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CHAPTER 1 

INTRODUCTION 

1.1. Objectives 

The two major objectives of this work are to: 

1. develop a detailed, packed bed, continuous, conveyor-belt, direct-fired dryer 

simulator, and 

2. optimize operating parameters (drying afr velocity and drying air temperature) 

in order to minimize production cost and meet production specifications 

(production rate and moisture content ofthe dry product). 

1.2. Drying Technoloev 

Drying is a unit operation that thermally removes volatile substances to yield a 

solid with a reduced amount of volatile substance. In the food drying process, the volatile 

substance corresponds to moisture and the solid is food, potatoes in this study. In the case 

of food drying, the process is also designated as food dehydration. Drying involves two 

major simultaneous and coupled transport phenomena: 

1. Heat transport: convective ttansfer of thermal energy flx)m the drying air to 

the extemal surface ofthe sohd, with simultaneous evsporative cooling at the 

extemal surface ofthe sohd; and conductive fransport of thermal energy fiom 

the extemal surface to the center ofthe food particle. 



2. Mass transport: diHusional transport of intemal moisture from the center to 

the surface ofthe sohd, and its evaporation at the surface ofthe sohd through 

convective mass transfer to the drying air. 

From a phenomenological point of view, the extemal and intemal mass and heat 

transport are the main influences on a drying process. At an individual food particle level, 

the intemal flux of moisture is the controlling factor, when drying is carried to a low final 

moisture content. The intemal fransport is affected by: 

• the physical nature ofthe foodstuff; 

• the material structure, which changes along the drying process, due to 

shrinkage; 

• the size and shape ofthe food particle; 

• the temperature and moisture content ofthe food particle during the drying 

process. 

At an individual food particle level, a moisture gradient develops due to 

evaporation at the surface. The moisture gradient induces the tmgration of moisture from 

the center ofthe solid to the surface. The migration occurs due to several mechanisms: 

• molecular dififiision, 

• capillary flow, 

• Knudsen flow, 

• hydrodynamic flow, or 

• surface diffusion. 



Usually, all the mentioned mechanisms are lumped into an effective hquid 

diffiision mechanism using Pick's law for mass flux, which describes fafrly well the 

experimental data (Chirife, 1983; Marinos-Kouris and Maroulhs, 1995). The effective 

dif&sion coefficient is defined in Chapter 3. 

The extemal mass and energy fransport corresponds to the transport of moisture 

from the wet material surface to the drying air. These processes are affected by: 

• temperature ofthe drying afr, 

• hurrudity of the drying air, 

• flow dfrection and intensity (flow rate) ofthe drying afr, 

• area of exposed siuface of the food particle, 

• method of supporting the solid during the drying operation, 

• atmospheric pressure. 

Extemal drying conditions are especially important during the initial stages of 

drying when unbounded surface moisture is being removed. Surface evaporation is 

confroUed by the mass transfer of vapor from the surface ofthe solid to the surrounding 

atmosphere through a thin fihn of air in contact with the surface. 

1.2.1. Dryer Description 

Several types of dryer are available for drying: fluidized bed; rotator; spouted bed; 

impingement conveyor belt; packed bed, continuous, conveyor-belt; and many others. For 

a more detailed hsting refer to Mujundar and Menon (1995) and Keey (1972,1991). 



In this work, a packed bed, continuous, conveyor-belt, direct-fired dryer was 

studied. Figures 1.1 and 1.2 illusfrate this type of dryer. Usually, a conveyor beh dryer 

has several stages, per Figure 1.2. 

Figure 1.3 depicts a schematic representation ofthe studied dryer. The wet 

product, potato in this study, is fed on the left end ofthe dryer from the feeder. The food 

particles are then conveyed through the various stages until the dry product is discharged 

on the right end ofthe dryer, as represented by the conveyed food particle in Figure 1.3. 

As the food particle is being conveyed along the dryer, ambient afr is fed into the 

bumer where methane is combusted, as shown in Figure 1.3. The combustion of methane 

heats the air and adds some moisture to the drying afr. The drying afr is then blown 

through the packed bed by a fan and then exhausted. It is also important to note in Figure 

1.3 that the bumer stmcture shown in the ffrst stage is repeated for every section, they 

were omitted to simplify the drawing. 

Per Figure 1.3, in successive stages the drying afr flows in opposite dfrections. For 

example, in stage 1, the air is blown upwards; while, in stage 2, the afr is blown 

downwards. The dryer dimensions (belt length and width), operating conditions (drying 

air temperature, drying air velocity and drying afr dfrection, bed depth and residence time 

ofthe food particle in each section); and potato geometiy and initial conditions are 

presented in Appendix E. 

Figure 1.4 shows a discrete representation ofthe conveyor belt. Ay represents a 

discrete section through which the drying afr flows. The moisture content ofthe drying 



Figure 1.1. Cutaway view of smgle-conveyor dryer (Courtesy Proctor & Schwartz, Ltd. 
fromStiu-geon, 1995). 
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afr increases as it flows through the packed bed and approaches the exhaust. On the other 

hand, the drying afr temperature decreases. 

The food particle to be dried is conveyed in the conveyor belt dfrection (Figure 

1.4). Since the speed and initial position ofthe particle is known, the spatial reference can 

easily be converted into a time reference, as shown by the A/ in Figure 1.4. 

At a food particle level, the moisture migrates from the center to the surface where 

it is evaporated by convection. Evaporative cooling reduces the surface temperature. At 

the same time, drying afr heats up the food particle by convective heating. The coupled 

mass and energy fransport for a food particle is represented in Figure 1.5. 

It can be concluded that there are three reference frames for the drying process: 

1. the residence time of food particle in the dryer moving with the conveyor belt, 

2. the residence time of drying afr flowing perpendicular to the belt, 

3. the characteristic dimension ofa food particle. 

1.3. Process Modeling and Simulation 

Mathematical models are useful tools for analysis and design of processes. 

Models are used for several applications: 

• Process Design, 

• Process Confrol, 

• Process Optimization, 

• Dynamic Simulation. 



The complexity ofa model depends on the purpose ofthe application considered. 

Design models require simphfied models, while dynamic simulation and optimization 

requfre detailed models (Kiranoudis et al., 1992). 

The most commonly used mathematical models are empirical models and 

phenomenological models. Phenomenological models are preferred over empirical 

models for the following reasons: 

1. Empirical models would requfre a numerous amount of experimentation. 

2. Empirical models are only reUable in the experimental region, being 

questionable thefr performance for extrapolation. 

3. Phenomenological models make use of a few empirical parameters, which are 

readily available in the literature, in the case of potato dehydration. 

However, the phenomenological approach requfres simpUfying assumptions such 

as approxunating the shape of food particle to a well defined geometiy (slab, cylinder or 

sphere), which is practical and feasible. 

Another phenomenological modeling limitation is that the phenomenological 

parameters are obtained experimentally and requfre some additional simplifications to be 

regressed from experimental data. For instance, the physical properties ofa food particle 

are assumed to be a fimction of moisture content (ratio of water to dry bone material, see 

Chapter 3 for more details) and temperature solely. However, the physical properties ofa 

food particle are affected by factors such as food variety, conditions of agricultural 

production as well as composition. These factors are not taken into consideration in the 

curtent modeling. 
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1.4. Optimiyatinn 

In a drying process, it is desirable to produce a sohd product ofa specified quahty 

at minimimi cost, making use ofthe maximum efficiency/capacity ofthe available dryer. 

It is possible to have several operating conditions where the product quahty and 

production specifications are met. However, due to the many degrees of freedom there are 

complex frade-offs, which offers scope for optimization. 

Several optimization techniques are available such as dfrect search methods and 

gradient-based methods. Dfrect search methods, such as Powell (1964), are easily 

progranuned. However, direct search methods convergence is relatively slow. By 

confrast, gradient-based methods, such as conjugate gradient (Powell, 1976), have fast 

convergence for unconstrained optimization. The major shortcomings of gradient based 

methods are: 

• gradient information requfres a sensible computational effort; 

• convergence can be slow or even divergence can be observed, depending on 

the shape ofthe optimization surfaces and starting point; 

• convergence to the global optimum is not guaranteed, the optimizer can get 

stuck in local optfrna; 

• penalty fiinctions, which sometimes are difficuU to formulate, are requfred. 

Another class of optimizers are the global optimization methods, which are 

categorized into two categories: deterministic and stochastic. The selected package to 

perform the dryer optimization is the novel Heuristic Random Optimizer (Li and 

Rhinehart, 1997). Heuristic Random Optimizer is a stochastic global optimization 
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method, which uses gradient based methods to suggest the sequence of trials and 

reinforcement techniques to adjust the stochastic parameters. This optimizer promises 

several advantages over the conventional available packages, such as: 

• simple implementation, 

• computational efficiency, 

• global optimahty, 

• constraint-handling ease. 



CHAPTER 2 

DRYER MODELING AND OPTIMIZATION 

2.1. Introduction 

This chapter infroduces the food particle mass and energy balance equations that 

are used in the model. It also presents the drying afr mass and energy balance. The 

derivation of these equations and detailed simphfying hypotheses are discussed in 

Appendices A, B and C. 

The dfrect fired bumer is modeled assuming an adiabatic complete combustion of 

methane. The dfrect fired bumer model calculates the methane consumption, that dfrectly 

affects the cost function used for optimization. The optimization problem, which is the 

minimization of the production cost, is also presented. 

All the properties necessary to solve the modeling equations are presented in 

Chapter 3. 

2.2. Food Particle Modeling 

The modeling ofthe food particle freats the material as a rigid skeleton filled with 

moisture. The equations used to describe the mass and energy balance ofa food particle 

were written in the Lagrangean approach, where the coordinates move with the drying 

food particle. From this point of view, the drying process is always in unsteady state for 

the food particle. Therefore, the food particle moisture content and temperature change 
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with time, which directly affects the food particle properties, and requfres a detailed 

property estimation. 

The food particles are assumed to be geometrically defined and uniformly sized. 

The shapes ofthe particles are assumed to be either a flat disc (frifinite slab), an infinite 

cylinder or a sphere. Figure 2.1 depicts the particles shapes. The food particle are 

hypothesized to be homogeneous and isotropic, therefore unidimensional transport of 

mass and energy can be assumed. These are the major hypotheses for the modeling ofa 

food particle, a more detailed discussion of these modeling simplifications and other 

complementary hypothesis are given in Appendix A. 

2.2.1. Differential Mass Balance on a Food Particle 

Figure 2.2 depicts a differential confrol element for mass transport analysis in the 

Cartesian system. Figure 2.3 shows an unidimensional differential control volume for an 

infinite slab or flat disc. Figure 2.4 shows an unidimensional differential control volume 

for an infinite cylinder or sphere. 

The conservation of mass equation for a food particle during drying is given by 

Equation (2.1). Pick's law was used to describe the unidimensional diffiisional mass flux 

inside the food granule. A detailed derivation ofthe moisture profile is presented over 

Appendix A. 

d{p-X)_ 1 <? 
dt r' dr 

r-.D'^P-"^ 
dr 

(2.1) 



frifinite Slab (a = 0) Flat Disc (a = 0) 

Infinite Cylinder (a = 1) Sphere (a = 2) 

Figure 2.1. Food particles shape. 
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J, 

Figure 2.2. Differential confrol volume for an 
infinite slab for mass transport analysis 
in Cartesian coordinates. 

Jr ^x+Ai 

Figture 2.3. Unidimensional representation ofthe 
differential confrol volume for an 
infinite slab or flat disc for mass 
transport analysis. 

H 
Ax 

Figure 2.4. Unidimensional representation ofthe 
differential control voliune for an 
infinite cylinder or sphere for mass 
transport analysis. 



a is a fimction ofthe particle shape and defined as: a = 0: infinite slab, a = 1: 

cylinder, a = 2 : sphere. 

The food properties are assumed to be a function ofthe moisture content and/or 

temperature, as discussed in Chapter 3. Therefore, the food particle properties change 

with time and position inside the food particle, the moisture profile is given by Equation 

(2.2). 

dX 

dt ' 
1 

dp 

d'[p-X) dP ax dp_ ai^ 
ax' ar* ar' ar 

S{pX) 

(2.2) 

aP djpX) 

ar 

If an isothermal profile is assumed f=»)̂  Equation (2.2) reduces into 

Equation (2.3). 

ax 1 
at' _^^ ^ ap {.-' . '- ' . 'ap ax' 

_ax' ar _ 
p(p-^1 

3r 
aP 

r 
\S{p-X)\ 

Sr 
p-vX 

(2.3) 

ax 

2.2.1.1. Initial and Boundary Conditions for the Differential Mass Balance on a Food 
Particle 

The differential equation describing the mass balance on a food particle is an 

initial value partial differential equation (fV-PDE), which requires one irutial condition 

plus two spatial boundary conditions. It should be observed that the mass balance initial 

and boundary conditions are not affected by the temperature profile inside the food 

particle or food particle shape. 
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1. hiitial Condition 

The moisture profile inside the food particle is uniform. 

X = X^ t = 0,Vr 

2. Boundary Condition 

2.1. No mass flux through the center line. 

la(p^x)-] 

(2.4) 

= 0 t>0 (2.5) 

2.2. Mass flux due to molecular diffusion equals the mass transfer at the 

extemal surface. 

-D 
^{p-x) 

ar 
=-K\<.p-y),..-<.p-'n.,] «>o (2.6) 

k^ is the overall mass transfer coefficient defined with reference to the gas 

properties. (/>• }0„,> is the composition ofthe vapor that would be in equilibritmi with 

the sohd siuface of composition (p- x ) ^ ^ . (/?• I)oir is the bulk moisture content ofthe 

drying afr. 

2.2.2. Differential Energy Balance on a Food Particle 

Initially, the food particle energy balance was hypothesized to be distributed 

parameter, which means that there would be a non-isothermal temperature profile. 

However, from an ordering analysis and simulated results, which are presented in Chapter 

4, it was observed that the temperature profile inside the food particle could be 

approximated to an isothermal profile. The isothermal profile is due to the high thermal 
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conductivity ofthe food particle. Therefore, the distributed parameter approach was 

converted into a lumped parameter approach. These two approaches and thefr boundary 

conditions are presented in the next sections. 

2.2.2.I. Distributed Differential Energy Balance on a Food Particle 

Figure 2.5 depicts a differential control element for thermal energy transport 

analysis in Cartesian system. Figure 2.6 shows an unidimensional differential control 

element for an infinite slab or flat disc. Figure 2.7 shows an imidimensional control 

volume for an infinite cylinder or sphere. 

The conservation of energy equation for a food particle during drying is given by 

Equation (2.7). In the distributed parameter model, Fourier's law was used to describe the 

unidimensional conductive heat flux inside the food granule. A detailed derivation ofthe 

temperature profile is presented over Appendix B. 

<?[/7-c^(r-r^)]_ 1 g 
at r' ' ar ar (2.7) 

a is a fimction ofthe particle shape and defined as: a = 0: infinite slab, a = 1: 

cylinder, a = 2 : sphere. 

The food properties are assumed to be a fimction ofthe moisture content and/or 

temperature, as presented in Chapter 3. Therefore, the food particle properties change 

with time and position inside the food particle, the moisture profile is given by Equation 

(2.8). 
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Figure 2.5. Differential control volume for an 
infinite slab for thermal energy 
transport analysis in Cartesian 
coordinates. 

1\ 9 «4 

Figure 2.6. Unidimensional representation ofthe 
differential control volume for an 
infinite slab or flat disc for thermal 
energy transport analysis. 

H 
Ax 

"^ Figure 2.7. Unidimensional representation ofthe 
differential control volume for an 
infinite cylinder or sphere for thermal 
energy ttansport analysis. 
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aT 
at'' 

PC^+P{T-T^) ar 

. a^T) ak ar 
ar' ar 

ari ak ar 
ar 

^ (.. .. \ ap ax /^ _ \ <?c, ax\ 

(2.8) 

2.2.2.1.1. Initial and Boundary Conditions for the Distributed Differential Energy 
Balance on a Food Particle 

The differential equation describing the energy balance is an iiritial value partial 

differential equation (IV-PDE), which requfres one initial condition plus two spatial 

boundary conditions. It should be observed that the energy balance boundary conditions 

are not affected by the temperature profile inside the food particle or food particle shape. 

1. Initial Condition 

The temperature profile inside the food particle is uniform. 

T=T^ r = 0, Vr (2.9) 

2. Boundary Condition 

2.1. No thermal energy flux through the center line. 

[ar 
ar 

••0 t>0 (2.10) 

2.2. Thermal energy flux due to thermal conduction equals the 

combination ofthe convective heating and evaporative cooling at the 

extemal surface. 
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-k- af 
ar 

= -h-{T^-T)-X{T) -D a(px) 
ar 

f > 0 (2.11) 

2.2.2.2. Lumped Parameter Differential Energy Balance on a Food Particle 

The conservation of energy equation for a food particle during drying is given by 

Equation (2.12). Figure 2.8 shows a control volume for a spherical particle when the 

lumped parameter model is used. Similar control volimie enveloping the particle was 

used for an infinite slab and an infinite cylinder. In the lumped parameter model, the 

enthalpy change ofthe food particle was due to convective heating and evaporative 

cooling. A detailed derivation ofthe temperature profile is presented over Appendix A. 

a\p-c^^(T-T^)\ A^ 

at 
h-(T^,-T)-X -P 

^[p-x) 
ar 

(2.12) 

2.2.2.2.1. Initial Condition for the Lumped Differential Energy Balance Equation on a 
Food Particle 

The differential equation describing the energy balance is an initial value 

differential equation (or initial value problem - IVP), which requfres one initial 

condition. It should be observed that the energy balance initial condition is not affected 

by the temperatiu-e profile inside the food particle or food particle shape. 

r = r „ < = 0 (2.13) 



hAT..-T) 

•< ~^'JH,O 

Figure 2.8. Confrol volume for lumped energy balance on a spherical particle. 
Similar control volume enveloping the particle was used for an infinite slab 
and an infinite cylinder. 
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2.3. Drying Afr Mndelinp; 

The drying afr mass and energy conservation equations were assumed to be at 

pseudo-steady-state. The pseudo-steady-state hypothesis was possible due to the two 

following characteristics ofthe flow. The residence time ofthe drying afr and the packed 

bed is short, since the drying afr velocity is in the order of 1 m/s while the maximum bed 

thickness is ofthe order of 0.1 m. And also, the amount of moisture picked by the drying 

afr is trivial compared to the mass of drying afr, allowing to assume the afr mass and 

energy balance are at steady-state in a differential element, since the accumulation term is 

negUgible. 

The conservation equation are foimulated for a differential control volume as 

depicted in Figure 2.9. The conservation equation are solved for every differential control 

volume from the entrance ofthe drying chamber until the drying afr is exhausted. 

Before inttoducing the drying afr mass and energy balance, it is necessary to 

define bed porosity, a concept used to lump the effect ofthe several particle in a 

differential element ofthe packed bed. Bed porosity accounts for the space occupied by 

the afr among the particles in a porous bed. Equation (2.14) defines porosity, 

nomenclature is presented in Table 2.1. 

s = l - ^ (2.14) 

Pp 

In order to avoid ambiguity, when presenting the drying afr modeling equations, it 

is necessary to set a convention for equation notation. Drying afr coordinates are 

represented with a prime (x', y', z'), as shown in Figure 2.9; while food particle 
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Drying Afr Output 

Food 
Particles 

Input 

Food 
* Particles 

Output 

Drying Afr Input 

Figure 2.9. Packed bed differential element. 
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Table 2.1. Nomenclature for the bed porosity equation. 

Symbol Nomenclature Units 

Pi. 

Pf 

Bed porosity 

Bulk density"' 

Particle density*" 

dimensionless 

k g / m ' 

k g / m ' 

"'Bulk density and paiticle density are defined in Chapter 3. 

coordinates are represented in the standard notation (x, y, z, r), as shown in Figures 2.2, 

2.3,2.4. Drying afr properties and variables have subscript (for example, drying afr 

density is defined as p^^), while food particle properties and variables have no subscript 

(food particle density is defined as p) . 

2.3.1. Differential Mass Balance on the Drying Afr 

Due to mass conservation of water, the change of moisture content ofthe 

convected drying afr equals the amotmt of moisture evaporated from all particles in a 

differential element ofthe packed bed, which is given by Equation (2.15). A detailed 

derivation ofthe drying afr mass balance is presented in Appendix B. 
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2.3.1.1. friitial Condition for the Differential Mass Balance on the Drying Afr 

The differential equation describing the drying afr mass balance is an initial value 

differential eqtiation (or initial value problem - IVP), which requfres one uiitial 

condition, given by Equation (2.16). 

y = r„ y'=0 (2.16) 

2.3.2. Differential Energy Balance on the Drying Afr 

Due to thermal energy conservation, the change of enthalpy ofthe convected 

drying afr equals the convective heating and the ev^orative cooling of all particles in a 

differential element ofthe packed bed, which is given by Equation (2.17). A detailed 

derivation ofthe drying afr energy balance is presented in Appendix B. 

- I — ^ = (i-£)-/-|-A-(r^-r)+;i(D. _^a(p^x) 
dr 

(2.17) 

2.3.2.1. Initial Condition for the Differential Energy Balance on the Drying Afr 

The differential equation describing the drying afr energy balance is an initial 

value differential equation (or initial value problem ~ IVP), which requfres one initial 

condition, given by Equation (2.18). 

^.<r=^.i.o y = 0 (2.18) 
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2.4. Nummcal Solution 

The equations describing the distributed mass and energy balance around the food 

particle are solved usmg the Method of Lmes (MOL). The Method of Lines converts an 

friitial Value Partial Differential Equation (IV-PDE) into a system of coupled First-Order 

Ordinary Differential Equation (ODE). 

A Finite Difference Approximation for the spatial derivatives are used to convert 

the IV-PDE into a system of ODE. For mterior nodes a Central Difference approximation 

for First and Second Derivatives ofthe order Ax̂  is used. For the left hand side 

Boundary Condition, a Forward Difference approximation for First and Second 

Derivatives ofthe order Ax̂  is used. For the right hand side Boundary Condition, a 

Backward Difference approxunation for Ffrst and Second Derivatives ofthe order Ax̂  is 

used. 

The system of differential equations describing the distributed mass and energy 

balance around the food particle are a stiff one. Therefore the Livermore Solver of 

Ordinary Differential Equations (LSODE) is used, due to its robustness to handle stiff 

system of differential equations. LSODE is also used to solve the lumped energy balance 

around a food particle, which is a stiff IVP. 

The mass and energy balance describing the drying afr are solved using the 

Fourth-Order Runge-Kutta method, since this is a set of nonstiff Ordinary Differential 

Equations. For more details on the numerical methods used in the simulator refer to Riggs 

(1994). 
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2.5. Dfrect-Fired Bumer Modeling 

The dfrect-fired bumer is the chamber where the combustion of natural gas take 

place, and the makeup afr is mixed with the combustion product to produce the drying afr. 

The major modeling simphfications are: 

1. The natural gas is approximated to be pure methane. Usually natural gas 

contains 85% to 90% methane and its composition depends on the suppUer. 

2. Adiabatic combustion ofthe natural gas is assumed, therefore the losses to 

envfronment is neglected. This simphfication dfrectly affect the natural gas 

consumption, since the actual consumption is higher then the predicted by this 

model. 

3. Dry afr is modeled as a binary mixture of Nj and O2. The molar fraction of N, 

and O2 are 79% and 21%, respectively. This approximation is vahd for 

engineering calculations (Harrison, 1965). 

The methane consumption dfrectly affects the optimization problem, however the 

modeling simphfication do not change the shape or direction ofthe optimization 

objective fimction. 

2.5.1. Methane Combustion Equation 

The stoichiometric combustion equation of methane using dry air is given by 

Equation (2.19). 

CH, + Oj + 3.76 -N^^CO^+l-H^O^ 3.76 • N^ (2.19) 
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If methane is combusted with excess afr and humid afr, the methane combustion 

equation is given by Equation (2.20). 

nCff^+x-Oj+3.76-x-Arj+[ — - x X j i f j O ^ 

w C 0 j + f 2 - n + — • x - x J - . ^ j O + 3 . 7 6 x A ' j + ( x - 2 n ) 0 , 

(2.20) 

2.5.2. Adiabatic Flame Calculation 

Figure 2.10 shows a schematic ofthe bumer. The methane consumption is 

calculated using the adiabatic flame temperature. The adiabatic flame calculation is the 

solution ofthe thermal energy balance ofa reactive system, and it is given by equation 

(2.21), which is derived by Felder and Rousseau (1986). The adiabatic flame calculation 

is solved in a molar basis. 

H.-H^^-n,„^H^ (2.21) 

The terms //,„ and Hoa cortesponds to the enthalpy ofthe mixture of gases in the 

inlet and the mixture of gases in the outlet sfream, respectively. They are defined by 

equation (2.22) and (2.23), the ideal gas heat edacity equation and the heat of 

combustion are presented in Chapter 3. 

(2.22) 
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Figure 2.10. Bumer Schematic 
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2.6. Overall Model Simulation 

The food particle mass and enthalpy equations are a system of coi^led differential 

equations, where the mass transfer affects the heat transfer equation. The same is 

observed for the drying afr mass and energy differential equations. These two systems of 

coupled differential equations are coupled by the boundary conditions. That is, the 

properties ofthe drying afr (temperature and moisture content) change after drying the 

first layer of food particle, which will affect the drying rate of the food particles on the 

next layer. This process repeats until the drying afr exits the packed bed. 

At a given instant or position in the belt, the food particle mass balance is solved, 

and sequentially the food particle energy balance is solved, for a first layer in the packed 

bed. The new properties ofthe drying afr are calculated solving the drying afr mass and 

energy differential equations. The new conditions ofthe drying afr are the new boimdary 

conditions for the next layer of food particles. A flowchart ofthe model simulation is 

given in Figure 2.11. 

Since the physical properties ofthe food particles and drying afr change with thefr 

new moisture content and temperature, a database that contains the physical properties as 

a function of moisture content and temperature is accessed during the solution ofthe 

differential equations. 
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Potato Properties 
Initialization 

Afr Properties 
Initialization 

Calculate Moisture Content 
and Temperature Profile in a 

Single Particle 

New 
Boundary 
Conditions Calculate Moisture Content 

and Temperature ofthe 
Drying Afr 

Properties Database 

1. Food Particle Properties as a 
fimction of moisture content and 
temperature 

l.a. Diffiision Coefficient 
l.b. Theimal Conductivity 
I.e. Heat Capacity 
l.d. Mass Transfer Coefficient 
I.e. Heat Transfer Coefficient 

2. Psychrometric Afr Properties 
and Transport Properties 

Figure 2.11. Flowchart of the dryer simulator. 

32 



2.7. Optimiyjtinn Problem 

The objective ofthe optimization is to minimize the energy cost, since it 

corresponds to the major cost in the operations conditions. Persons and Patton show that 

85 to 90% ofthe operational cost of a packed bed, continuous, conveyor-beh, dfrect-fired 

dryer is due to methane consumption. Therefore, in this study only the methane cost was 

used to solve the optimization problem. 

The optimization problem is amultivariable, constrained and nonlinear 

optimization. For this study, there are twelve decision variables to be optimized, which 

can be divided in two groups: the drying afr velocity and the drying afr temperature. Since 

the dryer is a multi-stage system (6 stages), there is an optimum drying air velocity and 

an optimum drying afr temperature for each stage. The drying air velocity and 

temperature are consfrained by the physical limitations ofthe dryer, such as size ofthe 

fans or melting temperature ofthe constmction material. The drying temperature is also 

limited by the thermal degradation temperature ofthe potato. Two other consfraints are 

the production rate and moisture content ofthe final product. Table 2.2. shows the 

constraints for the optimization. The objective fimction, given by equation (2.24), is non

linear, since it depends on the solution ofthe adiabatic flame temperature, where the 

product of methane flow rate and combustion temperature is the source of non-linearity. 

objf = aX(Fc„J. (2.24) 

The cost fimction is, therefore, given in S/time. 
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Table 2.2. Optimization Constraints 

Constraint Constraint Value 

Production Rate 

Final Moisture Content 

Drying Afr Temperature 

Drymg Afr Flow Rates 

2000 kg of wet potato/h 

6% (wet basis) 

303-400 K 

0.75-2.0 m/s 
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Table 2.3. Nomenclature for the Chapter 2. 

Symbol 

a 

A, 

Cp 

^P 

P 

F 

h 

H 

j 

k 

•^m 

n 

9 

r 

R 

t 

T 

T 

Nomenclature 

Cost of methane 

Superficial Area ofthe food particle 

Heat capacity ofthe food particle 

Average heat capacity ofthe food particle 

Diffiision coefficient ofthe food particle 

Methane flow rate 

Heat fransfer coefficient 

Molar enthalpy 

Enthalpy of combustion at 25°C 

Mass flux 

Thermal conductivity ofthe food particle 

Mass transfer coefficient 

Number of moles 

Heat flux 

Urndimensional flux direction 

Characteristic dimension ofthe particle 

Time 

Temperature 

Drying afr bulk temperature 

Units"* 

$ /m '@S.C. ' 

m^ 

J / s / m / K 

J / s / m / K 

mVs 

mVs 

J / s / m ' / K 

J / mole 

J/mole 

k g / s / m ' 

W / m / K 

m / s 

dimensionless 

J / s / m ^ 

m 

m 

s 

K 

K 
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Table 2.3. Continued. 

Symbol Nomenclature Units' 

V 

Vp 

X 

X 

Y 

a 

s 

X 

P 

P 

Subscript 

afr 

e 

in 

out 

ref 

0 

Velocity 

Volume ofthe food particle 

Number of moles of excess afr 

Moisture content ofthe food particle 

Moisture content ofthe drying afr 

Particle shape factor 

Bed porosity 

Enthalpy of vaporization of water 

Density ofthe food particle 

Average density ofthe food particle 

Air property or parameter 

Equilibrium 

Flow into the bumer 

Flow out ofthe bumer 

Reference conditions 

Initial 

m/s 

m 

dimensionless 

kg/kgdb 

kg/kgdb 

dimensionless 

dimensionless 

J /kg 

kg /m ' 

kg /m ' 

' Units are presented where it is applicable. 
^ S.C: Standard Conditions. In this case, pressure of 29.92 in.Hg and temperature of 60T. 
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CHAPTER 3 

THERMODYNAMIC AND EMPIRICAL CORRELATIONS 

FOR PROPERTIES ESTIMATION 

3.1. Introduction 

During the dehydration process, the properties ofthe product change sensibly 

throughout the process: the initial product average moisture content is 80% (wet basis) 

and the final product average moisture content is 5% (wet basis). Therefore, a rigorous 

prediction ofthe properties ofthe food particle is requfred. Since the properties ofthe 

food particle are being rigorously estimated, it was decided that the drying afr properties 

should also be rigorously estimated. 

In this chapter, the thermodynamic and empirical correlations used in the 

simulator are presented. The following potato physical properties are used to solve the 

differential mass and energy balance for a food particle: density (particle density and bulk 

density), diffiision coefficient, equilibrium moisture content, heat capacity and thermal 

conductivity. 

In the case of food stuff, predictions of properties based on theoretical models do 

not represent experimental values with the requfred precision. Therefore, it is necessary to 

rely upon semi-theoretical cortelations, where the properties are allowed to be a fimction 

of moisture content and/or temperature only. This allows to curve fit experimental data. It 

is also important to note that food properties are also affected by factors such as food 
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variety, conditions of agricultural production and composition. The influence of these 

factors are not accounted for in the current modeling. 

Moist afr properties are calculated using the psychrometric relations: saturation 

pressure, saturation temperature, absolute humidity or moisture content, relative 

humidity, specific volume, latent enthalpy of vaporization at saturation and enthalpy. The 

transport properties of moist afr are also calculated: viscosity, thermal conductivity and 

diffiision coefficient of water vapor in afr. The moist afr properties were used to solve the 

differential mass and energy balance of drying afr and also to calculate the heat and mass 

fransfer coefficients, which are estimated using empirical cortelation for packed bed. 

3.1.1. Moisture Content Definition 

Moisture content measures the amount of water in a wet sohd. It can be defined in 

two different basis: 

1. Moisture Content in Wet Basis (W) is defined as the ratio of total mass of 

water to the total mass of wet product. The units are usually percent (%). 

2. Moisture Content m Dry Basis (X) is defined as the ratio of total mass of 

water to the total mass of dry product. The units are usually kg H^O / kg of dry 

product. In the case of potatoes, the units are usually kg H-fl / kg of dry 

potato, and was expressed in the short form kg / kg db. In the case of afr, the 

units are usually kg HjO / kg of dry afr, and was expressed in the short form 

kg / kg da. 
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The moisture content in wet basis can be converted into dry basis using Equation 

(3.1). While the moisture content in dry basis can be converted into wet basis using 

Equation (3.2). 

W 

W = ^ (3.2) 

3.2. Potato Properties 

3.2.1. Density 

Density is defined as the ratio of unit mass per unit volume, however the porous 

materials density can have different meanings depending upon the used definition. The 

following two definitions given by Rahman (1995) are used throughout this text: 

• Particle Density: is the density ofa sample which has not been stmcturally 

modified, so it will include the volume of all pores present m an mtact particle 

of food. 

• Bulk Density: is the overall density ofa conglomerate of individual particles 

that are packed or stacked in bulk. 

The selected correlation for the particle and bulk density were based on the work 

of Lozano et al. (1983). The proposed cortelation is insensitive to particle shape and 

predicts the density over the entire range of moisture content, with a good agreement 

between the correlation and the experimental data. The other advantage of this correlation 

is the availabihty of coefficients for other commodity products than potato, such as sweet 
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potato and carrots. The correlation for particle density is given by Equation (3.3) and bulk 

density correlation by Equation (3.4). Figure 3.1 shows a typical curve of potato particle 

density and potato bulk density using Equation (3.3) and Equation (3.4). The 

nomenclature and parameter values for particle density and bulk density are given in 

Table 3.1. and Table 3.2., respectively. 

/ ' , = G , + ^ , { y - ] + ^ , - e x p [ 2 , - ^ ] (3.3) 

Pt=G,+H,- \-~j + P, • exp\Q, • YI (3.4) 

3.2.2. Diffiision Coefficient 

During the drying process, the moisture migrates from the center ofthe food 

particle towards the surface, where the moisture evaporates. The migration occurs due to 

the moisture gradient in the food particle by several mechanisms: molecular diffiision, 

capillary flow, Knudsen flow, hydrodynamic flow, or intemal surface diffiision. 

Usually, all the mentioned mechanisms are lumped into an effective liquid 

diffusion mechanism using Pick's law for mass flux, which seems to describe fafrly well 

the experimental data (Chirife, 1983; Marinos-Kouris and Maroulhs, 1995). 

The dififiision coefficient is usually modeled as a fimction of moisture content and 

temperature using an Arthenius equation. The moisture dependence is accounted for 

assuming that the Arthenius factor is a fimction ofthe moisture. The Arrhenius equation 

accounting for the moistiffe content and temperature influence is given by Equation (3.5), 
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Table 3.1. Parameter values and nomenclature for the particle density equation. 

Symbol Parameter Value' Nomenclature Units 

X 

Xo 

1.234E+3 

8.5E+1 

1.9040E+1 

Experimental parameter in the particle kg / m' 

density Equation (3.3) 

Experimental parameter in the particle kg / m' 

density Equation (3.3) 

Experimental parameter in the particle kg / m' 

density Equation (3.3) 

Experimental parameter in the particle dimensionless 

density Equation (3.3) 

Moisture content ofthe food particle kg /kgdb 

Initial moisture content of the food kg / kg db 

particle 

Particle density kg / m' 

' Parameters values are presented where it is applicable. 
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Table 3.2. Parameter values and nomenclature for the bulk density equation. 

Symbol Parameter Value' Nomenclature 

Pi 

Unite 

Gb 1.202E+3 Experimental parameter in the bulk kg/m 

density Equation (3.4) 

Hh -1.480E+2 Experimental parameter m the bulk kg/m' 

density Equation (3.4) 

PI, -2.590E+2 Experimental parameter m the bulk kg/m' 

density Equation (3.4) 

Qb 1.5507E+1 Experimental parameter in the bulk dimensionless 

density Equation (3.4) 

X Moisture content ofthe food particle kg/kgdb 

X^ Initial moisture content of the food kg/kgdb 

particle 

Bulk density kg/m' 

' Parameters values are presented where it is applicable. 



proposed by Kiranoudis et al. (1992). Parameter values and nomenclature are given in 

Table 3.3. 

Z) = Do • exp[- ̂ ] • exp[- ̂ ] (3.5) 

Figure 3.2 shows a typical curve ofthe diffiision coefficient using Equation (3.5), 

for various temperatures and moisture content. This dififiision coefficient equation does 

not accoimt for void fiaction of porous material, pore stmcture and ite distribution, which 

are factors that affect the dififiision mechanism. 

Table 3.3. Parameter values and nomenclature for the diffiision coefficient equation. 

Symbol Parameter Value' Nomenclatiire Unite 

D Diffiision coefficient m^ / s 

£)„ 2.49E-7 Experimental parameter in the diffiision m^ / s 

coefficient Equation (3.5) 

T Temperature ofthe food particle K 

To 1.57E+3 Experimental parameter in the diffiision K 

coefficient Equation (3.5) 

X Moisture content of the food particle kg / kg db 

Xo 6.72E-2 Experimental parameter m the diffiision kg/kgdb 

coefficient Equation (3.5) 

' Parameters values are presented where it is appUcable. 
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3.2.3. Equihbrium Moisture Content 

Strumillo and Kudra (1986) defined equilibrium moisture content as: 

"Equihbrium moisture content coiresponds to the moisture ofthe soUd that is in 

eqvuhbrium with the vapor contained in the drying agent. The equihbrium moisture 

content is the minimum moisture content to which a material can theoretically be dried in 

the given process conditions." 

The equihbrium moisture content ofa food particle for a given water activity of 

the drying afr has to be predicted to formulate the convective mass transfer driving force 

at the food particle. In recent years, the most widely accepted, efficient and versatile 

model for sorption isotherms of foods has been the semi-theoretical Guggenheim-

Anderson-de Boer (GAB) model (Rahman, 1995), since it can rehably fit several food 

materials sorption isotherm over a wide range of water activity making use of only three 

parameters. 

Moisture sorption isotherm shows graphically the variation in water activity ofthe 

drying afr with change in moisture content ofa food sample at a specified temperature. 

Sorption isotherms of most foods are nonhnear and generally sigmoid in shape (Rahman, 

1995). Figure 3.3 shows a typical potato sorption isotherm for various temperatures using 

GAB method. Several types of isotherms are observed for different materials, for more 

details refer to Rahman (1995). For the usual drying temperatiire and pressure, the water 

activity may be approximated as the afr relative humidity (which is equivalent to say that 

the activity coefficient is considered unity). 
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The GAB model is used to estimate the moisture content ofa food particle in 

equihbrium with afr at a certain temperature and relative humidity. The GAB model is 

given by Equation (3.6). The parameter values and nomenclature for the GAB equation 

are given in Table 3.4. 

^ = (\-Ka)^(.l-Ka + Y^Ka) ^^'^^ 

The adsorption constants Y and K are related to the energy of mteraction between 

the mono- and multilayer molecules. Theoretically, they are related as Arrhenius type 

equations: 

I ' = « e x p ( | ^ ) (3.7) 

K = fi-^^p[ff) (3-8) 

M ^ = r - e x p ( ^ ) (3.9) 

3.2.4. Heat Capacity 

The selected cortelation for the heat capacity was based on the work of Wang and 

Brennan (1993). The proposed correlation predicts the heat capacity over the entfre range 

of moisture content with a good agreement between the correlation and the experimental 

data. The cortelation for heat capacity is given by Equation (3.10). 

C=A-i-BT + C-X + PX^ (3.10) 
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Table 3.4. Parameter values and nomenclature for the GAB equation. 

Symbol Parameter Value' Nomenclature Unite 

a Water activity dimensionless 

K Parameter related to the temperature kJ / kg 

effect, calculated by Equation (3.8) 

Mgm Monolayer moisture calculated by kg / kg db 

Equation (3.9) 

R 0.4619 Universal gas constant kJ/kg/K 

T Absolute temperature K 

XE Moisture content ofthe food particle in kg / kg db 

equihbrium with the afr at a certain 

moisture content and temperature 

Y Parameter related to the temperature effect kJ / kg 

calculated by Equation (3.7) 

Parameter m Equation (3.7) kJ / kg 

Parameter in Equation (3.8) kJ / kg 

Parameter m Equation (3.9) kJ / kg 

Parameter in Equation (3.7) kJ / kg 

Parameter in Equation (3.8) kJ / kg 

Parameter in Equation (3.9) kJ / kg 

Parameters values are presented where it is appUcable. 
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hHy 

AH, 
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2.489E-4 

0.556 

2.570E-2 

1571.4 

59.59 

121.68 



Figure 3.4 shows the potato heat capacity curve for various temperatures, when 

the moisture content varies. Note that the temperature effect is almost negligible 

compared to the moisture content. Table 3.5 presente the parameter values and 

nomenclature for the heat capacity equation. 

3.2.5. Thermal Conductivity 

The selected correlation for the thermal conductivity was based on the work of 

Rahman and Potluri (1990). The proposed cortelation shows a good agreement between 

the cortelation and the experimental data, however, the experimental data does not 

include the low moisture content range. This requfred to assume that the cortelation can 

be safely extr^olated at low moisture content. The other advantage of this correlation is 

the availability of coefficients for other commodities products than potato, such as pear 

and apple. The correlation for thermal conductivity is given by Equation (3.11). 

k = k- .4 + 5exp|C — (3.11) 

Figure 3.5 shows the potato thermal conductivity curve. Table 3.6 shows the 

parameter values and nomenclature for the thermal conductivity equation. 
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Table 3.5. Parameter values and nomenclature for the heat cq)acity equation. 

Symbol Parameter Value' Nomenclature Unite 

A 4.06E-1 Experimental parameter in the cal/g°C 

heat capacity Equation (3.10) 

B 1.46E-3 Experimental parameter in the cal/g°C^ 

heat capacity Equation (3.10) 

C 2.03E-1 Experimental parameter in the (cal / g °C)(kg / kg db)"' 

heat capacity Equation (3.10) 

Cp Heat capacity cal / g "C 

P -2.49E-2 Experimental parameter in the (cal / g °C)(kg / kg db)"' 

heat capacity Equation (3.10) 

T Temperature ofthe food particle °C 

X Moisture content of the food kg/kgdb 

particle 

' Parameters values are presented where it is applicable. 
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Table 3.6. Parameter values and nomenclature for the thermal conductivity equation. 

Symbol Parameter Value' Nomenclature Units 

A 1.300 Experimental parameter in the thermal dimensionless 

conductivity Equation (3.11) 

B -1.279 Experimental parameter in the thermal dimensionless 

conductivity Equation (3.11) 

C -1.654 Experimental parameter in the thermal dimensionless 

conductivity Equation (3.11) 

k Thermal conductivity of the food material W / m / K 

ko 0.55 Initial thermal conductivity ofthe food V^ l^calY.. 

material 

X Moisture content ofthe food particle kg/kgdb 

Xo Initial moisture content of the food kg / kg db 

particle 

' Parameters values are presented where it is apphcable. 

3.3. Psychrometric Properties - Definitions and Equations 

The Psychrometric Properties were based on the equations presented by the 

American Society of Agricultural Engineers - ASAE. The definitions presented fri this 

section are based in the definitions presented in Perry's Chemical Engineers Handbook 

(Bagnoh, 1984). Except when mentioned otherwise. Another usefiil reference is the 

Humidity and Moisture - Fundamentals and Standards edited by Wexler (1965). 
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3.3.1. Saturation Pressure 

Saturation Pressure cortesponds to a pressure and temperature at which a phase 

change happens; in this case from hquid to vapor. The saturation pressure is given by 

Equation (3.12), while nomenclature and parameters are given in Tables 3.7 and 3.8, 

respectively. 

y A • r'"' 
Ipf^.l^'fet ' 273.16 K<r<533.16K (3.12) 

^^' ±Brr 

Table 3.7. Nomenclature for the saturation pressure equation. 

Symbol Nomenclature Units' 

Ai Vector of parameters in Equation (3.12), values are 

given in Table 3.8 

Bi Vector of parameters in Equation (3.12), values are 

given in Table 3.8 

P j Satiuation pressure Pa 

R Parameter in Equation (3.12), value is given in Table Pa 

3.8 

T Temperature at which the vapor pressure is K 

calculated 

' Unite are presented where it is ^iphcable. 
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Table 3.8. Parameter values for the saturation pressure equation. 

Parameter Parameter Value Unite 

'A', 

A2 

A, 

A, 

As 

B, 

B2 

R 

3.3.2. Saturation Temperature or Dew Point Temperature 

Dew pomt is the temperature at which a given mixture of water vapor and afr is 

saturated. In this case, the partial pressure ofthe water vapor equals the saturation 

pressure of water. Satiuration Temperature is defined by Equation (3.13), while 

nomenclatiue and parameters are given in Tables 3.9 and 3.10, respectively. 

r̂  - r„ = ^ 4. • [hi(B • P.)] 62052 Pa < P, < 4,688,396.00 Pa (3.13) 

-27405.526 

97.5413 

-0.146244 

0.12558E-3 

-0.48502E-7 

4.34903 

-0.3938IE-2 

22105649.25 

dimensionless 

K"' 

K"' 

K"' 

K^ 

K"' 

K"' 

Pa 
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Table 3.9. Nomenclature for the dew point equation. 

Symbol Nomenclature Units 

Ai Vector of parameters in Equation (3.13), values are K 

given in Table 3.10 

B Parameter in Equation (3.13), value is given in Table Pa"' 

3.10 

Ps Saturation pressure at which the saturation Pa 

temperature is calculated 

Ts Saturation temperature K 

To Parameter in Equation (3.13), value is given in Table K 

3.10 

3.3.3. Absolute Humidity 

Absolute Humidity equals the unite of mass of water vapor carried by one unit of 

mass of dry afr. The absolute humidity that cortesponds to the saturated afr is named 

Satiuration Humidity. The saturation humidity occurs when the partial pressure of water 

vapor in the afr at a given temperature equals the saturation pressure of water for that 

same temperature. Absolute humidity is given by Equation (3.14), while nomenclature is 

given in Table 3.11. 

06219-P 
H = _ ' 273.16 K < r < 533.16 K and i>. < P^ (3.14) 
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Table 3.10. Parameter values for the dew point equation. 

Parameter 

~Ao 

A, 

A2 

A3 

A4 

As 

Ai 

Al 

Ai 

B 

To 

Table 3.11. Nomenclature for the absolute humidity equation. 

Symbol Nomenclature Units 

1j Absolute humidity kJofH^07kg"ofda~ 

P„ Partial pressure of water vapor Pa 

/>„„ Atmospheric pressure Pa 

Parameter Value 

19.5322 

13.6626 

1.17678 

-0.189693 

0.087453 

-0.0174053 

0.00214768 

-0.0.138343E-3 

0.38E-3 

0.00145 

255.38 

Un 

K 

K 

K 

K 

K 

K 

K 

K 

K 

Pa" 

K 
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3.3.4. Humid Volume 

Humid Volume is the volume of moist afr (dry afr plus moisture) per unit of mass 

of dry afr. Humid volume is given by Equation (3.15), while nomenclature is given in 

Table 3.12. 

287.-r 
V, = 273.16 K < r < 533.16 K and P„ < P^ (3.15) 

^atm •* V 

Table 3.12. Nomenclature for the humid volume equation. 

Symbol Nomenclature Units 

Pv Partial pressure of water Pa 

Paat Atmospheric presstire Pa 

T Temperatiire K 

V, Humid volume m' /kg of da 

3.3.5. Enthalpy of Vaporization at Saturation 

Enthalpy of vs^orization corresponds to the amount of enthalpy necessary to 

convert unit of mass of saturated hquid into a unit of mass of saturated vapor. Enthalpy of 

vaporization at saturation is given by Equations (3.16) and (3.17), while nomenclature 

and parameters are given in Table 3.13. 

hf^ = A-B^(T-T,) 273.16 K < r < 338.72 K (3.16) 

I 
h^^=[C-PT^y 338.72 K < 7 ' < 533.16 K (3.17) 
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Table 3.13. Parameter values and nomenclature for the enthalpy of vaporization equation. 

Symbol Parameter Value' Nomenclature Unite 

"A 2502535.259 Parameter fri Equation (3.16) J/kgHjO 

B 2385.76424 Parameter fri Equation (3.16) J/kgHjO/K 

C 7329155978000 Parameter m Equation (3.17) (J/kgHjO)' 

P 15995964.08 Parameter in Equation (3.17) (J/kgHjO/K)' 

hfg Latent enthalpy of vaporization at J/kg HjO 

saturation 

T Temperature at which the latent heat of K 

vaporization is calculated 

Ti 273.16 Parameter in Equation (3.16) K 

' Parameters value are presented where it is appUcable. 

3.3.6. Enthalpy 

The reference temperature for the entiialpy of moist afr is 273.16 K. Enthalpy is 

given by Equation (3.18), while nomenclature and parameters are given m Table 3.14. 

h = A-{T-T,)^BH^(T^-T,) + H-h^{T^) + CH^{T-T,^) 

273.16 K < r < 373.16 K (3.18) 

60 



A 

B 

C 

H 

h 

hfg(Tdp) 

1006.92540 

4186.8 

1875.6864 

Table 3.14. Parameter values and nomenclature for the enthalpy equation. 

Symbol Parameter Value' Nomenclature Unite 

Parameter in Equation (3.18) J /kgda /K 

Parameter in Equation (3.18) J / kgHjO/K 

Parameter in Equation (3.18) J /kg HjO / K 

Absolute humidity kg HjO / kg da 

Enthalpy J /kg 

Latent heat of vaporization at dew J / kg 

point temperature 

T Temperature at which the latent heat K 

of vaporization is calculated 

Tip Temperature of dew point K 

T, 273.16 Parameter in Equation (3.18) K 

' Parameters values are presented where it is appUcable. 

3.3.7. Relative Humidity 

Relative Humidity is defined as the ratio ofthe partial pressure of water vapor in 

afr to the saturation pressure of water at a given temperature. Relative humidity is given 

by Equation (3.19), while nomenclature is given in Table 3.15. 

RH = ^ (3.19) 
P. 
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Table 3.15. Nomenclature for the relative humidity equation. 

Symbol Nomenclature Unite 

Py Partial pressure of water vapor Pa 

P, Saturation pressure Pa 

RH Relative humidity dimensionless (%) 

3.4. Transport Properties ofthe Wet Afr 

The transport properties of wet afr had to be calculated using thermodynamic 

mixing rules since wet afr is a binary mixture of dry afr and water vapor. Afr and water 

vapor viscosity and thermal conductivity were calculated using thermodynamic 

cortelations based on experimental data. The diffiision coefficient of water vapor in dry 

was calculated using a theoretical approach, since an experimental correlation was not 

available. The mixing rules are presented for each transport property, followed by the 

pure substance correlation for dry afr and water. Notice that the dry afr is treated as a pure 

substance even though it is a mixtiire of several gases. Dry afr is modeled as modeled as a 

binary mixtin-e of Nj and Oj. The molar fraction of Nj and O^ are 79% and 21%, 

respectively. 

3.4.1. Viscosity of Gas Mixtures at Low Pressures 

The method of Wilke (1950) was used to predict the viscosity ofthe mixtiire afr-

water vapor. The rigorous kinetic theory of Chapman-Enskog are quite complicated and 

rarely used to calculated viscosity of mixtures. The rigorous kinetic theory can be 
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sfrnphfied neglecting second-order effecte resulting in the method of Wilke. This method 

was extensively compared to experimental data and an average deviation of less than one 

percent is reported. It is also recommended that the pure component viscosity be known. 

For more details on methods to estimate the viscosity ofgas mixtures we refer the reader 

to Reid et al. (1987). The method of Wilke is given by Equation (3.20). Table 3.16 

presente the nomenclature for the viscosity ofgas mixtures at low pressures equation. 

^™=Z-yi•^'i 

'"ILyrfu 
(3.20) 

(jij, is defined by Equation (3.21). 

•^'S'lr 
8 - 1 + 

^.. is found by interchangmg subscripte or by Equation (3.22). 

(3.21) 

(3.22) 

3 4.1.1. Intemolating Equation for Water Vapor Viscosity 

The interpolating equation for the water vapor viscosity (Sengers and Watson, 

1986) is defined in dimensionless terms. The dimensionless variables are defined by tiie 

following equations. 
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r = -
P-^ 

P = ^ 7̂  = - ^ 
fr4 

Table 3.16. Nomenclature for the viscosity ofgas mixtiures at low pressures equation. 

Symbol Nomenclature Unite' 

M Molecular weight 

y Molar firaction 

^ Mixing term 

H Viscosity 

Subscript 

i i"" pure component 

y j * pure component 

m mixture 

g / mole 

dimensionless 

dimensionless 

P a s 

' Units values are presented where it is appUcable. 

The viscosity is represented by equation (3.23). 

7i = ^„(f)- / i , ( f ,p)-7i , ( f ,p) 

The terms given in Equation (3.23) are expressed as follows: 

/im=4 
(f)" 

(3.23) 

(3.24) 
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M,{T,p) = exp\p ii:(H.-(fi)'-(P-iy and (3.25) 

/ / ^ ( T ' . P ) = 1, for industrial use, otherwise refer to Sengers and Wateon (1986). 

Parameter values and nomenclature, for the water vapor viscosity equation, is 

given in Table 3.17. Parameter values, for the water vapor viscosity equation, are also 

given in Tables 3.18 and 3.19. 

3.4.1.2. Intemolating Equation for Gaseous Dry Afr Viscosity 

The interpolating eqtiation for the gaseous dry afr viscosity (Kadoya et al., 1985) 

is defined in dimensionless terms. The dimensionless variables are defined by the 

foUowTUg equations. 

The viscosity equation is given by Equation (3.26). 

4f,^) = i/[/Ji(f) + /̂ (p)] (3.26) 

The terms given in Equation (3.26) are expressed by Equations (3.27) and (3.28). 

(3.27) JiAf)=AAfhA,.{Tr^Y.A\Tr' 
1=3 

mp] = tBr{p1 (3.28) 
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Parameters and nomenclature, for the gaseous dry afr viscosity equation, is given 

in Table 3.20. Parameter values, for the gaseous dry afr viscosity equation, are also given 

m Tables 3.20, 3.21 and 3.22. 

Table 3.17. Parameter values and nomenclature for the water vqxir viscosity equation. 

Symbol 

Hij 

HI 

P 

P 

Pr^ 

T 

T 

Trer 

P 

P 

Prtf 

fi 

Ji 

fi.f 

Parameter Value' 

see Table 3.18 

see Table 3.19 

' 

22.115 

647.27 

317.763 

55.071 

Nomenclature 

Matrix of parameters in Equation (3.25) 

Vector of parameters in Equation (3.24) 

Pressure 

Dimensionless pressure 

Reference pressure 

Temperature 

Dimensionless temperature 

Reference temperature 

Density 

Dimensionless density 

Reference density 

Viscosity 

Dimensionless viscosity 

Reference Viscosity 

Units 

dimensionless 

dimensionless 

MPa 

dimensionless 

MPa 

K 

dimensionless 

K 

k g / m ' 

dimensionless 

k g / m ' 

/iPa-s 

dimensionless 

/iPa-s 

' Parameters values are presented where it is applicable. 

66 



Table 3.18. Hy values for the water vapor viscosity equation. 

Parameter Parameter Value' 

Ihl 0.513 204 7 

H21 0.320 565 6 

Hsi -0.778 256 7 

H6I 0.188 544 7 

H,2 0.215 177 8 

H22 0.731 788 3 

H32 1.241044 

Hi2 1.476 783 

Hi3 -0.281810 7 

H23 -1-070 786 

H33 

H,4 

H24 

H34 

H44 

HIS 

H45 

H26 

H47 

' AU the other elements ofthe matrix are zeros. 

-1.263 184 

0.177 8064 

0.460 504 0 

0.234 037 9 

-0.492 417 9 

-0.041 766 10 

0.160 043 5 

-0.015 783 86 

-0.003 629 481 
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Table 3.19. /f, values for the water vapor viscosity equation. 

Parameter Parameter Value 

H, 

H2 

H3 

H4 

1.000 000 

0.978 197 

0.579 829 

-0.202 354 

Table 3.20. Parameter values and nomenclature for the gaseous dry afr viscosity equation. 

Symbol Parameter Value' Nomenclature Units 

A, 

Bi 

H 

T 

f 

Tref 

P 

P 

see Table 3.21 Vector of parameters in Equation (3.27) dimensionless 

see Table 3.22 Vector of parameters in Equation (3.28) dimensionless 

6.1609-10"'' Parameter in Equation (3.26) P a s 

Temperature K 

Dimensionless temperature dimensionless 

132.5 Reference temperature K 

Density kg / m' 

Dimensionless density dimensionless 

314.3 Reference density kg / m' 

Viscosity Pa - s 

' Parameters values are presented where it is appUcable. 
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Table 3.21. Ai values for the gaseous dry afr viscosity equation. 

Parameter Parameter Value 

~^i 0.128 517 

A2 2.606 61 

A3 -1.000 00 

A4 -0.709 661 

As 0.662 534 

Ae -0.197 846 

A7 0.007 701 47 

Table 3.22.5, values for the gaseous dry afr viscosity equation. 

Parameter Parameter Value 

~B, 0.465 601 

B2 1.264 69 

B3 -0.511425 

B4 0.274 600 

3.4.2. Thermal Conductivity of Gas Mixtures at Low Pressures 

The method of Wassilejwa (1904) combined with the Mason and Saxena (1958) 

modification was used to predict the thermal conductivity ofthe mixture dry afr-water 

vapor. This method has the same ftmctional form as Wilke's; however, the thermal 

conductivity replaces the viscosity. Usually, the reported ertor was less than 4 percent. It 
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is also recommended that the pure component thermal conductivity be known. For more 

details on methods to estimate the thermal conductivity ofgas mixtures refer to Reid et 

al. (1987). This method is given by Equation (3.29). Table 3.23 presente the 

nomenclature for the thermal conductivity ofgas mixtures at low pressures equation. 

'•'Y.yrhj 

^ J is given by Equation (3.30). 

(3-29) 

1-f 
1^, 

1 + 

^jj is found by interchanging subscripts or by Equation (3.31). 

'^•' X, Mj ^'•' 

(3.30) 

(3-31) 

3.4.2.1. Intemolating Equation for Water Vapor Thermal Conductivity 

The interpolating equation for the water vapor thermal conductivity (Sengers and 

Watson, 1986) is defined in dimensionless terms. The dimensionless variables are defined 

by the following equations. 

- T 
P = ^ H 
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Table 3.23. Nomenclature for the thermal conductivity ofgas mixtures at low pressures 
equation. 

Symbol Nomenclature Unite' 

M Molecular weight 

y Molar firaction 

^ Mixing term 

X Thermal conductivity 

Subscript 

I i* pure component 

j j"" pure component 

m Mixture 

g / mole 

dimensionless 

dimensionless 

W / m / K 

' Units values are presented where it is appUcable. 

The thermal conductivity equation is given as Equation (3.32). 

i = i ; ( f ) + . j ; ( p ) + ^ { f , p ) (3.32) 

The terms given in Equation (3.32) are defined by Equations (3.33), (3.34) and 

(3.35). 

^(f)=(r)'"E-,-(?)" 

\[p] = b,+b,^[p]+b, • exp[^ • {{p)•vb,]'\ 

(3.33) 

(3.34) 



^[T,P) = [T^^ + '̂ aJ W -^^ '=. -(I-P)" 

•¥d^-S-\p] exp tell-^-)'- •vd, exp 

(3-35) 

where Q and S are fimction of A r , which is given by Equation (3-36). Q and S are given 

by Equations (3.37) and (3.38), respectively. 

Af = | f - l | + c, (3.36) 

e=2+-
(A7-)= 

T^ r ^ l 
Ar 

(Ar)5 
T<\ 

(3-37) 

(3.38) 

Parameters and nomenclature, for the water vapor thermal conductivity equation, 

is given in Table 3.24. Parameter values, for the water vapor thermal conductivity 

equation, are also given in Tables 3.25 through 3.28. 
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Table 3.24. Parameter values and nomenclature water vapor thermal conductivity 
equation. 

Symbol Parameter Value' Nomenclature Unite 

a, 

b, 

Cl 

di 

T 

T 

p 

p 

Pr4 

X 

X 

see Table 3.25 Vector of parameters in Equation (3.33) dimensionless 

see Table 3.26 Vector of parameters in Equation (3.34) dimensionless 

see Table 3.27 Vector of parameters in Equations (3.35), dimensionless 

(3.36) and (3.37) 

see Table 3.28 Vector of parameters in Equation (3.35) dimensionless 

Temperature K 

Dimensionless temperature dimensionless 

647.27 Reference temperature K 

Density kg / m' 

Dimensionless density dimensionless 

317.763 Reference density kg / m' 

Thermal conductivity W / m / K 

Dimensionless thermal conductivity dimensionless 

1 Reference thermal conductivity W / m / K 

' Parameters values are presented where it is applicable. 

73 



Table 3.25. a,- values for the water vj^or thermal conductivity equation. 

Parameter Parameter Value 

-^1 " 0.010 281 1 

a: 0.029 962 1 

03 0.015 614 6 

a4 -0.004 224 64 

Table 3.26. bi values for the water vapor thermal conductivity equation. 

Parameter Parameter Value 

Tl -0.397 070 

b2 0.400 302 

bs 1.060 000 

b4 -0.171587 

bs 2.392190 



Table 3.27. c, values for the water vapor thermal conductivity equation. 

Parameter Parameter Value 

Cl 0.642 857 

C2 -4.117 17 

C3 -6.179 37 

C4 0.003 089 76 

cs 0.082 299 4 

C6 10.093 2 

Table 3.28. di values for the water vapor thermal conductivity equation. 

Parameter Parameter Value 

Tl 0.070130 9 

d2 0.011852 0 

di 0.001 699 37 

d4 -1.020 0 

3.4.2.2. Intemolating Equation for Gaseous Dry Afr Thermal Conductivity 

The interpolating equation for the gaseous dry afr thermal conductivity (Kadoya et 

al., 1985) is defined in dimensionless terms. The dimensionless variables are defined by 

the following equations. 

f-f P-^ 
V Pr^ 
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The thermal conductivity equation is given by Equation (3.39). 

X{T,P)^H^\X,(T) + X,{P)] (3.39) 

The terms given in Equation (3.39) are expressed by Equations (3.40) and (3.41). 

xXf) = C, •(The (f) '" + ic , . (7=) '" ' (3.40) 

X,(T,p) = 'tD,-(p)' (3-41) 

Nomenclature for the gaseous dry afr thermal conductivity equation is given in 

Table 3.29, while parameters are given in Tables 3.30 and 3.31. 

Table 3.29. Parameter values and nomenclature for the gaseous dry afr thermal 
conductivity equation. 

Symbol 

C, 

A 

H 

T 

f 

Tnf 

P 

P 

Pr^ 

X 

Parameter Value' 

see table 3.30 

see table 3.31 

25.9778 10"' 

132.5 

314.3 

Nomenclature 

Vector of parameters in Equation (3.40) 

Vector of parameters in Equation 

Parameter in Equation (3.39) 

Temperature 

Dimensionless temperature 

Reference temperature 

Density 

Dimensionless density 

Reference density 

lliennal conductivity 

(3.41) 

Units 

dimensionless 

dimensionless 

W / m / K 

K 

dimensionless 

K 

kg/m' 

dimensionless 

kg/m' 

W / m / K 

' Parameters values are presented where it is appUcable. 
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Table 3.30. C, values for the gaseous dry afr thermal conductivity equation. 

Parameter Parameter Value 

Cl 0.239 503 

C2 0.006 497 68 

Cs 1.000 00 

C4 -1.92615 

Cs 2.003 83 

Ce -1.075 53 

C7 0.229 414 

Table 3.31. A Parameter values for the gaseous dry air thermal conductivity equation. 

Parameter Parameter Value 

' ^ ^ 0.402 287 

D2 0.356 603 

P3 -0.163159 

p^ 0.138 059 

Ds -0.020 172 5 
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3.4.3. Diffiision Coefficient of Gas Mixtures at Low Pressures 

The theory describmg diffiision in bmaiy gas mixtures at low to moderate 

pressures has been weU developed. The theory resulte fiom solving the Boltzmann 

equation. After ideal gas simphfication, tiie Chapman and Enskog equation is expressed 

as Equation (3.42). Table 3.32 shows the nomenclature for Equations (3.42) through 

(3.44). For more details on methods to estimate the diffiision coefficient ofgas mixtures 

refer to Reid et al. (1987). 

•pis 

Dn = 0.00266 • V 7 7 5 3 - - r - 7 7 - (3-42) 

Af,j and <7,2 are given by (3.43) and (3.44), respectively. 

1 
M „ = -

1 1 
(3.43) 

^ . 2 = - ^ (3.44) 

The diffiision collision integral [Cij,] is calculated by Neufield (1972) cortelation 

that is an analytical approximation to Leimard-Jones 12-6 potential. The Neufield 

correlation is given by Equation (3.45), nomenclature and parameters are presented in 

Tables 3.33 and 3.34, respectively. 

^D=';d' + T^ \ + 7^ x""- H \ (3-45) 
d"" oxp{A,^e) exv{A,-0) exp(4-d) 

0 and f,j are estimated by Equations (3.46) and (3.47), respectively. 
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e=K-

«i2=(«i-«2r 

(3.46) 

(3.47) 

Table 3.32. Nomenclature for the diffiision coefficiente ofgas mixtures at low pressm-es 
equation. 

Symbol Nomenclature Unite' 

^ , 2 

M, 

P 

T 

Diffiision coefficient cmVs 

Mixtmre molecular weight, calculated by Equation (3.43) g/mole 

Molecular weight g/mole 

Pressure bar 

Temperate K 

Characteristic length, calculated by Equation (3.44) A 

Diffiision colhsion integral, which is predicted by the dimensionless 

Lermard-Jones potential 

Units values are presented where it is apphcable. 
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Table 3.33. Nomenclature for the Lennard-Jones 12-6 potential usmg Neufield 
cortelation. 

Symbol Nomenclature Unite' 

A Vector ofParameters in the Neufield cortelation. Equation dimensionless 

(3.45) 

T Temperature K 

e. Characteristic energy J 

e Characteristic energy ofthe mixture, calculated by Equation J 

(3.47) 

^ Boltzman Constant J / K 

ii Diffiision colhsion mtegral dimensionless 

0 Parameter calculated usmg Equation (3.46) 

Subscript 

1 i"" pure component 

' Units values are presented where it is appUcable. 
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Table 3.34. Parameter values for the Letmard-Jones 12-6 potential using Neufield 
cortelation. 

Parameter Parameter Value 

Al 

A2 

A3 

A4 

As 

At 

A? 

1.06036 

0.15610 

0.19300 

0.47635 

1.03587 

1.52996 

1.76474 

3.89411 

1.3805-10-" 

3.5. Ideal Gas Approximation 

At the drying operating conditions (high temperature, low pressure), wet afr can 

be approximated as an ideal gas. This approximation was used to calculate the density 

and heat capacity ofthe wet afr. 

3.5.1. Density of Gas Mixture at Low Pressures 

The ideal gas density mixing rale is given by Equation (3.48), nomenclature is 

presented in Table 3.35. 



P,=t.y,-Pi (3-48) 
i=\ 

The density of afr and water v^or is calculated using the ideal gas law. Equation 

(3.49). Nomenclature and parameters values are presented in Table 3.36. 

P-M 

p-TT ^'-''^ 

Table 3.35. Nomenclature for the density ofgas mixtures at low pressures equation. 

Symbol Nomenclature Units' 

y Molar fi'action dimensionless 

p Density kg / m' 

Subscript 

I i"" pure component 

m nuxture 

' Units values are presented where it is appUcable. 

3.5.2. Molar Heat Capacity of Gas Mixture at Low Pressures 

The molar heat capacity mixing rule of ideal gases is given by Equation (3.50), 

nomenclature is presented in Table 3.37. 

1=1 

The molar heat capacity of afr and water vapor is calculated using Equation (3.51) 

that cortelates the pure ideal gas heat capacity with temperature. The molar heat capacity 

was also used to calculate the adiabatic flame temperature, using the enthalpy ofthe inlet 
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M 

P 

R 

T 

P 

8.314 

Molecular weight 

Pressure 

Universal Gas Constant 

Temperature 

Density 

and outlet gas sfreams into and out ofthe bumer. Nomenclature is presented in Table 

3.38, while parameter values are given in Table 3.39. 

c 
-f = a + fi-T+rT^ +ST'+s-T* (3.51) 
K 

Table 3.36. Nomenclature and parameters for the ideal gas density equation. 

Symbol Parameter Value' Nomenclatmre Unite 

g/mole 

Pa 

J / K / m o l e 

K 

k g / m ' 

' Parameter values are presented where it is appUcable. 

Table 3.37. Nomenclature for the heat capacity ofgas mixtures at low pressures equation. 

Symbol Nomenclature Unite' 

y Molar fraction dimensionless 

c Molar heat capacity J / K /mole 

Subscript 

i i"" pure component 

m mixture 

' Units values are presented where it is appUcable. 
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Table 3.38. Nomenclature for the heat capacity equation. 

Symbol Parameter Value' Nomenclature Units 

Cp Molar heat capacity 

R Universal Gas Constant 

T Temperature 

a see Table 3.39 Parameter ui equation (3.51) 

P see Table 3.39 Parameter ui equation (3.51) 

r see Table 3.39 Parameter in equation (3.51) 

S see Table 3.39 Parameter in equation (3.51) 

e see Table 3.39 Parameter in equation (3.51) 

J/K/mole 

J / K / m o l e 

K 

dimensionless 

dimensionless 

dimensionless 

dimensionless 

dimensionless 

Parameter values are presented where it is appUcable. 

Table 3.39. Dimensionless parameter values for the heat capacity equation of several 
ideal gases. 

Gas 

CH4 

O2 

N2 

HjO 

CO2 

Afr 

a 

3.826 

3.626 

3.675 

4.070 

2.401 

3.653 

>8-10' 

-3.979 

-1.878 

-1.208 

-1.108 

8.735 

-1.337 

r - io ' 

24.558 

7.055 

2.324 

4.152 

-6.607 

3.294 

(5 10' 

-22.733 

-6.764 

-0.632 

-2.964 

2.002 

-1.913 

£-10'^ 

6.963 

2.156 

-0.226 

0.807 

0.000 

0.2763 
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3.6. Heat and Ma.'is Transfer Coefficiente 

Several cortelations are available to calculate the heat and mass transfer 

coefficient in packed beds. The heat and mass correlations, given by Equations (3.52) and 

(3.53) are recommended by McCabe et al. (1993) for spheres or roughly spherical sohd 

particles that form a bed with about 40 to 45 percent voids. When the particle was not 

spherical an equivalent diameter was estimated. 

N^. = m^N'^"-N^' (3.52) 

Af̂  = 1-17-iV°f-<' (3-53) 

where N^, N^^, JV „̂, N^,, Nj^ are dimensionless nmnbers defined by the folloviing 

equations. Nomenclature is presented in Table 3.40. 

k.P, 
A ' s h ^ 

^ S c 

JVNU 

A^P, 

p 

p 
p-p 

h-Dp 

k 

c,-p 

k 

D ^ . p v 
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Table 3.40. Nomenclature for the heat and mass transfer coefficient equation. 

Symbol Nomenclature Unite' 

Cp 

p 

Dp 

h 

k 

"m 

V 

^ N u 

N^ 

N^ 

Ns. 

A^Sh 

M 

P 

Heat cq)acity 

Diffiision coefficient 

Effective diameter ofthe particle 

Heat transfer coefficient 

Thermal conductivity 

Mass transfer coefficient 

Velocity ofthe air 

Nusselt number 

Prandti number 

Reynolds number 

Schmidt number 

Sherwood number 

Viscosity 

Density 

J / k g / K 

m ' / s 

m 

W / m ' / K 

W / m / K 

m / s 

m / s 

dimensionless 

dimensionless 

dimensionless 

dimensionless 

dimensionless 

Pas 

k g / m ' 

' Units values are presented where it is appUcable. 
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The effective diameter was calculated using Equation (3.54), and a^ is defined by 

equation (3.55). 

^ , = f (3-54) 

a,=f (3-55) 

Table 3.41. Nomenclature for the equivalent diameter equation. 

Symbol Nomenclature Unite' 

a. Specific surface of a particle, defined by equation (3.55) m ' 

D, Effective particle diameter m 

S, Particle surface m' 

V, Particle volume m' 

' Units values are presented where it is appUcable. 

3.7. Enthalpy of Combustion 

Enthalpy of combustion of methane at 25 °C and 1 atm, where the producte are at 

gaseous state, was used in the adiabatic flame temperature calculation. The enthalpy of 

combustion of methane at 25 °C and 1 atin is -802.9 kJ / mole (Liley et al., 1984). 
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CHAPTER 4 

RESULTS AND DISCUSSIONS 

4.1. Infroduction 

The major resulte of this work are presented and discussed in this chapter. An 

asymptotic case study was used to estabhsh credibihty ofthe ntimerical solution. The 

asymptotic case was also usefiil in the selection ofthe thermal energy balance model. 

The sunulator is bench marked against industrial data in order to validate the mass 

and energy balance model. The simulator results and impUcations are also discussed. 

Finally, preliminary optimization results are discussed. 

4.2. Asymptotic Case 

In order to estabhsh credibility for the mass and energy balance ofa single food 

particle, the numerical solution obtained using the simulator was compared to the 

analytical solution ofthe mass and energy balance, when: 

• the evaporative cooling is neglected; 

• the food particle and drying afr properties are assumed to be constant through 

out the drying process; and 

• the mass fransfer between the food particle and the drying afr is assumed to be 

infinite. 



The nondimensional mass and energy balance and the infinite series solution, 

used to compare the analytical and numerical solution ofthe mass and energy balance, are 

infroduced in the next two sections. 

4.2.1. Nondimensional Differential Mass and Energy Balance 

The nondimensional mass and energy balance are summarized in Table 4.1. Initial 

and boundary conditions are given m Table 4.2. The detailed nondimensionalization of 

the differential mass and energy balance is presented in Appendix D. 

4.2.2. Infinite Series Exact Solution for the Nondimensional Differential 
Mass and Energy Balance 

The exact solution for the nondimensionalized mass and energy balance can be 

expressed as an infinite series (Incropera and Witt, 1996). The exact solution for an 

infinite slab is shown ui Table 4.3. Exact solutions for an infinite cylinder and sphere are 

presented in Appendix D. Nomenclature for mass and energy balance, as well as 

boimdary conditions and infinite series solution, is given in Table 4.4. 
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Table 4.1. Nondimensional differential mass and energy balance. 

Mass Balance Energy Balance 

ax' ^a^X' 
St' - ar" 

X' = 
{p-x)^-{p^x) 

(4.1) 

[PAAP-A 

. r 
--R 

• Z7 Dt 
" R^ 

y^.i) 

(4.5) 

(4.7) 

ae' 
at' dr" 

T,-T 

T..-L 

t' =Fo--

(4.2) 

(4.4) 

(4.6) 

(4.8) 

Table 4.2. Initial and boundary conditions for the nondimensional mass and energy 
balance. 

Mass Balance Energy Balance 

X' =\ t' =0, Vr" (4.9) 

ax' 
ar 

= 0 t >0 (4.11) 

(;sr-)_^=0 t>0 (4.13) 

Bi. = • 
D 

(4.15) 

9'=\ t'=0,\/r' (4.10) 

ae' 
dr 

ae;_ 
ar-

= 0 t >0 (4.12) 

= -Bie' t'>Q (4.14) 

hR 
Bi = — (4.16) 
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Table 4.3. Exact solution ofthe mass and energy balance for an infinite slab. 

Mass Balance Energy Balance 

X- = X C -exp[(f.f -Fo J-cos(C r') ff = X c , e x p ^ f .Fol-cos(c r) 

(4-17) (4.18) 

4-sm(^ 1 4-sin(r ) 

^, •tan(^„) = B!„ '(4.21) ^, •ten(^,) = Br '(4.22) 

The discrete values (eigenvalues) of Q^ are the positive roots ofthe transcendental Equation (4.21) and 
(4.22). 
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Table 4.4. Nomenclature for the nondimensionalization ofthe mass and energy balance. 

Symbol Nomenclature Units' 

Bi 

B'm 

Cp 

D 

Fo 

Fom 

h 

k 

*m 

r 

R 

t 

T 

r. 

X 

Biot nuniber 

Mass transfer Biot number 

Heat capacity ofthe food pardcle 

Diffusion coefficient ofthe food particle 

Fourier number 

Mass transfer Fourier number 

Heat transfer coefficient 

Thermal conductivity ofthe food particle 

Mass transfer coefficient 

Unidimensional flux direction 

Characteristic dimension ofthe particle 

Time 

Temperature 

Drying air bulk temperature 

Moisture content ofthe food particle 

p 

Subscript 

Superscript 

Thermal diffusion coefficient, defined as a = 

Density ofthe food particle 

Equilibrium 

Initial 

dimensionless variable 

P-Cp 

dimensionless 

dimensionless 

J / s / m / K 

mVs 

dimensionless 

dimensionless 

J / s / m V K 

W / m / K 

m / s 

m 

K 

K 

kg/kgdb 

mVs 

kg/m' 

' Units are presented where it is appUcable. 
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4.2.3. Comparison ofthe Analytical and Numerical Solution ofthe 
Mass and Energy Balance ofa Single Food Particle 

The analytical and numerical solutions are compared in Figures 4.1 through 4.6. 

Before discussing the resulte presented in Figures 4.1 through 4.6, it is necessary to set a 

convention for the graphical symbols used in these figures. Continuous lines represent the 

analytical solution, while the sohd squares represent the discrete numerical solution. 

Table 4.5 shows the drying conditions and time invariant properties, used to obtain the 

analytical and numerical solutions. 

Notice, in Figures 4.1 througih 4.3, that the numerical solution matches exactiy the 

infinite series solution for the distributed mass balance and distributed energy balance. 

Figure 4.1 presente a comparison ofthe analytical solution and the numerical solution of 

the distributed mass balance of one single food particle. Figures 4.2 and 4.3 present a 

comparison ofthe analytical solution and the numerical solution ofthe distributed energy 

balance of one single food particle. Figure 4.3. shows a snapshot ofthe transient period of 

Figure 4.2, that shows the temperature for a four-hour simulation. 

From Figures 4.2. and 4.3, it was observed that the temperature could be 

approximated to be isothermal inside the food particle. The non-isothermal profile is only 

observed in the initial 0.5 hour ofthe drying process, that usually last about 7.0 hours. It 

is also observed, in Figure 4.2. and 4.3, that the temperature profile shows a temperature 

difference between the extemal surface and the center ofthe food particle of less than 

10 K. 

These two facts, supported by an ordering analysis ofthe nondimensional 

differential Equation using the Fourier Number, allowed the approximation of the 
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Table 4.5. Drying Conditions and Time Invariant Properties used to compare the 
analytical and numerical solution ofthe mass and energy balance. 

Property Drying Air Potato 

Shape ofthe food particle 

Initial moisture content (%)' 

Initial temperature (K) 

Characteristic dimension ofthe food particle (m) 

Residence time ofthe food particle (hours) 

Equilibrium moisture content (kg / kg db) 

Density (kg /m^) 

Diffiision coefficient (m/s) 

Heat capacity (J / kg /K) 

Drying air viscosity (Pa • sec) 

Thermal conductivity (W/m/K 

Mass transfer coefficient (m/s) 

Heat b-ansfer coefficient (W / m^ / K) 

Drying air velocity (m/s) 

Drymg air temperature (K) 

0.995 

3.16 10-' 

1047. 

2 10"' 

0.032 

0.117 

118.8 

1.27 

355.16 

Infinite Slab 

80 

308 

0.02 

4 

0.02 

1050. 

^ 25 10^ 

3349.5 

0.55 

Wet Basis 
' Diffusion Coefficient of water vapor in air. 
' Diffiision Coefficient of water vapor in potato. 

temperature profile as isothermal inside the food particle. It is known (Incropera and De 

Witt, 1996) that the temperature profile inside the solid can be jqiproximated to be 

isothermal, for values ofthe Fourier number greater than 0.2. Table 4.6 shows Fourier 

numbers for 1 second, 0.5 hour and 1.0 hour of drying, which agree witii the qualitative 

analysis inferted fi-om Figures 4.2 and 4.3. The isothermal profile in a food particle was 

also reported by Simal et al. (1994) and Maroulis et al. (1995). Therefore, a lumped 
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energy balance model was selected to solve the temperature profile mside tiie food 

particle. 

Figures 4.4 through 4.6 show the solution ofthe mass and energy balance profile, 

when the lumped energy balance model is used. Notice, in Figures 4.4 through 4.6, that 

the numerical solution matches exactly the mfinite series solution for the distiibuted mass 

balance and lumped energy balance. 

In the case ofthe analytical solution, the non-isothermal profile in the food 

particle reduces to an isothermal profile, when the food particle thermal conductivity is 

assumed to be infinite, as shown by Figures 4.4 and 4.5. Figures 4.4 and 4.5 present a 

comparison ofthe analytical solution (when an infinite thermal conductivity is assumed) 

and the numerical solution ofthe lumped energy balance for the temperature profile of 

one single food particle. Figure 4.5. shows a snapshot ofthe transient period of Figure 

4.4, that shows the temperature profile for a four-hour simulation. 

Figure 4.6 presents a comparison ofthe analytical solution and the numerical 

solution ofthe distributed mass balance for the moisture profile of one single food 

particle. It can be noticed that the moisture profile does not show sensible changes 

compared to Figure 4.1, where mass and energy balance are assume to be distributed 

parameters. 

In conclusion, the asymptotic case not only helped to establish credibihty but also 

guided m the decision ofthe approach to be used to solve the thermal energy balance ofa 

food particle. The lumped energy balance had a major impact on the simulation time, 

reducing this one by almost 50%. 
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Table 4.6. Fourier number for various drying time. 

Drying time Fourier Number 

1 second 1.1-10" 

0.5 hours 0.2 

1.0 hours 1.095 

4.3. Simulator Bench Marldne 

The simulator was bench marked against operational data fi"om the Breedlove 

Dehydration Plant, Lubbock, TX. The sunulated values of tiie moistiire content ofthe top 

layer ofthe packed bed were compared to the measured moisture content ofthe top layer 

ofthe packed bed. 

Table 4.7 compares the industiial data and simulated data. Except for the average 

bed moisture content at the end of stage 4, the model prediction is in good agreement 

with the industrial data, vrith an average error of 28%. Figure 4.7 shows a plot of 

industrial data versus predicted data. If the model was perfect and the data had not 

experimental uncertainties, the plotted pomte should coincide with the 45° fine. Notice 

that the data is well scattered aroimd the 45° hne, indicating that the predictions ofthe 

model are reliable but not perfect. For a rehable statistical vahdation ofthe model a 

higher number of data pomte is necessary (Betiiea and Rhinehart, 1991). 

It should be noted that the drying rate is limited by the mass transfer coeflScient 

and diffusion coefficient, which usually have an inherent 20 to 30% experunental ertor. 

The discrepancies between the predicted values by the simulator and the industrial data 
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are probably due to the inherent error in the mass transfer coefficient and diffiision 

coeflficient. Therefore, the mismatch can be reduced using a more rehable mass transfer 

coefficient or just by fine tuning these coefficiente. The mass transfer coefficient could be 

tuned for each stage, so that the model prediction matches the average bed moisture 

content at the end of each stage. 

The temperature profile could not be bench marked since none ofthe p^ers in the 

hterature presented the temperature profile, and Breedlove persormel do not monitor the 

temperature ofthe food particle. 

Table 4.7. Comparison of industrial data and simulated data for the moisture content of 
the top layer ofthe packed bed. 

Stage 1 

Stage 2 

Stage 3 

Stage 4 

Stage 5 

Stage 6 

Moisture Content (%) 

Industrial Data 

79 

65 

53 

45 

14 

6 

' Moisture Content in Wet Basis for the top layer 

^. . . . . .^- ' • ' " ' " ' "• ' ' ' -" ' " ' ' ' "" ' ' i . ioo. 

1 

Simulated Data 

79.0 

65.1 

62.1 

11.1 

17.5 

3.00 

of the packed bed. 

Enx)r(%)' 

0.00 

0.15 

17.2 

75.6 

25.0 

50.0 
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4.4. Drying Simulated Resulte 

In this section, the resulte ofthe simulation ofthe drying process is discussed. 

Initially, resulte ofthe simulation ofa single food particle drying is discussed, foUowed 

by the resulte ofthe packed bed, continuous, conveyor-belt, direct-fired dryer simulation. 

4.4.1. Simulation ofa Single Food Particle Drying 

Table 4.8 presente the drying conditions used to simulate a single food particle 

drying. The moisture profile, for these drying conditions, is shown in Figure 4.8. Notice 

that the moisture profile has the typical shape ofa difiiisional process. The moisture 

content at the stirface shows a strong change of derivative arotmd 0.25 hours, which 

causes the stiffiiess ofthe numerical solution. This is due to the mass transfer changing 

fiom externally controlled to intemally controlled. The drying process is also referred as 

constant drying rate process, when the drying process is controlled by extemal mass 

transfer. When the mass transfer is intemally controlled, it is called falling drying rate 

process. 

Figture 4.9 shows the temperature profile for the simulation of a single food 

particle drying, using the lumped energy balance model. Notice that the food particle 

temperature remains constant at the evs^oration temperature for the given process 

conditions, while the process is controlled by extemal conditions. When the intemal mass 

transport controls the drying process, the temperature ofthe food particle rises 

asymptotically to the drying air temperature. 
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Table 4.8. Drying conditions for simulation of drying ofa single food particle. 

Property Air Potato 

Food particle shape Sphere 

Characteristic dimension ofthe food particle 9 525. J Q ' m 

Particle residence time 4 hours 

Initial moisture content of food particle 80% (wet basis) 

Initial temperature ofthe food particle 308 K 

Ambient air moistiire content (da: dry air) 0.0127 kg/kg da 

Ambient air relative humidity 51.5% 

Ambient air temperature 298 K 

Drying air velocity 1.27 m/s 

Drying air temperature 355.16 K 

4.4.2. Simulation ofthe Packed Bed, Continuous, Conveyor-Belt, 
Direct-Fued Dryer 

The discussion ofthe resulte for the simulation ofthe packed bed, continuous, 

conveyor-belt, direct-fired dryer requires a cross reference between the simulated results 

presented in the form of figures. This is due to the coupled nature ofthe boimdary 

conditions ofthe food particle mass and energy balance, and drying air mass and energy 

balance ofthe simulation ofthe drying process. In order to facihtate this analysis, all the 

figures that will be referred during the discussion are introduced in section 4.4.2.1 .While 

in section 4.4.2.2, the simulated results are discussed. 
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4.4.2.1. Resulte ofthe Simulation ofthe Packed Bed. Continuous. Convevor-belt Direct-
Fired Drver 

Before discussing the simulated resulte it is necessary to estabhsh a convention to 

discriminate between the various discrete layers that represent each position in the packed 

bed. The first layer is the one closest to the conveyor belt. The twentieth layer is the top 

layer, at the end ofthe packed bed (final bed height), just before exhausting the drying 

air. The fifth, tenth and fifteenth layers are intermediary layers in a progressive order 

from the conveyor belt towards the top layer, respectively. 

Another convention is related to the drying air conditions. Initial temperature or 

relative humidity refers to drying air properties after the combustion chamber (bumer) 

and before the conveyor belt. 

The dimensions ofthe dryer and specifications ofthe drying conditions, which 

were used to obtain the simulated results, are presented in Appendix E. Figures 4.10 

tiuough 4.14 show the detailed moistiire profile ofthe food particles in the first, fifth, 

tenth, fifteenth and twentieth layer in the packed bed, respectively. The moistiire profile is 

shown for the dimensionless discrete pointe over the characteristic dimension ofthe food 

particle. While Figures 4.15 through 4.19 show the drying history ofthe food particles in 

the first, fifth, tenth, fifteenth and twentieth layers in the packed bed, respectively. The 

drying history figure shows: 

• the moisture content of the center ofa food particle, 

• the moisture content of the extemal surface ofa food particle, 

• the average moisture content of a food particle, and 
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• tiie temperature profile of a food particle. 

Also notice that the moisture profile ofthe food particle is shown for a time scale 

(3 hours) shorter than the simulated drying time. After 3 hours of drying, the 

discrimination ofthe various discrete pointe becomes very poor, which is due to the y-

axis scale. On the other hand, the drying history figures cover the entire drying time (6.9 

hours). 

Figure 4.20 shows a comparison ofthe average moisture content ofthe food 

particles in the first, fifth, tenth, fifteenth and twentieth layer in the packed bed, in the 

same plot. Figure 4.21 shows the temperature ofthe food particles in the first, fifth, tenth, 

fifteenth and twentieth layer in the packed bed, in the same plot. Figure 4.22 shows a 

comparison ofthe average moisture content ofthe packed bed in dry and wet basis. 

Figure 4.23 shows the average temperature ofthe packed bed. 

Figure 4.24 shows the initial relative humidity ofthe drying air. Figures 4.25 

through 4.29 show the relative humidity ofthe drying au after the first, fifth, tenth, 

fifteenth and twentieth layer m the packed bed, respectively. Figure 4.30 shows a 

comparison ofthe relative humidity of flie drying air after flie first, fifth, tenth, fifteenth 

and twentieth layer in the packed bed, in the same plot. 

Figure 4.31 shows the initial temperature ofthe drying air. Figures 4.32 through 

4.36 show the temperature ofthe drying air after the first, fifth, tenth, fifteenth and 

twentieth layer m tiie packed bed, respectively. Figures 4.37 shows a comparison ofthe 

temperature of flie drying an- after the first, fifth, tenth, fifteenth and twentieth layers in 

the packed bed, in the same plot. 
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4 4 7. -) Analvsis of the Restflte ofthe Sunulation ofthe Packed Bed. Continuous. 
Convevor-Belt. Direct-Fired Drver 

Except for the level of details. Figures 4.10 through 4.14 and Figures 4.15 through 

4.19 convey the same iirfotmation, as far as moisture content is concerned. For this 

discussion. Figure 4.15 through 4.19 will be more often refened. 

4.4.2.2.1. Fbst Layer 

In the first stage (from 0 hours until 0.24 hours), the first layer is exposed to the 

driest au- (lowest relative humidity - Figures 4.25 and 4.30; and highest temperature -

Figures 4.32 and 4.37), and therefore has the highest drying rate (Figures 4.15 and 4.20) 

is observed. In the first stage, the temperature rises to the evaporation temperature and 

remains constant until the end of this stage, as it can be observed in Figure 4.15. 

In the second stage (from 0.24 hours until 0.49 hours), the drying air is blown 

downwards, exposmg the first layer to a drying ah with a high relative humidity (Figures 

4.25 and 4.30) and low temperature (Figures 4.32 and 4.37). The high relative humidity 

and low temperature reduce flie drymg rate ofthe food particle as it is indicated by the 

average moisture content, in Figure 4.15. The temperature ofthe food particle drops to 

the evaporation temperature and remains constant in this stage (Figure 4.15). This 

temperature drop is due to a lower temperature ofthe drying ah (Figure 4.32). 

Notice, in Figure 4.10, that the surface ofthe food particle absorbs moisture 

notice, during the second stage. This is due to flie air moistiire content be higher than flie 

equilibrium moisture content at the surface. In Figure 4.10, it is observed fliat the 

moisture content ofthe discrete r'=0.8 also increases, showing that the moisture is 
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accumulating in this vicinity. However, the average moisture content ofthe food particle 

reduces, due to the moisture migration from the center to dryer layers closer to the 

surface. 

In the third stage (from 0.49 hours imtil 0.73 hours), the drymg air is blown 

upwards, exposing the first layer to the driest air (lowest relative humidity - Figures 4.25 

and 4.30; and highest temperature - Figures 4.32 and 4.37). Initially, the moisture drops 

as fast as in the first stage (Figure 4.15). However, at approximately 0.6 hours, the surface 

is almost completely dry, and therefore the intemal diffiision contiols the drying process. 

The temperature ofthe food particle remains constant at the evaporation temperature, 

while the drying rate is constant; and rises asymptotically to the drying ah temperature, 

when the drying process is controlled by the intemal diffiision. The food particle does not 

quite reach the drying ah temperature, because, at 0.73 hours, the drying conditions 

change (Figures 4.30 and 4.37, begmning of Stage 4). Notice that tiie evaporation 

temperature m the third stage is not as high as in the first stage. This is due to a lower 

drying air temperature (Figure 4.31). 

Due to the reverse direction ofthe drying air, the same phenomena observed in 

the second stage occurs m the fourth stage (from 0.73 hours until 1.53 hours), as observed 

in Figure 4.15. The surface moisture content rises asymptotically to the equihbrium 

moisture content. Notice that the average moisture content ofthe first particle remains 

constant m this stage. The temperature ofthe food particle remams practically constant 

during stage four (from 0.73hours until 1.53 hours). During stage four, flie mass and 



energy balance ofthe first layer of food particles reach a steady state condition, since the 

driving forces for mass and heat transfer are neghgible. 

In the fiffli stage (fixim 1.53 hours until 2.33 hours), where flie drymg air is blown 

upwards, tiie surface moisture content drops to very low values in a short period of time 

(Figiffe 4.15), and the drying process is agam intemally controlled. The food particle 

temperature raises asymptotically to the drying air temperature, since the process in this 

stage is intemally controlled. The constant temperature period cannot be discriminated, 

since it is a very short transient. 

In the sixth stage (from 2.33 hours until 6.9 hours), where the drying air is blown 

downwards, the relative humidity ofthe drying air is so high (between 2.5 and 5.7 hours) 

that the food particles in the first layer absorb a significant amotmt of moisture (Figure 

4.15). Only after 5.7 hours, the relative humidity ofthe drying air (Figures 4.25 and 4.30) 

drops again, since the food particles in the higher layers are practically dried (Figure 

4.20) and do not add a substantial amount of moisture to the drying air (Figures 4.25 and 

4.30). The food particle temperature drops while moisture is being absorbed and rises 

asymptotically when the food particle moisture starts to decrease (Figure 4.15). 

4.4.2.2.2. Fifth Layer 

The same analysis, done for the food particles in the first layer (Figure 4.15), can 

be done for the food particles in the fifth layer (Figure 4.16). Those particles show the 

same trend as the ones in the first layer, however the drying conditions for the fifth layer 

(relative humidity - Figures 4.26 and 4.30; and temperature - Figures 4.33 and 4.37) are 
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not so severe as flie ones for the first layer, flierefore the particles m the fifth layer show a 

similar frend with less rapid changes compared to the first layer. 

4.4.2.2.3. Tentii Layer 

Due to its location in the packed bed, the tenth layer has the slowest drying rate 

(Figures 4.17 and 4.20) since the drying conditions for this layer are always the poorest: 

high relative humidity (Figures 4.27 and 4.30) and low temperature (Figures 4.34 and 

4.37). Notice that the food particle also shows the smallest temperature variation (Figure 

4.17). 

4.4.2.2.4. Fifteenth and Twentieth Layers 

Food particles in the fifteenth layer (Figures 4.18 and 4.20) have the same 

behavior as the ones in the twentieth layer, except for the fact that the average moisture 

content ofthe food particle never increases. 

The twentieth layer of food particles has the slowest drying rate in the first stage 

(Figures 4.19 and 4.20), since the drying air is blown upwards, which causes flus particle 

to be exposed to the least dry air (highest relative humidity - Figures 4.29 and 4.30; and 

lowest temperature - Figures 4.36 and 4.37). The same arguments used for the first layer, 

can be used for flie twentiefli layer in the analysis ofthe second, third and fourth stages. 

In the fifth stage, the particles in the twentieth layer absorb some moisture, increasing the 

food particle average moisture content (Figures 4.19 and 4.20). The particles in the 
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twentieth layer are the first ones to reach the final moistiire content (Figiures 4.19 and 

4.20), since drying air is blown downwards ui the sixth stage. 

For the first five stages, the temperature profile can be analyzed exactly as the 

food particles in flie first layer (Figure 4.19). In the sixfli stage, the temperature ofthe 

food particle rises asymptotically to the drying air temperature and remains constant 

when the particle reaches ite final value of moisture content (Figure 4.19). 

4.4.2.2.5. Packed Bed Average Moisture Content and Temperature 

In Figure 4.22, it is observed three different slopes for the average moisture 

content (dry basis) ofthe packed bed. The first slope change is observed at about 0.7, and 

it is followed by another change at about 2.4 hotirs. This frend is due to the three different 

drying conditions. 

In stages one, two and three (from 0 until 0.73 hours); the highest initial drying 

temperatures (Figure 4.31) and lowest relative humidity (Figure 4.24) are observed. 

Stages four and five (from 0.73 until 2.4 hours) have intermediary values of drying 

temperatin-es (Figure 4.31) and relative humidity (Figure 4.24). Stage six (fixim 2.4 until 

6.9 hours) has the lowest drying temperature and highest relative humidity. The average 

temperature of flie packed bed (Figure 4.23) also shows a sunilar frend as flie moisture 

profile, having three different ahnost average values. 
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4.4.2.2.6. Diymg Air 

The initial relative humidity (Figure 4.24) and temperature (Figure 4.31) of flie 

drying air varies accordingly to the drying conditions specified in Appendix E. Notice 

that the lower the temperature the higher the relative humidity for the initial conditions. 

This directly affecte the drying rate m the stages of low temperature. Figin-es 4.25 through 

4.29 and Figures 4.32 through 4.36 make evident the reversion ofthe direction ofthe 

drying air. For instance, in stage one (from 0 hours imtil 0.24 hours), the first layer is 

exposed to the driest air (Figures 4.25 and 4.33), while in stage two (fiom 0.24 hours 

until 0.48 hours) the same layer is exposed to the least dry air (Figiures 4.25 and 4.33). 

The same analysis can be repeated to oflier successive stages, as well as to other layers 

(Figiffes 4.26 through 4.29 and Figures 4.33 through 4.36). 

In Figure 4.30, it can be observed that in the first three stages (0 hours until 0.73 

hours), the maximum relative humidity is around 80 %. While in stages four (0.73 hours 

until 1.53 hours) and six (fimm 3.33 hours until 6.9 hours), the maximum relative 

humidity almost reach the saturation condition. 

In Figure 4.30, as the initial layers get dry the successive layers are able to add 

more moisture to the drying, this frend can be clearly observed in stage five (fiom 1.53 

hours until 2.33 hours). 

During stage six (fiom 3.33 hours until 6.9 hours), the drying an after the tenth 

layer is ahnost at satiiration (Figure 4.30), but flie drymg air after flie fifth and first layer 

have a lower relative humidity, this is due to the absorption of moisture by the food 

particles, as shown m Figures 4.15,4.16 and 4.19. 
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4.5. Prehmmarv OptimiTatinn Bpgiiltc 

Since the detailed model ofthe simulator requires an extensive time to obtain the 

complete and detailed solution ofthe drying problem, a simphfied version ofthe 

simulator where the infinite mass transfer is assumed was used. The resulte presented in 

this case were obtained usmg the gradient information in the Heuristic Random 

Optimizer. The ciurent results were obtained for the two dimensional problem where an 

average drying air flow rate and temperature were used, for all the sections in the dryer. 

Table 4.9 shows the ciurent operating conditions and the current operational cost. 

This table also shows the new operating conditions that the minimum was observed. The 

major conclusions are that the airflow rate could be reduced by 35.3% while all the 

constraints are met. This reduction in the air flow rate reduces the operational cost by 

35.6%. The small difference observed between the percent reduction is due to the 

minimal reduction in the drying temperature, which justify the cost reduction being 

bigger than the air flow rate reduction. 

The simulator could not proceed the optimization since the 100% relative 

humidity consttaint was met. The drying air temperature reduction was neghgible. This is 

due to the final moisture content ofthe food particle consfraint. 

The major critique to this optimum value is that the mass transfer coefficient is 

assumed to be infinite, and therefore not reduced by the lower afr flow rate. It is known 

that the mass transfer coefficient varies with the square root ofthe drying afr velocity, see 

Chapter 2 for more details 
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Table 4.9 Comparison ofthe current operating conditions and the optimal operating 
conditions. 

Operating Conditions 

Curtent 

Optimal 

Drying Air 

Velocity (m / s) 

1.27 

0.822 

Temperature (K) 

355.6 

354.7 

Cost($ / s) 

0.1453 

0.0936 

146 



CHAPTER 5 

CONCLUSIONS AND RECOMENDATIONS 

5.1. Conclusions 

A detailed, packed bed, continuous, conveyor-belt, direct-fired dryer simulator, 

which shows a good agreement with the experimental data, was developed. Preliminary 

optimization studies show that there is potential for flow rates reduction without affecting 

the final moisture. However, it seems fliat the drying temperature reduction is margmal so 

that the final moisture content specification can be met. 

5.2. Recommendations 

Even though the simulator accommodates several features, there is room for 

improvement. The possible improvemente are: 

1. Before proceeding with the optimization study, the simulator should be 

optimized to be more computational efficient. It is suggested to: 

• increase the integration time increments, maybe instead of one second 

a three seconds time increment could be used, considering the overall 

time of integration (6.9 hours); 

• reduce the number of discrete nodes inside the food particle; and 

• reduce the number of food particles layers. (This reduction may not be 

feasible, due to flie 100% relative humidity constraint.) 
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Notice that the two first changes have to satisfy the integration 

stabihty. 

2. The optimization study can also be extended. Two new approaches are 

suggested: 

• expand the optimization studies to include independent drying afr 

velocities and temperatures for each section in the dryer; and 

• use beh speed as a manipulated variable. Curtently the three belt 

speeds are assumed to be constant. The belt speed can be manipulated, 

and therefore, three new decision variables can be used to optimize the 

operating conditions. 

3. The heat and mass transfer coefficient could be updated with a more recent 

cortelation developed for packed bed of food producte. 

4. The transfer of product from one section to another, in the industrial dryer, is 

made in such a way that the food particles are randomized. A randomization 

ofthe particles in the simulation ofthe packed bed could make the process 

more reahstic. 

5. It is known that shrinkage of food particles and packed bed occurs diuing the 

drying process. This phenomenum affecte the simulation results since the 

superficial area and volume ofthe food particles as well as the packed bed 

porosity change with time. If shrinkage ofthe bed is accounted, the nature of 

the differential equations that describe the mass and energy balance changes 

from IV-PDE to a moving boundary problem. 
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6. The simulator also assumes plug flow ofthe drying afr. Another possible 

addition to the simulator would be to account for flow pattems through the 

packed bed. 

7. The developed simulator has several utihties not explored m this project, they 

are: 

• testing of process control sfrategies; 

• examination of equipment design parameter, such as the continuous 

belt dryer area to volume ratio; 

• examination of process design parameters, such as supply afr velocity 

and temperature; 

• study of food quahty properties after processing, such as moisture 

content, temperature and density ofthe food particle. 
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APPENDDCA 

DERIVATION OF THE DISTRIBUTED DIFFERENTIAL 

MASS BALANCE AND LUMPED DIFFERENTIAL 

ENERGY BALANCE ON A FOOD PARTICLE 

This appendix infroduces the distributed differential mass balance and lumped 

energy balance on a food particle. The initial and boundary conditions to the mass and 

energy balance are also presented. 

A.l. Modeling Simplifications for Food Particle 

The major hypothesis used in the derivation ofthe food particle mass and energy 

balance were: 

1. The model for the food particle freats the material as a rigid skeleton filled 

with moisture. 

2. The food particles are assumed to be geometrically defined and uniformly 

sized. The shape ofthe particle were assumed to be either a flat disc (infinite 

slab), an infinite cylinder or a sphere. The dicing and shcing process shows a 

small variance around the desired mean cut, therefore the characteristic 

dimensions can be approximated to be constant. In the case of diced potato 

(cube or parallelepiped), the length, width and height are the characteristic 

dimensions. For sliced potato, the shce thickness is the characteristic 

dimension. In the case of shced potato, it should also be observed that the 
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superficial area and volume vary quite significantly, due to the natural shape 

ofthe potato (eUipsoid), however the specific area, that is the ratio of 

superficial area to volume, is about constant, and the specific area is the 

requfred parameter for modehng. 

3. Unidimensional fransport of mass and energy can be assume4 since the food 

particle is homogeneous and isofropic 

4. Purely convective heat and mass transfer. Both diffiision and conduction 

between particles in the packed bed are neghgible. The contact between the 

food particles does not affect the heat and mass transfer, which are modeled to 

be convective. 

5. No generation or depletion of water through reaction, in the drying chamber. 

6. The physical properties ofthe food particles are fimctions of moisture content 

and/or temperature. Moisture content and temperature are the two major 

influences on the food particle physical properties. However, factors such as 

food variety, conditions of agricultural production as well as composition 

affect the physical properties ofa food particle and are not taken into 

consideration in the cunent modehng. 

7. Moisture migrates from the center ofthe food particle center towards the 

extemal surface, through an effective molecular diffiision. No other 

mechanism, such as moisture capillary convection, affecte moisture migration 

inside the food particle. A discussion over the effective molecular diffiision is 

presented in Chapter 3. 
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8. Isothermal profile in the food particle. This hypothesis is diseased in detail in 

Cluq)ter4. 

9. Enthalpy of desorption was approximated to the enthalpy of vaporization of 

the water. Measured values of enthalpy desorption are not available in the 

span of temperature and moisture content ofthe drying process. However, 

experimental measurement indicate that the enthalpy of desorption can be 

approximated by the enthalpy of vaporization. 

A.2.Distributed Differential Mass Balance on a Food Particle 

In words, the conservation of mass for water in a differential confrol volume m a 

time interval &t is expressed as Equation (A.1). 

net acummulation 

of mass 

[in the system volume 
• 

input 

of mass 

through 

surface 

' output 

of mass 

through 

surface 

• + • 

generation 

of mass 

inside 

volume 

depletion 

of mass 

inside 

volume 

(A.1) 

It was assumed that there is no production or depletion of water through reaction. 

Therefore, the terms: { generation inside volume} and {depletion inside volume} are equal 

to zero, reducfrig Equation (A.1) to Equation (A.2). 

net acummulation 

of mass 

in the system volume 

input 

of mass 

through 

surface 

output 

of mass 

through 

surface 

(A.2) 
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A.2.1. Differential Mass Balance for an Infinite Slab 
(Rectangular Coordinates) 

In the case of unidimensional transport of mass in an infinite slab, the terms 

presented in Equation (A.2) can be expressed by the following terms. 

Accumulation: [pX-(Ax-H^ W)l^^ - [p • AT • (Ax • ff • )F)], 

Transport by Molecular Diffiision (Input-Output): 

[j„^,.(H^W).Atl-[j„,,^(H^fn-^l^^ 

The dimensionsX, Ax, Haad (f'are defined in Figures A.l and A.2. Equation 

(A.2) for an infinite slab is expressed m mathematical symbols as Equation (A.3). 

[p-X-(AxH^inl,^-[pX^(Ax:H-Tnl = 

[j„^,-(H-m^Atl-[j,^o(H-W).Atl^^ 

(A.3) 

Equation (A.3) was divided by Ax • / / • W • Ar, and rearranged mto Equation 

(A.4)-

Ar Ax 

In order to derive the mass balance at a point, it is necessary to take the hmit as 

Ax and At approach zero simultaneously- The definition of partial derivative is given by 

Equation (A.5). 

^ A £ ^ = ^ fi^^^,t)-f(x,t) ^^5^ 

ax Ax->0 Ax 

Therefore, Equation (A.4) is expressed as Equation (A.6). 
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H 

Figure A. 1. Infinite slab dimensions. 

/,-! - / 

Figure A.2. Unidimensional representation ofthe 
differential control volume for an 
infinite slab or flat disc for mass 
transport analysis. 

H 
Ax 
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a(p-x)^ aj„^o 
at dx 

The diffiision flux can be represented by Pick's Law. 

JH,O '' -P a{px) 
ax 

Infroduction of Pick's Law mto (A.6) leads to Equation (A.8). 

a{px)^ a 
at 'ax 

p a(px) 
ax 

(A.6) 

(A.7) 

(A.8) 

On the left hand side of Equation (A.8), the product property of derivative was 

used. On the right hand side of Equation (A.8), the derivative was exphcitly expressed. 

Therefore, Equation (A.8) can be developed into Equation (A.9). 

dt dt dx"- dx 

0{pX) 

dx 
(A.9) 

Recall, from Chapter 3, fliat p = p(X) and D = Z)(X, 7 ) . When flie cham rule is 

dp dP 
used, the term —^ and --— can be expressed by the following equations. 

d£_dp_ dX 
df- dx' dt 

dP^dP^ dX dP dl 
at 'ax at * ai' at 

Therefore, Equation (A.9) can be expressed as Equation (A.IO) 

ax ap ax a\p-x) \ap ax ap aT\ \a(p^X) 
^•^^^•^•7r=^- ax^*X^'-d;*-aT-a;\'\rar\ ^""'"^ 

159 



Rearranguig Equation (A. 10) and assuming uniform temperature profile 

(aT ^ 
1 "T~ = 01, the moisture content profile in a food particle in Cartesian coordinates is 

given by Equation (A.11). 

dX ^ 1 

^ ax 

a^(j)-x) 8P_ ax_ a{pX)\ 
dx" "^ax' ax' dx J (A.11) 

A.2.2. Differential Mass Balance for an Infinite Cylinder 
(Cylindrical Coordinates) 

In the case of unidunensional fransport of mass in an infinite cylinder, the terms 

presented in Equation (A.2) can be expressed by the following terms. 

Accumulation: [p-X-(2- ; r -?-Ar- / f ) ] ,^^-[p-X-(2- ; r - r -Ar- /0] , 

Transport by Molecular Diffiision (Input-Output): 

[ ; „ , „ - (2 - ; r - r - /0Ar ] , - [y« ,o (2 -^ ' -H) -Ar ]^^^ 

The dimensions r, Ar, R and H are defined in Figures A.3 and A.4. Equation 

(A.2) for an infinite cyhnder is expressed fri matiiematical symbols as Equation (A.12). 

[p-A' - (2- ; r - rAr-f l ) ] ,^^-[ /7-Jr (2- ; r - r -Ar-H)] ,= 

\j„^„.{l-KrH)-At\-\j„^o(.^-nrH)At\^^ 

(A.12) 

Equation (A-12) was divided by (2 • ;r • r - Ar -H) • A/, and rearranged frito 

Equation (A. 13). 
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Figure A.3. Infinite cylinder dimensions. 

Jni^ Figure A.4. Unidimensional representation of the 
differential control volume for an 
infinite cylinder for mass transport 
analysis. 
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(A. 13) 
Ar r Ar 

In order to derive the mass balance at a point, it is necessary to take the limit as 

Ar and Ar approach zero simultaneously. The definition of tiie partial derivative is given 

by (A.5). Therefore, Equation (A.13) is expressed as Equation (A.14). 

ajpX) __l a{r-j„^o) 

at r ar 

(A.14) Infroduction of Pick's Law (A.7) frito Equation (A.14) leads to Equation (A.15). 

a(pX) a{px)^\ a 
at r ar 

r-D-
ar 

(A-15) 

On the left hand side of Equation (A.15), the product property of derivative was 

used. On the right hand side of Equation (A.15), the derivative was exphcitly expressed. 

Therefore, Equation (A.15) can be developed into Equation (A.16). 

a(pX) ^r a_ 
- r dr dt 

P 
d{p-X) 1 

d{p-x) _ a 
at - ar 

p 

ar 

d(pX) 

p-
d(pX) 

dr 
dr 
dr 

dr 

dX dp aHp^x) dP 
P-—^x.^^p^^^.— dt dr^ dr 

a(pX) 

D \S{p-X)l 

ar (A.16) 

Recall, from Chapter 3, fliat p = p^X) and D = P(X, T). When ttie chafri rule is 

used, the term —^ and can be expressed by the following equations. 

at ax 
dp^_d£_ ax 
at' ax' at 
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sp__ap_ ax ap ai 
at ~ ax' at * aT at 

Therefore, Equation (A. 16) can be expressed as Equation (A. 17). 

ax ap ax 
^-ai*^ ax dt 

s'{p-x) \ap ax dP aT 
^•^T^n-ax ar'^'aT ar 

a{px) 
ar VAm 

(A.17) 

Rearranging Equation (A.17) and assuming uniform temperature profile 

(aT \ 
I -— = 0 1 , the moisture content profile m a food particle in cylindrical coordinates is 

given by Equation (A. 18). 

ax 
dt -

" - # ' "" 

dP dX' 

.ax' ar_ 
\S(p-X)'] 

Sr 

P 
+ — 

r 
S{pX) 

ar 

(A.18) 

A.2.3. Differential Mass Balance for a Sphere 
(Spherical Coordinates) 

In the case of unidimensional mass transport in a sphere, the terms presented in 

Equation (A.2) can be expressed by flie following terms. 

Accumulation: [p - AT • (4 - ;r • r ' • Ar)]_^^ - [p • A" • (4 • ;r • r^ - Ar)]^ 
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Transport by Molecular Dififiision (Iiqiut-Output): 

[ ^ , o ( 4 - ^ r ^ ) - A r ] -[y„_o.(4-;rr^)-Ar[^^ 

The dunensions r, Ar and /f are defined fri Figures A.5 and A.6. Equation (A.2) 

for a sphere is expressed ui mathematical symbols as Equation (A.19). 

[p-^-(4- ; r - r ' -Ar)]^^^-[p-X-(4- . ; r - r 'Ar)]_ = 

{JH,O • (4 • ;r • r^ ) • Ar] - [j„^ • (4 - ;r - r^) • Ar]^^^ 

(A.19) 

Equation (A.19) was divided by (4-;r-r^ •Ar)-Ar, and rearranged mto Equation 

(A.20). 

[P-A..-[P-A 1 [j''.oA-[j''>o"-'L. 
^ ="7^ ^ (^-2°) 

In order to derive the mass balance at a point, it is necessary to take the lirtut as 

Ar and AT approach zero simultaneously. The definition ofthe partial derivative is given 

by (A.5). Therefore, Equation (A.20) is expressed as Equation (A.21). 

a(pX) 1 <?('•'•7«,o) 
, = — r T-^— (A.21) 

dt r^ ar ^ ' 

Introduction of Pick's Law (A.7) into Equation (A.21) leads to Equation (A.22). 

a(pX)^ 1 £_ 
at ~ r ' " ar dr J 

(A.22) 

On the left hand side of Equation (A.22), the product property of derivative was 

used. On the right hand side of Equation (A.22), the derivative was expUcifly expressed. 

Therefore, Equation (A.22) can be developed mto Equation (A.23). 
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Figure A.5. Sphere dimensions. 

Figure A.6. Unidimensional representation ofthe 
differential confrol volume for a sphere 
for mass fransport analysis. 
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<9(P 
at r' ar\_ ar 

1 D 
g'(p-.y) 

ar 
af_ 
ar 

dip ^P-^ _d\^ S(p-X)\ ^ IP \d{j>-x)\ 
dt <?r[ dr \ r L ^ r J 

„ iL^ Y ^ r, i^iPlAyD \d{p^ 2D \a{pX) 

f at *^' at -^'~^r^*T7'[~T7~r~r\—^^ 
(A-23) 

Recall, from Ch^ter 3, fliat p = /?(A^ and D = £)( AT, 7 ) . When tiie cham rule is 

ap ap 
used, the term — and -z- can be expressed by the following equations. 

8p_^ap_ ax 
at 'ax' at 

^ _ £ D ax ap ai 
at-ax at'^aj'at 

Therefore Equation (A.23) can be expressed as Equation (A.24). 

ax_ ap_ ax 
''at ''^'ax' at " 

D 
a'{p-x) (ap ax ap aT 

ar' -n-ax ar dT ar }{• 
a{px) 

ar 
2D a(px) 

dr 

(A.24) 

Rearranging Equation (A.24) and assuming uniform temperature profile 

= 01, the moisture content profile fri a food particle fri spherical coordmate is given 

by Equation (A.25). 
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ax 
at '' 

p + X 
a - P - ^ ^ ap I ar 
ax 

dP_ dX_ 
ax' ar 

a{p-X)\ ID r<?(p-Ar)l] 
ar y r 1 dr Jj 

(A.25) 

A.2.4. Initial and Boundary Conditions for the Differential Mass 
Balance on a Food Particle 

The differential equation describing mass balance is an initial value partial 

differential equation (IV-PDE), which requfres one friitial condition plus two spatial 

boundary conditions. The mitial and boundary conditions are independent of temperature 

profile and the particle shape. 

1. Initial Condition 

The moisture profile inside the food particle is uniform. 

X = X^ r = 0, Vr (A.26) 

2. Boundary Condition 

2.1. No mass flux through the center line. 

\S{p-X) 
= 0 t > 0 (A-27) 

-P 

2.2. Mass flux due to molecular diffiision equals the mass transfer at the 

extemal surface. 

S{pX) 
dr —K^PA^-^PA\ '>O (A.28) 
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k„ is flie overall mass tiansfer coefficient defined wifli reference to tiie gas 

properties, (p • Y),^ is the composition ofthe vapor fliat would be in equihbrium wifli 

flie sohd surface ofcomposition(p-AT) ^ _ j . ipY)^ is flie bulk moistiue content of die 

drying afr. 

A.3. Lumped Differential Energy Balance on a Food Particle 

In words, the conservation of thermal energy equation in a differential control 

volume in a time mterval Ar is expressed as Equation (A.29). 

thermal energy 

acummulation 

inside confrol 

volume 

thermal 

energy 

into 

control volume 

+ • 

thetma • 

energy 

out of 

confrol volume 

thermal energy 

generation 

inside control 

\ 'olu me 

• + 

thermal energy 

depletion 

inside control 

volume 

(A.29) 

It was assumed that there is no production or depletion of water through reaction. 

Therefore, the terms: {thermal energy generation inside confrol volume} and {thermal 

energy depletion inside control volume} are equal to zero, reducing Equation (A.29) to 

Equation (A.30). 

(A.30) 

thermal energy 

acummulation 

inside confrol 

volume 

thermal 

energy 

into 

control volume 

thermal 

energy 

out of 

control volume 
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An example of control volume for the lumped parameter model for a sphere is 

given in Figure A.7. Similar control volume enveloping the particle was used for an 

infinite slab and an infinite cylinder. 

A.3.1. Differential Energy Balance for an Infinite Slab 
(Rectangular Coordinates) 

In the case of an infinite slab, the terms presented in Equation (A.30) can be 

expressed by the following terms. 

Accumulation: 

[p-''c,-{T-T^)-{LH^W)l^^-[pcpiT-T^)-{LH^W)\ 

Heat Transfer by Convection (Input): h^(T^-T)-A^^At 

Heat Transfer due to Evaporation of Water (Output): X • J„^g -A^-Ai 

where A^ is flie frifinite slab superficial area, given by flie 

followfrig equation: A^ = [2 - ( I -H) + 2(Z,-PF) + 2 - ( / ^ f n ] 

For an frifinite slab, (L H) and (,L^W) are much smaller flian (H^W), 

simphfying flie superficial area ofthe particle to Equation (A.31). 

A=2-(H^W) (A.31) 
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* • ( ? • „ , - n 

« ~^'Jufi 

Figure A.7. Control volume for lumped energy balance on a spherical particle. 
Similar control volume envolving the particle was used for infinite slab and 
mfinite cylinder. 
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The dimensions L, H and W are defined in Figure A. 1. For an mfinite slab. 

Equation (A.30) is expressed ui matiiematical symbols as Equation (A.32). 

\p'cp{T-T^)^{LH-W)\^^-[p^-Cp-{T-T,^)-(L^H-W)\ = 

[h-(T^-rf(2H-W)At]-[X-j„^o^(2H-W)At\ 

(A.32) 

Equation (A.32) was divided hy LH^JVAt, resultfrig fri Equation (A.33). 

[p-c,-(r-r^)] -[p-c,-(r-7;^)] 2, 1 
^- ^ - ^ ^^ = j[hiT^-r)-X^j„^„] (A.33) 

In order to derive the energy balance at a point, it is necessary to take the limit as 

Ar approach zero. The definition ofthe partial derivative is given by (A.5). 

Equation (A.34) represents the food particle temperature in Cartesian coordinates 

as a fimction ofthe time. 

p-Cp^iT-T^) 

dt 
j[f'{T^-T)-X-j„^g] (A.34) 

A.3.2. Differential Energy Balance for an Infiiute Cylinder 
(Cylindrical Coordinates) 

In the case of an infinite cylmder, the terms presented m Equation (A.30) can be 

expressed by the followfrig terms. 

Accumulation: 

[p-c , (7- - r^) - ( ; r - /?^-H)[^^- [p-c , ( r - r^) - ( ; r - J? ' . /0 ] , 
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Heat Transfer by Convection (Input): ff{T^-T)ApAt 

Heat Transfer due to Evaporation of Water (Output): X • J„^o -A^-At 

where A^ is the infiiute cylinder superficial area, given by the 

followfrig equation: A^, =[(2-7rRH)-t-2-{^R^)] 

The dimensions R and H are defined in Figure A.3. For an infinite cylinder, 

{2 •jt-R^) is much smaller than {2-^-RH), simphfying the superficial area ofthe 

particle to Equation (A.35). 

Ap=(2-xRH) (A.35) 

For an infinite cylinder. Equation (A.30) is expressed in mathematical symbols as 

Equation (A.36). 

[p^c, .{T-l^)-{ffR' -H)],^^ -[pcp -(.T-T^MitR' H)], = 

[h-{T,,-T)-(,2^^R-H)At]-[x-j„^„^(2-irRH)At] 

(A.36) 

Equation (A.36) was divided by JTR' -HAr, resulting in Equation (A.37). 

f p - c , - ( r - r ^ ) l -\p-Cp(.T-T^i\ 2 r 1 
1—^^^ ^ J » ^ , *• ^^^ = ~{f'.(T^-T,-X^j„J (A.37) 

A r A •• •• 

In order to derive the energy balance at a point, it is necessary to take the limit as 

Ar approach zero. The definition ofthe partial derivative is given by (A.5). 

Equation (A.3 8) represente flie food particle temperature cylindrical coordfriates 

as a function ofthe time. 
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d\p'cp-(J-T^) 

dt -\\h<T^-'n->^-Jn^o\ (A.38) 

A.3.3. Differential Energy Balance for a Sphere 
(Spherical Coordinates) 

In flie case ofa sphere, ttie terms presented fri Equation (A.30) can be expressed 

by the following terms. 

Accumulation: 

pc,-(r-r^).( l^-/j ' ) P-c,-(r-r^).(l^./f') 

Heat Transfer by Convection (Input): h-(J^-T)-{'^-itR')- At 

Heat Transfer due to Evaporation of Water (Output): 

^•7«,o-(4-^ .R' )Ar 

The dimension R is defined m Figure A.5. For a sphere. Equation (A.30) is 

expressed in mathematical symbols as Equation (A.39). 

4-;r P-c,-(r-r^)-(^-/f') pc,-(r-r^)-(—-/?') 

[* • (r„^ - r ) • (4 • ;r - ;?^) • Ar] - [/I • y„,o • (4 - ;r • .R )̂ - Ar] 

(A.39) 

Equation (A.39) was divided by ( i?') • A/, resulting fri Equation (A.40). 

[p-;,-(r-2;^)] -[p-c,.(r-r^)] 3 
^"^7^ ^-^ = -\h-(T..-r)-X-3,^,\ (A.40) 
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In order to derive the energy balance at a point, it is necessary to take the limit as 

Ar ^>proach zero. The definition ofthe partial derivative is given by (A.5). 

Equation (A.41) represente the food particle temperature spherical coordinates as 

a fimction ofthe time. 

pCp-{T-T^) 

dt 
h^{T,,-T)-X- -P 

HP-X) 
dr 

(A.41) 

A.3.4. Initial Conditions for the Differential Energy Balance 
on a Food Particle 

The differential equation describing the energy balance is an initial value 

differential equation (or initial value problem ~ IVP), which requfres one initial 

condition. The initial condition is independent ofthe particle shape. 

T=T r = 0, Vx (A.42) 

174 



Table A. 1. Nomenclature for Appendix A. 

Symbol Nomenclature Units' 

^p Superficial area ofthe food particle 5 

Cp Heat capacity ofthe food particle J / s / m / K 

D Difiusion coefficient of the food particle m'/s 

J Mass flux kg / s/ m^ 

h Heat transfer coefficient J / s / m V K 

k Thermal conductivity of the food particle W / m / K 

km Mass transfer coefficient m/s 

g Heatflux J / s / m ' 

r Unidimensional flux direction m 

R Chaiacteiistic dimension of the particle m 

t Time s 

T Tenqwrature K 

T Drying air bulk temperature K 

Vp Volume of the food particle m' 

X Moisture content ofthe food particle kg/kgdb 

a Thermal difiusion coefficient dimensionless 

p Density of the food particle kg/m^ 
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Table A. 1. Contuiued 

Symbol Nomenclature Units' 

Subscript 

air 

e 

0 

Superscript 

Drying air 

Equilibrium 

Initial 

Average value ofthe parameter 

Units are presented where it is applicable. 
Drying air properties and variables have subscript (density, p^j^ ), while food particle properties and 
variables have no subscript (density, p). 
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APPENDIX B 

DERIVATION OF THE DIFFERENTIAL MASS 

AND ENERGY BALANCE ON THE DRYING AIR 

This appendix introduces the differential mass and energy balance on the drying 

afr. The initial conditions for the mass and energy balance are also presented 

B.l. Modeling Simphfications for Drying Afr 

The major hypothesis used in the derivation ofthe drying afr mass and energy 

balance were: 

1. The drying afr mass and energy conservation equations were assumed to be at 

pseudo-steady-state. A pseudo-steady-state hypothesis can be made when the 

accumulation or depletion of mass is neghgible. That is, even though some 

accumulation or depletion is observed, it is not significant to move the process far 

away fixim the current steady-state. The pseudo-steady-state hypothesis was 

possible due to following characteristics ofthe flow: 

1.1. The contact time of the drying afr and the packed bed is short, since the 

drying afr velocity is in the order of 1 m/s while the maximum bed 

thickness is ofthe order of 10''m. 

1.2. The amount of moisture added to the drying afr is trivial compared to the 

mass of drying afr, allowing to assume the afr mass and energy balance are 

at steady state in a differential element. 
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2. Since the drying afr flow is in the turbulent regimen, plug-flow of drying afr 

can be assumed. 

3. The drying afr flow dfrection is normal to the conveyor beh. 

4. The dryer is assumed adiabatic; therefore there are no heat losses to the 

environment. 

5. Due to geometrical symmetry the drying afr flux is assmned to be 

unidimensional. 

B.2 Differential Mass Balance on the Drying Afr 

In order to avoid ambiguity, when presenting the drying afr modeling equations, it 

is necessary to set a convention for equation notation. Drying afr coordinates are 

represented with a prime (x', y', z'), as shown in Figure B.l; while food particle 

coordfriates are represented ui tiie standard notation (x, y, z, r), as shown fri Figures A.l, 

through A.6. Drying afr properties and variables have subscript (density, p„^), while 

food particle properties and variables have no subscript (density, p ) . 

In words, flie conservation of mass for water around a differential confrol volume 

Ul flie packed bed is expressed as Equation (B.l). 

net 

acummulation 

of mass 

in system volume 

' ~ 

input 

of mass 

flu-ough 

surface 

output 

of mass 

through 

surface 

• • f • 

generation 

of mass 

inside 

volume 

depletion 

of mass 

inside 

volume 

(B.l) 
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Drying Afr Output 

Food 
Particles 

Input 

Food 
Particles 
Output 

Figure B.l. Packed bed differential element. 
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It was assumed that there is no production or depletion of water through reaction. 

Therefore, the terms: {generation of mass inside volume} and {depletion of mass inside 

volume} are equal to zero. Due to the pseudo-steady state simphfication flie term {net 

accumulation in system volume} is also equal to zero, reducing Equation (B.l) to 

Equation (B.2). 

(B.2) 

The drying afr control volume is presented in Figure B.l, where the dimensions 

Ax', Ay', Az' are defined. Before deriving the differential equation for mass balance of 

drying afr, it is necessary to quantify the number of particle in a differential element, 

which is given by Equation (B.3). 

volume ofthe differential element occupied by the particles 

friput 

of mass 

through 

surface 

output 

of mass 

through 

surface 

N, (B-3) 
volume ofa smgle particle 

The volume ofthe differential element occupied by the particles is the fraction of 

the differential element volume (AJI:'A3''-AZ') fliat is filled with particles except for the afr 

fri the porous bed (l - f) • Therefore, Equation (B.3) is expressed fri mathematical terms 

as (B.4). 

(Ax'-AyAz')-(l-£) 

In the case ofthe drying air, the terms presented fri Equation (B.2) can be 

expressed by flie followfrig terms. 
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Accumulation: 0 

Moisture added to the drying afr due to the evaporation of moisture fiom 

. d(pX)-\ 
all the food particles in the differential element: {N A 

ar 

Moisture Flow by drying afr advection (Input-Ou^ut): 

[p^ • v^ . (Ax'-Az-) - Y\, - [p^ • v^ • (Ax'-Az-) • Y\.^^^. 

Equation (B.2) for the drying afr is expressed in mathematical symbols as 

Equation (B.5). 

d{pX)' 

(B.5) 

^,-A, 
P P 

- £ ) • 
dx 

Equation (B.5) was divided by (Ax'-Ay'-Az') and rearranged mto Equation (B.6). 

[Ax'-Ay-Az'' ' ' Ay 
•D-

dr 
(B.6) 

In order to derive the mass balance at a pofrit, it is necessary to take the limit as 

Ay' approach zero. The definition ofthe partial derivative is given by (A.5). The term 

i was substihited by ^̂  ^, as suggeste Equation (B.4). Therefore, Equation 
Ax'-A '̂-Az' Vp 

(B.6) reduces to Equation (B.7). 

(B.7) d[p,ir-\,r-Y 
dy' ht r d{pX)-\ 

dr J 
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B.2.1. Initial Conditions for the Differential Mass Balance 
on the Drying Afr 

The differential equation describing the drying afr mass balance is an initial value 

differential equation (or mitial value problem - IVP), which requires one friitial 

condition, given by Equation (B.8). 

y=Y, y = 0 (B.8) 

B.3. Differential Energy Balance on the Drying Afr 

In words, the energy balance equation is expressed as Equation (B.9). 

thermal energy 

acummulation 

inside control 

volume 

thermal 

energy 

into 

control volume 

+' 

therma 

energy 

out of 

control volume 

thermal energy 

generation 

inside confrol 

\ folu me 

' -1-

thermal energy 

depletion 

inside confrol 

volume 

(B.9) 

It was assumed that there is no production or depletion of water through reaction. 

Therefore, the terms: {thermal energy generation inside confrol volume} and {thermal 

energy depletion inside control volume} are equal to zero. Due to the pseudo-steady state 

simphfication the term {net accumulation in system volume} is also equal to zero, 

reducing Equation (B.9) to Equation (B.IO). 
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fliermal 
energy 

into 
confrol volume 

thermal 
energy 

out 
of confrol volume 

(B.IO) 

In the case ofthe drying afr, the terms presented m Equation (B .51) can be 

expressed by the following terms. 

Accumulation: 0 

Convective cooling ofthe drymg afr: Nj,Aj,- \-h • (T^ - J)] 

Energy added to the drying afr due to the evaporation of moisture from all 

the food particles in the differential element: N^ • A^ 

Advected drying afr enthalpy (Input-Output): 

|.l(70 •!"-/)• djpX) 
dr 

[Pcir -Kir -c,^ •(^'^ -r^.J-CAx'-Az')]^, - [ p ^ -v^ -c ,^ •{T^ - r̂ „ )̂-(Ax'-Az')]̂ ,̂ ^ .̂ 

Equation (B.IO) for the drying afr is expressed in mathematical symbols as 

Equation (B.l 1). 

\ 1 \ r d(px) 
Np-Ap-\-h^{T^-T) + X(T)- -P-

+ [pai. -Kir C,.^ -(Lir ' 7 " ^ . ^ ' (Ax'-Az')]^, -H 

-[p^ -v^ -Cp^ -(r^ -r^„,)(Ax'-Az')]^,^^^. = 0 

(B.U) 

Equation (B.U) was divided by (Ax'-Ay'-Az') and rearranged into Equation 

(B.12)-
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[pcr -v^ -Cp^ -(r.^ -r^^)(Ax'.Az')]^^^^ - [ p ^ -v^ - c , ^ (2^ -r^^)-(Ax'Az')]^ 

Ay' 

^..,.{-..(r..-.)..(7,-[-z>.^L} Ax'-Ay'-, 

(B-12) 

In order to derive the energy balance at a point, it is necessary to take the hmit as 

Ay approach zero. The definition ofthe partial derivative is given by (A.5). The 

term was substituted by ^̂  , as suggests Equation (B.4). Therefore, 
Ax-Ay-Az Vp 

Equation (B.12) reduces to Equation (B.13). 

d P«r-Ki, pair \ air ^r^air/ 

dy 

( i - . ) - ^ - -/.•fc,-r)+A(r)- r ^ d(px)] 
dr ...} 

(B.13) 

B.3.1. Initial Conditions for the Differential Energy Balance 
on the Drying Afr 

The differential equation describing the drying afr energy balance is an initial 

value differential equation (or initial value problem - IVP), which requires one uiitial 

condition, given by Equation (B.14). 

y=o (B.14) 
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Table B.l . Nomenclature for Appendix B. 

Symbol Nomenclatuie Units' 

3 Ap 

"P 

D 

J 

h 

k 

km 

Np 

<! 

r 

R 

t 

T 

T 

V 

^P 

X 

Y 

a 

s 

P 

Superficial area of the food particle 

Heat capacity ofthe food particle 

Diffusion coefficient of the food particle 

Mass flux 

Heat transfer coefficient 

Thermal conductivity ofthe food particle 

Mass transfer coefficient 

Nmnber of food particles 

Heatfhix 

Unidimensional flux direction 

Characteristic dimension ofthe particle 

Time 

Temperature 

Drying air bulk temperature 

Velocity 

Vohune ofthe food particle 

Moisture content of the food particle 

Moisture content ofthe drying air 

Thermal diffiision coefficient 

Bed porosity 

Density ofthe food particle 

m' 

J / s / m / K 

m^/s 

kg/s/m' 

J/s/nr'/K 

W/m/K 

m/s 

dimensionless 

J/s/m^ 

K 

K 

m/s 

m' 

kg/kgdb 

kg/kg da 

dimensionless 

kg/m= 
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Table B.l. Continued. 

Symbol Nomenclature Units' 

Subscript 

air Drying air 

e Equilibrium 

0 Initial 

' Units are presented where it is applicable. 
Drying air properties and variables have subscript (density, p ^ ), while food particle properties and 
variables have no subscript (density, p) . 
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APPENDIX C 

DERIVATION OF THE DISTRIBUTED DIFFERENTIAL 

MASS BALANCE AND THE DISTRIBUTED 

DIFFERENnAL ENERGY BALANCE ON A 

FOOD PARTICLE 

This appendix infroduces the distributed differential mass balance and the 

distributed differential energy balance on a food particle. The initial and boundary 

conditions to the mass and energy balance are also presented. 

C.l. Modeling Simphfications 

The major hypotheses used in the derivation ofthe food particle mass and energy 

balance basically parallels the ones presented in Appendix A. The only exception is 

hypothesis 8, which is restated as follows: 

8. Non-isothermal profile in the food particle is assumed. It is hypothesized that 

the temperature inside the food particle varies with the position inside the food particle 

due to thermal resistance to the conduction of thermal energy inside the food particle. 

C.2. Distributed Differential Mass Balance on a Food Particle 

The mass balance in the case of distributed parameter energy balance parallels the 

mass balance presented in Appendix A, until the isothermal profile simphfication is 

made. 
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C.2.1. Differential Mass Balance for an hifinite Slab 
(Rectangular Coordinates) 

Since all the simphfying hypothesis made for derivation of Equation (A. 10) are 

vahd for the non-isothermal profile, the moisture profile derivation will be continued 

fixim this equation for an frifinite slab. 

dx ^ y dp dx _j^ d^pX) ^ (dp ax ^ ap aT} 
at 'ax' at ' ax'' ""Xax'ax^aT ax 

djpX) 
dx 

(A. 10) 

3T\ /^T 

For the non-isothermal profile the term , in Equation (A. 10) has to be 
aT ax 

taken into account, since the particle temperature varies throughout the characteristic 

dimension. When Equation (A. 10) is rearranged, the temperature profile for an infinite 

slab is given by Equation (C. 1). 

ax^ 1 [̂  d^'ip^x) ^ \ap ax ^ap aT] ajpx) 
at ^ dp'l ' dx' *\dx'dx^ dT dx] dx 

p+X '• 
'^ dX 

(C.l) 

C.2.2. Differential Mass Balance for an Infinite Cylinder 
(Cylindrical Coordfriates) 

Since all the simphfying hypothesis made for derivation of Equation (A.17) are 

vahd for the non-isothermal profile, the moisture profile derivation will be contmued 

from this equation for an frifiiute cylinder. 
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p.iL+x.^.iL.. 
dt dX dt 

P-
d^{px) (ap ax ao aT 

dr' 
-+< + 

[dX dr dT dr 

a{px) 
ar VT{ 

a(j>-x) 
ar 

(A.17) 

For the non-isothermal profile flie term —— - ——, fri Equation (A. 17) has to be 

taken into account, since the particle temperature varies throughout the characteristic 

dimension. When Equation (A. 17) is rearranged, the temperature profile for an frifinite 

cylinder is given by Equation (C.2). 

ax 
at' 

p+X ap_ 
ax 

< - ^ * 
dD_ ax_ ap_ aT_ 
ax' ar^ aT' ar 

p(p-x)l 
L dr 

P 
+ — 

r 

\a(p^x)\ 
dr 

(C.2) 

C.2.3. Differential Mass Balance for a Sphere 
(Spherical Coordinates) 

Since all the simpUfying hypothesis made for derivation of Equation (A.24) are 

vahd for the non-isothermal profile, the moisture profile derivation will be continued 

fiom this equation for a sphere. 
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p.^JL^x.^.^.. 
dt ax dt 

^ d'{px) ^ \ap ax ap aT] 
dr' 

(dP dX ^dP dT} 
'\dx' dr "̂  dT dr] 

d(pX) 
dr 

2P dipX)] 

(A.24) 

For the non-isothermal profile the term —— - -——, in Equation (A.24) has to be 

taken into account, since the particle temperature varies throughout the characteristic 

dimension. When Equation (A.24) is rearranged, the temperature profile for a sphere is 

given by Equation (C.3). 

dX _ 
dt -

1 [ d'{p^x) S.dD dX dD dT' 
^ dp 1^ dr' '[dX dr'^dT dr\ 

Idip-X)! 
dr 

2D 
r 

\d{p-X)-\ 
dr ] 

(C.3) 

C.2.4. Initial and Boundary Conditions for the Differential 
Mass Balance on a Food Particle 

In this case, the initial and boundary conditions parallel the friitial boundary 

conditions presented for flie mass balance m Appendix A. The differential equation 

describing mass balance is an initial value partial differential equation (TV-PDE), which 

requfres three boundary conditions, one friitial condition plus two spatial boundary 

conditions. The initial and boundary conditions are independent of temperature profile 

and the particle shape. 
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1. Initial Condition 

The moisture profile friside flie food particle is uniform. 

X=X. t = 0,Vr (A.26) 

2. Boundary Condition 

2.1. No mass flux through the center line. 

'd(p-X)l 
dr 

= 0 t>0 (A.27) 

2.2. Mass flux due to molecular diffusion equals the mass transfer at the 

extemal surface. 

-D 
d[p-x) 

ar 
= -^„-[(p-y).„,-(p-y).i.] f>o (A.28) 

fc„ is the overall mass fransfer coefficient defined with reference to the gas 

properties. (pY)^^ is the composition ofthe vapor that would be in equilibrium with 

the solid surface of composition (p- X]^_^ . (p- Y)^ is the buUc moisture content ofthe 

drying afr. 

C.3. Distributed Differential Energy Balance on a Food Particle 

In words, the energy equation in a differential control volume was expressed as 

Equation (A.30), after assuming no production or depletion of water through reaction. 
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thermal energy 

acummiflation 

inside control 

volume 

thermal 

energy 

into 

confrol volume 

thermal 

energy 

out 

of confrol volume 

(A.30) 

C.3.1. Differential Energy Balance for an Infinite Slab 
(Rectangular Coordinates) 

In the case of unidunensional transport of fliermal energy m an mfinite slab, the 

terms presented fri Equation (A.30) can be expressed by flie foUowfrig terms. 

Accumulation: 

[p-c,-(r-r^).(Ax.H.»oL-[p.c,-(r-r^)-(Ax-ff.>F)], 

Transport by Thermal Conduction (Input-Output): 

y\H-W)-Atl-[gHH-W)^All^^ 

The dimensions x. Ax, H, L and W are defined in Figures C.l and C.2. Equation 

(A.30) for an infinite slab is expressed in mathematical symbols as Equation (C.4). 

\p-Cp-[T-T^\{Ax-H^W)l^^-\p^Cp.[T-T^)-{Ax.H-W)\ = 

[q"^(H^W)-Atl-[q"iH^W)-Atl^^ 

(C.4) 

Equation (C.4) was divided by AxH-W-At, and rearranged mto Equation (C.5). 

At Ax 
(C.5) 
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Figure C.l. Infinite slab dimensions. 

X 

- * • 

Figure C.2. Urndimensional representation ofthe 
differential control volume for an 
mfinite slab or flat disc for thermal 
energy transport analysis. 

Ax 
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In order to derive the energy balance at a point, it is necessary to take the limit as 

Ax and At approach zero simultaneously. The definition ofthe partial derivative is given 

by Equation (A.5). Therefore, Equation (C.5) is expressed as Equation (C.6). 

d[pCp^{T-T^)] gq-
at ax 

The heat transfer flux can be represented by Fourier's Equation. 

(C.6) 

q"=-k^^ (C.7) 
ax 

Infroduction of Fourier's Equation mto (C.6) leads to Equation (C.8). 

d[p-Cp-{T-T^)\_ ^ r aT 

at ax\_ ax 
(C.8) 

On the left hand side of Equation (C.8), the product property of derivative was 

used. On the right hand side of Equation (C.8), flie derivative was exphcitly expressed. 

Therefore, Equation (C.8) can be developed mto Equation (C.9). 

. • . •^«.-(-r ,) . f . . - ( . -r .) .^=.0.f .f <c.. 
Tref is constant witii tune and flierefore its derivative is zero, or 

^y-'^'^l = £ 1 . Recall, from Chapter 3, tiiat p = p(X) ,Cp=Cp {X, T) and 
dt dt 

, , ap dc gk . 
k = k(X). When flie chafri mle is used, flie terms —-, —-,—- can be wntten as 

^ ' at at ox 

Equations (CIO), (C.ll) and (C.12). 
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dp_^d£_ ax 
at ax dt 

^ = ff£. '?X dcp gi 
at - ax' at'*' ai' dt 

dk_^dk_ dX 

dx~ dX dx 

(CIO) 

( C U ) 

(C.12) 

Therefore, Equation (C.9) can be expressed as Equation (C13). 

dT I \ dp dX I 

P-'p-T7^'=p\^-^'<\^T7^p\T-T^ 
dCp dT dcp gx 

dT' dt^ ax' at -k-
d^T 

ax'' 
'ak axl 
.ax' ax i 

£1 
ax 

(C13) 

The temperature profile in a food particle is given by Equation (C.l4) after 

rearranging Equation (C.l3). 

aT 
at'' 

1 

P-Cp+P • ( j - - ^ ^ ) 
a^ 
aT 

ax • a^ \ak_ axl £r_ / \ a£ ax 
ax' '^[ax' ax ] ax '''•'' •^'ax' at 

-p-i^-^'^y^-^ 

(.CU) 

c.3.2. Differential Energy Balance for an Infinite Cylinder 
(Cylfridrical Coordinates) 

In the case of unidimensional transport of thermal energy in an infinite cylinder, 

the terms presented fri Equation (A.30) can be expressed by the following terms. 
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Accumulation: 

[p-c,{T-T^)-(,2^^.rAr^H)l^^-[p.Cp-{T-T^)-(2-^rArH)l 

Transport by Thermal Conduction (Ii^ut-Output): 

[g"(2^!rrH)At]^-[q"i2-jrrH)Atl^^ 

The dimensions r, Ar, R and H are defined in Figures C.3 and C.4. Equation 

(A.30) for an infinite cylinder is expressed in mathematical symbols as Equation 

(C15). 

|p-c,-(r-7'^)-(2-;r-r-Ar-/0]_^^-[p-c,-(r-r,^)(2-;r-r-Ar-.y)] = 

[q''-(,2-^rH)-Atl-[q"-(2^;rrH)At]^^^ 

(C.15) 

Equation (C.15) was divided by (2-7rr-Ar-H)-At, and reartanged into Equation 

(C16). 

At r Ar 

In order to derive the energy balance at a point, it is necessary to take the limit as 

Ax and At s^proach zero simultaneously. The definition ofthe partial derivative is given 

by Equation (A.5). Therefore, Equation (C.l6) is expressed as Equation (C.l7). 

a[pCp.{T-T^)] i £ ( ^ 
at r ar 
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Figure C.3. Infinite cylinder dimensions. 

Figure C.4. Unidunensional representation ofthe 
differential control volume for an 
infinite cylinder for thermal energy 
transport analysis. 
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Intix)duction of Fourier's Equation (C.7)mto (C.17) leads to Equation (C.18). 

ip<=p{^-^J 
at 

i -£. 
' r' ar 

(C18) 

On the left hand side of Equation (C.18), flie product prxjperty of derivative was 

used. On flie right hand side of Equation (C18), flie derivative was exphcitly expressed. 

Therefore, Equation (C.18) can be developed frito Equation (C19). 

AP''\^-'^A r a 
at r' ar k.^^+ £lLi \k £z:l £i 

arVr L ar ar 

', aT 
dr. 

k 
+ — • 

r 

'aT' 
.dr. 

p". 

d\p-Cp\T-T^\_9 

dt dr 

dt 

(C-19) 

Tfef is constant with time and therefore ite derivative is zero, or 

d[T-T^)_gT 

at at 
. Recall, from Chapter 3, fliat p = p(^X) , c , = c, (X, r ) and 

k = k{X). When the chain rule is used, ttie terms —^, — - , — can be written as 
at at ar 

Equations (CIO), (C.ll) and (C.12). Therefore, Equation (C.19) can be expressed as 

Equation (C20). 
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dT (^ ^ \ ap ax I N acp aT acp ax 
aT' at* ax' at 

a'T 
"'"-a?* 

ak ax 
ax' ar 

aT k 

-a-r*-r ar 

(C.20) 

The temperature profile in a food particle is given by Equation (C.21) after 

rearranging Equation (C20). 

aT 
at'' 

1 

P-c^+P \T-Tr,)-
dc^ 
aT 

, a'T ak dX 

dx' dr 

aT k aT 

ar r ar 

I ^ dp ax ^ /_ _ \ dcp ax\ 

(C21) 

C3.3. Differential Energy Balance for a Sphere 
(Spherical Coordinates) 

In the case of unidimensional fransport of thermal energy in a sphere, the terms 

presented fri Equation (A.30) can be expressed by the following terms. 

Accumulation: 

[ p - c , - ( r - r , ^ ) - ( 4 . ; r . r ^ . A r ) ] _ ^ ^ - [ p - c , . ( r - r ^ ) - ( 4 . ; r - r ^ - A r ) ] _ 

Transport by Thermal Conduction (Input-Output): 

[9".(4.;rT')Ar]^-[?"-(4-;:-r^)-A/]^^^ 

The dunensions r, Ar, and R are defined in Figures C.5 and C.6. Equation 

(A.30) for a sphere is expressed m mathematical symbols as Equation (C22). 
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Figure C.5. Sphere dimensions. 

Figure C.6. Unidimensional representation ofthe 
differential control volume for a sphere 
for thermal energy transport analysis. 
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^•^,-(^-^^)-(4-^-'-^-Ar)]_^^-[p-c,-(r-r,^)-(4.;rT^.Ar)]_ = 

[9"<4-^.r^).Ar]^-[9"<4-;r-r')-A/]^^^ 

(C22) 

Equation (C.22) was divided by (4 • ;r • r̂  • Ar) - At, and rearranged into Equation 

(C.23). 

At r' Ar 

In order to derive the energy balance at a point, it is necessary to take the hmit as 

Ax and At approach zero simultaneously. The definition ofthe partial derivative is given 

by Equation (A.5). Therefore, Equation (C.23) is expressed as Equation (C.24). 

(C.23) 

a[p^Cp-{T-T^)] 1 a{r'-q") 
at r' ' ar (C.24) 

Introduction of Fourier's Equation (C.7) frito (C.24) leads to Equation (C.25). 

aT 
'"'Tr 

(C.25) 
d\p-Cp{T-TA^^ g 

at r' ' ar 

On the left hand side of Equation (C.25), flie product property of derivative was 

used. On the right hand side of Equation (C.25), flie derivative was exphcitly expressed. 

Therefore, Equation (C.25) can be developed mto Equation (C26). 

a\pCp^[T-TA ,^ g 

dt dr 

dT_ 
' dr r' L dr. 

dr^ 
dr 
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ip"^p-{^-^4 
dt 

d_ 

dr 
dT 2k 

V • 

r 
aT 
ar 

dY-T^r^) 1^ ^ \dp I \ ac g-'T ak aT 

2k aT 

* — '^r 

(C26) 

Tr^ is constant with time and therefore its derivative is zero, or 

d[T-T^\ gj 
— ^-^ = —.Recall,fiximChapter3,that p = p(X) , c=cJX,T) and 

dt at " ^ . H y\ I . p p\ , ) 

k = k(X). When the chain rule is used, the terms —^, — - , — can be written as 
at dt ar 

Equations (CIO), (C.l 1) and (C12). Therefore, Equation (C26) can be expressed as 

Equation (C.27). 

/'-.•f-^(^-^^)ff + ̂ -(̂ -̂ '<)' 
dCp aT dcp gx 

dT' dt'* dX' dt 

d'T 

\dk dX 

\dx' dr 

dT 2k aT 

ar r ar 

(C-27) 

The temperature profile in a food particle is given by Equation (C.28) after 

rearranging Equation (C.27). 
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aT 
at'' P - c , + p . ( 7 ' - r , ^ ) . ^ | 

ak ax 
ax' ar 

aT 2-fc aT 
ar r ar 

f _ \ap ax /_ _ \ dCp sx\ 
'p-[^-^'^)-^-J7-P'V-^'^l'-^'T7\ 

(C.28) 

C3.4. Initial and Boundary Conditions for the Differential 
Energy Balance on a Food Particle 

The differential equation describing the energy balance is an initial value partial 

differential equation (IV-PDE), which requires three boundary conditions, one mitial 

condition plus two spatial boundary conditions. The initial and boundary conditions are 

independent ofthe particle shape. 

1. Initial Condition 

The temperature profile inside the food particle is uniform. 

T=T, r = 0, Vr (C.29) 

2. Boundary Condition 

2.1. No thermal energy flux through flie center hne. 

'aT 
= 0 t>Q (C30) 

.dr 

2.2. Thermal energy flux due to thermal conduction equals flie 

combination of flie convective heatfrig and evaporative cooluig at flie 

extemal surface. 
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L dr]^,^ -h-(T^-T)-X(T) {-.. d{pX)' 
ar r>0 (C31) 
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Table C.l. Nomenclature for Appendix C. 

Symbol Nomenclature Units' 

Ap Superficial area of the food particle m^ 

Cp Heat capacity ofthe food particle Jl^lmlYi 

D Diffiision coefficient of the food particle m^ / s 

j Mass flux kg / s/ m^ 

h Heat transfer coefficient J/sfaf/K 

k Thermal conductivity of the food particle . W/m/K 

km Mass transfer coefficient m / s 

q Heat flux II si of 

r Unidimensional flux direction m 

R Characteristic dimension ofthe particle m 

t Time s 

r Temperature K 

7* Drying air bulk temperature K 

Vp Volume of the food particle m' 

X Moisture content of the food particle kg / kg db 

a Thermal diffiision coefficient dimensionless 

p Density of the food paiticle kg / m' 
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Table c.l. Continued 

Symbol Nomenclature Units' 

Subscr^t 

air 

e 

0 

Drying air 

Equilibrium 

Initial 

Units are presented where it is applicable. 

' Drying air properties and variables have subscript (density, p^), while food particle properties and 

variables have no subscript (density, p). 
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APPENDIX D 

NONDIMENSIONALIZATION AND ANALYTICAL 

SOLUTION OF THE DIFFERENTIAL MASS AND 

ENERGY BALANCE ON A FOOD PARTICLE 

This appendix presents the nondimensional form ofthe distributed differential 

mass and thermal energy balance on a food particle, when the thermodynamic and 

fransport properties are assumed to be constant. The infinite series analytical solution for 

the dimensionless differential mass and thermal energy balances for infinite slab, mfinite 

cylinder and sphere are also presented. 

D.l. Modeling Simphfications 

In order to obtain the analytical solution ofthe differential mass and heat balance 

equations, it is necessary to make three exfra hypotheses to those presented in Appendix 

A. They are: 

1. The physical properties ofthe food particle and drying afr are constant during 

the dehydration process. 

2. The convective heating is the major heat transfer phenomena at the food 

particle surface, and therefore the evaporative cooling can be neglected. 

3. Infinite mass fransfer coefficient is assumed; therefore, the surface moisture 

can be approximated to be the equihbrium moisture content. 
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D.2. Dimensionless Form ofthe Differential Mass and 
Energy Balance on a Food Particle 

The analytical solution ofthe differential mass and energy balance equations are 

usually expressed in a dimensionless form. The dimensionless form is also usefiil for 

ordering analysis. This section shows the non-dimensionalization ofthe differential mass 

and energy balance equations in the rectangular coordinates. The non-dimensionalization 

in cylindrical and spherical coordinates paraUels the rectangular coordinates derivation, 

however they are not presented here. 

D.2.1. Dimensionless Form ofthe Differential Mass Balance 
on a Food Particle 

In rectangular coordinates (a = O), the differential mass balance, given by 

Equation (2.1), reduces to Equation (D.l) when flie physical properties are assumed 

constant. 

a{pX) 1 a 
at r° ar 

. « . D - ^ ^ - ^ 
ar 

(2.1) 

d_(P:J^_j,d'{p.X) ^ j ^ 
at dr' 

The dfrnensionless moistiure content and dimensionless spatial coordinate are 

defined by Equations (D.2) and p .3) , respectively. 

^, {p.X\-{pX) {pX)-{pXl 
"^ '{pXl-{p^X\-(pX\-{pX\ 

r - = - (D.3) 
R 
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If tiie drying afr properties are constant, the equihbrium moisture content is 

was subtracted 
a((p-x)) d'Upx)) a{(p^x)) 

constant; flierefore -^—'.^ = 0 and — ^ — ^ = 0. -^—^ 
at dr' dt 

di(pX)] 
fiom the left hand side of Equation (D.l), while D ^—3—— was subtracted form the 

right hand side. After algebraic manipulation. Equation (D.l) can be expressed as 

Equation (D.4). 

djp.x) d{(p^xl)_^ • 
dt dt 

d'{p-x) a'{{p^xl) 
ar' dr' 

ajip-xyip-xl) ^ a'{{p^x)-(p-xl) 
(D-4) 

at " dr' 

Botii sides of Equation (D.4) were divided by (p • X)„ - (p • X)^. Sfrice fliis value 

is a constant, it can be brought into flie derivative, leadmg to Equation (D.5), when flie 

definition of dimensionless moisture content is used. 

1 a({px)-(px\) D d'{(px)-{pxl) 
ipx\-{pxl' at {px\-{pxl ar' 

a_ 
at 

(p-x)-(p.x)^ 
{p-X\-[p-X)^ 

ax' 
D-

, ^' 
''ar' 

a'x' 

'{p-x)-{pX)^ 

{P-^)AP-^), 

(D.5) 
at " dr' 

The dfrnensional spatial coorduiate r can be expressed as r = r* - 7? and it can be 

substitated m Equation (D.5), resulting fri Equation (D.6). 
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dx' _^ a'x' 
^' 'a{r'-Rf 

ax' D a'x' 

Suice the term — fri Equation (D.6) has unite of 1/tfrne, the dimensionless time 
R 

or mass fransfer Fourier number can be defined by Equation p .7) . 

''=^°''=T^ (D.7) 

t' R' 
The dimensional time / can be expressed as < = , per Equation (D.7). The 

dimensional time can be substituted in Equation (D.6), resulting m Equation (D.8), the 

dimensionless differential mass balance. 

ax' d'X' 
dt gr 

D.2.1.1. Dimensionless Initial and Boundary Conditions ofthe Differential 
Mass Balance on a Food Particle 

The initial and boundary conditions are exacfly the same as the ones used in 

Chapter 2 and Appendices A and C 

1. Initial Condition 

The moisture profile inside the food particle is uniform. 

X = X^ t = 0,Vr (D.9) 
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In order to express the initial condition in dimensionless form it is necessary to 

subtract (pX)^ fiom bofli sides and divide bofli sides by (p • X)^ - (p • X)^, resulting fri 

Equation (D.IO). From flie defiintion of flie dfrnensionless time (D.7), it can be concluded 

that t' = 0, when t = 0. 

X =1 t =0, Vr' 

2. Boimdary Condition 

2.1. No mass flux through the center line. 

(D.IO) 

dr 
= 0 t>0 (D.U) 

A similar approach to express the differential mass balance in dimensionless form 

was used to obtain the dimensionless form of this boundary condition. The dimensionless 

form is given by Equation (D.12). 

'dX'' 

dr 
= 0 r>o (D.12) 

2.2. Mass flux due to molecular diffiision equals the mass transfer at the 

extemal surface. 

(p -ArX.^=(p-X) . «>0 (D-13) 

A similar approach to express the differential mass balance in dimensionless form 

was used to obtain the dimensionless form of this boundary condition. The dimensionless 

form is given by Equation (D.l 4). This boundary condition is vahd only if flie mass 

transfer Biot number, Si„ : 
k-R 

, is greater than unity. 
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( ^ • ) „ ,=0 ' > 0 (D.14) 

D.2.2. Dfrnensionless Form of flie Differential Energy Balance 
on a Food Particle 

In rectangular coordfriates (a = O), tiie differential energy balance on a food 

particle is given by Equation (2.7) reduces to Equation (D.l5) when flie physical 

properties are assumed constant. 

d[p-Cp-(T.T^)\^ 1 g 

dt r" ' dr 
a . dT 

" '^'Tr (2.7) 

„ dT , d'T dT k a'T 
'•'''-a-t=''17'''Tt=T^;-^ (°-i5) 

To simphfy the notation the thermal diffiision coefficient is defined by Equation 

(D.l6), it has unite of mVs, sunilar to the mass diffiision coefficient. 

« = - 7 r (D.16) 
pCp 

The dimensionless temperature and dfrnensionless spatial coordinate are defined 

by Equations (D.17) and (D.18), respectively. 

e'=-^^-^ = ^!—!^ (D.17) 
T-T T^-T., 

r = - (D.18) 

If the drying afr properties are constant, the equilibrium temperature ofthe drying 

medium is constant, flierefore —=- = 0 and ^ = 0. — - was subti:acted fiom flie 
at ar' dt 

in 



/9 ^ T" 
left hand side of Equation (D.15), while a f- was subteacted form flie right hand 

dr 

side. After algebraic manipulation. Equation (D.15) can be expressed as Equation (D.19). 

dT dT^ 
dt at 

a'T a'T 
ar' ar' 

a{T-T,)^ a'(T-T„) 
at "' ar' (D.19) 

Both side of Equation (D.19) were divided by T^-T^. Since this value is a 

constant, it can be brought into the derivative, leading to Equation (D.20), when the 

defitution of dimensionless temperature is used. 

1 d{T-T^) _ a d'{T-T^) 

L-T at T„-T ar' 

a 
at 

T-TJ a' 
= "'J7 

T-T^' 

ae' a'e' 
-37="'^?-

(D.20) 

The dimensional spatial coordinate r can be expressed as r = r'-R and it can be 

substitated fri Equation (D.20), resulting fri Equation (D.21). 

ae' a'e' 
dt -"'d{r'Ry 

d£__a_ d'e' 
dt -R'' dr" 

(D.21) 
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Since the term — in Equation (D.6) has units of 1/time, the dimensionless time 

or Fourier number can be defined by Equation (D.22). 

t'=Fo = ^ (D.22) 

t'R' 

The dimensional time t can be expressed as / = , per Equation (D.22). The 
a 

dfrnensional time can be substituted in Equation (D.21), resulting in Equation (D.23), the 

dimensionless differential energy balance. 

ae' d'e' 
dt dr''-

(D.23) 

D.2.2.1. Dimensiople.'is Initial and Boundary Conditions ofthe Differential Mass Balance 
on a Food Particle 

The boundary conditions are exactly the same as the ones used in Chapter 2 and 

Appendix B. 

1. Initial Condition 

The temperature inside the food particle is uniform. 

r = r o r = 0, Vr (D.24) 

In order to express the initial condition in dimensionless form it is necessary to 

subtract T, fixim botti sides and divided botii sides by r„ - T,, resultmg ui Equation 

(D.25). From the definition ofthe dimensionless time (D.22), it can be concluded 

that / ' =0,when r = 0. 
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e =1 r = 0 , Vr" (D.25) 

2. Boundary Condition 

2.1. No thermal energy flux fluough the center hne. 

[fL- «>0 (D.26) 

A similar ̂ proach to express the differential energy balance in dimensionless 

form was used to obtain the dimensionless form of this boundary condition. The 

dfrnensionless form is given by Equation (D.27). 

'de'' 

dr 
= 0 / >0 (D.27) 

2.2. Thermal energy flux due to thermal conduction equals the 

combination ofthe convective heating and evaporative cooling at the 

extemal surface. 

dT 
•""d-r 

= -h-(T^-T) «>0 (D.28) 

A similar approach to express the differential energy balance m dfrnensionless 

form was used to obtain the dimensionless form of this boundary condition. The 

dfrnensionless form is given by Equation (D.29). 

7 ; - r , -*:• 
d{T-Tj) 

dr T,-T. (T-TJ 
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*: 
R' 

de' 
dr' 

'de'l 
dr' 

r'=1 

= -he' 

'--^'-

Bi: 

h. ff 
The dimensionless group —— is defined as mass transfer Biot number. 

hR 

de' 
dr 

---Bie' t'>o (D.29) 

D.3. Differential Mass and Energy Balance Exact Analytical Solution 

Incropera and De Witt (1985) present an infinite series exact solution to the 

fransient, for the unidimensional form ofthe differential energy balance for the infinite 

slab, infinite cylinder and sphere. The exact solution to the transient for the 

unidimensional form ofthe differential mass balance for the infinite slab, mfinite cyhnder 

and sphere was developed by analogy to the energy balance solution. The exact analytical 

solutions to the unidimensional mass and energy balance for a convective boundary 

condition are presented in the following sections. 
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Table D.l. Nomenclature for the nondimensionalization ofthe mass and energy balance. 

Symbol Nomenclature Units' 

Bi 

Bim 

<"? 

D 

Fo 

Fom 

h 

k 

km 

T 

R 

t 

T 

T 

X 

a 

P 

Biot Number 

Mass transfer Biot number 

Heat capacity of &e food particle 

Difiusion coefficient ofthe food particle 

Fourier number 

Mass transfer fourier number 

Heat transfer coefficient 

Thermal conductivity ofthe food particle 

Mass transfer coefficient 

Unidimensional flux direction 

Characteristic dimension ofthe particle 

Time 

Tenqierature 

Drying air bxilk ten:5>erature 

Moisture content ofthe food particle 

Thermal difiusion coefficient 

Density ofthe food particle 

Subscript 

Superscript 

Equilibrium 

Initial 

Dimensionless variable 

dimensionless 

dimensionless 

J / s / m / K 

m ' / s 

dimensionless 

dimensionless 

J / s / m V K 

W / m / K 

m/s 

m 

K 

K 

kg/kgdb 

dimensionless 

kg/m' 

' Units are presented where it is applicable. 

217 



D.3.1. Differential Mass Balance Exact Analytical Solution 

D.3.1.1. Infinite Slab 

The exact solution for flie Infinite Slab is given by Equation (D.30). 

X' = XC, expff.)' -Fo„]-cos(C r ' ) p.30) 

The coefficient C, is given by Equation (D.31). 

4sfri(4-.) 
p.31) 

- 2-f,-t-sfri(2-0 

The discrete values (eigenvalues) of 4", are the positive roote ofthe 

transcendental Equation (D.32). 

^.-tan(4-,) = B.„ (D.32) 

D.3.1.2. Infinite Cylinder 

The exact solution for flie Infinite Cyhnder is given by Equation (D.33). 

X' = i c , -expk)' -FOIJX^, r-) (D.33) 

The coefficient C, is given by Equation (D.34). 

C = A ^li^.) - (D.34) 

The discrete values (eigenvalues) of ^, are the positive roote ofthe 

transcendental Equation (D.35). 
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The quantities Jo and Ji are Bessel fimction of flie first kfrid and fliefr values are 

tabulated fri any mafliematical handbook, such as Engfrieering Mattiematics Handbook 

(Tuma, 1987). 

D.3.1.3. Sphere 

The exact solution for the Sphere is given by Equation (D.36). 

X' = X C expk^;)' -Fo l-K-sm{i, -r') (D.36) 

The coefficient C„ is given by Equation (D.37). 

4-[sm(^.)-C„-co<^„)] 

'''- 2-^,-sH2.f.) ^-''^ 

The discrete values (eigenvalues) of C„ are the positive roote ofthe 

transcendental Equation (D.38). 

l - 4 ' . c o t ( ^ . ) = £ < . (D.38) 

D.3.2. Differential Energy Balance Exact Analytical Solution 

D.3.2.1. hifinite Slab 

The exact solution for the Infinite Slab is given by Equation (D.39). 

^" = E C. • exp[(c)' • Fo] • cos(c • r-) (D.39) 
i i - i '• •• 
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The coefficient C, is given by Equation (D.40). 

4-sui(^.) 

'''=2.,..sin(2-0 ^-^^ 

The discrete values (eigenvalues) of f, are flie positive roote of flie 

tiranscendental Equation (D.41). 

C. •tan(^.) = -8' (D.41) 

D.3.2.2. Infinite Cvhnder 

The exact solution for the Infinite Cyhnder is given by Equation (D.42). 

e' = X C , •expf(^.)' Folj^ic, •r') (D.42) 

The coefficient C, is given by Equation (D.43). 

C = - 1 ^li^^) (D43) 

" .̂ (/„(4-.))%(/,(f.r 

The discrete values (eigenvalues) of ^„ are the positive roote ofthe 

transcendental Equation (D.44). 

''•TM-'^ (D.44) 

The quantities Jo and J; are Bessel function ofthe first kind and thefr values are 

tabulated in any mathematical handbook, such as Engineering Mathematics Handbook 

(Tuma, 1987). 
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D.3.2.3. Sphere 

The exact solution for the Sphere is given by Equation (D.45). 

BO _ . 

0' = Z Q exp (^,)' FO •—^•sfri(^, •r) (D-45) 
1.-1 •• •' 4 , • ' • 

The coefficient C, is given by Equation (D.46). 

4-H^.)-^ .coy.)] 

2-^„-sfri(2.4-.) 

The discrete values (eigenvalues) of ^, are the positive roote ofthe 

transcendental Equation (D.47). 

l-4',cot(4-,) = 5i (D.47) 



APPENDIX E 

DRYER DIMENSIONS AND STEADY STATE 

OPERATING SPECIFICATIONS 

In this appendix, the dimensions and steady state operating specifications for the 

conveyor dryer is presented. The average properties of potato before processing are also 

presented. 

E.l. Drver Dimensions 

Table E. 1. Characteristic dimensions ofthe conveyor belt dryer 

Section Beh Lengfli (m) BeU Widfli(m) 

Al 3.2512 (10'8") 3.6068 ( i r iO") 

A2 3.2512 (10'8") 3.6068 (11'10") 

A3 4.3688 (14'4") 3.6068 (ll ' lO") 

BI 3.2512 (10'8") 3.6068 ( i r iO") 

B2 3.2512 (10'8") 3.6068 (ll ' lO") 

C 3.2512 (10'8") 3.6068(iriO") 
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E.2. Operating Specification 

Table E.2. Drying afr temperature, velocity and direction hi each stage 

Section 

Al 

A2 

A3 

BI 

B2 

C 

Afr Temperature (K) 

377.59 (220 "F) 

377.59 (220 T) 

372.04 (210 °F) 

355.37 (180 T) 

355.37 (175 °F) 

344.26 (145 T) 

Afr Velocity (m/s) 

1.27 

1.27 

1.27 

1.27 

1.27 

1.27 

ofthe dryer 

Afr Direction 

Upwards 

Downwards 

Upwards 

Downwards 

Upwards 

Downwards 

Table E.3. Packed Bed Height and Residence time in each stage ofthe dryer 

Section 

Al 

A2 

A3 

BI 

B2 

C 

Total Residence Time 

Bed Height 

0.0635 (2.5") 

0.0635 (2.5") 

0.0635 (2.5") 

0.1397 (5.5") 

0.1397 (5.5") 

0.4318(17") 274 

414 

Residence Time 

14.6 min 

14.7 min 

14.7 min 

48.0 min 

48.0 nun 

min (4 hours34 min) 

min (6 hours 54 min) 
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E.3. Potato Properties Before Processing 

1. Dimensions of diced potato: 0.5" 0.5" 0.25" (fi-esh cut) 

2. Initial moisture content: 4.0 kg/kg db or 80% (wet basis) 

3. Initial temperature: 308 K 
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