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CHAPTER I 

INTRODUCTION 

Operations research/management science (OR/MS) is concerned with 

optimal decision making in deterministic and probabi1istic systems 

that originate from real life environments. Applications that occur 

in government, business, engineering, economics, and the natural and 

social sciences, are characterized by the need to allocate limited 

resources to competing activities in such a way that cost is minimized 

or profit is maximized. In these situations, considerable insight can 

be obtained from scientific analysis such as that provided by OR/MS 

techniques. 

Mathematical programming is a wel1-developed area of OR/MS, which 

includes such techniques as linear, nonlinear, integer (otherwise 

linear), network, and goal programming. This research will focus on 

the integer (otherwise linear) programming (ILP) model. 

In many applications, the decision variables in the model make 

sense only if they take on integer values. For example, many problems 

require the integer quantity assignment or allocation of men, machines, 

and/or materials to production activities. More important, a surpri-

singly large class of practical applications (including those with non-

linear properties) can be modeled using integer variables and linear 

constraints. Some well known special types of ILP models include 

knapsack, traveling salesman, set covering, and fixed charge models. 



In addition ILP can be used to solve models involving "either-or" 

constraints. 

It is common in practice for the linear programming (LP) relaxa-

tion of the ILP model (integer restrictions ignored) to first be 

solved by the simplex method, and then rounding off the non-integer 

values to integers in the resuUing solution. This approach is inade-

quate, since it usually results in a suboptimal solution. Moreover, 

in many cases it is difficult or impossible to obtain a feasible solu-

tion in this way. 

The restriction that the decision variables must have integer 

values, and the problems associated with simply rounding off linear 

programming solutions, have led to the development of a considerable 

number of algorithms for obtaining optima! solutions to ILP models. 

Unfortunately, none currently in existence exhibits computational 

efficiency that is even remotely comparable to the simplex method 

(except on special types of problems), so their use is ordinarily 

limited to relatively smal] applications. 

The computational efficiency of the simplex method stems from its 

systematic examination and evaluation of only a small number of basic 

solutions. Analogously, an ILP algorithm must avoid explicitly enu-

merating a11 the possibi1ities. It should partially enumerate a mana-

geable number of possibi1ities and implicitly enumerate all the rest 

[Wagner, 1975] to be efficient. Devising efficient ILP algorithms is 

currently an active area of research. The present effort can be 

described as one more step toward the goal of finding efficient com-

putational techniques for ILP models. 



CHAPTER II 

LITERATURE REVIEW 

The class of ILP models in which al1 variables are restricted to^ 

non-negative integer values is known as all-integer programs (IP), 

while those in which some of the variables are restricted to integer 

values and others are not, are referred to as mixed-integer programs 

(MIP). This research effort is restricted to the former (IP). 

Algorithms for solving IP models may be classified as heuristic 

or optimizing. Heuristic approaches generally do not guarantee that 

an optimal solution will be obtained, unlike analytic approaches. 

Optimizing. methods can also be divided into four commonly used 

approaches: branch-and-bound; implicit enumeration; cutting planes; 

and group theoretic methods. The following is a brief discussion of 

analytic algorithms. 

Branch and Bound Alqorithms 

The branch-and-bound technique has been established for some time 

as a practical computational procedure for solving IP or MIP models, 

and has been extended to other types of models, often with striking 

success. Branch-and-bound is an optimization technique that uses the 

basic tree enumeration method. The model is first solved as a linear 

program; if the resuUant solution is integer, the problem is solved. 

Otherwise, a tree search is performed. 



Branch-and-bound was introduced by Land & Doig [1960]. Later this 

original work was improved upon by Dakin [1965], who employed a better 

branching procedure. The Land, Doig and Dakin procedure works well on 

problems with a small number of variables, but for problems with many 

variabl.es, it requires extremely large computer memory resources. 

Implicit Enumeration Algorithms 

One type of implicit enumeration technique is applied to the spe-

cial class of zero-one IP models. There is, of course, only a finite 

number of possible solutions to any combinatorial problem. Zero-one 

problems have "2 to the power n" possible solutions, where n is the 

number of decision variables. Although it would be prohibitive to 

explicitly examine all of these possibi1ities, by taking advantage of 

the special structure, it is possible to examine only some solutions 

and systematically rule out many others as being infeasible or non-

optimal. 

Balas' additive algorithm [1965] is the best known implicit enu-

meration algorithm. Glover [1965, 1968] introduced the use of surro-

gate constraints in the adaitive algorithm and showed that better 

information can be obtained concerning feasibility and optimality of 

the original problem if the constraints are combined into a single 

inequality. 

Enumeration techniques have also been investigated for use in 

general integer programming models [e.g., Greenberg, 1971]. An enu-

meration method for solving integer programs sometimes has advantages 

over other methods. Since the variables take on only discrete values, 

http://variabl.es


these sets of solutions can be listed easily, although their number 

may be immense. For the procedure to be manageable, the enumeration 

should be ordered in such a way that solutions are obtained with as 

few calculations as possible. Most enumeration schemes that are used 

in solving IP models employ a dynamic programming type of recursive 

procedure to enumerate the solutions. 

Cutting P1ane Alqorithms 

Gomory [1958] developed cutting plane algorithms for solving both 

IP and MIP models, and proved that they converge to the optimal 

integer solution in a finite number of iterations. Cutting plane 

algorithms attempt to construct secondary constraints which, when 

added to the existing set of problem constraints, will effectively 

reduce the solution space by attempting to define the convex integer 

hull. Cutting plane algorithms are classified into two distinct 

classes: fractional and all-integer. Gomory [1958] first developed a 

dual fractional cutting plane algorithm in which fractional cuts are 

generated and incorporated until the optimal solution is found. Two 

fundamental shortcomings of the fractional algorithm are: 1) Round-off 

errors that evolve in computer calculations may produce non-optimal 

integer solutions; and 2) No feasible lattice points are generated 

until the optimal integer solution is found. This implies that, if 

the calculations are stopped prematurely, no useful solution wi 11 be 

avai1able. 

The round-off error difficulty present in fractional cutting 

plane algorithms was overcome by development of all-integer 



algorithms. These algorithms start with an initial all-integer 

tableau and remain all-integer throughout the computations. Gomory 

[1963] and Young [1968] contributed significant1y in developing all-

integer algorithms. Substantial work has been done in this area at 

Texas Tech University. Austin [1979] developed a dual all-integer 

algorithm called the Bounded Descent Algorithm (BDA) in which upper 

bounds on the decision variables are generated implicitly. 

Ghandforoush [1980], and Ghandforoush and Austin [1981] developed a 

primal-dual algorithm called the Constructive Primal-Dual Algorithm 

(CPDA) that is capable of producing feasible suboptimal results if the 

computations are stopped prematurely. The CPDA produced some 

strikingly successful results, especially for fixed-charge problems. 

Hanna [1981] devised an Advanced Start Algorithm (ASA) that starts 

at a point which can be optimal, better than optimal but infeasible, 

feasible but less than optimal, or both infeasible and less than opti-

mal. The Reduced Advanced Start Algorithm (RASA), which is an advanced 

start dual algorithm with constraint relaxation, was developed by 

Austin and Ghandforoush [1983], and incorporates an infeasible advanced 

start based on the optimal solution to the IP relaxation. It initially 

discards non-binding constraints and solves the resulting IP model. 

The Surrogate Cutting Plane Algorithm (SCPA), an extension of the RASA, 

was also developed by Austin and Ghandforoush [1982]. A single surro-

gate constraint is constructed from the binding constraint set of the 

solution to the LP relaxation, and an objective constraint is appended, 

producing a simplified surrogate of the original model. 



Group Theoretic Methods 

The group theoretic approach has been applied exclusively to IP 

models, It transforms the given model into an equivalent form, which 

is known as a "correction model," The objective is to find a minimal 

set of non-negative integer values for nonbasic variables in the 

relaxed IP solution, which wiII render the basic variables non-

negative and integer. The constraint set for an equivalent correction 

(or group) model involves only nonbasic variables and is a finite 

Abelian group. The order of this Abelian group is given by the deter-

minant associated with constraint coefficients of the basic variables 

in the relaxed LP solution, The correction or group model can be 

efficiently solved using network theory or dynamic programming. 

The concept of using the theory of finite Abelian groups to ana-

lyze IP models was first introduced by Gomory [1965], who proposed 

that the original model be solved with the integer requirements 

relaxed, In this relaxed solution, the non-negativity constraints are 

further relaxed for al1 current basic variables. 

Shapiro [1968a] formulated the IP model as a knapsack group-

optimization model and used a dynamic programming algorithm to solve 

it. If the resulting group model has a feasible solution, then that 

solution is also an optimal solution to the original IP model. Unfor-

tunately, not all relaxed group models produce a feasible solution. 

This is one of the fundamental and persistent shortcomings of the 

group theoretic approach. In a subsequent paper, Shapiro [1968bj 
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tried to alleviate this problem by observing that the group-

optimization models that can be derived from a given IP model are more 

appropriate than general dynamic procedures used to solve them. This 

algorithm employed a tree search procedure to find the IP optimal 

solution. The extent of this search is bounded by procedures derived 

from a variety of relevant group models that were solved by his pre-

vious algorithm. 

Shapiro [1970] subsequently laid the theoretical foundation to 

establish the equivalence of group-optimization models to the general 

IP model in a theorem called the "turnpike theorem." The fundamental 

idea from group theory which was exploited is: the set of integer 

solutions to a system of linear equations is effectively characterized 

by an equivalent set consisting of the solutions to an equation with 

elements from a finite Abelian group. Two important contributions of 

Shapiro's papers were: 1) The size of the finite Abelian group, which 

is determined by the determinant "D" of the LP basis, is extremely 

important; and, 2) A search strategy must be used when the group 

optimization strategy fails. 

Gorry and Shapiro [1971] derived the Adaptive Group Theoretic 

Algorithm for IP models. They proposed to use group theory to 

integrate a wide variety of IP methods into a common computational 

process. Included were group optimization methods, Lagrangian 

methods, cutting plane methods and the method of surrogate 

constraints. These methods were controlled by a "supervisor" that 

performed the following four functions: set-up; directed search; 



sub-problem analysis; and prognosis. The set-up function attempts to 

structure a given model (or a sub-model) during the early stages of 

computation, so that the methods listed above can be effectively 

applied. Second, if some type of enumeration is required, then the 

directed search function guides the search, and at each computational 

stage, selects the most promising sub-model to be analyzed. The sub-

model analysis function selects a sequence of analytic methods to be 

applied to the selected sub-model. Finally, the prognosis function 

maintains upper and lower bounds on the cost of an optimal solution, 

and recommends termination when the predicted change in the objective 

function (as a result of additional computation) is marginal. The 

Adaptive Group Theoretic Algorithm produced some strikingly successful 

results, but some basic disadvantages of the group theoretic approach 

were not mitigated. 

Wolsey [1971] extended the group theoretic approach by relaxing 

the non-negativity constraints on a set of basic variables, reducing 

the original IP model to a shortest route model over a finite Abelian 

group. In particular, if the non-negativity constraints are relaxed 

on a11 but one of a set of basic variables, a model similar to the 

knapsack type is obtained, which either gives the solution to the IP 

model, or when solved by dynamic programming, provides bounds at least 

as strong as those provided by the group theoretic approach. Wolsey 

also considered the problem of reducing the order of the resulting 

Abelian group (if it is found to be yery large) to a manageable size. 
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This reduced model, in turn, yields some simple bounds for the 

resulting group model. 

Gorry, Shapiro and Wolsey [1972] proposed several "relaxation" 

methods to control the size of Abelian groups. The procedure shows 

how an optimal linear programming basis matrix can be altered to 

reduce the magnitude of its determinant, thereby reducing the size of 

the group induced by the basis. The central idea is that an IP model 

can be usefully transformed by dividing al1 the coefficients of an 

inequality by a rational divisor greater than one, and then taking 

resulting integer parts. Such a transformation of the model, called a 

"relaxation," has the property that all feasible solutions to the ori-

ginal IP model are feasible in the transformed or "relaxed model." 

These researchers preferred "relaxation" over "restriction" due to the 

fact that the transformation of an IP model to a group optimization 

model is also a "relaxation," and the composition of two "relaxations" 

itself is a "relaxation." Hence an optimal solution to the "relaxed" 

model is optimal to the original model if it is feasible. Moreover, 

it is only necessary to test for feasibility (in the original model) 

those solutions derived from group optimization models that are 

feasible in the "relaxed" model. 

Of the two alternatives available (i.e., shortest-route and dyna-

mic programming), the shortest-route representation approach has been 

used more often due to the existence of standardized algorithms to 

solve it. Chen and Zionts [1976] suggested several improvements for the 

existing shortest-route algorithms to solve the group theoretic model 
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associated with an IP model. They exploited the special properties of 

the constructed group problem and accordingly modified or simplified 

the existing shortest-route algorithms. 

Greenberg [1971], and Taha [1975] presented two dynamic 

programming approaches to solve the relaxed group theoretic model. 

Basically, both dynamically enumerate the group theoretic model 

resulting from the LP continuous optimal tableau. 

Bell [1977] developed an algorithm to solve the IP model using a 

set of group constraints. This algorithm is identical to Gomory's 

cutting plane procedure except it uses the Abelian group formulation 

instead of dual fractional cuts. Subsequently Bell [1979] 

demonstrated the existence of a set of efficient group cuts. This is 

a refinement of Gomory's "group-relaxation" for the IP models by 

column generation methods and dual ascent algorithms to identify a set 

of candidate solutions that are feasible in the "relaxation" but not 

in the original IP model. 

Since there have been no papers in major MS/OR journals, 

addressing the group theoretic approach since 1979, researchers using 

this elegant technique may have lost interest in its viability as an 

efficient computational device. 



CHAPTER III 

AN ALGORITHM FOR ALL-INTEGER PROGRAMMING 

In mathematical notation, the IP model to be investigated is as 

follows: 

n 
(IP) Maximize XQ = ^ CjXj (1) 

j = l 

n 
Subject to 2 ôiijXj 1 bi , i=l,..,m (2) 

j=l 

Xj >_ 0 and integer, (3) 

where aij, b^, and Cj are integer constants. (4) 

If the slack variables are added to the constraints and 

appropriate arithmetic operations are performed, the model may be 

stated in an expanded form resembling the standard Beale tableau as 

follows: 

Maximize 

XQ = bo-cixi-C2X2- -CnXp 

subject to 

$1 = bi-aiiXi-ai2X2- "âln^n 

S2 = b2-a2ixi-a22X2- -^^n^n 

sm'= bfn-a^ixi-ani2X2- -amn^n 

Xj >_ 0 and integer for all j, 

where Cj, aij, b^ are integers for all i,j. 

12 
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The Bounded Enumeration Algorithm (BEA) outlined below is a 

hybrid approach synthesizing the concepts of dual fractional cuts, 

group theory and dynamic enumeration, The approach used is somewhat 

similar to the group theoretic algorithms developed by Gorry, Shapiro 

and Wolsey [1972], but the BEA has some important differences: 

1. Restriction has been chosen over relaxation; and 

2. The BEA retains th^ original model solution and derives 

additional restrictions by using a variety of cuts, whereas 

the group theoretic approach typically strives to solve a 

sub-model derived from the original IP. 

The Bounded Enumeration Alqorithm 

This section presents an outline and a discussion of the BEA, 

The Algorithm 

Step 1. Relax the integer requirement in (3) and solve the 

resulting linear programming model (P) with a standard simplex 

algorithm. If the solution is all-integer, stop; the solution to (IP) 

is at hand. If (P) has no feasible solution or the solution is 

unbounded, stop; the same is true for (IP). Otherwise go to Step 2. 

Step 2. Calculate the value of D*, the determinant of the opti-

mal basis of (P), and convert the optimal LP tableau from decimal to 

fractional form. That is, let c*j, a*ij and b*^ be the respective 

decimal values in the optimal tableau. Then: 

D* • c*j = Cj'/D*; D* • a*ij = aij'/D* (5) 

D* • bi = bi'/D* (6) 
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Note in (5) and (6) that D*, Cj', aij', and b^' are integers for all 

i, j. Go to Step 3. 

Step 3. If some c^' = 1, store a copy of the current tableau in 

memory. Append Austin's objective cut. Pivoting first on the element 

of the k̂ l̂  column of the cut, perform a dual simplex iteration. If 

the resuUing solution is feasible, stop; the optimal solution to (IP) 

has been obtained. If the resulting solution is infeasible then 

retrieve the previous tableau from memory and go to Step 6. If no 

Ck' = 1, go to Step 4. 

Step 4. Scan the rows of the optimal tableau. If for some row 

r a11 a^j'/D* are monotonic (i.e., non-negative or non-positive), 

there is an implied upper bound (if non-negative) or lower bound (if 

non-positive) on the basic variable associated with that row. Append 

and incorporate, using dual simplex, one of the following constraints, 

as appropriate. Either 

n 
- Z (arj'/D*)- xj 1 [b^'/D*] - b^'/D* (upper bound) (7) 

j=l 

or 

n 
E (arj'/D*)- xj < - [by,'/D*] - 1 + bp/D* (lower bound) (8) 

j=l 

where [ ] denotes the greatest integer part. If the resulting solu-

tion is integer, stop- If the total number of Gomory cuts or monotonic 

cuts applied thus far is less than 2, go back to Step 3. If no mono-

tonic cut can be found, go to Step 5. 
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Step 5. Any of the following three options can be used as 

appropriate. 

(a) Investigate all possible Gomory fractional cuts to determine 

the strongest cut and incorporate it. Perform a dual simplex iteration 

If the resulting solution is integer, stop. If the total number of 

monotonic or Gomory cuts applied thus far is less than 2, go to Step 3. 

Otherwise, go to Step 6. 

(b) Investigate a11 possible Gomory fractional cuts to determine 

the one yielding the greatest reduction in the order of the determinant 

associated with the current basis and incorporate it. Perform dual 

simplex iterations until a feasible solution is obtained. If the 

resulting solution is integer, stop. If the total number of monotonic 

or Gomory cuts applied thus far is less than 2, go to Step 3. Other-

wise go to Step 6. 

(c) Go to Step 5. 

Step 6. Invoke the Dynamic Enumeration Scheme to find a possible 

integer solution to the objective equation: 

n 
XQ = (bo - [bo]) • D* - E Cj'Xj (9) 

j=l 

If one or more solutions exist, then check them for feasibility. If 

one or more solutions are feasible, stop; the optimal solution to (IP) 

has been obtained. Otherwise substitute "(bo-[bo]+l) • D*" for 

"(bo-[bo] • D*" in (9) and continue the iterative search until the 

optimal solution to (IP) has been found. 
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Discussion of the Alqorithm 

The model is first solved using the standard column simplex (also 

known as the short-tableau) method, which gives the relaxed optimum 

solution. 

Three types of dual fractional cuts may be applied to the relaxed 

optimal solution, as appropriate, to include: 

1. Gomory cuts; 

2. Monotonic cuts; and 

3. Austin's objective cut. 

These cuts will now be briefly described. Consider the r^" row 

in the relaxed optimal solution, which may be stated as follows: 

n 
yi = bi - E aijWj, where b^ is non-integer, and 

j=l 

where y^ is a basic variable and the Wj's are non-basic variables. 

These may either be structural or slack variables. 

Any such equation in which bi is non-integer can be used to 

generate a Gomory cut or (in'special cases) monotonic cuts. This 

equation is generally known as the "source row." 

1. The Gomory cut for the above source row can be stated as 

follows: 

Si = z fijWj - fi, (10) 
j = l 

where Si is a non-negative slack variable which by definition must be 

integer. Fractions fi and fij's are defined as follows: 



= bi - [bi] 

= a-U " ^ij - [aij] 

17 

(11) 

(12) 

(13) Thus, 0 < fi < 1 and 0 £ fij < 1 

2. A monotonic cut can result in either of the following 

situations; 

(a) when all aij's are non-negative; or 

(b) when a11 aij's are non-positive. 

For both the above cases, the cut row can be defined as follows: 

n 
Si = E fijWj - fi, 

j=l 

where s^, f^ and fij are as defined above. This cut will result in 

the tightest upper (case a) or lower (case b) bound available for s^. 

To render y^ a non-negative integer, the values of one or more 

nonbasic variables Wj must be increased, restricting the value of 

basic variable yi to [b^] or less. Hence [b^J is an upper bound on 

the basic variable y^• The same logic can be extended for the case of 

a non-positive source row yielding a lower bound on the basic variable 

yi. In this situation, the lower bound will be equal to [b^J+l or 

greater. 

3. Austin's objective cut selects as the source row: 

xo + 2 CjWj = bo 
j=l 

(14) 
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At the relaxed optimum, all the aij's are non-negative and hence 

this is actually case (a), a monotonic row. The cut row would be: 

n 
SQ = ^ fOjWj - fo (15) 

j=l 

If any fraction foj has a "1" in the numerator, then pivoting on 

the corresonding " j " column after adding the objective cut to the bot-

tom of the tableau will result in an all-integer solution that may be 

feasible (and therefore optimal) or infeasible. 

If one or more of the above cuts produce the integer optimum then 

(IP) is solved, Otherwise the second phase of the algorithm, referred 

to as the Dynamic Enumeration Scheme, will be invoked. The mechanics 

of the Dynamic Enumeration Scheme are presented in Appendix A. 

Some Features of the BEA 

At this point, it is useful to discuss in more detail some of the 

algorithmic steps presented in the previous section. 

In step 2, the constants in the relaxed LP optimal tableau are 

converted into fractions, so that each constant has an integer-valued 

numerator, and eyery constant has the same denominator D* (the order 

of the finite Abelian group associated with the basis). 

The existence of some C|<' = 1 leads immediately in Step 3 to an 

integer solution when the objective cut is incorporated, since the 

pivot is on quantity "-1/D*" (Ck'/D* = 1/D*). When the right-hand 

side of the cut is incorporated, we have xo = [boJ in the next itera-

tion. The reason is that the numerator of the pivot element is the 



19 

order of the Abelian group associated with the next basis. If this 

solution is feasible, the optimal solution to the original model is at 

hand. This occurs frequently in the problems tested. 

The reason that monotonic rows lead in Step 4 to upper and/or 

lower bounds on basic variables, has already been explained in the 

previous section. It should be emphasized that monotonic cuts are 

capable of cutting quite deep into the solution space. They yield the 

tightest implicit upper bounds on the current basic variables, which 

facilitates the subsequent computations greatly, and at the same time 

they produce a significant reduction in the order of the determinant 

associated with next basis. Hence if found, the monotonic cuts are 

appended and incorporated. 

In Step 5, the possible effect of a standard Gomory cut is 

investigated. In certain cases in which the current aij > D*, a Gomory 

cut wi11 be "stronger" than a monotonic cut. In most cases, however, 

Gomory cuts tend to be very shallow, as noted in Taha [1975]. However, 

as-will be explained shortly, these cuts in many cases greatly reduce 

the subsequent computational effort to be performed by the Dynamic 

Enumeration Scheme. 

For many small test problems, an optimal solution has been found 

in the first five steps of the BEA. These problems tend to be "easy," 

in that their optimal solutions are often rounded values of the optimal 

basic variables in the LP relaxation, and/or the optimal objective 

function value is [x*Lp]. For other problems, the information 

generated in the first five steps and the sixth step of the algorithm 
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(i.e., the Dynamic Enumeration Scheme) must be used to complete the 

solution. 

As problems get larger, the effect of objective cuts and monotonic 

cuts diminishes. In some situations it is necessary to invoke the 

dynamic enumeration scheme directly. As the number of cuts increases 

the round-off errors involved in the computations increase stgnifi-

cantly; hence these cuts are limited to a total of two for large 

problems. This results in a ^ery tightly bounded objective hyperplane 

with ^jery few solutions to be examined. 

Example Problems 

To illustrate the application of the BEA, three small problems 

are solved in step-by-step fashion. The first example (Pl) is as 

follows: 

MAX xo - 3x1 - 5x2 - 6x3 - /x^ = 0 (16) 

S.T. 3x1 + 4X2 + 5x3 + 6x4 _< 61 (17) 

2x1 + 5X2 + 3x3 + 7x4 < 59 (18) 
(Pl) 

Xj >, 0 and integer (19) 

The LP solution to (Pl) is: 

XLp* = 974/13; x^* = 0; x^* = 112/13; X3* = 69/13; 

X4* = 0 (20) 

Shadow prices: 15/13 for (17); 1/13 for (18). (21) 

Note in (21) that D* = 13 and ao/' = 1- Thus, a single applica-

tion of the objective cut, with the pivot on aQj'=l/l3, yields the 

optima! solution as follows: 
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Xo* = 74, xi* = 0; X2* = 4; X3* = 9; X4* = 0 (22) 

Note in (22) that x^* = [974/13] = 74, but that rounding (20) 

produces nothing remotely similar to the optimal values of the decision 

variables, 

The next problem (P2) illustrates the effect of monotonic cuts, 

MAX xo - XI - 4X2 = 0 (23) 

S,T. 4X1 •*• 14^2 < 63 (24) 

(P2) -4x1 + ^2 1 2 (25) 

xi, X2 >_ 0 and integer (26) 

The optimal relaxed LP tableau with X3 and X4 representing the 

slack variables associated with constraints (24) and 

(25), is as follows: 

Table 1 

Tableau 1 of Example Two 

!û 

1 
0 
0 

0 

!i 
0 
1 
0 

0 

X2 

0 
0 
1 

0 

^3 

17/60 
1/60 
4/60 

- 4/60 

X4 

2/60 
-14/60 
4/60 

- 4/60 

ll 
0 
0 
0 

1 

b̂  

1075/60 
35/60 
260/60 

- 20/60 

(27) 
(28) 
(29) 

(30) 

Note in the above tableau that (29) is monotonic -- that is, all 

entries are non-negative. Since x^ = 4.33 at LP optimality, note that 

X2 _< 4 is an upper bound constraint. The cut has been added in (30). 

After a pivot on 334*, the following tableau results: 
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Table 2 

Tableau 2 of Example Two 

^û 

1 
0 
0 
0 

0 

^l 

0 
1 
0 
0 

0 

x̂  

0 
0 
1 
0 

0 

3̂ 

1/4 
1/4 
0 
1 

-1/4 

X4 

0 
0 
0 
1 

0 

5̂ 

2/4 
-14/4 

1 
-60/4 

- 2/4 

6̂ 

0 
0 
0 
0 

1 

b_ 

71/4 
7/4 
4 
5 

-3/4 

(31) 
(32) 
(33) 
(34) 

(35) 

This iteration did not produce the optimal integer solution, but 

it reduced the order of the associated Abelian group from 60 to 4, and 

it is noted that 03' = 1. Therefore the objective cut (35) is added, 

a pivot on a43' is performed, and the solution to (P2) emerges in the 

next tableau, as follows: 

xo* = 17; xi* = 5; x^* = 3 (36) 

Comparing (36) with the relaxed LP solut ion: 

XLP* = 17.92; x^* = 0.58; x^* = 4.33; (37) 

Note that "rounding" (37) is not particularly helpful in 

attempting to obtain (36). 

For the third and last example (P3), the dynamic enumeration 

scheme had to be invoked to arrive at the integer optimum. 

MAX xo - 3X1 - 4X2 - 6x3 = 0 (38) 

S.T. 5x1 - X2 + 8x3 < 31 (39) 

(P3) 2X1 + 6x2 + 5x3 < 33 (40) 

4x1 ^ 5x2 + 6x3 < 37 (41) 

XI, X2, X3 >_ 0 and integer (42) 
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The optimal relaxed LP tableau is presented below in the short-

tableau form. The only difference between the standard LP tableau and 

short-tableau is that the columns associated with basic variables are 

not explicitly carried in the latter. 

Table 3 

Tableau 1 of Example Three 

Basic 
Vars. 

XO 
X3 
X4 

XI 

X4 

19/65 
14/65 
8/65 
11/65 

44/65 
29/65 
2/65 

-46/65 

3/65 
-32/65 
9/65 
53/65 

2152/65 
207/65 
151/65 
102/65 

(43) 
(44) 
(45) 
(46) 

Note that the order of the Abelian group for (43) - (46) is D* • 

65 and that no Ck' = 1. Moving to Step 4, there are no monotonic 

rows, hence in Step 5, possible Gomory fractional cuts are analyzed. 

as follows. 

For (44) 

For (45) 

For (46) 

- (14/65)X4 - (29/65)x5 - (33/65)x6 < -(12/65) (47) 

- (57/65)x4 - ( 2/65)x5 - ( 9/65)x5 < -(21/65) (48) 

- (54/65)x4 - (19/65)X5 - (53/65)x6 1 -(37/65) (49) 

Pivot elements for (47), (48), and (49) are ai6*, a^^*, and ̂ 35*, 

respectively, with (48) being the strongest of the three. As can 

easily be verified, application of the cut will produce a dual-

degenerate solution (i.e., C4' = 0) in the next iteration. If the 

Dynamic Enumeration Scheme is to be invoked then this situation must 

be avoided. There are two remaining options. 
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1. Examine the Gomory cut that produces the greatest reduction 

in the order of the Abelian group for the next basis; or, 

2. Invoke the Dynamic Enumeration Scheme directly. 

Either of these could be used in practice, and a discussion 

regarding these options is presented in Chapter 4. It is generally 

recommended here that the first option should be considered first; 

however, the second option is equally valid except in a few cases 

where the size of the determinant is extremely large. 

Cut (47) wi11 produce the largest reduction in the order of the 

Abelian group, from 55 to 33. The next iteration is given below. 

Table 4 

Tableau 2 of Example Three 

Basic 
Vars. 

xo 
X3 
X2 
XI 
X6 

X4 

9/33 
14/33 
6/33 

17/33 
19/33 

21/33 • 
29/33 
- 3/33 
-47/33 
29/33 

3/33 
-32/33 

9/33 
53/33 
-65/33 

1092/33 (50) 
111/33 (51) 
75/33 (52) 
42/33 (53) 
12/33 (54) 

The cut producing largest reduction in the determinant of the 

next basis is derived from source row (51). However, upon incor-

poration it wi11 produce a degenerate solution in the next iteration, 

Therefore the Dynamic Enumeration Scheme was invoked, and it quickly 

determined that xo = 33, x^ = 32 and x^ = 31 are not feasible values 

The Dynamic Enumeration Scheme located the unique integer optimum at 
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xo* = 30; XI* = 0; x^* = 3; X3* = 3. 

The three examples above illustrate the operation of the Bounded 

Enumeration Algorithm. The first example demonstrates the use of 

Austin's objective cut. The second example illustrates the use of a 

monotonic cut in conjunction with Austin's objective cut. The last 

example demonstrates the use of a Gomory cut in combination with the 

Dynamic Enumeration Scheme. 

Obviously these problems are small and not representative of ILP 

problems encountered in practice. In the next chapter, computational 

resuUs are reported to demonstrate the performance of the BEA on two 

standard test problem sets and randomly generated test problems of 

different types. 



CHAPTER IV 

COMPUTATIONAL RESULTS 

In theory eyery ILP model can be solved by existing techniques in 

a finite number of steps. In practice, however, these algorithms have 

limited capabilities that fall into three categories: (a) the amoun-t 

of CPU time required to obtain the optimal solution; (b) computer 

storage requirements; and (c) the round-off errors that evolve in the 

computer calculations (all-integer algorithms do not have this 

difficulty). 

The basic pitfall in attempting to compare different computational 

results is that there are no common grounds for comparison. For 

example, computation times are usually dependent on the type of com-

puter used, the type of programming language used, the skill of the 

programmer coding the algorithm, and the state of the system at the 

time the computations âre made. 

It should be stressed that for this research effort, establishing 

an absolute basis of comparison with existing algorithms/procedures is 

especially difficult. The BEA is a hybrid approach involving a synthe-

sis of the cutting plane procedure, group theoretic concepts, and dyna-

mic enumeration. Therefore it cannot be compared with any of the other 

ILP techniques based on the above performance indicators alone. More 

appropriately, the focus should be on the ability of the BEA to alle-

viate the inherent shortcomings of the aforementioned ILP approaches. 

26 
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Among the existing and established ILP approaches, branch-and-bound 

procedures require large memory resources; however, this technique does 

seem to produce reliable results, Cutting plane algorithms perform 

relatively more erratically but have proved to be yery efficient for 

specific sets of ILP models. Group theoretic approaches strive to 

solve a sub-model that is a "relaxation" of the original IP model, 

which is an approximation of the original model from the beginning. 

The BEA is geared towards alleviating these shortcomings. 

Computational Testinq 

For the purpose of computational testing, the following models 

have been solved with the BEA, 

1, Standard test problems; 

a. Austin's test problem set [1979]; and 

b. Trauth and Woolsey's test problem set [1969] 

2. Randomly generated test problems. 

Only the Trauth and Woolsey problem set was solved in the previous 

two dissertation research efforts at Texas Tech University. Since the 

algorithms were written in the SAS language and the basis for com-

parison was the number of simplex iterations, none of them reported the 

CPU time to solve these problems. Hence comparing the BEA to either of 

the two previous research efforts is not possible. Among the existing 

algorithms, the most similar to the BEA is Gorry and Shapiro's Adaptive 

Group Theoretic Algorithm [1971]. Computational results for this 

algorithm are not available. 
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In light of the above, it is not feasible to directly compare the 

BEA to any other existing algorithm, Therefore, the computational 

results will be simply given and discussed in the following section, 

It should be noted that the BEA uses the relaxed optimum as the 

starting point (an advanced start), Therefore two types of CPU times 

wi1I be reported. They are: 

1, Total CPU time required to solve the problem; and 

2, CPU time required by the IP phase of the algorithm, 

The following convention wiII be used in reporting CPU time (in 

hundredths of a second): 

T(T1) = Total time required (CPU time for IP phase) 

Standard Test Problems 

As noted earlier, the test problems are of two types and each type 

is discussed below, 

Austin's Test Problems 

Austin's 25 test problems are relatively small, the largest being 

one with 12 variables and 10 constraints. But they constitute a wide 

variety of problems that are similar to ones frequently encountered in 

practice. This problem set was used to debug the computer program for 

the BEA and to assure that the BEA was correctly generating optimal 

solutions. The results of computations on Austin's problem are pre-

sented in Table 5. 



Table 5 

Results of Computational Testing for 
Austin's Test Problems 
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Problem # 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 

Vars. 

2 
4 
3 
4 
5 
2 
3 
4 
5 
2 
5 
5 
5 
4 
5 
5 
12 
2 
4 
2 
2 
3 
4 
2 
2 

bize 
Constrnts. 

5 
3 
4 
2 
2 
6 
3 
3 
2 
4 
3 
3 
3 
4 
3 
6 
10 
3 
6 
2 
2 
2 
2 
2 
3 

# of 
Solutions 

2 
1 

CPU Time 
Option # 1 

5(1) 
11(8) 
11(8) 
9(7) 

62(59) 
6(3) 
10(8) 
3(1) 
6(3) 
6(4) 
7(3) 
12(8) 
6(2) 
5(1) 
6(3) 

66(63)* 
7039(7032)** 

6(5) 
15(9) 
10(9) 
2(1) 
3(1) 
2(1) 
4(3) 
9(7) 

* 98.68% of the optimum solution. 
** 70.59% of the optimum solution. 

Note that only option #1 of the BEA has been used here because: 

1. The size of the determinant induced by the basis of the 

relaxed optimum solution is relatively small, except in problems 16 and 

17 (fixed-charge problems). The BEA could not locate an optimum solu-

tion for these two problems; and 

2. For small problems Options # 1 and # 3 do not yield a signifi-

cant difference in CPU time. 
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Trauth and Woolsey's Test Problems 

As in Austin's problem set, Trauth and Woolsey's problems are 

relatively small, the largest problem being one with 12 variables and 

10 constraints (this problem is common to both the standard problem 

sets), However, these problems were characterized as "hard" by Trauth 

and Woolsey [1969], 

The set consists of nine zero-one alloc.ation problems and ten 

fixed-charge problems and the computation times are presented in the 

same order in Table 6, 

The first nine zero-one allocation problems are actually "knapsack" 

problems with an upper bound of one on eyery variable. Therefore it 

makes sense to invoke the Dynamic Enumeration Scheme directly (option 

#3), since only values of zero or one are to be generated. 

The fixed-charge problems are relatively small so option #1 was 

chosen to solve them. 

Randomly Generated Test Problems 

For the readers' convenience, ILP model parameters are redefined 

on page 32. 



Table 6 

Results of Computational Testing for Trauth 
and Woolsey's Test Problems 
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Problem 

1 
2 
3 
4 
5 
6 
7 
8 
9 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

• 

•• 

# Vars. 

10 
10 
10 
10 
10 
10 
10 
10 
10 

5 
5 
5 
5 
5 
5 
5 
5 
6 
12 

98.68% of the 
7n ^q^ nf thP 

bize 

opt 
nnt • 

# of 
Constrnts. Solutions 

Allocation Problems 

11 1 
11 4 
11 1 
11 1 
11 1 
11 2 
11 4 
11 1 
11 1 

Fixed-Charge Problems 

4 2 
4 1 
4 1 
4 1 
6 1 
6 2 
6 1 
6 2 
6 3 
10 1 

imum solution. 
imum <;nlijtinn. 

CPU Time 

Option # 3 

34(17) 
73(55) 
40(23) 
37(19) 
23(5) 

50(32) 
90(67) 
49(32) 
21(5) 

Option # 1 

15(12) 
13(10) 
12(9) 
10(7) 

56(53) 
66(63)* 
56(53) 
66(63)* 
21(16) 

7039(7032)** 
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n = number of decision variables 

m = number of constraints 

Cj = objective function coefficients 

aij = technological coefficients 

b^ = right-hand-side values of the constraints 

DET = the order of the determinant induced by the LP optimum basis 

GAP = difference between the rounded down value of the LP relaxed 

optimum and the true integer optimum. 

The randomly generated test problems can be classified into the 

following four categories, 

Cateqory 1: Negative values allowed for Cj's and a-jj's. 

Cateqory 2: Negative values allowed for aij's but Cj's restricted to 

positive values. 

Cateqory 3: Both aij's and cj's are restricted to positive values and 

sorted in an ascending sequence after random generation. 

Cateqory 4: A set of especially designed knapsack problems with 50 

variables, with aij's and Cj's restricted to positive values 

and kept constant throughout, and arranged in a descending 

order, and with the 'rhs' value of the constraint to be 

incremented in steps of 10 from 150 to 450. 
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The results of the computations for each of these categories are 

exhibited in Tables 7, 8, 9, 10, and 11, 

Category 1 

Table 7 

Results of Computation Testing for Randomly 
Generated Test Problems of Category 1 

p# 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

n 

10 

10 

10 

10 

10 

10 

10 

10 

25 

25 

25 

25 

m 

5 

5 

5 

5 

10 

10 

10 

10 

5 

5 

5 

5 

íl 
[0,20] 

[0, 

[-5, 

[-5, 

co, 

[0, 

[-5, 

[-5, 

[0, 

[0, 

[-5, 

[-5, 

,20] 

,30] 

,30] 

,20] 

.20] 

,30] 

,30] 

,20] 

,20] 

.30] 

,30] 

b 

[25, 

[100, 

[25, 

[iOO, 

[25, 

[100, 

[25, 

[100, 

[25, 

i 

,100] 

,500] 

,100] 

,500] 

,100] 

,500] 

,100] 

,500] 

,100] 

[100,500] 

[25, 

[100, 

.100] 

500] 

DET 

59 

59 

59 

59 

2058 

2058 

2058 

2058 

334606 

334606 

24387 

24387 

GAP 

8 

3 

14 

9 

12 

16 

15 

19 

9 

12 

27 

27 

CPU time 

33(24) 

14(6) 

21(15) 

22(15) 

94(81) 

130(115) 

121(86) 

157(144) 

3581(3560) 

12852(12830) 

4330(4309) 

20405(20375) 

For the problems above: 

1. The range of a^j's is [-5,15] 

2. No alternate optimum solutions exist 

3. Option #1 has been used. 
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Category 2 

Table 8 

Results of Computational Testing for Randomly 
Generated Test Problems of Category 2 

Ll 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

n 

10 

10 

10 

10 

25 

25 

25 

25 

50 

50 

50 

50 

100 

m 

5 

5 

10 

10 

5 

5 

10 

10 

5 

5 

10 

10 

5 

t 

[25, 

[100, 

[25, 

[100, 

[25, 

[100, 

[25, 

[100, 

[25, 

[100, 

[25, 

î 

,100] 

,500] 

,100] 

,500] 

,100] 

,500] 

,100] 

,500] 

.100] 

,500] 

,500] 

[100,500] 

[25, ,100] 

DET 

49902 

49902 

144 

144 

1510 

1510 

. 708 

708 

217 

217 

10917 

10917 

12755 

GAP 

6 

7 

10 

10 

16 

13 

6 

4 

15 

10 

15 

11 

12 

CPU time 

92(83) 

149(139) 

49(37) 

58(45) 

309(285) 

311(290) 

147(111) 

76(45) 

182(137) 

186(139) 

2864(2815) 

4789(4743) 

6665(6590) 

For the problems above: 

1. The range of cj's is [0,30]. 

2. The range of aij's is [0,20]. 

3. No alternative optimum solutions exist 

4. Option #1 has been used. 
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Category 3 

These problems can be classified as randomly generated "Pseudo-

Allocation Problems," In practice, allocation problems tend to have 

an ascending ordering of technological coefficients when objective 

coefficients are ordered in ascending order. These problems have been 

subjected to rigorous testing, and can be further subdivided into two 

classes. 

Class A. 
Table 9 

Results of Computational Testing for Randomly 
Generated Test Problems of Category 3, Class A 

# of CPU Time 
P# n m bi DET GAP Solns. 01 02- 03 

1 10 10 [75,500] 30 0 1 24(5)*** 

2 10 10 [75,100] 19 5 2 * 47(35) 

3 10 10 [400,500] 19 4 4 ** 87(75) 256(222) 

4 25 10 [75,100] 1 0 1 40(5)*** 

5 25 10 [400,500] 1 0 1 40(5)*** 

6 25 10 [75,100] 48 2 2 * * 71(48) 

2 * * 79(56) 

1 63(5)*** 

1 63(5)*** 

2 88(40) 86(38) 127(80) 

18 * * 484(430) 

For the problems above: 

1. The range of cj's is [0,30]. 

2. The range of aij's is [0,20]. 

7 

8 

9 

10 

11 

25 

50 

50 

50 

50 

10 

10 

10 

10 

10 

[400,500] 

[75,100] 

[400,500] 

[75,100] 

[400,500] 

48 

1 

1 

120 

120 

3 

0 

0 

0 

1 
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Table 9 (Continued) 

12 

13 

14 

100 

100 

100 

50 

50 

50 

[400,500] 484 0 2 * * 416(334) 

[400,500] 1472 0 3 * * 551(321) 

[400,500] 1040 0 1 * * 315(153) 

15 100 50 [400,500] 1281 3 4 * * 2123(1836) 

16 100 50 [400,500] 96 0 3 * * 643(335) 

For the problems above: 

1, The range of Cj's is [0,100], 

2. The range of a i j ' s is [0 ,100] . 

*** Natural integer solution. 

* Cuts produce a zero in the objective function row. 

** Too many solutions being generated in the hyperplane. 

Class B. 

The values of parameters m and n in class 'A' have been reversed 

for class 'B', e.g., for a problem with 25 variables and 10 

constraints, the corresponding problem in class 'B' would be one with 

10 variables and 25 constraints. Ranges for Cj's, aij's and 'rhs' values 

are same as in class ' A'. 



37 

Table 10 

Results of Computational Testing for Randomly 
Generated Test Problems of Category 3, Class B 

p# 

1 

2 

3 

4 

n 

10 

10 

10 

10 

m 

25 

25 

50 

50 

bi 

[75,100] 

[400,500] 

[75,500] 

[400,500] 

DET 

540 

540 

721 

721 

GAP 

4 

2 

2 

2 

# of 
Solns 

1 

2 

1 

2 

CPU time 
. 01 02 

94(70) * 

76(52 * 

148(108) * 

147(105) * 

03 

97(73) 

72(46) 

89(49) 

110(68) 

For the problems above: 

1. The range of Cj's is [0,30]. 

2. The range of aij's is [0,20] 

5 

6 

7 

8 

9 

50 

50 

50 

50 

50 

100 

100 

100 

100 

100 

[400,500] 2025 

[400,500] 4930 

[400,500] 196 

[400,500] 588 

[400,500] 824 

2 

1 

4 

4 

8 

2 

2 

4 

1 

2 

408(203) 

807(532) 

804(572) 

954(722) 

4686(4487) 

For the problems above: 

1. The range of cj's is [0,100]. 

2. The range of aij's is [0,100]. 

*Cut produced a zero in the objective function row. 
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Category 4 

Table 11 

Results of Computational Testing for 
Randomly Generated Test Problems of Category 4 

p# 

1 

2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
*natura 

bi 

150 
160 
170 
180 
190 
200 
210 
220 
230 
240 
250 
260 
270 
280 
290 
300 
310 
320 
330 
340 
450 
360 
370 
380 
390 
400 
410 
420 
430 
440 
450 
1 inteqer 

DET 

15 
15 
15 
10 
13 
13 
13 
12 
18 
18 
17 
17 
14 
11 
16 
16 
16 
16 
13 
13 
18 
18 
18 
17 
17 
12 
7 
19 
19 
19 
19 

GAP 

0 
0 
0 
1 
1 
0 
0 
1 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 
0 
0 

# of Solns, 

7 
1* 
2 
25 
38 
2 
2 
22 
12 
3 
28 
6 
37 
4 
19 
60 
2 
11 
27 
33 
46 
1* 
1 
22 
1 
4 
1 
1 
7 
6 
3 

CPU time for Option #3 

618(287) 
371(37) 
479(121) 
1351(988) 
1834(1455) 
527(123) 
519(113) 

1422(1007) 
989(550) 
616(175) 

1470(1044) 
767(253) 

1742(1329) 
610(192) 
1249(824) 
2745(2322) 
546(130) 
873(463) 
1399(985) 
1671(1263) 
2131(1687) 

479(40) 
551(95) 

1322(861) 
520(92) 
684(232) 
571(115) 
552(83) 
799(315) 
721(261) 
631(167) 

For the above problems: 

1. Number of decision variables is 50. 

2. Number of constraints is 51. 

3. The range of Cj's is [5,50]. 

4. The range of aij's is [1,20]. 
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Analysis of Computational Results 

Several important points emerged by the analysis of Austin's 

problem set. 

1. The algorithm performed rather poorly on fixed-charge models. 

It was necessary to substitute the fixed-charge variables at their 

upper bounds and solve the resulting allocation models. This substitu-

tion may or may not produce the optimum integer solution. Problem #16 

and #17 are fixed-charge problems. 

2. If any monotonic cuts are detected, they should be appended 

because of their ability to cut deep into the solution space. 

3. Austin's objective cut is a useful tool. If a "1" is detected 

in the numerator of the objective row, the objective cut should be 

appended. It can often significantly curtail the computational effort 

to arrive at the integer optimum. 

4. The Dynamic Enumeration Scheme is capable of working with an 

infeasible tableau (one or more 'rhs' values can be negative), as was 

demonstrated in problem #24. 

5. The Dynamic Enumeration Scheme guarantees locating aJJ^ the 

alternate optimum integer solutions. 

Analysis of Trauth and Woolsey's problem set revealed the 

fo1lowing: 
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1. It substantiated the conclusion that the BEA is not a good 

tool to solve the fixed-charge IP models. It may or may not produce 

the integer optimum solution by substituting the fixed charge variables 

at their upper bounds. As shown in Table 6, seven out of ten substi-

tutions did produce the optimum solution. However, this was more due 

to luck (the structure of the models) than by design. 

2. For zero-one allocation IP models, the tightest possible upper 

bounds are explicitly supplied (i.e., each decision variable has an 

upper bound of " 1 " ) . Therefore it makes sense to invoke the dynamic 

enumeration scheme directly, limiting both the basic and nonbasic 

variables to either a zero or one value. As mentioned earlier, these 

problems differ in the magnitude of the 'rhs' value of the single 

resource constraint. Attempts to find a pattern in CPU time required 

by the IP phase of the algorithm were unsuccessful. Note that CPU time 

required by the standard simplex algorithm to arrive at continuous 

optimum was almost constant for all the problems. This substantiates 

the erratic behavior of IP problems when tested on the same algorithm 

as reported by other researchers (e.g., [Taha; 1975]). The problems 

were no challenge to the BEA, since it was designed to solve the more 

general IP model in which the decision variables may take on any non-

negative integer value. 

3. The analysis again indicates that invoking the Dynamic 

Enumeration Scheme locates a_!J_ alternate optimum solutions, and that it 

can also work with an infeasible tableau. 
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The following observations can be made regarding the analysis of 

randomly generated test problems. 

1. For category 1 problems, the value of DET and GAP seem to 

increase with the number of variables involved, resuUing in increasing 

level of difficuUy in solving these problems. Since this type of 

problem is rarely encountered in practice, the analysis was not pursued 

in greater detail. 

2. Restricting aij's and Cj's to positive values in category 2 

problems reduces the level of difficulty of the generated problems, 

because the size of the determinant induced by the basis is smaller. 

This enables the algorithm to solve even a hundred-variable problem. 

3. Category 3 problems are similar to allocation problems fre-

quently encountered in practice. As mentioned earlier, these problems 

have been tested rigorously using a11 the three available options. 

These options are restated here for the readers" convenience. 

01 = option #1; includes application of the strongest Gomory cuts. 

02 = option #2; includes application of the Gomory cuts yielding 

the greatest reduction in DET. 

03 = option #3; involves invoking the Dynamic Enumeration Scheme 

directly. 

It should be pointed out here that al1 the three options wi11 fai1 

if the objective row of the current tableau contains one or more zeros. 

Tf alternate relaxed optimum solutions exist (indicated by the presence 

of one or more zeros in the objective row at the relaxed optimum), then 
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the Dynamic Enumeration Scheme cannot be invoked^directly. In this 

case, it is necessary to use either 01 or 02 to force an all-positive 

objective function row in the next tableau. In a few cases, even the 

subsequent application of either type of cuts cannot result in an all-

positive objective row. If more than two cuts are used to solve some 

larger size problems, round-off errors wi11 cause the Dynamic 

Enumeration Scheme to search for integer solutions in the wrong 

hyperplane, and the BEA fails to locate the IP optimum in these cases. 

However, this happens yery infrequently in practice. ^ery few larger 

size problems were found to have alternate relaxed optimum solutions. 

Those that do can usually be forced to have all-positive objective rows 

by the application of one or two cuts. 

4. Category 4 problems are specially designed "knapsack" problems 

These are quite similar to Trauth and Woolsey's allocation problems 

except that the problems are larger (n = 50 versus n = 10) and dif-

ferent ranges have been used for problem parameters. It should be 

emphasized that 03 can be successfully applied regardless of the pre-

sence of one or more zeros in the objective row at the relaxed optimum 

because only two levels (zero and one) are to be examined for any 

variable (basic or nonbasic). This was the option used for a11 31 

problems to make the analysis as consistent as possible. Again, these 

problems were no challenge for the BEA. However, the analysis high-

lighted one of the best features of the algorithm: invoking the Dynamic 

Enumeration Scheme guarantees locating al1 of the alternate integer 
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optimum solutions. This can be of great value to the decision maker 

who will have a11 the options presented. 

Based on the results of computational testing, it appears that the 

Bounded Enumeration Algorithm works quite well on allocation problems. 

It has the ability to cut deep into the solution space to arrive at the 

IP optimum when the GAP is relatively large. On the other hand, this 

algorithm, in its present form, does not perform well on fixed-charged 

problems. 



CHAPTER V 

CONTRIBUTIONS AND RECOMMENDATIONS 

This chapter briefly summarizes the research effort, discusses 

the advantages and disadvantages of the Bounded Enumeration Algorithm, 

and recommends areas for further investigation. 

Summary 

This dissertation presents a new hybrid algorithm for solving all-

integer (otherwise linear) programming models. The BEA is a synthesis 

of fractional cutting plane methods, group theoretic concepts and a 

dynamic enumeration procedure. 

The BEA uses the relaxed optimum solution as the starting point. 

At this point, Austin's objective cut, monotonic cuts or Gomory's 

fractional cuts may be incorporated. If the cuts yield the.integer 

optimum then the model is solved; otherwise the Dynamic Enumeration 

Scheme is invoked. Two types of Gomory cuts may be used -- the deepest 

cut, or the cut giving the greatest reduction in the order of the 

determinant induced by the current basis. ' Most often the former is 

preferred unless the order of the determinant is too large to permit 

integer arithmetic. Dynamic enumeration can also be invoked at the 

relaxed optimum directly. Most often a maximum of two cuts are used 

for models of practical sizes, since the problem of round-off involved 

increases in direct proportion to the number of cuts being used. 

44 
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Advantaqes and Disadvantaqes 

The BEA is appealing for several reasons. 

1. In primal algorithms, artificial variables must be used when 

the problem includes ">_" or "=" constraints, and the presence of such 

variables usually causes a significant increase in computational 

effort. The BEA is a dual-based algorithm and hence artificial 

variables are not needed. 

2. Existing primal all-integer cutting plane algorithms can 

encounter a large number of stationary cycles and hence sometimes tend 

to require a large amount of CPU time without improving the objective 

function value. Similarly, dual cutting plane algorithms face the 

possibility of dual-degenerate iterations. The BEA uses cuts for a 

completely different purpose. The primary idea is not to reduce the 

objective function as much as possible by application of these cuts, 

but to control the size of the determinant induced by the current 

basis and to seek the best point of entry for the objective function 

hyperplane into the solution space. This is achieved by the applica-

tion of a maximum of two cuts. 

3. Most primal-based a11-integer algorithms start at the origin, 

and their approach to the integer optimum can be excruciatingly slow. 

The BEA uses the relaxed optimum as an advanced start because: (a) the 

relaxed optimum solution to the original model provided by the standard 

simplex method has been found to be the quickest way to get to the 

vicinity of the IP optimum; and (b) the relaxed optimum is frequently 

the best advanced start possible. 
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4. In all current dual algorithms, the objective function must 

have all Cj >_ 0, or must be transformed into this form by finding upper 

bounds on the associated variables. The BEA is indifferent to the 

presence of positive or negative coefficients in the objective function 

and performs well without requiring such a transformation. 

5. Since existing group theoretic algorithms attempt to solve a 

relaxation of the original IP model, they often produce an optimum 

solution for the relaxed model that is infeasible for the original 

model. The BEA restricts the solution space by application of dual 

cuts, ensuring that the optimum integer solution is not eliminated in 

the process. 

6. The branch-and-bound method is a reliable technique for 

solving IP models, but requires extremely large computer memory 

resources as the model size increases. The BEA, in contrast, requires 

a significant1y lower amount of memory resources. 

7. The BEA is the only dual-based algorithm capable of inter-

nally generating upper bounds on basic variables and utilizing them 

efficient1y. 

8. Fractional cutting plane methods suffer from the problem of 

round-off errors as the problem size and/or the number of iterations 

to be performed increases. Since the BEA limits these cuts to as few 

as possible, it avoids this problem. 

9. The second phase of the BEA (known as the Dynamic Enumeration 

Scheme) ensures that a11 alternate optimum solutions are accounted for. 

This is an important feature in applications. 
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On the other hand, the BEA has several shortcomings. 

1. On the important but highly degenerate class of fixed-charge 

problems, the order of the associated Abelian group is often so large 

that the BEA encounters the problem of round-off errors. Such problems 

are best solved with an algorithm such as the Constructive Primal-Dual 

Algorithm of Ghandforoush [1980], or with an efficient brand-and-bound 

code. 

2. The Dynamic Enumeration Scheme cannot be invoked after an 

iteration that has resulted in one or more zeros in the objective row 

(except in zero-one problems). Options #1 and #2 attempt to alleviate 

this problem by incorporating cuts to produce an all-positive objective 

row. A situation can occur in which the relaxed optimum solution has 

one or more zeros in the objective row and subsequent cuts cannot pro-

duce an all-positive objective row. In this case the BEA wi 11 fail 

altogether. 

3. The Dynamic Enumeration Scheme of the BEA searches for 

integer solutions in the objective hyperplane that is stepped-down by 

one unit each time the generated solutions fail to render the basic 

variables non-negative integers. In problems that have a large GAP, 

considerable computational effort is expended to arrive at the integer 

optimum. The worst case is problems with no feasible integer solution 

and a large value of the relaxed optimum. 
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Recommendations for Further Research 

1. As mentioned above, the order of the determinant for the 

fixed-charge problems is often quite large. Option #2 is an attempt 

to address this issue, but it met with limited success. 

2. The presence of one or more zeros in the objective row during 

any iteration is a problem for the BEA and cuts are used in an attempt 

to alleviate this shortcoming. However, the number of cuts that can 

be incorporated is often limited due to round-off errors. Further 

research effort focusing on this particular shortcoming may be fruit-

ful. 

3. The nonbasic variables at the relaxed optimum can be 

discarded initially and the resulting reduced problem can be solved. 

This procedure can result in locating an integer optimum for the 

reduced problem which may be infeasible with respect to the original 

problem. Further research should be aimed in this direction. 

4. If the value of the integer optimum can be determined in one 

step (without stepping down by one unit each time as in the BEA), then 

the Dynamic Enumeration Scheme could be directly invoked to determine 

the optimum values of variables. This would imply that IP problems 

are of^class P instead of NP-complete as they are currently believed 

to be. 

These are potentially promising areas for further research in the 

field of integer programming. 
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APPENDIX A 

THE DYNAMIC ENUMERATION SCHEME 

The following equation is to be solved: 

cixl+C2X2+ +CrXy,+ +CnXn = rhs, 

where c^ > 0, x^ integer, and r=l,2, ,n. 

The minimum coefficient in the equation and its associated 

variable are located and are exchanged with the n̂ '̂  coefficient and 

its variable. The current c^ is labeled as c^]^. 

Each of the "c" coefficients is divided by Cmin "̂̂  ^^^ resulting 

fraction is expressed in the lowest common denominator form. The 

resulting reduced numerators and denominators are stored in separate 

arrays. 

For example, the proper fraction p/q is reduced to p'/q' using a 

technique developed by Kuzdrall [1983]. 

p/q=(np')/(nq')=p'/q' 

Similarly; 

ci/Crîiin=Cl'/Cmin' = c r ( l ) / c r n ( l ) 

C2/Cmin=C2'/Cmin' = c r (2) /c rn(2) 

Cr/Cmin=Cr'/Cniin' = c r ( r ) / c r n ( r ) 

Cn/Cmin=Cn'/Cmin' = c r (n) /c rn(n) = 1 
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It wiII be shown that only a subset of unique solutions needs to 

be found explicitly, and this subset can then be used to generate the 

remainder of the solutions for the given equation, This set can have 

one or more members. 

The denominators of the reduced fractions (i,e., crn's) determine 

the unique levels of corresponding variables to be explicitly 

generated, These levels are determined as follows: 

levels of XI = min [ubi,(crn(l) - 1)] = l^ 

levels of X2 = min [ub2,(crn(2) - 1)] = l^ 

levels of Xn_i = min [ubp.i,(crn(n-l) - 1)] = Ip.i, 

where ub,.. is upper bound on variable r, and is calculated as 

follows: 

ub^ = [rhs/Cp] 

Having found the basic solution set, the second phase of the 

dynamic enumeration is invoked. This phase is known as the "Step 

Section/' 

The Step Section 

The "stepping" process can be illustrated by the following 

example. In the equation: 

6x1 + 4x2 = 24, 

the ratio ci/c^ = cr(l)/crn(l) = 6/4 = 3/2. 
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The starting solution to this equation is obtained by evaluating 

the following equation: 

X2 =(24-6xi)/4, XI = 0,1,2, until x^ 

becomes negative. 

In this example, the starting solution is: 

XI 

0 

^2 

6 

The first positive integer solution is the starting solution. If 

there is no starting solution, then the given equation has no integer 

solution. 

If the current value of x^ is reduced by 3 units, a corresponding 

increase in x^ of 2 units wi11 again satisfy the equation. In other 

words, the next solution by application of step rule is: 

0+2 = 2 

2+2 = 4 

6-3 = 3 which in turn wi11 give 

3-3 = 0 

This example establishes the basic groundwork needed for a 

rigorous statement of the step rule. 

First, determine the minimum value of xi for the maximum possible 

value of X2. These are the starting values. The starting values of x^ 

and X2 will be used to generate the next successive values as follows: 
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tx imin+crnd) ] 

[ximir i+2-crn(l)] 

[x imin+^ 'c rnd) ] 

[X2max-cr(l)] 

[x2max.-2-cr(l)] 

[x^max-Tcrd)] 

Until this term reduces to zero or 
negative, 

The numbers cr(l) and crn(l) are the "step factors" for 

variable x^, 

As shown above: 

1, cr(l) is used to decrease the maximum value of x^ given by 

the initial solution through its successive levels until it reduces to 

either a zero or negative value; and simultaneously 

2, crn(l) is used to increase the minimum value of x^ given by 

the initial solution through its successive levels for each 

corresponding decrease in the level of x^. 

The algorithm can now be generalized for an n-variable case. 

The starting solutions are generated first. The number of starting 

solutions depends upon the levels of variables x^ through x^_i (i.e., I^ 

through Ip-l) defined earlier. These solutions should explicitly 

account for all the levels of variables x^ through Xp_i. It should be 

noted that c^ = c^in ̂ 1"̂ ^ this coefficient directly controls the 

resulting levels of the remaining variables. The starting solutions 

are generated by using the following algorithm. 
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Alqorithm to Generate Set of Unique Startinq Solutions 

.1. Initialize r=n-l, k=n-l, and x^, x^, , Xp = 0. 

2. If rhs/Cn i^ "̂ integer, then set Xp = rhs/Cp and record the 

solution with all the variables at their current levels 

(values). 

Otherwise go to Step 3. 

3. If Xk < Ik. then set X|̂  = X|̂  + 1, update rhs = rhs - c^-xk, 

and go to Step 2. 

Otherwise go to Step 4, 

4. If r = k, then set r = r - 1, and go to Step 6. 

Otherwise go to Step 5. 

5. Set k = k-l,.xk = x^ + 1, update rhs = rhs - Ck'Xk, and go to 

Step 2. 

6. If r = 0, then stop; the enumeration is complete. 

Otherwise go to Step 7. 

7. Set Xr+l,..., xp = 0, x^ = Xy, + 1, and update rhs = rhs-Cr-x^. 

Go to Step 2. 

The resulting list is the set of unique solutions explicitly 

generated. If this set is empty then ther^ are no integer solutions to 

this equation. If the solution set is not null, then the next phase of 

the Dynamic Enumeration Scheme, known as the "Stepping Rule," is 

invoked. 
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The first unique representative solution is selected and the Step 

Rule is applied as follows: 

n ^2 'n-2 Xn-1 'n 

1. Step between Xp_i & Xp as many times as possible. 

2. Return to the original solution and step once between Xp_2 & x^; 

step as many times between Xp_i & Xp as possible, 

3. Return to the original solution and step twice between Xn_2 ^ x^; 

step as many times between Xn_i & Xp possible. 

Continue to raise the level of Xn_2 by the step-factor until x^ is 

driven down to either zero or a negative value. 

The recursive process is repeated for Xn_3, Xp_4, e t c until x^ has 

been examined, This explains the triangular pattern in the picture. 

The next unique solution is then used and the same process is 

repeated. This procedure is continued until all the unique solutions 

have been considered. 

This can now be formalized in an algorithm. 
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Steppinq Alqorithm 

Let i represent the pointer indicating the position of solutions 

in the unique solution set, 

1, Initialize i = 1, 

2. If there is a solution for the current value of i, then select 

this solution and go to Step 3. 

Otherwise, terminate; the stepping process is complete. 

3, Initialize r = n-1 and k = n-1, Go to Step 4. 

4, If k = n-1, then step between x^ and Xp as follows: 

Xk = Xk + crn(k) 

Xp = Xp - cr(k) 

Continue stepping until Xp becomes negative, return to the 

original solution, set k = k - 1, and return to Step 4. 

Otherwise step once between x^ and Xp as follows: 

Xk = X|̂  + crn(k) 

Xp = Xp - cr(k) 

Go to Step 5. 

5. If Xp is negative, then return to the original solution, set 

r = r-1 and to to Step 6. 

Otherwise set k = k+1 and go to Step 2. 

6. If r = 0, then set i = i+i and go to Step 2. 

Otherwise set k = r and go to Step 4. 
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Note that e^ery stepping operation in the previous algorithm will 

produce a new solution. 

An Example 

The following example problem illustrates the procedure. The 

equation to be examined is: 

11x1+10x2+8x3+7x4+5x5+2x5 = 21 

The solutions to this equation, generated by exhaustive enumera-

tion, are listed below for the readers' convenience. 

Table 12 

List of Solutions Generated 
by Exhaustive Enumeration 

xl x2 x3 x4 x5 x6 

#1 
#2 
#3 
#4 
#5 
#6 
#7 
#8 
#9 

#10 
#11 
#12 
#13 
#14 
#15 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 
1 
1 
1 

0 
0 
0 
0 
0 
0 
0 
0 
0 
1 
1 
0 
0 
0 
1 

0 
0 
0 
0 
0 
0 
1 
1 
2 
0 
0 
0 
0 
1 
0 

0 
0 
1 
1 
2 
3 
0 
1 
0 
0 
1 
0 
0 
0 
0 

1 
3 
0 
2 
1 
0 
1 
0 
1 
1 
0 
0 
2 
0 
0 

8 
3 
7 
2 
1 
0 
4 
3 
0 
3 
2 
5 
0 
1 
0 

Since Cmin = 2, the only levels to be examined are zero and one 

for any variable whose coefficient cannot be divided evenly by 2. For 

the variables whose coefficients are divisible by 2, only the zero 

level needs t̂o be explicitly generated. 
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Hence for ci, 04 and 05 two levels ( 0 & 1 ) need to be explicitly 

generated, and for c^ and 03 only one level (0) needs to be explicitly 

generated. 

Of 15 possible solutions, only three solutions need to be expli-

citly generated in the table above. These are solutions #1, #3 and 

#12, accounting for the required levels of the variables. These 

solutions constitute a unique set, and can be used to generate the 

remaining solutions by the application of the "Stepping Algorithm" as 

follows: 

Table 13 

Generating Solutions Using Stepping Algorith m 

#1 

#2 

#1 

#5 

#1 

#7 
#9 

#1 

0 0 

#10 

#1 

0 0 8 

0 0 0 0 3 
no further stepping possible hence go back to #1. 
0 0 0 0 1 

gives 

0 0 0 2 1 
no further stepping possible hence go back to #1. 
0 0 0 0 1 

3 

8 

"1 

8 

gives 

0 0 1 0 1 4 
0 0 2 0 1 0 
no further stepping possible hence go back to # 1. 
0 0 0 0 1 8 

gives 

0 1 0 0 1 3 
no further stepping possible hence go back to #1. 
0 0 0 0 1 8 

does not yield a solution. 

gives 

Solution #1 thus has generated entries 2,5,7,9 and 10 in Table 13 
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Picking up the next solution, i.e,, #3 

Table 14 

Generating Solutions Using Stepping Algorithm 

#3 I 0 

#4 

#3 

#6 

#3 

#8 

#3 

#11 

#3 

0 0 0 

0 0 0 1 2 
no further stepping possible hence go back to #3, 
0 0 0 1 0 

0 0 0 3 0 
no further stepping possible hence go back to #3, 

• 1 0 

2 

7 

"C 

gives 

gives 

0 0 0 

0 0 1 1 0 
no further stepping possible hence go back go #3, 

1 0 0 0 0 

0 1 0 1 0 
no further stepping possible hence go back to #3. 
0 0 0 1 0 

does not yield a solution. 

3 

7 

"1 

7 

gives 

gives 

Solution #3 thus has generated entries 4,6,8,and 11 in Table 14, 



Picking up the next solution, i,e,, #12 

Table 15 

Generating Solutions Using Stepping Algorithm 
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#12 

#13 

#i2 

#12 

#14 

#12 

#15 

#12 

0 0 0 0 

0 0 0 2 0 
0 further stepping possible hence go back to #12. 

0 0 0 0 5 

gives 

oes not yield a solution, 
0 0 0 0 

0 1 0 0 1 
0 further stepping possible hence go back go #12, 

0 0 0 0 5 

1 0 0 0 
0 further stepping possible hence go back to #12. 

0 0 0 0 5 

gives 

gives 

does not produce a solution, 

Solution #12 thus has generated entries 13, 14 and 15 in Table 15 

All the three solutions of the unique solution set have been 

considered. 



APPENDIX B 

DEVELOPMENT OF THE COMPUTER PROGRAM 

The BEA uses the relaxed continuous optimum as a starting point 

(an advanced start), The program given in Kwak and Delurgio [1980], 

written by Kuzdrall, has been used to compute the relaxed optimum solu-

tion. This algorithm was chosen for the following reasons: 

a. It uses the short-tableau approach, thus minimizing computer 

memory space requirements; 

b. It is capable of working with a constraint with a negative 

right-hand-side value. This occurs when a "V' constraint is 

multiplied by a "-1" to convert it into "_<" form, or when an equality 

constraint is expressed as two equivalent constraints with "O' and 

"V' forms respectively; and 

c It is quite efficient. 

The rest of the code was written by this author. A flow-chart of 

the BEA is given in Appendix C. 

Three options are provided in the program to enable interactive 

experimentation. These options include: 

a. Application of Gomory or monotonic cuts that yield the 

greatest possible reduction in the relaxed objective function value; or 

64 
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b, Application of Gomory or monotonic cuts that yield the 

greatest possible reduction in the order of the determinant induced by 

the current basis; or 

c The Dynamic Enumeration Scheme can be invoked directly, 

The program is interactive, prompting the user for appropriate 

input. The output is generated in the form of a tableau, which is 

simple to read, interpret, and understand. 

Source code was generated using DEC FORTRAN (no F-77 option on 

compile) and all programs were run on Texas Tech's VAX 11/780 mini-

computer system, 

The CPU time was measured by calling the system library subroutine 

nown as "$GETJPI," 

A complete FORTRAN listing of the BEA is given in Appendix D. 



APPENDIX C 

FLOW-CHART OF THE BEA 

SOLVE THE 
RELAXED 

LP 

RETRIE\^E THE 
STORED TABLEAIJ 
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NO 

Y, 

\ / 
# 1 

INCORPORATE THE 
STRONGEST 

GOMORY CUT 

\ / 

APPEND THE 
MONOTONIC ROW 
AND PERFORM 

THE 
NEXT ITERATION 

THREE AVAILABLE OPTIONS 

\ / 

v/ // 2 

INCORPORATE THE 
GOMORY CUT 

GIVING THE LAR-
GEST REDUCTION 

IN "D" 

\ / 

\ / 

4 

\/ ^̂  3 

INVOKE THE 
DYNAMIC 

ENUMERATION 
DIRECTLY 

\ / 
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A 
YES 

> 

\ / 

NO 

INVOKE THE 
DYNAMIC 

ENUMERATION 
TO LOCATE 

THE INTEGER 
OPTIMUM 

YES 

\ / 

TERMINATE « 



APPENDIX D 
FORTRAN CODE FOR THE BEA 

DIMENSION T(20,20) ,TEST(20) ,n(20,20) ,S0LN(100,20) 
DIMENSION DUMMY(20),ACC(20),TEMP0(20),NN2C0L(20) 
INTE6ER*4 SENSE,TEMP1,TEMP2,TEMP3,TEMP4,PN,PM,IW(100) 
INTEGER*4 AU(7) ,IF1(6) ,IF2{6),IF3(6),IF4(11),IF5(10),IF6(8), 

1IF7(7),IF8(10),IDR0W(20,2),IDC0L(20,2),ALT(20),IU(2), 
10CUT(20,2),GCUT(20,2) ^ » ̂ * i ;, v y, 
INTEGER BVBND(20),P0INTR 
INTEGER*4 ABS VALUES(4), INCR VALUES(4) 
CHARACTER*20 FlLEIN^FILEOU ~ 
REAL OLDPVT,MAX 
DATA S0LN/2000*0./,DUMMY/20*0./,LL/0/,NN2C0L/20*0/ 

' , ' ( 1 H = ' , ' ) ) ' / 
( 9 X , ' , ' 1 H | ) ' , ' ) ' / 
( A 4 , ' , ' 5 X , 1 ' , ' H | ) ) ' / 
4 ,3X' ,' ,1H 

( 

(9X, ' , ' 1 H | ) ' , 
( I H X ' , ' ) ) ' / 
( ' , ' F 9 . 2 ' , 

' , ' 1 2 ' / 

TABLEAU 

TABLEAU 
TABLEAU 

DATA IFl/' (lOC ,'IH )' ,' , 
DATA IF2/' (9X,' ,'IH ,' ,' 
DATA IF3/' (9X,' ,'IH ,' ,' 
DATA IF4/' (9X,' ,'IH ,' ,'2X,A' 
1I4,3','X,1H','|)) '/ 
DATA IF5/'(3X,' ,'I4,2','X,1H' 
UHI)',') '/ 
DATA IF6/'(IX,' ,'A4,4','X,1H' 
DATA IF7/'(IH+',', 9(','IH )' 
DATA IF8/'(7X,' ,' 2' ,'X,1H' 
11H|)',') '/ 
DATA AU/' S',' X','SOLU','TION',' XO' 
DATA lU/' 0' ,' G'/ 

300 F0RMAT(30X,44H MAXIMIZATION MODEL 
301 F0RMAT(30X,44HINITIAL 
302 F0RMAT(1H+,18X,1HX) 
373 FORMAT(IHO) 
374 F0RMAT(30X,44HRELAXED OPTIMAL 
377 F0RMAT(30X,44HINTEGER 
477 FORMAT (1H+,18X,IHO) 
804 FORMAT(lHl) 
904 F0RMAT{I2,I2) 
905 F0RMAT{10F8.3) 
906 F0RMAT{3A4) 

CALL MAXIN{FILEIN,FILEOU) 
0PEN{UNIT=5,FILE=FILEIN,F0RM='F0RMATTED',TYPE='OLD') 
0PEN{UNIT=6,FILE=FILE0U,F0RM='F0RMATTED',TYPE='NEW') 

91 CONTINUE 
DO 92 J=l,20 
DO 92 1=1,20 
T{I,J)=0.0 

92 TT{I,J)=0.0 
DO 93 J=l,20 

93 TEST{J)=0.0 
DO 94 1=1,20 

94 BVBND(20)=0. 
JJJJ=0 
DO 8073 11=1,4 

ABS_VALUES(I1)=0 
69 

(2X,' 

F9.2' 

) • / 
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INCR VALUES{I1)=0 
8073 CONTINIJE 

ICTR=0 
DETMNT=1. 
SWITCH=1. 
PM=0 
SENSE =0 
DO 2 1 = 1 , 2 0 

2 A L T { I ) = 0 
W R I T E { 6 , 8 0 4 ) 
READ(5,904,END=447)M,N 
IF{M)447,447,446 

446 CONTINUE 
READ(5,906)IF1{4),IF2(3),IF4{7) 
N=N+1 
M=M+1 
NNNN=N 
READ(5,905)(T{1,J),J=2,N) 
READ{5,905){T{I,1),I=2,M) 
DO 20 I=2,M 

20 READ(5,905){T{I,J),J=2,N) 
WRITE{*,*)' INPUT THE # OF DESIRED OPTION 1 OR 2 OR 3 
READ {*,*) OPTION 
WRITE{*,*)' INPUT THE # OF CUTS DESIRED ' 
READ {*,*) ICUT 

CALL PROCESS INFO{ABS VALUES, 
WRITE ( 6 , * ) "^ABS_VALUFS 
00 8074 12=1,4 

WRITE {6,*)ABS_VALUES{I2),INCR_VALUES(I2) 
8 0 7 4 CONTINUE 

W R I T E ( 6 , 3 0 0 ) 
W R I T E ( 6 , 3 7 3 ) 
W R I T E ( 6 , 3 0 1 ) 
W R I T E { 6 , 3 7 3 ) 
W R I T E { 6 , 3 7 3 ) 
I D R 0 W ( 1 , 1 ) = A U { 5 ) 
DO 1 1 = 2 , 1 1 

INCR VALUES) 
INITR VALUES' 

IDR0W{I ,1 
I D R 0 W { I , 2 
I D C 0 L ( I , 2 
I D C 0 L ( I , 1 
0 C U T { { I - 1 
0 C U T { { I - 1 
GCUT{{I -1 
G C U T { { I - 1 

1 CONTINUE 
IDC0L{1,1)=AU(3) 
IDC0L{1,2)=AU{4) 

C BLOCK 1 TABLEAU SET 
I F 3 { 3 ) = I F 2 ( 3 ) 

=AU(1) 
= 1 -1 
= 1 -1 
=AU(2) 
, 1 ) = I U { 1 ) 
, 2 ) = I - 1 
, 2 ) = I - 1 
, 1 ) = I U { 2 ) 

UP 
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IF5(5)=IF2(3) 
IF6{5)=IF2(3) 
IF7(5)=IF1{4) 
IFB{5)=IF1{4) 
T(1,1)=0.0 
00 60 1=2,M 
DO 60 J=2,N 

60 T{I,J) = T{I,J) *{-1.0) 
GO TO 200 > ^ I 

21 CONTINUE 
JJJJ=JJJJ+1 

59 J=l 
MAX=0.0 
JJJ=0 

C + ELEMENT IN FIRST ROW 
DO 70 1=2,N 
I F ( T { J , I ) - 0 . 0 ) 7 0 , 7 0 , 6 3 

63 ALT{ I )=T (J , I ) 
C PICK LARGEST— THIS IS PIVOT COL 

IF{MAX-T{J, I ) )69,69,70 
69 MAX = T { J , I ) 

PN=I 
NCOL = I 

70 CONTINUE 
TTT=999999. 
IF(MAX-0.0)200,200,71 

71 DO 80 J=2,M 
C NEG ELEMENTS IN COL TEST 

IF{T{J,PN) )72,80,80 
72 JJJ=JJJ+1 

C DIVIDE NEG ELEMENTS BY IST COL ELEMENTS WITH SIGNS CHANGED 
IF{T(J,PN).NE.O.O) GO TO 79 
TEST(J)={-1.0)*TEST{J)*999999./ABS(TEST(J) ) 
GO TO 78 

79 CONTINUE 
TEST(J)=({-1.0)*(T(J,1)))/{T{J,PN)) 

78 CONTINUE 
C PICK SMALLEST RATIO 

IF{TEST{J)-TTT)73,73,80 
73 TTT=TEST{J) 

NROW=J 
80 CONTINUE 

I=PM 
IF{JJJ-0)81,81,82 

81 1=1+1 
IF{I.GT.N) 60 TO 200 
IF{I.E0.NCOL) 60 TO 81 
IF{ALT(I)-0) 84,84,85 

84 60 TO 81 
85 PN=I 
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NCOL = I 
PM=I 
60 TO 71 

C CHAN6E COL AND ROW LABELS 
82 CONTINUE 

C INTERCHAN6E SECTION FOR LABLE IDS 
TEMP1=IDC0L{NC0L,1) 
TEMP2=IDC0L{NC0L,2) 
TEMP3=IDR0W{NR0W,1) 
TEMP4=IDR0W(NR0W,2) 
IDR0W{NR0W,1)=TEMP1 
IDR0W(NR0W,2)=TEMP2 
IDC0L{NC0L,1)=TEMP3 
IDC0L{NC0L,2)=TEMP4 
OLDPVT=T{NROW,NCOL) 
00 75 1=1,N 

C NEW ROW ELEMENT IS OLD DIVIDED BY NE6 PIVOT 
75 TT{NR0W,I )=(T{NR0W,I )* ( -1 .0) ) /0LDPVT 

DO 76 J=1,M 
C NEW COL IS OLD DIVED BY PIVOT 

76 TT{J,NCOL)=T{J,NCOL)/OLDPVT 
C RECIPROCAL PIVOT IS NEW ELEMENT 

TT{NR0W,NC0L)=1.0/0LDPVT 
J=NCOL 
00 110 1=1 ,N 
I F { I - J ) 1 0 1 , 1 1 0 , 1 0 1 

101 00 110 K=1,M 
I F { K - N R 0 W ) 1 0 2 , 1 1 0 , 1 0 2 

C REST ELEMENTS = OLD - PROD OF CORNERS/PIVOT 
102 TT{K,I)=T{K,I)-({T{NROW,I)*T{K,NCOL)))/OLDPVT 
110 CONTINUE 

00 95 J=1,N 
00 95 1=1,M 

T{I,J)=TT{I,J) 
95 CONTINUE 

ICTR=ICTR+1 
DETMNT=IFIX{ABS(DETMNT*0LDPVT)+.01) 
WRITE (6,1110) ICTR,DETMNT 

1110 FORMAT (2X,30HDETERMINANT AFTER ITERATION ^ ,12,1H=,F15.2) 
60 TO 59 

200 CONTINUE 
IDR0W{1,1)=AU{5) 
IDR0W{1,2)=AU{6) 
MMMM=1 
SENSE=1 

26 CONTINUE 
IF{JJJJ.EQ.O) 60 TO 375 

350 WRITE(6,300) 
IF (SWITCH.EQ.l.) WRITE{6,374) 
IF (SWITCH.NE.l.) WRITE{6,377) 



73 

WRITE{6,373) 
WRITE(6,373) 
WRITE(6,373) 

375 CONTINUE 
DO 25 IM=1,MMMM 
WRITE(6,IF2) 
WRITE(6,IF3)(IDC0L{I,1),I=1,N ) 
WRITE,6.IF4,,IDC0L,I.2,.M.N, 

DO 703 1=1,M 
WRITE(6,IF1) 
WRITE(6,IF2) 
IF(I.EQ.l) 60 TO 478 
WRITE{6,IF6)IDR0W(I,1) 
WRITE(6,IF5) IDR0W(I,2),{T{I,J),J=1,N ) 
WRITE(6,IF2) 
60 TO 479 

478 CONTINUE 
WRITE(6,IF6)IDR0W(1,1) 
WRITE{6,IF8){T(I,J),J=1,N) 
WRITE{6,IF2) 

479 CONTINUE 
703 CONTINUE 

WRITE{6,IF1) 
25 CONTINUE 

IF(SWITCH.EQ.O.) 60 TO 99 
IF{SWITCH.EQ.2. ) 60 TO 292 
I F { S E N S E . E Q . l ) 60 TO 29 
I F 1 { 4 ) = I T 1 
I F 2 { 3 ) = I T 2 
I F 3 ( 3 ) = I T 3 
I F 4 ( 7 ) = I T 4 
I F 5 ( 5 ) = I T 5 
I F 6 { 5 ) = I T 6 
I F 7 { 5 ) = I T 7 
I F 8 { 5 ) = I T 8 
N=NNNN-MMMM*12 
SENSE=1 
MMMM=1 
60 TO 26 

29 CONTINUE 
SENSE=0 
I F { J J J J . E Q . O ) 60 TO 21 

CALL PROCESS INFO(ABS VALUES, INCR VALUES) 
WRITE ( 6 , * ) "^ABS^VALUFS INlTR^VALUES' 
00 8075 1 2 = 1 , 4 

WRITE ( 6 , * ) A B S VALUES{I2) , INCR_VALUES{I2) 
8 0 7 5 CONTINUE 

DO 490 1=1,M 
00 500 J = 2 , N 
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500 
490 

r 
c 
C 
c 
c 

999 

8001 

501 

502 

8002 

T(I,J)=-T{I,J) 
CONTINUE 

CONTINUE 

DETERMINANT VALUE AND BASIC VARIABLE VALUES 
ARE EXAMINED TO SEE IF THEY INDICATE INTE6ER 
SOLUTION? 

19=0 
110=0 
DIFF=0.0 
IF{(DETMNT.LT..999).AND.{DETMNT.6T.1.001))60 TO 8001 

SWITCH=0. 
60 TO 350 

CONTINUE 
DO 501 1=1,M 
TE0=IFIX{T{I,1)+.001) 
SVLU0=TE0-.001 
BVLU0=TE0+.001 
IF({T{I,l).LT.SVLU0).0R.(T{I,l).6T.BVLU0))60 TO 502 
CONTINUE 
SWITCH=0. 
60 TO 350 
CONTINUE 
IF {0PTI0N.NE.3.)60 TO 8002 
SWITCH=2. 
60 TO 350 

CONTINUE 

C THIS IS WHERE THE OBJECTIVE CUT PORTION BE6INS 
C THE PR06RAM KEEPS C0MIN6 BACK UP HERE TO CHECK IF 
C AN OBJECTIVE CUT IS FEASIBLE ? IF IT IS THEN WOULD 
C IT PRODUCE THE IP OPTIMUM ? IF NOT THEN IT 
C 60ES TO DYNAMIC ENUMERATION SCHEME 
C 

00 505 J=2,N 
K1=IFIX{T(1,J)*DETMNT+.001) 
IF {K1.NE.1)60 TO 8005 
00 8003 120=1,M 

00 8004 J20=1,N 
TT{I20,J20)=T(I20,J20) 

8004 CONTINUE 
8003 CONTINUE 

19=19+1 
N1C0L=J 
M=M+1 
N1R0W=M 
00 507 J1=1,N 

T(M,J1)=IFIX{T{1,J1)+.001)-T(1,J1) 
507 CONTINUE 
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CALL PIVC0(T,M,N,N1R0W,N1C0L) 
WRITE (6 ,1120) I9,DETMNT 

1120 F0RMAT{2X,26HDETERMINANT BEFORE OCUT # , I 2 , 1 H = , F 1 5 . 2 ) 
DO 508 1=1,M 

IF{T{I,1).6T.-0.001) 60 TO 8006 
WRITE(6,*)' OBJ CUT PRODUCED INFEASIBLE SOLUTION' 
M=M-1 
00 8007 130=1,M 

00 8008 J30=1,N 
T(I30,J30)=TT(I30,J30) 

8008 CONTINUE 
8007 CONTINUE 

SWITCH=2. 
60 TO 350 

8006 CONTINUE 
508 CONTINUE 

I D R 0 W ( M , 1 ) = 0 C U T { I 9 , 1 ) 
I D R 0 W { M , 2 ) = 0 C U T { I 9 , 2 ) 
TEMP1=IDC0L(N1C0L,1) 
TEMP2=IDC0L{N1C0L,2) 
TEMP3=IDR0W{N1R0W,1) 
TEMP4=IDR0W{N1R0W,2) 
IDR0W{N1R0W,1)=TEMP1 
IDR0W{N1R0W,2)=TEMP2 
IDC0L{N1C0L,1)=TEMP3 
IDC0L(N1C0L,2)=TEMP4 
SWITCH=0. 
60 TO 350 

8005 CONTINUE 
505 CONTINUE 

IF (SWITCH.EQ.2.) 60 TO 350 
C 
C STORE THE UPPER BOUND ON MONOTONIC VARIABLE IF FOUND 
C 

00 515 1=2,M 
00 516 J=2,N 

IF { T { I , J ) . L T . O . ) 60 TO 515 
516 CONTINUE 

BVBND( I )= IF IX{T{ I , 1 ) ) 
WRITE (6 ,2000) 

2000 FORMAT {' UPPER BOUND ON THE BASIC VARIABLES ' ) 
WRITE (6,2010) IDR0W(I ,1) ,BVBND{I) 
WRITE {6 ,2020) IDR0W{I ,2 ) 

2010 FORMAT {20X,A4,6X,7HIS = T 0 , I 5 ) 
2020 FORMAT {22X , I4 ) 
515 CONTINUE 

C 
C THIS IS THE BE6INNIN6 OF 60M0RY CUTS. THESE ARE 
C INCORPORATED TILL THE REDUCTION IN OBJECTIVE FUNCTION 
C VALUE BECOMES MAR6INAL. AT THE END OF EACH CUT THE 
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r ?c°M,^no^n^x/° OBJECTIVE CUT SECTION TO CHECK AND SEE 
C IF AN OBJECTIVE CUT IS POSSIBLE ? 

IF (OPTION.EQ.l.) XPRDCT=0. 
IF (0PTI0N.EQ.2.) DIFFR=99999. 
IF{(0PTI0N.6T.3.).0R.{0PTI0N.LT.l.)) 

IWRITE{*,*)' WR0N6 # BEIN6 USED FOR OPTION ' 
IF (0PTI0N.NE.3.) 60 TO 8009 

SWITCH=2. 
60 TO 350 

8009 CONTINUE 
00 270 1=2,M 

XRATI0=99999. 
00 250 J=1,N 

IF(T{I,J)) 230,210,210 
210 T({M+1),J)=IFIX{T(I,J)+.001)-T{I,J) 

60 TO 235 
230 T({M+1),J)=IFIX{T(I,J)+.001)- .-T{I,J) 
235 CONTINUE 

IF((J.EQ.1).0R.{T{{M+1),J).EQ.0.0)) 60 TO 250 
RATI0=T{1,J)/-T{{M+1),J) 
IF (XRATIO-RATIO) 250,240,240 

240 XRATIO=RATIO 
NN2C0L(I)=J 

250 CONTINUE 
IF {0PTI0N.EQ.2.)60 TO 8010 
PRDCT={-T({M+1),1))*XRATI0 
IF{XPRDCT-PRDCT) 260,260,270 

260 XPRDCT=PRDCT 
N2R0W=I 
60 TO 8011 

8010 CONTINUE 
FFR=-1.*{T{{M+1),NN2C0L{I))) 
IF{{DIFFR.LT.FFR).AND.{FFR.LT..0001))60 TO 8012 
DIFFR=FFR 
N2R0W=I 

8012 CONTINUE 
8011 CONTINUE 
270 CONTINUE 

N2C0L=NN2C0L{N2R0W) 
C 
C APPEND THE 60M0RY CUT NOW 
C 

DO 290 J=1,N 
IF{T{N2R0W,J)) 285,280,280 

280 T{ {M+1) ,J )= IF IX{T{N2R0W,J)+.001) -T{N2R0W,J) 
60 TO 290 

285 T{ {M+1) ,J )= IF IX(T{N2R0W,J)+ .001) -1 . -T {N2R0W,J) 
290 CONTINUE 

M=M+1 
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N2R0W=M 
N2R0W=M 

00 8014 J20 =1,N 
TT(I20,J20)=T(I20,J20) 

8014 CONTINUE 
8013 CONTINUE 

DET=DETMNT 
DETMNT=IFIX(ABS{DETMNT*T{N2R0W,N2C0L))+.01) 
0BFNVU=T{1,1) 
CALL PIVC0{T,M,N,N2R0W,N2C0L) 

C 
C IF THE 60M0RY CUT PRODUCES A ZERO IN THE 
C OBJECTIVE ROW, THE PR06RAM RETRIEVES THE 
C PREVIOUS TABLEAU AND 60ES TO DY. ENUM. SCH. 
C 

00 8015 J40 =2,N 
IF (T{1,J40).6T. .0005)60 TO 8016 

WRITE(6,*)' 6CUT WILL PRODUCE A ZERO 
I IN THE OBJECTIVE ROW' 

M=M-1 
00 8017 130 =1,M 

DO 8018 J30 =1,N 
T{I30,J30)=TT{I30,J30) 

8018 CONTINUE 
8017 CONTINUE 

DETMNT=DET 
SWITCH=2. 
60 TO 350 

8016 CONTINUE 
8015 CONTINUE 

C 
C UPDATE THE DETERMINANT VALUE & LABELS 
C 

110=110+1 
IDR0W(M,1)=6CUT{I10,1) 
IDR0W{M,2)=6CUT{I10,2) 
WRITE (6,1130) I10,DETMNT 

1130 FORMAT {2X,25HDETERMINANT AFTER 6CUT # , I2,1H=,F15.2) 
TEMP1=IDC0L{N2C0L,1) 
TEMP2=IDC0L(N2C0L,2) 
TEMP3=IDR0W{N2R0W,1) 
TEMP4=IDR0W(N2R0W,2) 
IDR0W(N2R0W,1)=TEMP1 
IDR0W(N2R0W,2)=TEMP2 
IDC0L(N2C0L,1)=TEMP3 
IDC0L{N2C0L,2)=TEMP4 
DIFF=0BFNVU-T(1,1) 
WRITE (6,1140) I10,DIFF 

1140 F0RMAT{5X,31HREDUCTI0N IN OBJ FUN BY 6CUT # , I2 ,1H=, 
1F5.2) 
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WRITE (6,*)'N2R0W& N2C0L',N2R0W,N2C0L 
WRITE (6,*)'T(N2R0W,N2C0L)',T{N2R0W,N2C0L) 
IF {(DETMNT.LT..999).AND.{DETMNT.6T.1.001))60 TO 801P 

SWITCH=0. 
60 TO 350 

8019 CONTINUE 
IF (IIO.LT.ICUT) 60 TO 999 
SWITCH=2. 

C 
C START DYNAMIC ENUMERATION HERE 
C 
292 WRITE (6,*) ' PR06RAM REACHED DY. ENUM. PART' 

WRITE (6,*)' THIS IS INPUT TO DYNAMIC ENUMERATION' 
XRHS= IFIX({(T(1,1)-IFIX(T{1,1)))*DETMNT)+.01) 
N1=N-1 ' 
DO 8020 J=2,N 

DUMMY(J-1)=IFIX{T{1,J)*DETMNT+.01) 
WRITE{6,*)'DUMMY#',{J-1),DUMMY(J-1) 

8020 CONTINUE 
POINTR=0 
MINVLU=999999 

00 111 1=1,Nl 
IF {DUMMY{I).6T.MINVLU) 60 TO 111 
POINTR=I 
MINVLU=DUMMY{I) 

111 CONTINUE 
TEMP=DUMMY(POINTR) 
DUMMY(P0INTR)=DUMMY{N1) 
DUMMY(N1)=TEMP 

WRITE ( 6 , * ) ' N 1 = ' ,^1 
WRITE (6,*)'XRHS = ' ,XRHS 

C 
IFLA6=0 

293 IFLA6=IFLA6+1 
C 
C DY. ENUMERATION ROUTINE IS CALLED NOW 

CALL DYEN(N1,XRHS,DUMMY,S0LN,LL) 
C 

DO 8021 1=1,LL 
TEMP=SOLN{I,POINTR) 
S0LN{I,P0INTR)=S0LN(I,N1) 
S0LN(I,N1)=TEMP 
WRITE(*,3033) (SOLN{I,J),J=1,{N-1)) 

3033 FORMAT {/1X,20{F5.2,1X)) 
8021 CONTINUE 

C 
C TEST TO SEE IF DYEN PRODUCES INTE6ER OPTIMUM? 
C 

00 1210 K =1,LL 
00 1220 I =2,M 
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ACC(I )=0. 
TEMPO(I)=0. 
DO 1230 J=2,N 

1230 c o æ = ' ' ' ^ ^ ^ ^ ' ^ ^ ' ^ ^ * ^ ° ^ ^ ( ^ ' ( ^ - ^ ) ^ 
TEMPO(I) = T ( I , 1 ) - A C C { I ) 
IF (TEMPO{ I ) .LT . -0 .001) 60 TO 1210 

i r n , î^( (^^^PO(I ) -GT.BVBND{I) ) .AND.(BVBND{I) .NE.O)) 
160 T01210 

1231 TE=IFIX{TEMP0(I )+.001) 
SVLU=TE-.001 
BVLU=TE+.001 

IF( (TEMP0(I ) .LT.SVLU).0R.(TEMP0(I ) .6T.BVLU)) 
160 TO 1210 

1220 CONTINUE 
WRITE{6, * ) ' DY. ENUM. LOCATED SOLUTION # ' ,K 
IFLA6=0 
IS0LN=IFIX{T{1,1)) 
WRITE(6 , * ) ' VALUE OF INT. OPTIMUM IS = ',ISOLN 
WRITE{6 , * ) ' VALUES OF BASIC VARIABLES ARE AS FOLLOWS 
00 8022 I I = 2,M 

WRITE{6,1121) IDR0W{I1,1),TEMP0{I1) 
WRITE{6,1122) IDR0W{I1,2) 

1121 F0RMAT(20X,A4,6X,7HIS = T0,F7.2) 
1122 F0RMAT{22X,I4) 
8022 CONTINUE 

WRITE{6,*)'VALUES OF NON BASIC VARIABLES ARE AS BELOW 
DO 8023 J l = 2,N 

WRITE{6,1125) IDC0L{J1,1) ,S0LN{K,{J1-1) ) 
WRITE{6,1126) IDC0L{J1,2) 

1125 F0RMAT{20X,A4,6X,7HIS = T0 ,F7 .2 ) 
1126 F0RMAT(22X,I4) 
8023 CONTINUE 
1210 CONTINUE 

C 
C IF ENUMERATION DOES NOT PRODUCE SOLUTION THE 
C REDUCE THE OBJECTIVE FUNCTION VALUE BY ONE 
C AND ENUMERATE A6AIN 
C 

IF (IFLA6.EQ.0)60 TO 8024 
XRHS=IFIX{{XRHS+DETMNT)+.01) 
T{1,1)=T{1,1)-1 
00 8025 140 = 1,LL 

DO 8026 J40 = 1,N 
S0LN{I40,J40)=0.0 

8026 CONTINUE 
8025 CONTINUE 

LL=0 
60 TO 293 

8024 CONTINUE 
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99 60 TO 91 
447 CONTINUE 

CALL PROCESS_INFO{ABS_VALUES, INCR VALUES) 
WRITE ( 6 , * ) 'ABS VALUES INC"R VALUES' 
00 8076 12=1,4 ~ 

WRITE (6,*)ABS VALUES{I2),INCR VALUES{I2) 
8076 CONTINUE ~ -

CL0SE{UNIT=5) 
CL0SE{UNIT=6) 
WRITE(*,7777)FILEIN,FILE0U 

7777 FORMATC PR06RAM DONE ' , / ' $ ' , ' YOUR DATA IS IN FILE: ' ,A , / 
l ' $ ' , 'YOUR OUTPUT IS FORTRAN FORMATTED AND IN: ' , A / / ) 
CALL EXIT 
END 
SUBROUTINE MAXIN{FILEIN,FILEOU) 
DIMENSION A{11 ,11 ) ,B(11 ) ,C(11 ) 
CHARACTER*20 FILEIN,FILEOU 
DATA ANS/ 'Y ' / 
WRITE{*,7447) 

7447 FORMAT{'$', ' ENTER THE NAME OF FILE FOR OUTPUT ' ) 
READ{*,7772)FILE0U 
WRITE(*,7777) 

7777 FORMAT('$', ' IS YOUR DATA ALREADY IN AN INPUT FILE ? ' ) 
READ{*,110)XANS 
IF(XANS.EO.ANS) 60 TO 777 
WRITE{*,7771) 

7771 FORMAT{'$', ' ENTER FILE NAME FOR INPUT DATA:') 
READ{*,7772)FILEIN 7772 FORMAT{A) 
0PEN{UNIT=5,FILE=FILEIN,DISP='DELETE',STATUS='UNKNOWN' ) 
CL0SE(UNIT=5) 
0PEN(UNIT=5,FILE=FILE0U,DISP='DELETE',STATUS='UNKNOWN') 
CL0SE{UNIT=5) 
60 TO 444 

777 CONTINUE 
WRITE{*,7771) 
READ(*,7772)FILEIN 
0PEN{UNIT=6,FILE=FILE0U,DISP='DELETE',STATUS='UNKNOWN') 
CL0SE{UNIT=6) 
RETURN 

444 0PEN{UNIT=5,FILE=FILEIN,TYPE='NEW',FORM='FORMATTED' ) 
100 FORMATC THIS IS THE LP MIN PR06RAM') 
101 FORMATC THE COMPUTER WILL ASK YOU FOR YOUR INPUT DATA') 
102 FORMATC HOW MANY DECISION VARIABLES ARE THERE FOR THIS PROBLEM?') 
103 FORMATC HOW MANY SIDE CONSTRAINTS ARE THERE?') 
104 FORMATC INPUT THE COEFICIENTS OF THE OBJECTIVE FUNCTION') 
105 FORMATC INPUT THE CONSTANTS ASSOCIATED WITH THE SIDE CONSTRAINT', 

rs') 
106 FORMATC INPUT THE COEFFICIENTS OF THE SIDE CONTRAINT EOUATION', 

l' ^ ' ,12) 
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107 FORMATC 00 YOU HAVE ANOTHER PROBLEM TO 00?') 
110 FORMAT(lAl) 
108 FORMAT(////) 

WRITE(*,100) 
WRITE(*,101) 
WRITE(*,108) 

1 WRITE{*,102) 
READ{*,*)N 
WRITE(*,103) 
READ(*,*)M 
WRITE(*,104) 
READ(*,*)(C(K),K=1,N) 
WRITE(*,105) 
READ(*,*)(B{K),K=1,M) 
1=0 

2 1=1+1 
IF{I.6T.M) 60 TO 3 
WRITE{*,106)1 
READ{*,*)(A(I,J),J=1,N) 
60 TO 2 

3 CONTINUE 
WRITE{5,200)M,N 
IF1=N*10+10 
IF2=N+1 
WRITE{5,201)IF1,IF2,IF2 
WRITE(5,202){C(K),K=1,N) 
WRITE{5,203)(B(K),K=1,M) 
DO 5 K=1,M 

5 WRITE(5,203){A(K,L),L=1,N) 
200 F0RMAT(2I2) 
201 F0RMAT{3I4) 
202 F0RMAT{11F8.3) 
203 F0RMAT{11F8.3) 

WRITE(*,107) 
READ(*,110)XANS 
IF{XANS.EQ.ANS) 60 TO 1 
CL0SE{UNIT=5) 
RETURN 
END 
SUBROUTINE PIVCO(Y,M,N,IP,IQ) 
DIMENSION Y(20,20) 
R=1./Y{IP,IQ) 
DO 10 J=1,N 

10 Y{IP,J)=R*Y{IP,J) 
Y{IP,IQ)=R 
M2=M-1 
00 50 1=1,M2 

00 40 J=1,N 
IF{J-IQ) 30,40,30 

30 Y{ I ,J )=Y( I ,J ) -Y{ I , IQ)*Y( IP ,J ) 
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40 CONTINUE 
Y(I,IQ)=-R*Y{I,IQ) 

50 CONTINUE 
RETURN 
END 

SUBROUTINE DYEN{N,XRHS,C,SOLN,LL) 
DIMENSION S0LN{100,20) ,C{20),IB{20),IN{20) 
OIMENSION UB(20) ,CRN{20) ,CR{20),K{20),J(20) 
INTEOER RI V M V ;, i ; 
L=l 
RI=1 
X=0. 
RHS = XRHS 
DO 1155 I =1,N 

UB(I)=INT{XRHS/C(I)) 
ITOP=C{I) 
IBOT=C{N) 
DO 8030 L = 1,1000 

IW{L) = ITOP/IBOT 
IR = ITOP - IW{L)*IBOT 
IF{L.6T.l) 60 TO 8031 
IF{IR.EQ.0)60 TO 8032 

8031 IF{IR.EQ.0)60 TO 8033 
ITOP=IBOT 
IBOT=IR 

8030 CONTINUE 
8032 CR{I)=IW(L) 

CRN{I)=1 
60 TO 8034 

8033 NN=L 
IX=IW(NN-1)*IW(NN)+1 
IXX=IW{NN) 

8035 NN=NN-1 
IXXX=IX 
I F { N N . E Q . O ) 6 0 TO 8 0 3 6 
IX=IW{NN)*IXXX+IXX 
IXX=IXXX 
60 TO 8035 

8036 CR{I)=IX 
CRN{I)=C(N)*CR{I)/C{I) 

IB(I) = CRN{I) - 1 
IF{UB{I).LT.IB{I)) IB{I)=UB(I) 
60 TO 1155 

1155 CONTINUE 
99 IN{L)=-1 
120 IN{L)=IN(L)+1 

IF {(IN{L).6T.IB{L)).AND.(L.E0.1)) 60 TO 10 
IF (IN{L).6T.IB{L)) 60 TO 3 
RHS = RHS - IN(L)*C{L) 
IF{{RHS.LT.O.).AND.{L.EQ.l)) 60 TO 10 
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IF (RHS.LT.O.) 60 TO 3 
SOLN(RI,L) = IN(L) 
L=L+1 
IF (L.6T.2) 60 TO 13 
X=0. 
60 TO 14 

13 X=X+IN{L-2)*C(L-2) 
14 CONTINUE 

IF (L.LT.N) 60 TO P9 
IB{L)=INT{RHS/C(L)) 
BB=RHS/C(L) 
IF {{BB-IB{L)).NE.O.) 60 TO 3 
SOLN(RI,L)=BB 
00 110 JJJ=1,(N-1) 

S0LN{{RI+1),JJJ)=S0LN{RI,JJJ) 
110 CONTINUE 

RI=RI+1 
3 RHS=XRHS-X 

IF (L.6T.2) X=X-IN(L-2)*C(L-2) 
L=L-1 
60 TO 120 

10 CONTINUE 
LL=RI-1 
1=0 

501 1=1+1 
BASE=SOLN(I,N) 
K{1)=INT{S0LN{I,N)/CR{1)) 
P=l 
XX=0. 

999 J{P)=-1 
1200 J(P)=J{P)+1 

IF {{J(P).6T.K{P)).AND.{P.EQ.l)) 60 TO 888 
IF (J(P).6T.K{P)) 60 TO 33 
IF {J{P).EQ.O) 60 TO 555 
LL=LL+1 
00 1 M=1,N 
IF (M.NE.P) 60 TO 41 
SOLN{LL,M)=SOLN(I,M)+J{P)*CRN{P) 
60 TO 1 

41 IF (M.NE.N) 60 TO 42 
SOLN{LL,M)=SOLN(I,M)-J{P)*CR{P) 
60 TO 1 

42 SOLN{LL,M)=SOLN{I,M) 1 CONTINUE 
SOLN{I,P)=SOLN(LL,P) 
SOLN(I,N)=SOLN{LL,N) 

555 P=P+1 
K{P)=INT{SOLN{I,N)/CR{P)) 
IF (P.6T.2) 60 TO 133 
XX=0. 
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60 TO 144 
133 XX=XX+J{P-2)*CR{P-2) 
144 CONTINUE 

IF (P.LT.{N-1)) 60 TO 999 
J{P)=0 

1000 J{P)=J{P)+1 
IF (J{P).6T.K{P)) 60 TO 33 
LL=LL+1 
00 71 M=1,N 
IF (M.NE.P) 60 TO 411 
SOLN{LL,M)=SOLN{I,M)+J{P)*CRN{P) 
60 TO 71 

411 IF (M.NE.N) 60 TO 422 
SOLN(LL,M)=SOLN(I,M)-J{P)*CR{P) 
60 TO 71 

422 SOLN{LL,M)=SOLN{I,M) 
71 CONTINUE 

60 TO 1000 
33 SOLN(I,N)=BASE-XX 

IF (P.6T.2) XX=XX-J{P-2)*CR{P-2) 
P=P-1 
SOLN{I,P)=SOLN(I,P)-J{P)*CRN(P) 
60 TO 1200 

888 IF {I.LT.(RI-l)) 60 TO 501 
RETURN 
END 

CC TIMIN6 SUBROUTINE 
C 

SUBROUTINE PROCESS_INFO(ABS VALUES, INCR VALUES) 
IMPLICIT INTE6ER*2{W), INTE6ER*4{L) 
INCLUDE ' (SJPIDEF) ' 
INTE6ER*4 ABS VALUES{4), INCR VALUES{4), LCL VALUES(4) 
COMMON /ITEMLTST/ 
1 W_LEN1, W_C0DE1, L_ADDR1, L_LENADDR1, 
2 W_LEN2, W C0DE2, L_ADDR2, L_LENADDR2, 
3 L_LEN3, W;]C0DE3, L_ADDR3, L_LENADDR3, 
4 W_LEN4, W_C0DE4, L_ADDR4, L_LENADDR4, 
5 W_LEN5, W_C0DE5 
DATA W_LEN1, W_LEN2, W_LEN3, W_LEN4, W_LEN5 / 5 * 4 / 
DATA W CODEl /JPIS CPUTIM/, 
1 W;;C0DE2 /JPI$_BUFIO/ , 
2 W_C0DE3 / J P I $ _ D I R I O / , 
3 W_C0DE4 /JPI$_PA6EFLTS/, 
4 W_C0DE5 / 0 / 
DATA L_LENADDR1, L_LENADDR2, L_LENADDR3, L_LENADDR4 / 4 * 0 / 
L ADDRl = %LOC(LCL VALUES(l)) 
L~ADDR2 = %L0C{LCL"^ALUES{2)) 
L_ADDR3 = U 0 C { L C L ; 3 / A L U E S ( 3 ) ) 

L ADDR4 = %LOC(LCL VALUES{4)) 
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CALL SYS$6ETJPI{,,,W LENl,,,) 
00 10 1=1,4 

INCR_VALUES(I) = LCL_VALUES{I)-ABS VALUES{I) 
ABS_VALUES(I) = LCL VALUES{I) 

10 CONTINUE 
RETURN 
END 






