•̂ l̂̂ Ê î ^̂ - (2.1) 

The probability of each neuron status, p(V. (m)), being in the 

1 or the -1 state can be expressed as 

piV^im) ) =^ il+a)b{V.{ni) -1) +1 il-a)b{V^{m) +1) . (2.2) 

It means a neuron has a probability of (l+a)/2 to be 1 and 

(l-a)/2 to be -1. Therefore, the mean activity rate, i.e., 

the percentage of firing neurons, will be (l+a)/2. 

Statistically, each stored pattern mean activity rate will 

distribute from -1 to 1 with equal occurrence. To simplify 

the problem, we set a global constraint that each stored 

pattern has the same activity rate. 

2.2 The Conventional S/N Technique 

As we mentioned in the Chapter I, the threshold h. has 

always been set to 0 due to the equal probability state for 

each neuron and the zero mean noise assumptions. Owing to the 

14 



non-zero activity rate for the sparse system, the mean of the 

noise is no longer equal to 0 and the noise variance will 

differ from (N-1)(M-1). Therefore, the new state of each 

neuron depends on the signal to noise ratio and the preset 

threshold h.. 

From Eq.(1.2), we can derive the signal part as follows: 

Si=N[l-2il+a)b] V^im^) .2.3) 

where b is the error ratio between the probe vector and the 

nearest stored pattern. Set the threshold h. to be 

h^=E[Ni]=iN-l) {M-l)a^ (2.4) 

where E[y] represents the mean value of variable y. Then 

under the total recall requirement, i.e., each stored pattern 

can be separately recalled with a probability very close to 1, 

we have 

p=p[x'=^V^{m^)]'^ 

=Pi 

-[^_Qf^ N[l-2{l-^a)b] ) j ^ 

^NMil-a^) 
.^r., N[l-2{l*a)h] , -NMQ{— , — ) O R^ 

„ g v/Mf(l-a*) \^-^) 

where Q(') is the standard error function as defined in the 

Eq.(1.4). Since p is assumed to be very close to 1 the above 

equation can be further simplified by using the Eq.(1.5) as 

follows: 

15 



lnp=-NMQ 

2NMil-a^) 
-Ini^MllASll^l^] (2.6) 

y/NM{l-a^) 

then the maximum storage capacity M can be shown to be [52] 

j^_N[l-2{l+a)b]^ 

4{l-a^)lnN ' (2.7) 

The simulation results based on N=100 and various a's are 

plotted in Fig.2.1. For comparison, the results from h=0 are 

shown in Fig. 2.2. Suppose we set a=0 and b=0, Eq.(2.7) can be 

reduced to 

Af=. ̂  
4lni\7- (2.8) 

which is exactly the result shown in [24-25]. 

The second model considered is a biased network with the 

synaptic efficacies T-- being defined as follows: 

M 

T^j^Yf (̂ î ^̂  "^^ iVjim) -a) . (2.9) 
m=l 

It can be interpreted as learning by modification of synaptic 

efficacies due to the activity rate constraint made for each 

stored pattern. The purpose of Eq.(2.9) is to force the noise 

mean back to zero such that a zero threshold can be selected. 

For an N neuron system to recall all of the stored patterns 

the maximum M can be shown to be 

16 



p=p.^ 

=p[x'i = V,{in,)]'^ 

= [1-Q{il^a)/Nm]'^ 

or 

M= (l-|a|)^N 
4 [lnJ\r+ln(l-|a| )] -2lnlnN^ ' (2.10) 

Again, if N is large enough and a=0 and b=0, then it can be 

simplified to Eq.(2.8). The simulation results based on N=100 

and various a's are depicted in Fig.2.3. As can be seen, the 

storage capacity decreases as activity increases. This is 

caused by the stored patterns increasing mutual interference. 

That is, as the activity increases the Hamming distance 

between stored patterns becomes shorter such that it is more 

difficult to distinguish stored patterns. Thus, we have less 

and less chance to recall any of the stored patterns. 

In deriving the above maximum storage capacities, the 

conventional signal to noise technique was exploited. It 

means we have to obtain the noise part's variance first and 

then use the standard error function approximation method. 

However, in the sparse system the noise variance is not easy 

to derive. If the number of neurons is not large or the S/N 

ratio is too small, Eq.(2.7) and Eq.(2.10) will be in error 

from the standard error function approximation. To deal with 

these problems, we will discard the S/N technique in deriving 

the system storage capacity in the following sections. 
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2.3 The Dynamic Thresholding Approach 

2.3.1 The binary SEAM model 

As mentioned above, due to the stored patterns mutual 

interference the sparse bipolar system (the state of each 

neuron can be either 1 or -1) is inferior to the non-sparse 

one under the Hebbian learning rule. On the contrary, the 

sparse binary system (the state can be 1 or 0) will outperform 

the non-sparse one due to less mutual interference [52]. In 

this section, each neuron status is assumed to be either 1 or 

0. The advantage of choosing the binary values is to make the 

weighting matrix more implementable by a digital system since 

most of the entries of the weighting matrix are either 1 or 0. 

Following Eq.(1.2), we have 

S.=(N+M-l)a, and 

E[N.]=NMa^. (2.11) 

Assume all of the neurons operate close to their thresholds 

[26,29]. In a stable system the double summation of 

'£j:v,im)V^iin)x^ (2.12) 

should be greater than or equal to Na, which is the critical 

value obtained by assuming that there is no overlap between 

stored patterns. Therefore, to recall all of the stored 

patterns, the threshold h should be selected to be close to 

Na, but not greater than that value. A dynamic selection of 

the threshold is chosen as follows: 

18 



h = l [N+k{M-l)]a^NMa^ (2.13) 

where k is a constant. Based on this choice, without 

resorting to the conventional signal to noise ratio technique, 

the maximum storage capacity can be shown to be 

-̂  [N+kiM-D ] a+NMa^=Na 

M = ^ ^ . (2.14) 

For example, take N=100, a=0.05, and k=7, then M=14.27. It 

means that a 100 neuron system with only 5 in active states 

can store up to 14 patterns with very high retrieval 

probability. Fig.2.4 shows the simulation results for various 

k values. The non-sparse case is also enclosed for 

comparison. Take k=7 for instance, if M=15 then the threshold 

h=5.4 which is larger than the critical value, Na=5. This 

explains why the retrieval probability drops to 0 inclusively. 

The same reasoning is applicable to the other cases. Table 

2.1 summarizes the maximum calculated storage capacities for 

various k's based on N=100 and a=0.1. 

2.3.2 The bipolar to binary SEAM model 

Since the bipolar SEAM has inferior performance to the 

non-sparse system, the purpose in this section is to improve 

the overall system performance. From the previous section, we 

found the binary SEAM has much better storage capacity than 
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the non-sparse one; therefore, we will consider the underlying 

problems from that direction. 

Assume all of the neurons operate close to their 

thresholds as before. By forcing the bipolar {1,-1}" space to 

the binary {1,0}" space, the development is as follows: 

N M 

N M 

= ̂ ssrn[J2J2 (̂ i(̂ )-̂ l) iv^iin)^!) ixj^D-h] 

= ̂ sgn[S,^N,-h] . ^2.15) 

Although the bipolar system has been shown to have better 

performance than the binary system in the non-sparse case, the 

reasons to transform the bipolar case back to the binary one 

are twofold: (1) making the patterns more uncorrelated, and 

(2) making the weighting matrix more implementable by a 

digital system since most of the entries are either 1 or 0. 

From Eq.(2.15) we have 

S.=4[N+(M-1)](1+a), and 

E[N.]=NM(H-a)^. (2.16) 

As we have assumed, for a set of separable patterns the 

double summations from 

Y,J2 (̂ i(̂ )̂ l) (̂ ,(̂ )+l) (Xj^l) (2.17) 
j = l m=l 

should be greater than or equal to 8N(l+a)/2, which is the 

critical value obtained by assuming that there is no overlap 

between stored patterns. Note that the factor 8 occurs when 
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all V. (m) , V. (m) , and x. are 1. Therefore, to recall all of 

the stored patterns, the threshold should be selected to be 

close to the critical value, but not greater than that value. 

A dynamic selection of the threshold is chosen as follows: 

h=2 [N+kiM-D ] (1+a) +NM{l+a) ^ (2 .18) 

where k is a constant. Based on this choice, the maximum 

storage capacity M is calculated to be 

2 [N+k{M-l) ] (1+a) +NM(l+a) ^=AN(l+a) 
2 {N+k) 

Ar= 
Nil+a)^+2k (2.19) 

Take N=100, a=-0.9, and k=7 for example, then M=14.27. 

Fig.2.5 depicts the simulation results for various k values. 

The non-sparse case is also enclosed for comparison. In the 

case of k=7, if the system is loaded with 15 patterns then 

h=41.1, which is larger than the critical value 8N(l+a)/2=4 0. 

This explains why the retrieval probability drops to 0 

inclusively. The same reasoning is applicable to the other 

cases. Table 2.2 summarizes the maximum calculated storage 

capacities for various k's based on N=100 and a=-0.9. 

2.4 The Sensitivity Problem 

As we have mentioned in the introduction, an associative 

memory storage capacity is dependent on the selected 

threshold. In this section, we will discuss the sensitivity 
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of the storage capacity with respect to variations in 

threshold values. 

2.4.1 In binary case 

Define the sensitivity S* as 

c,A_ dA/A 
^ ~dBTB' (2.20) 

T h e n f r o m E q . ( 2 . 1 4 ) we h a v e 

^M_ N{2a^-l)k 
^ (2Ara2+Jc) imk) ' ( 2 . 2 1 ) 

The calculated results based on N=100 and two different 

activity values are plotted in Fig.2.6. If N=100 and a=0.05 

for instance, the sensitivity S,̂'̂  can be reduced to 

^M_ -199k 
•Jlr - {2k+l) (A:+100) • (2.22) 

Therefore, the minimum occurs when k=7.07 as observed in 

Fig.2.6. For the a=0.1 case, the minimum is located at 

k=14.14 which is not shown in the same figure. The physical 

meaning is that for each selected activity value there exists 

a range which does not have much variation. This means a 

small change in k value will not have much impact on the 

memory capacity. 

2.4.2 In the bipolar to binary case 

By defining the sensitivity as Eq. (2.20), from Eq.(2.19) 

we have 
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eM_ J7[ (l+a)^-2]ic 
^ [i\^(l+a)2+2;c] (N+k) ' (2.23) 

Once a set of N, a, and k is given the measure of sensitivity 

can be easily obtained. The calculated result based on N=100 

and a=-0.9 is shown in Fig. 2.7. It is obvious that for k 

between 4 and 12 the curve is flat. It means that a small 

change in k will not severely affect the storage capacity. 

Eq.(2.19) is first derived to calculate the maximum 

storage capacity. It can be rewritten as follows: 

N-Mii.a)^ 
k= . (2.24) 

M-1 

Suppose we want a system with N=100 and a=-0.9 to store 12 

patterns. From Eq.(2.24), we have k=8.545. Based on the 

dynamic thresholding scheme, it means that for any positive k 

value which is less than 8.54 5, we can reach such a storage 

goal. However, the result presented in Table 2.2 does not 

guarantee that any randomly generated patterns can be totally 

recalled. Instead, it indicates that on the average we can 

always find some data sets with the maximum number of patterns 

as given in Table 2.2 which can be completely recalled. 

2.5 Information Capacity 

In previous sections, we have shown what is the maximum 

number of patterns a system can store. The content of 

information in the network will also be exploited to measure 

the system performance. 
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The amount of information received from a message is 

directly related to the uncertainty of that message or 

inversely related to the probability of its occurrence. If P 

is the probability of occurrence of a message and I is the 

information gained from the message, then the information 

conveyed by the message is 

J=log,-^ bits. (2.25) 
P 

It means the information I is the minimum number of binary 

digits required to encode the message. Thus, when p 

approaches to 1, information will be 0 and when p becomes 0, 

information approaches to infinity. 

For an N neuron network there are 

patterns whose activity is (l+a)/2, where Cg* is a binomial 

coefficient. Such a pattern includes 

log2Q7(l4-a)/2 

bits of information. By applying Stirling's formula 

N\''y/2TZN ^e-^, ( 2 . 2 6 ) 

we have 
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J ( a ) =log2Cjy(i,a)/2 
1 -,_/ N\ 

i n 2 [N-N{l-*-a) /2] ! [ i \^( l+a) /2] ! 

= ^ r ^ t o 2 W - ^ [i\r(l+a) ] ln[ i \^( i+a) ] 
ln2 2 

- - | [ i \ r( l -a) ] l n [ i \ ^ ( l - a ) ] + (N+l) ij22-lnv/2W}. ( 2 . 2 7 ) 

In a 100 neurons system, for example, if a=0 then I (a) =100 

bits and if a=-0.9 then I (a) =28.314 bits. The sparser the 

system, the less the information stored. 

From previous sections, we found the system storage 

capacity increases as the encoding pattern becomes sparser. 

The information capacity for each pattern, on the contrary, 

decreases with the increase of activity as can be judged from 

Eq.(2.27). However, if we take the total system information 

into account, this gives us the following result: 

KM, a) =M'I(a) 

i\r(l+a)2+2ic (2.28) 

where the number of stored patterns M is substituted from 

Eq.(2.19). As can be seen, the total information capacity for 

the very sparse system is still better than the non-sparse 

one. The calculated results based on N=100 are plotted in 

Fig.2.8. 

Under the same constant k condition, the sparser the 

system the better the storage capacity. The information 

capacity, on the contrary, decreases with the increase of 

activity rate due to the binomial expansion. Therefore, there 

is a trade-off between the storage capacity and the 
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information capacity. However, in terms of total information 

capacity there still exists a point of activity which can 

maximize the total information. Since it is complicated to 

take the first derivative of Eq.(2.28) to find where the 

maximum occurs, the results shown in Fig.2.8 are based on 

calculation. We found the maximum decreases with the increase 

of constant k. This is quite reasonable as we judged from 

Eq. (2. 28) . 

2.6 Radius of Attraction 

Until now, all the storage capacities derived were based 

on a no-noise corrupted input assumption. Nonetheless, like 

any communication system, neural networks are not noise free. 

Consider the situation when the input probe is not exactly one 

of the stored patterns, can it be attracted to the nearest 

one. Moreover, how will the noise affect the system storage 

capacity? These problems will be discussed in this section. 

Assume the error ratio between the probe vector and the 

nearest stored pattern is b, i.e., the Hamming distance is 

N(l+a)b/2, in the bipolar translated to the binary case. 

Since the system is not noise free, the signal part in 

Eq.(2.15) will drop from 4N(l+a) to 4N(H-a)(1-b). Thus, to 

recall all of the stored patterns, the threshold should be 

selected to be close to but not greater than the critical 

value. A dynamic selection of the threshold is chosen as 

follows: 
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h=2[N{l-b)+k{M-l)] (1+a)+iVM(l+a)^ (2.29) 

Based on this choice, the maximum storage capacity under the 

noise corrupted case can be derived as follows: 

2 [Nil-b) +k{M-l) ] (1+a) +iW(l+a)^=4A^(l+a) (l-b) 

or 

^_2[N{l-b)+k] 
N{l+a)^-^2k 

_ 2 {N+k) 2Nb (2.30) 
N{l+a)^+2k N{l+a)^+2k 

Given N and activity a the percentage of drop in the 

storage capacity for a specific k can be easily obtained. 

Eq.(2.3 0) can be rewritten to be 

2)=l-^(l+a)2—(^^lilic. (2.31) 
2 N 

From this equation, the radius of attraction can be derived. 

Fig.2.9 shows the simulation results based on N=100 and a=-0.9 

for various k's and b's. The percentage drop in the storage 

capacity is more significant in the lower k case under the 

same error ratio condition. This is from the second term of 

Eq.(2.30). 

2.7 Summary 

The characteristics of the first-order sparsely encoded 

associative memory such as storage and information capacities 

were investigated. Due to the improper applicability of the 

conventional signal-to-noise technique, we developed a dynamic 
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thresholding method. This allowed us to derive several 

properties which are very useful in evaluating the system 

performance. We found the system storage capacity was better 

than the ordinary non-sparse case. Information capacity was 

also better than the non-sparse case under the low activity 

rate and smaller constant k conditions. Sensitivity analysis 

was applied to investigate the variation of storage capacity 

with respect to threshold changes. The network attracting 

capability of the noise corrupted patterns was discussed in 

the last section. Under the same error ratio condition, the 

percentage drop in the storage capacity was found to be more 

significant in the lower constant k case. 
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Table 2.1 Maximum storage capacities (in the binary case) for 
various k's when N=100 and a=0.1. 

k 

M 

1 

33 

2 

25 

3 

20 

4 

17 

5 

15 

6 

13 

7 

11 

8 

10 

9 

9 

10 

9 

11 

8 

Table 2.2 Maximum storage capacities (in the bipolar to binary 
case) for various k's when N=100 and a=-0.9. 

k 

M 

1 

67 

4 

23 

5 

19 

6 

16 

7 

14 

8 

12 

12 

8 
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Fig. 2.1. Simulated retrieval probability versus number of 
stored patterns for various activity rates based on threshold 
h=E[N,]. 
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Fig. 2.2. Simulated retrieval probability versus number of 
stored patterns for various activity rates based on threshold 
h=0. 
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Fig. 2.3. Simulated retrieval probability versus number of 
stored patterns for various activity rates in the biased 
model. 
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Fig. 2.4. Retrieval probability versus number of stored 
patterns for N=100, a=0.05, and various k's in the binary SEAM 
model. 
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Fig. 2.5. Retrieval probability versus number of stored 
patterns for N=100, a=-0.9, and various k's in the bipolar 
back to binary SEAM model. 
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Sensitivity of storage capacity with respect to 
change for various k's in the binary SEAM model. 
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Fig. 2.7. Sensitivity of storage capacity with respect to 
threshold change for various k's in the bipolar back to binary 
SEAM model. 
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Fig. 2.8. Information capacity versus activity rates for 
various k's based on N=100. 
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Fig. 2.9. Retrieval probability versus number of stored 
patterns for various k's and error ratio b's. 
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CHAPTER III 

CHARACTERISTICS OF HIGHER ORDER SEAM 

3.1 What Is A Higher Order System? 

In the previous chapter, we assumed the connection 

strength between neuron i and neuron j was determined by the 

status of i and j only. However, electron micrographs reveal 

that neurons are packed in tightly intertwinned bundles of 

fibers [29]. The assumption that the neurons were linked only 

by binary connections is insufficient. Therefore, in this 

chapter we will assume that the networks are made of neurons 

connected by synapses of any order. Fig.3.1 shows the multi-

synaptic contacts structure. 

Let us assume that a neuron k makes a contact through a 

synapse ijk with a binary synapse ij . Therefore, the efficacy 

of ij is 

The new state x-' of the ith component of the probe vector x 

will be 

x',=sgn [ iJ2 ^ij^j^fl E îjiĉ ^̂ "̂ •••)-h] (3.2) 

where h is a preset threshold for determining each neuron 

status. To simplify the problem we will assume that the 

synaptic efficacies of p-ary synapses scale according to the 

strong coupling limit rule, i.e., the highest order dominates 
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the whole sequence [29]. To simplify the analysis, we will 

further assume that each pattern has the same activity rate. 

As we know, the first-order associative memory suffered 

from a low storage capacity. Our motivation in investigating 

the higher order systems is to improve the network 

performance. The results based on the S/N ratio technique for 

both non-sparse and sparse associative memories will be 

presented first. Following this is the result derived from 

the dynamic thresholding approach. This is presented to 

simplify the derivation problem which remains unsolved. A 

general formulation for modeling the storage capacity is given 

in the last section. 

3.2 The Maximum Storage Capacity 
in the Non-sparse System 

Given a probe vector x, the evolution sequence in the 

second-order system is as follows: 

N N 

j=l k=l 
N N M 

j=l /c=l m=l 

=sgn[S^+N^-h] . (3.3) 

Since each neuron status has an equal probability of being 1 

or -1, the mean of the noise can be shown to be 0 and the 

signal and variance of noise are, respectively [38], 

VariN^) =(M-1) {3N^-2N) . (3.4) 
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By applying the conventional S/N ratio technique and assuming 

the threshold to be 0, the storage capacity is shown to be 

[38] 

M=l+. ^' 
iSN-^) [4lnN-lni6N-A)-InlnN] ' (3-5) 

If N=2 0 for example, the number of patterns that can be stored 

is about 12. Fig.3.2 gives both the 2nd-order system 

computational and simulation results. If we are only 

interested in the maximum number of stored patterns, the 

simulation result is consistent with the calculated one. 

However, if we consider the whole curve, there exists a 

difference. This is caused by the approximation method used 

for the standard error function. Of course, if the number of 

neurons increases to infinity, the approximation holds. Thus, 

an effective approach must be derived to overcome this problem 

when dealing with a small system. 

3.3 The Dynamic Thresholding Method 

In a moderate neuron system, for example N<100, the 

conventional S/N ratio method does not make the calculated 

result consistent with the simulated one. In this section we 

will extend the dynamic thresholding approach from the first-

order system to the quadratic one. In what follows, we will 

assume the probe vector x will converge to the nearest stored 

pattern, say the m^ pattern. 
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3.3.1 The binary Quadratic SEAM model 

In the binary system, each neuron will stay at either 1 

or 0. If a neuron evolves according to the Hebbian rule, the 

signal part from Eq.(3.3) will be 

S^=N^a\ if V^{in,)-1 
0 , if v̂ (7no)=0 (3.6) 

and the mean of the noise is 

E[N^] = (M-l) a^ [1+ (N-1) a-^2 (N-l) a^+ (N-1) (N-2) a^] . (3.7) 

The above result was derived by taking the expected value of 

the interaction between the probe vector x and those m^m^ 

patterns. For a stable system, the summation of 

E E E ^i (^) ^j (^) ^ic(^) ^j^, ( 3 - 8 ) 
j=l Jc=l m=l 

should be greater than or equal to N̂ â , which is the critical 

value obtained by assuming that the stored patterns have no 

mutual interference. Therefore, to recall all of the stored 

patterns, the threshold should be selected to be close to the 

critical value, but not greater than that value. A dynamic 

selection of the threshold can be chosen as follows: 

h = -N^a^+kE[N^] (3.9) 

where k is a constant. Based on this choice the maximum 

storage capacity M for the binary quadratic SEAM is calculated 

to be 
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N^ 
2k[l-^ (N-1) a+2 (N-1) a^+ (N-1) (N-2) a^] (3.10) 

From Eq.(3.10), it is obvious that the maximum number of 

stored patterns, M, is inversely proportional to the activity 

rate. The sparser the system the higher the storage capacity. 

If N=20, a=0.1, and k=2 for instance, M=28. As compared with 

the non-sparse result, which stores less than 2 patterns under 

the same conditions, this again demonstrates the dynamic 

thresholding method's superiority. Fig.3.3 shows the 

simulation results for various k's based on N=20 and a=0.1. 

The calculated storage capacity for various k's based on N=2 0 

and a=0.15 is summarized in Table 3.1. This table gives us an 

idea about what is the upper bound of the storage capacity 

under each constant k condition. Whenever the values of N, a, 

and k are selected, the maximum storage capacity is also 

determined. 

3.3.2 The bipolar to binary Quadratic 
order SEAM model 

In this section, we will explore the effect of 

transforming the bipolar patterns to binary modes, i.e., 

transforming from the (1,-1)^ space to the (1,0)^ space. The 

reasons to make the transformation were stated in section 

2.3.2. The transformation is to add 1 to the bipolar state 

and divide by 2. 

Assume a probe vector x will converge to the nearest 

stored pattern V(mo) . The evolution sequence for the ith 
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component of the probe vector x will be governed by the 

following equation: 

N N 

-s^n^zi E <^^^) (̂ ^̂ ) (̂ î ) (̂ ) (̂ ) -̂'1 
j = l k"! in=l ^ ^ 2 2 2 

32 

where 

(3.11) 

Si = 8(l+a)^N^, if V.(m^)=l , 
0 , if ŷ (/no)=-l ^ * ^ 

and 

E[i\rj =32(^-1) (11^)2 [1+(N-1) (^) 

+2(N-1) (Ai£)2+(j^_i) (ĵ _2) (11^)3] . (3.13) 

For a stable system the triple summation of 

N N M 

E E E (̂ i(̂ )-̂ l) (^j(^)+l) (̂ jt(̂ )+l) (x^+l) (Xjt+l) (3.14) 
j=l Jt=l m=l 

should be greater than or equal to 32 [ (l+a)/2]^N^, which is the 

critical value obtained by assuming that there is no overlap 

between stored patterns. Therefore, to recall all of the 

stored patterns, the threshold should be selected to be close 

to the critical value, but not greater than that value. To 

guarantee the retrieval probability to be close to 1, for 

example p>0.9999, one can choose the threshold h to be 
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h=A(l-^a)^N^^kE[N^] (3.15) 

where k is a constant. The reason for the constant k is to 

bias the threshold such that the retrieval probability can be 

maintained at about 1. Based on the above choice of 

threshold, by substituting Eq.(3.13) into Eq.(3.15) and then 

by setting Eq.(3.15) to be equal to the critical value derived 

from Eq.(3.14), the maximum storage capacity is 

M=l+ ^ . (3.16) 

k[8+(N-l) (1+a) [4+4 (1+a)+(Ar-2) (l+a)^]] 

If we select k=l, it means we need a larger M, for 

example M>3 0, to filter out the noise part. However, the more 

patterns a system stores the stronger the mutual interference. 

There exists a trade-off between the number of stored patterns 

and the retrieval probability. Fig.3.4 illustrates the 

results based on this dynamic thresholding scheme. The 

maximum calculated storage capacity for various k's based on 

N=20 and a=-0.8 is summarized in Table 3.2. 

If we choose a larger k, the biased noise part will 

linearly increase with M and overpass the signal part so that 

no more patterns can be recalled. This can also be 

mathematically explained by comparing Eq.(3.16) with Eq.(3.5). 

If the sparse system is required to have a better storage 

capability than the ordinary 2nd-order system, the chosen k 

must satisfy the following inequality: 
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^^ 4(6J^-4) [AlnN-ln(6N-A) -InlnN] ( 3 . 1 7 ) 
/\̂ [8+4 (N-1) (1+a) +4 (N-1) (l+a)^+(N-l) (N-2) (1+a)^] 

For example, if N=20 and a=-0.8 then k<4.91. It means the 

constant k should be chosen to be less than 5 to make the SEAM 

model outperform the non-sparse system. 

3.4 Pth-Order SEAM 

Theoretically, we can extend the quadratic SEAM results 

to derive any pth-order ones. The complexity in calculating 

the mean of the noise, however, will double with each 

increasing order. For a pth-order SEAM the signal part can be 

found to be 

5,=22P*M^^^) V (3.18) 
^ 2 

if V. (mp) is 1 and 0 otherwise. There are 

2 (Cj'+CJ'-i-̂  . . . ^Ci) +Cf+Co^=2P*^-p-l (3 .19) 

different combinations in deriving the noise mean, where c/ 

is the binomial coefficient. 

The critical value for the non-interfered patterns in a 

pth-order system can be shown to be 2̂ *̂  (l+a)^. To completely 

recall all of the stored patterns one can choose the threshold 

as 

h=ls-+kE[NA=^S,+k(M-l)E'[N,] (3.20) 
2 ^ 2 

where E'[N.] is the mean of the noise without the factor of 
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M-1. Assume each neuron operates close to its threshold. The 

maximum storage capacity can be derived from the following 

equation: 

^Si+k(M-l)E'[N^] =S^ (3.21) 

or 

M=l + -i . (3.22) 
2kE'[N^] 

Since the denominator of the above equation is a function of 

the number of neurons N and activity a, the storage capacity 

can be easily obtained. The most tedious work is just to find 

the mean of the noise because there are lots of different 

situations in obtaining the individual noise mean as indicated 

by Eq.(3.19). This approach is believed to be simpler than 

the conventional signal-to-noise ratio technique. 

3.5 Information Capacity 

In this section, we will extend the result from Chapter 

II to derive the second-order SEAM information capacity. The 

result shown here is based on the bipolar patterns transformed 

to the binary ones. The same approach can be applied to the 

binary patterns. 

From section 2.5 we know that an N neuron pattern with 

N(l+a)/2 neurons in the active states includes 

N 
log2Q^(l+a)/2 
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bits of information. The maximum storage capacity for such a 

system was shown in Eq.(3.16). An individual pattern's 

information is not comparable with the non-sparse one due to 

the binomial expansion. However, if we consider the system's 

total information capacity I(M,a), i.e., the information 

contributed by each stored pattern, this allows us to have 

KM,a) =M-I(a) . (3.23) 

By substituting M from Eq.(3.16) and 1(a) from Eq.(2.27), we 

can obtain the total information stored in the system. The 

results based on N=20 and various k's are plotted in Fig.3.5. 

We found that for smaller k's the information capacities 

are better than in the non-sparse case. For k greater than 3, 

the performance is inferior to the non-sparse case. This is 

because for k greater than 3 the storage capacity is only a 

little bit better than the non-sparse one in the smaller 

system. The individual information reduction, however, is 

more significant in the sparse system. Therefore, the total 

information capacity appears to be less than the non-sparse 

system's. 

Moreover, the point where the maximum information 

capacity occurs is independent of the constant k. In our 20 

neurons example, all occur at a=-0.86. This is understandable 

because if we take the first derivative of Eq.(3.23) with 

respect to the activity a, it is unrelated to the constant k. 
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Of course, if we select a different style of threshold h, the 

maximum may vary with k. 

3.6 Summary 

Several properties such as the storage and the 

information capacities of the 2nd-order sparsely encoded 

associative memory were explored. System storage capacity was 

found to be better than for the non-sparse case by using the 

dynamic thresholding method. Information capacity, however, 

was greater than the non-sparse model only under the smaller 

constant k and low activity rate conditions. The results from 

the 2nd-order system can be easily applied to any higher order 

case. A general formulation for deriving the system storage 

capacity was given. 
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Table 3.1 Maximum storage capacities (in the binary case) for 
various k's when N=2 0 and a=0.15. 

k 

M 

2 

1 8 

3 

12 

4 

9 

5 

7 

6 

6 

7 

5 

8 

5 

9 

4 

10 

4 

Table 3.2 Maximum storage capacities (in the bipolar to binary 
case) for various k's when N=20 and a=-0.8. 

k 

M 

2 

2 8 

3 

19 

4 

14 

5 

12 

6 

1 0 

7 

8 

8 

7 
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Fig. 3.1. A multi-synaptic contacts structure 
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Fig. 3.2. Simulated and computed retrieval probabilities 
versus number of stored patterns based on N=20. 
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Fig. 3.3. Retrieval probability versus number of stored 
patterns for various k's in the binary quadratic SEAM model. 
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CHAPTER IV 

RETRIEVAL OF NOISE CORRUPTED PATTERNS 

The Hebbian-type associative memory is one of the most 

extensively studied neural network models. Applications, 

however, are constrained by the limited storage capacity. A 

system is called stable when the number of patterns stored 

does not exceed the maximum capacity and each of the stored 

patterns can be separately recalled. Also, a probe vector may 

converge to a non-nearest or spurious pattern (from the 

Hamming distance point of view) if the stored patterns mutual 

Hamming distances are small. Note that Hamming distance is 

defined as the number of different bits between two patterns. 

In this chapter, we will propose an asynchronous retrieval 

method to overcome the above problems. 

4.1 The Asynchronous Retrieval Method 

Hopfield [1] showed that for any zero-diagonal symmetric 

synaptic efficacies matrix T, a probe vector would converge to 

a fixed point in the asynchronous mode if the number of stored 

patterns is kept below 0.15N. He defined a Liapunov or energy 

function E(x) as follows: 

^ i=l j=l 

and showed that it was a non-increasing function. As we 

mentioned in the opening paragraph of this chapter, the fixed 
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point a probe vector reached may not be the nearest one. 

Thus, an improved method will be presented in this section. 

To guarantee the asynchronous retrieval, we define a 

Liapunov function E(x) as 

E(x) =-x''-sgn(Tx) . (4.2) 

Our retrieval method is to calculate and compare the error 

bits energy functions, choose the minimum one to flip, and 

form the new probe vector. The following theorem is given to 

stress that a vector with b bits in error can reach to the 

nearest pattern in at most b steps. 

Theorem: A probe vector with Hamming distance b to the 

nearest pattern can correctly reach that pattern in b steps. 

Proof: 

First we have to prove that Eq.(4.2) is a Liapunov 

function. Assume the Hamming distance between x and sgn(Tx) 

is k. If we pick the ith bit to flip first, i.e., after 

comparing all of the possible energies and choosing the ith 

position which has the smallest energy, then 

£iE=E'-E 
= -x'^sgn (Tx') +x ^sgn (Tx) 
= - [Xi, . . . , x_̂ , . . . , xj sgn (Tx') + (N-2k) 

N 

= -[5^ <Xj,sgn(Tx')j>+<Xi,sgn(Tx')^>] +(N-2k) 

^-[N-2(k-l)] +(N-2k) 
= -2 
<0 
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where <• ,*> represents the inner product. Therefore, it is a 

monotonic non-increasing function. 

Next, we have to prove the probe vector can be attracted 

to the nearest pattern in b steps. Without loss of 

generality, assume that the first b bits have been flipped. 

Define 

N 

"^^=E^«^J (4.3) 

and assume k<b<N, then owing to the same status remaining in 

the first b flipped bits the development at the time step b+1 

is as follows: 

V^''=sgn[V^-2J2T^Vj] 

=sgn['£T^jVj-2J2'^cxj^j'^ 
j=i j=i 

j=b*l j=l 

J=l 

where the top equality in the above equation was derived by 

treating all of the first b bits as unchanged ones during each 

iteration. This shows that once we have flipped those b error 

bits then further iteration will not make any change in the 

sequence. This completes our proof. 
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4.2 Examples 

To demonstrate the applicability and efficiency of the 

proposed method established in the above section, we consider 

three specific examples. The first example is used to 

illustrate how to solve the spurious pattern's problem. The 

second example is considered to recognize a stored character 

from a partial input probe. In the last example, we integrate 

the dynamic thresholding technique with the sparse codes to 

design a fault tolerant personnel database system. 

Example 1: The following example was first illustrated by 

Mceliece et al. [24]. We will restate this example to 

demonstrate how our proposed method works. Assume there are 

three stored patterns, V(l), V(2), and V(3), each with five 

neurons. The probe vector is denoted by x. 

N=5, M=3, V(l) = ( 1 1 1 1 1)S V(2) = ( 1-1-1 1-1)*, 

V(3) = (-l 1-1-1-1)*, X=( 1-1-1 1 1)*. 

This is a stable system because V(l)=sgn[TV(l)], 

V(2)=sgn[TV(2)], and V(3)=sgn[TV(3)], where 

T= 

0 - 1 1 3 1 
-1 0 1 - 1 1 
1 1 0 1 3 
3 - 1 1 0 1 
1 1 3 1 0 

To update x, we have x'=sgn[Tx] = ( 1-1 1 1-1)*. After 

comparing x' with x we found that the 3rd and 5th bits are in 

error. Therefore, we can choose to flip either the 3rd or the 

5th bit first. 
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(1) If we flip the 3rd bit first, i.e., x'=( 1-1 1 1 1)*, 

then x"=sgn[Tx']=( 1 1 1 1 1 ) ^ the 2nd bit is wrong. 

(2) Next, we flip the 2nd bit, i.e., x"=( 1 1 1 1 1 ) * , then 

x"'=sgn[Tx"]=( 1 1 1 1 1 ) * . Because there is no 

difference between x"• and x" further iteration will not 

change the status. Therefore, the evolution process is 

over. 

Obviously, the probe vector x reached to a pattern V(l) which 

has a Hamming distance longer than to V(2), which is only 1. 

(3) If we flip the 5th bit first, i.e., x'=( 1-1-1 1-1)*, 

then x"=sgn[Tx']=( 1-1-1 1-1)*. Because x" is exactly the 

same as x' no more iterations are needed. 

The probe vector was attracted to the nearest pattern, i.e., 

V(2) . However, as the number of error bits increases the 

probe vector has less possibility to converge. So, we feel 

this is not a good approach. 

Our method is as follows: 

(1) Calculate E(3) and E(5) first, where E(i) represents the 

energy from flipping the ith bit first. 

(2) Since E(3)=-3 > E(5)=-5, choose the 5th bit to flip first. 

x'=( 1-1-1 1-1)*. 

(3) x"=sgn[Tx']=( 1-1-1 1-1)*. Because x" is equal to x' we 

stop the iteration. 

As can be seen the proposed method can successfully force 

the error corrupted pattern to be asynchronously attracted to 

the nearest stored pattern. Since the Hamming distance 
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between probe x and the 2nd vector is 1, our approach did show 

that the evolution process needed only one iteration to 

converge. 

Example 2: Suppose the stored patterns are as follows: 

O 
O 

OOOOOOO 
0 0 0 
0 0 0 
OOOOOOO 

O 
O 

O 
o 
o 
o 
o 

o 
o 
o 
o 
o 
o 
o 

o 
o 
o 
o 
o 

OOOOOOO 
o 
o 

O 0000 
o o 
o o 

OOOOOOO 
OOOOOOO 

o 
o 

OOOOOOO 
o 

OOOOOOO 
o o 
o o 
OOOOOOO 

The input probe is: 
O 
o 
oooo 
o o 
o o 
oooo 
o 
o 

Then, when the iteration proceeds the output pattern and its 

corresponding energy are as follows (with t and E representing 

the time steps iterated and the energy, respectively): 

0 

t=l, 

0 
0 
oooo 
0 0 
0 0 
oooo 
0 
0 
E=-44 

0 
O 

OOOOOOO 
0 

0 

t=5. 

0 0 
0 0 
oooo 
0 
0 
E=-50 

0 
0 

00 OOOO 
0 0 
0 0 
oooo 
0 
0 

t=2, E=-46 

0 
0 

OOOOOOO 
0 0 0 

0 0 
000000 

0 
0 

t=6, E=-60 

0 
0 

OOOOOOO 
0 0 
0 0 
oooo 
0 
0 

t=3, E=-

0 
0 

OOOOOOO 
0 0 0 
0 0 0 
000000 

0 
0 

t=7, E=-

-48 

•62 

0 
0 

OOOOOOO 
0 0 0 

0 0 
OOOO 
0 
0 

t=4, E 

0 
0 

OOOOOOO 
0 0 0 
0 0 0 
OOOOOOO 

0 
0 

t=8, E 

= -50 

=-64 
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Example 3: In this example we devise a fault tolerant 

personnel database system, which is similar to the system 

given by Yen and Michel [53], by using the sparsely encoded 

memory model developed in Chapter II. We define a set of 

codes to store each individual last name (6 upper case 

letters) and social security number (9 numeral digits). 

CODEBOOK 

0 -1-1-1-1-1-1-1-1 1 1 
1 -1-1-1-1-1-1-1 1-1 1 
2 -1-1-1-1-1-1-1 1 1-1 
3 -1-1-1-1-1-1 1-1-1 1 
4 -1-1-1-1-1-1 1-1 1-1 
5 -1-1-1-1-1-1 1 1-1-1 
6 -1-1-1-1-1 1-1-1-1 1 
7 -1-1-1-1-1 1-1-1 1-1 
8 -1-1-1-1-1 1-1 1-1-1 
9 -1-1-1-1-1 1 1-1-1-1 
A 1-1-1-1-1-1-1-1-1 1 
B 1-1-1-1-1-1-1-1 1-1 
C 1-1-1-1-1-1-1 1-1-1 
D 1-1-1-1-1-1 1-1-1-1 
E 1-1-1-1-1 1-1-1-1-1 
F 1-1-1-1 1-1-1-1-1-1 
G 1-1-1 1-1-1-1-1-1-1 
H 1-1 1-1-1-1-1-1-1-1 

I 
J 
K 
L 
M 
N 
O 
P 
Q 
R 
S 
T 
U 
V 
W 
X 
Y 
Z 

1 1-1-1-1-1-1-1-1-1 
-1 1-1-1-1-1-1-1-1 1 
-1 1-1-1-1-1-1-1 1-1 
-1 1-1-1-1-1-1 1-1-1 
-1 1-1-1-1-1 1-1-1-1 
-1 1-1-1-1 1-1-1-1-1 
-1 1-1-1 1-1-1-1-1-1 
-1 1-1 1-1-1-1-1-1-1 
-1 1 1-1-1-1-1-1-1-1 
-1-1 1-1-1-1-1-1-1 1 
-1-1 1-1-1-1-1-1 1-1 
-1-1 1-1-1-1-1 1-1-1 
-1-1 1-1-1-1 1-1-1-1 
-1-1 1-1-1 1-1-1-1-1 
-1-1 1-1 1-1-1-1-1-1 
-1-1 1 1-1-1-1-1-1-1 
-1-1-1 1-1-1-1-1-1 1 
-1-1-1 1-1-1-1-1 1-1 
-1-1-1 1-1-1-1 1-1-1 

Since each letter or numeral digit requires 10 bits, a total 

of 150 neurons is used. If the last name is shorter than 6 

letters a "_" is filled, while if longer than 6 then it is 

truncated to 6 letters. Suppose we have stored four data. 

(1) ADAMS_ 151 51 6013 (2) GENTRY 540 86 3275 

(3) PEPPER 719 93 8542 (4) WATSON 375 29 0950 

In what follows, we examine the corresponding energy from 

flipping each error bit and choose the minimum energy to flip 

first in each iteration. We tested the following data. 
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(1) input: ADAM 151 51 6013 

output: ADAMS_ 151 51 6013 in 4 steps. 

(2) input: PPEPER 719 93 8542 

output: PEPPER 719 93 854 2 in 8 steps. 

(3) input: WATSON 375 92 0950 

output: WATSON 375 29 0950 in 8 steps. 

(4) input: GENTRU 550 86 3285 

output: GENTRY 54 0 86 3275 in 8 steps. 

4.3 Discussion and Comparison 

Our proposed method has been shown to be effective in 

asynchronously recalling the stored patterns. In this 

section, we will compare our method with some contemporary 

results. 

Awwal et al. [39] claimed a trinary neuron representation 

for associative memory is more effective for associative 

recall. However, the proposed method works best with partial 

inputs, provided the positions of the partial input elements 

are known. When the input is totally random and it is not 

known which part of the input contains the correct 

information, bipolar representation is preferable. 

Floreen [40] considered the worst-case upper bound on the 

convergence time of Hopfield associative memories. He showed 

by simulation that the number of changing update steps is in 

practice at most slightly greater than the Hamming distance 

between the input and the output vectors. The number of steps 
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needed to converge to the nearest pattern in our approach is 

at most equal to the Hamming distance. 

Wang et al. [41-42] presented two coding strategies for 

bidirectional associative memory. They first used multiple 

training and dummy augmentation methods to recall the stored 

patterns. However, the multiple training strategy is not 

guaranteed to recall any one of the stored patterns. As the 

number of stored pairs increases, it is not easy to adjust the 

corresponding weights to satisfy the requirement for 

convergence. Later they proposed a linear programming 

multiple training method to improve the recall process. 

However, more tedious preliminary work had to be done before 

the complete recall process takes place. 

4.4 Summary 

In this chapter, we proposed a method to solve the long 

existing Hopfield retrieval problem. The proposed method was 

shown to asynchronously recall stored patterns successfully. 

Several examples were presented to illustrate the scheme's 

applicability. We also compared with other researchers 

current results and found our proposed approach outperformed 

the contemporary work. 
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CHAPTER V 

FAULT TOLERANCE OF ASSOCIATIVE MEMORIES 

Recently there has been increasing interest in modeling 

the performance of fault tolerant associative memories. For 

a neural network, fault tolerance addresses the situation 

where the network can still recognize the stored patterns 

despite the presence of internal faults. 

Nijhuis and Spaanenburg [47] presented simulation results 

through the use of the neural network simulator NNSIM2.0. 

However, they did not provide any mathematical formulation to 

explicitly relate the error ratio with the one step retrieval 

probability. Jong [48] exploited the statistical methods to 

investigate two types of faults, namely, synaptic 

interconnection and neuron stuck-at-fault. Most of his 

simulation results are based on one bit or one pattern 

retrieval probability. In this chapter, we will modify his 

models and present more explicit simulation and theoretical 

results. 

5.1 Fault Tolerant Analysis 

Let V=(V^,V2, . . . ,V̂ ) be an N-bit bipolar pattern whose 

components are either 1 or -1. The new state V.' of the ith 

neuron is determined by the rule: 
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N K 

v', = sgn['£T,jV^]=+l, if Y.T,.V^>0 
'̂'' n ^̂ ,̂ '̂ • (5.1) 

-1, Otherwise, ^ 

where the entries of the weighting matrix T.. are constructed 

from the sum of outer product rule. 

Although there are many different fabrication faults that 

can affect the neural network's operation, the two most 

probable are neuron faults and connection faults [47-48]. 

Neuron faults can be divided into stuck-at-+l and stuck-at—1. 

Stuck-at-faults mean some of the neurons intend to stubbornly 

stay at the same state ignoring status changes. Defects in 

the wires or incorrect resistance assignments are categorized 

as connection faults. The effect of these faults on system 

operation will be mathematically discussed here. 

5.2 Stuck-At-Faults Model 

This model will analyze the performance of a stuck-at-

fault system. Assume 

p=prob. of a neuron having a stuck-at-+l fault, 

q=prob. of a neuron having a stuck-at—1 fault, 

N=number of neurons in the system, and 

M=number of stored patterns. 

Then 

Np=expected number of stuck-at-+l neurons and 

Nq=expected number of stuck-at—1 neurons. 

Without loss of generality, further assume the first Np bits 
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of N are stuck-at-+l, the next Nq bits are stuck-at—1, and 

the rest N-Np-Nq are normal. After the first iteration the 

probe vector, say x, will evolve like 

x'i= 1, i=l, . . . ,Np 
-1, i=Np+l, . . . ,N(p+g) 

Np N{p*g) N (52) 

J=l j=Np*l j-'N{p*q)*l 

For the normal neurons, Eq.(5.2) can be further expressed as 

follows: 

Xi=sgn[S^+N^] (5.3) 

where S- and N- stand for the signal and noise parts derived 

from considering whether the other bits are equal to the ith 

bit and whether the probe vector is one of the stored 

patterns, respectively. It is easy to show that the mean 

value of noise is 0, and 

S.=N+M-N(p+q)-l, and 

Var[N.] = (N-l) (M-1) . 

If we denote the signal to noise ratio by SNR, then by 

following Eq.(1.3) we have 

^^_N(l-p-g)+M-l 

^(N-l) (M-l) ' (5.4) 

Therefore, by applying the standard error function Q(x) we can 

easily obtain the one step retrieval probability as follows: 

Pi[x[ = Vi(w^)] =1-Q(SNR) . (5.5) 

Eq.(5.5) also shows if N and M are given, then by varying the 

stuck-at-faults error probability we can track how close the 
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new probe state is to the original vector. Both the 

theoretical and simulation results are plotted in Fig.5.1 for 

comparison. 

5.3 Connection Fault Model 

Connection faults can be divided into two cases: (1) 

broken connections and (2) wrong resistance assignments. The 

broken connections are similar to the open circuit problem. 

In a neural network, however, we cannot set those weights to 

infinity, which would dominate the neuron state. In contrast, 

those broken connections will be set to zero. 

The broken connection case can simply be simulated by 

setting those synaptic efficacies to zero. Assume that each 

connection has a probability of q of being faulty, i.e., 

prob(ST-T-j }=prob(0)=q, and 

prob{ST- T.j}=prob(T.j. }=l-q. 

Then the new state of a probe vector x will be governed by 

N 

x'i = sgn['^bT-T^jXj] 

=sg72[Sj+iVj . ( 5 . 6 ) 

As usual, we have to calculate the signal part and the 

variance of noise to derive the signal to noise ratio. With 

regard to the diagonal terms, there are two different cases to 

be encountered. 
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(a) ST..=0 

In this case both the signal part and variance of noise 

can be found to be 

S.=(N-1)(1-q) and 

Var[N.]=(N-l)(M-1)(1-q), respectively. 

Denoting the signal to noise ratio by SNR^, then we have 

SNR (î -̂1) (1-g) 
' ^(N-l) (M-1) (1-g) • (5-7) 

(b) ST..̂ O 

In this case the contribution from the diagonal has to be 

taken into account for the signal part. We have 

S.=(N-1)(l-q)+M and 

Var[N.]=(N-l)(M-1)(1-q). 

If we denote the signal to noise ratio by SNR2, we will have 

SNR - (^-^)(^-Q)^M 
' y/(N-l) (M-1) (1-g) ' (5.8) 

The one step recall probability can be derived by 

combining the above two cases. By applying the standard error 

function, the probability can be shown to be 

p[x'i = V.(m^) ] =p[x'^ = V^(in^) |T^,=0]p [T,, = 0] 

+p[x'i=v^(m^) |r^,''0]p[r^^^o] 
-an-o(-^ (jN^-Dd-g) )i 

y/(N-l) (M-1) (1-g) 

+ (l-g)[l-0( (^-1)(1-^)-^ )] 
^{N-D (M-1) (1-g) 

= l-(l-g)0(5M?2) -gQ(SNR^) . (5.9) 

Fig.5.2 presents the theoretical and simulation results for 

various M under the non-error case, i.e., the input probe is 
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exactly one of the stored patterns. The results for the noise 

corrupted cases are depicted in Fig.5.3. 

The wrong resistance assignment model is simulated by 

making use of the fact that wrong resistance values are much 

likelier to happen than broken connections. This is modeled 

by changing the current connection strength T.. by +gA. 

Again, by assuming that each connection has a probability 

q of being faulty, then 

prob( (l+6A)T.j. )=q and 

prob( (l+SA)T..}=prob(T..}=l-q 

where SA is a constant. Also, two different cases have to be 

considered. 

(a) SA..=0 

In this case, we can derive the signal and variance of 

noise as follows: 

S.=(N-1)(l+qSA)+M and 

Var[N.] = (N-l) (M-1) (1-q+ql 1+SAI ) , respectively. 

Suppose the signal to noise ratio is denoted by SNR^, then 

^^^ ̂  (i\̂ -l) (l+g5A) +M 
' y/(N-l) (M-1) (l-q+g\l+6A ) (5.10) 

(b) SA-.̂ O 

In this case, we have 

S.=(N-1)(l+qSA)+M(l+SA) and 

Var[N.] = (N-l) (M-1) (1-q+ql 1+SAI ). 

Denote the signal to noise ratio by SNR2, then 
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^^jj^ (N-1) (1+qbA) +M(l+bA) 

' y/(N-l) (M-1) (1-g+g.l+bA ) ' (5.11) 

By combining the above two cases together, we can derive the 

one step recall probability for the wrong resistance 

assignment model as follows: 

Pi(x[ = V.(rn^)) =p[Xi = V.(m^) \bA^^ = 0] p[bA^i = 0] 

+p[x^- = V^(7no) |5A^^^0]p[6.^_^^^0] 

= (l-g)[l-Q( iN-l)(l+gbA)+M^^ 

^Var [N^\ 

-g(l-C( ^̂ "̂ ^ (l-̂ gSA) +M(l+bA) ^ ^ 
y/VaUNjY 

= 1-(1-g) Q(SNR^)-gQ(SNR2) . (5.12) 

Fig.5.4 illustrates both the theoretical and simulation 

results based on N=100 and M=8. 

5.4 Discussion 

In this chapter, the performance of the fault tolerant 

associative memories has been mathematically derived. Based 

on the results from stuck-at-fault and connection fault 

models, we found the retrieval probability decreases with the 

increase in error ratio, the number of error bits, and the 

number of stored patterns. 

In the wrong resistance assignment case, however, the 

careless implementation of an additive value will not worsen 

the convergent rate which is an interesting result in the 

neural networks. This is because a positive value of SA has 

the effect of boosting the dominate bit which in turn 
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increases the retrieval rate. In contrast, a negative SA 

value tends to detract from the weight of the dominate bit 

causing the probability to drop quickly. If we set SA=-1 in 

the wrong resistance assignment model, then it is exactly the 

same as the broken connection one. This is also confirmed 

from the simulation results shown in Fig.5.2 and Fig.5.4. 
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Fig. 5.1. Retrieval probability of stuck-at-fault neurons 
versus error ratios for various M's. 
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Fig. 5.2. Retrieval probability of connection faults versus 
error ratios for various M's under non-error case. 
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Fig. 5.3. Retrieval probability of connection faults versus 
error ratios for various M's under error case. 
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CHAPTER VI 

CONCLUSIONS 

In this dissertation, we have quantitatively analyzed the 

characteristics of a variety of sparsely encoded associative 

memories. Based on each neuron operating close to its 

threshold assumption, a dynamic thresholding scheme was 

proposed. From this dynamic approach, the sparsely encoded 

associative memory was shown to have better performance than 

for an ordinary associative memory. A Lyapunov function was 

also exploited to solve the long existing noise corrupted 

pattern's retrieval problem. The proposed method was shown to 

be effective in asynchronously recalling the stored patterns. 

Fault tolerance of associative memories was investigated to 

test a noise contaminated network's reliability. In each 

case, simulation results were found to be consistent with the 

theoretical work. 

In Chapter II, we started from the conventional signal-

to-noise ratio technique to analyze the sparsely encoded 

memories problems. We found the conventional scheme was not 

suitable for this application. The principal advantages of 

the dynamic thresholding technique are: (1) it is easy to 

determine the system storage capacity and (2) it is easy to 

adjust the constant k to meet the system requirement. Based 

on this method, we showed that storage capacity of a sparsely 

encoded memory is greater than the ordinary associative 
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memory. The same technique was applied to consider the 

information capacity and radius of attraction problems. Under 

the low activity rate and smaller constant k (assigned in the 

selected threshold) conditions, the network information 

capacity is still superior to the non-sparse memory. 

Also discussed was why we forced the bipolar patterns 

back to the binary ones. This allowed us to avoid the mutual 

interference occurring in the bipolar sparse patterns. The 

sensitivity problem was also explored for choosing the 

threshold range. The physical meaning of investigating the 

sensitivity problem is that for each selected activity value 

there exists a range which does not have much variation for 

the storage capacity. This means a small change in the k 

value will not have much impact on the memory capacity. 

Extension of the first-order sparsely encoded memory 

results was presented in Chapter III. The system storage 

capacity problem was first presented to test the applicability 

of the dynamic thresholding scheme. Simulation results 

corresponded with the theoretical work. Information capacity 

had the same characteristics with the first-order sparse case 

except that all of the maxima occurred at the same activity 

rate. This is because we multiplied the mean noise term by a 

constant k instead of the signal term to boost the threshold. 

Thus, the characteristics demonstrated the same shape 

regardless of the constant k. In the last section we 
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presented a general rule for further investigating the higher 

order sparsely encoded associative memory. 

The recovery of one of the stored data by a noise 

corrupted probe is a long existing problem. Researchers have 

tried many different methods, either synchronously or 

asynchronously, to solve such a problem. Each method has its 

own merits but none is suitable for the general case. In 

Chapter IV, we proposed an effective method to solve the 

problem. By defining a Lyapunov function to choose one of the 

correct positions of the error bits to flip first allowed us 

to recall any stable system's stored patterns successfully. 

Several examples were given to demonstrate its applicability. 

However, it has only an asynchronous capability. Further 

study may concentrate on how to modify this method to 

synchronously recall the desired pattern to expedite the 

convergent rate. 

In Chapter V, we discussed the fault tolerance problem. 

The performance of fault tolerant associative memories was 

mathematically presented. Although there are many different 

fabrication faults that can affect the neural network's 

operation, we analyzed the two most probable faults, i.e., 

neuron and connection faults. Based on simulation and 

calculated results, we found the retrieval probability 

decreases with an increase in error ratio, the number of error 

bits, and the number of stored memories. However, in the 

faulty connection case, the careless implementation of a 
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positive value will in turn accelerate the convergent rate 

which is an interesting result from neural networks. Further 

work can focus on how many steps are necessary to correctly 

retrieve the stored memories. 
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