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CHAPTER I 

INTRODUCTION 

A new class of matrix differential equations has 

arisen in the context of Stochastic linear system design. 

These equations are nonlinear and are parameterized such that 

the classical Riccati equation is imbedded in the class. Be-

cause of this,the new class of equations is referred to as 

"Riccati type". The work presented herein is the first 

investigation of some of the properties of these equations 

and the systems in which they are utilized. 

Chapter II contains a summary of the derivation of 

these new equations. In Chapter III, the positive definite 

and symmetric properties associated with this new class of 

matrix differential equations are shown. Chapter IV contains 

steady state results for the scalar case. In Chapter V, three 

numerical examples of linear estimation and control are pre-

sented in which the Riccati equations are utilized as design 

tools. Conclusions and suggestions for further research are 

contained in Chapter VI. 



CHAPTER II 

LINEAR STOCHASTIC SYSTEMS AND RICCATI EQUATIONS 

An interesting class of matrix differential equations 

arises in the context of determining complete statistical 

descriptions of integral quadratic forms in random processes 

generated by linear dynamical systems. These systems operate 

on Gaussian-white noise to produce vector valued Gauss-Markov 

processes. The derivation of these equations is contained in 

[1] and the results are summarized here. 

Consider the stochastic linear dynamical system 

x(t) = F(t)x(t) + G(t)C(t), (2-1) 

where the state x(t)eR (the n-fold cartesian produces of 

the real line) and the noise ^(t)eR . The process ^(t) is 

assumed to be Gaussian white with zero mean and covariance 

kernel. 

E{E,it)E,'^{t)} = 5(t)ô(t-T). (2-2) 

The initial state for (2-1), x(t ), is assumed to be Gaussian 

with 

and 

E{x(t^)} = x^, (2-3) 

E{[x(t^)-x^][x'^(t^)-x^^]} = P^ ; (2^4) 

and (2-1) is defined on a finite interval [t ^t^] 
o r 



Attached to (2-1) is a performance measure, J, defined 

by 

tf 
J = x'^^t^^Sx^t^) + r x'^^t^N^t^x^t^dt , (2-5) 

to 

where S and N(t) are positive semi-definite. In [l] Liberty 

and Hartwig show that the statistics of J (in particular the 

cumulants of J) can be expressed explicitly in terms of a 

countable set of matrix variables satisfying simultaneous 

differential equations. The particular matrix variables of 

interest in this work are the H variables of [1] which evolve 

according to 

H(3,l) = -F'^(3)H(3,1)-H(3,1)F(6)-N(8) , 6e[to,tf], 

(2-6) 

and 

H(6,k) = -F'^(3)H(3,k)-H(3,k)F(3) 

(2-7) 
k-1 

- y H(3,j)G(3)Q(6)G(3)H(3,k-j) 3e[tQ,tf] 

^" k = 2,3,4, 

with boundary conditions 

H(t^,k) = S, (2-8) 

and 

H(t^,k) = 0, k= 2,3 , (2-9) 

It is shown in [1] that the k^h cumulant of J contains a term 

T of the form XQH(to/k)xQ. 



The class of Riccati equations of interest in this 

work arose in the work of Hartwig [2] in the following way. 

Consider a stochastic linear control system 

x(t) = A(t)x(t) + B(t)U(t) + G(t)^(t) (2-10) 

where the control action, U(t)£R^, is to be selected such 

that system performance 

J = x^(tj)Sx(tj) + f [x'^(t)Q(t)x(t) + u'^(t)R(t)u(t)] dt 
/ 

t (2-11) 
o 

is good in some statistical sense. In (2-11), Q(t) is 

positive semi-definite and R(t) is positive definite. It 

is well-known that if U(t) is chosen as 

(t) = - ̂ "•'•(t̂ Bit̂ K̂ t̂ xít) , (2-12) 

where K(t) satisfies the Riccati equation 

K(t) =-K(t)A(t) - A'̂ t̂̂ K̂ t) + K(t)B(t)R"-'-(t)B'^(t)K(t)-Q(t), 

(2-13) 

then the expected value of J is minimized and contains a 

term that is quadratic in the initial state mean given by 

x^K(t^)x^. o o o 

It should also be noted that substitution of (2-12) 

into (2-11) and (2-9) identifies 

F(t) = A(t) - B(t)R"-'-(t)B'̂ (t)K(t) (2-14) 



and 

N(t) = Q(t) + K(t)B(t)R "̂ (t)B'̂ (t)K(t) . (2-15) 

It was also observed in [2] that under the conditions 

of (2-12) and (2-13) 

K^t^) = H(t^,l) (2-16) 

Indeed if U(t) had been selected as 

U(t) = -R"-^(t)B'^(t)H(t,l)x(t) (2-17) 

then substitution of (2-17) into (2-10) and (2-12) would 

lead to 

F(t) = A(t) - B(t)R"-̂ (t)B'̂ (t)H(t,l) (2-18) 

and 

N(t) = Q(t) + H(t,l)B(t)R •'•(t)B'̂ (t)H(t,l) . (2-19) 

Substitution of (2-18) and (2-19) into (2-6) yields 

H(t,l) = - H(t,l)A(t) - A'^(t)H(t,l) 
^l T Í2-20) 

+ H(t,l)B(t)R •'(t)BMt,l) - Q(t) 

If one were to form a linear combination of cumulants 

of J then such a combination would contain a term of the 

form 

x^[a^H(t^,l) + a^H^t^,^) + a^H(t^,il)] (2-21) 



In [1] Hartwig argues that if one were interested in 

selecting u(t) such that several statistics of J would be 

affected in a prescribed way then it might be reasonable to 

select u(t) as 

U(t) = - ^"•'•(t)B'^(t)[a^H(t,l) 

+ ^2^(^,2) + a^H(t,£)]x(t) . 

(2-22) 

He subsequently demonstrated by several examples that 

this conjecture was reasonable and good performance could be 

achieved in this sense. Substitution of (2-22) into (2-6) 

and (2-7) yields the class of Riccati equations of interest 

in this work. 

For this initial study of the properties and character-

istics of these equations only the first two equations are 

studied. Without loss of generality a, is selected to be 

1 and a^ is replaced by a. 

H(t,l) = - A'^^t^H^t^l) - H(t,l)A(t) - Q(t) 

- a^H(t,2)B(t)R"-^(t)B'^(t)H(t,2) (2-23) 

+ H(t,l)B(t)R"'^(t)B'^(t)H(t,l) , 

and 

H(t,2) = -A'^(t)H(t,2)-H(t,2)A(t)+H(t,l)B(t)R"-'^(t)B'^(t)H(t,2) 

+ H(t,2)B(t)R"'*"(t)B^(t)H(t,l) 

+ 2aH(t,2)B(t)R"-'-(t)B'^(t)H(t,2)-H(t,l)5(t)H(t,l) , 

with the boundary conditions (2-8) and (2-9). (2-24) 



CHAPTER III 

MATRIX RESULTS 

III-A Eigenvalue Trajectories 

For a first look at the properties of (2-23) and (2-24) 

let 

[t^, t^] = [0, 10] (3-1) 

and select the coefficients 

A(t) = 

-1 

0 0 

0 

0 

0 -1 -1 

(3-2) 

Q(t) = 0 (the zero matrix), (3-3) 

B(t) = R(t) = 5(t) = I (the identity matrix), (3-4) 

and final values 

H(10,l) = 1, (3-5) 

H(10,2) = 0. (3-6) 

Note that the Pair [A,B] is controllable. Figures (3.1) to 

(3.4) contain the trajectories of the eigenvalues of H(t,l) 

and H(t,2) for a = 0, 1, 2 and 4 respectively. These 

eigenvalues of H(t,l) are designated by X.,(t), i = 1, 2, 3. 
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Those of HCt,2) are correspondingly designated by X.^Ct), 

i = 1, 2, 3. Note that for small values of a, the trajec-

tories are well-behaved. Indeed, selection of an arbitrarily 

large time interval will result in steady state solutions in 

negative time. However, for larger values of ot, it appears 

that steady state solution may not exist and the trajectories 

may be unbounded on the half line. 

Another interesting property is that the trajectories 

are non-negative for all t. It is interesting to note that 

this is a general property of (2-23) and (2-24) which can 

easily be shown. 

III-B Non-negative Definiteness 

It is claimed that the matrix solutions to (2-23) and 

(2-24) with the final values (2-8) and (2-9) are positive 

semi-definite (non-negative definite) for all t. To see 

this select any eeR^, e T̂  6 (the null vector) . Place H(t,2) 

in a quadratic form in e as 

e'̂ Ĥ e = - e'̂ Â t̂ Ĥ e - e'̂ Ĥ A'̂ t̂̂ e 

+ e'̂ Ĥ B(t)R"-̂ (t) 6*̂ (̂ )̂ 20 

+ e'̂ H2B(t)R"-'-(t)B'̂ (t)Ĥ e ^^"'^^ 

+ 2ae'̂ H2B(t)R"''"(t)B'̂ (t)H2e - e'̂ Ĥ SĤ  e 

where H^ means H(t,2) and H^ means H(t,l). 



It is easy to see that if R(t) , Q(t), 5(t) and the 

final value are symmetric then the matrices H(t,l) and H(t,2) 

are symmetric for all t. If the symmetric H is ever non-

negative definite then a non matrix H^ can always be found 

such that 

H^ = §2 H^ (3-8) 

Then 

e H^ e = e^H^H^ e = |iH^el|^ (3-9) 

which is equal to zero if and only if H^e is the zero vector. 

Now consider the H^ trajectory backward in time from t = t-. 

Initially (finally) H(t^,2) is the zero matrix so from (3-7) 

e'^H^t^,^)^ = -e'̂ Ŝ t̂̂ Ŝe £ 0 (3-10) 

since 5(t^) is non-negative definite. This means that as the 

trajectory of H^ is followed backward in time from t = t., 

H^ initially becomes no less negative. Under reasonable 

smoothness assumptions on the coefficients of (2-24), the 

solution, H^/ is continuous implying that the scalar quantity 

T e HCt,2)e is also continuous. Now consider two points in 

T time t, < t^. It follows that in order for e H(t,2)e to be 

T negative, given that e H^t^f^^e is positive, there must exist 

a t-j with t^ < t^ < t^ such that 

e'^H^t^,^)^ = 0, (3-11) 
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But from previous arguments applied at t = t^, whenever (3-11) 

is satisfied 

e^E{t^,2)e <. 0. (3-12) 

T 
Thus e H^e equal to zero is a reflective barrier which 

cannot be penetrated. Thus H^ is always non-negative definite 

Similar arguments will also show that Ĥ  is non-negative 

definite. 



CHAPTER IV 

SCALAR RESULTS 

From this point on the sense of time in equations 

(2-23) and (2-24) will be reversed, This is equivalent to 

negating the right sides of (2-23) and (2-24). With this 

change, the equations become forward time equations and 

the content of this chapter is devoted to examination of 

steady state solution questions for scalar H, and H^ with 

constant coefficients. Rewriting (2-23) and (2-24) as scalar 

forward time equations with constant coefficients, one ob-

tains 

H^ = 2aH^ +a^dH2 - dH^ + q , (4-1) 

and 

H^ = 2aH2 - 2dH^H2 - ̂ adH^ + 5H^ , (4-2) 

where for simplicity 

d = b̂ r"-"- . (4-3) 

Define new dependent variables, V and W by 

and 

W A H^e ^^^ , (4-4) 

V å H^e'^^^. (4-5) 

Substituting for H. and H^ in (4-1) and (4-2) yields 

A / jn2 , 2,__2 , -4at. 2at ,, _. 
W = (-dW + a dV + qe )e , (4-6) 

11 
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and 

V = (-2dVW - 2daV^ +5W^)e^^^. (4-7) 

Define the new independent variable x by 

t 

J 2aT 2at xCt)£ I e-̂ d̂T =2^[ e^^- -1]. (4-8) 

Then 

e^^^ = 2axCt) + 1, 

next let 

aw -2at 

and. 

W» = dW/dx = ^ (dt/dx) = We 

V' = dV/dx = -̂-̂  (dt/dx) = Ve"^^^ 

(4-9) 

(4-10) 

(4-11) 

Now, rewrite (4-10) and (4-11) in the forra 

W' = -dW^ + a^dV^ + q(2ax + 1) "^ 

V' = -2dVW - 2adV^ + 5W^ , 

subject to the initial conditions 

(4-12) 

(4-13) 

W(0) = W(x) = H^(t)e -2ati 

x=0 

= H^(0) = S, 

t=0 

(4-14) 

and 

V(0) = V(x) = H2(t)e -2ati 

x=0 

=^2^0) = 0 

t=0 

(4-15) 

Define a new dependent variable U by 

U A v/w (4-16) 
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Then 

U(0) = V(0)/W(0) = 0, (4-17) 

and 

U = UW. (4-18) 

It follows that 

U' = (-1/W)[2adU^W - 5W^ + dW^U 

+ a^duV + qU(2ax + 1) "^] . (4-19) 

Equations (4-12) and (4-19) with boundary conditions (4-14) 

and (4-17) provide a mechanism for examining steady state 

properties of (4-1) and (4-2). Letting S = 1, Figures (4.1) 

through (4.5) contain U-W phase plane plots for several dif-

ferent values of a, d, q and 5. Interpretation of these 

plots is enhanced by observing that (5/4d, W) with W arbi-

trary is an equilibrium point of (4-12) and (4-19) in the 

V-W phase plane if a = 4d/5. 

On all of these plots for 0 < a < 4d/5, the phase 

plane trajectories approach W = 0 implying the existence of 

a steady state solution for H,. The value of U approached 

yields the corresponding steady state solution for H^ 

since 

U = H^/Hj^ . (4-20) 

For a = 4d/5 no steady state is reached for H^ but 

the time trajectories of H^ and H^ are in proportion as 
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t -̂  00 by relation H(t,2) ->- (5/4d) H (t,l) . That is, U ap-

proaches 5/4d. For a > 4d/5, niimerical instability 

occurs. 

Thus it may be concluded that steady state solutions 

to the Riccati equations studied herein may exist but only 

for limited ranges of the parameter a. 



CHAPTER V 

SYSTEM EXAMPLES 

Now that some of the properties of the Riccati equa-

tions have been observed, it would be interesting to see 

the properties of systems that contain these Riccati equa-

tion solutions as parameters. In this chapter one example 

of linear estimators and two examples of linear feedback 

controllers that contain Riccati equation parameters are 

presented, 

In both example classes, the gains that are normally 

a function of the classical Riccati equation are replaced 

by gains with the term replaced by the weighted sum of the 

two Riccati solutions studied herein. The weighting param-

eter is, of course, the parameter a, that appears in the 

actual equations. Note that whena= 0 these new classes of 

controllers and estimators reduce to the classical cases. 

The example studies here are carried out primarily as a 

function of the parameter a. 

Example 1: Filtered estimate of nonlinear process 

Consider the nonlinear system 

i(t) = sin(x(t)) , (5-1) 

with measurement 

y(t) = x(t) + e(t) , (5-2) 

15 
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where 9(t) is zero-mean and white with unity covariance^ The 

initial condition for C5-1) is random with assumed mean of 

zero and unity covariance. 

In this example it is desired to estimate xCt) based 

upon observations yCT) , 0 <. T <. t. To accomplish this the 

system (5-1) is first linearized to give a linear model 

x(t) = x(t) , (5-3) 

y(t) = x(t) + e(t) . (5-4) 

Based upon this model, which is a good approximation 

only for small x(t), a linear filter is designed utilizing 

the classical structure shown in Figure (5.1) with the 

filter gain, PCt), selected as 

PCt) = H^Ct) + aH^Ct) C5-5) 

where H, Ct) and H^Ct) are solutions to 

2,} „2 

and 

with 

and 

H^ = 2H^ + a H^ - H^ , C5-6) 

H^ = 2̂ 2 - 2H^H2 - ^aH^ + H^ , C5-7) 

H^CQ) = 1 , ^5-8) 

H^CO) = 0 . C5-9) 
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Note that C5-6) and C5-7) are the duals in the traditional 

control/filtering sense of C2-23) and C2-24). There is one 

subtlety, however, in that there is no dual for the 5(t) 

coefficient in C2-24). Consequently it becomes a design 

parameter and has arbitrarily been set to unity in this 

example. It should be noted that if this coefficient is 

set to zero, then H^ will be identically zero and solution 

of (2-23) and (2^24) for any value of a is equivalent to 

solution with a = 0. It is interesting to note that the 

steady state value for x(t) in C5-1) is TT and so C5-3) is 

not a good approximation, Despite this the linear filter 

performs quite well. In Figure C5,2) the actual state 

trajectory evolving from a randomly selected initial condi-

tion of X =0.8 and filtered estimate trajectories for o 

a= 0, 1, and 2 are shown. Note that for a = 0 which is the 

classical Kalman filter,the estimate is not as good as for 

the cases a = 1 and 2. In these cases, however, there tends 

to be more oscillatory behavior. 

Example 2̂ : A Second Order Linear Regulator 

Control System 

In this example consider the linear system 

x(t) = Ax(t) + Bu(t) (5-10) 

with 
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A = 
0 1 

0 0 
C5-11) 

B = 
0 

1 
C5-12) 

and 

x(0) = 

1 

1 (5-13) 

The control action u is selected to be 

u(t) = - R""'"B'̂ [H, + aH ]x(t) (5-14) 

where H, and H^ are the steady state solutions to equations 

(2-23) and (2-24) with 

0.25 

0 0.25 

Q = 

and 

1 0 

0 1 

R = 1 

(5-16) 

(5-17) 

In Figures (5.3) and (5.4) the state trajectories 

of the closed loop system are shown for a = 0, 5 and 9,. This 

example first appeared in [2] where the system was noisy 

and 5 was the noise covariance. In [2] control laws similar 

to those here were selected, but only over a finite time 
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interval. It was demonstrated in [2] that these controllers 

were good in a second order statistical sense. The question 

addressed here is that of the asymptotic stability of (5-10) 

under the feedback (5-14). After all, in order for the con-

trol laws suggested by Hartwig in [2] to be acceptable, they 

must not only have good statistical properties, but should 

also stabilize the system. 

Note again as in Example 1 that when a = 0 the feed-

back gain collapses on a classical structure. In this case 

it is the classical linear regulator which is known to be 

asymptotically stable. As can be seen from the state trajec-

tories in Figures (5.3) and (5.4). The closed loop system 

iâ also stable for the non zero values of a. Indeed, it 

appears from these time domain pictures that for larger 

the system is more stable than for the case a = 0. 

To obtain a complete picture of the stability of the 

feedback system look at Figure (5.5) where the loci of the 

closed loop poles of the system are plotted in the complex 

plane as a function of a. 

Table I contains several classical second order system 

parameters ^, w , T, and % overshoot as a function of a. It 

is most interesting to note that for a > 9 numerical insta-

bility arose in attempting to find steady state solutions 

to the Riccati equations so instability of the closed loop 

control system was never attained. 
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Example 3̂^ A Third Order Linear Regulator 

Control System 

A last example of third order will again demonstrate 

similar stability properties as a function of a. The system 

is the two-vehicle problem described in [3]. That is a 

linear system with 

A = 

-1 

0 

0 

0 -1 

-1 

and 

B = 

1 0 

0 0 

0 1 

(5-18) 

(5-19) 

The feedback control law is again chosen as in (5-4) with 

Q = 

0 0 0 

0 10 0 (5-20) 

R = 
1 0 

0 1 
(5-21) 

and 5 chosen first as 

1 0 0 

0 1 0 

0 0 1 

(5-22) 
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State trajectories for this case with 

x(0) = 

-2.5 

-4.3 (5-23) 

appear in Figures (5.6), (5.7) and (5.8) for a =, 0.7 and 

1.2. Changing 5 to 

5.0 0 0 

0 5.0 0 

0 0 5.0 

(5-24) 

yields the trajectories in Figures (5.9) , (5.10) and (5.11). 

Corresponding pole loci for the closed loop systems are shown 

in Figures (5.12) and (5.13) with accompanying parameters in 

Tables II and III. 



CONCLUSIONS 

Future research on the new class of Riccati equations 

should address the question of global existence of solutions. 

Numerical behavior of the equations indicates that global exis-

tence may be subject to the value of the a parameter. The 

specific relationship between open-loop system properties, the 

Riccati equations and closed loop system perfo3rmance needs to 

be analytically explored. The relationship between the value 

of a and the relative stability of a closed loop control system 

designed via these equations is only one example of this. 

A detailed study of estimators (filters in particular) 

designed via the new equations needs to be carried out, Whe-

ther or not the properties observed here, in nonlinear applica-

tion are general, is a completely open question. 

A full understanding of the duality between the fil-

tering and control contexts needs to be developed. 
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APPENDIX A 

^, Wn, Td, and % Overshoot 
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TABLE I 

C, Wn, Td (The Period of Oscillation) and % Overshoot 

as the Function of a for Example 3 

a 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

1.0 

2.0 

3.0 

4.0 

5.0 

6.0 

7.0 

8.0 

9.0 

^l 

-0.8660 

-0,8941 

-0.8210 

-0.9470 

-0.9723 

-0.9971 

-0.8122 

-0.7393 

-0.6180 

-0.4353 

-0.3364 

-0.2652 

-0.2077 

-0.1589 

-0.1134 

-0.0721 

-0,0318 

/ ^2 

±0,500gj 

Î0.4477J 

Í0.3894J 

í^0.3211j 

±0.2335j 

-0 ..0747j 

,-1.0216 

,-1.0459 

,-1.1179 

,-1.3662 

,-1.6540 

,-2.0175 

,-2.5110 

,-3.2418 

,-4.4629 

/-6.9631 

,-15.085 

? 

0,866025 

0.89410.0 

0.90340Q 

0.947000 

0.972350 

0,997198 

1.006580 

1.015000 

1.044220 

1.168000 

1.334000 

1.560000 

1.880000 

2.368500 

3.215400 

4.961820 

10.91312 

wn 

1.0 

1.0 

0.9087 

0.9999 

0.9999 

0.9999 

Td 

12.57 

14.03 

16.13 

19.56 

26.90 

83.99 

i 
overshoot 

0,43 

0.19 

0.13 

0.095 

0.0002 

6.49x10"^^ 

1 



TABLE II 

C, Wn, Td and % Overshoot as the Function ofa for 

Example 3 with the State Noise Covariance 

Equal to Unity 

26 

a 

0.0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

X^ , ^2 

-2.19800 ±1.40900j 

-2.43550 ±1.48540j 

-2.63018 tl.51330j 

-2.80475 íl.49225j 

-2.96051 ±1.4008Qj 

-3.07645 ±1.17901j 

-3.01460 ±0.55609.1 

C 

0.8418 

0.8537 

0.8667 

0.8828 

0.9039 

0.9337 

0.9834 

oan 

2.6108 

2.8520 

3.0344 

3.1770 

3.2752 

3.2946 

3.0654 

Td 

4.460 

4.230 

4.150 

4.210 

4.490 

5; 330 

62.255 

overshoot 

0.7400 

0.3800 

0.4300 

0.2700 

0.1300 

0.0275 

1.77x10"-^^ 
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TABLE III 

^, Wn, Td and % Overshoot as the Function of a for 

Example 3 with the State Noise Covarinace Equal to 51 

a 

0,0 

0.1 

0.11 

0.12 

0.122 

0.123 

0.124 

l̂ 

-2.1980 

-3.0760 

-3.0930 

-3.0145 

-2.9586 

-2.9106 

-2.7920 
1 

. h 

íl,4090j 

íl, 1790,1 

Í0.9651J 

Í0.5560J 

Í0.4000J 

Í0.2878J 

ÎO.05233 

r 

0.841870 

0.833759 

0.954600 

0.983410 

0.990784 

0.895146 

0.999820 

wn 

2,610800 

3.294200 

3.240000 

3.065300 

2.985517 

2.924790 

2.782490 

Td 

4.460 

5.330 

6.509 

11.300 

15.700 

21.830 

1.2x10^ 

% 

overshoot 

0.74000 

0.02750 

0.00424 

4.01x10"^ 

8,098x10"^ 

1.59x10"^^ 

1.94x10"^^ 



APPENDIX B 

Time Domain Trajectories, Phase Plane and 

Closed Loop Pole Locations 
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I.OT 

w 
Q) 

H 

> 
C 
0) 
b 
•H 

w 

0.5 > 

?\ttî̂  

/^«ít) / 

^Xi^\j 

<wt)/\ 
A w ^ V 

^ J I * K V B 

0.0 5.0 
t 

10.0 

Fig. (1.1) The eigenvalue 
trajectories for equations 
(2-23) and (2-24) for the 
conditions (3-1) to (3-5) 
a = 0. 

10.0 

Fig. (1.2) The eigenvalue 
trajectories for equations 
(2-23) and (2-24) for the 
conditions (3-1) to (3-5) 
a = I . 

Mlt) 

10.0 

Fig. (3.3) The eigenvalue 
trajectories for equations 
(2-23) and (2-24) for the 
conditions (3-1) to (3-5) 
a = 2. 

Fig. (3.4) The eigenvalue 
trajectories for equations 
(2-23) and (2-24) for the 
conditions (3-1) to (3-5) 
a = 4. 
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-a =4.0 
(0.25,0.81) 

Fig. (4.1) The U-W phase 
plane plots for equations 
(4-12) and (4-19) with a=l, 
d=l, q=0, H=l. 

.a=8.0 
(0.125,0.81) 

Fig. (4.2) The U-W phase 
plane plots for equations 
(4-12) and (4-19) with a=l, 
d=l, q=0, H =0.5. 

0.65.. 

(0.25,1.19) 
.a=4.0 

Fig. (4.3) The U-W phase 
plane plots for equations 
(4-12) and (4-19) with a=l, 
d=l, q=l, H=l. 

Fig. (4.4) The U-W phase 
plane plots for equations 
(4-12) and (4-19) with 
a=l, d=0.5, q=0.6, H =0.5 
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(0.25,2.2) 

a=4.0 

Fig. (4.5) The U-W phase 
plane plots for equations 
(4-12) and (4-19) with 
a=0.2, d=0.5, q=Q.8, 
H =0.5. 

x(t),x(t) 

7.5 T 

3.75 •' 

x(t)(a=0.0) 
x(t)(a=2.0) 

12.0 

Fig. (4.6) The actual state and 
the Tneasurement states with 
different a for Example 1. 

Nonlinear Process Linear Filter 

lO 

ra4^ 1 
Íít) 

Fig. (5.1) Block Diagram of Example 1 
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0.65" 

-0.7 7»- 10-0 

Fig. (5.3) Time domain 
trajectories of x in 
Example 2. 

•1.0-' 
Fig. (5.4) Time domain 
trajectories of x in 
Example 3. 

Re 

m 

a=O.Ok 

-15.0 -10.0 -5.0 

0.6 

-• 0.3 

0.0 

•• -0.3 

-0.6 

Fig. (5.5) Closed loop 
pole locations as a 
function of a for 
Example 2. 

Fig. (5.6) Time domain 
trajectories of x in 
Example 3 with H = I. 
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x,(t) 

-5.0 

Fig. (5.7) Time domain 
Trajectories of x in 
Example 3 with H = I. 

5.0 

-5.01' 

Fig. (5.8) Time domain 
trajectories of x in 
Example 3 with H = I. 

x^(t) 

3.0, 

-3.0* 

4.0 5.0 

Fig. (5.9) Time domain 
trajectories of x̂^ in 
Example 3 with H = 51. 

x^ít) 

l.OT 

-5.0Í 

Slo 4.0 Tîo 

Fig. (5.10) Time domain 
trajectories of x^ in 
Example 3 with H= 51. 
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Fig. (5.11) Time domain 
trajectories of X3 in 
Example 3 withH = 51. 

Re 
-10.0 

^ I < — I — ^ — + 
-6.0 

Fig. (5.12) Closed loop 
pole locations as a 
function of a for Example 3 
with H = I. 

Re 
-10.0 

y 1.6 
/^QL- =o.c 

« < «— * < \» » .,11 
-5.0 -1:0 

0.8 

0.0 

-0.8 

i-1.6 

Fig. (5.13) Closed loop pole 
locations as a function of a 
for Example 3 with H = 51. 


