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CHAPTER I 

INTRODUCTION 

The ammonia molecule has played a major role in studying the 

internal motions of molecules. In addition to having the small 

amplitude vibrations characteristic of all molecules, it also has a 

large amplitude motion referred to as inversion. This motion occurs 

because the molecule has two equivalent equilibrium positions as 

shown in Figure 1. 

In order to have a better concept of the effects of the inversion 

motion, it is now treated in greater detail. The inversion motion 

may be described by the motion of the nitrogen atom perpendicular to 

the hydrogen plane. If the nitrogen atom is initially on the right 

side of the plane, its motion to the left and perpendicular to this 

plane may be continued until the nitrogen penetrates the plane and 

reaches a new equilibrium position on the left. Hence the inversion 

motion may be considered an extension of the vibration of the nitrogen 

atom perpendicular to the plane of the hydrogens. Classically, in

version can occur only if the energy of this vibration is greater 

than the potential barrier between the two equilibrium positions. If 

this condition is not satisfied, the nitrogen atom is confined either 

to the left or right side of the barrier. In either case, the vibra

tional energies for each configuration must be the same and are 

therefore doubly degenerate. 

However, the nitrogen atom does penetrate the hydrogen plane even 



when the vibrational energy is less than the maximum energy of the 

potential barrier. Therefore, the inversion motion is a good example 

of the quantum mechanical tunnel effect. The tunnel effect lifts the 

degeneracy of the vibrational energy levels for the nitrogen remaining 

strictly on the right or left side of the barrier. The resulting 

energy levels of the vibration of the nitrogen perpendicular to the 

hydrogen plane are shown in Figure 2. The energy difference between 

the pairs of levels shown is directly related to the inversion fre

quency. Perhaps this will become clearer in the following develop

ment. 

Since there is a plane of symmetry perpendicular to the inver

sion motion, it can be shown that the wave functions that describe 

the system must be symmetric or antisymmetric with respect to inver-

2 
sion. Therefore the vibrational wave functions for the motion of 

the nitrogen atom perpendicular to the hydrogen plane may be written 

as linear combinations of U and U where U and U are the wave 
L K L R 

functions that describe the nitrogen on the left and on the right side 

of the hydrogen plane respectively. Accordingly, the two wave func

tions may be written 

0̂= a/^)( \ + V 

^^ = (l//2)(U^ - U^). (1-1) 

If the nitrogen atom is assumed to be on the left hand side of the 

symmetry plane at a time t = 0, the wave function that describes the 

system must be given by 
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iP(t = 0) = U^ = (1//2)(^Q + ip^) (1-2) 

where Eqs. (1-1) have been solved for U . 

When the time dependence of the wave function is included, the 

wave function may be written 

*(t) =-^[4-0 + *, e^-^-^le^^^"'/'^ (1-3) 

where hv is the energy difference between the two inversion states 

and W is the energy of the lower state. In this case the lower state 

is the symmetric wave function. At t = l/2v the wave function in 

Eq. (1-3) becomes 

w,/'̂ - - 1 ^ 1 z', , ^ 27TiWt/h ,, 27TiW/t , , ,^ 
M t - 2^) = — (^0 - iPi)e = U^ e ' . (1-4) 

Therefore the nitrogen atom has now moved to the right hand side of 

the hydrogen plane. The cycle is completed after twice the above 

time, so that the period of the motion is 2t = 1/v. Therefore the 

frequency of the inversion motion is given by v. 

The above explanation gives one some insight as to the meaning 

and effect of the inversion motion. However, a more rigid treatment 

of the inversion problem becomes more complicated. One must consider 

the path of the atoms during inversion, the shape and height of the 

potential barrier to inversion, the effect of interactions with over 

all rotation of the molecule, and the effect of the interactions of 

inversion with the other vibrations of the molecule. 

The principal interest in this work is to consider the effect 

of the interaction of other vibrations with inversion. More specif-



ically, the inversion motion is separated in the kinetic energy by a 

coordinate transformation and the interactions in the potential energy 

3 

are then included by applying Van Vleck perturbation theory. How

ever, some attention has been given to the effect of inversion on the 

other vibrations. The latter consideration is not treated in detail 

and therefore should not detract from the more rigorous solution to 

the inversion problem. 



Figure 1: The Two Equivalent Configurations 
of Ammonia. 
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Figure 2: Potential Curve of NH- and Energy Levels. J 



CHAPTER II 

THE KINETIC ENERGY 

The Sayvetz-Eckart Conditions 

The kinetic energy for a polyatomic molecule may be expressed 

as 

where r is measured relative to some fixed point in space. Assuming 

that the molecule has a semi-rigid equilibrium configuration, with 

only one large amplitude internal motion, then there exists 3N-7 

coordinates which describe the vibrational motion of the molecule. 

The seven coordinates which are allowed large amplitude motion are 

the three translational coordinates of the center of mass, the Euler 

angles 0, (j), I|J, which give the orientation of the molecular axes, and 

a, the large amplitude internal coordinate. For ammonia a is defined 

to be the angle between two adjacent N-H bonds as shown in Figure 1. 

The inversion motion for ammonia is assumed to occur in such a manner 

that the N-H bonds are essentially constant while the angle between 

the bonds, a, increases until the molecule is in the planar configu

ration. Then, the inversion process continues as a decreases to the 

new equilibrium value with the nitrogen atom on the opposite side of 

the hydrogen plane. The inversion motion may also be described by y, 

the angle between the N-H bond and the symmetry axis as indicated in 

Figure 1. 
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->-

If a is the equilibrium position for the small amplitude coordi

nates, then the instantaneous position for the cth particle becomes 

T = t +t (2-2) 
c c c 

where a depends only upon 6, ip, (}>, and a. 6 represents the vibra-
c c 

tional displacement. 

Since the shape of the molecule is constantly changing, it is 

necessary to define the origin and orientation of the molecular fixed 

axis system for the vibrationally distorted molecule. In order that 

the origin of the molecular coordinate system always remains at the 

center of mass, the vibrational displacements satisfy the condition 

Z m 6" = 0 . (2-3) 
c c 

These three Eckart conditions insure that the translational degrees 

of freedom have been separated from the rotation and vibration of 

the molecule. 

Defining x as the seven large amplitude coordinates and q as 

the 3N-7 independent internal coordinates, one may write 

dr 9r dr 
(^) = j; ̂  X + I T-^ q . (2-4) 
dt ^ 8x n ^ 8q u 

n n u u 

Upon substitution into Eq. (2-1), twice the kinetic energy becomes 

dr 3r 

L c. L ^8x 8x n m 
c n,m n m 

(2-5) 
8r 8r . . 8r 8r 

u,v u n,u n ^u 
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For the infinitesimal internal coordinates, the transformation 

-)-
from the q to the 6 is linear in q . Therefore the instantaneous 

u c u 

position of the cth particle can be written in terms of the equilibrium 

coordinate which depends explicitly upon the large amplitude coordi

nates and the vibrational displacements. The components of these posi

tion vectors are 

r _ = F _(x ) + 5; f , (x )q J = x,y,z (2-6) 
cJ cJ n ^ cJu n u 

u 

where 

^c = ^/cJ^J *c= I / C J U V J - (2-7) 
J U,J 

In the rotating axis system, the vibrational displacement is given 

by 

^ = y s . q e . i= x,y,z (2-8) 
C .'^ UlC U 1 

1,U 

where S is independent of the Euler angles since the displacement 
uic 

1 is a distortion in the molecular system. The S . depend upon 6, 

(}), and \p only through the direction cosines. The direction cosines 

X. depend in turn on 6 , ip, and (^ as follows 
iJ 

f T = 5! S . A.,. (2-9) 
cJu ^ UlC iJ 1 

c This can be seen by equating the two expressions for 6 and then 

taking the inner product of both sides with e . 

The molecular axes according to the Sayvetz condition are defined 

so that interaction between vibration and over-all rotation will be 

small. These coupling terms appear in the third term of Eq. (2-5). 



One may define 

8r 3r 

c n ^u 

c,J n V n 

= B° + I B' q . (2-10) 
nu ^ nuv V ^ '' 

V 

The Eckart condition requires that B° = 0 for n = Q,<i),\b. For 
nu 

n = e, Eq. (2-10) becomes 

9F 
m 

r 
C, J 

B° = j; m - - ^ f _ . (2-11) 
eu ^, c 80 cJu 

From Eq. (2-6), the F can be written as 

1 

where A are the direction cosines. By taking the -TT— and applying 
J 1 o u 

Eq. ( 2 - 9 ) , Eq. (2-11) becomes 

B° = y m {sini | j[a S - a S ] 
0U ^ C rX ZUC CZ XUC 

C 

+ cosip[a S - a S ]}. (2-13) 
cy ZUC CZ yuc 

It should be noted that the direction cosines A may be expressed 

in terms of Euler angles in order to get the above expression. The 

terms in the brackets of Eq. (2-13) have the form of a cross product 

By multiplying Eq. (2-13) by q , summing over m, and applying Eq. 

(2-8), one obtains 
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y B° q = y m {sini|;(a x t ) + cosi|i(a x 1 ) }. (2-14) 
^ 0u u ^ c c c y c e x 
u u -̂  

Since this relation must hold for all \p, the coefficients of sini|̂  and 

cosi|; must vanish independently. This requirement results in the 

Eckart condition ym (a x 6 ) = 0 . This condition has the effect of 
^ a a a x 

making B = 0, as is seen from Eq. (2-13) and therefore satisfies 

the Eckart criterion. By going through the same argument for and 

one obtains the condition ym (a x o ) = 0. 
^ c c c 

In a similar manner the Sayvetz condition for y, the inversion 

coordinate of ammonia, may be found. The angle y is defined to be 

the angle between the N-H bond and the symmetry axis of the NH 

molecule (Fig. 1). For the deuterated species, the angle y is defined 

similarly. 
By substituting Eq. (2-9) into Eq. (2-11), one obtains the 

expression 

3F 
B° = I m S . I (-^A ^ A.̂  
yu .̂  c CJU 'i 3y xJ jJ 

J'^ ^ (2-15) 

8F 8F 

8y yJ jJ dy zJ jJ 

where the A are the direction cosines and satisfy the relation 

y A A = 6 , etc. After applying this condition, Eq. (2-15) 
^ xJ jJ xj 

becomes 

B° = y m S . T-^. (2-16) 
yu ^. c C1U dy 

c,j 

To satisfy the Sayvetz condition the expression B must vanish. To 

see the physical meaning of Eq. (2-16), one may multiply B^^ by q^ 
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and sum over all 3N-7 q coordinates with the result 

3F . 
I m S . —-^ q = 0. 

c,j,u ^ ^J^ ^Y ^ 

From Eq. (2-7) 

or 

3F° 

^ ""c ̂  • *c = ° (2-17) 
c ' 

da 

^ °̂ . ^ • ̂ . = 0- (2-18) 
c 

c 9y c 

This result is general provided A.̂^̂  is independent of y. For ammonia, 

one may write a^ = a^ + £e^^ where e^^ is the unit vector from the 

nitrogen atom, numbered 4, to the cth hydrogen atom and a° is the 
4 

equilibrium vector from the center of mass to the nitrogen atom. 

By applying Eq. (2-18), one obtains the expression 

->o -> 
9a" 9e 

l^'c^-^^'W^^ • ê = ̂- (2-20) 

The summation over the first term vanishes by application of Eq. (2-3). 

The resulting equation is 

3 9e, 
r 4c ->• 

^, 3 ^ • «c = 0- (2-21) 
c=l 

Any vibrational mode must satisfy Eq. (2-21) for the mode to 

separate from the inversion motion in zeroth order. 

In order to illustrate this point one may consider the symmetrical 

stretch of the N-H bond. As will be seen in Chapter IV, the mode 

that most nearly corresponds to symmetrical stretch interacts only 

with the symmetrical angle opening. However, the latter motion cor-
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responds to inversion and therefore has been separated from the other 

vibrations with the result that the symmetrical stretch must be a 

true mode. The change in e with respect to a change in y must be 

perpendicular to the N-H bond corresponding to e, . For the symmetrical 

-f ^^4 
stretch motion o is perpendicular to - — - and therefore Eq. (2-21) 

is satisfied. 

Rotation-Inversion Coupling 

As mentioned previously, the inversion motion in ammonia may be 

approximated by the increase of angle between N-H bonds in the mole

cule. However the previously defined angle y is a preferable coordinate 

since it allows one to distinguish between the configuration for 

nitrogen on the right or left of the plane of the hydrogen atoms. 

Accordingly, the kinetic energy of vibration and rotation can be 

written in the form 

2T = w''"la) + 1 y + 2yl 0) + I:G~ , h S^, 
yy yz z tt t t 

+ 2 J .. S^ Xi, + 2;is^N^ 
i,t 

i = x,y,z t = l,---,3N-7 (2-22) 

as shown in Appendix I. The S coordinates are internal or symmetry 

coordinates. The coefficients I^ , I , I , G^^, x^^y N^ are func

tions of y. 

The interaction between rotation and inversion may be minimized 

by a proper choice of coordinate systems. The explicit form of the 
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kinetic energy for NH D after freezing out all small amplitude vibra

tions is derived in Appendix I with the result 

2 
2T = 0) loj -f- 2yai^C ^ ) + £ y [M(3m + m') 

t 

or 

+ 3m(3m -f 2m')cos2y]/M (2-23) 

2T = oo'̂ Iw + 21 oj y + I y^ . (2-24) 
— yx X yy 

The expressions in Eqs. (2-23 and 24) are defined as follows: 

M = mass of molecule, 

M = mass of nitrogen atom, 

m = mass of hydrogen atom, 

m + m' = mass of deuterium atom, 

1^ = moment of inertia tensor. 

In order to obtain the kinetic energy of inversion of NHD-, the 

mass of the deuterium atom is m and the mass of the hydrogen atom is 

m + m'. Therefore m' must be negative. 

The coupling between inversion and overall rotational motion of 

the molecule, the second term on the right hand side of Eq. (2-24), 

may be removed by transforming to a new set of molecular axes. This 

method of removing the coupling shall be referred to as the internal 

axis transformation. The Euler angles 0, cf), and \p fix the orienta

tion of the molecular axes in space. However, unlike the conventional 

definition of the Euler angles where a change in ^p corresponds to a 

rotation about the body z axis, the angle \p is defined so that a change 
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in ^ corresponds to a rotation about the body x axis. The change 

from the conventional definition is made in order to define a new 

body axis system that is rotated about the x axis through an angle 

r̂  and therefore changes ^. By permuting the usual relations between 

the Euler angles and the Cartesian coordinates, the transformation 

that removes the rotation-inversion coupling results in the equations 

0' = 0 

<J)' = 4> 

\p^ == \p + ry 

Y' = Y (2-25) 

where r is a constant that is to be determined by the condition that 

the interaction term vanish and the definition of the Euler angles 

is consistant with the previously mentioned permutation of coordinates 

In the coordinates transformed by the internal axis method, the 

components of the angular velocity are 

oo' = 0) cosry + co sinry 
y y z 

0)' = -0) sinry + o) cosry 
z y z 

0)' = w + ry. (2-26) 
X X 

By solving Eq. (2-26) for 01,0), and oj and substituting into 

Eq. (2-24), one obtains 

2 2 2 
2T = [I cos ry + I sin ry + I sin2ry]co' 

yy zz yz y 

2 2 2 
+ [I sin ry + I cos ry - I sin2ry]oo' 

yy ' zz yz z 
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+ [(sin2ry)(I - I ) + 21 cosry]a)'a)' 
zz yy yz y z 

+ 1 0)'^ -f (21 - 21 r)a3'y 
XX X yx XX X 

+ y^[I r^ + I - 21 r]. (2-27) 
XX yy yx 

In order to remove the coupling, r is determined by the condi

tion that the last term in Eq. (2-28) vanish with the result that 

I 
r = - - ^ . (2-28) 

XX 

This condition places the coordinate system in the molecule in such 

a way that the rotational angular momentum due to inversion is zero. 

Therefore, this procedure is analogous to the Sayvetz condition for 

small amplitude motions. The moments of inertia in the transformed 

2 2 
axes are the coefficients of w' , w' , etc. in Eq. (2-27). The last 

X y ^ 

term in Eq. (2-27) gives the kinetic energy of inversion and may be 

written 

T = ̂  I' y^ (2-29a) 
2 yy 

where 

I I - I ^ 
V =-ni^^| ^ . (2-29b) 
^Y ^xx 

The coefficient I' is referred to as the reduced moment of inertia 
YY 

or the reduced mass of inversion. 

Hamiltonian Form of the Kinetic Energy 

In order to solve the quantum mechanical problem, the Hamiltonian 

must be expressed in terms of the coordinates. The components of the 
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total angular momentum projected on the body axes P , P , P , may be 
X y z 

derived from the expression for the kinetic energy given in Eq. (2-22) 

with the result 

9T • 
P^ = T = I ( o - I a ) - I a ) + y S x 
X 9a) XX X xy X xz z ^ t ̂ xt 

p„ = -— = 1 w - I 0) - I 0) + y s ^ x . 
y 9(JO yy y xy x yz z ^ t yt 

P = T — = I a ) - I w - I a ) + I y - l - y S x (2-30) z 9w zz z xz X yz z yz ^ t zt 

^ = ̂  = Kt^' + ̂"-l̂lt + \ - (2-32) 

By solving Eq. (2-32) for S , one obtains 

S^ = yc ,P , - y^.G ,x. t - YFG ,N ,. (2-33) 
t ^ tt' t' ^ 1 tt'^it' '̂  tt' t' 

Equation (2-33) may then be substituted into Eqs. (2-31) and (2-32). 

The resulting expressions for the momenta are 

6.. 
P. = VJ. .a).(-l) ̂ ^ + J .y + p. 
1 ^ ij 1 ai' ^i 

P = J y-FJ.o). + p (2-34) 
Y yy yi 1 ^v y yy yi 1 ^y 

where 

-̂ ii = ^ii " ̂ Xit^tt'Xit' 

^ij = ^ij "^IXit'^tt'Xjt' 

J = I - yN G ,N , 
YY YY ^ t tt t 
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hi = \i - K^tf'<it' 

Pi = iGtt.XitPj, 

Py ° ^""tt-Vt-- (2-35) 

If the 3N-7 independent coordinates S are chosen to be internal 

coordinates, the G , are the Wilson G matrix elements. 

Equations (2-34) may be solved for oo , w , ai , y as functions of 
X y z 

the momenta, with the result 

'̂ i " ^^^ij^^j ~ Pj^ ^ " ̂ '^'^ ^ " x,y,z,y (2-36) 

y = 2yp^^(P^ - p^) i = x,y,z,y (2-37) 

where y.. are the elements of the matrix y = -r- I . Finally, the 
•'-J ^ 

kinetic energy may be written 

T = I^ijCPi - Pi)(P-j - P-j) + i G^t'^t^t' '̂̂  " x,y,z,y.(2-38) 

The total angular momentum components P , P , P can be shown to be 
o 

functions only of the Euler angles and their conjugate momenta. 

Therefore, as operators, P , P , P will commute with P , p , p , p , » r X y z y ^x' ^y ^z 

p and p . Also p will commute with p , but p will not commute 
y t Y ^t ^y 

with p , p ,p , and p since x. ^nd N are functions of S . 
^x' ^y*^z' *̂y ^it t t 

The Vibrational Kinetic Energy 

Since this problem is mainly concerned with the interactions of 

inversion with other vibrations, one must consider the last term in 

Eq. (2-38) and the terms involving P , p in the first term. The in-



18 

2 
teraction between vibration and inversion appears in the p and 

p P terms. The frequencies of vibration and inversion are much higher 
Y Y 

than rotational frequencies. Therefore, the vibrations-inversion 

portion of the kinetic energy is separated from the rotational portion. 

This is justified by the rotation of coordinate system suggested in 

Eq. (2-26), since in the zeroth order the coupling between rotation 

and inversion has been removed. Now the vibration-inversion kinetic 

energy may be expressed as 

T = ̂ yc ,p p , -h yc ^p p + ̂  G p^ (2-39) 
2^ tt'^t^t' ^ tT^t^a 2 aa^a ^ ^ 

where a has been used to describe the large amplitude motion. The 

2 
coefficient of p has been written as G , implying the Wilson G-

matrix element. This implication is somewhat startling in that the 

Wilson G matrix is normally applied only to small amplitude vibra

tions. However, it will be shown that the G matrix formulation applies 

to large amplitude motions also. 

As will be seen in Chapter IV, the small amplitude vibrational 

problem may be solved in the harmonic oscillator approximation whereas 

the large amplitude inversion problem must be treated separately. 

Therefore, the kinetic energy of inversion must be isolated from the 

other motions. It would seem that the kinetic energy of inversion 

could be obtained from Eq. (2-39) by setting the p^, t ^ a, equal to 

zero. However, due to the interaction between the inversion motion 

and vibrational motion as indicated in Eq. (2-32), the condition 

that the p terms vanish does not imply that the vibrational motion 
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S also vanish. The latter condition isolates the inversion motion 

since all coordinates are constrained except the inversion coordinate. 

In the coordinate system described in the internal axis method, the 

kinetic energy of inversion is given by Eq. (2-29a) where the inversion 

coordinate is y. As mentioned previously, the inversion motion may 

also be described by the simultaneous change of the H-N-H angle a. 

Equation (2-29a) may be transformed to this coordinate by expressing 

y as a function of a with the result 

2T = G"-̂  a^. (2-40) 
aa 

The transformation to the a coordinate is made in order to obtain 

the kinetic energy of inversion in terms of the internal coordinates 

described by Wilson. In Chapter IV the symmetrical angle opening 

motion, denoted by S , is chosen as one of the symmetry coordinates 

of the Wilson G matrix. If the Wilson G matrix formulation can be 

generalized to include large amplitude motions, Eq. (2-40) should be 

related to the kinetic energy associated with the symmetrical angle 

opening coordinate S,. However, the symmetrical angle opening involves 

the three H-N-H angles and therefore G^^ should be one third of G^^. 

Equation (2-40) was evaluated for several values of y and the 

resulting value of the kinetic energy was then compared with the 

value obtained using the G matrix formulation. The kinetic energies 

obtained by both approaches were identical. This result may be seen 

more clearly in the following development. 

The classical kinetic energy for a molecule is given in terms 

of the velocities of the mass-weighted Cartesian coordinates of the 
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atomic nuclei by 

2T = q"̂  . q (2-41) 

or in terms of the corresponding conjugate momenta, p., by 

2T = p"*" • p. (2-42) 

A change in variables may be made from the 3N Cartesian coordinates 

to 3N coordinates, 0 . The 3N 0 coordinates would include the 3N-6 

internal coordinates and the six coordinates of rotation and trans

lation. Accordingly, the transformation is defined by 

0^ = f(q^) (2-43) 

or 

"i = dd\) 

A change in 0 , 60 , may be denoted by S . Then 

0 = S (2-44) 
t t 

and the kinetic energy becomes a function of both 0 and the dis-

placement coordinate velocity S . The momenta conjugate to 0 and 

q. respectively are 

P = - ^ (2-45) 
t 9S^ 

so that 

9S 9Ŝ  
^dT_^ y IT __t ^ y t (2-46) 

Pi 9q^ ^ 9S^ 9q^ ^ t 9q^ 
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From Eqs. (2-43 and 44) 

9f 

•t = ? ̂  ^i = I °ti ^i' (2-47) 
1 ^1 

which defines the transformation D .. D . need not be a constant and 
ti ti 

in general will be a function of the internal coordinates. 

Similarly, 

In matrix notation, 

S = Dq, q = D'-'-S. (2-49) 

The conjugate momenta transform as 

p = D"*'P and P = (D~-'-)%. (2-50) 

From Eq. (2-41), the transformed kinetic energy may be written 

2T = S G S 

= P"̂  G P (2-51) 

where 

G = D"*"D and G •'• = (D •'•)"^ D -^. (2-52) 

No restrictions have been placed on the size of the 60 . There

fore Eq. (2-51) is the exact expression for the kinetic energy, in

cluding large amplitude motions. 

No mention has been made of the small amplitude vibration coord

inates of the G matrix approach. Usually the G matrix is treated as 
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a constant, however, according to this generalized approach, the D 

matrix and therefore the G matrix are functions of the internal 

coordinates. 

The R Transformation 

The general form of the vibration-inversion kinetic energy is 

given in Eq. (2-39). In order to reduce the coupling between vibra

tion and inversion, an internal axis type transformation can be 

applied to the large amplitude coordinate. The coordinate definitions 

are chosen to be consistent with those in Reference 10. Therefore T 

is used to describe the large amplitude motion. From Eq. (2-39), 

one obtains 

2T = y G"-^, S^ S^, -I- 2 y G"-̂  S^ S + G"-*- S^ (2-53) 
^ tt t t ^ tT t T TT T 

where S is the displacement of the small amplitude 0 coordinates 

from their equilibrium values. The coordinate S is similarly defined 

for the large amplitude motion. During the inversion process it is 

assumed that the equilibrium values, 0 , do not change with T. Therefore 

the G matrix elements are evaluated at equilibrium values of 0 and 

are functions only of the large amplitude coordinate T. 

The first order coupling in the kinetic energy can be removed 

by a linear transformation R. The matrix elements of this trans

formation are determined by the condition that the coupling term 

between T and the vibrational coordinates vanishes in first order. 

The coupling may be removed by defining a coordinate transformation 



23 

T'=T-f- y R ^ S ^ (2-54a) 
f̂i Tt t 
t?tT 

S^ = S^ for t ?̂  T. (2-54b) 

By taking the derivative of S' and T' with respect to time one ob

tains 

9R 
S ' = S + y R^S^-l-y T - ^ S^ S (2-55a) 
T T ^^ Tt t ^ 9 T t T 

t = T 

S^ = S^, (2-55b) 

where S = T by definition. The third term of Eq. (2-55a) may be 

neglected since it is of the same order as the approximation that the 

G elements are independent of the 0^. 
Tt ^ t 

Equations (2-55) may be solved for S', S' and the result sub

stituted into Eq. (2-53). The resulting equation is 

2T = I G;^, S; S;, + 2lGl^ S^,(S' - iR^^ S^,) 

+ G:;^(S; - yR^^ S;,) ^ (2-56) 

After expanding the above expression and applying the condition that 

the coefficient on the interaction terms S'S' vanish, one obtains 
t T 

the equation 

G"-̂  - G"-*- R ^ = 0. (2-57) 
tT TT Tt 

Therefore it follows that 

R ^ = - ^ . (2-58) 
^̂  G"^ 

TT 
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From the definition of the transformation given in Eqs. (2-54), the 

remaining R matrix elements are 

R 
TT 

\t 

\f 

= 

= 

1 

1 

0. (2-59) 

tH' 

The transformation of the displacement coordinates may be written 

S' = RS. 

The R matrix is given by 

R = 

0 

0 

R -
T1 

0 0 

R 
T2 

(2-60) 

After expanding Eq. (2-56) and solving for the coefficients of the 

• • -1' 
S'S', terms, G ,, one obtains the following expressions for the 
t t' tt' 

G matrix elements 

G"̂  G"̂  -1' _ -1 St St' 
St' " St' " -1 

TT 

TT TT 

G'^ = 0. 
Tt 

(2-61) 
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An interesting observation at this point is that the coefficient 

•2 -1' 
on the S^ term, G , remains unchanged, whereas all other matrix 

elements are altered. 

The kinetic energy may now be expressed in terms of the conjugate 

momenta. The resulting expressions are 

r, 9T V 9T V 9T „ , , 

ĵ =-9S:= ?ys: = Ijs^hy (2-62) J t t t 

so that 

P"̂  = P'\ 

P = R'^P'. (2-63) 

Now twice the kinetic energy may be expressed as 

2T = P'\GR'''P' = P''''G'P' (2-64) 

and therefore 

G' = RGR"^. (2-65) 

After applying this transformation, the resulting transformed G matrix 

elements are 

St' " St' 

G' = (G ^) ̂  
TT TT 

G' = 0. (2-66) 
Tt 

The coordinate transformation leaves the G matrix unchanged in 
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the small amplitude vibrations, however the G matrix element is 
TT 

2 
altered. The new coefficient on the P term is merely the reciprocal 

of the G matrix element. The G matrix elements have been computed 
TT tT 

according to a method given by Polo. The method is described in 

Appendix II. The G are given in Appendix III in terms of the 

symmetry coordinates described in Chapter IV. 

The usual manner of solving the vibrational problem involving 

the large amplitude motion (LAM) has been to neglect the row and 

column of the G matrix that interacts with the large amplitude 

coordinate (LAC). The R transformation shows that this method is a 

good approximation as long as the potential energy is not changed 

very much by the transformation. This aspect of the problem will be 

considered in the next section. 



CHAPTER III 

THE POTENTIAL ENERGY 

In the previous chapter, only the kinetic energy was considered. 

The coordinate transformation that eliminated the coupling between 

vibration and the LAM defines the R , matrix elements. In this 

chapter, the effect of the R transformation on the potential energy 

will be considered. 

As previously stated, it is assumed that the equilibrium posi

tions, 0 , of the small amplitude coordinates remain fixed during the 

LAM. The displacements of the atoms from their equilibrium values 

are given by the S . The 0 describe the instantaneous position of 

the internal coordinate. From these definitions, it follows that 

e^ = e° -K S . (3-1) 
t t t 

The potential energy V(0 ,T) transforms according to Eq. (2-54a) to 

V ( 0 j x ' - I R S ) . Accordingly, the inverse R matrix elements 
^ t?^T ^^_l 
t be given by R = -R ^. Therefore, one may write 

° Tt Tt 
mus 

V(0 ,T) = V(0^,T') + I R^t^'^^S (̂ "2̂  

where S = S' for t ?̂  T, 

Now the potential energy may be expanded about the equilibrium 

configuration of the small amplitude coordinates with the result 

27 
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v(e^,T) = v(T') -F|^(T - , ' ) + y | I ^ s ; 

+ y 9̂ V s (T - T') + ^ y ̂-̂ ^̂  S'S' 
^ ^ 90^9T t^^ ^ > + 2 ̂  86^90^, S S ' 

^ 1 92v , , ,2 
+ 2l72 (̂  - ̂ > + ••• (3-3) 

where T - T' = ̂  R̂ Ĵ '̂ ^̂ t* (̂"̂^ 

After substituting for (T - T') from Eq. (3-4) into Eq. (3-3), one 

obtains 

9V r „-l , ,^, . r 9V 
V(x.e^)=V(x')-H|^lR;;(x)S-.I|^s; 

t 

44(i\i(^)s;)' + -- (3-5) 
9T 

However, the R are functions of T. Since the potential is being 

expanded about T = T', the R as a function of T' must be obtained 
Tt 

by expanding in the same manner as V(0 ,T) with the result 

R;i(T) = R;J(T') + (—i^- ) , . , , I, s;.(^')S' ^ ••• (3-̂ > 

The above expression may be substituted into Eq. (3-5) and the coef

ficients of the S' collected with the result 

VG.e^)=V(x')+I[ff- + ffR;i]s; (3-7a) 

4. ^y,dv . , dv p-1 , dv p - v i ,, -,. ^ 
t t _ t dT 

+ 2 1^ R"J T - ^ } S'S' + ••• . (3-7c) 
9T Tt dT t t 
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All partial derivatives are evaluated at T = T' and S = 0. The 

first order derivatives in Eq. (3-7a) are not, in general, equal to 

zero. This is easily seen by the fact that they are functions of the 

T coordinate. However, at the potential minimum for the LAM all 

first order derivatives must vanish. In order to simplify the poten

tial the problem will be solved in this region. However, contribu

tions due to the non-vanishing first order derivatives could be 

important in the higher energy states. 

The potential may now be written in the form 

2V = I F^t-S^S^, + 2 I F;|.S;S; + F;^S;2 (3-8) ; 

1 
-1 •' 

where the R^^ = ~^Tt ^̂ "̂ ^ been replaced according to Eq. (2-58) 

resulting in transformed force constants given by 

F' , = F,^, + (G"-^)"2 G'^F G"^, 
tt tt TT Tt TT Tt 

- [G""''F , + F G~^,](G~^)~^ (3-9) 
^ Tt Tt' tT Tt'-" ̂  TT'^ ^ ^ 

F' = F (3-10) 
TT TT ^ 

F' = F ̂  - (G"-̂ )"-̂  G'IF (3-11) 
Tt Tt TT Tt TT 

2 2 
_ 9 V _ 9 V 

t̂t' " IsTsT' S T ~ ~2' (̂"̂2) 

t t 9T 

As mentioned previously, the conventional approach to solving 

the vibrational problem involving large amplitude motion has been to 

neglect the interaction between the large and small amplitude motions. 

However, removal of the interactions in the kinetic energy introduces 

additional terms in the potential energy. The conventional approach 
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is an accurate approximation only if the ratio between the inverse 

G matrix element G and G is small. In this problem the additional 
tT TT 

terms in the potential energy have noticeable effects for the 

deuterated species of ammonia. 

The inverse G matrix elements may be calculated by the method of 

12 
Polo. This method is outlined in Appendix III. 

In matrix notation, the transformed potential energy of Eq. (3-7) 

may be written 

2V = S'"̂ F'S'. (3-13) 



CHAPTER IV 

THE SMALL AMPLITUDE VIBRATIONAL PROBLEM 

The Vibrational Hamiltonian Including 
the Inversion Motion 

The Hamiltonian is formed by adding the kinetic energy expressed 

in terms of the conjugate momenta to the potential energy. By 

applying Eq. (2-38) and Eq. (3-8), the Hamiltonian may be expressed 

as 

H = I P . . ( P . - p . ) ( P . - p . ) + 1 I G^^.p^p;. 
t , t r T 

+ ^ y F ^ , s s , - f - y F s s 

2 t,t'^T " ^ ^ t '^ ^ 

+ G p2 + V(T) (4-1) 
TT T 

where V(T) is the inversion potential. 

The first term contains the rotational energy and the inter

actions of vibration and inversion with rotation. Since these inter

actions have been removed to first order by the Sayvetz condition 

and an internal axis rotation, the Hamiltonian can be separated into 

rotational and vibrational parts. The second order interaction terms 

may be treated later as perturbations. Neglecting these terms for 

now, the Hamiltonian may be written as 

» = "R + "v + «vi + "r ^ -̂2) 

H^ contains the rotational contribution to the energy; H^ con-

31 
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tains the small amplitude vibrational terms; H contains the inver

sion terms and H^^ is the interaction between vibration and inversion. 

Since this problem is concerned only with the inversion and vibra

tional energies, the Hamiltonian reduces to the last three terms in 

Eq. (4-2). As mentioned in Chapter II, the kinetic energy of the 

large amplitude motion may be obtained from the Wilson G matrix. 

Therefore, the entire vibrational Hamiltonian may be written as 

+ G p2 -f- V ( T ) . (4-3) 
TT T ^ ^ 

All coordinates except the T coordinate are small amplitude 

motions. The small amplitude coordinates may be treated according 

13 
to the usual methods given in Wilson, Decius and Cross. 

A common method of treating vibrational problems with a large 

amplitude motion consists of neglecting interactions with the LAC in 

the F and G matrices. However, the transformation that eliminates 

these interactions in the G matrix introduces significant interaction 

terms in the potential energy as seen in Eq. (3-11). Therefore, a 

better approach is to transform the G matrix to eliminate the inter

actions with the LAC. As in the usual approach mentioned above, the 

interaction F will be assumed to be zero. However, the interaction 
Tt 

terms introduced by the transformation of the G matrix, the R trans

formation, will not be neglected. In nearly all cases including the 

inversion problem, the frequency of the large amplitude motion is sig

nificantly smaller than the small amplitude vibrational frequencies. 
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Therefore, the interactions between small amplitude coordinates and 

the LAC may be averaged over the high frequency motion to get the 

perturbation contributions to the LAM. This perturbation technique 

is outlined in Appendix IV. 

The Quantum-Mechanical Hamiltonian and Its 
Relation to the Classical Problem 

The quantum mechanical solution to the small amplitude problem 

reduces to finding the classical vibrational frequencies for a 

harmonic oscillator potential. The energy levels are just integral 

multiples of the classical frequencies. This can be shown rather 

easily by considering the first two terms of Eq. (4-3). Since this 

Hamiltonian has not been hermitianized, it is the classical Hamil

tonian. It can be shown that there exists a transformation that 

14 
removes all coupling in both the kinetic and potential energy. 

Then the first two terms in Eq. (4-3) can be written 

, k=3N-7 ^ T 3N-7 ^ 

k=l k=l 

where the Q, are defined to be the normal coordinates and the P' are 
k ' *̂  

the corresponding conjugate momenta. The G , in Eq. (4-3) are 

evaluated at the equilibrium position of all small amplitude coordi

nates and at the potential minimum of the LAC. Therefore the A^ in 

Eq. (4-4) are constants. There are only 3N-7 vibrational coordinates 

since seven are large amplitude motions. 

Since the A, are constants and no interactions between coordi-
k 

nates occur, H^ is in quantum mechanical form provided P^ is replaced 

by the operator -i(i T^T-. Under these conditions Eq. (4-4) reduces 
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to the corresponding wave equation 

^ 3N-7 d'^yp^ ^ 3N-7 

—2 ^ ~f "̂ I "^ WK = \K' ('^-5> 
2fi k=l 9Q, ^ k=l *̂  ^ ^ ^ ^ 

k 

Equation (4-5) may be separated into 3N-7 simple harmonic oscil

lator equations by choosing 

\ ' KdVKl^^ • • • *v(3N-7) ('̂ SN-?) > (*-̂ ) 

with the resulting separated equations 

"" (Q,) +\K ^ h . . (Qn) = E„,>_(Q,). (4-7) 2^2 ^ 2 ^^k' 2 k k̂'̂ vk '^k' vk^vk'^k 
k 

The solutions to the previous equation are the well-known harmonic 

oscillator wave functions. The energy eigenvalues are given by 

\ k = ( \ + W n̂  = 0, 1, ••• (4-8) 

1 1/2 
where the v, = ("5~)̂ v •̂'̂^ ̂ ^^ classical vibrational frequencies. 

The resulting energy eigenvalues of the entire Hamiltonian are given 

by 

3N-7 

k=l 

Therefore the quantum mechanical problem can be solved within the 

accuracy of the harmonic approximation by solving for the classical 

frequencies v, . 
k 

The classical frequencies may be found by applying Newton's 

equations in the form 

4 - 1 ^ + 1 ^ = 0 j = 1, 2, •••, 3N-7. (4-10) 
dt 9q. dq. 

J J 
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T E kinetic energy 

V = potential energy 

q E generalized coordinate. 

Since only the small amplitude vibration problem is to be con

sidered here, the portion of the Hamiltonian in Eq. (4-3) of immediate 

interest is 

1 -^^'"^ -1 • • 1 ^^~'^ 
K^^ ^ J. St' SS' "̂  I ̂  Jf. St'SS' (4-11) 

The first term is the kinetic energy expression; the second term is 

the potential energy. Application of Eq. (4-10) results in 3N-7 

equations of the form 

3N-7 _̂  3N-7 
y G •̂, S -F y F ^, S^ = 0 t = 1, •••, 3N-7. (4-12) 
^ tt t ^ tt t 
t=l t=l 

One possible solution is 

S = A cos(A-̂ 2̂ t -F e) (4-13) 

where A., A, and e are properly chosen constants. Substitution of 

Eq. (4-13) into (4-12) results in 3N-7 equations of the form 

3N-7 

I (F̂ .̂, - A G^^,)A^ = 0. (4-14) 
t=l 

Independent solutions of Eq. (4-14) exist only if the determinant of 

the coefficients of A is identically zero. The above set of equa

tions may then be expressed as the determinant 

|F - G"^A| = 0. (4-15) 

Since the above determinantal equation contains terms in A off of the 
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diagonal, it is usually multiplied by the determinant of G resulting 

in the equation 

FG - AE = GF - AEI = 0 (4-16) 

where E is the unit matrix. 

Equation (4-16) may then be written 

(FG)^^ - A (FG) 

(FG) 
21 

(FG) 
nl 

12 

(FG)22 A 

(FG) 
n2 

(FG) 

(FG) 

In 

2n 

(FG) - A 
nn 

= 0 (4-17) 

3N-7 
where (FG).. = Y F. G .. 

iJ t=l ^' ̂ J 

Solution of the Secular Problem Including Inversion 

The G Matrix in Internal Coordinates 

The internal coordinates used to describe the normal and deuter

ated species of ammonia are shown in Figure 3. The equilibrium values 

corresponding to these coordinates are given in the following table. 
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m -t- m' 

I s o m e t r i c View 

O 
m -h m' 

•> y 

Top View 

Figure 3: Molecular Model Defining Internal 
Coordinates for NM (m + m') Molecule 



Table 1: Equilibrium Values of the Molecular 
Parameters for NH , NH D, NHD . 
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r_ = r = r = r„ = 1.014A X̂T = :̂7- = 0.071388/amu 
N M^ 

a-. = â  = a- = a_ = 106°46' V^T^ = TT- = .99206/amu 
H Mjj 

\^T. = TT = .49648/amu D K^ 

Internal displacement coordinates may now be defined in terms 

of their differences from the equilibrium values as follows 

R^ = Ar, 

R2 = Ar^ 

R3 = Ar3 

R, = Aa, 
4 4 

R^ = Aa^ 
J 5 

R, = Aa,. 
6 6 

(4-18) 

15 
According to the methods given in Wilson, Decius, and Cross, 

the G matrix elements may be found in terms of the internal coordi

nates. The G matrix elements in their most general form are given 

in Appendix V. The numerical values can then be found by substituting 

for the equilibrium values given in the Table 1. The G matrix elements 

for NH , NHD , and NH D are given in Table 2. 

The G Matrix in Terms of Symmetry Coordinates 

The G matrix expressed in terms of the internal coordinates does 

no t reflect any of the symmetry of the molecule. In order to factor 

the secular determinant into block diagonal form it is necessary to 
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choose coordinates which have the same symmetry as the sjnmnetry species 

of the group representing the molecule. The symmetry coordinates 

for NH_ can be expressed as linear combinations of the internal coor

dinates resulting in the expressions 

S, = — (R^ + R. + R,.) , 1 ^3 1 2 3 

S_ = — (2R- - R, - R^ ) , 2 / 6 ^ 2 3 

S^ = — (S - S ) , 
3 / r 2 3 

^2 (4-19) 
S, = — (R, + R.+ R.) , 

4 ^3 4 5 6 

S_ = — (2R. - Re - R^)» 

S, = — (R. - R . ) . 6 / 2 ^ 6 

In terms of the symmetry coordinates the G matrix has the form given 

in Figure 4 for NH , NH D, and NHD . The numerical values of the G 

matrix elements are given in Table 3 where the basic units are amu 
o 

and A. The transformed G matrix elements in terms of the internal 

coordinate G matrix elements are given in Table 4. From this table 

analytical expressions may be found by using Appendix V. 



Table 2: G Matrix Elements for Internal 
Coordinates for NH , NH D and NHD , 

Units are A and amu. 
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G.. 

11 

12 

13 

14 

15 

16 

NHD^ 

1.06345 

-.02059 

-.02059 

+.01367 

-.0674 

-.0674 

NH^D 

.567868 

-.02059 

-.02059 

+.01367 

-.0674 

-.0674 

NH3 

1.06345 

-.02059 

-.02059 

+.01367 

-.0674 

-.0674 

'22 

23 

'24 

25 

26 

.567868 

-.02059 

-.0674 

.01367 

-.0674 

1.06345 

-.02059 

-.0674 

+.01367 

-.0674 

1.06345 

-.02059 

-.0674 

+.01367 

-.0674 

33 

34 

35 

36 

.567868 

-.0674 

-.0674 

.01367 

1.06345 

-.0674 

-.0674 

+.01367 

1.06345 

-.0674 

-.0674 

+.01367 

'44 

45 

46 

1.14468 

-.17914 

-.17914 

2.1086 

-.3748 

-.3748 

2.1086 

-.3748 

-.3748 
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Table 2 (cont'd.) 

'55 

56 

1.6267 

-.3748 

1.6267 

-.17914 

2.1086 

-.3748 

66 
1.6267 1.6267 2.1086 



Table 3: The Non-vanishing G Matrix Elements of 
NHD , NH D and NH in Symmetry Coordinates 

Basic Units are A and amu. 

42 

-̂ li 

•^22 

S3 

'=12 

<=25 

"is 

NHD 2 

.69188 

.918846 

.58846 

.97731 

1.41927 

2.00150 

.23362 

.12114 

.08106 

.08106 

-.134991 

NH^D 

.85708 

.75365 

1.0840 

1.1682 

2.3868 

1.80584 

-.23362 

.12114 

+.08106 

+.08106 

.134991 

NH3 

1.0223 

1.0840 

1.0840 

1.3590 

2.4826 

2.4826 

0 

.12114 

+.08106 

+.08106 

0 
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Table 4: Transformed G Matrix Elements of NH D, NHD, 
and NH3 in Terms of G Matrix Elements of 
Internal Coordinates. 

2 

Transformed 
G Matrix Element NH D and NHD 

<=U i^ '^ l l + 2G22 + 6G^2) 

G'2 i(2G^^ + G22 - 3G^2) 

*=33 S 2 - "̂ 12 

^U i«544 + '̂̂ 45 + 2G55 + 2G3 )̂ 

S s 3(2044 + S s - ^ 5 + Se^ 

•=66 S 5 - S 6 

*=12 "3^Si " ''22^ ° 

S4 S4 + 2G,3 G^̂  + 2Ĝ 3 

•=25 S4 " Ss =̂14 " *=15 

•^36 '^U - S s S4 - "̂ IS 

Ss '3<S4 + Ss - Ss - S6> ° 

All o ther G'. . = 0 for NH_ and NH_D. 
i j 3 2 

S i 

S2 

S2 

S4 

S4 

S4 

NH3 

+ 2G^2 

- S 2 

- S 2 

+ 2G„ 

- S s 

- S s 
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™3 

s 
s 
s 
s 
s 
s 

s 
Si 

s 
S4 

S4 

22 25 

55 

3̂3 S6 

66 

NH D 

N™2 

S 

S 

S 

s 
s 
s 

s 
G33 

s 
Se 

S6 

s 

Si 

s 

S2 

S2 

s 

0 

Ss 

Ss 

s 

S4 

0 

Ss 

S4 

Figure 4: The G Matrices in Symmetry Coordinates of 
NH (Top) and NH^D, NHD^. 
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The F Matrix 

In Chapter III the potential energy was expanded in a Taylor 

series and the force constants were defined as the coefficients of 

the quadratic terms of the internal coordinates. Since the G matrix 

assumes block diagonal form in symmetry coordinates, it is most 

convenient to transform to these coordinates. The F matrix has the 

same symmetry as the G matrix of the NH molecule since the potential 

energy is assumed to remain unchanged under isotopic substitution. 

The force constants used to solve the small amplitude vibrational 

problem are those given in Herzberg. The F matrix is assumed to 

be diagonal. There is no mixing between stretching and angle opening 

in the symmetry coordinates so that the force constants in this 

representation are equal to the stretching and angle opening constants 

of the internal coordinates. The F matrix in symmetry coordinates 

is given in Figure 5. 

F = 

S3 S^ S2 S^ S^ S^ 

6.35 

555 

6.35 

.555 

6.35 

.555 

Figure 5: The F Matrix. 
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The stretching force constant in Figure 5 has units of milli-
o 

dynes/A and is the same for the stretching coordinates S , S , and S . 
o 

The angle opening force constant has units of millidynes A and is 

the same for the angle opening coordinates S,, S_, and S-. 
4 5 0 

The Normal Mode Analysis Including Inversion 

The frequencies of the ammonia molecule may be found by solving 

the secular equation (4-17). The simplest method of solution of the 

vibrational problem is to neglect the large amplitude inversion motion 

and to treat the corresponding coordinate, S,, as a small amplitude 

vibration. This approach shall be referred to as the normal coordinate 

analysis. 

In order to solve the secular equation it is necessary to obtain 

the FG product. Using the values for G and F given in Table 3 and 

Figure 5, the units on the resulting eigenvalues expressed as A in 
o 

Eq. (4-17) are millidynes/(A amu). Conversion of units results in 

the following expression in units of reciprocal centimeters (the 

reciprocal of the wave length) 

2 7 — -1 
reciprocal centimeters = 13 x 10 /A cm , (4-20) 

where the A. are eigenvalues of the secular equation. 

The secular equation for NH results in two non-degenerate fre

quencies of species A. The frequencies belonging to the A species 

correspond to the motions of symmetrical stretch and symmetrical angle 

opening as described by symmetry coordinates S^ and S^ given in 

Eq. (4-19). The frequencies and the resulting mixing of the symmetry 

coordinates are given in Table 5. 
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Table 5: The Vibrational Frequencies of NH3 and 
the Ratio between Symmetry Coordinates 
in the Given Mode. 

Calculated 

3315 cm 

1122 

3412 

1524 

-1 

Experimental* 

3337 

950 

3414 

1628 

-1 
cm 

Coordinate Ratio 

S,:S, = l:-96.476 
4 1 

S,:S, = 1:.13099 
4 1 

S^tS = l:-0.093 

S^:S^ = 1:152.8 
2'"5 

*Reference 17 

The calculated frequencies fit the experimental data rather 

closely. Of course, use of interaction force constants would make 

the fit better. The main concern of this problem is to consider 

the effect of separating out the large amplitude motion and therefore 

the interaction force constants were not considered. Furthermore a 

mo re accurate evaluation of force constants should consider cubic 

contributions. 

The frequencies of the deuterated species can be obtained from 

the secular equation using the G and F matrix values given in Table 3 

and Figure 5 respectively. The asymmetry due to the deuterium atom 

lifts the degeneracy and results in six non-degenerate frequencies 

given in the following table. 
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Table 6: The Vibrational Frequencies of NH D and NHD 

NH D NHD 

Calculated Observed** Calculated Observed** 

1031 cm""*" 884 cm""̂  927 813 

1496 1365 

2469 2425 

3350 2516 

3412 3382 

1299 1164 

*The remaining frequencies have yet to be assigned. 

**Reference 18. 

Separation of the Vibrational Problem from Inversion 

In Chapter II the large amplitude motion was separated from the 

small amplitude motion by application of the R transformation. The 

transformed G matrix elements are given in Eq. (2-66) and the trans

formed F matrix elements in Eqs. (3-9 to 3-12). As described earlier, 

the frequency of the large amplitude motion is generally quite less 

than the small amplitude vibrational frequencies. Therefore, the 

vibrational problem for the 3N-7 small amplitude coordinates is 

solved using the secular equation and the transformed F and G matrix 

elements, then the large amplitude vibrational problem is solved. 

The interaction between the small amplitude coordinates and the 

inversion will be treated as a perturbation assuming harmonic oscil

lator wave functions for the small amplitude coordinates as shown in 

Appendix IV. 
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The symmetry coordinate S^ in Eq. (4-19) is used to approximate 

the inversion motion and is given by 

S^-^(R^ + R^ + R^). (4-19) 

The changes in the angles between the N-H bonds are given by R., R , 

and R . Therefore this motion corresponds to the symmetric angle 

opening. The actual inversion motion is assumed to be merely an 

extension of the low frequency symmetric (A) species vibration given 

in Table 5. As shown in the table the ratio S,:S^ is 1:0.13099. 
4 1 

Therefore the symmetric angle opening is a good approximation to 

this mode. Further attention will be given to the interaction be

tween S, and S- in finding a potential function for the inversion 

motion. 

As outlined earlier, the R transformation must now be applied and 

the 3N-7 = 5 vibrational problem must be solved using the secular 

equation. As shown in Eqs. (2-66) and (3-9 to 3-12), the G matrix 

is not effected by the R transformation but the F matrix is. The 

equation of particular interest here is Eq. (3-9) 

F , = F , + (G~"̂ )"2 G"-*- F G"^, - [G"^ F ^, + F^ G"^, ] (G""^)"•••. 
tt' tt TT Tt TT Tt' Tt Tt' tT Tt TT 

(3-9) 

Only those force constants whose coordinates interact with the 

inversion coordinate S, are changed by the transformation. From 
4 

Figure 4 showing the non-vanishing interaction terms in the G matrix 

one finds that only the F constant is altered for NH3 and that 

F , F^^, and F^^ are changed for the deuterated species. 
11 22' 55 
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As indicated in Eq. (3-9) above, it is necessary to have the 

inverse G matrix elements in order to calculate the change in the 

force constants. As before, the angle opening force constant is 
o 

chosen to be 0.555 md A. This is the value chosen for F,, in Eq. 
44 

(3-9). The inverse G matrix elements are shown in Table 7 and the 

resulting transformed force constants are given in Figures 6, 7, 

and 8. 

,-1 
'14 

.-1 
'44 

'45 

.-1 
'42 

Table 7: Inverse G Matrix Elements Evaluated 
at the Equilibrium Position for 
NH , NH D, and NHD . 

NH3 
0 

.0575 amu A 

.72977 amu A2 

NH D 
0 

.0904 amu A 

.85729 amu A2 1 

NHD^ 
0 

.13793 amu A 

°2 
.0898 amu A 

0 

0 

°2 
.04768 amu A 

.03687 amu A 

10397 amu A2 

-.04888 amu A 

The substitution of the inverse G matrix elements into Eq. (62) 

results in the F matrices given in Figures 6, 7, and 8. 

F = S. 

6.35 

.555 

6.35 

.555 

6.3562 

Figure 6: Transformed F Matrix of NH , 



F = S. 

3 

6.35 

s s s s 

555 

6.3562 

6.3510 

.5567 

Figure 7: Transformed F Matrix of NH D. 
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F = S. 

3 

6.35 

s s s s 

555 

6.3590 

6.3511 

.5646 
) 

Figure 8: Transformed F Matrix of NHD . 

The frequencies of the normal and deuterated species of ammonia 

for the harmonic approximation after the five small amplitude coor

dinates have been transformed by the R transformation are given in 

Table 8. As mentioned in Chapter II, the G matrix is unchanged by 

the R transformation and therefore Figures 6 through 8 reflect the 

differences from the conventional approach. These differences are 
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more evident in Table 8 where the frequencies are compared for the 

exact normal mode solution, the R-transformed five dimensional solu

tion, and the conventional approach of neglecting all interactions 

between the small amplitude vibration and the large amplitude motion. 

The more rigid R transformed solution provides frequencies closer to 

the exact normal mode frequencies than the conventional approach in 

each case. 
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CHAPTER V 

THE INVERSION PROBLEM 

The Potential Energy of Inversion 

In order to simplify the problem as much as possible, the inver

sion motion has been separated from the other vibrations. This has 

been accomplished by applying the R transformation and including its 

effect on the potential energy. The interaction of inversion with 

other vibrations can be treated as a perturbation resulting in a one 

dimensional problem in terms of the inversion coordinate. 

As was pointed out in the small amplitude vibrational problem, 

the inversion mode can be best described by the S, symmetry coordinate, 

Therefore one would like to choose a potential function for the in

version motion that is simply expressed in terms of S,. This can be 

done quite easily according to a method given by Costain and Suther-

19 land. In the vibrational problem for NH it was shown that the S 

coordinate interacts with the S coordinate. For the mode that most 

nearly corresponds to the symmetrical angle opening coordinate, the 

ratio between the symmetrical angle opening coordinate, S,, and the 

symmetrical bond stretching coordinate, S , is 1:0.13099 as indicated 

in Table 5. However, the vibrational problem was solved using har

monic oscillator potential functions. If the frequencies are cor

rected for anharmonicity, (to = 3589 cm and o)̂  = 1055 cm ), 

instead of the observed fundamental frequencies (v^ = 3337 cm , 

V = 950 cm" ), the corresponding force constants become F^^ = 

54 
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5 ^44 
7.21 X 10 dynes/cm and -r- = 0.474 x 10 dynes/cm where £ is the 

£ 

equilibrium distance between the nitrogen and hydrogen atoms. Fur

thermore, by using these values for F,. and F,,, the ratio between 
11 44 

S and S, is given by 

S^:S^ = 0.1477. (5-1) 

Knowing the interaction between the coordinate Ŝ  and S, enables 
1 4 

one to construct a potential function that is the sum of the contri

butions due to stretching and angle opening. Assuming that inversion 

is an extension of the angle opening mode including the stretching 

interaction, the inversion potential may be written in the form 

F F 

Vj = 3(-|^)(Ar)2 + 3(_|i)(Aa)2 (5-2) 

where Ar corresponds to the displacement of one N-H bond from equil

ibrium and Aa corresponds to the displacement of one angle coordinate 

from equilibrium. The factor 3 enters because of the pyramid shape 

of the molecule which results in three simultaneous stretching and 

angle opening coordinates. The ratio S :S, is identical to the ratio 

Aa:Ar and therefore the potential energy in Eq. (5-2) may be expressed 

in terms of the Aa coordinate with the result 

V = 3.89 X 10^(Aa)2 cm""''. (5-3) 

The equilibrium values of a and Z are 

a = 106°46' 

£ = 1.014 X 10 ^ cm. (5-4) 
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The potential energy is a maximum at the planar configuration of the 

molecule where a = 120°. Substitution into Eq. (5-3) gives a barrier 

height of 2077 cm""''. 

It should be pointed out that the choice of S for the purposes 

of solving the inversion problem is not a good one. For any given 

value of S , one does not know whether the hydrogen atoms are on the 

left of the nitrogen or on the right. Accordingly, the angle between 

the N-H bond and the symmetry axis of NH has been chosen to describe 

inversion. It is easily seen that this choice will completely de

scribe the inversion motion. 

The potential as a function of both the S, coordinate and y, the 

angle between N-H and the symmetry axis, is shown in Figures 9 and 

10. The slope of the potential in terms of S, is discontinuous at 

the planar configuration. However, the slope is not discontinuous 

in Y' 

Interactions with Small Amplitude Vibrations 

In order to isolate the inversion problem, the interaction of 

inversion with the other vibrations must be considered. Since the 

G matrix formulation applies to the LAM, Eq. (4-3) may be written 

«= i T Sf V f + 1 V \^'^\' +1 ^txss + (̂̂ >- (5-5) 

After applying the R transformation in Chapter II and separating the 

large amplitude motion, one obtains 

H = - y G ,p2, + ̂  y F' ,S S , + y F' S S + G' p2 + V(T) 
2 ^, tt'^t' 2 ^, tt' t t' t tT t T TT T 

tt' tt' t 

(5-6) 
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> a 
106^46' 120* 106^*46' 

Figure 9: Inversion Potential of NH as a Function 
of the Angle Between N-H Bonds. 

Figure 10: 

Ik 

Inversion Potential of NH^ as a Function 
of the Angle Between the N-H Bond and 
Symmetry Axis. 
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The G matrix elements are unchanged for the 3N-7 small amplitude 

coordinates. However, as shown in Eq. (2-66), the G matrix does 

change under the R transformation for the T coordinate. The usual 

method of solving the problem consists of neglecting F in Eq. (4-3). 

However, the R transformation introduces significant terms into Eq. 

(5-6) and therefore these dynamic contributions to F' will not be 
tT 

neglected. These interactions, given in Eq. (3-9 to 3-12), are called 

dynamic terms because they are due to the interactions in the kinetic 

energy. 

The five dimensional problem given by the first two terms in 

Eq. (5-6) has been solved in the previous section to give the funda

mental frequencies of NH , NH-D, and NHD . Harmonic oscillator wave 

functions were used to describe the system. Since the frequencies 

of these vibrations are higher than the frequency of the symmetric 

angle opening, the interactions are averaged over the vibrational 

motion using perturbation theory. The method consists of leaving 

the inversion operators in operator form and averaging only over the 

small amplitude wave function without specifying the inversion wave 

function as shown in Appendix IV. 

As mentioned earlier, the force constants F are neglected. 

Therefore, the approximate interaction force constants from Eq. (3-11) 

are 

F' = -(G -̂ ) -̂  G ^ F . (5-7) 
Tt TT Tt TT 

From Appendix III one finds that the inverse G matrix for NH3 

interacts only with the S coordinate since m' = 0 for NH . Simi-
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larly for NH^D and NHD^ the only interaction terms are S , S , and 

^2-

In applying perturbation theory to the interaction given in 

Eq. (5-7), the inverse G matrix elements are treated only as a func

tion of the inversion coordinate. The resulting contributions to 

the one dimensional potential through third order are 

AV. = 
J 

G., ^ G.. 

^.-1^ ^4F! -) 

44 JJ 

2 2 
1/2 ^44^4 

C O , 

J 

(5-8) 

as shown in Appendix IV. 

In Eq. (5-7), the subscript j is the number of the interacting 

coordinates so that j = 1 for normal ammonia and j = 1, 2, 5 for the 

deuterated species. It should be noted that assigning a frequency 

to the S. coordinate assumes that it is a normal coordinate. Even 

though this is exactly true in the freeze out of S, for the NH^ prob-

4 3 

lem, such is not the case for the deuterated species. However, the 

mixing between coordinates is very small so that to a good approxima

tion S. is a normal coordinate. The maximum contributions of AV. for 

J J 
NH and NH^D are given in the following table. 

Table 9: Percent Contribution of Maximum of AV, 
to the Costain Potential V . 

c 

AV. 
.1 

AV^ 

AV^ 

AV5 

Pe rcen t of V 
c 

NH3 

.25% 

0 

0 

NH^D 

.5% 

. 1 % 

1% 

NHD 2 

. 15% 

.9% 

3 .5% 
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The percent contributions in Table 9 indicate that the inter

actions will not be very significant. The contributions due to S 

are somewhat larger than the S^ and S contributions in NH D and 

NHD^. In order to retain the angular dependence and to be easily 

incorporated into the overall potential, the AV contributions were 

j 
expanded and reduced to more simplified trigometric functions. The 

results are given in the following table. 

Table 10: Vibrational Interaction Contributions 
to the Potential Energy of Inversion. 

NH3: AV^ = -(0.053 - .038 COS2Y)COS\V 

NH^D: AV = -(.173 - .101 COS2Y)COS\V^ 

AV = -(.014 - .008 COS Y)COS YV-J. 

AV = -(.098 - .156 COS2Y)COS\VJ 

NHD^: AV^ = -(.582 - .444 COS2Y)COS\V^ 
2 5 I 

2 4 
AV = -(.150 - .266 COS Y)COS YV 

2 4 
AV = -(.020 - .304 COS Y)COS YV 

V is the Costain Potential. 

The Classical Hamiltonian 

The one dimensional Hamiltonian may be obtained from Eqs. (5-6) 

and (5-8) where S and the conjugate momenta P, describe the large 

amplitude motion. Accordingly, the inversion Hamiltonian becomes 

Hj =1 (4i) 1-4+1^ Ŝ  + I AV.. (5-9) 

S4 ^ 
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In the above equation G^^ has been replaced by (G~h~'^ in accordance 

with Eq. (2-66). Also the Costain potential given by Eq. (5-3) has 

been expressed in terms of S . The resulting Hamiltonian describes the 

inversion problem for both the normal and deuterated species provided 

the corresponding inverse G matrix elements G~ and AV. are chosen. 
44 J 

As mentioned earlier, a and S do not sufficiently describe the 

inversion motion since a given value of either coordinate does not 

distinguish between the configuration for the nitrogen on the left 

from the configuration for nitrogen on the right of the hydrogen 

plane. Consequently Y» the angle between the N-H bond and the 

symmetry axis of NH_, has been chosen to describe the motion. In 

order to make this transformation one needs the relation 

sin Y = T sin a/2. (5-10) 

The inversion Hamiltonian may be written in terms of the velocity 

coordinate S, by substituting for the kinetic energy as given in 

Eq. (2-40) with the result 

S = I S4^4 + I ̂ 4̂ + I 'd • ^'-''^ 

As indicated in Chapter II, the generalized G matrix approach 

leading to the reduced moment of inertia G,, results in an expression 

for the kinetic energy that is equivalent to the value obtained by 

isolating the inversion and calculating the kinetic energy by vector 

methods. The latter expression is given by Eq. (2-29a). The inver

sion Hamiltonian may now be written as 



62 

"i" i ^V^ ^ ^̂^̂  "̂  ? ^̂ j ^ "̂̂ 2) 

where 

.2 

I' = Vi^liix. (2-29b) 
YY 1 

XX 

The moment of inertia I is given in Appendix VI. The potential 

V(Y) is the Costain potential transformed to Y by application of 

Eq. (5-10). 

The Quantum-Mechanical Hamiltonian 

The one-dimensional Hamiltonian is given in Eq. (5-12). However, 

this expression does not lead directly to the quantum mechanical 

21 
operator. As shown in Wilson, Decius and Cross, the Hamiltonian 

may be obtained from the expression 

„ 1 1/4 -1/2 1/4 _̂  .. ., T^. 
H = - g pg pg + V (5-13) 

where the symbol p is now the operator -i/i -—. The symbol g is the 
i 

coefficient on the conjugate momentum of the classical Hamiltonian. 

For the inversion problem g is the reciprocal of I' in Eq. (2-29b). 

Expansion of Eq. (5-13) results in the operator for twice the Hamil

tonian which is given by 

2H = ayrV ^ {^(v^rdvv/ - i(i;^)-SpS;^) 

- (I' ) 2(pi' )p + 2V(Y). (5-14) 
YY YY 

From Eqs. (2-23 and 24) and Eq. (2-29b) the following expressions for 

I' are derived for the normal and deuterated species. For NH , the 
YY ^ 
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reduced moment of inertia is given by 

dy"^''^^-whi;,^'-d). (s-is) 

and for NH D or NHD 

I^^ = r [M(3m + m' ) + 3m(3m + 2m')cos2Y]/M (5-16a) 

I^x = r2[M(3m + m') - | ^ (M - 3m - 3m')sin2Y] (5-16b) 

I = m'Mr2/M (5-16c) 
YX t 

where m + m' = mass of the non-duplicated hydrogen isotope and M = 

total mass of molecule. 

For the deuterated species I' may be obtained from Eq. (2-29b) 
YY 

using Eq. (5-16). The hydrogen, deuterium, and nitrogen masses may 

be approximated by one, two and fourteen atomic mass units respec

tively. Accordingly, the angular dependence of I' is approximately 

22% for NH and approximately 25% for NH D. Therefore, the solution 

will be found for the constant coefficient in the moment of inertia 

and the angular dependence will be treated as a perturbation. 

In order to simplify the units of the problem the coordinate Y 

may be transformed 

2 yvxl/2 
Y ' = (3mr a)/̂ i) ' Y = DY (5-17) 

where 

2 
0) = (k/3mr'-)l/2. (5-18) 

In the above equation k is the force constant of the Costain potential. 
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m is the mass of the ordinary hydrogen nucleus, and r is the N-H bond 

length. 

After making the above coordinate transformation for Y, expanding 

the Y dependence of I' , and choosing the energy E = — Afio), the final 

Schrodinger equation for NH_ becomes 

2 2 
^ - ^ - (0.211588COS2Y) -^-^ + A - U - ̂  (. 211588)sin2Y T^- = 0 
8Y' 9Y' ^ 

(5-19) 

where 

_ 2Costain potential _ (. 211588>fip7 (.211588)sin 2Y . COS2Y-| 

^- " 3m£2. ^' S^^) ^f2(Y)^^'^ 

(5-20) 

and 

f.(Y) = [1 + .211588COS Y]^- (5-21) 

It should be noted that for NH , the dimensionless constant in Eq. 

(5-17) is given by 

D = 8.76368 (5-22a) 

and 

u) = 1028.8 cm "'•. (5-22b) 

Similar expressions may be derived for NH D with the result 

2 2 
^ — - i, - (.31148COS2Y)-^—^ i> 

8Y' 9Y' 

+ A - U - ̂  (.31148)sin2Y T V ip = 0 (5-23a) 
D oY 
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where 

2 
U = Costain potential - -^ (.31148) F- (-31148)sin 2Y COS2Y. 

D2 ^ ° ^ U f3(Y) ^2 

(5-23b) 

In Eqs. (5-23), the constants are 

D = (2.9779.^1/2 ̂  ^^^^^^ ^^_^^^^ 

0) = 940.2 cm"-*" (5-24b) 

f.(Y) = [1 + .31148COS2Y]^ (5-24C) 

For NHD , the transformed Schrodinger equation becomes 

2 2 
-—y - (0.4428COS2Y) -—r \p + X - ]] 
8Y' 3Y' 

- ̂  (0.4428)sin2Y T—T ̂  = 0 (5-25a) 
u dy 

where 

1 /n / / oox r7 (.4428)sin22Y ̂  COS2Y-, 
U = Costain potential ^(0. ^A28) [-^ f(~\ + FT) 

(5-25b) 

The constants for Eqs. (5-25) are 

D = 9.4991 (5-26a) 

0) = 875.6 cm"-'- (5-26b) 

f.(Y) = [1 + -4428 cos Y]^- (5-26C) 
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Computer Method of Solution 

Equation (5-19) is very difficult to solve. The approximation 

of a double harmonic oscillator would be one method of solution. 

However, since the calculated results are very sensitive to changes 

in barrier height and shape, and since the double harmonic oscillator 

solution was more oriented to a harmonic potential in Y instead of a, 

such an approximation did not seem consistent with the approach to 

this point. Therefore, the problem was solved by a method given by 

27 

Gordon. The method is designed for unbound systems such as scat

tering problems but choice of proper boundary conditions lead to 

bound system solutions. 

This approach is a very useful one in that it constructs piece-

wise analytical wavefunctions for an arbitrary potential and may be 

extended to coupled differential equations. However, the program for 

this problem treated all coupling as a perturbation. 

Due to the significance of the program in solving the problem, 

an outline of the method is now given. The one-dimensional Schrodinger 

equation may be written 

d2i|;/dR2 + [A - U(R)]i|; = 0 (5-27) 

where the reduced energy A and the reduced potential energy U(R) are 

given by 

A = 2yE/>fi2 (5-28a) 

U(R) = 2yV(R)/^2 (5-28b) 
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in terms of the energy E, potential energy V(R), and reduced mass . 

The method consists of dividing the total range of the wave function 

into a number of intervals whose size is related to the accuracy 

prescribed. Within each interval a reference potential U (R) is 

chosen so that it approximates U(R) over the interval. The reference 

potential for this problem was chosen to be of the form 

U^(R) = U(R) + (R - R)[dU(R)/dR] ^^- (5-29) 

where R is the value of R at the center of the interval. The two 

linearly independent solutions of the resulting second order equation 

satisfy the equations 

[d2A(R)/dR2] + [A - u (R)] = 0 
o 

[d2B(R)/dR2] + [A - u (R)] = 0. (5-30) 
o 

For the reference potential used in Eq. (5-30) the solutions A(R) 

and B(R) are given by the Airy functions. Therefore a subprogram 

was written to evaluate Airy functions at arbitrary values. 

The wave function and its derivative can be written as a linear 

combination of the Airy functions. The resulting equations are 

i|; = Aa + Bb (5-31a) 

\p' = A'a + B'b (5-31b) 

where a and b are chosen in such a way that ^p and \p^ are continuous 

at the boundaries of the intervals. 

Since \p and }p^ are evaluated throughout the range of the variable 
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R, the perturbation terms involving —-, namely the momentum operator, 
oR 

may be easily evaluated. Furthermore, terms involving p may be 

easily found from Eq. (5-27) by applying the equation 

,2 

— ^ = [U(R) - X]^. (5-32) 

dR 

The solution to Eq. (5-27) leads to eigenvalues because there 

are more boundary conditions than independent constants. The method 

of solution consists of choosing a set of boundary conditions and a 

proposed eigenvalue on the left, then propagating the wave function 

across the classical limits of the problem. If the wave function 

does not satisfy the boundary conditions on the right hand side of 

the potential well or barrier, then a new eigenvalue must be chosen. 

In order to check the program, U(R) was taken to be the harmonic 

oscillator potential. Solutions were found for the equation 

2 
^ + (A - x2),|, = 0 (5-33) 
dx 

where the oscillator is assumed to have unit mass and a force constant 

equal to one. The classical turning points would occur at x = 1 and 

the ground state eigenvalue would be given by A = 1. 

By forcing the wave function to vanish at x = 3, well beyond the 

turning points, the resulting ground state eigenvalue was 

A = .999997. (5-34) 

This calculation required approximately thirty equally spaced inter

vals. Furthermore the wave functions were correct to three places in 

the described region. 
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For the ammonia inversion problem the solutions of the wave 

equation must be even or odd as mentioned in the introduction. 

Therefore the starting point for all calculations was at the symmetry 

plane of the inversion potential. At this point the wave function 

must vanish for odd functions or the slope of the wave function must 

vanish for even functions. Use of this property enables one to solve 

the problem using half the intervals for equivalent accuracy. The 

form of the ground state eigenfunctions is shown in Figure 11. It 

should be noted that the initial choice of the non-vanishing value 

for \p or \p^ only effects the normalization of the resulting eigen-

function. 

The boundary conditions for the resulting wave functions for 

ammonia inversion may now be considered. First, the plane of sjmi-

metry occurs at Y = 90°. Therefore, the boundary conditions are 

chosen so that the wave function is even or odd at that point. 

As Y approaches 0°, the potential becomes approximately eighty 

times the barrier height. Therefore, the wavefunction was forced to 

vanish as the coordinate Y approached a value such that the potential 

energy was approximately four times the energy associated with the 

eigenvalue. 

The perturbation terms as obtained from Eq. (5-19) were inserted 

into the approximation itself rather than taking the final wave func

tion, normalizing it, and finding the first order corrections. These 

perturbation contributions were averaged over each interval and the 

effect was added onto the wave function for the succeeding interval. 

The resulting calculated energy splitting for the NH ground 



70 

i> 

Y 

67' 90' 113* 

Symmetric Ground State Eigenfunction 

^ 

T- Y 

Asymmetric Ground State Eigenfunction 

Figure 11: Ground State Eigenfunctions of NH3. 
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state was .86 cm . This value is about eight percent greater than the 

observed value of .7935 cm""̂  as shown in Table 11. Costain and 

23 
Sutherland report a calculated splitting of 0.789 using the same 

potential but neglecting the interaction with the S, vibration. 
4 

However, including the S^ interaction only results in reducing the 

splitting by approximately one percent. The difference could be due 

to selection of the effective reduced mass of the inversion motion. 

The Costain and Sutherland paper does not indicate the reduced mass 

chosen for the problem. They do refer to calculations made by 
20 

Manning who chose a constant reduced mass that is as much as four 

percent smaller than the reduced mass obtained in Eq. (5-11). 

The above mentioned discrepancy led to a review of the perturba

tion approach for the angular dependent part of the reduced mass. 

Instead of incorporating the perturbation into the program according 

to Eq. (5-32), first order perturbation theory was performed by the 

conventional method. The perturbation was integrated over the wave 

functions generated using the constant portion of the effective mass. 

The resulting calculated splitting agreed with the previous values 

to one part in a thousand. 

The potential was increased by two percent in order to adjust the 

ground state splitting. The resulting calculated values are compared 

with other calculations in Table 11. The values were taken from 

24 
Townes and Schawlow. 
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Table 11: Observed and Calculated Values 
for NH Inversion Frequencies. 

First 
Ground State Excited State 

^Observed .7935 cm""*- 35.84 

Calculated .7982 36.18 

*Calculated by Manning .834 26.02 

^Calculated by Newton-Thomas .794 23.02 

^Calculated by Dennison & Uhlenbeck .7935 30.4 

**Calculated by Costain & Sutherland .789 36.6 

*Reference 24. 

**Reference 25. 

With the exception of Costain and Sutherland, previous calcula

tions have been about twenty per cent below the observed excited state 

inversion frequency. The two per cent adjustment in barrier height 

improves upon the values reported by Costain and Sutherland. This 

improvement is more impressive if one considers that their ground 

state splitting is too small and their excited state splitting is too 

large. 

The analogous calculation for NH D and NHD^ result in the values 

shown in Table 12. Only one other calculated value could be found 

for comparison. The resulting fittings for the ground and first 

excited state inversion frequencies are very close to the observed 

values. 
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Table 12: Observed and Calculated Values for 
NH^D and NHD Inversion Frequencies. 

*Observed 

Calculated 

Ground 
State 

.1705 cm' 

.148 

^Calculated .172 
by Dennison 
and Uhlenbeck 

•1 

NHD^ 

First Excited 
State 

9.84 

8.78 

6.81 

Ground 
State 

0.406 cm"-*-

0.396 

0.402 

NH^D 

First Excited 
State 

19.7 

19.55 

15.5 

*Reference 26 

The absolute energies for the lower symmetrical state are given 

in Table 13. The ground state energy for NH compares favorably with 

the anharmonic corrected energy as given by Costain and Sutherland 

in choosing the inversion potential. (E = 527.5 cm ) 

Table 13: Absolute Energies of NH3, NH^D and NHD^. 

Energy 

Ground State 

NH. 

538.5 cm - 1 

NH^D 

485.14 

™2 
449.7 

First Excited State 1421.4 1382.1 1279.1 
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> x 

Figure 12: Dennison and Uhlenbeck Inversion Potential 

Comparison with Other Methods 

In order to evaluate the results of this calculation, a compar-

27 
ison with other methods should be made. Dennison and Uhlenbeck 

solved the problem for NH_ and later the method was extended by Weiss 

28 
and Strandberg to NH_D. The results are given in Tables 10 and 

11. Since their results were published for both NH and NH D, their 

method will be outlined further. 

Dennison and Uhlenbeck assumed that the H-H bonds for NH_ re

mained unchanged during inversion. Consequently the problem is re

duced to a two-body problem in which the mass of the hydrogen plane, 

3m, is one body and the mass, M, of the nitrogen atom is the other 

body. The resulting reduced mass is 
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y = 3mM/(M + 3m). 

The potential is taken to be a double harmonic oscillator poten

tial with a flat connecting potential as shown in Figure 12. The 

coordinate between the hydrogen plane and the nitrogen atom is x. 

The problem is then solved by using the Wentzel-Kramers-Brilloin 

approximation. The resulting energy splitting is given in Table 10. 

The agreement with the ground state splitting is very good because 

the size of the potential barrier was adjusted to fit the splitting. 

The excited state splitting is in error by approximately 15%. 

In order to apply the Dennison and Uhlenbeck approach to NH D, 

Weiss and Strandberg used the absolute value of the vibrational 

energy to determine the effective reduced mass. They then substituted 

this value into the equations of Dennison and Uhlenbeck and solved 

for the resulting energy splittings. The agreement for the ground 

state vibrational level is very good. However, the first excited 

state splitting differs approximately 20% from the observed splitting 

as can be seen in Table 11. 



CHAPTER VI 

CONCLUSION 

As mentioned in the introduction, one must make certain assump

tions about the inversion motion in order to reach a solution. The 

basic assumptions in this work are that the inversion motion is an 

extension of the symmetrical angle opening mode, that the potential 

is of the form of the Costain and Sutherland potential, and that the 

inversion problem may be separated from the other motions. 

The choice of the potential and inversion path lead to results 

that are in close agreement with experimental values. The interactions 

between inversion and other vibrations have a small effect on the 

inversion motion for both the normal and deuterated species of ammonia. 

Their contribution narrows the inversion splitting by less than one 

per cent. Furthermore, reducing the vibrational problem to a five 

dimensional problem by the R transformation gives frequencies that 

are in good agreement with the conventional six dimensional solution. 

A two per cent increase in the height of the Costain potential 

was necessary in order to improve the calculated inversion frequen

cies. The new barrier height, 2117, is well within the accepted 

-1 29 
height of the barrier, 2100 ± 50 cm . 

The numerical method of solution for the problem was applied to 

several different Hamiltonians. The results for the harmonic oscil

lator were in very good agreement with the known solutions. The 

computer program gave good results over a reasonably wide range of 

76 
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eigenvalues. Therefore. It Is felt that the eigenvalues given in 

this work are accurate. 
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APPENDIX I: KINETIC ENERGY 

The classical kinetic energy is given by 

->-, 
.2 

1 'i 
2T = I m̂ . Rt (1) 

where the position of the ith particle relative to a coordinate sys-

tem fixed in space is given by the vector R.. If r. is the vector 
1 1 

from a point 0, the origin of a moving and translating coordinate sys

tem, then 

R. = R + r.. (2) 
1 1 

where R is the vector from a space fixed origin to 0. The equilibrium 

position of the ith particle a. is assumed to be a function only of 

the large amplitude internal coordinate. Then the displacement vector 

is defined by the equation 

p. = r. - a.. (2-a) 
1 1 1 

If the rotating system of axes has an angular velocity w and if the 

vector V is defined to be the time derivative of the vector v. in 
1 1 

the moving system, then the velocity of the ith particle in space is 

given by 

R. = R + 0) X r. + V. . (3) 
1 1 1 

The kinetic energy of the whole system is then given by 

80 
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2T = R Im^ + 5;m̂ (a) x r^) • (3 x ?^) + 5;m.v2 

+ 2R • Tm.v. + 2R X w • Tm.r. 
^ 1 1 ^ 1 i 

,->- r -̂  
+ 2a) • Tm.r. X V.. (4) 

^ 1 1 1 ^ '̂  

Coupling can be reduced by choosing the origin at the center of 

mass and defining the rotating axis system according to the following 

Eckart conditions 

Jm.v. = 0 Tm.a, x v. = 0 . (5) 
^ 1 1 ^ 1 1 1 

The second condition removes the angular momentum relative to the 

moving system in zeroth order (i.e. for a, replacing r.). 

Replacing r. by a, + p. and applying conditions (5), Equation 

(4) reduces to 

2T = R )m. + )m.(to X r.) * (w x r.) + 
^ 1 ^ 1 1 1 

Ym.v. + 2a) • Tm.p. x v.. (6) 
^ i 1 ^ 1 1 1 

The first term is the translational energy and will be omitted 

since it separates completely from the remaining terms. The second 

term is the rotational energy; the third is the vibrational energy; 

and the last is the coupling between rotation and vibrational terms. 

Equation (6) may be expanded in the usual manner with the result 

2 2 2 
2T = I a ) + I 03 + 1 a) -21 wa) -21 o) o) 

XX X yy y zz z xy x y xz X z 

- 21 oj 0) + Ym v2 + 2a) )̂m (p x v ) + 2a) J m (p x v ) 
yz y z '^aa x ^ a a a x y'-aa a y 

+ 2a) Tm (p X V ) . (6a) 
z^ a a a z 
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Here I., are the moment of inertia elements of the inertia tensor. 

The seventh degree of freedom, in this case inversion, has not 

yet been considered. The coordinates used are the 3N Cartesian 

coordinates of N atoms with the six equations of constraint given by 

the Eckart conditions. The 3N-6 independent coordinates may be ex

pressed in terms of 3N-7 internal coordinates and the inversion motion. 

The inversion motion is defined to be the symmetric angle opening 

mode as given by coordinate S, in Eq. (4-19). 

The transformation to internal coordinates and the inversion 

coordinate may be expressed 

3N-6 
Ax = y £', S. 

a 1 ̂ T ak k 
k=l 

3N-6 

^a .^^ ak k 
k=l 

3N-6 
Az = y n'- S. . (7) 

a , ̂ -, ak k 
k=l 

In general the vibration term in Eq. (6a) now has the form, 

ym v2 = I G-} S. S.. (8) 
^ a a . ̂ . ij 1 J 

The coupling terms reduce to the form 

3N-6 

y m (J X V ) = y m (Ay Az - Az Ay ) = I Xî  S 
^ a^^a a^x ^ a^ •'a a a ^a ,^, k k 
a a ^ ^ 

3N-6 

y m (? X V ) = I w 
^ a a a y ,_, k k 
a '̂~J-

3N-6 
y m (p X V ) = y 3, S 
^ a a a z , _i ^̂̂  ^ 
a k-i 

(9) 
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where 

""^ \l^ \KiKk - diKdh 

N, = y m ( n ' „ £ ' , - £ ' N' )S 
k ^^£ a Gil ak a£ ak^ £ 

B = y m (£ m\ - m' £ ' )S HO") 
k ^ \ ^ aA ak a£ ak^ £ ^^^^ 

From Eq. (6-a) the kinetic energy can be written in the form, 

2 2 2 
2T = I 0) + l a ) + I 0) - 21 a) a) - 21 a) a) 

XX X yy y zz z xy x y xz X z 

- 2Iy^a3^«^ + 2..̂  I X^ S^ + 200̂  J N^ S^ 

+ 2^13^^+ .̂. "=11 S. S (11) 

The S, motion can be separated from the other terms in the above 

equation with the result 

2T = wl w + 2 y a).X/̂  S, + G"} S2 + 
— ^ 1 4t 4 44 4 

I G^l, S^ S^, + 2 I a). S^ X., + 2S. l S^ G,^. (12) L t|-' t t ^ 1 t It 4 ^ t 4t 

Since all S , t ?̂  4, are assumed to be small amplitude vibrations, 

Y, and G,, are assumed to be functions of the inversion coordinate 
4 44 

only. Furthermore all interactions with vibration in the second and 

third term have been removed. Therefore, the usual vector equations 

assuming equilibrium values, a.(S,), may be used to evaluate XA. and G,, 

The inversion problem has been solved using the coordinate y. 

file:///KiKk
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Y = f(a) = f(/3 S^) as shown in Eq. (5-10). Therefore the second and 

third terras are evaluated using y. The necessary vectors from the 

center of mass to the ith atom are given by 

r -m'rsiny . . (3m + m') , , , 
^4 (M + 3m + m') J "̂  3m + m' + M ''''°^'^^ ^^^^ 

-y ^ ^ 

1̂ = 4̂ + ^ r 

^2 =^4 +"^42' 

-̂̂  = ̂ /. +̂ /.-.> (14) 3 ^4 43^ 

where 

r^^ = rsinyj - rcosyk, (15) 

^ /3 1 
r ,2 = ~^ r s inyi - y rsinyj - rcosyk, (16) 

-> 

^43 
/3 1 
— rsinyi - — rsinyj - rcosyk. (17) 

—7-

The r,. correspond to the R. in Figure 3. The symbols m and M are 

the masses of hydrogen and nitrogen respectively, r is the equilibrium 

N-H bond length, and m + m' is the mass of deuterium for NH D or the 

mass of hydrogen for ND H. Therefore the above vectors can be used 

for the non-deuterated species by letting m' = 0. 

The second and third terms in Eq. (12) are the vector equation 

terms 

2a)*ym[p' x v ] + y m v (18) 
^ a a a ^ a a 
a 1 

->- • • 

where v is the determined from the S, or y motion. From the center 
4 
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of mass condition, the first term in the above equation may be written 

y m [? X V ] (19) 
^ a"- a a 
a 

-^ ^ -^ 
for r = a + p . 

a a a ^ 
->- -> 

Now the expressions for r and v = r may be substituted in 

(18) by applying (19) with the result 

2 
2ya) (^'^^ ) + r2;2[M(3m + m') + 3m(3m + 2m')cos2y]/M^. (20) 

X M t 

Therefore, equation (12) reduces to 

2T = wlw + 21 0) y + I y2 + y G~\ S S 
— yx x' yy ^ tt' t t 

+ 2 I o)̂Xit \ + ^ I \ \ (21) 

where Eq. (5-9) has been applied to express all S, in terms of y. 



APPENDIX II: A METHOD OF CALCULATING THE G "̂  MATRIX ELEMENTS. 

Analytical expressions for the inverse G matrix elements are 

essential to the calculation of the effects of vibrational interaction 

with the large amplitude motion as seen in Eqs. (3-9 through 3-12). 

Therefore, the following method was used to solve for the inverse G 

matrix elements. The position vector of atom a relative to a coor

dinate system fixed in the molecule is given by r . Then p is 
3. di 

chosen to be the Cartesian displacement vector and q = m p = 
^a a a 

X V z 
(q , q , q ) the corresponding mass-reduced vector. 

G, di GL 

A transformation can be found relating the 3N cartesian coor

dinates to 3N-6 internal coordinates, S., and the six rotational and 
1 

translational motions of a rigid molecule. Therefore, one may write 

N 
S. = I d. • q = I S. ' p . (1) 
1 ^ la a ^ la a 

a a 

The d for the infinitesimal rigid motions can be written as 
ia 

S. = R d. = m̂ /2 (t xr ) (2) 
i a la a a a 

or 

-t 1/2 ^ /ON 

S. = T- d. = m ' e (3) 
i <?r la a a 

where a = x, y, z and e is the unit vector in the a direction. 

In matrix notation Equation (1) may be written in the form 

S = Dq 

where S and q are (3N,1) matrices and D is a (3N,3N) matrix with 

-)-
elements consisting of the d vectors. 

la 
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From Eq. (1) it follows that there is a set of d-vectors, d , 
il 

j -> 

i2' "*' ^iN' associated with every coordinate S.. Since the S 
1 i 

coordinates are independent, it must be possible to displace the N 

atoms by some set of vectors, p^, p^, •••, such that S. is changed 

but all S , j ?̂  i, are still zero. These p" are associated with a 
J a 

set of mass-reduced displacement vectors, q? , q° , ••• q° , defined 

in such a way that 

N 
H 

'ja -ia -ji î = P i a • ̂ia = ̂ 1i-

Now the q vectors can be taken as elements of the ith column of 

another matrix. According to Eq. (5), this matrix must be D""*-. 

The determination of the q. vectors is not a simple task. The 
la "̂  

^o 
q as defined in Eq. (5) are not unique, and, in fact, there are an 
Xa 

infinite number of sets of q, . In terms of internal coordinates 
ILCL 

however, the q. are not too difficult to determine and solutions may 
Xo. 

be obtained by inspection. The difficulty is, however, that the 

solutions so obtained may not satisfy Eq. (5) for overall rotation 

and translation. In fact, these motions vanish only if the q. are 
la 

defined in such a way that the Eckart conditions are satisfied. In 
order to obtain the q. , a set of q. is chosen so that S. vanishes 

la la 1 
for i 7̂  1 and S ?̂  R or T , the rotation or translation motions. 

•̂  a a 
Then, the Eckart conditions result in the equations 

1/2 -> V ^ ^ y m q. = y m p. = a. (6) 
^ a la ^ a la i 

y m (r X q. ) = y m (r x p. ) = b.. (7) 
^ a a ^la ^ a a la i 
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Now the q^^ may be obtained by subtracting the appropriate rotations 

and translations of the whole molecule with the result 

-̂ o -> 1/2 -̂  1/2 -^ -y 

îa = ̂ ia-^ ^i-V ^*i^V- ^̂> 

The components of T^ = (T^, T^, T^) and ̂ . = (cj)̂ , (f)̂ , <p^) are given 

by 

X X 

T. = a,/M, etc. (9-a) 

and 

*i = b^/I^ (9-b) 

where 1 , 1 , and I are the principal moments of inertia and M is 
X y Z sr f 

the total mass of the molecule. 

The vibrational kinetic energy is obtained from 

T = i H ^ = i I (G-̂ ) S. S (10) 

a i,j -̂  -̂  

The displacements, q., must satisfy the Eckart conditions so that the 

contribution due to the six translational and rotational coordinates in 

Eq. (10) vanishes. 

The G matrix may be obtained from Eq. (10) by considering the 

infinitesimal displacements to be the q. vectors that satisfy Eq. (5). 

Then, one may write 

S. = q.. (5) 

so that 



a 

and 

N 
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'̂  ,.d-od 
la 11 

I (<j°j ' = od (11) 

r -̂-o ->o —1 . V 

^•^la- ^ja = °ij- (12) 

Equation (12) is obtained by choosing the displacements as 

(4- + q. ) and applying Eq. (5) to Eq. (10). Now the q. can be 
la J a ia 

obtained for arbitrary displacement coordinates from Eq. (8). Sub

stitution into Eqs. (11 and 12) and application of Eqs. (9a and 9b) 

result in the expression 

N b«b" 
(G-^.. = Iq. • q. - (a, • Ij/M- I - ^ 

IJ ^ la ^ja 1 J ^ I 
3. Cx 

x,y,z 

(13) 

or in terms of the displacements p, 

N 
(G.T) = y m p. -p . - (a. • a.)/M 
ij ^ a ' ^ i a ja i j 

- (b'S^'/I + b W / I + b % ^ / I ) . (14) 
i j x i j y i j z 



APPENDIX III: NON-VANISHING G~} MATRIX ELEMENTS 
t4 

FOR Nm (m + m') IN SYMMETRY COORDINATES 

a = angle between N-H bonds. 

y E angle between N-H bond and symmetry axis of NH3, 

r = N-H bond length. 

M E mass of nitrogen. 

M = total mass of molecule = M + 3m + m' 

I E r2[M(3m + m') + 3m(3m + 3m' - M) (sin2y)/2]/M 
X X >-

G"} = (9m2 + 6mm')rsiny/9M^ 
14 t 

G:^ = rm'sina(3mM(m + m')r2/I M2 + m/M )/3/2 

.-1 
'44 

»2„^^2 , _ ,22.2 

G~] = r2sin2a[(3m + m')(1 - (3m + m')sin y/M ) -

m cos y/M - m' M /MI ]/27sin ycos y. 
t t XX 

G"^ = - /2 mm'r2sin2a(l/M^ + M2r2/I M )/9sin y 
45 

where 

.2 4 . 2 / ^ 
sin Y = T s m a/2, 

90 



APPENDIX IV. PERTURBATION TECHNIQUES. 

The vibrational Hamiltonian can be written in the fo rm 

"" ^ ^ t,tlT """'PtPf + \ IV' \ \ . +1 KT \ ^ 

+ G' P^ + V(T) 
TT T 

(1) 

as given in Eq. (4-3). The third term contains the interaction be

tween the high frequency, small amplitude vibrations, S , , and the 
t?^T 

low frequency large amplitude motion, S . The small amplitude vibra-
T '^ 

tions are separated from the S motion and the resulting problem is 

solved using a harmonic oscillator potential. 

For the ammonia molecule the S motion corresponds to S., sym

metric angle opening. The interactions for NH D and NHD with inver

sion are with S , S , and S . For NH the only interaction is with 

S . Freezing out the inversion motion results in S becoming exactly 

a normal mode for NH„ and because of the small interaction terms, 

results in S , S , and S becoming very nearly normal modes for NH D 

and NHD as can be seen in Table 3. Therefore, for ammonia inversion 

at least, the S may be treated as normal coordinates. 

The large amplitude vibrational motion is assumed to be of suf

ficiently low frequency that the wave function may be separated from 

the interacting coordinates with the result 

^(S^,S^) = ^(S^)[i>^(iS^)ip^(S^) ••• ^p^(s^)] (2) 

where i|; (S ) is the harmonic oscillator wave function, and t|̂ (S) ij 
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unspecified. 

The harmonic oscillator non-vanishing matrix elements for the 

S interaction term are given by 

<n|s^|n + 1> = (h2G^^/4F^^)^/^(n + 1)^/2 (3) 

<n|sjn - 1> = (h\^./4F;^)^/^ n^/2 (4) 

where n is the quantum number associated with the particular energy 

level of the harmonic oscillator. 

Now the third term in Eq. (1) is treated as a perturbation on 

the £th energy level of the large amplitude coordinate wave function 

so that the perturbation Hamiltonian becomes 

H' = y F' S^ S = S I -F: S^. (5) 
^ tT t T T ^ tT t 
t t 

Through second order the energy level corrections become 

, I ,in ,x . V (n£|H'|n'£")(n'£"|H'|n£') 
AE . ., = (n£ H' n£') + I -̂  ^ \ _^^ ' ' 
^^'^^ n',£" ^n \ ' 

= (n£|H'|n£') + I (£ | H'| £")(£" | H'| £') I (n| H ^ n') (n'| H'| n) 
n 

(6) 

£" n' ^n ^n' 

From Eqs. (3 and 4 ) , the first term vanishes for H' as given in Eq 

(5). Now the summation over the £" term may be considered for the 

second order case. 

By the definition of matrix multiplication, 

.2u, (7) 
,. ^"''"T''" ' ^•' ' " T ' ' ' ^ ' T' 

£' 

y (£|S |£")(£"|S |£') = (£ S^ £'). 
^1 ' T' ' T' T 
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Therefore, the perturbation may be carried out without specifying 

the large amplitude wave function and Eq. (6) may be written with >̂̂  

the use of Eqs. (3 and 4) as 

'2 /v,2 , , .1/2 yi 
(8) 

t n 

where E^ - E^_^ = ha)^ for the harmonic oscillator. Now, Eq. (8) 

reduces to 

AE = -S2 I F;2 (G^^/F;^)1/2/2,^ (9) 

and 0)̂  - (F^^G^^)-""^^. (10) 

It should be noted that F' is assumed to vanish except for 
tT ^ 

those interactions in which there are dynamic contributions. For 

NH_ the only contribution is due to S . For the deuterated species 

the interaction terms are S., S , and S . The explicit form of F' 

is 

F' = F - F (G"i)(G"-'-)"-̂ . (11) 
tT tT TT Tt TT 

Since the usual method of solving the larg« amplitude motion problem 

consists of neglecting the F interaction, the F' may be written 

F' = -F (G"^)(G"^). (12) 
tT TT tT TT 

Now Eq. (9) reduces to 

AE = -S2F2 5: (G-VG'b^G^ /F' )̂ /2/2 
TT ^ tT TT tt tt t 

One may write the energy correction as 

(13) 

AE = - y AV^ 
til 

1",J 
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where 

-1 2 2 
AV - (^>2At 1/2 ^44 4̂ .... 

^44 " ^ 

Substitution for o)̂  in Eq. (10) results in the simplified expression 

for AE in Eq. (13) 

.2 ̂ 2 V ,^-1,^-1x2 AE = -S^ F^ y (G ^/G ^y/Y . (15) 
T TT ^ ^ tT TT tt ^ ^ 

All third order contributions are of the product form (n|H'|n') 

(n' |H'|n")(n"|H'|n). Essentially only two types of contributions 

occur. The first type is described by two of the three n values 

being equal in the above product. According to Eqs. (3 and 4), the 

contribution then vanishes. The second type occurs when n ?̂  n' / 

n" i n. Then it is easily seen that one of the n values must differ 

from the others by at least two quantum levels. Again, according 

to Eqs. (3 and 4), the contribution vanishes. Therefore, there are 

no third order contributions. 

An approximation of the fourth order contributions may be ob

tained from the size of the fourth order term 

(n|s |n')2(n'|s |n)2 
(term)^ = (F;3)^ S^ I ^ — 3 - 3 (16) 

n,n h a) 

f-̂  G 
_ F3 r^l )4l55_l_s2 (̂ 7) 
- ^44 V I ^ 2F„ 3 ^4- ^ '^ 

G ,, 55 a)̂  
44 J 

This contribution can be shown to be approximately 1% of the second 

order contribution and therefore all fourth-order contributions were 

neglected. 



APPENDIX V: G MATRIX IN GENERAL FORM FOR NM M' 

y. — r = N-M bond length 

a = angle between N-M bonds M = mass of M' 

1 
r 

M- E mass of M 

M E mass of M 

M, E mass of N 
4 

Gil = ̂ 1 + ^ 

^12 " ̂ 4 ^^^^ 

G 3 = y, cosa 

2 
G^, = - P y, cota sin a/2 
14 ^ 

G^3 = - p y^ sina 

Gi5 = - P ̂ 4 sina | j . 

G22 = VI2 + ^ 

^23 " ̂ 4 ^^^^ 

^24 " " ^^4 ̂ '̂''' 
2 

G 3 = - p y, cota sin a/2 

G26 = - P ̂ 4 si'̂ '̂  

G33 = y3 + P4 

S4 " " ̂  ̂4 ^^'''' 
G 3 = - P y^ sina 

. 2 ,. 
G = - p y cota sm a/z 
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^44 " ^^^^2 "̂  ̂ 3 "̂  ̂ ^4 s=^^^^/2) 

2 2 
G,^ = p (1 - cosa) (y cosa + y (1 - cosa)(3cosa + l))/sin a 

2 2 
G,, = p (1 - cosa) (y cosa + y,(l - cosa)(3cosa + l))/sin a 

2 2 
G^^ = p (y^ + y3 + 4y^ s i n a / 2 ) 

2 2 
G^, = p (1 - cosa) (y . cosa + y , ( l - cosa ) (3cosa + l ) ) / s i n a 

56 1 4 

2 2 
G = p (M^ + \i^ + 4y^s in a / 2 ) 



APPENDIX VI: MOMENTS OF INERTIA OF Nm (m + m') FOR COORDINATE 

SYSTEM DEFINED IN FIGURE 3 (ORIGIN AT C OF M) 

M E mass of nitrogen r = N-H bond length 

M E total mass of molecule = 3m + m' + M 

y E angle between symmetry axis of NH and N-H bond 

I = r2(M(3m + m') + 3m(3m + 3m' - M) (sin2y)/2)/M 

I = 3mr2/2 + (M(3m + m')/M - 3m/2)r2cos2y 

I = (3m + m' - m'2/M )r2sin2y 
zz t 

I = -m'r2(6m + 2m' + M)(sinycosy)/M^ 
yz t 

Principal Moments of Inertia: 

(I ) = I 
XX p XX 

(I ) = I cos23 + I sin 3 - 1 sin23 
^ yy P yy zz yz 

2 2 
(I ) = I sin 3 + I cos 3 + 1 sin23 
^ zz p yy zz yz 

21 
yz 

where tan 23 = -j- _ i * 
zz yy 
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