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CHAPTER 1

INTRODUCTION

In order for a function to have geometric or physical significance, it must be
invariant under some group. For example, the dot product of two vectors in R" and the
cross product of two vectors in R* have geometric significance. It will be shown below
that these two functions are invariant under the group of rotations. On the other hand, the
vector formed by multiplying two vectors componentwise is not invariant under rotations,
and thus has no geometric significance. In general, a function f:X — R is considered
invariant under group G provided

f(gx)=f(x)
forevery x € X and g € G. (If g happens to act on the right of x, then fis invariant
provided f(xg) = f(x).)
Definition 1.1. A rotation A is a linear transformation A:R" — R" such that
AA" = A'A =1 and det(A) = 1. We often call the group of rotations the orthogonal
group.

Now it is intuitively obvious that the length of a vector in R" remains the same
when it is rotated through the origin. Similarly, if 2 or more vectors are considered and

the angle between the vectors is measured, we would expect that the angle between the

vectors would remain unchanged. Length is simply a function f:R" — R, such that

F) = (22 4 x3tx2)



Definition 1.2. A function f:R" — R is called invariant under the group of rotations

provided f{Ax) = f(x) for every rotation A. A function f:R" X R"x..xR" — Ris called
invariant under the group of rotations provided
f(AX,,Ax,,...,Ax,) = f(X,,X,,....X,,)
for every rotation A.
Example 1.1. Invariance of length under rotation.

[ cos® sin®

Let x be any vector in R* ,A = ],and f(x)=(x? +x2)*%. Then

| —sin® cos6
FAX) = f cos® sin®Tx, 1) _ x; cos® +x,sin® )
= —sin® cos6 || x, =7 —x, sin® +x, cos@ |

((x, cos® + x, sinB)* + (—x, sin® + x, cos@)?)% =
1 2 1 2

(x? cos® 0 + x,x, cosO sin@ + xJ sin® @ + x7 sin> @ — x, x, sin® cos + x? cos@)”* =

(x}(cos’ @ +sin’0)+x(cos’ B +sin” 0))% = (x2 +x2)* = f(x).
1 2

X,
Also, if ¢ is the angle between 2 vectors x and y in R”", then cos¢ = (| "y|> where
x|y

(x,y) is the dot product defined by (X,y) = x,y, +x,y,++x,y,, and |x| is the length
of vector x defined by |x| = (x? +x2+--+x2)%. Thus, we can define

gR"XR" - [0,m) to be the function that takes two vectors to the angle between them

g(x,y) = cos™ (xy) =0. (1)
|x]|y



Example 1.2. Invariance of the dot product under rotation in K.

) cos® sin®
Let x and y be any vectors in ). and A = .

—sin® cosH

Then

(Ax,Ay) = x, cosO +x,sin@ |[ y, cosO +y, sin® B
gin —x, sin6 +x, cosO || -y, cos® +y, sin® |/

(x, cos8 +x, sinB)(y, cosO + y, sin®)+(—x, sinB + x, cosB)(—y, sin® +y, cosO) =
x,y, cos’> 0 +x,y, cosB sin® +x,y, cosO sin@ +x, 7, sin® 6 +
x,y, sin’ @ —x,y, cos0 sin® — x,y, cos@sinB + x,y, cos? O =
x,y,(cos’® + sin®0) + x,y,(cos’@ + sin’0) = x,y, + x,y, = (x,y).

Example 1.3. Invariance of the angle between vectors under rotation.

) cos® sin6
Let x and y be any vectors in Rand A=| . .
—sin® cos6

Notice from example 1 that |x| = f(x) = f(Ax) = |Ax|. So

_ Ax,Ay>J _ ((A&Ay))
Ax,Ay) = cost[ AXAN) (AR AY))
giimsy) = oos (IAxIIAyI T

cos”! [(xl cos0 +x, sinB)(y, cos® + y, sin6)+(—x, sin6 + x, cosO)(—y, sin® +y, cosO)
[xllyl

. .2
COS_l(xly,(cosze +sin®0) + x,y,(cos* 6 +sin G)J _ cos"(x‘y‘ +x,y,

= g(x,y). 2)
Ix[ly| Ix[y] J

Also, one would expect that rotation of a parallelepiped about a vertex preserves volume.



Example 1.4. Invariance of area under rotation.

Let 0, x, y, and X + y be the vertices of a parallelogram in R*. The area V(x,y) of
the parallelogram is thus given by V(x,y) = |x||y| sin¢ , where ¢ is the angle between
vectors x and y. Let A be a rotation defined as in example 2. Then from equations (1) and
(2) in examples 1 and 2 we have

V(Ax,Ay) = |Ax|Ay|sing = |Ax|Ay|sin(g(Ax,Ay)) =
[xy|sin(g(x,y)) = [x]y|sin¢ = V(x,y).

Since the volume of a parallelepiped with a vertex at the origin is the determinant
of the matrix consisting of the vectors corresponding to the edges that meet at the origin,
we can check the invariance of the determinant.

Example 1.5. Invariance of the determinant under rotation.

Let A be any rotation in R". Then by definition det(A) = 1. Thus, if B is any
linear transformation from R" to R", then det(AB) = det(A)det(B) = (1)det(B) = det(B).

Notice that in the first three examples the work in showing the invariances of the
functions was in showing the invariance of the polynomials |x|2 and (x, y) . This gives us
motivation to formulate our first major question: “What are all of the polynomials that
are invariant under rotation?”

Example 1.6. I want to describe all of the polynomials f:R?* — R such that

f(x) = f(Ax), where

Ao co.se sin©® x= X and Ax = J:c
—sin® cosB y y



Definition 1.3. The total degree of a term of a polynomial to be the sum of the
exponents of each variable in that term.

Definition 1.4. A homogeneous polynomial to be that which every term has the same
total degree. Suppose g(x) is an invariant, then if we break g(x) into its homogeneous

pieces g, (X),...,g,(x), each homogeneous piece g,(x) must be invariant. Thus, it

suffices to consider only homogeneous invariant polynomials. So let

i m—i

gxX)=a,x" +a, x"'y+. 4+a,x'y" "+ 4+a,x'y"" +a,y".
Since g(x)=g(Ax) for all 6 , we may choose 8 =71/2. Then, X = yand y =—x. Thus,
a,_; =(-1)"a,. So foreach i odd, a, =0. Also, this implies that both m and m/2 are

even. Now take 6 =m/4, and let

(i) (i) e ()
17 271 ) Uty Rpysal T 1 .

(V2 (322 ( miz/a
“‘_[0)’ Ax"(—ﬁ/z} ’ Ax'"”“_((2—m>~/5/2)'

By plugging into g(x) = g(Ax), we get a m by m/2-1 system of equations whose solution,

Then

in terms of a,, is:

m!
a =————a
Yom=di

where i={m/2, m/2+2,..., m}.
Therefore, by the binomial theorem, g(x) = a,, (x> +y*)™?. Thus, by example 1,

x* +y? is the only “real” invariant. This result is much harder for higher dimensions or

multivector polynomials and different techniques must be used.



The next natural questions is “Are certain polynomials invariant under other
groups?”. Here we will find all of the polynomials invariant under the group of
unimodular (having determinant one) matrices. First we will define two types of vectors:
covariant or column vectors, and contravariant or row vectors. Notice that acts on a
covariant vector on the right, and acts on a contravariant vector on the left. Also, if x is a

covariant vector, and y is a contravariant vector, then for the dot product we have:
yx =yA'Ax.
Thus, in order to have the dot product as an invariance, it will be necessary to define the

invariance of polynomials on the unimodular group as:
f(XyseX,5¥,5--.¥ ) = F(AX,,...,AX ;y,A7 ...,y A7),

for every A € SL(n), and where {x,,...,X,} are n arbitrary covariant vectors and

{y,,...,¥,,} are m arbitrary contravariant vectors.

Example 1.7. The invariance of the determinant under the unimodular group.

Let f(x,,...,Xx,) be the polynomial associated with the determinant of nxn
matrix M. Each x; is a vector in R” that corresponds to column i in matrix M. Also
notice that if A is also an n X n matrix, then Ax, is the ith column in matrix AM. Thus,
if A € Si(n), then

f(AX,,...,Ax,) = det(AM) = det(A)det(M) = (1) det(M) = f(x,,...,X,).

Next, it is interesting to investigate the question: “What are all of the vector

operations that have geometric meaning?”.



Example 1.8. The invariance of cross product in R* under rotation.

We define cross-product as a mapping ®: R* xR* — R* such that if x,y e R*,

then
X N Xy Y3 = Yo X3
Xy = |x, |®|y, | = | X0, — ¥sX
X3 Y3 XY, = i%,

If A is a rotation in R*, then we want to show A(x®y) = Ax®Ay. Let

Now define
i'=Ai=li+mj+nk,
Ji’=Aj=Li+m,j+n)k,
k’ = Ak = Li+m,j+n,k.

Now since A is orthogonal,

AA"=AA"=\m, m, my|l, m, n|=

o O =
S = O
- O O

(&)

o
E
=
o~
NN
WN

Therefore, we may write: i=AV =Li"+Lj +Lk’,

J=ATY =mi e e mk



k=A"K'=ni"+n,j’ +nk’.
Since j®k =1,

m n, m,n; —nsn, L,
m, |®| n, |=| mn, —mn, |=|1, |

iy Iy mn, —mn, L
Thus, I, =m,n, —myn,, l, =myn, —mn,, and , I, = mn, —m,n,. By the fact that
i®k =-j, and i® j =k and similar arguments as before, we get m, =l,n, —I,n, and

n, =l,m, —Il,m, Now, let

X b2
Xx=|x,|,and y=|y,
X3 Y3

Let’s compute the first component of Ax® Ay . Since

x 1+ x,m; + x;n, Wl + y,m + yn,
Ax =| x,l, + x,m, + x;n, |,and Ay=| y,l, + y,m, + y;n, |,
x, Ly + x,my + x3n, Vily + y,m, + yin,

the first component of Ax® Ay =
(x,L, + x,m, + x31,)) (Y, 15 + y,my + y3n3) — (x,1; + x,my + x30,)(y, L, + y,m, + y;n,)
= (XY, = X%,y )ymy = Lymy ) + (X3, = X, 93 )(lyny = Lng) +(x, Y5 — X3y, )(myny —myn, )
=(X, Yy — X ¥, + (X3, — X, y3)my + (X, Y3 — X35,)],

Lom n (XY, =%y,
= the first componentof |, m, n, | X3y, —X,y,

I, my ny %y, =%y

= the first component of A(X®y).



After a similar computation, it is found that the second and third components of
Ax® Ay are equal to the respective second and third components of A(x® y) . Thus,
AX®Ay=Ax®y).
Example 1.9. The invariance of vector addition.
Here we want to show that vector addition makes sense in R* as an operation
since it is invariant under rotation. We define vector addition in the usual way as a
mapping +: R* xR> — R* performed by adding the components. The invariance of
vector addition is simply true by the distributive law of matrix multiplication:
A(x+y) = (AX)+HAY) .
Example 1.10. Non-invariance of vector multiplication.
Now we will examine why component-wise multiplication of a vectors does not
make geometric sense. Let *:R* X R> — R? be the operation that multiplies the

components of one vector to another. If A is a rotation, we would like

(Ax)*(Ay) = A(x*y).

B3 -y 1 2
w= L st x=lalmer =[]
then

_ [ -u [ —%[2]_ [4%—1]* V3-% _[2-54%]
(AX)*(Ay)_[}é J%][J[‘z 1 T (B 1493 [2+59%

which is not equal to

However, if we let



R R e (1 H RS

Since in each category, the number of invariant polynomials is infinite, it would
impossible to write them all down. Therefore, the goal is to find a way to describe
different types of polynomials that are invariant. This will be done by showing that every
polynomial can be written as the sum, product, and scalar multiple of a finite list of
certain polynomials. This list is called an integrity basis for the invariant polynomials.
The existence of this integrity basis is called the First Fundamental Theorem of
Invariant Theory . Our goal, therefore, is to show this theorem is true for the orthogonal
and the unimodular groups. To do this, we must first show that any invariant polynomial
of degree n with m vectors can be expressed in terms of our integrity basis if any
invariant polynomial of degree n and n vectorg can be expressed in terms of our integrity
basis. Furthermore, if the determinant is in our basis or can be expressed by our basis,
then only the invariant polynomials of n-1 vectors need to shown to be expressible by our
integrity basis. Proof of this result relies on the very powerful Capelli identity, which will
be shown in Chapter II. The Capelli identity preserves invariance, and enables us to
inductively cut down the number of needed vectors from m to n-1.

The next step in the proof of the First Fundamental Theorem of Invariant Theory
is to show inductively for each group that the only necessary invariants in the integrity
basis for invariant polynomials in n-1 vectors of degree n are the dot product, and the
determinant. This again will be done by using Capelli’s identity to break down the degree

of the polynomial. The method that will be presented is based on the work done in

10



Herman Weyl’s text, “The Classical Groups.” However, in this thesis, all of the missing
details are filled in and many useful examples are presented.

Before moving on, a theorem on algebraic inequalities is needed.
Theorem 1.1. Principle of the Irrelevance of Algebraic Inequalities: A polynomial
F(x,,x,,...,x,) vanishes identically if it vanishes numerically for all points
(xX)5.05x,) = (0),...,0, ) such that R, (at,,...,0t,) #0,...,R(0.,...,0, ) # 0, where
R,,....R; are polynomials.
Proof. The proof is by induction on the number of variables 7.
Case n=1: Notice that the set {o:: R, () #0,...,R; (o) # 0} is an open subset of R.
Therefore, this subset contains a nonempty open interval. Since F(x,) vanishes on this
infinite set, it follows by the Fundamental Theorem of Algebra that F(x,) =0.
Induction step: Assume that the statement is true for n variables. Let

k
n+l1

F(xsesX,0) = G (X ey X,) X0 + G (X ey X, )X+ 4Gy (X0 X,)
be a polynomial in n+ 1 variables that vanishes numerically for all points (o ,...,0,,;)

such that R (o ,...,0,,;) #0,...,R;(a,,...,a ;) # 0. Now observe that
{0y 0,0 ) R0t ) # 0,0, R (00,0000, ) # 0} is an open subset of K™
Fix a point (B,,...,B,,,) in this subset. It follows from the Fundamental Theorem of

Algebra that G,,G,_,,...,G, vanish numerically for all points (a.,,...,0t,) such that

R (0 ,s0,,Bry) 20, R (0000500, , B ) # 0. Therefore, it follows from the

induction hypothesis that G, ,G,_,,...,G, vanish identically. Therefore,

F(x,,...,%,,,)=0. Q.E.D.

11



CHAPTER II

THE CAPELLI IDENTITY

Let x, y and z be vectors in R” . Let f be a polynomial in m vectors. Define the

polarization D, of f as

Let A, f be defined in a similar fashion with one exception on composite polarizations.

Notice that by using the chain rule

n n a
D,D,f= Dyxzx 2 y; ‘a az Zy.é—g. 3)

Z; Jii=1 i=1
However, we will defineA A, by

3 f

A_A = X, —
whaf 2}’, "dx;0z

Jxi=l1

We see that, in general, D, D,, is not commutative since

DDf—Dia 2 azf#DDf
Xz 7 yx xzi=lyiaxi =~ /yxa a yx —xzJ °

However, A A, is commutative. Therefore, it is easy to write composite polarization

operations in terms of composite A operations. For example, equation (3) gives us

Dnyxzszyxszf+Ayzf'

Notice that we copy the subscripts of the polarization operators and if the second

subscript of an operator matches the first subscript of an operator to the right (in this

12



case, X), then we add a A with the subscripts coming from the outside subscripts of the

polar operators. A more complicated example:

D B D F=D (A K, &3 =D A A F+D A f=

AyxAEAzyf +AyzAzyf+AyxAxyf +Ayyf .

Now let fbe a function of m vectors {x',x*,.....,x™}. We want to show:
Theorem 2.1.
Dx”‘x"' Ll (m - 1) o ‘Dx”'x2 Dx"‘xl Ax”'x’" o Ax"'x2 Ax"‘xI
szx"' o szx2 +1 szx' B szx"' o szx2 szxl . (3)
Dx'x"’ o l)x'x2 l)x'xI Ax'x"' o Axlx2 Ax'x‘

For example, if m=2:

= (szxz + I)Dxlxl - Dxlx2 szxl = szxz Dxlxl + Dxlxl - Dxlxz szxl =

A 2.2 A 2.1
X“x
AXZXzAX'x' + Ax'x' - (Ax'szxzxl + Ax‘x' )= Axlxlelxl - Axlxz Axlxl = Ax ) A
x'x? x'x!
If m=3:
Dx’x’ +2 Dx’x2 Dx’x‘
sz 3 szxz +1 szxl
Dxlxl Dxlxz Dxlxl
_ (D + l)xzx2 +1 szx' Dx3x2 xx! +D l)xlx2 ‘Dxl'x1 _
- 2.3 1,3 -
¥ Dx'x2 Dx'x' o Dx'x2 Dx'xl > l)x;‘x2 szx’
szxz AXZX] D D D D
(nyx.\ +2)A L L _szxs( Bx2 iy — M xlxl)
X'X X'X

+Dx1x: (stxz szxx - (szxz *+ I)stxl )=

13



X2X2 A szl

AIZ All

XX XX

Dx3x] (szx2 Ax'xl - Ax'x2 szx' ) +2 - Dx2x3 (A x3x? Ax‘xl - A7('x2 Ax:‘xl ) *

Dxlx3 (Axsxz szxl + Axsxl - (szxz Axlxl + szxl ))

X2X2 XX

AIZ AII

XX XX

= Dx3x3Ax2xz Axlxl - szxanlxz szxl ) + 2

szxJAxaszx'xl + Dxlxlelxlele +Dxlx3Ax3x2Ax2xl _DXIXJAXJXIAXZX2 -

A x2x2 x2xl

A:sAzzAxl_AzaAlezl'l'z
X X XX X'X X°X X'X XX AIZ A”

- AX2X3 AXJXZ AXIXI

- szx2 Ax'x' + Axzx3 Ax3xl Ax'x2 + szx1 Ax‘x2 + Ax'x3 Ax:‘x2 szx‘

+ Ax’xl AXZXI - Ax'x’ AXBX‘ szxz - Ax'xl szxz -

Ax3x3 Axzx2 Ax'x' - Ax:'x3 Ax'x2 szx‘ + Ax2x3 Ax'x3 Ax’x' -

Ax2x3 ij)(2 AXle + AX‘X3 AX3X2 szx' - A)(‘X3 szxz AXJX] +

B A"Z"' 2A , A 2A LA
- YA 128 21 =
AIZ A” x°x XX XX x“x

XX XX

%X X°x x7x A A A
) 25! i x|
szxs szxz szxl + 2 A A A A -
% & < gt <x2 I
Ax'x3 x'x? x'x!
Axsxa Axsxz Axlxl
szx3 Axzx2 szx'
AxIxS AxlXZ <Ix!

To prove theorem 2.1, we first need a lemma.

14



Lemma 2.2.

Dxmxm + (m - 1) Axmxm-l

First, for motivation, the case m=4 is proved.

D,

AXSX3
(Do +3)A

A)(l)(3

X X4 + 3 Ax‘x’
DXJX4 Ax3x3
DXZX4 Ax2x3
Dx'x“ Ax'x3

15

x™x x"x x"x
Axlxm-l szxz szxl
Axlxm-l Axlxl Axlxl
Ax"x2 Ax‘x|
Ax3x2 Ax3xI
Axzx2 szx'
Ax'xZ Ax'xl

xix? x*x! x*x x*x? x*x!
x’x? x! ool xx? xx!
xix? x! <253 g x!

XX



x°x XX X°X
szxz A le + Ax4x2 Ax2x4
x'x? Ax'x' Axlx4

16



x’x x’x x’x x’x x’x x°x x’x
Ax“xl x2x* szx:‘ szxz +3 Ax"’x3 szxz szx' -3 Axzx3 Ax2x2 Axzx1 =
Ax1x4 Oy Axlxz Axlxa Axlxz A 1! Axlxz Axlxz Ky

Now, to prove the general formula, assume m is even for ease of notation. (Proof is
similar if m is odd.) We must evaluate the determinant on the left by cofactor expansion
down the first column:

xm—lxm—l Axm—lx] A m_m-1 e A m 1

>

D tm=D) =R Dl

jodd xj-lxm-l xj-lxl

met A
* z Dx-’x"‘ Ax’ ’

j even xd-1xm=1 x/1x

Alm-l All

XX XX

Let

x"'x x™Ix!

Axm—lxm-l T Axm-lx.'+| A m=1i~1 e A

x]+]xm—l xj+lx1+l x1+lx:—l

A

xj+|x|

< Ixm1 X Ixi+! xd=15i=) x/-Ix!

Ax'x"‘" A 1 i+ Axle-l A 1.1

XX

17



then by expanding the determinants under the finite sums by the cofactors across the top

row, we get
Axm—lxm—l e Axm-lxl
(D,.—-m+1)| . i |- 3D,.A,.Ci+ >D,.A, C, -
XK x/x XX U x/x XX Y
Jjodd iodd jodd ,ieven
Axlxm—l Axlxl

2 ijx"' Ax"'x‘ C'J + 2 Dxfx"'Ax"'x' C'J :

Jeven,ieven Jjeven,iodd
Since there is no A with x* as a left subscript in the first term, we can write Dx,,x," as

A . ... However, since D,.A..=A,.A. +A, ,wecan write the above in

xx x’x x%x x/x!

terms of all A's:

Axm-lxm-l Axm—lxl

(A, +m=1) o |= (A, LALCi+A,C)+
A

A Jjodd ,iodd
1,1

x'x™! X'x

2 (ijx"'Ax"'xiCU.*-ijx'C"j)_ Z(Axfx”Ax”x’Cif+ijx’Cif)+

Jjodd ieven Jeven,iodd

z (ijx'"Ax"'xiCij + ijx‘ C‘J )

Jeven,iodd
Which after a rearrangement of terms equals

Axm—lxnl—l e A m-1y1

Ax"'x”' : s : - Z ijx”Ax"‘xiCU ¥ zAx/x”'Ax’"x‘CiI -
A A Jjodd iodd Jjodd ieven
xlxm! sl
zijx”'Ax”'xiCU - Zijx’"Ax’"xiCif +
Jeven,ieven Jeven,iodd

A m-1ym-1 t Axm—lxl

X

(m—-1| - PR [ zijxiCij+

Jodd iodd
Axlxm—l Axlxl

18



ZA"j"iCij - ZijxiCij + ZAxixiCif =

Jjodd ieven Jjeven,ieven Jeven,iodd

A

X

A Amm-l e Am]

i cee ¥
m=lym 1 x™ lx] x"x x™x

A : . : A ijﬂxm—l e ijﬂxl
xmxm : . . : - x/xm .

Jjodd - lgml x/7Ix!

A m-1_m-1 - A m-ly1 Axm-lxm-l wer m-1_1 A m-1ym-1 e A m-1_1

Hm=D| P o P =Y =Y :

AII Jodd Alxm—l All jEVE'lAlm_’ All

XX XX XX

=| - o+ (m=D) o l=(m=1)
Axlxm Axlxl Axlxm-l Axlxl Axlxm—l Axlxl

Which equals the determinant on the right in (4). Notice that by exactly the same
argument (6)

Dxmxm +m_1 Axrnym—l e Am’.‘ AmI A,,,,,, Amm—l e AmZ Aml

D, A

X“x x2ym! x°y Xy XX X°y x°y x“y

Dlm A m-1 Alz Al

X'x x'y™! X'y X'y x'x x'y

where x’ may or may not be equal to y”.

19



Also, if x™ #y™ , then

Dxmym Axmym—l ot Axmyz Axmyl Axmym Axmym—l e Axmyz Axmyl
X2y AXZym—I e szyz szyl szym AXZym-l e szyz szy'
Dxlym Axlym-l e Axly2 Axlyl Axlym Axlym-l o Axlyz Axlyl

Now assume for some j<m,

A e e A o

x™x %X

Ax'x’" Ax]x'
Dmm+m_1 m_m-1 ij Amj-l e Aml
"X x™x x™x x"x x"x
Dxm—lxm Dxm—lxm—l +m—2 Dxm-lxj Axm-lxj-l Tt Axm—lxl

(8)
D, +j-1

Dx'x"’ l)xlx'"‘l o Dx'xj Ax'xl" o Axlxl

Expand the determinant on the right by its cofactors down the first m-j+1 columns. Then
the determinant on the right equals
Axu(j—l)x]—l Axu(j-l)xl
D MD i +8(m =)D s +8(M=2))...(D iy +8(j=1)) '
v Axﬂ(l)x.i-l o Axamxl
Where W ranges over all permutations of {m,m—1,...,1}, {o(m),6(m—1),...,6(1)}is

some permutation of {m,m—1,...,1},
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1 odd permutation

1 i o=k
o0 if ok) =K

ke{mm-1,...1} ,and 7\,={ o
-1 even permutation

Since (5), (6), and (7) are true for all m > 0 and that j—1=0c(i) for at most one

ie{j—1,...,1}, we get

Dxc(j—l)xj—l +8(] - 2) Axa(j—l)xl
Y MD gy +8(m=1))...(D 4, , +8(j = 1)) :
v Dxu(l)xl +6(]_2) Axa(l)xl

Dxmxm +m_1 Dxmxm-l xmxj-l xmxj-Z v xmxl
Dxm—lxm Dxm—lxm—l +m_2 e Dxm-lxj-l Axm—lx/—l Tt Axm—lxl
[ 5 . E & %
xJ1xm xi=lxm-1 Dx]—lx]—l +]—2
Dxlxm Dxlxm-l Dxlxj—l Axlxj-l Axlxl

Therefore, by induction on the columns of the determinant, we get (4). We can write

d _9 .. 9
¥ P e 2 Bda ax"" d x,
0 0 9
dx) d x,

MR F I I
| dx! dx)” dx

(oF)
NN
Ll

m_m A m_m-1 A m_1
XX XX XX
_ Ax lx Axm lxml Axm-lxl
AXIX Axlxm 1 Axlxl
If m >n then
A m,m A m1
XX XX
: |=0,
Axlx Ax'x'
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since if A = BC, then rank(A) < min{rank(B), rank(C)} which, in this case means

rank(A) < n < m. Therefore, |A|=0.If m=n, then let

Thus,

So combining with (6) we get

Theorem 2.3 The Capelli Identity

D"lm+m_l Dmm—l
XX XX
x’"lm Dm—lxm-l+m_2
Dlm Dlml
XX XX
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ax) dx)
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CHAPTER III

POLARIZATION PRESERVES INVARIANCE

If f(x',x*,...,x™) is an invariant under the group of linear transformations
I" then we will show that by the Capelli identity, Qf (x',x?,...,x™) is an absolute

invariant provided the elements of I" are unimodular (i.e., of determinant 1). However, if

the elements of I" are not unimodular, then f is still relatively invariant. For example,
let f be invariant under groupI', then if A e T,
f(AX',...,Ax")= f(x',....x™).
Therefore,
Qf (Ax',...,Ax™) =Qf (x',...,x™)/det(A).
To show this, we first need a lemma.
Lemma 3.1. If f is an invariant under©, then D, f is invariant under T".
Proof: Let f(x,y) be invariantin I". Then f(x,y)= f(Ax,Ay) provided

AeTl.Let

A=| : . : |,u=Ax,and v=Ay.

nl nn

Then u; = Zaﬁxi ;and v; = Zaﬂ. y; - So, by the chain rule,

i=1 i=1

I (xy) -of(wy) 9 & of(uv)
o, —Z} u, o, ;aﬁ u,
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So,

D, fxy)=3, aféx 3 Z 2 a, afé‘; Y

i=l i J

a n
Z f (u, V)Z - ‘_Za_fg‘:_v)v,. =D,,f(u,v).

Jj=1 j=1 i

Q.E.D.
Therefore, if u/ = Ax’, and f(x',...,x")= f(u',...,u™), then it is obvious that
D, fx',...,x™) = Du,.u,f(u' ,...,u™). So, by induction on the number of polarizations,

D D,,f(x',...x")=D, ...D, f(',. u"). Clearly, sum and multiplication

e

by a constant preserves invariance. Therefore, since the determinant on the left side of
Capelli's identity is simply the sum and constant multiplication of consecutive

polarizations, it is invariant under I". So

Dx"'x"' tm—1 Dx”'x'"' Dx”'x'
m=lm Dm—l m—l+m—2 Dm—ll 1
x: X x™x : . x: X f(x ,“"xm)=
Dxlxm Dxlxml Dxlxl
D, +m-1 D,.. D,
D m=1_m D m=1_m-1 +m 2 D m-1_1 1
. E : Y f,. L, u™)
Du'u Du’u"’l Du'u'
Also,
x X"
[u',u’,...,u"]=[Ax' Ax*,...,Ax"]=|A| | . I |=(detA)[x',x’,...,x"]
x,‘: x:’
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So,

D

mm +m l
u'u
D m=1_m

u u

Qf(u',...,u") =

Dm m-1 e Dml

u'u u'u

Du"'-'u'"-' +m-2 - D ety

D, .. -+ D

x"x x"x!

Dm-l m-l+m_2 e Dm-ll
X X X X

xix®! X'X

(detA)[x',x%,....x"]

O ™)
det A '
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CHAPTER IV

REDUCTION OF BASIC INVARIANTS

A form is a polynomial f(x',...,x™) such that every monomial has the same
degree r; in the components x; of x' for each j = I,...,m. For example,
f(X, y) = (Xl )3 (xz )4 (y1 )(y2 )4 - 5()6] )2 (xz )5 (y] )3 (yz )2
is a form because in each monomial, the degrees of the components of x sum to 7 (3+4=7

and 2+5=7), and the degrees of the components of y sum to 5 (1+4=5, and 3+2=5). We

then say that x is of degree 7, and y is of degree 5. If {r,,r,,...,r, } are the respective
degrees of {x,,X,,...,X,,}, then the total degree r is defined as r =r, +r,+... 47, . The
total degree the above example is r = 7+5 = 12. The rank of form f(x',...,x™)is an
ordered (m+1)-tuple (r,r,r,,...,1,,) composed of the total degree r of f, and degrees { r; } of

the vectors {x;} .A lexicographical ordering is placed on the rank by making the

following definition: if (r,r,r,,...,r, ) is the rank of f(x',...,x™) and (r',r/,1;...,7})
is the rank of g(x',...,x"), then (r,r,,ry,...,7, ) <(r’,r/,r;,...,7,) provided either
r<r orif r=r"and r,=r/ forall i<kthen r, <r’If r=r"and r, =1/ forall
i €{l,...,m}, then the ranks are said to be equal. For example, let f(x,y) be defined as
above, and let

g%, y)=3(x)" (x)) () (1) =7(x) (x,)* (3)' ()"

Let us verify that rank(f(x,y))=(12,7,5) < (12,9,3) = rank(g(x,y)) .Check the first
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component (total rank): 12=12. Check the second component (rank of x):, 7<9.
Therefore, rank(f) < rank(g). Let Qf be defined as previously. Qf takes the partial
derivative of each component of each vector in f. Thus, if the rank of f is (r,r,,7,,...,7,,),
then the rank of Qf is (r—m,r, —1,r, —1,...r, —1). For example, let f(x,y) again be
defined as above. Then

9 9

_|dy, ox B o f 9% f _

Qf (x,y) = i] ll f(x,y)—aylaxz— Sy,
dy, ox,

4(x,) (%)’ ) = 75(x)2 () ()2 (1,07 = 12(x,)% (2,)* 0,) (7,)” +20(x, )(%,)° (3,)* ()

So, rank(€2f)=(10,6,4).

When the main diagonal of the polarization determinant of Capelli's identity

operates on f, we get
(Donm +m=1)(D s ps +m=2)--D . f,
which equals by Euler's theorem
(r, +m=1)(r,_ +m=2)-rf =pf .
The p multiplying f is simply a constant greater than zero when r, >0 since each of the

other factors (r,+i—1)=2i—1>0 when i >1. Thus p is greater than zero when f actually

contains the vector x'. When the polarization operator determinant in Capelli's identity is

expanded, any term that contains 1 or more of the diagonal factors Dx,.x,. +i—1 can

replace each diagonal factor with r, +i—1 again by Euler's theorem.
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Example 4.1. Consider

Dysye (Dyergors #Mm=2)D s D,y (Do + DD, f

then we can replace the two main diagonal factors and rewrite the term as

(ryoy +m=2)(r, +1)D 5 ,D , ,;-D D, f.
For each term of the operator determinant let's associate a p, to represent the product of
the scalar factors described above. (k € {l,...,m!} to distinguish each p for each term). If
there are no factors from the main diagonal in a term then p, = 1. Then each term will be
of the form
PxD g, o D opryar Dy
where o, >0, , >..>0, >0, o, # 3, (otherwise D ,, . would already be included
inp,),and {B,,B,,....,B,} is a permutation of {c,,o,_,,...,0,} . Notice that since o, is
the smallest element of {o,,o,_,,...,0,}, and o, # B, therefore, r 2 2. Also, the main
diagonal is the only term in which all the factors Dx,.x,. have the same indices. Therefore,

let

P.=D D andf =—p_D

K xP2xa2 xP2xa2? K xblxﬂlf

Then we can write the left side of Capelli's identity as pf — Z‘P,c ffc . Since

A . e 0
f;( =_pKDxD|xa|f=—psz‘Bl_f_- (10)

= ox)
the degree of f\ has degree one less than fin terms of x*' and degree one greater in

terms of x"' . Since o, < B,, the difference in rank between the forms is first decided by
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the degree of x™' according to our ordering. Thus, the rank of f is greater than the rank

of fx :
We can rewrite Capelli's identity in terms of P_ and p:
pf = sz ]Af( ifm>n

pf =Y P f+x"x"",. X 1Qf ifm=n

The four following properties of Capelli's identity are now realized:

1) fx and Qf Qf are of lower rank than f.

Since
a e a
ox" ox,
Qf=| : . i\f.
N ERE1
ox!" ox,

the degree of each component of each vector is reduced m times. Therefore, the degree of

each vector in f is reduced by m times, thus the rank of Qf is lower than the rank of f.

2) If fis an invariant, then f‘x and Qf are invariant.
Since f, = —p Dy, o f » Dy, o f isinvariantand —p, is just a constant, f, is

invariant.

3) P, is a succession of polarizations.
Thus, if f, is invariant, then P, f is invariant.

4) If f contains x' (i.e.x' is not of O degree in f), then p > 0.
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Now, let us define A, ., to be the set of all invariant forms under subgroup I'(n)

of GLR(n) depending on m vectors x',x*,....x" € R". Thatis f(x',....x")€A 1w
provided f(x',...,x")= f(Ax',...,Ax™) for every A € I'(n). .Let us suppose that we
can choose a finite subset {¢,,¢,,....¢;} © A, r(, such that {¢,,9,,...,¢,} form an integrity
basis for A, -, . Thatis each f €A, ., is a polynomial in {@,,9,,...,¢,}. When this
occurs we say that fis expressible by the elements of {¢,,9,,...,¢,} or more concisely, fis
expressible in {9,,0,,...,¢,}.

It will be convenient to formulate the notion of a typical basic invariant. Let

o ',...,u),0 @, u"),...  (54)

be some polynomial functions depending linearly on some vectors u',u?,... (not
necessarily the same number for each function). These functions ¢ ,05,... are called a
complete table of typical basic invariants for m arguements if (5.4) becomes an
integrity basis for invariants of m arguements x',...,x" by substituting for u',u?,...
these x'’s in all possible combinations (repetitions included). For example, if ¢; (u',u?)

is the dot product <u' ,u2> , then this function will product the table of invariants for 3

1 2 3
arguements X ,X ,X :

{(x' ,x'>,<x2 X’ >,<x3,x3>,<x2,x‘>,<x' ,x2>,<x3,x‘>,(x' ,x3>,<x3,x2>,<x2,x3>},

which can be reduced since <xj ,x‘> = <x‘ ,x/ > Denote the set of all such substitutions in

(5.4) with @.
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Since each ¢ € @ is linear in its vector arguments, polariztion D, ,¢ simply
replaces the x’ vector in ¢ with the x' vector. Thus, D, ,¢ € ®. (If ¢ is not a function
X Xl

in terms of x’, then D, ,¢ =0, which is trivally a polynomial in the elements of @)

Note that in the cases of Si(n, R ) and O(n), which will be treated in this thesis, the
typical basic invariants would be
o ' w’)y=ulul+. +ulu’  and ¢ (u',..,u")= det[u' ,...,u"].
These are indeed linear in each separate vector argument.
Now can formulate the following powerful theorem:
Theorem 4.1. If @ is an integrity basis for all invariant forms depending on n vectors in

R" with the added condition that if ¢ & @, then either D , @ € ® or, D , ¢ can be

written as a polynomial in the elements of @, then ® is an integrity basis for all
invariant forms depending on m>n vectors in R". This is true for any subgroup T'(n) of
GLR(n) under which the forms are invariant.

The proof of this theorem is by induction on rank. Let F,,, be an arbitrary

invariant form in n+/ vectors. We assume for induction that every invariant form with

rank less than F

n+l

can be expressed in terms of the elements of ®. We then show that
F,,, is therefore expressible in terms of ® by Lemma 3.1. Finally, we use Capelli's

general identity to show that this can be extended to a form in m vectors. The details
follow:
Proof: First we must realize that polarization has the same formal properties

differentiation:
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a) D % J(jrﬁké;)" x! hf‘+-l) g'

Because D, ,(f+g)= Z 8(f+g) i(k g;gj D,.f+D,.8
k=1 k

b) D, (of)= aD . ,f o€ R

3l S >
Since D, ,(0f) = z (a{) = z(xx,'ca—fj = OLinaij =oD,.,f
ox o ox; =1 Ox;]

oD, (fe)=gD,,f+fD,, 8

Because

a(fg) O i a_f _85_ —S_
”,<f>—2 R Cwas Pl g +f2 ka,—gD,:,/f+fDx',fg

k=1 & k=1

The proof of the theorem is by induction on rank. Assume that @ is an integrity basis

for all invariant forms of n vectors in R". Let F ., be an invariant form in n+1 vectors,

n+l

n n+l}

say {x',...,x",x in R". Let r, represent the degree of x' in F,,,, and let r, Tix " represent

E

the degree of x' in F, , where F, =—p D ' ., By the fact that P, is a successions

xPixe
of polarizations, the above formal properties of polar operators, and the first hypothesis of

E is expressible in @

X

the theorem, if F , is expressible in @, then pF,,, ZPK

provided p >0 (i.e. r, > 0).
Base case: The lowest rank that a form f can have in n+1 vectors is (n+1,1,1,...,1). Thus,

the rank of fK =— [ is (a+1,1,.0,002..:1). SO f is a polynomial in n vectors

m X1

and thus by hypothesis can be written as a polynomial in ® . Also, the rank of P, fx is
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P—

less than fAK thus P, f‘x is a polynomial in n vectors and can be expressed by @ . So by

the Capelli identity, f can be written as a polynomial in @ .

Induction step:

Suppose all invariant forms with rank less than F,,, can be expressed in terms of

elements of @ . Each F, = —f),(ka,,xﬂl F ., is an invariant form with rank less than F,

n+l *
So, each E: can be written in terms of the elements of ® . Therefore, as stated earlier,
this implies that F,, can be written in terms of. Thus, this is true for any invariant form
with finite rank by induction.

This proof can be extended easily to m vectors by induction again. The fact that
@ is an integrity basis for F,,, implies that @ is an integrity basis for F,_,,, since
n+k+1>n and therefore Capelli's general identity can still be used. Q.E.D.

It will now be shown that we can do one better provided the determinant of the

matrix of the vectors (i.e., [x',x’,...,x"]) is either an element or expressible by the
elements of @ .
Theorem 4.2. If the determinant [x',x*,...,x"]1€ ® or at is a polynomial in ®’, and if
@’ is an integrity basis for all invariant forms in terms of n-1 vectors in R", then ®’ is
an integrity basis for all invariant form of n vectors. This also true for any subgroup T(n)
of GLR(n) under which the forms are invariant.

The proof is similar to the proof of Theorem 4.1 in that it is by induction on rank.

Let F, be an invariant form in n vectors. Assume for induction that every invariant form

with rank less than F, can be expressed in ®”. Then by polarization property 1, 2F, has
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T

rank less than F, . Also, by polarization property 2, QF, is an invariant form. Therefore,

QF, is expressible in ®". However, this time since n=m, Capelli's special identity will

be used. That is pF, = ZPKI:; +[x',x%,...,x"]QF, . Therefore, F, is expressible in ®’.

The details of the proof are given below.

Proof: Again, we need p > 0. However, if p =0, then r, =0, and thus, the
degree of x' is zero. Thus, F, is a form in the vectors {x’,...,x""',x"}. So, by
hypothesis, F, is an invariant form expressible in ®”. So we can assume that p > 0. It
will suffice to show that each 17; is expressible in @ as before and to show QF, is
expressible in @’ . By hypothesis [x',x?,...,x"]€ ® , therefore [x',x%,...,x"]QF is
expressible in @’ . The theorem will now be proved by induction on rank.

Base case: Suppose f has rank (r,r,...,1,...,r,). Then Qf has rank
(r=n,r,—1,...,0,...,r,—1). Thus Qf is a polynomial in n-1 vectors and can be expressed
as a polynomial in @’ . The rest follows from the proof of theorem 3.

Induction step: Suppose that every invariant form that has rank less than F, is

expressible in @’. By property 1, each I:",c has rank less than F,, and QF, has rank less

A

than F,. Therefore, QF, and each F, is expressible in @”. Thus, by Capelli's identity,

X

F, is expressible in @’ . So by induction, all invariant forms in n vectors in R" can be

n

' expressed by the elements of ®*. Q.E.D.
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CHAPTER V

THE UNIMODULAR GROUP SL(n)

SL(n) is the collection of all n X n linear transformations with determinant 1.
SL(n) is easily verified as a group with matrix multiplication as its group operation. For if
A, B € SL(n), then det(AB) = (det(A))(det(B)) = (1)(1) = 1. Thus, ABe SL(n). Also, the
identity matrix, I,, has determinant 1. Since det(A) = 1, thendet(A™)=1.So A™' €
SL(n). Therefore, SL(n) is a group.

Our goal is to find a finite table of invariant forms (basic invariants) under SL(n)
such that every invariant form (under SL(n)) can be generated as a polynomial in the
entries of the table. In order to do this, we need two types of vectors: 1) the covariant or
column vector and 2) the contravariant or row vector.

Let x be a covariant vector, and let y be a contravariant vector. If f(x,y) is

invariant under SL(n), then f(x,y) = f(Ax,yA™') given Ae SL(n). The importance of

these two types of vectors is shown through example:

Define h(x,y) = x,y, + X,Y, (i.e. dot product). We will show later that A(x,y) is invariant
-1 1
1 3 x x, ¥#3x,;
Ax = = , and
1 4]x, x; +4%,

l 4 =3
YA~ =[y1 )ﬁ{_l 1]:[(4)’1_)’2) (_3y|+)’2)]

1 3 » 4 =3
under SL(2). A= { 4 € SL(2), and thus, A~ = .So
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So, we have
h(Ax,yA™) = (x, +3x, Y4y, = y,)+(x, +4x,)(=3y, +y,) =
4x,y, +12x,y, — x,y, = 3x,y, = 3x,y, = 12x,y, + x,y, + 4x,y, =
XY+ Xy, = h(X,y).
However, if we let z be a covariant vector and define A (x,z) = %2 +X,2, . then
h(AX,Az) = (x, +3x,)(z, +32,) + (x, + 4x,)(z, +42,) =
%4+ 3%,z 3%z, +9%,2, + %7, +4x,2, +4X 2, + 5,2, =
x,z, +1x,2, +Tx,2, +10x,2, # X, + X,2, = l;(x,z) ’
Thus, (x,z) is not an invariant form under SL(2).
For a second type of example define g(x,z) = x,z, — x,z, (i.e., determinant). With
Ax, and Az the same as above, we have
8(AX,Az) = (x, +3x,)(z, +42,) — (x, +4x,)(z, +3z,) =
X,z +3%.7, + 4%z, +12x,2, — 27, — 42,5, — Ix 2, — 12x,7, =
X2, — X,z = 8(X,Z) .
If we let w be a contravariant vector and define g(y,w) = y,w, — y,w,, we get a similar
result:
Z(YA™ , WA™) = (4y, = 3,)(=3w, + w,) = (S3y, + y,) (4w, —w,) =
—12y,w, +3y,w, +4yw, — y,w, + 12w, —4y,w, =3yw, + y,w, =
YW, =y = (¥, W)
We will see later that g(x,z) and g(y,w)are both in fact invariant under SL(2). Let the

letter x represent any covariant vector and the letter y represent any contravariant vector.
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Therefore, the dot product xy is clearly invariant under any group of nonsingular linear
transformations since (yA™')(Ax) = yA~'Ax = yIx = yx.

Let the symbol

Lemma 5.1. If © # 0, we can introduce a new coordinate system by a unimodular

transformation such that the covariant vectors x',...,x"™" are replaced by the first n-1

5 1 = s
basic vectors ¢€',...,e""", and the n" component of each of the n-1 contravariant vectors

y',....y" s zero.

That is if before the transformation we have

X X
x'=| | |...x""=| | and
xn-—l xn—l
» o
y=[ o v whey T = o o e

then after the unimodular transformation we have

1 0
x' = : ,....x"'=| |, and
0 1
0 0
y'=[i.' y'].—l O]..“,yn—lz[yln—l y::ll O],

i

where y; is the new value for yj from the transformation.

Proof. First, since ® # 0,

37



yx yx )’11 Ynar | X1 X
© = det =det|| : =
yox ey R ]
1 n-1
B4 p X X
det : |det #0
! il % Ky
Thus,
1 n-1
. R Yot Ve
detf| : . ¢ |#0 and det| : ¢ |#0.
1 n-1 n— n-1
xn—l 'xn—l yl l yn—l

Therefore, both { x',x*,...,x"”" } and {y',y,”...,y""" } are linearly independent. Now a
new coordinate system, {e,,e,,...,€,} can be created by:
e =xe'+.. +xe"

—n n=1_n

e =xe'+. 4+x" e

e =ze'+. +z,€"

Thus each €' is exactly x' for i € {l,...,n—1} and €" is exactly some vector z that must

be found.We want our transformation A to be the matrix

1 n-1

= R Z
1 -1

x2 .o x; ZZ
1 n-1

'xn xn Zn

In order to be unimodular we need the condition that det(A) = 1.
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Let

1 n—1

X X
1 n-1

X X,
- i-1 i=-1

M,. - 1 n-1|°

Xiv1 Xin
1 n-1

xn “on x"

then we need det(A) = Z(—l)"”Mkzk = 1. The contravariant vectors transform
k=1

Y =y'A. So to find each component:

i

Yy, = x,'yf + ... + x,'lyfl

i = K 4 5

Vo =2W t e 2,7,
Now to satisfy the lemma, we need the n* component of the vectors {y',¥,...,¥" '} to be
zero. In other words we need y! = z,y/+...+z,y, =0 for i € {l,...,n —1} . Thus, we have

system of n equations for the n variables {z,,z,,...,2,} :

wooy, - Y % 0
By =| ° :— F :_ R
oyt e T 2y 0
M, -M, - (_1)"+‘ M, | z, 1

Thus, we can find a unique z if det(B) = 0. Since it was shown earlier that
1 2

{x',x2,...,x""} are linearly independent in R", we can find a vector z’in %" that is

linearly independent of {x',x*,...,x"™'}. Thus,

39




X, % Z
1 n-1 ’
X X z
: ? 210,
1 -1
X, U
Notice that
¥
i 1
) . ) X, X
M, — x;M, + ... +(=-D""xM =2 "7
i 1
x, X,
Let
’
g
’
= ’ ’ +1 s ZZ
a=zM —,M, +... + (D)7 M, = |
%
So
1 1 1 1
Y Y Y, x,
- . . . l
X,
n—1 -1 -1 .
) A S 4
M, -M, -D"™'M,||x!
ylxl ylxn—l ylzf
yn—lx] yn—l n-1 yn lz
0 0 a

Therefore, det(B) =0, so z is uniquely determined. Q.E.D.

X
i
X,
i
xﬂ
1
X
1
X,
1
x'l
n—1 ’
X g
n—1 ’
X, 2y
n—1 ’
X Z"
=a0® =0.

If z’is replaced by z then, by the construction, we get y'z = 0 for all

ie(l,...,n—1} and a=1.So det(B)=0,and if we let
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Yoo Vi yil+]

Y
N = YIZ yi—zl )’i2+1 }’3
wooee ¥y i VA
then
(_1)n+11Vi
=
Q)
Example 5.1. Let
1
y'=[2 0 1],y*=[1 0 2], x'=[2],and x*
0
Then
lxl lx2 2 5 1
o="" Y¥|=|" =8-5=3.n 0, N,
yXxX yx 1 2
2 0 (-D*N, 0 (-1D°N.
N3=‘1 0‘=O.Soletz,= ™ L===0,z,= o =
(-D*N,
= =——=0_
’ e} 3
Thus,
1 2 0
A=|2 1 -1|,anddet(A)=1.
01 0
So, we get
1 2 071
g =Ae'=|2 1 -1fo0(=[2]|=x'
01 olo| |0
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1 2 oJo] [2
e’=Ae’=|2 1 -1|1|=|1|=x’
0 1 o0]jo] |1
1 2 0]
y =y'A=[2 0 1]2 1 -1{=[2 5 0]
01 0]
1 2 0]
y:=y’A=[l 0 2]2 1 -1{=[1 4 0].
01 0]

Dot product is an obvious invariant, since by definition:

(YA )(Ax) =yA'Ax = yIx = yx.
So the only nontrivial invariant under SL(n) is the determinant. Since the determinant of
some nXn matrix B is the n dimensional volume of the parallelpiped formed by the
vectors in the rows of B, the determinant has geometric meaning. Therefore, it should be
invariant under Sl(n). Thus, we are ready to state our main theorem about the group
SL(n).
Theorem 5.2.

n 1 1

1
T H D/
s :, o, and y'X!

xn .o x’l yln .o y:
is the complete table of basic invariants for the SL(n) group.
Proof. By theorems 4.1 and 4.2, it suffices to show that these form a complete table for n- -

1 covariant and n-1 contravariant vectors in R" . First, we need to show that
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» D, ;

o B a B
yy ? Dxixjy X ’and Dyiy}'y X

yl" aee yn

1
X xl"
: = J n _
Dxlxj Dx XIZMG(I) G(l) xO(]) xo_(") =
1
X, x:
n
b ooy =
a o(l) c(:) Koy Koy T
k=1 xi
] = -
xl “ee xll v x; “ee x]"
1 i i n I § ¢ 3
ZMG(I)"xcm'xc(j)"xc(n)— . : : =0
7 i .' i )
xn xn xn xn

The result is entirely similar for

Again, for i # j,and B =j

j_
xx’y X zxk

1 n 1 7
xl e xl x] “en xl
1 n .
X, x| |x, X

1 1

y] e yn

D y . .
Yy
n n
yl e yn

(yl X+ Ay xl+AySxl) = Zy,?x’

k=1
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which is clearly in the table. If i = j,and B = j, then D, ,y*x’) = y*x’, by Euler's
theorem. If B # j, then Dx,x,y"‘xB =0. Again, the result is similar for Dy,y,y“xﬁ.

Since

1

xl cae xl
1

xn xn

is in our table, by Theorem 4.2, we have a complete table for n covariant vectors, and
since

/ST
Pl
1s in our table, again by Theorem 4.2, we have a complete table for n contravariant
vectors. Thus, by Theorem 4.1, we have a complete table for any m>n covariant and
contravariant vectors. Since

R ¢ W= %

x\ . x yl"-‘ y:-l
do not make sense (determinants of non-square matrices), we need to show only that
each invariant form dependent on those n-1 covariant and contravariant vectors can be
written in terms of the (n-1) dot products y'x’ . From the Lemma 5.1, and the fact that dot
product is invariant, we have

yx! =yel = 5. (10)

4




Let f(x',...,x"",y',...,y" ") be an invariant form under SL(n) such that

1 n=1 _1

{x',....x"",y',...¥y""} = {X, Y} satisfy the hypothesis of the Lemma 5.1.

fXY) = f(A"X,YA) = f(e',....e",§',...,7" 7).
Since each e’ is fixed, the last f actually only depends on the vectors {y',...,¥""'}. Thus.

T X ¥ s 7= F T e T ) (11)
Let 2({y}}) be the polynomial in the (n—1)* variables {y!} such that
PUTD=fF" 7).
It follows from (10) and (11) that
Py x’' ) =fx',..x"y Ly,

which holds whenever © # 0, and thus is an identity by the principle of algebraic
irrelevance. So, every invariant form under SL(n) that depends on n-1 covariant vectors

and n-1 contravariant vectors can be written as a polynomial of the dot product of those

vectors. Q.E.D.
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CHAPTER VI

THE ORTHOGONAL GROUP O(n)

A linear transformation A is orthogonal if and only if AA™ = I. An orthogonal
transformation A is proper if det(A) = 1, and improper if det(A) = -1. Let O(n) be the
collection of all proper and improper n X n orthogonal transformations. It is easy to

verify that O(n) is a group with matrix multiplication as its group operator. Let I, be the
identity matrix. Obviously, I,(I,)" =L I, =1 ,so I, € O(n). Let A, Be O(n), then
AB(AB)" =ABB'A" =AI A" =AA" =1, 50 ABe O(n). Clearly, A" =A™, thus
A'AY =AT AT =A"'A=1_,s0 A" € O(n). Notice that this holds for both proper
and improper orthogonal transformation since det(A) = det( A" ). Thus, even if A is
improper, det( AA" ) = det(A)det( A" ) = (-1)(-1) = 1=det(1,)

We are going to define an invariant form as even if f(x) = f(Ax), and odd if

f(x) = det(A) f(Ax), where det(A) = £1. The determinant [x‘ x"] is an odd
invariant.
x| ceoxp
[Ax, - Ax,|=detfAl i . :|=
x’ll . x:
xl‘ e xln
det(A)det| | i . i ||=det(A)x" - x"]
X, X,
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Since det(A) = £1, det(A) = (det(A))™ . Thus

[x' x"]=det(A)[AxI Ax"].

By the Capelli special identity, if f(x',...,x")is an odd invariant then

DAx"Ax"+n—1 DAx"Ax‘
Qf(AX',...,Ax") = ([Ax' - Ax'])’ : St fAX,.. AX") =
Ax'Ax" o DAxlel
D, +n-1 D,
det(A)([x' - x'])7| Lo |det(AYfX . x") =
Dxlxn Dxlxl

(det(A)*Qf (x',....x") = Qf (x,...,x"),
thus Qf is an even invariant. However, if A(x',...,x")is an even invariant the second
det(A) will not appear in above and thus, Qh(Ax',...,Ax") = det(A)QAh(x',...,x"). Since
det(A)=(det(A))™", we have Qh(x',...,x") = (det(A))h(AX',...,Ax"). So Qk is an odd
invariant. If y is an contravariant vector, then yT is a covariant vector. Since

(yA™)" = (yA")" = Ay", we do not have to worry about the distinction between

covariant and contravariant vectors.

Both the odd and even invariants are actually absolute invariants for the group of

proper orthogonal transformations O (n)since if A is proper then det(A) =1. On the other
hand, if fis an absolute invariant of O™ (n), then
f(x',...,x*)= f(Ax',...,Ax*)

provided A is proper. Let
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f/(AX',...,Ax") = det(A) f(AX,...,AX).

Then, if fis even then f’is odd, and if fis odd, then f’is even. Suppose fis even. If A is
a proper transformation then
f+f'=f(Ax',...,Ax*)+ f’(Ax',...,Ax*)=2f and
f—f"=f(Ax',...,Ax*)— f'(Ax',...,Ax*) =0.
If A is an improper transformation, then

f+f = f(AX',...,Ax*) + f'(AX',...,AXx*) =

f(AX',...,Ax*)— f(AX',...,Ax*) =0,
and

f=f"=f(AX',...,Ax*)— f'(Ax',...,Ax*) =

f(AX',...,Ax*)+ f(AX',...,AX*) =2f.
Thus, f+ f" isevenand f— f’is odd. If fis odd, then by a similar argument, f+ f” is

odd and f— f’ iseven. So, f can be written as the sum of an odd and even invariant:
1 | ,
f =E(f+f )+5(f—f ).

Since, intuitively, the only functions in terms of vectors that have geometric meaning are
length of the vector, and volume of the parallelepiped formed from the vectors (volume
being related to the length of the vectors and the angles between the vectors), these are
clearly invariant under rigid rotations (orthogonal transformations). Thus, it makes sense

that dot product ( square of length) and the determinant (the polynomial that gives
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volume of the parallelepiped) are the only invariants. We now can formulate our main

theorem for orthogonal transformations.

Theorem 6.1. A complete table of typical basic invariants of the orthogonal

group consist of (1) the scalar product (y,x) and (2) the determinant [x' x"].

The product of two determinant factors can be expressed as the determinant of

their scalar products:

X Xl yoo oy
[x’ x"][y1 y"]=det = e didet] 2 . q =
x! X, Y )
x{ e xl oW
det|| @ .. i||det|| ¢ . i ||=
x! e X! )’: eyt
xoe x Ty ey <x',y1> <x1,y">
det/1 = .. 2 p ¢ e % li=| I
x]" x": y']l y": <X],y1> <x",y">

We may rewrite the theorem as follows:

Statement T ) a) Every even orthogonal invariant depending on m vectors
(x',....x"} in R" can be expressed in terms of the m* scalar products <xi,xj>.

b) Every odd invariant is a sum of terms [u' ceou” ]f'(x',...,x'") where

,....X™} and f"is an even invariant.

Proof of this theorem is by using Theorems 4.1 and 4.2 to show 3 inductive steps:

3T =T
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)T =T

)T =T" (m>n).
The details follow.
Proof: Proof of this theorem is by induction on rank and number of vectors.
Base case: T) .. Let fbe an even invariant under O(1). If Ae O(I), then A = £1. Let A=-1,
and f(x)= f(x) = f(Ax) = f(—x). This occurs when f(x)is an even polynomial,
f(x)=ax™ +a,_x* 7+ +ax’ +a, = a,(x*) +a,_, () +. 4a, (%) +ay(x*)°, thus
f(x) is expressible in the 1> scalar products (x,x) = x*. It's trivial when A=1.
Now let f be an odd invariant. So, if A=1, then
f(x) = f(x) = det(A) f(AX) = f(x).
Thus, we need to look the case A=-1. Then
f(x) = f(x) = det(A) f(AX) = = f(=x) .
This occurs when f(x)is an odd polynomial. Thus,
f(x)=ax*" +a,_ x*" +..4a,x +agx = x(a,x* + a,_ x* 7+ . 4a,x’ +ay) =
xf(x)=[x]f"(x), and

frx)=ax* +a,_ x>+ +a,x* +a,

is the prescribed even invariant.

Induction step T =T,

Let f(x',...,x"") be an even invariant depending on -1 vectors in R" such that

(' =0forall ie{l,....n—-1}.
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Define

LXKy X, )= | o

Assume f;, to be an odd invariant. Let

Then since fis an even invariant,

fo = FXp,enX, ) = f(AX,,...,AX, ) = det(A) f, =—f,.

Thus, f, =0. So, f, is an even invariant. Notice that f, depends on n-1 vectors in R"™',

thus, by the T"" hypothesis, f, can be written as a polynomial 2 in terms of the

(n—1)* scalar products

=n-1 <l
(x" X )

where X' is a vector in R"™" and X, = x forall i, € {1,...,n— 1} . Thus, it suffices to

show that there exist an orthogonal transformation A such that

Ax' =|
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Since x',...,.x"”" € R", there exist z€ R" such that z is perpendicular to each x', and

1/(z,z) =1. Now, by the Gram-Schimdt method, we can construct a new orthonormal

coordinate system {&',é’,...,&"} such that z=&". Let A be the orthogonal transformation

that takes the standard coordinate system {e',e’,...,e"} to {&',é%,...,&"}. That is let

A1
€

Al

e’l

~n
€

~n

ell

By definition of orthonomal basis, <xi,x"> =0if i # k, and (xi,x"> = 1if i=k. Thus,

el - efe - e
ATA=|: - il o b=
él" @: 2! s é‘:
(a'.¢') (@) @)l oo o0
(@) : | o
: ' (e 0
(@) - (ee) @] Lo oo

Therefore, A€O(n). Since each x' is orthogonal to &", the n"”" component in each Ax'

will be zero. Thus, since fis an even invariant,

fx',...x"") = fAX',.., AX") = f,(X',....X")
where X' € R"”', and X, = (Ax'),. Since A € SL(n),

(xi,x"> = <Ax‘,Ax"> = (iﬁi").
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Therefore,

fx',...x""H=2

So fis expressed as a polynomial of the dot products of n-1 vectors in R”".

Example 6.1. Let

1 , |/
=l 0 |[.

z/=x'xx*=|0|and z=——
-1 (z'.2') -1
YA

Then z is clearly orthogonal to x' and x*. By the Gram- Schmidt method, we are going

to find an orthonormal basis {&',&>,&’} such that z=&". So let

&=z,
1
El=x’—<z’XI>z= 2
@) ||
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Then
VAR AIA
a<|B{ B B
2 B4
Thus
-}/«/3 7«/3 %/E-'l 1
% =Ax' =|V3[ B3/ 3/ 1s|-|o|,
VA4 S
and

Induction step T)™ = T
Proof of this is very similar to the proof of Theorem 4.2. The proof is by induction on

rank. Again, we may assume p >0.
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Base case: Suppose f has rank (n,1,1,...,1). Then, fl =—6KDXB|xulf has rank

(n1,...,0,...,2,...,1) and is expressible in n-1 vectors. Also, the rank of Qf is (0,0,...,0).
Therefore, Qf is just a constant. Thus, by the Capelli special identity, and the T
hypothesis, the conclusion holds.

Induction step: Assume that every even invariant with rank less than f can be expressed

in terms of the dot products of its vectors, and every odd invariant with rank less than f

can be expressed by

1 n
x] e x]

where £ is an even invariant. First suppose that fis even. Then by Capelli's special

identity we have

pf =2P,cfx +[x1,...,x"]£2f,where fe =P Dy o f-

~

f. 1s an even form with rank less than f. Thus, fK can be expressed in terms of the dot
products. P_ is just succession of polarizations which, as shown in the unimodular group
section, take a polynomial in terms of dot product to another polynomial in terms of dot

product. Thus, Z P f; is expressible in terms of the dot products {(x‘ X >} Since f'is

even, Qf is odd, and the rank of Qf is less than the rank of f. Therefore, by the
induction hypothesis, €f can be expressed as [x" e X ]f , where f is expressible in

terms of the dot products. So,
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1 1 n 1 1 n 1 1
X, xn xn ‘xn <x ,X > “es <x ,X >

Thus, [x" v X! ]Qf is expressible in terms of the dot products {(xi,x">}. Therefore,
f(x',...,x")is expressible by the dot products {(xi ,x* >} Now suppose fis odd. Then
Qf is even and f is of the form we want. f,c =—p, D 4, ., f is 0dd and has less rank than
f So f,( can be expressed by [x" ey X ]f where f is some even invariant, and, by the
same argument as for the even invariants, 2 P fx can be expressed by [x" pers X! ]f .
Thus, by Capelli's general identity, f is equal to an even invariant times the determinant
[x" yees X! ] Thus, by induction, T/ = T”.
Induction step T, = T (m>n):

Since it was shown earlier (Chapter V) that

1 n

x] Y x‘l
Dlj andD,.,x“XB
XX XX
X
can be expressed by [x "X ] and <xi ,x") , this induction step follows directly from

Theorem 4.1. Q.E.D.
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