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CMPTER I 

INTRODUCTION 

DEFINITION 1.1 By a graph G, we mean a triple (G,G ,g), such 

that 

(1) G is a set, called the set of edges. 

(2) G is a subset of G, and is called the set of vertices. 
o 

(3) g:G ̂  P(G ) (the power set of G ) is a function such that 
o o 

if e is in G, then 

(3a) the cardinality of g(e) is always one or two. 

(3b) g(e) = {e} if e is a vertex. 

Every vertex is an "edge" by this definition, so if we wish to 

relate this definition to the usual physical model of a graph as 

being a bunch of points, some of which are joined by lines, we may 

view the "vertices" of this definition as being "edges" (lines) that 

are smashed down to points. The set G\G we will call the set of 
o 

"true edges" joining vertices. The function g assigns the "end-

points" (vertices) of the edges. 

We admit infinite graphs with multiple edges and loops, so 

Harary [3, p. 10] would call these objects "pseudographs." 

For a graph G = (G^G ,g), here are some common notions expressed 

in terms of Definition 1.1. 

G is finite if the cardinality of G is finite. 

G is totally connected if there is at least one true edge between 

each pair of vertices in G. 



G is totally disconnected if G = G . 
L — Q 

A true edge e in G G is a loop if g(e) = (a) for some vertex a 

in G . 
o 

G has no loops nor multiple edges if g is injective. 

G is ordinary if it is finite and has no loops or multiple edges. 

To construct an "adjacency matrix" for a graph G, first order 

and index its vertices, e.g., v_, v„, •••. The a., entry of the 
1 2 ij -̂  

"adjacency matrix" is the number of edges joining vertex v. to vertex 

v.. The matrix is symmetric, and each entry on the diagonal is lar

ger than zero because each vertex is counted as an edge joining 

itself. We put quotes around "adjacency matrix" because our con

struction is different from the way Harary [4J constructs his adjacency 

matrix (he does not count vertices as edges). 

Harary [3, p. 143] and Sabidussi [7] have given definitions for 

"graph homomorphisms" requiring that true edges must be sent to 

true edges. This is rather restrictive, e.g., there is no graph 

homomorphism for the "one-line graph" of Figure 1 to the "single-

a e b a 
o -a • 

Figure 1. The One-line Graph. Figure 2. The Single-point Graph, 

point graph" of Figure 2. Our next definition is more like Tutte's 

[9, p. 43]. 



DEFINITION 1.2. For graphs G = (G,G ,g) and H = (H,H ,h), a 
o o 

graph morphism is a function (f):G ->• H such that 

(1) (|)(G ) C H 
^ o — o 

(2) g(e) = {a,b} implies h[(|.(e)] = {(J) (a) ,(() (b) } . 

The exp]-ession "graph morphism" will often be shortened to 

"morphism". 

LEM^L\ 1.1 The composition of graph morphisms is j. graph mor

phism, and composition is associative. 

Proof. Let G, G', and G", be graphs, and let (^:G -^ G' and 

6:0' -> G" be morphisms. By composition of functions on sets, 

(eo(}))(G ) C G". For e in G, g(e) = {a,b} implies g'[(j)(e)J = 

{<t>(a),(|)(b)}, î hich implies g" [ (Qocf.) (e) ] = { (Oocf)) (a) , (0°(1)) (b) } . 

Clearly the composition of morphisms is associative. 

THEOREM 1.2 The class of graphs and graph morphisms forms a_ 

category. 

The proof is obvious. The identity morphism for a graph is 

clearly the identity function. The initial object is the empty 

graph (no edges, no vertices), and the final object is the single-

point graph of Figure 2. Thus the category has no zero object and 

cannot be additive. 

Our definitions for a graph and graph morphism will be used for 

the following reasons: 

(1) Many of the traditional problems (e.g., the Konigsberg 

bridge problem) and applications (e.g., to electrical engineering 

and transportation networks) of the subject "graph theory" involve 



pseudographs, so we expanded the class of objects under considera

tion to include pseudographs. 

(2) Our definition of morphism admits more functions between 

graphs as being morphisms and adds a little more structure to the 

category than the way Miller [5] defined the category—we now have 

a final object. In fact, our definition gives us the richest possible 

collection of morphisms while at the same meeting minimal standards 

for preserving the property of being a graph, i.e. if we remove con

dition (2) in Definition 1.2, then the image may not be a subgraph 

(see Chapter III) of the range, as in Figure 3. The true edge (|)(e) 

<P 
•^ H 

• 9 

• _ 

</>(e) 

0(b) 

Figure 3. Removing Condition (2) on ^ 

in Figure 3 is left without one of its endpoints in (j)(G). Also, if 

we remove Condition (1) in Definition 1.2, then we automatically remove 

Condition (2), as illustrated in Figure 4. 

<t> 
•*- H 

a 
o 

<p{a) 

Figure 4. The Construction of ^ 



(3) By considering each vertex as an edge, we are able to com

pletely characterize morphisms by means of a commutative diagram on 

the sets of edges and the power sets of the vertex sets. Thus many 

proofs become diagram-chasing arguments, and we do not have to argue 

different cases for edges and vertices. 

(4) Admitting more functions as graph morphisms necessitates 

modifying the calculation of the direct product of graphs. If the 

direct product is still to be calculated by taking the Kronecker 

product of the adjacency matrices as done in [5, 10], then the notion 

of adjacency matrix must be modified so as to count vertices as edges 

(see Theorem 4.4) 

In this thesis, we shall investigate the nature of monomorphisms, 

epimorphisms, subobjects, quotient objects, direct sums, direct 

products, difference kernels ( = equalizers), difference cokernels 

( = coequalizers), fibered products ( = cartesian squares = pullbacks), 

fibered sums ( = cocartesian squares = pushouts), projective objects, 

and injective objects in the category of graphs. 



CHAPTER II 

GRAPH MORPHISMS 

THEOREM 2.1. Let G = (G.G ,g) and G' = (G',G',g') be graphs, and 

let <() :G ->• G' bê  _a function in the categor^^ of sets. Then <t> Is^ a^ graph 

morphism if and only if the diagram 

(1) <t> 

^P(Go) 

<t>. 

^~^P(G^) 

commutes in the category of sets, where ({) is defined by <^ (A) = 

{(j) (a) I a G A} J^r A ĵ i T (G ) . 

Proof. Let cj) be a morphism, and let e be in G. If g(e) = {a,b}. 

then 

<^'[g(e)] = {(j>(a),ct,(b)} = g'[(|)(e)]. 

so diagram (1) commutes. 

Let diagram (1) commute. Then g(G ) = g (G ) G P(G'), so 
o * o o 

g(G )CG'. Let g(e) = {a,b}. Then 
o o 

g'[<l>(e)J = <|) [g(e)J = {(f)(a),c})(b)}. Q.E.D. 

As remarked in Chapter I, diagrams of the form of (1) are very 

important. We will call them "morphism diagrams". 

THEOREM 2.2. ^(|):G->G'_is_a_ graph morphism, then ({) (G) is a 

graph under the structure induced from G' . 

6 



Proof. The set of edges of (()(G) is (J)(G), the set of vertices 

is (j)(G ), and g' | p (G) :(j) (G) - P[(|)(G )] satisfies the required con

dition (3) of Definition 1.1 because the morphism diagram (1) com

mutes . 

THEOREM 2.3. AL graph morphism is _a monomorphism if and only if 

it is injective cis^ j. function. 

Proof. Let (^:G ̂  G' be a monomorphism, and assume (J) :G ̂  G' is 

in fact not injective, so that (}) (x) = i> (y) for some x ?̂  y in G. Let 

g(x) = {x ,x } (possibly x = x , or x = x = x ), and let g(y) = 

^^l'^2'^ (possibly Y-̂  = 72' or y = y^ = y^) such that (j) (x ) = (^ (y^) 

and (j) (x ) = c{) (y ). Let H be the one-line graph of Figure 1. Construct 

e:H -̂  G by putting 0(e) = x, 0(a) = x , and 0(b) = x^ (see Figure 5). 

Construct 6':1 ^ ̂  by putting 0'(e) = y, 0'(a) = y and 0'(b) = y . 

Then 0' T*̂  0, but (J)o0 = (()°0', which contradicts (j) being a morphism. 

X. 9 

a » 9 

e' 

^2 * 

Vl 

y 2 '>" 

^ < '̂  

. 0 ' 

0(xj = 0(y,) 

<^(x) = <>(y) 

Figure 5. The Construction of 0 and 0'. 

The proof to the opposite implication is trivial. 

COROLLARY 2.4. lf.<}'*-G^G'i^a. monomorphism, then (|) | G^ is an 

injective function. 
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THEOREM 2.5. A graph morphism is an epimorphism if and only if 

it is surjective as a^ function. 

Proof. Let ({):G ̂  G' be an epimorphism and assume, contrary to 

the conclusion, that (|):G -> G' is not surjective. Thus, for some e 

in G', e is not in ({) (G), and e is either a true edge or a vertex. 

Case I. If e is a true edge, construct graph H by starting with 

G* and affix another edge, say, e* between the endpoints (possibly 

not distinct) of e in G'. 

Case II. If e is a vertex, construct graph H by starting with 

G', affix a new vertex a, and put a true edge between a and each ver

tex in G that is connected to e by a true edge. Construct 0:G' -̂  H 

by putting 0 = 1—,. Construct 0':G' -> H as follows: If Case I holds, 
\3 

put 0' (G\{e}) = 1.^. r 1 s , 6'(e) = e'. If Case II holds, put 
' CGMe>; 

0' (G\E) = l/^v^^, where E = {x G G' | e G g(x)}. If x is in E 
\G\EJ) 

and X = e, send x to a. If x is in E and x is a loop, send it to e. 

If X is in E and is a true edge but not a loop, send x to the true 

edge in H joining a to the other end of x in G'. Thus, 0 and 0' are 

morphisms such that 0 7̂  0' , but 0o({) = 0'o(j), which contradicts cj) being 

an epimorphism. 

The proof of the opposite implication is trivial. 

THEOREM 2.6. _If_<|):G^G'^a. graph epimorphism, then 

d)|G :G -> G' is surjective as a function. 
^ ' 0 0 o ** 

Proof. If a is a vertex in G*, then there is some x in G such o 

that (j)(x) = a. If X is a vertex, then we are done. If x is a true 

edge, then it has a vertex, say, b, for one of its endpoints, and 

<f)(b) = a. 

file:///G/ej


THEOREM 2.7. A_ graph morphism is an isomorphism if and only if 

it is bijective as ̂  function. 

Proof. If a morphism is an isomorphism, then it is both epi 

and mono, and the result follows. 

If (1):G -> G' is a morphism such that (j):G -> G' is a bijection, 

then ^ is a morphism because the diagram 

^ P(Go) 

commutes. C l e a r l y ^ o(j) = 1— and (^°(^ = ITTI • 



CHAPTER III 

SUBOBJECTS, QUOTIENT OBJECTS 

AND ISOMORPHISM THEOREMS 

DEFINITION 3.1. A graph G = (G,G ,g) is a subgraph of the graph 

G' = (G',G;^,g') if 

(1) GCG'. 

(2) GCG'. 
o o 

(3) g(e) = {a,b} implies g'(e) = {a,b}, for e in G. 

THEOREM 3.1. The subobjects in the category of graphs are com

pletely characterized by the subgraphs. 

Proof. If G is a subgraph of G', then it is a subobject because 

the insertion function is clearly a monomorphism. 

Conversely, let G be a subobject of G', so there is a monomor

phism (|):G -̂  G'. Now G is obviously isomorphic to (|)(G), and (j) (G) is 

a subgraph of G', so the diagram 

(iSO) ^ Q ' 

(̂insertion) 

0(G) 

commutes. Thus, any subobject of a graph is isomorphic to some sub

graph of that graph. 

DEFINITION 3.2. A congruence E on a graph G = (G,G^,g) is an 

equivalence relation on G such that eEe' with g(e) = {a,b} and 

g(e') = {a',b'} implies {[a],[b]} = {[a'],[b']}, where [x] denotes 

10 
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the equivalence class of x relative to E. That is, aEa' and bEb', 

or aEb' and bEa'. 

THEOREM 3.2. Let E ̂  ^n equivalence relation on the set of 

edges G of the graph G. Then E is a congruence on ? if and only ±f_ 

E = ker cf) = (f) o<^ for some graph morphism (p:G -̂  G'. 

Proof. Let E be a congruence on G. Put 

(1) H = G/E. 

(2) H^ = {[e] G G/E I [e] Pi G ^ 0]. 

(3) h:H -> P(H^) by defining h([e]) = {[a],[b]}, where g(e) = 

{a,b}. 

Then H = (H,H ,h) is clearly a graph, and the projection nat:G -> G/E 

is an epimorphism whose equivalence kernel is E. 

Let E = ker (^ for some morphism 4):G -> G'. If (()(e) = (t)(e') with 

g(e) = {a,b} and g(e') = {a',b'}, then 

{<̂ (a),({.(b)} = (4. og)(e) = (g'ocf,)(e) = (g'o(t.)(e') = (<^ «g)(e') = 

{(()(a'),(t>(b')} 

by diagram (1) of Theorem 2.1. Thus (p (a) = (j)(a') and (\> (h) = (|) (b'), 

or <f(a) = i>(b') and 4)(b) = <^(a'). In either case, {[a],[b]} = 

{[a'J,[b']}. 

DEFINITION 3.3. The graph H (denoted by G/E) constructed in 

Theorem 3.2 will be called a quotient graph. 

THEOREM 3.3. The quotient objects of the category of graphs 

are completely characterized by the quotient graphs. 
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Proof. If G is a graph and E is a congruence on G, then the 

projection nat:G -> G/E makes G/E a quotient object. 

Conversely, let <^:G -^ G' be an epimorphism, so G* is a quotient 

object of G. Then G/ker <{> = (H,H ,h) is a quotient graph. Define 

the function .(j)*:G/ker (}> -?- G* by putting (J)'([e]) = ((> (e). Then (f)' is 

a morphism because the diagram 

(G/ker ̂ ) = H 

f 

P(H,) 

K 

(CI) 

commutes. In fact, <^^ is an isomorphism because it is bijective as 

a function. Thus, the diagram 

¥> 

G' 

^' 

not f& 
(epi) 

(iso) 

G/ker 4> 

commutes, so any quotient object of a graph is isomorphic to some 

quotient graph of that graph. 

THEOREM 3.4. (FIRST ISOMORPHISM THEOREM.) Any graph morphism 

<f>:G -^ G' can be factored into a_ commutative diagram 

^ 
G' 

not ̂  (epi) (mono) 

G/ker ̂  
(iso) 

in se rtion 

^' 
<i>{G) 

of morphisms 
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Proof. Use a construction similar to the one of Theorem 3.3. 

_ (J) _ e _ 

THEOREM 3.5. (SECOND ISOMORPHISM THEOREM.) ĵ f G ̂  G' -> G" is 

_a sequence of graph morphisms, then there is an epimorphism ip and an 

isomorphism ip' such that the diagram 

not ̂  G/ker flS '^^^ ^ (G/ker 0)/ker {̂  

not y<»^ 
V 

G/ker fi*^ 

V 

commutes. 

Proof. Put "G/ker ({> = (K,K ,k) and "c/ker 0o(j) = (K',K^,kM. 

Define iĵ :K-> K' by ^([e].) = [^IQ ., where [e] (resp. [e]g .) is the 

equivalence class of e in G relative to ker cj) (resp. 0o(|)). Then ^ 

is a surjection [13, p. 17], and in fact is a morphism because the 

morphism diagram 

K 

H^ 

K'-
k' 

P(Ko) 

P(K') 

commutes. Construct ip' the same way the isomorphism (f)' was constructed 

in Theorem 3.3. 

THEOREM 3.6. (THIRD ISOMORPHISM THEOREM.) lf_ G' ±s_ a subgraph 

of "G and E is a congruence on "G, then E' = E|G' ±S^ a congruence on 

"G' , and H = { [e] G G/E | [e] 0 0 ^ 0 ) has_ a. natural graph structure 

as a subgraph £f_'G/E, and H ±s_ isomorphic to G'/E'. 

Proof. The congruence E is the kernel of some graph morphism 

with domain G". When that morphism is cut down to have domain G' , it 
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is still a morphism, and its kernel is E', so E' is a congruence on 

G'. 

Put H = {[e] G G/E | [e] Pi G' ?̂  C3r}, H = { [e] G G/E | 

[e] n G ?̂  0 } , and define h:H -> P(H ) by h([e]) = {[a],[b]}, where 
o o 

g'(e) = {a,b}. Then H = (H,H ,h) is clearly a graph and is a sub

graph of Ĝ /E. 

Define i>:G^ ->• H by putting (j) (e) = [e]. This is obviously an 

epimorphism, and ker (}> = E'. The isomorphism <|)':G'/E' -> H is the one 

constructed in the last part of Theorem 3.3. 



CHAPTER IV 

DIRECT SUMS AND DIRECT PRODUCTS 

THEOREM 4.1. The direct sum of a, family of graphs is their 

disjoint union. 

Proof. Let {G. \ i G 1} be an indexed family of graphs, and 

let G be their disjoint union with the obvious graph structure, and 

let {c,:G. -> G i G 1} be the canonical insertions, which are obvi-
1 1 ' 

ously monomorphisms. Let H be any arbitrary graph and let 

{((>. :G. ->• H I i G 1} be a family of morphisms. Define ^:G ^ H as fol

lows: for e G c.(G.), put (j) (e) = ((f). oc. )(e). This relation is 

single-valued, because i ?̂  j implies c.(G.) is disjoint from c.(G.). 

The function (j) is in fact a morphism because, for each i in I, the 

diagram 

C^(Gj) 

.-1 

4>. 

H 

l|Ci(Gi) 
-•- P ti(Gio)] 

(cr^)* 

P<Gio> 

(*i). 

P(Ho) 

commutes. Clearly (j) makes the diagram 

- <t> ^ 

c. 

G. 

15 
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commute. In fact, it is unique in having that property. If (})' also 

makes the diagram commute for each i in I, then 

(|)(e) = ((j) oc ~ )(e) = ((})'oc.oc."-'-)(e) = (|)'(e) 
•^ -i- 1 1 

for each e in c.(G.). Thus, i>' = <^. 

DEFINITION 4.1. A subgraph G' of a graph ̂  is a component of 

G if 

(1) 'G\G' = (G\G',G^\G^,gIG\G') is also a subgraph of G. 

(2) G' is minimal in property (1), i.e., G" is a subgraph of 

G' implies G'\G" is not a subgraph of Ĝ. 

COROLLARY 4.2. A. graph may be uniquely decomposed as the direct 

sum of its components. 

COROLLARY 4.3. The "adjacency matrix" of _a direct sum ̂  graphs 

is the direct sum of the "adjacency matrices" of the graphs. 

Proof. The number of edges joining vertices a. and a, in the 

direct sum is 

(1) zero if a. and a. are in different components. 

(2) n if a, and a. are in the same component and in that com

ponent there are n number of edges joining a, with a.. 

This motivates a new definition for a graph. A "graph" is an 

initial segment {1,''-,X} = A of the ordinals with a function A:AxA ^ 

Cardinals (written A(i,j) = a..) such that 
ij 

(1) a.. E a.. 

(2) a.. > 1. 
11 
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The set A is the set of vertices, and the cardinal a., is the number 

of edges joining i to j. Then the graph may be represented as a 

(possibly infinite) symmetric matrix (a..), where the i-th row and 

j-th entry is a^ . Note that we have lost any way of "naming" the 

individual edges between i and j—we can only "count" them. 

Many methods for multiplying graphs have been devised [4, 8], 

mostly for graphs without multiple edges or loops. Given ordinary 

graphs G and G^, their cartesian product is the graph with vertex 

set G- G , and set of edges such that there is a single true edge 

between vertices (a- ,a ) and (b-,b-) if a = b- and there is a true 

edge between a_ and b^ in G„, or a- = b^ and there is a true edge 

between a. and b- in G-. The cartesian product is not the categorical 

direct product, as may be demonstrated by taking both G. and G to 

be the one-line graph of Figure 1. Let G^be the one-line graph also, 

and let d).:G -̂  G. be defined by ({). (a) = a., (}>, (b) = b., and <t). (e) = e. 
1 1 .1 1 1 1 1 1 

for i = 1, 2. See Figure 6. 

^ o e b G' ° » 

- °i 6; "̂J 

<°1'°2> 

G,X G,: 

• = ^ 2 (a,,b2) 

i^'«2^ 

(bj^bj) 

Figure 6. Cartesian Product. 

It is easy to see there is no graph morphism (j):G -> G XG^ such that 

the diagram 
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- 0 - -
G • G,xG2 

commutes for each i = 1, 2. 

Given two ordinary graphs G and H, their composition ( = lexico

graphic product) as defined in [4] is the graph G[H] whose vertex 

set is G XH , and set of edges such that there is a single true edge 

between vertices (a^,a-) and (b ,b„) if there is a true edge between 

a- and b^ in G, or if a- •** b- and there is a true edge between a_ 

and b^ in H. The composition is not the direct product, because G[H] 

is not isomorphic to H[G] in Figure 7. 

7^ °' 
G- -̂  

- ^2 
H' 

b, 

(02'°l) 

HI G j :(b2,a, 

(C2'°l) 

(02'bi) 

(b2,b,) 

(C2'b,) 

{0^,0^) 

GIH •• 

(bi.Oj) 

(oi/bj) 

(bi^bj) 

(a,,C2) 

(bi.Cj) 

Figure 7. The Composition. 

If vertices are not counted as edges, then the adjacency matrix of 

an ordinary graph has zeroes on the diagonal [4]. The Kronecker 
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product of two such usual adjacency matrices [4, 5, 10] may not be 

the adjacency matrix of the categorical direct product. Let G^, G-, 

and G be the same graphs as in Figure 6. Define <t>,iG "̂  G , by 

<()̂ (a) = a^, (l)̂ (b) = b^, and (t)̂ (e) = ê .̂ Define (^^:G -> G^ by 

<|)̂ (a) = (J>̂ (b) = ^j(e) = a». Then there is no graph morphism 

<():G -> G ®G (the Kronecker product, see Figure 8) such that the dia

gram 

- <t> - -
G—^^--^G,®G2 

<t>\ / P i 

commutes fo r i = 1 , 2 . 

(Oi^oj) (oi^bj) 

GiGGj-

Figure 8. The Kronecker Product. 

Let {"G. = (G.,G. ,g.) I i G 1} be an indexed family of graphs. 

Let XG and XG. denote the cartesian products of the edges and the 
i lo 

vertices, respectively. Let p.: G^ ̂  G^ denote the cartesian pro

jection functions. Put 

(1) G = {e^^ E e^^l eGXG^; a, b G XG^^; g^[p.(e)] = 

{p^Ca), ?Ah)} for all i G I}. 

(2) G = {a G G I aGXG, }. (This is isomorphic to XG as 
^ ' o aa ' io •̂'̂  

a set, so we identify G with ^G .) 

(3) g:G -> P(G ) defined by g(e^^) = {a,b}. Clearly G = (G,G^,g) 
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is a graph. 

Define the categorical projection morphisms TT . :G ̂  G. by TT . (e , ) 
1 1 "̂  1 ab 

- P.(e)« This definition gives us graph morphisms because the mor

phism diagram 

^i 

9i 

•^ P(Go) 

r 

•*-P(Gio) 

commutes for each i in I. 

THEOREM 4.4. The graph G together with the family of morphisms 

{Tr.:G -> G. I i G 1} is the direct product of the family {G. I i G 1}. 
1 1 ' — 1 ' 

Proof. Let H be any arbitrary graph and let {(j).:H ->• G. | i G 1} 

be a family of morphisms. Define (|):H -> G as follows: for x in H with 

h(x) = {c,d}, put c})(x) = (*i(̂ ))(c|,.(c))(cj)̂ (d))-

morphism because the morphism diagram 

h 

Then (f> is in fact a 

H 

^ 

•^ P(Ho) 

^* 

•^ P(Go) 

commutes. Also, the diagram 

(2) 

•- G 
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commutes for each i in I. In fact, <t> is unique in making diagram 

(2) commute. Assume (j)' :H -> G also makes the diagram commute. Let 

x be in H with h(x) = {c,d}. If ,|)' (x) = e , , then TT . (e) = (̂  . (x) . 
at) 1 • 1 

Also, for each i in I, TT̂ (a) = (f,̂ (c) and 7T̂ (b) = .J,̂ (d), or TT . (a) = 

(̂ (̂d) and Tr_̂ (b) = (J).(c) because the diagram 

••G 

commutes. In either case, (f)' (x) = ((J).(x)), . . . . .,.. = ,p(x) 
1 (.<P̂ (.C;M4'. Cd); 

Thus 4)* = ((). 

We will write IIG. for G, or Gj^^ in case i = 1, 2. 

COROLLARY 4.5. The "adjacency matrix" of the direct product of 

_a finite family of graphs is the Kronecker product of the "adjacency 

matrices" of the graphs. 

Proof. Let G-, G^, •••, G, be a finite family of graphs. Let 

a and b be vertices in their direct product. For a fixed i, let n. 
1 

denote the number of edges in G. between TT . (a) and 7T.(b). Then the 

number of all the edges joining a to b in the direct product will be 

the product of the n.*s for i = 1, 2, ***, k. 
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Because we are counting vertices as edges and because our cate

gory is richer in morphisms than Miller's category [5], the direct 

product by cur calculation may yield a larger graph. See Figure 9, 

where ® denoies Weichsel's Kronecker product [10] and Figure 10, where 

Q denotes tî e direct product. 

0 

\ 

Figure 9. Weishel's Kronecker Product 

© 

Figure 10. The Direct Product 
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The single-point graph of Figure 2 serves as the unit for the 

direct product operation. 

Given a family of ordinary graphs (G . \ i G I}, their strong 

product G* is defined as follows: the vertex set of ̂ * is XG. . 
lO 

Two distinct vertices a and b are joined by a true edge in Ĝ * if 

there is a non-empty subset J of I such that there is a true edge 

between p (a) and p.(b) in G. for all j in J, and p.(a) = p.(b) for 
w J J -̂ -̂

all i in l\J. 

COROLLARY 4.6. For a_ family of ordinary graphs, the direct 

product is the same as the strong product. 

Proof. Let a and b be distinct vertices in the direct product 

of the family {G. | i G 1} of ordinary graphs. There is an edge 

between a and b in the direct product if and only if there is a sub

set J of I such that there is an edge between TT . (a) and TT,(b) in G. 

for all j in J, and 7T.(a) = 'iT.(b) for all i in l\J. 



CHAPTER V 

DIFFERENCE KERNELS, DIFFERENCE COKERNELS 

FIBERED PRODUCTS, AND FIBERED SUMS 

THEOREM 5.1. L̂ et (f),0;G ̂  H be graph morphisms. Their difference 

kernel, Ker (c{),0) = N, is given by 

(1) N^ = {a C G ^ I <j)(a) = 0(a)}. 

(2) N = {e C G I (t)(e) = 0(e) and g(e) C P(N )}. 

(3) n = g|N. 

Remark: We must add the condition, "g(e) C P(N )" for edge e 

to be in N in order to make N a graph, as the counterexample in 

Figure 11 shows. 

4> 

" I 

a 

H 

b, 

b 

ib. 

e 
-•H 

'1? 

02 • 

b, 

b 

*b2 

Figure 11. Counterexample. 

Proof of theorem. Clearly (})oi = 0oi (i is the injection mor

phism). Let T be any graph and let i|;:J -̂  G be a morphism such that 

(^o^p = eoi|;. Clearly i|; (7) is a subgraph of i(N) = N which is a sub

graph of "G. Construct y^l ^ N by cutting down the range of i|; to N, 

so that yie) = i/;(e) for any e in J. Then y is a morphism and the 

diagram 

24 
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(3) 

commutes (except for <[, and 0). In fact, y is unique in making 

diagram (3) commute. If y* also makes the diagram commute, then 

Y'(e) = (ioY')(e) = i|;(e) = (ioY)(e) = Y(e) for each e in J. Thus, 

Y = Y' 

LEMMA 5.2. Let (f),0:G •» H be graph morphisms. Put wRz if 

w = ({)(d) ^nd z = 0(d) for some d^JiG. IL e is^ in G with g(e) = {a,b} 

and <J)(e) = x^ with h(x^) = {s^,t^} and 0(e) = x^ with h(x2) = is^.t^}, 

then Sĵ Rŝ  and t Rt , or s Rt and t Rs . 

Proof. Start with e in G and follow its path around the mor

phism diagram 

for the various cases. 

LEMMA 5.3. Let ^ ,Q:G -^ H b^ graph morphisms, and let E bie the 

equivalence relation on H generated by the relation R = 

{(0 (x) ,(f)(x)) I X C G}. Then E is a congruence on H. 

•OS Proof. Now E = {S oS o 
n 

S. = A„, or S. = R, or S. = R"^, 
1 H 1 1 

for i = 1, 2, *•', n}, so xEx' implies there exists x = x , X-, x„, 

'"' "n+1 1- - 1' 1 
X ., = x' in H with h(x.) = {s.,t.} for i = 0, 1, •••, n+1, and 



there exist e_, e , 

n such that 
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, e^ in G with g(e.) = {a.,b.} for i = 0, *••, 

(2) 4>(e ) = x. and 0(e.) = x.,,, or 
1 1 1 1+1 

(3) ((>(e ) = X.,- and 0(e.) = x.. 
1 1+1 1 1 

In Case (1) {s^,t^} = "ts^^^jt^^^}. In Case (2), we can use Lemma 5.2 

and get s Rs and t.Rt.,^, or s.Rt.^, and t.Rs.^,. In Case (3), 
1 1+1 1 1+1 1 1+1 1 1+1 

we can again use Lemma 5.2 and get s.,.Rs. and t,,,Rt., or s.,,Rt, 
1+1 1 1+1 1 1+1 1 

and t̂ ĵ̂ R̂ŝ . In any case, {[s^],[t^]} = ^ t^i+i^»[t^_^^]} for ea ch 

i = 0, 1, •••, n. Thus {[sQ],[tQ]} = •t[s^^^],[t^^^]}, so E satisfies 

the condition in Definition 3.2 for being a congruence. 

THEOREM 5.4. Let 4>,0:G -> H be graph morphisms. Their difference 

cokernel Coker ((j),6) = K, iŝ  the graph H/E with the natural projec

tion nat:H -> H/E, where E ±s^ the congruence described in Lemma 5.3. 

Proof. Apparently nat°(|) = nato0. Let J be any arbitrary graph 

and let Y«H -̂  J be a morphism such that Y°<f> = y^Q- Construct 

Y*:K^ J by putting Y'([e]) = Y (e) . Then y' is indeed a graph mor

phism because the morphism diagram 

K 

r 
not 

H 

^yy 

nati. 

P(Ho) 

* P(K„) 

y; 

* POo) 

commutes. Clearly, the diagram 



27 

0 
(4) 

6 

commutes (except for (^ and 0). In fact, y' is unique in making dia

gram (4) commute. If y" also makes diagram (4) commute, then 

Y " ( [ 4 ] ) = (y"onat)(e) = y(e) = y'([e]). Thus y" = y'. 

THEOREM 5.5. Let 

<t> 

H 

be J. diagram in the category of graphs. Its fibered product, N, ±s_ 

Ker (7Tg°({),iT o0) in the diagram 

where GIIK is the direct product of K and G, and 5 is the difference 

kernel injection sending "N into GIIK such that 0on^o5 = (J)on̂ o5. 

The proof is in [6, p. 83]. 

THEOREM 5.6. Let 
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G-^H 

G 1 
be a. diagram in _the category of_ graphs. Its fibered sum, K, 

Coker (CyO({,,CpO0) in the diagram 

0 

IS 

(5) 

where H©F ̂  the direct sum of H and F, and 6 1^ the difference co-

kernel ̂  c *>(j) and c„o0. 

See [6, p. 83] for remarks on the proof. 

COROLLARY 5.7. Let G be a. subgraph of both H and F. The 

amalgamation of H and F ajt the subgraph G ̂  the graph obtained by 

glueing H and F together at G. 

Proof. In diagram (5), ^ and 0 become injections, and in the 

proof of Theorem 5.4 in this case, the equivalence relation E is 

described by xRy if and only if (1) x = (c oi)(e) and y = Cpoi)(e) 

for some e in G, or (2) x = y. Thus, the image of G in H and the 

image of G in F are identified by the cokernel morphism. 



CHAPTER VI 

PROJECTIVE GRAPHS AND INJECTIVE GRAPHS 

DEFINITION 6.1. A graph G is projective if given graphs F and 

K and a morphism 0:G -> H and an epimorphism ({>:¥-> 1, then there is 

at least one morphism y:G ^ K such that the diagram 

(6) 

commutes. 

THEOREM 6.1. The projective graphs are precisely 

(1) the one-line graph of Figure 1. 

(2) the loop graph consisting of one vertex with a_ loop at it. 

(3) the single-point graph of Figure 2. 

(4) direct sums of the above. 

Proof. Case (1). Let a and b be the endpoints of the true 

edge e. Since ({> is an epimorphism, there exist x, w, and y (possibly 

not distinct) in K such that k(x) = {w,y} and (|) (w) = 0(a), 

(J>(y) = 0(b), and ({> (x) = 0(e). Put y (a) = w, y(b) = y, and y(e) = x. 

Cases (2) and (3) are now merely special instances of Case (1). To 

construct y for Case (4), describe its behavior on each of its com

ponents, so the construction reverts back to Cases (1), (2), and (3). 

Suppose graph Ĝ  is not one of those described in the hypothesis 

of the theorem. Then there exists some vertex a in G^ which has at 

29 
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least two distinct true edges, say d and e, issuing from it. Let b 

be the other endpoint of d, and let c be the other endpoint of e. 

See Figure 12. (We admit the possibility that b = a or c = a or 

both). Let H = "G, and let 0 

0 
H 

W 9 

f 
X • __ 

ob 

d 

{» a 

z «•-

Figure 12. Counterexample. 

be the identity morphism. Let K be some graph with distinct vertices 

w, X, y, and z and distinct edges f and i such that k(f) = {w,x} and 

k(i) = {y,z}, and let (}):K ̂  H be an epimorphism such that its action 

on w, f, w, y, and z is that pictured in Figure 12. Then there is no 

morphism y:G ^ K to make diagram (6) commute. Q.E.D. 

The following are trivially demonstrated consequences of the 

previous definition and theorem. 

If Ĝ  is the direct sum of a family of graphs, then G is projec

tive if and only if each summand is projective. 

Every graph has a quotient graph that is isomorphic to some 

projective graph. 

Every graph is isomorphic to a quotient graph of some projective 

graph. 
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DEFINITION 6.2. A path P in a graph G is a subgraph of G such 

that 

(1) P has no loops or multiple edges. 

(2) Each vertex in P is an endpoint for either one or two 

distinct true edges in F. 

DEFINITION 6.3. A graph G" is injective if given any graph H 

and a subgraph H' of H and a morphism (|) :H'' -^ "G, then there is at 

least one morphism 0:H -> G such that the diagram 

F '—^ H 

(7) i\^ ^ 
G 

commutes, where i is the insertion morphism. 

THEOREM 6.2. The injective graphs are precisely the totally 

connected graphs. 

Proof. If G is not totally connected, it cannot be injective. 

Since G is not totally connected, there are distinct vertices a and 

b in G such that there is no edge between them. Let H' = G, and 
o 

let H be G with a true edge added joining a to b. Let (J) be the 

identity morphism. Then there is no morphism 0 to make diagram (7) 

commute. 

Let Ĝ  be totally connected, and let H' be a subgraph of H, and 

let (j):!!* ->- Ĝ  be a graph morphism. Construct 0:H ^ G as follows: 

(1) e|H» = <J>. 

(2) if X is a vertex in H \H' and there is a path in H joining 
o o 
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X to some vertex, say a, in H', choose one such a and put 0(x) = 0(a). 

(3) if X is a vertex in H \H' and there is no path joining x 
O O f J o 

to any vertex in H', choose any a in H' and put 0(x) = 0(a). 

(4) if X is a true edge in H\H' with h(x) = {a,b}, put 0 (x) = e 

for some edge e in G joining 0(a) to 0(b). 

Then 0 is a morphism, and clearly diagram (7) commutes. 

Q.E.D. 

The following are trivially demonstrated consequences of the 

previous theorem. 

Every graph is isomorphis to some subgraph of some injective 

graph. 

The product of a family of graphs is injective if and only if 

each factor is injective. 
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