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ABSTRACT 

Structure and soil act simultaneously under the application of loads, and 

their actions are interdependent and integral in nature. The true characteristics 

of these integral actions are quite difficult to model. The difficulties arise be

cause of the nature and behavior of the soil itself and its integrated action with 

the structure. The very first complexity about soil is that its constitutive equa

tions are nonlinear. Other than material nonlinearity, it is anisotropic, inelastic 

and nonhomogeneous. In the past, researchers had tried to model the integral 

action of the combined soil-structure system through the concept of modulus 

of subgrade reaction, such as, Winkler's model. Experience has shown that a 

correct numerical estimation of the subgrade reaction is a major problem. In re

cent years, many researchers have been using the finite element method to solve 

soil-structure interaction problems for more reliable and accurate solutions. 

This study is aimed at developing a more sophisticated and versatile method 

which represents the true and real behavior of the soil-structure interaction phe

nomenon. For this reason, the nonlinear constitutive behavior has been consid

ered for both soil and the structure. Often it is also necessary to consider many 

soil-structure problems using three-dimensional analyses, and in this research 

particular attention is given to the anal3'̂ sis of problems in three dimensions. A 

hybrid numerical technique has been developed by the combination of the two 

powerful methods, namely, the finite element method and the boundary element 

method. The most challenging part of solving an elastoplastic soil-structure in

teraction problem is the evaluation of its material parameters, such as the elaslic 



constants and the hardening parameter. A simple and practical technique has 

been suggested for the evaluation of the material parameters. 

Two computer codes have been developed; one for finite element analysis 

alone and the other one for coupled finite element and boundary element analy

sis. Successful attempts have been made to solve a problem with real dimensions. 

The method has been tested on pier-soil interaction problem. The example 

tested is taken from the instrumented lateral load tests conducted by the South

ern California Edison Company. The results have been compared with those of 

the finite element method alone and with those of the instrumented lateral load 

tests, and they are found to be quite satisfactory. 
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NOTATIONS 

[B] = Strain mat r ix 

{B} = Body force vector 

bi = Body forces 

{b} = Flow vector 

c = Cohesion 

Cijki = Material-response tensor 

[D] = Elastic mater ial property matr ix 

[D]ep = Elastoplastic mat r ix 

Dijki — Material property tensor 

{ J P ^ } = Incremental nodal force vector for an element 

{^dP\ — Global incremental nodal force vector 

( c / r} = Incremental t ract ion vector 

{cZ?7} = Global incremental nodal displacement vector 

E = Modulus of elasticit}^ 

F, f = Yield functions 

G = Shear modulus 

\\G\\ = Norm of Jacobian relating areas between two 
co-ordinate systems 

[G] = Boundary element matr ix 

X 



H' = Hardening paramete r 

[H] = Boundary element mat r ix 

/ i , /2 : ^3 = Invariants of common stress tensor 

Jii ^2-, Jz = Invariants of deviatoric stress tensor 

I J ] = Determinant of Jacobian relating volumes between two 
co-ordinate systems 

[K^] = Element stiffness matr ix 

[K] = Global stiffness mat r ix 

K = Bulk modulus 

k = Modulus of subgrade reaction 

ki = Material parameter 

/, 771, n = Direction cosines 

Ni = Shape functions or interpolation functions 

71 j = Unit normal 

p = Reactive force per unit length of the pier 

q = Pressure 

Sij = Deviatoric stress tensor 

ti = Tractions 

f:. = Kelvin's fundamental solution for tractions 

^T} = Traction vector 

| p | = Traction force vector 
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{L} = Total load vector 

u = Deflection in x-coordinate direction 

u*j = Kelvin's fundamental solution for displacements 

{u^} = Displacements at source point i 

V = Deflection in y-coordinate direction 

W = Weighting factor for integration points 

w = Deflection in z-coordinate direction 

Y{K,) = Material parameter 

/3 = Material parameter 

r = Boundary of the body 

{dS} = Incremental generic displacement vector for an element 

{d8^} = Incremental displacement vector for an element 

8ij — Kronecker delta 

eij = Common strain tensor 

e = Effective strain 

deij = Incremental strain tensor 

de^- = Incremental elastic strain tensor 

c/ef- = Incremental plastic strain tensor 

K, = Hardening parameter 
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d\ = Proport ional i ty constant 

V = Poisson's ra t io 

Ci Vi C — Na tu ra l coordinates 

^i5 cr2? CTs = Principal stresses 

(Jij = Common stress tensor 

a = Effective stress 

{da} = Incremental stress vector 

[$] = Interpolat ion functions 

(f) = Angle of internal friction 

{ijj} = Residual force vector 

n = Volume of the body 
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CHAPTER I 

INTRODUCTION 

General 

Civil engineering structures are built on the soil continuum. The loads on the 

structures are ultimately transferred to the soil continuum from the structures. 

Both the structure and the soil act simultaneously under the application of loads 

and their actions are interdependent and integral in nature. The true character

istics of these integral actions are quite difficult to model. The difficulties arise 

because of the nature and the behavior of the soil itself and its integrated action 

with the structure. The very flrst complexity about soil is that its constitu

tive equations are nonlinear. Other than material nonlinearity, it is anisotropic 

and nonhomogeneous. It also has stress-dependent and time-dependent material 

properties. 

In the past, researchers have tried to model the integral action of the com

bined soil-structure system through the concept of modulus of subgrade reac

tion, as denoted popularly by the letter k. The modulus of subgrade reaction 

has evolved from the conceptual relationship between the vertical deflection w 

of the soil surface and the contact pressure q acting on the soil surface of an ide

alized elastic foundation. This conceptual relation is known as Winkler's model 

and was proposed in 1867 by Winkler as: 

q — kw . (^-0 

This model is often used for the analysis of railroads, beams on elastic founda

tions, continuous footings and mat foundations. Winkler's model assumes that 



a load acting on a small area on the soil surface will cause settlement only in 

that surface area, whereas the foundation is a continuous body and it produces 

normal as well as shear strains during deformation. Lateral displacements, i.e., 

displacements perpendicular to the load at every point of the foundation, are 

assumed to be zero in Winkler's model. Conventionally, the values of k are 

determined from a w versus q curve that is plotted from the experimental plate-

load test data or computed using the Boussinesq equations [Bowles, 1968]. But 

a question arises how accurately k represents the overall deformation character

istics of the soil continuum. 

Experience has shown that a numerical estimation of fc is a major prob

lem. This happens because of the dependency of k on several factors. Terzaghi 

(1955) proved that the modulus of subgrade reaction depends on the size of the 

structure or on the loaded area. He incorporated size effects in his proposed 

equations. Vesic (1961) stipulated that modulus of subgrade reaction depends 

on the stiffness of both the structure and the soil. It can be shown that struc

tures of the same sizes but with different stiffnesses will provide multiple values 

of k on the same soil for the same applied load. Other than these factors, k also 

depends on the distribution of loading and the depth of the soil continuum. So. 

the conclusion is that there is neither a unique value of k nor a straightforward 

method that will facilitate its determination. To alleviate this inconsistency, 

Vlasov and Leont'ev (1966) developed a two-parameter model using variational 

principles in soHd mechanics. Their model allows shear strains within the soil 

continuum in addition to the vertical normal strains. This model also assumes 

zero lateral displacements at every point in the soil continuum. 



In recent years, many researchers have been using the flnite element method 

(FEM) for soil-structure interaction problems for predicting more reHable and 

accurate behavior. A brief review of the application of the finite element method 

in soil-structure interaction problems is presented in the next section. The finite 

element method is potentially appHcable in such areas. But handling a real 

three-dimensional field problem by the finite element method alone may cause 

several inconveniences. Among them are the discretization of the large domain 

of the problem into a huge number of elements and nodes, the large number of 

unknown variables, expensive computation time, the memory required on the 

computer, and the man-hours of labor. 

This research is directed to developing a more sophisticated and versatile 

method which more realistically represents the behavior of the soil-structure 

interaction phenomenon using relatively simple material parameters that are 

commonly obtained in a soils engineering laboratory. To achieve this goal, first, 

the nonlinear constitutive behaviors are postulated for both the soil and the 

structure. Secondly, a comprehensive effort is made to find a numerical technique 

that will be particularly suitable for this type of analysis. Thirdly, a practical 

and simple technique is suggested for the evaluation of material parameters 

from the minimum information available from the laboratory tests. Often it is 

also necessary to consider many soil-structure problems using three-dimensional 

analyses, and in this research particular attention is given to analysis of problems 

in three dimensions. Rather than concentrating on one numerical method, it is 

intended to develop a hybrid numerical technique by the combination of i he 

two powerful methods, namely, the finite element method and the boundary 



element method [Brebbia et al., 1984]. The boundary element method has been 

chosen as one of the components of the hybrid method because of its several 

attributes. Among them the discretization only of the boundary, the reduction 

in the dimensionality by one, the ease of data input and the reduction in the 

number of degrees of freedom are the main advantages. 

The four important aspects in this research are the incorporation of the mate

rial nonhnearity into soil-structure interaction problems, the cross-hybridization 

of the finite element and boundary element methods, the evaluation of mate

rial parameters and the three-dimensional analyses of soil-structure interaction 

problems. 

Brief Review of Literature 

Desai and Apel (1976) investigated a nonlinear soil-structure interaction 

problem of laterally loaded piles; the problem was solved by the three-dimensional 

finite element method. They used approximate procedures to include nonlinear

ity in their approach. Duncan and Chang (1970) investigated stress and strain in 

soils by nonlinear finite element analysis. Raghu (1975) incorporated the effects 

of shear dilatancy of soils in his finite element model to solve soil-structure inter

action problems. Kulhawy et al. (1969) analyzed the stresses and deformations 

in embankments by the finite element method. V^allabhan and Jain (1972) used 

the octahedral stress approach to solve nonlinear soil-structure problems. Siri-

wardane (1980) solved nonlinear soil-structure interaction problems by the finite 

element method. Vallabhan (1967) solved nonlinear plane strain and axisym-

metric soil-structure interaction problems by the finite element method usint^ the 



octahedral stress approach. Phan (1979) analyzed three-dimensional nonlinear 

soil-structure interaction problems. 

Zienkiewicz et al. (1977) finked the finite element method with the boundary 

integral method to solve heat conduction problems. Triangular finite elements 

were used in two-dimensional simple linear analyses. Beer (1983) coupled the 

boundary element method with the finite element method to analyze unbounded 

problems in elastostatics. He investigated two different problems; the first one 

is the analysis of a circular opening in an infinite medium under plane strain 

conditions, and the other one is the analysis of the excavation of a tabular ore-

body, which is a very practical problem for the mining industry. He made a 

performance comparison of the three methods—the finite element method, the 

boundary element method and the coupled method. Banerjee and Davis (1979) 

solved a pile-soil interaction problem by coupHng finite difference and indirect 

boundary element methods. Georgiou (1981) coupled two-dimensional finite el

ement and boundary element programs for elastostatics problems. Vallabhan, 

Rahman and Sivakumar (1988) solved hydraulic U-lock structures by coupling 

the boundary element method with the finite element method. They developed 

an efficient computer code to solve U-lock structures with the provision of re

inforcement in the structure. Vallabhan et al. (1984) first stipulated a very 

efficient method of coupling the boundary element method with the finite ele

ment method. In their analysis static condensation was used to merge the two 

methods. Sivakumar (1985) investigated several very practical soil-structure in

teraction problems. He solved two-dimensional hydraulic U-lock structures and 

three-dimensional pile-structure interaction problems. All of his analyses were 
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linear cases. Swedlow and Cruse (1971) repor ted the first publications on non

linear mater ia l problems by the boundary element method . Mendelson (1973), 

Riccardella (1973), Mendelson and Albers (1975) and Mukherjee (1977) appHed 

the boundary element method to inelastic problems. 

Objectives and Scope 

The objective of this study is to discover a practical approach to solve im

por tan t and real three-dimensional soil-structure problems. Because of the in

consistencies in representing the stiffness of soil by the concept of semiempirical 

modulus of subgrade reaction, this research is aimed at developing an inde

pendent technique by taking into account most of the impor tant and crucial 

propert ies of bo th the soil and the s t ructure . 

Soil in na tu re is stratified and occurs in layers. Its properties vary from one 

layer to the next . It is almost impossible to collect a truly undis turbed sample 

of soil. The quality of sampling varies between soil types. Sampling of soft 

clay is fairly easy, whereas sampling of stiff clay is very difficult. Again, the 

quality of an undis turbed sample varies widely between laboratories. Wi th such 

a na tu re of soil, it has been quite difficult for researchers to obtain rehable and 

accurate values of soil parameters . Even a rehable and accurate value of only one 

parameter , such as the soil modulus , is difficult to evaluate. Different models of 

evaluating the soil parameters have been proposed over the years, for examples, 

the C a m clay and the Cap models [Desai and Siriwardane, 1984]. Most of these 

models require a number of material parameters to depict the soil behavior, 

such as the Cap model consisting of ten material parameters . This research is 



intended to achieve a method that will bridge the gap between the semiempirical 

approach and the complex and theoretical approach of solving soil-structure 

interaction problems. A practical, rational and simple technique is suggested for 

the evaluation of material parameters from the minimum information available 

from the laboratory tests. 

In this research the main purpose of cross-hybridization of two numerical 

methods is to enable the engineers to solve soil-structure problems in a practical 

manner. The objectives of cross-hybridization of two numerical methods are: 

1. to develop an efficient and accurate technique of solving important and 

practical soil-structure problems that will replace the semiempirical con

ceptual relations, 

2. to achieve computational efficiency and 

3. to make the soil-structure interaction problems popular among engineers 

so that they can use it in design and analysis. 

The literature review shows that many problems have been solved by re

searchers in the field of soil-structure interaction but most of them are model 

size problems. In this study, successful attempts have been made to solve very 

practical problems with real dimensions. The method has been tested on pier-

soil interaction problems. 

Research Outline 

Each important and practical soil-structure problem with real dimensions has 

a large domain, consisting of the structure and its surrounding soil. For example, 
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the pile or pier and its surrounding soil together make a huge domain. For the 

convenience of analysis and computational efficiency the domain is divided into 

two regions, namely Region I and Region II as shown in Fig. 1.1. 

Region I: This region includes the structure, its interface with the soil and 

the portion of soil in the immediate vicinity of the structure. This is the most 

important and crucial zone because of the interaction phenomenon at the in

terface, the load distribution and intensity in this area, load transfer from the 

structure to the soil and the inherently nonlinear behavior of the soil. Since the 

finite element method is capable of handhng complexities and material nonlin-

earities more efficiently, this region is represented by elastoplastic finite element 

equations. 

Region II: The soil at large distances from the structure, i.e., soil at the 

boundaries, is denoted as Region II. Here the effects of load distribution are 

dispersed such that the displacements and stresses at this zone are small in 

magnitude. Thus it is reasonable to assume a linear behavior for the soil in this 

zone. The boundary element method will be feasible and more convenient for a 

linear analysis of this zone. 

The study is divided into several chapters according to the distinction of each 

sub-topic of the research. Primarily, Chapter II begins with the establishment 

of a theoretical background of yield criteria and fiow rule which is later used in 

Chapter III for the derivation of the elastoplastic finite element equations for 

Region I. Chapter IV describes the derivation of the linear boundary element 

equations for Region II. Chapter V focuses on the coupling technique of the two 

sets of equations as derived in Chapter III and Chapter W. The coupling of 



the two sets of equations is done by stat ic condensation at the interface between 

Region I and Region II. In Chapter VI, a technique is suggested for the evaluation 

of mater ia l parameters . In Chapter VII , a discussion of the solution technique of 

nonlinear problems, an algori thm of the F E M / B E M model, details of example 

problem and the analysis of results are presented. The last chapter gives the 

conclusions and recommendat ions . The study is summarized into the following 

key steps: 

1. development of elastoplastic-plastic finite element equations for Region I, 

2. development of linear elastic boundary element equations for Region II, 

3. linking of the two sets of equations at the interface by static condensation, 

4. establishment of a computat ional procedure for the coupling technique, 

5. establishment of a technique for the evaluation of material parameters , 

6. development of a computer code for all the steps described above, 

7. application of the developed method to selected example problems, 

8. analysis of results, conclusions and future recommendat ions. 

Mathemat ica l expressions and equations are presented by conventional vector 

and mat r ix notat ions . Sometimes, for convenience and brevity, the mathemat ica l 

expressions and the equations are expressed by the conventional index notat ion 

used in solid mechanics. This is mentioned whenever it is used. 
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Fig. 1.1 Two-dimensional symbolic soil-structure problem 



CHAPTER II 

YIELD CRITERIA AND FLOW RULE 

Background 

In this chapter the basic expressions and the mathematical formulations of 

different yield criteria and the basic constitutive equations of the flow rule are 

presented. These expressions and equations are needed for the development of 

the elastoplastic finite element equations as later discussed in Chapter III. 

The theory of yield criteria and constitutive laws of plasticity have been 

discussed in depth in many texts. Among them are the texts of Hill (1950). 

Mendelson (1968), Chen (1982), Desai and Siriwardane (1984), Chakrabarty 

(1987). Here a brief historical review has been sketched from the above texts. It 

is believed that possibly Coulomb first proposed the criteria for the yielding of 

solids, mainly soils. His criterion was applied to problems for calculating earth-

pressure on retaining walls by Poncelet and Rankine. But Tresca started the first 

scientific study of the plasticity of metals by performing experiments on punching 

and extrusion of metals in 1864 and formulated his famous yield criterion that 

a metal yielded plastically when the maximum shear stress attained a critical 

value. 

In 1870, Saint-Venant determined the stresses in a partly plastic cylinder 

subjected to torsion or bending by applying Trescas yield criterion. Based on 

Saint-Venant's concept of ideal plasticity, Levy proposed a three-dimensional 

relation between stress and rate of plastic strain in 1871. Von Mises indepen

dently proposed equations similar to Levy's. He stipulated a yield criterion on 

11 
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the basis of purely mathemat ica l considerations in 1913. In 1920 and 1921, 

P r a n d t l showed tha t the two-dimensional plastic equiHbrium problem yields 

hyperbolic equat ions. In 1930, Reuss made an allowance for the elastic com

ponent of s t rain following an earher suggestion by Prandt l . In 1932 and 1933, 

Schmidt and Odquist showed how work-hardening could be incorporated within 

the framework of Levy-Mises equations. Subsequently, a considerable amount 

of experimental and analytical work has been done in this field. 

Invariants of the Stress Tensors 

This section primarily focuses on the derivation of the invariants of stress 

tensors . The derivation of the invariants is described in most of the s tandard 

texts on elasticity and plasticity. The concept of the invariants is a necessary 

step in developing the theories of yield criteria which are discussed in the next 

section. 

If aij is the stress tensor, a is the vector of principal stresses and rij is the unit 

normal to the principal plane, then the characteristic equation for the principal 

stresses can be derived from the following equations: 

{aij - a8ij)nj = 0 (2.1) 

where the determinant of the coefficient matr ix vanishes, i.e., 

\aij-a8ij\ = 0 . (2.2) 

In expanded form. 

^ x ^ xy xz 

yx ^y ^ y^ 

Tzx '^zy a^ - a 

= 0 (2.3) 
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or by expanding the determinant 

a^ - ha^ + /20- - /3 = 0 (2.4) 

where / i , I2 and I^ are the invariants of the common stress tensor aij and they 

are defined as: 

h = o'x + o-y + cr y I ^ 2 

h = {(T^ay -f o-yO-̂  + (T,a^) - TI - r^^ - r]^ 

(2.5) 

(2.6) 

/ . = T, 
yx 

ZX 

'^xy 

^ y 

Tzy 

'^XZ 

Tyz 

O-z 

(2.7) 

The stress tensor aij is decomposed into two symmetric tensors; one repre

sents the s ta te of pure normal stress and is called the hydrostat ic or spherical 

stress tensor, while the other represents a s tate of pure shear and is termed as 

the deviatoric stress tensor. In indicial form. 

aij Sij -\- ajfiiji^ij (2.8) 

where amm is the pure normal stress, also called the mean normal stress and its 

value is given by the following equation. 

1/ N I r (2.9) 

The deviatoric stress tensor is defined by the equation given below. 

^ij aij '-'mm'^ij (2.10) 



The characterist ic equat ion for the deviatoric stress tensor s^ can be derived 
u 
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m 

a similar manner . The determinant of the coefficient mat r ix vanishes, i.e., 

^X "5 Txy Txz 

'yx ^y "5 7"y_j 

'ZX zy ^z "5 

- 0 (2.11) 

where s is the vector of principal deviatoric stresses. Expanding the above 

equat ion the characterist ic equation for deviatoric stress tensor results as 

s^ - Jis^ - J2S -J3 = 0 ' (2.12) 

where J i , J2 and J3 are the invariants of the deviatoric stress tensor and their 

values are given by the following equations. 

J i = 5 ^ + 5 y + 5, = 0 (2.13) 

J2 = 5 ( 4 + 4 + 'D + -"xy + r^z + rl (2.14) 

J3 = SxSySz^2TxyryzTzx- S^Ty^- SyT^^-S^T^y . ( 2 . 1 5 ) 

Theories for Yield Criteria 

A mathemat ica l law that defines the limit of elastic behavior under any 

possible combination of stress or strain is termed as a yield criterion. For ideal 

plastic materials , a yield criterion is assumed to be a function of stresses aij and 

not of the plastic strains ef̂  [Fung, 1965]. A yield criterion has been represented 

by a function of the states of stress under a three-dimensional situation for stress 

analysis of practical problems. The determinat ion of the stress level at the elastic 

limit for simpler models is quite straightforward. For example, for the uniaxial 

case, the stress at elastic limit is the uniaxial yield stress, ay. But for multiaxial 
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states of stress, a mathemat ica l expression involving all the stresses is required 

based on the exper imental observations. 

No one mathemat ica l model can describe precisely the s trength of soils or 

concrete materials completely under all conditions in a practical manner . So, 

complexities arise in developing a complete mathemat ica l model to express the 

yield criterion. A number of idealizations are necessary at the outset to develop 

the mathemat ica l theory. Effects of strain ra te , thermal effects due to loading 

conditions, the Bauschinger effect and the hysteresis loop tha t are observed for 

metals like steel are disregarded. 

In general, the functional form for the yield criterion is expressed as 

fiai,) = Y{K) (2.16) 

where / is some scalar function and F is a material parameter to be determined 

experimentally which in tu rn may be a function of another parameter , usually 

referred to as a hardening parameter K,. If material properties are assumed to be 

isotropic then the yield criterion can be expressed in terms of the three principal 

stresses ai, a2 and (J3, ignoring their direction cosines, as given below. 

f{cru<T2,^3) = Y{K) . (2.17) 

Again, the three principal stresses (TI, a2 and a^ can be expressed in combinations 

of three principal-stress invariants / i , J2 and J3 , where I^ is the first invariant 

of the common stress tensor aij and J2? J3 ^re the second and third invariants 

of the deviatoric stress tensor Sij. Finally, the yield function is conveniently 

expressed in terms of the invariants: 

/ ( / l , J 2 , J 3 ) - r ( A c ) . (2.18) 
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Geometrically a yield criterion can be represented as a surface in a three-

dimensional stress space. The six components of the stress tensor aij require 

a six-dimensional space. But Haigh-Westergard represented yield criteria more 

conveniently using a Cartesian reference coordinate system the axes of which 

are the three principal stresses. This principal stress space is known as the 

Haigh-Westergard stress space. 

Most of the yield criteria are expressed in terms of the principal stresses. 

The next section describes the numerical computation of the principal stresses. 

Numerical Computation of Principal Stresses 

The principal stresses ai, a2 and a^ are calculated using Eq. (2.12) as de

scribed in this section. The principal deviatoric stresses 5i, 52 and 53 are the 

roots of the cubic Eq. (2.12). Direct evaluation of the roots of this equation 

is simplified by using a trigonometric identity [Nayak and Zienkiewicz, 1972] as 

given below. 

sin^ ^ - 5 sin ^ + i sin 3^ = 0 . (2.19) 
4 4 ^ ^ 

If 5 = /) sin ^ is substituted in Eq. (2.12), then an equation is obtained in terms 

of /9, J2. J3, and sin ^. 

s i n ' ^ - 4 s i n ^ + 4 = 0 • (-^-20) 

Comparing Eq. (2.12) and Eq, (2.20), the values for p and sin ^ are determined. 

2 

^ = 75 
and 

\ / ^ (2.21) 

3\/3 J3 
sin3fl = — ^ - 3 ^ . (0.22) 

2 
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The cyclic nature of sin(3^±2n7r) ensures that there are three and only three 

possible values of sin^, w^hich define the three principal stresses. Considering 

cTi > <72 > 0-3, the three principal stresses of aij and Sij can be expressed by the 

following equations. 

f ^1 ] f "̂ i ) f a^rn 1 
(2.23) 

-JS\J2{ sine + - ^ 1 . (2.24) 

V3 [sin(# + f ) J M l ] 

Now the alternative form of the three invariants Ii, J2 and J3 can also be 

(^mrn-) J2 ^ud 6 as giveu given below. 

1 /— 7r 
o-mm = -h, \JJ2 arid 0 <0 < - . (2.25) 

o o 

All the yield criteria can be expressed in the form given below. 

f{(Tmm,\fj'2j) = Y{K) . (2.26) 

Examples of Yield Criteria 

Numerous yield criteria have been suggested over the years. Here only the 

most commonly used yield criteria are represented by invariant expressions for 

numerical implementation, and they are briefly discussed. 

Tresca Yield Criterion 

The Tresca yield criterion states that yielding initiates when the maximum 

shearing stress at a point in the material reaches a critical value ) . If ô i > cr2 > 
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0-3, then Tresca yield criteria can be expressed by the following equation. 

F = {a,- (T3) - Y{K) = 0 . (2.27) 

Subst i tu t ion of the principal stresses from Eq. (2.24) in the above equation will 

provide an equat ion in terms of the invariants as given below. 

F{J2, J3,Y) = 2^/j2 cos e -Y{K) = 0 . (2.28) 

Tresca's yield function represents a regular hexagonal cyHnder in principal stress 

space. 

von Mises Yield Criterion 

From purely theoretical considerations, von Mises proposed the distortional 

energy theory. The criterion assumes tha t yielding initiates when the distortional 

energy a t ta ins a value tha t is equal to the distortional energy at the yield point 

in simple tension. In other words, yielding occurs when the second invariant J2 

of the deviatoric stress tensor Sij reaches a critical value. 

This criterion is independent of the invariants J3 or 9. In terms of invariants, 

this criterion can be expressed by the following equation. 

F ( J 2 , >') = \ /3J^ - Y{^) = 0 . (2.29) 

The von Mises yield function is plot ted as a circular cylinder in principal stress 

space. 

Both the Tresca and von Mises criteria are independent of the mean normal 

stress, amm or | A - Experimental ly it was observed that at high mean normal 

stress the yielding of metals is caused primarily by shearing stress, and the 
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effects of mean normal stress on yielding may be neglected. Metals experience a 

negligible amount of volumetric strain under the influence of mean normal stress 

[Bridgeman, 1952]. They almost behave like nonfrictional materials. These two 

criteria are extensively used in metal plasticity. 

The yield loci of Tresca and von Mises differ mostly in a state of pure shear. 

T h e von Mises criterion defines the yield limit more accurately than Tresca 

criterion for most metals . 

Mohr-Coulomb Yield Criterion 

The Mohr-Coulomb criterion suggests tha t yielding begins when the largest 

principal stress circle becomes tangent to the straight-line envelope 

T — c — a t an ^ (2.30) 

where c is cohesion, a is the normal stress and 4> is the angle of internal-friction 

of the mater ia l . 

Replacing r and a in terms of principal stresses and then subst i tut ing the 

values of the principal stresses from Eq. (2.24), an invariant expression can be 

defined by the following equation [Owen and Hinton, 1980u 

F ( / i , J2 , J3 , c , ( / ) ) = - / i s i n ( / ) + \ / ^ ( c o s ^ - - s i n ^ s i n < ? ^ ) - c c o s ( ^ = 0 . (2.31) 

The Mohr-Coulomb yield function represents an irregular hexagonal pyramid in 

principal stress space. 
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Drucker-Prager Yield Criterion 

Drucker and Prager modified the von Mises yield criterion to obtain a simple 

and smooth Mohr-Coulomb yield surface. In this criterion the effects of mean 

normal stress on yielding are introduced by incorporat ing an additional te rm in 

the von Mises yield criterion. The yield criterion can be expressed as 

F{Iu J2,/?, k,) =(3h + ^ 2 - h = 0 (2.32) 

where /5 and ki are positive material parameters , and they are expressed in terms 

of cohesion c and angle of internal friction (f). This criterion plots a circular cone 

in principal stress space. 

If the Drucker-Prager cone circumscribes the Mohr-Coulomb hexagonal pyra

mid, then the values of /3 and k^ are given by the following equations. 

^ 2sin<^ ^ 6c cos <̂  

^ ^ / 3 ( 3 - s i n ( / ) ) ' N / 3 ( 3 - sin (/>) 

For the inner cone the values of /3 and fci are given as: 

_ 2sm(j) , _ Qccos(j) ^2 34^ 

^ ~ x/3(3-f sin(^) ' ' " x/3(3 + sin (̂ ) ' 

The Mohr-Coulomb and Drucker-Prager yield criteria are suitable for most 

frictional mater ials , especially for geologic material . They are also suitable for 

concrete. These yield criteria account for the effects of mean normal stress on 

yielding. The influence of hydrostat ic pressure is very impor tant for frictional 

mater ia ls . The Mohr-Coulomb and the Drucker-Prager yield criteria are poten

tially and practically apphcable to soil-structure problems. 
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Incremental Elastoplastic Stress-Strain Relation 

Any part icular yield criterion defines the elastic limit, i.e., it indicates whether 

yielding has occurred or not . If yielding has occurred then further information 

is needed to model the mater ial behavior after yielding. It is quite difficult to 

pinpoint precisely the yield stress level for materials like soil and concrete. How

ever, for ideal plasticity Prandt l -Reuss assumed tha t during any increment of 

stress, the change of strain is divisible into elastic and plastic components, 

deij = delj + d^^^ (2.35) 

where dcij is the incremental strain tensor, de\j is the incremental elastic strain 

tensor and ĉ ef̂  is the incremental plastic strain tensor. 

Generally, the original loading and reloading paths in a stress-strain curve 

do not coincide, i.e., a given s ta te of strain can be produced by different stress 

levels. This leads to the fact tha t the stress-strain relation is dependent on the 

load history of the mater ial . Because of this stress-path-dependent nature , it is 

necessary to consider plastic flow in terms of strain increments dcij or strain rate 

e'ij in the t ime interval c/i, or infinitesimal changes of strain. Here the incremental 

form is used to represent the constitutive equations. 

The elastic strain increment de\j in Eq. (2.35) can be found using generalized 

Hooke's law for linear mater ials . In general, 

de^j = Cijkidaki (2.36) 

where Cijki is the fourth-order consti tutive tensor or material-response tensor. 

For isotropic materials , the elastic strain increment can be decomposed into 
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deviatoric and volumetric or hydrostat ic strain components , i.e., 

de^ij = deij + -dcmmSrj (2.37) 

where deij is the incremental deviatoric strain tensor and demm is the incre

menta l volumetric strain. The above equation can be rew^ritten in terms of the 

incremental deviatoric stress dsij and the incremental mean normal stress damm 

as 

T f dsij 1 

'^ = ^ + -^d^rnmSij (2.38) 

where G and K are the bulk and shear moduH, respectively. 

The next step is to determine the plastic strain increment de^ij. the second 

component of Eq. (2.35). This component of strain increment describes the 

mater ia l behavior after yielding. The behavior of the material after yielding is 

defined by the flow rule. 

Flow Rule 

In general, it is assumed tha t the plastic strain increment is proportional to 

the stress gradient of a plastic-potential function g{aij). i.e., 

de^j = d\p- (2.39) 

where d\ is a positive scalar factor of proportionality. The above equation 

defines the flow rule after yielding. 

For various generalizations and simplifications, the flow rule can be associ

ated or connected with the yield criterion F. This leads to the most simple case 

when the yield function and plastic potential coincide, i.e.. F = g. 
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dF 
< = ^ A — - . (2.40) 

daij 

The above equation defines the associated flow rule. 

Equation (2.39) imphes that d^j is directed along the normal to the surface 

of plastic potential, whereas Eq. (2.40) suggests that deij is normal to the yield 

surface. This is an acceptable assumption for metals but for soil and rocks this 

normality condition is debatable [Davis, 1968'. Due the absence of true three-

dimensional stress-strain data or triaxial stress-strain test data, engineers have 

leaned on the use of this normality condition. 

Finally, substituting Eq. (2.38) and Eq. (2.40) in Eq. (2.35). the incremental 

elastoplastic strain is expressed by the following equation. 



CHAPTER III 

DERIVATION OF ELASTOPLASTIC 

FINITE ELEMENT EQUATIONS 

Introduction 

In the previous chapter a theoretical background of the yield theory and the 

constitutive laws of the flow theory has been established. The next step is to 

convert these theories into a numerical procedure for computational aspects. 

When materials behave elastically, the relationship between stress and strain 

is established by the generalized Hooke's law. 

{<T} = {D]{c} (3.1) 

where {a} and {e} are the stress and strain vectors, respectively. Their vector 

forms are shown below. 

b) 
Ixy 

' {^)={ 

I Iz 

a. 

• xy 

•yz 

r. zx } 

(3.2) 

\D\ is the material property elastic matrix which is defined in terms of the 

modulus of elasticity E and Poisson's ratio v as given below. 

Pi = n 
E 

(l + i / ) ( l - 2 i / ) 

— V 

V 

V 

0 
0 
0 

V 

1 -V 

V 

0 
0 
0 

V 

V 

1 -V 

0 
0 
0 

0 
0 
0 

l - 2 i ^ 
2 

0 
0 

0 
0 
0 
0 

\-2v 
2 
0 

0 
0 
0 
0 
0 

\-2v 

(3.3) 
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T h e stress-strain relationship expressed by Eq. (3.1) is linear, and for small 

increments of load, it can also be expressed in incremental form as 

{da} = [D]{de} (3.4) 

where {da} and {de} are the incremental stress and strain vectors, respectively. 

W i t h gradual increments of load, materials behave elastoplastically, i.e, part 

of the mater ia l is still in the elastic range and part of the material begins to yield. 

The yielding or flow behavior of materials is accounted for by a new material 

proper ty mat r ix known as the elastoplastic matr ix , [D^p]. Thus , the incremental 

stress-strain relationship of yielded points of materials is expressed as 

{da} = [D,p]{de} (3.5) 

where {da} is the incremental stress and {de} is the incremental strain. The 

incremental stress-strain relationship is used in the above equation because of 

the fact t ha t stress-strain relation is dependent on the load history of the ma

terials after yielding, as discussed in Chapter II. Nayak and Zienkiewicz (1971) 

formulated the elastoplastic matr ix in a very convenient form for numerical 

implementat ion. Here this simple but elegant procedure is described for the 

derivation of the elastoplastic matr ix , [i^epj-

Derivation of Elastoplastic Matr ix 

Equat ion (2.16) is rearranged in a convenient form as given below. 

F{a,K) = f{a,j)-Y{K) = 0 . (3.6) 
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The above equation is differentiated as 

dF dF 
dF = {^}{da} -f —dK = 0 (3.7) 

ua OK, 

where {da} is the six-component stress vector. The vector {|^} of the above 

equation can be represented as 

Sh\'^ = / — I. - / - ^ J§^ . ^ MIL JIL M- \ (o Q\ 
' • J ^ da^ ~ ^ ^""^ ^''y ^""^ ^^^y ^-"y- ^^" J ^ '' 

where vector {6} is called the flow vector. Also it can be assumed that 

I dF ^ 

where d\ is the factor of proportionahty as defined in Chapter II in Eq. (2.40). 

Using the work hardening hypothesis and normality condition it can be shown 

that 

da 
B = H' = —- (3.10) 

dep 

where H' is the hardening parameter, da is the incremental effective stress and 

dep is the incremental effective plastic strain. The definitions and suggested 

computational technique of incremental effective stress and incremental effective 

plastic strain are discussed in Chapter VI. Now Eq. (3.7) can be expressed as: 

{b}^{da}-H'd\ = 0 . (3.11) 

Equation (2.41) can be rewritten as: 

dF 
{de} = [D]-'{da} + ^ A { ^ } ^ . (3.12) 

ua 

Premultiplying the above equation by {d}-^ = {b}-^[D] and using Eq.(3.11), the 

proportionality constant is determined by the following equation. 

{dy{de} 
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Now substituting the value of this constant in Eq.(3.12) the following equations 

are obtained. 

{de} = [Dr{da} + ^^>^^^^>^^> (3 14) 
^ f i \ I ^ ^ H'+ {b}^[D]{b} ^ ^ ^ 

and 

w Hiz)] - ^ / ;»y^ ,pw. (3.15) 

Therefore, the stress-strain relation in incremental form for elastoplastic analysis 

is 

{da} = [D^p]{de} (3.16) 

where the elastoplastic matrix is given by the equation below. 

The vector {d} in the above equation is given by 

{d} = [D]{b} (3.18) 

where matrix [D] is the usual elasticity matrix. 

Computation of Flow Vector, {6} 

The fiow vector {b} expressed by Eq. (3.8) is needed to compute the elasto

plastic matrix [Dep]- Thus, the yield function of Eq. (2.26) is rewritten in the 

following form. 

F = F{h,J2\0) . (3.19) 

Differentiating the above equation with respect to the stress vector {da}, the 

flow vector {b} is obtained as follows. 

{b}^ = {^} (3.20) 
oa 
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ŵ  = l̂ fe^^ -̂-dh da 
dF dJj dF do 
Qj\^ da ^ ' dO^da^ 

Finally, using Eq. (2.22) the flow vector can be expressed as 
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(3.21) 

{b} = 
dh da Qj^ 

dF , 3V3 / 3 a F . . a j i j ^ ^ ^ j ^ a F ^ ^ a j 3 j ( 3 22) 
r + 2 c o s 3 ^ J | de^^ da 

or 

where 

2 cos^ T3 d9 da 

{b} = C,{b,} + 02(62} + Cs{bs} 

r — 9F 7 r az i i 
1 

(3.23) 

(3.24) 
n — < - N / 3 1 9 F \ I _ f (9J3 1 

Differentiating / i , J2 ^nd J3 with respect to the stress vector cr, the components 

{^1} = 

of the flow vector are found as follows: 

r 1 1 
1 
1 
0 
0 

^ 0 

and 

{63} = 

{62} = 

-"y 

Sz 

2J^ 2r. xy 

2ry, 

2r^x 

SyS z 

S z ^ X 

s .s 
•^I>^y 

-rl 
ZX 

_ _ 2 
' xy 

-r-
j -

_L 

i 1 
A 
A 
3 

^'^yz'^zx ^^z'^xy 

^'zx'xy ^^x'yz 

^"^xy'yz ^°y'zx J 

(3.25) 

(3.26) 

The constants Cx-,C2,Cz are calculated by differentiating the invariant ex

pressions of different yield functions F described in Chapter II with respect to 

the invariants , and they are given below. 
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Tres ca 

C i = 0 , C2 = 2cos^ + 2 s i n ^ t a n 3 ^ , C3 = — - ^ ^ . (3.27) 
J2 cos 3^ 

von Mises 

Ci = 0, C2 = \ / 3 , Cs = 0 . (3.28) 

Mohr-Coulomb 

Ci = -sin(;6, 

C2 = cosg( l - f tan ^ tan3^) +CQ^^ sin</>^^^' '^^~^^' '^\ 
\ /3 

^ VS sin ^ + cos ^ sin <̂  
<̂ 3 = r-r ^ . (3.29) 

2 J2 cos 36' ^ ' 

D rucker- P rager 

Ci = /3, C2 = 1, C3 = 0 . (3.30) 

Elastoplastic Finite Element Equations 

The formulation of the three-dimensional finite element equations has been 

discussed in depth in many references, such as, Zienkiewicz (1977), Cook (1974), 

Owen and Hinton (1980), Chen (1982), etc. Here only the important steps 

of derivation are presented. The aim is to established a relationship between 

the externally applied incremental global load vector {dP} and the incremental 

global nodal displacement vector {dU}. For this purpose, the structure is dis-

cretized into linear 8-noded simple brick elements as shown in Fig. 3.1. The ele

ment stiffness matrix [K^] is derived for each element considering compatability 

of strains and displacements, equilibrium conditions and constitutive relations. 
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T h e derivation of the relationship between the incremental global load vector 

and the incremental nodal displacement vector is concisely described here. 

Firs t , an incremental linear displacement function is assumed as 

{d8} = [N]{d8'} (3.31) 

where {d8} is the vector of incremental generic displacements at any point within 

the element, {d8^} is the vector of incremental nodal displacements and .Vi is the 

vector containing the assumed linear shape functions or interpolation functions. 

For node i , the shape function is expressed in terms of the natural coordinates 

^, T] and ( as 

Ni = -{li-(C^){l+VV^){l^CC^) (3.32) 

where ^i, rji, and d define the natura l or dimensionless nodal coordinates of the 

8-noded brick element as shown in Fig 3.2. Their values are given in Table 3.1 

which corresponds to this figure. 

The incremental s train is found by 

{de} = [B]{d8^} (3.33) 

where [B] is the s t rain mat r ix generally composed of derivatives of the interpo

lation functions. For node i, the strain matr ix [Bi] can be expressed in terms of 

the Cartes ian derivatives as foUows: 

[Bi] 

- dNj 
dx 
0 
0 

dNj 
dy 

0 
dN, 

. dz 

0 
dNj 
dy 
0 

dN, 
dx 

dNj 
dz 

0 
\ j 

0 
0 

dN, 
dz 
0 

dN, 
dy 

dN, 
dx 

(3.34) 
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Applying the principle of virtual work, a relationship is obtained between the 

incremental nodal force vector {dP^} of an element and the corresponding stress 

vector {da} at any point within the element as 

{dP'}= f[Bf{da}dy (3.35) 
J V 

where dv is the differential volume of an element. The elastoplastic stress-strain 

relationship is represented as: 

{da} = [A]{de} (3.36) 

where [A] = [D] for elastic behavior and [A] = [Dep] for plastic behavior of 

materials. Substituting the above equation into Eq. (3.35), the element stiffness 

matrix [K^] is obtained as 

{dP'} = ( f[B]^[A][B]dv){d8'} (3.37) 
Jv 

or 

{dP'} = [K']{d8'} (3.38) 

where 

[ ^1 = f[B]^[A][B]dv . (3.39) 
Jv 

In terms of natural coordinates, the element stiffness matrix is expressed as 

[K^] = J'^ J'^ j'^[B]^[A][B]\J\d^drjdC (3.40) 

where | J | is the determinant of the Jacobian which transforms the elemental 

volume from the Cartesian coordinate system to the natural coordinate system. 

The Jacobian matrix is defined as 
dx\ dx2 dx2 
di di di 

r 71 dxi dx2 dx3 (i 11 N 

W]= -dt 'd^ ^ ^ - ^ ^ 
dxi dx-> dx3 

. dc d( dc . 
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where Xi are the generic coordinates. These generic coordinates are defined by 

isoparametr ic formulations, i.e., the same displacement interpolation functions 

Ni are used to define the generic coordinates. Thus , generic coordinates can be 

expressed by index nota t ion as 

Xi = NjXji for 2 = 1,2,3 and j = l,2,...,8 (3.42) 

where Xji is the Cartesian coordinate of node j in the coordinate direction i. 

For the numerical integrat ion, Eq. (3.40) is expressed as 

n n n 
i^'] =EEJ:WiWiW,[B{(i,7^j,a)f[A]lB{i„r,„a)]\J{i„r,,.a)\ (3.43) 

t j k 

where Wi, Wj and Wk are the weighting factors for integration points i, j and k. 

The number of integrat ion points for each way or for each coordinate direction 

is denoted by n. Finally, the incremental load-displacement relation is obtained 

by assembling the element stiffness matrices from local to global coordinates for 

the entire system as 

{dP} = [K]{dU} (3.44) 

where 

{dP} = incremental global nodal load vector, 
{dU} = incremental global nodal displacement vector, 
[K] = global stiffness matr ix . 

Initially materials behave elastically for small magnitudes of load. A system 

of equations is provided by Eq. (3.44) using the elastic material property matr ix 

[D] during this elastic behavior. After yielding the flow behavior of the material 

is furnished by another system of equations given by the same Eq. (3.14) using 

the elastoplastic mater ial property matr ix [i^ep]- Together these two systems of 

equat ions portray the elastoplastic behavior of the material . 
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Table 3.1 Natura l nodal coordinates for 8-noded Hnear brick element 

i 

6 

Vi 

Ci 

1 

1 

-1 

1 

2 

-1 

-1 

1 

3 

-1 

1 

1 

4 

1 

-1 

-1 

5 

1 

1 

1 

6 

-1 

1 

1 

7 

1 

1 

1 

8 

1 

1 

-1 
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"1 
/ 

Fig. 3.1 8-noded hnear brick element 
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V 

Fig. 3.2 Natural coordinate system for 8-noded brick element 



CHAPTER IV 

BOUNDARY ELEMENT EQUATIONS 

Introduction 

This chapter primarily focuses on the numerical development and implemen

tation of the linear boundary element equations for three-dimensional analysis. 

The theory of boundary element method and its apphcations has been discussed 

in many texts, such as the texts of Brebbia (1978), Brebbia and Walker (1980), 

Crouch and Starfield (1983) and Brebbia et al. (1984). Using the fundamental 

equations of elasticity and the weighted residual technique, a system of linear 

boundary element equations is developed. Kelvins fundamental solution is used 

to convert the domain integral into a boundary integral. The reason for selecting 

Kelvin's fundamental solution is its applicability to bounded domains and lay

ered media. The boundary of the domain is discretized into plane quadrilateral 

elements with constant variations of displacements and tractions. 

Fundamental Equations of Elasticity 

In this section the fundamental equations of elasticity are discussed. The 

equations are expressed by index notation. The equihbrium equations applicable 

at any point inside the domain Q (Fig. 4.1) of an elastic continuum are 

(^^j,j^bi = 0 in n (4.1) 

where the stress tensor aij represents the the stress field of the elastic continuum 

and bi represents the body force vector. The stress field must satisfy or match 

36 
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the prescribed values of t ract ions ii on the boundary F j , i.e., 

aijnj = ii on Fi (4.2) 

where nj is the unit normal vector on the boundary. The prescribed displace

ments on the boundary r2 should satisfy: 

Ui = Ui on T2 . (4.3) 

Two addit ional equations are required to solve the above equations; one is the 

strain-displacement equat ion and the other is the stress-strain equation. The 

relation between strains and displacements at any point in the continuum is 

expressed by a Hnear strain-displacement relation 

1 , 
^^3 = 2^'^iJ +'^j,i) (4.4) 

where the strain tensor eij represents the state of strain at any point in the con

t inuum. The relation between the stress field and the strain field is estabhshed 

by the generalized Hooke's law which is expressed as 

aij = Eijkieki (4.5) 

where Eijki is a fourth-order material property tensor. 

Derivation of Boundary Element Equations 

Here, the in t roductory par t of the derivation of the boundary element equa

tions is skipped, but numerical implementat ion and computat ional aspects have 

been emphasized. The references mentioned in the introduction give detailed 

formulations of the boundary element equations. 
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Usmg the weighted residual technique, the boundary element equations can 

be expressed in compact vector form as 

c'W} + j^[t1k]{u}dV = j^[u1,]{t}dV + jyi,]{b}dn (4.6) 

where {u^} is the displacement vector at the source point or load point i, with 

components in the x, y and z directions, {u} is the displacement vector at any 

point on the boundary F, {t} is the traction vector at any point on the boundary 

F and {b} is the body force at any point in the domain fi. The vectors mentioned 

above are represented as follows: 

u. u i 

W} = u\ 2 ( 1 {u} = { u: (4.7) 
u: U3 

and 

(4.8) 

In Eq. (4.6) [ulf^] represents the displacements in the k direction due to a unit 

force at source point i which is acting in the / direction and [iP;̂ ] represents the 

tractions in the k direction due to a unit force at source point i which is acting 

in the / direction. For an element their expressions are given below: 

u Ik 

^ 1 1 ^ 1 2 ^ 1 3 
•-r X X 

^21 ^ 2 2 ^ 2 3 
:^ X X 

^ 3 1 ^ 3 2 ^ 3 3 

K] = 
f i' i" 
^\l ''12 ''IS 
/ ' /" i' 
''21 ''22 ''23 
/" / 32 ^̂ 33 

(4.9) 

The next step is to discretize the boundary into a number of elements. Constant 

displacement and traction functions are assumed within each element. 
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For element j the assumed displacement function and traction function are: 

{«} = W K - } (4.10) 

{<} = [#){<,} (4.11) 

where {uj} and {tj} are the nodal displacement and traction vectors, and [$] rep

resents a vector containing the interpolation functions. In this study a constant 

interpolation function has been used, i.e., [$] = [1]. This is because the constant 

interpolation function will provide the least number of degrees of freedom for 

three-dimensional analysis. After discretization of the boundary, Eq.(4.6) can 

be expressed by the equation given below. 

c{u} + ^{ [rA^]drj}{u,} = Z{L[^lkmdTj}{t,} 
j=i -^r, j ^ ^ JTj 

N2 

+ E / fe.i^l^^m . (4.12) 
m = l 

For numerical integration over the elemental area and volume, the coordinates 

are transformed into natural or dimensionless coordinates as shown in Fig. 4.2. 

For area transformation, 

dT = \\G\\dCdrj (4.13) 

where dT is the differential surface area, and for volume transformation, 

dn = \J\dCdr]dC (4.14) 

w here ||G|| and \J\ are the norm and determinant of the Jacobian matrices of 

coordinate transformation for area and volume, respectively, and dO. is the dif

ferential volume. Now Eq.(4.12) is expressed in terms of the natural coordinates 

as 
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<^W}+EtEciiGiiw^w*] w)»}K} = f:{f:{\\G\mu:,m),}{t,} 
i = l fc=l j = l A:=l 

N2 7X2 

+ E{Ei\jmu:M)k} (4.15) 
m = l A:=l 

where 

iVi = number of boundary elements, 

N2 = number of cell elements in the domain, 
rii = number of integration points considered for area integral, 
712 = number of integration points considered for volume integral, and 
W = weighting factor for integration point. 

The above equation can be written in compact form as 

[C]{U} + [H]{U} := [G]{T} + {B} (4.16) 

or 

[H]{U} = [G]{T} + {B} . (4.17) 

In the above equation, [H] = [C] -f [H] where [C] is a diagonal matrix. The 

elements of [H], [G] and {B} are obtained from the following equations: 

Hii = EdlGIIW^WillJV])* (4.18) 
k = l 

Hij = H + i i y (4.19) 

Gii = EdlGIIT^KlW). (4.20) 
k=l 

712 

Bi = Ei\J\WK]{bi})k . (4.21) 
k=l 

The integration of Eq. (4.6) becomes singular at source points, i.e., singularity 

causes difficulties in obtaining the diagonal elements of the [H] and [G] matri

ces. Considering rigid body translation, the diagonal elements of matrix [H] can 

easily be determined and the values of these diagonal elements are the same and 
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equal to 0.5 for constant elements [Brebbia and Walker, 1980]. Diagonal ele

ments of the [G] matrix can be obtained analytically or by logarithmic weighted 

numerical integration. If the body force is neglected then the system of lin

ear boundary element equations is expressed in matrix form by the following 

equation. 

[H]{U} = [G]{T} . (4.22) 

Equation (4.22) represents the required system of linear boundary element equa

tions. 

The fundamental solutions of Kelvin for displacements and tractions for a 

unit load in an infinite continuum for three-dimensional analysis are: 

"^^•(^'^^=167r(l-,.)Gr^<^"^"^^--- + '''-^'^^ ('-^^^ 

- (1 - 2u){r^inj - Tjn,i) (4.24) 

w here r = r{s,q) is the distance between the load point 5 and the field point q. 

The position vector f, its Euchdean norm and its derivatives are expressed by 

index notation as follows: 

n = Xi{q) -Xi{s) (4.25) 

r = {nvi)'^ = \\x,{q) - Xi{s)\\ (4.26) 

and 

dr r: 
r ,• = 

' dxi 
(4.27) 
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Quadri la teral Plane Element 

The boundary of the problem is discretized into plane quadrilateral surface 

elements. For numerical integrat ion, the quadri lateral element shown in Fig. 4.3 

is t ransformed into a na tura l coordinate system {(,T]) as shown in Fig. 4.2. Co

ordinates can be interpolated using the shape function. The generic coordinate 

Xi at any point is interpolated as 

Xi = NjXji fori = 1,2,3 and j = 1,2,3,4: (4.28) 

where Xji is the Cartesian coordinate of node j in the i coordinate direction. 

Index nota t ion has been used in the above equation. For node i, the shape 

function is expressed in terms of the na tura l coordinates ^ and 77 as 

Â i = ^ ( l + e 6 ) ( l + T O ) (4.29) 

where ^i and r]i define the natura l or dimensionless nodal coordinates of the 

quadri lateral plane element as shown in Fig 4.2. Their values are given in Table 

4.1 corresponding to this figure. 

The Jacobian \\G\\ is calculated in the following way: 

dv dr 

= \\g\i + 92J + gM\didr} 

= \\G\\dCdr] (4.30) 

v̂ here 

G\\ = Jgl-\'gl + gl 0-31) 

file:////g/i
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and 
dx-i dxo dx% dx-

9i = 

92 = 

93 = 

dC drj 

dxs dxi 

di dr) 
dxi dx2 

di dri 
dxi dxz 

di drj 

dx2dxi 

di dr} di drj 

(4.32) 

(4.33) 

(4.34) 
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Table 4.1 Natural nodal coordinates for quadrilateral plane element 

i 

ir 

Ii 

1 

1 

-1 

2 

1 

-1 

3 

1 

1 

4 

-1 

1 
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1̂ = ti on Fi 

Ui = Ui on Fr 

Fig. 4.1 Elastic domain with boundary conditions 
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-n 

Fig. 4.2 Natural coordinate system for quadrilateral element 
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2̂ 3 

2^2 

i (a^4i,^42,a;43) 

(a^ii , iCi2,aJi3) 

(X31, 2:32, 2^33) 

(2^21; 2:22, 2^23) 

• * - X i 

Fig. 4.3 Plane quadri la teral constant boundary element 



CHAPTER V 

COUPLING TECHNIQUE 

Introduction 

The true behavior of the soil-structure interaction problem is considered by 

representing the problem in its real three-dimensional situation and by taking 

into account the nonlinear behavior of both the soil and the structure. 

Because of the complex geometry, heterogeneity and nonlinearity, the struc

ture is represented by elastoplastic finite element equations. The behavior of 

the soil in the immediate vicinity of the structure is very complex, because of 

the interaction phenomenon and the inherent nonlinear material properties of 

the soil. Nonlinearity is best handled by the finite element method, therefore, 

it is convenient to use finite element equations for the nonlinear portion of the 

soil medium. This portion of the soil-structure system which is represented by 

finite element equations has been defined as Region I. The soil boundaries at 

large distances are represented very efficiently by the boundary element equa

tions, since the boundary element method has been found to be very powerful 

for solving displacements and stresses of a large continuum with the boundaries 

at large distances. This portion of the soil-structure system which is represented 

by boundary element equations has been defined as Region II. The two systems 

of equations, namely, the elastoplastic finite element and the hnear boundary 

element equations are finked together by satisfying the equihbrium and com

patability at the common interface [Sivakumar, 1985J. 

48 
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Coupling Procedure 

In Chapter III, the incremental elastoplastic finite element equations have 

been developed for Region I and are represented as: 

[K]{dU} = {dP} . (5.1) 

In Chapter IV, the linear boundary element equations have been developed for 

Region II and are represented as: 

mm = [G]{T}. (5.2) 

Since the above equation is a linear system of equations, it can also be repre

sented in incremental form for small load increments by the following equation. 

[H]{dU} = [G]{dT} (5.3) 

The two different sets of equations can be coupled or merged together either 

converting the boundary element equations into an equivalent finite stiffness 

matrix and adding them on to the finite element half banded stiffness matrix 

equations, or by transforming the finite element equations into an equivalent 

boundary stiffness and adding them on to the boundary stiffness matrix. 

Nonhnear problems are inherently iterative, and nonhnearity is best handled 

by the finite element equations. For such restrictions, it is obvious that the first 

technique of merging described above is most suitable and less cumbersome for 

computational purposes. 

The structure and its surrounding soil can be represented by the symbofic 

region Qi and the rest of the soil medium and its boundaries can be represented 
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by the symboHc region ^2 as shown in Fig. 1.1. Region fti is divided into finite 

elements and the boundar ies of region ^2 into boundary elements. These two 

regions are connected at the interface F ^ , and couphng of the two regions is 

done using: 

1. EquiHbrium of t ract ions—i.e. , the tractions on the interface for Hi and $̂ 2 

are equal and opposite, and 

2. Compatabi l i ty of displacements—i.e., displacements on the interface for 

1̂ 1 and Q2 are equal. 

Finite Element Equat ion 

The s t ruc ture and par t of its surrounding soil is discretized into simple 8-

noded brick elements. The element stiffness matrices are calculated using an 

isoparametr ic formulation. The global elastoplastic finite element matr ix in Eq. 

(5.1) can be rewri t ten in a part i t ioned form : 

-^55 KsB 

KBS KBB 

dUs\_\ dPs 
dUB J 1 dPs 

(5.4) 

where 

Kss = stiffness of s t ructure and soil not at the interface, 
KsBi^^BS = off-diagonal stiffness of the structure and soil, 
KBB = interface boundary stiffness of s t ructure and soil, 
dUs = incremental nodal displacements of s t ructure and soil, 
dllB = incremental nodal displacements of the interface, 
dPs = incremental loads on s t ructure and soil not at the interface. 
dPB = incremental forces on the interface. 
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Boundary Element Equat ion 

For the rest of the soil medium where nonhnear i ty is negligible, it is reason

able to assume a linear analysis and this region is represented by linear boundary 

element equat ions. The soil boundaries are discretized into constant quadrilat

eral surface elements. A stiffness mat r ix must be developed on the interface 

which is compatible with the finite element equations. The desired boundary 

element stiffness mat r ix should be of the form: 

[keKdUB} = - { d P f i } + { / B } (5.5) 

where 

kB 
dPB 

IB 

dUB = 

required soil stiffness matr ix condensed on the interface, 
compatible incremental force vector on the interface, 
equivalent force vector representing the prescribed forces 
and displacements on the boundaries r i , r 2 ; 
and r 3 condensed on the interface, and 
incremental nodal displacements of the interface. 

The above equat ion can be obtained easily from the basic system of boundary 

element equations, Eq. (4.22), and by static condensation. At first the formu

lation of the boundary element equations is done using Kelvin's fundamental 

solutions. Considering Fig. 1.1, the four boundaries F ^ , F i , r 2 . and r 3 can be 

represented by the mat r ix equation in part i t ioned form: 

hBB ^Bl hB2 hB3 

hiB ^11 ^12 ^13 

^2B '^21 "-22 "'23 

^3B ''31 '-32 

< 

r dUB 
dUi 

dU2 

^33 J I dU3 , 

gBB gBi gB2 gB3 

giB gu gi2 gi3 

g2B g2i g22 ^23 

g3B gzi ^32 ^33 

r dTB 
dTi 

dT2 
dT^ 

(5.6) 

where {dU} and {dT} are the incremental nodal displacement and tract ion 

vectors on the four boundaries F ^ , F i , r2 , and r 3 . 
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Considering the prescribed and the unknown components of displacements 

and tractions, the [H] and [G] matrices can be rearranged as 

Hu Hi2 
-0^21 -^22 

dUB 
dVu 

^11 Gi2 

G21 G22 

dTB 
dVp 

(5.7) 

where 

dVu = unknown components of incremental displacements and tractions 
on the boundaries r i , r 2 , and Fs, and 

dVp = known components of incremental displacements and tractions 
on the boundaries r i , r 2 , and T3. 

The above equation can be reduced to 

{[H^^] - [H,2][H22]-'[H2i]){dUB} = {[Gu] - [H,2][H22]-'[G2l]){dTB} 

-f ([G12] - [Hi2][H22]-''[G22]){dVp]{5.8) 

or multiplying both sides of the above equation by a distribution matrix [R], 

discussed later, the final system of stiffness equations is obtained as 

[kBRdUB] =-{dPe} + {/B} (5.9) 

Calculation of [AJ^] and {/B} requires too many computations because of 

matrix inversion and multiplication as noticed in Eq. (5.8). The computations 

can be considerably simplified by using the static condensation technique [Wil

son,1974]. In that case, first, the Gauss/Jordan elimination process is applied 

in such a way that [-̂ 1̂2] becomes a null matrix and [.̂ 22] becomes an identity 

matrix. Consequently, [H] and [G] are transformed into: 

[HuKdUB} = [GlMdTB} + lG;,]{dVp} (5.10) 

Further application of the elimination process is needed to make [Gl-^] into an 

identity matrix. Thus the final transformed matrix is represented as: 

[HuRdUB} = {dTB} + lG]i]{dVp} (5.11) 
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The final step is to convert the incremental nodal traction vector {f/Te} into 

an equivalent nodal force vector -{dPs} which is obtained by premultiplying 

both sides of the above equation by a distribution matrix [R]. For constant 

boundary elements, this distribution matrix is the diagonal matrix with the 

areas of the respective elements as the diagonal coefficients. FinaUy, the desired 

system of condensed equations is obtained at the interface as follows: 

• [R][H-]{dUB} = [R]{dTB} + [R][Gr2]{dVp} , (5.12) 

I.e. , 

[kB]{dUB} = -{dPB} + {IB} . (5.13) 

Coupling of Finite Element and 
Boundary Element Equations 

Two different sets of equations or matrices have been developed, namely, the 

finite element equation set and the boundary element equation set. Now these 

two sets of equations are merged or coupled together by satisfying the equilib

rium and compatability conditions at the interface. Hence, the total combined 

finite element and boundary element model is represented in incremental form 

as: 
Kss KsB 
KBS KBB + ^B 

dUs 1 \ dPs x^ (.,,. 
dUB\ = \ fB^ • ( " ' ' ) 

Since constant boundary elements have been used in the analysis, the un

known displacements and tractions are considered at the centroid of the bound

ary elements. On the other hand, the unknown displacements and forces are 

considered at the corners of each finite element. For compatability, it is as

sumed that the displacements and the traction forces at the centroid of the 
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boundary element matching with the face of the finite element are the averages 

of the displacements and traction forces for each degree of freedom at the four 

corners of the finite element as shown in Fig. 5.1 and Fig. 5.2, i.e., 

{Ui)BEM = \i2Ui fori = l,2,3 (5.15) 
j = i 

iF^)BEM = \j2iFYi fori = 1,2,3 (5.16) 

where {U} and {F} represent the' unknown displacement and traction force 

vectors at the interface, respectively. Both i and j are the counters for degrees 

of freedom and nodes, respectively. 



0 0 

Xz 

2̂ 2 

Fig. 5.1 Interface displacement compatabihty 
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X3 

X2 

Fig. 5.2 Interface traction 
force compatability 



CHAPTER VI 

EVALUATION OF MATERIAL PARAMETERS 

Introduction 

The most challenging part of solving an elastoplastic problem is the evalua

tion of its material parameters, such as the elastic constants and the hardening 

parameter H'. There are several laboratory tests available that facihtate the de

termination of the material parameters. Some of the tests are the conventional 

triaxial test, unconfined compression test, simple shear test, direct shear test 

and pressuremeter test. But none of the above mentioned tests furnish directly 

the desired parameters. 

Soil in nature is stratified and occurs in layers. Its properties vary from 

one layer to the next layer. Moreover, it is almost impossible to collect a truly 

undisturbed sample of soil. The quality of sampling varies between soil types. 

For example, sampling of soft clay is fairly easy, whereas sampling of stiff clay 

is very difficult. Also, the quality of an undisturbed sample varies widely be

tween laboratories. On the other hand, the material properties of concrete are 

relatively eas}^ to determine. The uniaxial compression cylinder test and the 

split-cylinder test provide reasonable information of compressive stress behavior 

and tensile stress behavior of concrete. From these tests, fairly accurate material 

parameters can be obtained. 

Because of the complex nature of soil and the difficulties in sampling, re

searchers have suggested different approaches to the determination of the mate

rial parameters primarily based on the data available from the triaxial test and 

57 
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the unconfined compression test . Desai and Siriwardane (1984) have proposed 

two models: the C a m clay model and the Cap model. These models are devel

oped on the concept of critical voids ratio and they require the information of 

mean stress o"^^, deviatoric stress q-^ = ai — 0-3 and void^ rat io. From this given 

information, the C a m clay model provides three mater ial parameters , the slope 

of the qi-a^nm plot, the slope of the loading pa th and the slope of the unloading-

reloading pa th . In the Cap model, the elastic par t of the consti tutive matr ix is 

defined by two parameters : the modulus of elasticity and Poisson's rat io. The 

plastic par t of the consti tutive mat r ix is defined by eight parameters : four pa

rameters for defining the failure envelope and four parameters for defining the 

yield envelope and the hardening function. Thus , in total , there are ten material 

pa ramete rs to be determined in the Cap model. However, manual computa t ion 

of these parameters is very t ime consuming and complex. Zaman et al. (1982) 

have developed a computer code for the evaluation of the parameters for the 

Cap model. 

A much simpler and more practical model is needed for engineers for every

day use in design and analysis. Models with too many parameters increase the 

complexities and discourage engineers from practical usage. Vallabhan (1967) 

s t ipulated a very simple and practical approach of determining material param

eters. In his model, the octahedral shear strain 7ocf and shear modulus G were 

evaluated from a given stress-strain curve obtained from a triaxial compression 

test . The invariant octahedral strain jo^t is defined as 

loct = [(ei - e2Y + (62 - 63)^ + (63 - e O ' l ' (6.1) 

where (1, 62 and ei are the principal strains. 
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Using the s t anda rd relations, the axial s train Cj and the deviator stress {ai-as) 

were converted to the desired invariant parameters -y^ct and G, respectively. 

Val labhan 's model is a one-parameter model . It is quite straightforward, not 

cumbersome, and suitable for an engineer to use in design and analysis. But his 

model is appHcable only for monotonically increasing loading condition. 

W i t h m i n i m u m information available, a simple but more practical model is 

proposed in the following section. The aim is to find a practical and useful model 

for pract icing engineers, and at the same t ime a model tha t accounts for the t rue 

stress-strain behavior of soil. A two-parameter model has been developed; the 

elastic behavior is defined by the modulus of elasticity and the plastic or flow 

behavior is defined by a variable hardening parameter . 

Suggested Technique 

Here a more general and straightforward technique of evaluation of the mate

rial pa ramete r s has been proposed following the t rend of Vallabhan's approach. 

There is no doubt tha t the determinat ion of parameters is extremely difficult 

and complex. Here a very simple and practical approach has been suggested. 

The me thod requires only the experimental values of the stresses and the strains. 

e.g., in a tr iaxial test the values of principal stresses and strains are known. The 

first step is to determine the effective stress and the effective strain from an 

experimental ly determined stress-strain curve, such as the curve obtained from 

the triaxial test . For von Mises materials , the effective stress a can be expressed 

in te rms of principal stresses as given by the equation below. 

a = V ^ = - ^ [ ( ^ 1 - a2Y 4- (cr2 - a^Y + (^3 - ^ i ) ' ] " • (6.2) 



60 

In a triaxial test 0-2 = 0-3, hence the above equation reduces to a simpler form. 

The effective stress can also be expressed in terms of multiaxial stresses: 

^ = ; ^ [ ( ^ - - ^ - ) ' + (^^ - ^ ^ ) ' + (^^ - ^^f + 6 ( r 4 -f r j , + rl)]h . (6.4) 

In a similar manner, for a Tresca material, Mohr-Coulomb material or Drucker-

Prager material the effective stresses can be obtained. It has been assumed that 

effective strain is proportional to the second invariant of the deviatoric strain. 

The invariant expression for effective strain e in terms of principal strains is 

given by the following equation. 

In a triaxial test 62 = £3 = — î Ci, and it can be assumed for the linearly elastic 

range that i> = u. Now the above equation is reduced to a much simpler form: 

e = ei . (6.6) 

In terms of multiaxial strains, the effective strain is expressed by the following 

equation. 

' ^ V^( l -f D) ̂ ^^"^ ~ '^^' "̂  ^'" -^^Y + (^. - ^xY + ^{lly + llz + T L ) ] ' • (6.7) 

Once the values of the effective stresses and strains are known, an effective strain 

versus effective stress curve is plotted. Two such curves are shown in Fig. 6.1 

and in Fig. 6.2 for concrete and soil, respectively. The effective stress-strain 

curve plotted in Fig. 6.1 for concrete material is after EPRI Reports [Davidson, 
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1982,. The other effective stress-strain curve plotted in Fig. 6.2 for a soil using 

triaxial compression test data is after Bhushan et al. (1979). These curves are 

later used as input for the investigated example. 

For determining the variable hardening parameter, the effective stress-strain 

curve is intuitively divided into two portions, the linear portion and the nonlinear 

portion. From the linear portion of the curve, by approximation an equivalent 

or effective modulus of elasticity E is computed. The next step is to obtain the 

values of the hardening parameter from the nonlinear portion of the curve. The 

hardening parameter H' is defined as 

H' = ^ (6.8) 
dep 

where da is the incremental effective stress and dip is the incremental effective 

plastic strain. To compute the value of the hardening parameter, the nonhnear 

portion of effective stress versus effective strain curve is divided into ten to 

twenty divisions or segments approximately. Now the values of the incremental 

effective stress da and incremental effective strain de can be obtained directly 

from the curve. The value of incremental effective plastic strain is computed 

applying the following basic equations. Since the modulus of elasticity E is 

known, the incremental effective elastic strain can be obtained by the equation 

given below. 

de-. = f . (6.9) 

From the known values of incremental effective strain and the incremental ef

fective elastic strain, the incremental effective plastic strain is computed by the 
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following equation: 

dep = de- de^ . (6.10) 

Thus, the values of the hardening parameter are known for each segment of 

the curve. Using Eq. (6.8) and Eq. (6.10), the effective plastic strain versus 

hardening parameter curve can be plotted. Two such curves are shown in Fig. 

6.3 and Fig. 6.4 for the previously considered concrete and soil, respectively. 

These curves furnish values of hardening parameter corresponding to known 

values of effective plastic strain. 

To insert the hardening parameter into a particular problem as input, the 

incremental effective plastic strains {dep} are calculated for that particular prob

lem, and then these values are compared with those obtained from the effective 

stress-strain curve. Finally, the corresponding hardening parameters H' are de

termined from the curves as shown in Fig. 6.3 and Fig. 6.4 for concrete and 

soil, respectively. 

The attribute of this method is that it uses invariants: the effective stress and 

the effective strain. The assumption made in this technique is the estimation 

of the modulus of elasticity by dividing the effective stress-strain plot into a 

linearly elastic portion and a nonlinear plastic portion. The loading and the 

unloading-reloading paths are assumed to be elastic. Conversion of the given 

stress and strain data to effective stress and strain is also an approximation. 

The method neglects the effects of dilatancy. 
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CHAPTER VII 

SOLUTION TECHNIQUES 

Introduction 

Materials undergo recoverable deformation when subjected to small magni

tudes of stress, i.e., materials behave elasticaUy. In an elastic analysis a valid 

stress field must satisfy two fundamental conditions of elasticity: 

1. the equations of equilibrium, and 

2. the equations of compatability. 

The linearly elastic action of a material is modeled by a system of equations 

furnished by Eq. (3.44) using the usual elasticity matrix [D]. Equation (3.44) 

has been developed satisfying the two fundamental conditions of elasticity men

tioned above. The system of equations developed in this case is linear and 

straightforward to obtain, and no iteration is required. 

When a material is subjected to a system of stresses of sufficient magnitude, 

plastic deformation begins to appear. It retains a part of this deformation upon 

unloading, which is the plastic deformation. After yielding, the stress field must 

satisfy three fundamental conditions of plasticity, namely, 

1. the equilibrium condition, 

2. the yield criteria, and 

3. the constitutive laws of plasticity. 
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During this yielding process, the elastoplastic material property matrix [D^] is 

used in Eq. (3.44) to develop another set of finite element equations. This set 

of equations is developed satisfying the three fundamental conditions of plas

ticity mentioned above. For satisfying the yield criterion and the equilibrium 

condition, the computational process becomes iterative for elastoplastic action 

as described in the next article. The details of the iterative process are discussed 

in several texts, such as, the text of Owen and Hinton (1980) and the text of 

Chen (1982). 

Solution Technique 

There are a number of possible solution algorithms to solve elastoplastic 

problems. Among them are the direct iteration method, initial stiffness method, 

tangential stiffness method, and a combination of the initial and tangential stiff

ness methods [Cook, 1974], [Owen and Hinton, 1980]. In selecting a particular 

technique two most important aspects should be remembered: one is the conver

gence criterion and the other one is the computational efficiency and economy. 

In this study elastoplastic problems are solved by combining the tangential 

stiffness method with the iterative process. In the tangential stiffness method, 

the stiffness matrix is calculated for each iteration of each load increment. The 

structure is loaded in small increments of load. First, the linear boundary el

ement equations are developed for the boundary of Region II. These equations 

are calculated only once and kept stored in an array for later use. Next the 

finite element equations are developed for the domain of Region I. These equa

tions are calculated for each iteration of every load increment. Subsequently, 
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the two sets of equations are coupled by a module in the program and solved 

for the displacements. From these displacements, tractions are calculated at the 

interface. 

The internal stresses at each Gauss integration point of each element are 

determined by satisfying the yield criterion. From the internal stresses, the 

equivalent nodal load is calculated using the following equation. 

{dP^} = l[BY{a}dv . (7.1) 
Jv 

The equilibrium condition is checked by comparing the equivalent nodal load 

with the total load. The total load includes externally apphed nodal forces, 

reactions and traction forces at the interface. Thus, the residual force vector is 

calculated as 

W = {L}- f\Bf{<T)dv (7.2) 
Jv 

where {L} is the total load vector. 

Equilibrium is satisfied by minimizing the residual force vector to a negligible 

quantity termed as the tolerance. The convergence criterion employed here is 

defined as 

^ < e (7.3) 

where TV is the total number of variables for Region I and e is the convergence 

tolerance. 

Algorithm for Computer Code 

Having developed the mathematical equations and expressions, two computer 

codes have been constructed, namely, the FEM model for three-dimensional 
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finite element analysis and the FEM/BEM model for the three-dimensional cou

pled analysis. The algorithm of the FEM/BEM computer program is described 

below\ 

1. Compute the boundary element equations by a module or subroutine and 

store it. The boundary element equations are computed only once. 

2. Compute the nonlinear finite element equations by a subroutine. 

3. Couple the two systems of equations by a subroutine. 

4. Incorporate the boundary conditions. 

5. Solve for displacements and compute the reactions. 

6. Calculate the tractions at the interface using the boundary element equa

tions, then calculate the traction forces by multiplying the elemental areas 

of the boundary elements. Distribute traction forces at the centroids of 

the boundary elements to the corner nodes of the matching finite elements 

by the assumed traction compatability Eq. (5.16). 

7. Compute the total load vector {L} by adding together the applied forces, 

the computed reactions and the traction forces at the interface. 

8. Calculate the residual force vector by Eq. (7.2). Compute incremental 

internal stresses at each Gauss point by Eq. (3.36) satisfying a selected 

yield criterion. 

9. Check the convergence for the given tolerance by Eq. (7.3): if the solution 

has not converged, then go to step 2 for the next iteration: if the solution 
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has conversed then output the displacements, strains and stresses at the 

gauss points of each element. 

10. Go to step 2 for the next increment of loading. 

Example Problem 

The example investigated here is taken from the full-scale instrumented lat

eral load tests conducted by Southern California Edison Company (SCE). These 

full-scale tests were conducted on 12 prototype drilled piers in hard overconsol-

idated clays along the SCE Mesa-Olinda 230 kv transmission line. Bhushan et 

al. [1979] published these full-scale test results. Relatively few full-scale test 

results have been reported in the literature. Reese and Welch [1975] published 

the results of a full-scale instrumented lateral load test on a 30-in. diameter 

and 42-ft long drilled pier loaded to a maximum load of 100 kip in very stiff 

overconsolidated clay. 

Considering the availability of information, data for Pier no. 7 were selected 

as input for the 3-D FEM computer code and for the 3-D coupled BEM/FEM 

computer code from a group of twelve piers. This circular pier, 2 ft in diameter 

and 9 ft in length, was loaded to a maximum lateral load of 150 k^p and to 

a maximum moment of 450 kip-ft separately in small increments. The input 

material parameters, the modulus of elasticity E and the variable hardening 

parameter H' were fed into the computer code as input data by the suggested 

technique as discussed in Chapter VL The curve in Fig. 6.1 gives the input 

stress-strain data for the pier and the curve in Fig. 6.2 gives the input stress-

strain data for the soil. Figures 6.3 and 6.4 show the input hardening parameters 
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for the pier and the soil, respectively. Poisson's ratio v is assumed to be 0.20 for 

the pier and 0.25 for soil. Two types of loading are considered separately: lateral 

load and moment. One half of the problem is considered due to the geometric 

and loading symmetry. A three dimensional view of the example is given in Fig. 

7.1. In Fig. 7.2, the geometry, boundary conditions and loading are shown. At 

the bottom and the sides of the soil region, zero displacements in the direction 

normal to the surface are assumed as the boundary conditions. Zero tractions 

are assumed for the top surface of the soil region. The von Mises yield criterion 

is used throughout the analysis. The tolerance for convergence is assumed to be 

0.01. The number of Gauss integration points used in each coordinate direction 

is two, i.e., eight Gauss integration points are used per element. 

Discretization 

For three-dimensional finite element analysis, the pier-soil domain is dis

cretized into 552 simple brick elements. Out of the 552 elements, 120 elements 

are used for the pier and the rest for the large soil domain. The top surface 

finite element discretization is shown in Fig. 7.3. 

For three-dimensional coupled finite element and boundary element analysis, 

the pier and the soil in the immediate vicinity of the pier, i.e.. Region I, is 

discretized into 384 brick elements for finite element input data. One hundred 

and twenty elements are used for the pier and the rest for the surrounding soil. 

The boundary of Region II, i.e., the soil at large distances, is discretized into 152 

constant surface boundary elements. The top surface discretization is shown in 

Fig. 7.4. 
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The coordinates of the nodes and the nodal connection numbers of the elements 

are generated by modules included in both computer codes. 

Results 

From the computer outputs generated by the FEM model and FEM/BEM 

model, a number of useful curves have been plotted, as shown in Fig. 7.5 to Fig. 

7.16. These curves include ground-hne load-deflection plots, pier-soil interface 

deflection plots, comparisons of ground-hne deflections and interface deflections 

between FEM and FEM/BEM models and comparisons of load-deflection curves 

between FEM/BEM model and the Southern Cahfornia Edison test results. The 

load-deflection curves of the Southern California Edison tests are provided here 

after the EPRI Reports [Davidson, 1982]. 

For the solutions of example problem, several advantages are noticed in 

FEM/BEM model over FEM model. The FEM/BEM model is found to be 

more efficient than the FEM model with respect to the number of computations 

and execution time. For instance, there have been 753 nodes, i.e., 2259 unknown 

variables obtained for the example problem with an optimal discretization for 

the FEM model. On the other hand, there have been 1806 (1632 finite ele

ment variables and 173 boundary element variables) unknown variables for the 

FEM/BEM model. The execution time required by the FEM/BEM model is 

approximately 16% less than the execution time required by the FEM model. 

The results of FEM/BEM model are more close to the test results of the South

ern California Edison Company than the results of FEM model. The results of 

FExM model are found to be more conservative than those of FEM/BEM model. 
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A set of very useful p-v curves has been plot ted in Fig 7.11 for the applied 

la tera l loads. The reactive force p is computed by integration of the soil pressure 

a round the pier. The deflection v is the distance the pier deflects laterally on 

being subjected to a la teral load. The importance and usefulness of p-v curves 

are described in brief in the foUowing section. 

p-v Curves 

Knowledge of two impor tan t pieces of information is essential to engineers: 

the deflection of the pier with regard to the serviceabihty of the supported 

s t ruc ture , and the bending moment for designing the pier. These two pieces of 

information can be provided conveniently by a set of p-v curves. For instance, 

the well known laterally loaded pile/pier equation 

EIj^, ^E^v = 0 (7.4) 

can readily be solved using the information provided by p-v curves for pier 

deflection, ro ta t ion , shear, bending moment and soil reaction. In the above 

equat ion, EI is the flexural stiffness of the pier. Eg is the modulus of elasticity 

of soil, z is the length along the pier and v is the lateral deflection. 

The development of true p-v curves is quite challenging. Numerous field ex

per iments have been performed and analysed to obtain experimental p-v curves. 

The contr ibut ions of Reese and Cox (1969), Reese et al. (1970), Matlock and 

Reese (1961) and McClelland and Focht (1958) are worth mentioning in this re

spect. Matlock (1970) has given a step-by-step procedure for computing values 

of p-v curves for soft clay, stiff clay and sand for static and cyclic loads. Closed 

form solutions of Eq. (7.4) and numerical solutions by the finite difference 
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method have been used in developing p-v curves. But use of FEM and FEM/BEM 

models is more accurate and superior in the sense that these techniques allow-

true and realistic three-dimensional effects and computation of displacements 

and stresses around and inside the pier. 
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Fig. 7.1 Three-dimensional view of example problem 
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CHAPTER VIII 

CONCLUSIONS AND RECOMMENDATIONS 

Conclusions 

This research is aimed at replacing the semiempirical and conceptual models 

of modulus of a subgrade reaction and at bridging a gap between theoretical 

and practical aspects of solving important soil-structure problems. This study 

is also aimed at building a suitable numerical model that reflects very accurately 

soil-structure interaction phenomenon. A coupled FEM/BEM model has been 

proposed. A realistic approach has been pursued in building up the model. 

Material nonlinearity has been incorporated into the model. All analyses have 

been made in three dimensions. 

The most challenging part of an elastoplastic problem is the evaluation of 

its material parameters, such as, the modulus of elasticity and the hardening 

parameter. Researchers have suggested different approaches for the determina

tion of these material parameters. In this study, a very practical technique has 

been suggested for the evaluation of input material parameters. The proposed 

technique requires only the triaxial stress-strain curve. From the triaxial stress-

strain curve, the effective stress versus effective strain curve is plotted. This 

curve is intuitively divided into to portions, the linear portion and the nonlinear 

portion. From the linear portion, by estimation an effective modulus of elastic

ity is calculated. From the nonhnear portion, the values of hardening parameter 

and the corresponding values effective plastic strains are calculated, as discussed 

92 
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in Chapter VI. This is a very simple technique, and it could be very useful and 

handy for engineers. 

The example tested here is taken from instrumented lateral load tests con

ducted by the Southern California Edison Company. The computed results 

have been compared with those of a FEM model alone and with measurements 

of the instrumented lateral load tests. The results of the FEM model and the 

FEM/BEM model are quite close, but they are not identical. This is because 

of the difference in fundamental principles of the finite element method and the 

boundary element method. For example, inter-element compatabihty is satis

fied in the finite element analysis, whereas its not required in the boundary 

element analysis for constant elements. Also, differences in domain sizes and 

discretizations may cause some errors. 

Useful p-v curves are plotted which represent the behavior of the soil at 

particular depths. The reactive force p is computed by integration of the soil 

pressure around the pier. The deflection v is the distance the pier deflects 

laterally on being subjected to loads. The curves show that soils nearer the 

surface provide greater resistance than soils at greater depth. From the curves 

of interface displacements, it is evident that as load increases the effects of 

nonlinearity become more prominent. 

The size of the selected problem is quite large. Three-dimensional discretiza

tions of large size problems are inconvenient and complex. To ehminate com

plexities, subroutines have been developed to generate the nodal coordinates 

and the element nodal connection numbers. For larger problems, convergence 

can be a problem because of the cumulative error. The computer codes have 
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been programmed on the IBM 3081 machine. Problems of such sizes always 

require a large memory and much CPU time. These types of problems are con

veniently solved by supercomputers, such as Cray computers, with faster speeds 

and efficient storage. 

However, these types of analyses are very essential and should be applied for 

critical and important soil-structure problems, such as hydrauHc U-lock struc

tures, offshore structures, etc. Finally, the proposed model gives satisfactory 

results. It will provide very practical and through analyses of important soil-

structure interaction problems. 

Recommendations 

Considering the assumptions and limitations of this research, the following 

major recommendations are made. 

1. Constant boundary elements have been used here to have the least number 

of degrees of freedom. For the same reason, the simplest 8-noded hnear 

brick elements have been used as the finite elements. Higher order ele

ments, such as Hnear boundary elements and quadratic finite elements are 

alternatives to obtain more accurate solutions. 

2. In this study, linear and elastic behavior has been assumed for the soil at 

large distances. Consequently, effects of material nonlinearity have been 

neglected in developing the boundary element equations. In the future, 

elastoplastic boundary element equations could be developed for coupling 

with elastoplastic finite element equations. 
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3. Elastoplastic finite element equations have been developed assuming that 

the materials are isotropic. But materials are anisotropic during the yield

ing process, and soils are inherently anisotropic. Thus, anisotropy should 

be incorporated into the model. 

4. In this research, loading and unloading-reloading paths in the stress-strain 

curve have been assumed to be elastic. Models should be developed for 

different loading and unloading-reloading paths. 

5. Effects of dilatancy should be incorporated into the elastoplastic finite 

element equations. 

6. The magnitude of loading dictates whether debonding and relative slip 

occur at the interface of the soil-structure system. Interface slip elements 

should be inserted into the model to portray the true interface behavior. 

7. An attempt should be made to develop nondimensional p-v curves. 
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