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CHAPTER 1 

INTRODUCTION 

In urban and suburban areas many buildings are clad 

with glass or contain a large number of windows. In addi

tion there is considerable use of overhead glazing in 

shopping malls and atriums of buildings. This glass is 

susceptible to breakage from low pressure dynamic loads 

from accidental explosions. Broken pieces of glass falling 

from buildings pose a threat of death and injury to 

persons who might be struck by the falling glass. 

As a part of a relatively new technology for hazard 

assessment in buildings, simulation models are being de

veloped to estimate the potential danger to people from 

falling glass in existing buildings for various postulated 

blast overpressures. A key ingredient in these assessments 

is knowledge of characteristics of glass fracture pat

terns, including numbers of pieces and size gradations. 

The required information can be obtained from experimental 

tests of full-size glass plates, but these tests are 

expensive and time consuming. In addition, a large number 

of tests would be required because of the large number of 

variables involved (e.g., glass plate size, thickness, 

aspect ratio). 



If the fracture pattern characteristics could be 

estimated from stress analyses of glass plates, rather 

than from tests, considerable time and expense could be 

saved. The research reported herein addresses this problem 

by relating stresses in glass plates at failure to frac

ture patterns obtained from experiments of record. General 

relationships between stress level and glass particle size 

are offered. The scope of the study is limited to failure 

pressures produced by uniformly distributed static loads 

on simply supported glass plates. 



CHAPTER 2 

FORMULATION OF HYPOTHESIS 

Window Glass Failures 

According to theory, window glass fails as a result 

of the interaction of minute surface flaws with load-

induced tensile stresses. When one of the flaws on a glass 

plate surface reaches a critical state, fracture occurs. 

When window glass breaks in laboratory tests under static 

load, the fracture pattern can be preserved by taping the 

glass. However, because laboratory tests are time consu

ming and expensive, it would be useful to predict the 

characteristic of the fracture pattern from the stress 

pattern obtained from an analysis of the plate under load. 

A number of researchers, including Moore (1979), A1-

Tayyib (1980), Beason (1980), Vallabhan and B. Wang (1981) 

and Vallabhan and Ku (1983), have analyzed stresses in 

glass plates using classical plate theory, finite element 

methods and finite difference approaches. On the other 

hand, there have been few studies published on charaetei— 

isties of static fracture patterns. Shand (1969) attempted 

to predict the breaking stress of glass plates above 2.000 

psi from the number of cracks radiating from the fracture 

origin, but the method gave only approximate results for 

small plates. Figure 1 shows the results of Shand's study. 
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The intent of the present study is to infer char

acteristics of the fracture pattern from the principal 

tensile stress pattern of the glass plate when It is 

subjected to uniform static pressure and simply supported 

edge restraints. 

Objective and Scope of Research 

The primary objective of this research is to es

tablish relationships between the distribution of tensile 

stresses in glass plates and the characteristics of 

fracture patterns when failure occurs. For the purposes of 



this study, fracture patterns are characterized by the 

number of pieces of broken glass within a defined refer

ence area of the plate. The similarities between fracture 

patterns and stress patterns suggest that relationships 

exist between the two. 

Vi sual Si milariti es 

Examination of a number of fracture patterns suggests 

that the number of pieces increases with failure pressure 

for a given plate size. This observation is supported by 

plots of number of pieces in fracture pattern versus 

failure pressure for four plate sizes in Figure 2. Cor

relation coefficients from linear regression analyses are 

all greater than 0.90 (all but one are greater than 0.98), 

indicating a good correlation between the variables. 

Since stresses in plates increase with Increasing failure 

pressure, the suggestion of a correlation between average 

stresses and number of pieces appears to be reasonable. 

To illustrate the visual similarities of symmetry, 

crack direction, and size gradation, a number of fracture 

patterns and stress contours at failure pressure are 

examined in the following paragraphs. 

Symmetry. Stress contours and fracture pattern for 

a 60 X 96 X 0.225 in. plate subjected to a failure 

pressure of 0.35 psi are presented in Figure 3. Clearly, 

the stress contours are symmetric about vertical and 
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FIGURE 2. Failure Pressure Versus Total Number of Pieces 
in Fracture Pattern. 

horizontal axes through the center of the plate. The 

fracture pattern tends to be symmetric about the same 

vertical and horizontal axes, although there is slight 

deviation. The extent of symmetry depends to a degree on 

the location of the fracture origin. 

Crack Direction. If fracture patterns of the same 

plate size but different failure pressures are overlaid, 

the directions of the cracks are very similar (See Figure 

4). Likewise, if the corresponding stress contours are 

overlaid, the directions of the contour lines are very 

similar (See Figure 5). The stress contours and fracture 

patterns in Figures 4 and 5 are for two different plate 



(a) Stress Contour 

(b) Fracture Pattern 

FIGURE 3. Visual Comparison of Stress Contours and 
ture Pattern for 60 x 96 x 0.225 in. Plate. 

Frac-
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(a) 66 X 66 X 0.225 in. 
0.45 psi and 0.55 psi. 

Plates under Failure Pressures of 

(b) 60 X 96 X 0.225 in. Plates under Failure Pressures of 
0.22 psi and 0.35 psi. 

Figure 4. Directions of Fracture Cracks Are Similar for 
Different Failure Pressures. 



(a) 66 X 66 X 0.225 In. Plates under Failure Pressures of 
0.45 psi and 0.55 psi. 

(b) 60 X 96 X 0.225 in. Plates under Failure Pressures of 
0.22 psi and 0.35 psi. 

Figure 5. Directions of Stress Contours Are Similar for 
Different Failure Pressures. 



10 

geometries, square and rectangular. In both eases, the 

fracture patterns and stress contours follow similar 

directions. 

Size Gradat1 on. Figure 6 confirms that the sizes of 

the pieces in the fracture pattern are smallest in areas 

of highest principal tensile stress. 

Hypothes i s 

From the above observations the following hypothesis 

is stated. 

For glass plates of the same thickness, the 
number of pieces (shards) in the fracture pat
tern per unit area is linearly related to the 
average stress within the bounds of principal 
tensile stress contours. Correlation is inde
pendent of geometry for rectangular plates with 
aspect ratios between 1.0 and 2.0. 

The principal purpose of the remainder of this study 

is to test the hypothesis stated above. Application of 

this hypothesis will permit estimation of the expected 

number of pieces in a fracture pattern from the stress 

contours corresponding to a given failure pressure. Thus, 

the number of pieces in the fracture can be estimated from 

analysis without performing expensive tests. 

Research Scope 

In this research, spiel mens are loaded by static 

pressures. The thickness for all glass plates is focused 

on 1/4 in. The geometries of glass plates selected for 
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FIGURE 6. Smallest Shards Occur in Region of Highest 
Stress. 
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this research are rectangular plates with aspect ratios 

from 1.0 to 2.0. 

Research directed toward fulfilling this objective is 

described in subsequent chapters. In Chapter 3, the method 

of analysis for principal tensile stresses is described. 

Also, the method for plotting stress contours based on 

results of the stress analysis is introduced. Chapter 4 

describes the test program that provides the source of 

fracture patterns used in the study. Design of the experi

ment for testing the hypothesis is described in Chapter 5. 

The relationship between average stress level and number 

of pieces is developed in Chapter 6. These correlations 

and proof of the hypothesis are also discussed in this 

chapter. In Chapter 7, the conclusions of this study are 

advanced. The shapes of the fracture pieces are not ad

dressed in this study. 



CHAPTER 3 

STRESS ANALYSIS 

Stress analyses of thin plates subjected to lateral 

loading are most commonly accomplished by using a linear 

theory in which it is assumed that the lateral displace

ments due to the loads are smal1. However, when the later

al deflections are not small compared to the thickness, 

plate exhibits nonlinear behavior. This nonlinearity in

creases as the maximum lateral displacement becomes larger 

and larger. In such instances, the classical Kirchoff 

1inear theory for thin plates (Timoshenko and Woinowsky-

Krieger, 1959) is no longer applicable. 

If the maximum deflection is greater than the thick

ness or is greater than approximately five percent of one 

of the other dimensions (length or width) the plate must 

be analyzed on the basis of large deflection theory. The 

problem then Is categorized as a geometrically nonlinear, 

elastic ease. In the nonlinear range the plate experi

ences membrane (in-plane) stresses in addition to bending 

stresses. Previous work has established that the von 

Karman nonlinear plate equations are accurate for detei— 

mining the response of a thin plate subjected to uniform 

lateral pressure (Moore, 1979; Al-Tayyib, 1980; Beason, 

1980; Vallabhan and B. Wang, 1980). Since the governing 

13 



14 

equations are highly nonlinear, an iterative scheme is 

necessary to obtain an accurate solution. 

H1stor1ea1 Background 

Moore (1979) and Al-Tayyib (1980) used the finite 

element method for determining the response of thin rec

tangular glass plates subjected to uniform lateral pres

sure. They used a step-by-step integration procedure with 

or without Iteration for each load increment. These solu

tions require large amounts of computer time. Beason 

(1980) and Vallabhan and Ku (1983) used the Galerkin 

method to solve the von Karman equations for a rectangular 

plate with simply supported edge conditions. The Galerkin 

method converges to the exact solution as the number of 

iterations becomes large. While the method is a computa

tional improvement over finite element solutions, it still 

requires a large amount of computer memory and CPU time. 

For a rectangular geometry, Vallabhan and B. Wang 

(1981) demonstrated that a finite difference model re

quires minimal input data preparation and is computation

ally more efficient than other published methods. This 

simplicity and efficiency make it possible to analyze a 

wide variety of rectangular glass plates at low computa

tional cost. 
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Finite Difference Model 

The assumptions made by Vallabhan and B. Wang (1981) 

in their finite difference model are the same as those 

made by von Karman in 1910: 

1) the thickness of the plate is constant and 
is small compared to other plate dimensions; 

2) the material of the plate is homogeneous and 
1sotropie; 

3) the material obeys Hooke's law; 

4) normals to the middle plane of the plate 
before deformation remain normal to the de
formed middle plane after deformation; 

5) lateral deflections are of the same order 
of magnitude as the plate thickness but are 
smal1 compared to the other plate dimen
sions; and 

6) the in-plane displacements are also small. 

Based on the above assumptions, a computer program 

was developed using the finite difference method to solve 

von Karman's nonlinear equations. The von Karman's equa

tions are converted to two sets of quas1-1inear algebraic 

equations, and an efficient Iterative technique is intro

duced. At the same time, two interpolation parameters for 

the ease of uniform lateral pressure on rectangular plates 

are developed for both deflection and stress. These inter

polations are performed to make the solutions converge 

more quickly to the correct results. One of the interpo

lation parameters is kept constant while the other varies 

non11 nearly with respect to the extent of the nonlinearity 
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of the plate. By using this computer program to analyze 

stresses in glass plates, considerable computational time 

and costs can be saved compared to using one of the others 

aval 1 able methods (Kaiser, 1936; Anians, 1979; Al-Tayyib, 

1980; Beason, 1980). 

Stress Contours 

In using the finite difference computer code, a plate 

is divided into a convenient mesh and the stresses at each 

node are acquired. A computer program developed by Baeh-

meyer (1981) uses x and y coordinates to plot contour 

lines of equal principal tensile stresses. Since the 

stresses in uniformly loaded glass plates are symmetrical 

about horizontal and vertical axes that pass through the 

center of the plate, it is only necessary to plot stress 

contours for one-quarter of the plate. 

In this research, the fractured pieces are counted 

within each subarea. A subarea defined as the area between 

two adjacent contour lines. It is difficult to count the 

number of fracture pieces if the stress contour Interval 

is too small. On the other hand, it is desirable to keep 

the range of stress as small as possible. After several 

trials, a stress contour Interval of 500 psi was chosen. 

It is the smallest Interval for which the number of frac

ture pieces can be easily counted. Figure 7 shows the 

stress contours for a 60 x 96 x 0.225 in. plate under 
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FIGURE 7. Stress Contour for 60 x 96 x 0.225 In. Plate. 

0.45 psi failure pressure using 500 psi for the stress 

contour Interval. Because the stress contours and fracture 

patterns must be overlaid in order to count the number of 

pieces, the stress contours and fracture patterns traced 

from photo must be the same size. 



CHAPTER 4 

FRACTURE PATTERNS 

In the period from 1978 to 1983, more than 800 glass 

specimens were broken under static load in the Glass 

Research and Testing Laboratory (GRTL) at Texas Tech 

University. The fracture pattern data used in this re

search are taken from this GRTL data base. 

GRTL Data Base 

In the GRTL data base, there are eighteen test series 

with fourteen different plate sizes (see Table 1). The 

number of specimens in each test series varies from 12 to 

330. Failure pressures range from 0.15 psi to 6.39 psi. 

Two requirements must be satisfied in order for the data 

to be usable: 

1) Photographs of the fracture patterns must 

show clearly the crack patterns in order 

for individual pieces to be identified. 

2) The shard size In the fracture patterns must 

be large enough for the pieces to be count

ed. 

Therefore, some data in the test files are unusable for 

this study. 

18 



Table 1. List of Glass Files in GRTL. 

19 

TEST 
SERIES 

D.F.G. 

V. 

Z. 

SQ. 

A. 

H. 

W. 

SS. 

SL. 

R. 

OK. 

AN. 

AN. 

DAL. 

CON. 

DEN. 

PLATE 
SIZE 
(in.) 

66 X 66 

66 X 66 

54 X 54 

46.5 X 46.5 

28.5 X 28.5 

60 X 96 

38 X 76 

33 X 66 

46.5 X 93 

19.75 X 68 

19.75 X 68 

37.63x15.75 

37 X 14.5 

17 X 22 

17 X 20 

19 X 20 

THICKNESS 
OF 

SPECIMENS 
(in.) 

1/4 

1/4 

1/4 

1/4 

1/4 

1/4 

1/4 

1/4 

1/4 

1/4 

1/4 

1/8 

1/8 

1/8 

1/8 

1/8 

ASPECT 
RATIO 

1 .0 

1 .0 

1 .0 

1 .0 

1.0 

1 .6 

2.0 

2.0 

2.0 

3.44 

3.44 

2.39 

2.55 

1 .29 

1 . 18 

1 .05 

FAILURE 
PRESSURE 
RANGE 

(psi ) 

0.25-0.83 

0.27-0.83 

0.51-1.34 

1.40-2.78 

1.57-3.41 

0.15-0.59 

0.23-1.66 

1.00-2.28 

0.27-1.60 

0.89-4.85 

0.56-4.54 

0.76-1.77 

0.14-2.40 

1.41-3.26 

3.03-6.39 

1.38-3.07 

DATE 

4-8/81 

4-5/83 

1-3/83 

11-12/81 

10-11/78 

6-7/83 

3/82-1/83 

1/82 

9-10/81 

5-6/82 

6-11/82 

4-6/80 

6-10/80 

1-2/81 

2/81 

2/81 
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Procedures for Obta1n1nq 
Fracture Patterns 

The GRTL test facility is capable of applying uniform 

lateral pressure on glass plates that are simply supported 

at their edges. The test facility consists of a loading 

apparatus and the instrumentation required to measure the 

loads and deflections of the glass plates. A schematic 

diagram of the loading apparatus is presented in Figure 8. 

The loading apparatus consists of a vacuum chamber, a 

specially designed frame that holds the glass specimen, an 

evacuation manifold, and load control valves. In each 

test, a glass plate specimen is mounted vertically in the 

vacuum chamber. Uniform pressure is applied to the test 

specimen by reducing the pressure inside the vacuum cham

ber. The pressure on the specimen was slowly raised to the 

desired level and is then held constant until fracture of 

the specimen occurs. 

The Instrumentation system includes devices to mea

sure pressure within the vacuum chamber, and lateral de

flection at the center of the plate. Each system provides 

signals to a laboratory computer that records the failure 

pressure and center deflection for each test. 

Fracture patterns in glass plates are captured by 

applying masking tape on the compression side of each 

plate prior to loading. After fracture occurs, the pieces 

of glass are held in place by the masking tape. Pictures 
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are then taken of the fracture pattern from above the 

plate. The photographs are enlarged to approximately 8 x 

10 in. for tracing the fracture patterns. All cracks, 

including main cracks, secondary cracks, and very small 

cracks, are traced onto a transparency. Figure 9 shows two 

typical tracings of fracture patterns. The patterns in the 

figure have been reduced in size. Actual patterns used 

for counting are much larger. 
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(a) 46.5 X 46.5 x 0.225 in. Plate 

(b) 33 X 66 X 0.225 in. Plate 

FIGURE 9. Fracture Patterns for a Square and Rectangular 
Plate. 



CHAPTER 5 

DESIGN OF EXPERIMENT 

A statistical experiment was designed to test the 

hypothesis stated in Chapter 2, using information from the 

GRTL test data base. Performing additional tests was 

beyond the scope of this study. 

The three Immediately apparent variables were plate 

thickness, plate area and aspect ratio. Only two plate 

thicknesses had been included in the GRTL tests—1/8 in. 

and 1/4 in. There were five different sizes of 1/8 in. 

plates and nine different sizes of 1/4 in. plates. For 1/8 

2 2 
in. plates, the areas varied from 2.36 ft to 4.12 ft , 

2 
and for 1/4 in. plates the areas varied from 9.33 ft to 

2 
40 ft . The aspect ratios ranged from 1.05 to 2.55 for the 

1/8 in. plates and from 1.0 to 3.44 in the 1/4 in. 

plates. 

Plate Sizes 

Because the plate sizes were somewhat 1imi ted in the 

1/8 in. test series, it was decided to consider only the 

1/4 in. plate thickness. If a correlation exists between 

number of pieces per unit area and average stress for one 

thickness, a correlation for other thicknesses is likely 

24 
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to exist, even though the relationships may not be the 

same for two different thicknesses. 

The sizes of the plates considered in the experiment 

are summarized In Table 2. The plate sizes were selected 

to give a range of areas and aspect ratios. Two square 

plate sizes and two rectangular plate sizes were selected. 

2 2 

The area ranges from 15 ft to 40 ft , while the aspect 

ratio ranges from 1.0 to 2.0. One square and one rec

tangular plate have approximately the same area. Aspect 

ratios of 1.0, 1.6 and 2.0 are considered. 

Fai1ure Pressures 

The range of failure pressures that can be studied is 

fairly narrow. If the failure pressure is high, the 

stresses are high and according to the hypothesis the 

pieces are small and difficult to count. On the other 

hand, if the failure pressure is low, the stresses are low 

and the fracture pattern tends to be erratic. 

Four different failure pressures are examined for 

each plate size. For the two square plates, the failure 

pressures for the larger plate are all below 1.0 psi, 

while the failure pressures for the smaller plate are all 

above 1.0 psi. This gives a range of failure pressures for 

the square plates from 0.25 psi to 1.78 psi. Likewise, for 

the rectangular plates the failure pressures for the 

larger plate size are less than 1.0 psi, while those for 



Table 2. Number of Pieces in Fracture Pattern for 
Plate Sizes under Four Failure Pressures. 
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Four 

PLATE SIZE 
(In.) 

46.5 X 46.5 
X 0.225 

66 X 66 X 
0.225 

60 X 96 X 
0.225 

33 X 66 X 
0.225 

AREA 
(ft'̂ ) 

15.02 

30.25 

40 

15. 13 

ASPECT 
RATIO 

1.0 

1.0 

1 .6 

2.0 

FAILURE 
PRESSURE (psi) 

1.40 

1.53 

1 .61 

1.78 

0.25 

0.45 

0.55 

0.66 

0. 15 

0.22 

0.35 

0.45 

1.00 

1 .20 

1.28 

1.52 

NUMBER 
OF PIECES 

3125 

3232 

3528 

3966 

353 

2089 

2380 

3631 

125 

572 

925 

1 151 

1964 

2083 

2818 

3047 
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the smaller plate size are greater than 1.0 psi. This 

gives a range of failure pressures for the rectangular 

plates from 0.15 psi to 1.52 psi. 

Thus, the experimental design consists of four plate 

sizes—two square and two rectangular. There are four 

failure pressures for each plate size, making a total of 

16 samples from the GRTL data base. All samples are 1/4-

in.-thick glass. 



CHAPTER 6 

RESULTS AND DISCUSSION 

Stress contours and fracture patterns have been ac

quired for the 16 combinations of plate size and failure 

pressures described in Chapter 5. In this chapter, the 

correlation between average stress level and number of 

pieces per unit area is investigated. Regression analysis 

is used to determine the correlation. 

In an initial attempt to develop a correlation be

tween average stress level and number of pieces per unit 

area (GRTL, 1986), the plate was divided into either 

square or rectangular subareas, depending on plate size. 

The average stress within the subarea was determined from 

values calculated at the nodes by the finite difference 

computer code (See Chapter 3). This approach did not give 

very satisfactory results, because the range of stresses 

within subareas was not the same and in some cases was 

very large. Since the correlations were not as good as 

anticipated, a decision was made to define the subareas as 

areas between contour intervals rather than the square or 

rectangular areas used initially. The results of this 

study are discussed in this chapter. 

28 
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Number of Pieces per Square Foot 

The pieces are counted within each subarea of the 

plate defined by two adjacent stress contour lines. In 

some cases the shards extend into two or more subareas 

defined by the contour lines. It is necessary to establish 

a consistent means of counting these pieces. Two criteria 

are established: 

1) If more than 50 percent of a piece is in a 

subarea, it is counted in the subarea con

taining the larger portion. 

2) If a piece is almost equally divided between 

two subareas, the piece is counted in the 

subarea having the highest stress. 

Based on the above criteria, each piece can be uniquely 

assigned to an area. In order to get more accurate re

sults, the pieces are counted independently by two differ

ent persons. If the two counts are significantly differ

ent, the counts are repeated. Otherwise, the average of 

the two counts is tabulated. 

In order to count the number of pieces per unit area, 

the number of pieces counted within each subarea is di

vided by the area defined by the contour lines. Since the 

subareas are Irregular, a digital p1 an 1meter is used to 

measure each subarea. After dividing the number of pieces 

by the area, the result is rounded to the nearest whole 

piece. The number of pieces is expressed in terms of 
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pieces per square foot. The pieces per square foot for 

each of four failure stresses for the four plates consi

dered are tabulated in Tables 3 to 6. These basic data are 

used for all subsequent analyses in this report. 

Stat 1 St iea1 Regression Ana 1ysi s 

Based on the data listed in Tables 3 to 6, statisti

cal regression analyses were performed for each plate 

size. Before performing regression analyses on the data, 

the correlation coefficient ^C, which plays a major role 

in bivariate data analysis problems, is defined. The value 

of correlation coefficient is defined as: -1 <. C <. +1. 

When C is equal to ±1 we say that there is a perfect 

correlation between the two random variables. Thus, a 

value of C equal to +1 implies a perfect relationship with 

a positive slope, while a value of C equal to -1 results 

from a perfect relationship with a negative slope. When C 

equals 0, the variables are uncorrelated but not necessa

rily independent (Walpole and Myers, 1972). 

The Statistical Analysis System (SAS) is used to 

perform linear regression, second-order regression, third-

order regression and fourth-order regression on the data 

for each plate size. The resulting regression equations 

and correlation coefficients are listed in Table 7. 

By examining the data in Tables 3 to 6, one can 

see that the numbers of pieces in low stress areas 
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Table 3. Average Stress vs. Number of Pieces in Fracture 
Pattern for 46.5 x 46.5 x 0.225 in. Plate. 

AVERAGE STRESS LEVEL 
(PSI) 

250 

750 

1250 

1750 

2250 

2750 

3250 

3750 

4250 

4750 

5250 

5750 

6250 

6750 

7250 

7750 

8250 

8750 

9250 

NUMBER OF PIECES PER SQ. FT. 
FAILURE PRESSURE (PSI) 

1.40 

0 

5 

4 

4 

13 

38 

27 

49 

67 

94 

169 

210 

236 

275 

326 

1.53 

0 

15 

2 

16 

10 

31 

26 

9 

73 

69 

138 

181 

228 

256 

264 

446 

415 

1 .61 

0 

0 

2 

15 

16 

32 

40 

37 

31 

96 

160 

238 

266 

300 

279 

310 

323 

276 

1 .78 

3 

20 

5 

32 

31 

35 

41 

34 

47 

98 

94 

209 

292 

279 

332 

321 

362 

361 

354 
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Table 4. Average Stress vs. Number of Pieces in 
Pattern for 66 x 66 x 0.225 in. Plate. 

Fracture 

AVERAGE STRESS LEVEL 
(PSI) 

250 

750 

1250 

1750 

2250 

2750 

3250 

3750 

4250 

4750 

5250 

5750 

6250 

6750 

NUMBER OF PIECES PER SQ. FT. 
FAILURE PRESSURE (PSI) 

0.25 

0 

2 

3 

4 

8 

16 

0.45 

2 

13 

14 

15 

21 

34 

46 

79 

107 

107 

0.55 

2 

10 

26 

12 

23 

37 

30 

50 

81 

109 

127 

158 

0.66 

45 

43 

40 

35 

49 

72 

65 

69 

95 

1 17 

159 

178 

192 

178 
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Table 5. Average Stress vs. Number of Pieces in 
Pattern for 60 x 96 x 0.225 in. Plate. 

Fracture 

AVERAGE STRESS LEVEL 
(PSI) 

250 

750 

1250 

1750 

2250 

2750 

3250 

3750 

4250 

4750 

5250 

5750 

NUMBER OF PIECES PER SQ. FT. 
FAILURE PRESSURE (PSI) 

0. 15 

1 

1 

1 

2 

4 

0.22 

1 

1 

3 

6 

9 

17 

0.35 

4 

5 

4 

7 

1 1 

16 

20 

28 

31 

31 

0.45 

15 

12 

16 

1 1 

16 

16 

22 

27 

34 

36 

34 

36 
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Tab1e 6. Average Stress vs. Number of Pieces in 
Pattern for 33 x 66 x 0.225 in. Plate. 

Fracture 

AVERAGE STRESS LEVEL 
(PSI) 

250 

750 

1250 

1750 

2250 

2750 

3250 

3750 

4250 

4750 

5250 

5750 

6250 

6750 

7250 

7750 

8250 

8750 

NUMBER OF PIECES PER SQ 
FAILURE PRESSURE (PS 

1.00 

0 

0 

3 

13 

2 

27 

37 

56 

98 

160 

167 

96 

98 

157 

327 

1.20 

0 

0 

0 

6 

3 

7 

1 1 

13 

46 

85 

123 

218 

221 

283 

295 

291 

1.28 

7 

2 

2 

18 

5 • 

13 

26 

37 

98 

100 

181 

260 

190 

205 

168 

304 

328 

. FT. 
I) 

1 .52 

0 

0 

8 

21 

12 

39 

67 

46 

82 

95 

152 

160 

231 

249 

232 

162 

150 

361 
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Table 7. Regression Equations and Correlation 
cients for Each Plate Geometry. 

Coeffi-

PLATE SIZE 
(in.) 

46.5 X 46.5 
X 0.225 

66 X 66 X 
0.225 

60 X 96 X 
0.225 

33 X 66 X 
0.225 

REGRESSION EQUATION FOR ALL 
STRESS DATA 

Y = 0.051X - 94.5 

Y = 4.8 X lO'̂ X"̂  + 0.0063X - 18.5 

Y = -1.9 X 10"^X^ + 3.1 X 10"^X^ 
-0.098X + 80.1 

Y = -5.3 X lO'^^x"* + 8.3 X lO'^X^ 
-3.2 X 10 ^X + 0.046X - 8.2 

Y = 0.028X - 20.7 

Y = 5.1 X 10"S^ - 0.0043X + 14.4 

Y = -9.3 X 10 ^°X^ + 1.4 X 10 ̂ X^ 
-0.029X +28.8 

-13 4 -9 3 Y = -5.2 X 10 ^ X + 6.0 X 10 ̂X"̂  
-1.6 X 10 ^X^ + 0.018X + 11.5 

Y = 0.0068X -1.4 

Y = 6.1 X 10"^X^ + 0.0035X + 1.53 

Y = -6.9 X lO'^^X-^ + 6.4 X 10"^X^ 
-0.0093X + 7.5 

Y = -3.9 X lO'̂ '̂ x'* - 2.4 X 10"^°X^ 
+4.8 X 10 X - 0.0071X + 6.9 

Y = 0.042X - 77.8 

Y = 3.2 X 10~^X^ + 0.013X - 27.2 

Y = -1.2 X 10"^X^ + 1.9 X 10"^X^ 
-0.049X + 33.3 

-14 4 -9 3 
Y = 1.7 X 10 ^Xp - 1.5 X 10 X^ 

+2.1 X 10 X - 0.053X + 35.8 

C 

0.93 

0.95 

0.97 

0.98 

0.91 

0.95 

0.96 

0.96 

0.91 

0.92 

0.94 

0.94 

0.90 

0.91 

0.92 

0.92 
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(stresses below 2,000 psi) fluctuate widely. In some eases 

they Increase with average stress, while in others they 

decrease. In low stress areas (stresses below 2,000 psi), 

sometimes several subareas contain only one fracture 

piece. Therefore, the numbers of pieces in the regions of 

stresses below 2,000 psi are difficult to determine accu

rately. Furthermore, referring to previous work, Shand 

(1969), who used the number of radial cracks to predict 

the stress above 2,000 psi, had difficulty correlating 

cracks with stresses below 2,000 psi. Based on these 

observations, a decision was made to perform the four 

regression analyses again considering only those stresses 

above the 2,000 psi level. The resulting regression equa

tions and correlation coefficients are listed in Table 

8. When the correlation coefficients in Table 7 and 

Table 8 are compared, it is apparent that a better 

correlation is obtained when only those stresses above 

2,000 psi are considered. Therefore, it appears reasonable 

to choose 2,000 psi as a lower bound of average stress 

level for predicting number of pieces by the regression 

analyses. 

Comparing correlation coefficients from different 

order regress.ion analyses in Table 8, the values are 

slightly higher for the higher-order regression anal

yses. However, the differences among correlation coeffi

cients for each order of regression is Insignificant. 
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Table 8. Regression Equations and Correlation Coeffi
cients for Stress Levels above 2,000 psi. 

PLATE SIZE 
(In.) 

46.5 X 46.5 
0.225 

-

66 X 66 X 
0.225 

60 X 96 X 
0.225 

33 X 66 X 
0.225 

REGRESSION EQUATION FOR 
STRESS LEVEL ABOVE 2,000 PSI 

Y = 0.062X - 163.2 

Y = -1.3 X 10""^^ + 0.047X -128.6 

Y = -4.1 X 10"^X^ + 7.0 X 10"^X^ 
-0.31X + 410.7 

Y = -1.4 X 10"^^X^ - 8.9 X 10"^°X^ 
+4.5 X 10 X̂"̂  - 0.22X + 314.9 

Y = 0.040X -71.1 

Y = 2.0 X 10"^X^ + 0.022X - 39.1 

Y = -3.2 X 10""̂ X-̂  + 4.3 X 10"^X^ 
-0.15X + 175.0 

Y = -1.6 X lO'^^x"* + 2.5 X 10"®X^ 
-1.3 X 10 yr + 0.32X - 272.0 

Y = 0.0083X -6.4 

Y = -2.1 X 10"^X^ + 0.024X - 34.4 

Y = -1.5 X 10"^°X^ - 4.0 X 10"^X^ 
0.018X - 27.0 

-13 4 -9 3 
Y = 4.4 X 10 ';:X̂  - 7. 1 X 10 ''x'' 

+3.9 X 10 X - 0.078X +57.6 

Y = 0.049X - 119.0 

Y = 2.8 X 10~^X^ + 0.049X - 119.0 

Y = -1.2 X lO'^X^ + 2.0 X 10"^X^ 
-0.048X +24.3 

Y = 8.5 X 10"^fx^ - 2.0 X 10"®X^ 
+1.6 X 10 X - 0.49X + 510.4 

C 

0.95 

0.95 

0.97 

0.97 

0.95 

0.96 

0.96 

0.97 

0.94 

0.97 

0.97 

0.97 

0.89 

0.89 

0.90 

0.90 
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Furthermore, by examining these four regression lines 

(Figure 10) for 33 x 66 x 0.225 in. plate, one can see 

that the higher-order (second through fourth) regression 

lines are well behaved only in the data range. The higher-

order regression lines can not be used to predict the 

numer of pieces per square foot accurately beyond the data 

set range. Therefore, the linear regression model appears 

to be the best model for predicting the number of pieces 

in glass plates for stresses above 2,000 psi. A scheme for 

estimating number of pieces in regions where stress is 

below 2,000 psi is described below. The linear regression 

models for all four plate geometries are plotted in 

Figures 11 through 14. 

In order to obtain a more general regression model, 

the data for stresses above 2,000 psi for the two square 

plates and for two rectangular plates are combined, and 

linear regression analyses are performed on each combined 

data set. The linear regression equations and correlation 

coefficients for square plates and rectangular plates are 

1i sted below: 

Two Square Plates: 

Y = 0.058X - 144 (C = 0.94) (1) 

Two Rectangular Plates: 

Y = 0.048X - 124 (C = 0.88) (2) 

These linear regression models are plotted in Figures 15 

and 16, respectively. 
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FIGURE 10. Linear to Fourth-Order Regression Lines for 33 
X 66 x 0.225 in. Plate. 
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FIGURE 11. Linear Regression Model for 46.5 x 46.5 x 0.225 
in. Plate. 
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FIGURE 12. Linear Regression Model for 66 x 66 x 0.225 in 
Plate. 
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FIGURE 14. Linear Regression Model for 33 x 66 x 0.225 in 
Plate. 
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FIGURE 15. Linear Regression Model for Both Square Plates 
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Linear Regression Model for Both Rectangular 

The linear regression models for the square plates 

and the rectangular plates are very similar, indicating 

the possibility of a model that could be used to represent 

both types of plates. A linear regression analysis is than 

performed on the combined data for the two square and the 

two rectangular plates. The linear regression equation and 

correlation coefficients are listed below: 

Two Square Plates and Two Rectangular Plates Combined: 

Y = 0.054X - 137 (C = 0.91) (3) 

The linear regression line and data set for the four com

bined plate sizes plotted in Figure 17. 

Because the correlation coefficient is greater than 
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FIGURE 17. Linear Regression Model for Square and Rectan
gular Plates Combined. 

0.90, It is evident that a good correlation exists betwen 

the two variables—average stress and number of pieces per 

square foot. The above described exercise demonstrates 

that the relationship is Independent of geometry for all 

plate sizes with aspect ratios between 1.0 and 2.0. 

Therefore, the hypothesis stated in Chapter 2 appears to 

be true. From Figure 18, there appears to be a slight 

underestimate of the number of pieces for square plates 

and a slight overestimate for rectangular plates. The 

difference Increases with Increase in stress level. For 

example, when the stress is 10,000 psi there is an eight 

percent underestimate of number of pieces in a square 
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plate and an eleven percent overestimate for rectangular 

plates. 

ADD11 cat 1on of L1 near Predicting Model 

An application of the results of this study is the 

prediction of the number and size gradation of pieces in a 

fracture pattern for a known failure pressure and plate 

size. Equation 3 predict zero pieces at a stress of 2537 

psi, it can not be used to obtain the number of pieces in 

regions of the plate where stress is less than 2537 psi. 

To overcome the problem a straight line between the point 
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on the curve (2600,4) and (0,1) is defined for predicting 

the number of pieces in the range of stress between 0 and 

2600 psi. A value of y = 1 rather than zero is chosen 

because each stress region will always have at least one 

piece according to the scheme adopted for counting the 

pieces as described at beginning of this chapter. 

For stresses below 2,600 psi the linear model is 

Y = 0.001154X + 1 (4) 

To obtain a prediction of the total number of pieces 

in the fracture pattern for a given failure pressure and 

plate size, the following steps are required: 

1) Perform a stress analysis of the plate using the 

computer code by Vallabhan and B. Wang (1981). 

2) Use the computer code by Bachmeyer (1981) to 

obtain stress contours at, say 500 psi stress 

intervals, and calculate average stress between 

contours. 

3) Obtain the areas between contours using a digi

tizing p1 an1meter. 

4) Use average stress as the variable X in Equation 

3 or 4 to obtain the number of pieces per square 

foot, then multiply its area to obtain the number 

of pieces in each stress range. (Note: the 

average area of each piece in each range also can 

be obtained by dividing total area in range by 

the number of pieces.) 



CHAPTER 7 

CONCLUSIONS AND RECOMMENDATIONS 

A correlation between number of pieces per square 

foot in the fracture pattern and average stress in glass 

plates is established in this document. The relationship 

between number of fracture pieces and average stress level 

is suggested by visual similarities between the stress 

contours and fracture pattern. A hypothesis was proposed 

which states that the number of fracture pieces increases 

linearly with average stress level. Analysis of a series 

of data sets from experimental tests support the conten

tion that a linear relation exists between number of 

pieces in the static fracture pattern and average stress 

level. Thus, the stated hypothesis is proven (See Chapter 

6). 

Conelus ions 

The principal objective of this research was to es

tablish a relationship between fracture patterns and 

stress patterns in glass plates. Observations and assess

ments of theoretical and experimental data produced the 

following conclusions: 

1) For 1/4-in.-thick glass plates, the number 

of pieces per square foot in the frac

ture pattern is a linear function of the 

46 
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magnitude of principal tensile stresses. 

This correlation is independent of plate 

size for plates with aspect retios between 

1.0 and 2.0. 

2) From this relationship, the number of pieces 

in the fracture pattern and shard size gra

dation can be predicted from stress analysis 

of the plate without performing experimental 

tests. 

Recommendat i ons for Future Research 

The research reported herein does not constitute an 

exhaustive evaluation of the correlation between fracture 

pattern and stress pattern in glass plates. Rather, the 

research is a first step toward a definite characteri

zation of fracture patterns. The following are recommended 

for further study: 

1) A computer program should be developed that 

would automatically predict the number of 

fracture pieces in the fracture pattern of a 

glass plate for a given failure pressure. 

2) The relationships between fracture patterns 

and stress patterns for other glass plate 

thicknesses should be studied. 

3) The ultimate objective should be to explore 

further correlations in order to predict the 
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number of pieces in the fracture pattern of 

a dynamically loaded plate. 
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