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CHAPTER 1 
INTRODUCTION 

The purpose of this thesis is to develop an improved characterization of induction 

coils, primarily for the purpose of aiding the design of power conditioning systems for 

large-scale inductive energy storage devices. That purpose does not necessarily limit 

the contents of this thesis to energy storage applications. Historically, induction coils 

have been well characterized in terms of their properties of magnetic induction, which 

is the property of primary interest in an induction coil. The electric capacity of induc

tion coils, which strongly effects the dynamic electromagnetic behavior of the coil, has 

not been well characterized. The seff-capacitance of an induction coil can lead to seff-

resonance of the coil, a condition which could cause severe problems in an inductive 

energy storage system. Analytical prediction of coil self-resonance is not important for 

magnetostatic uses, or for the dynamic applications of small inductors for which a test 

coil can be easily built and the impedance measured as a function of frequency. As an 

apparent consequence of these facts, and the inherent intransigence of the problem, 

dynamic characterization of induction coils has historically received relatively little at

tention. 

1 -1 Inductors 

The uses of inductive energy storage are numerous. Perhaps the most common use 

of inductive energy storage is in resonant LC (inductor-capacitor) circuits. These cir

cuits resonate by alternating electromagnetic energy storage between the inductive 

component and the capacitive component. Resonant LC circuits are used in applica

tions such as filter networks, LC-tuned oscillator circuits, and resonant-charge cir

cuits. Storage elements are also used to perform impedance matching between 

different parts of a circuit. Other uses do not specifically employ the energy storage ca

pabilities of inductors. RF (radio frequency) chokes limit radio frequency current flow 

in a circuit primarily by limiting the time-rate-of-change of magnetic induction (mag

netic flux B) in the coil. An RF choke will store a certain amount of radio frequency en

ergy, but its major effect is to introduce a large radio frequency impedance into the 

circuit. 



Coil construction (Terman. 1943, pp. 86-90) depends upon the application. Con

sider the requirements for a portable radio receiver coil. Portable radio receiver coils 

must be compact for the sake of portability. Voltage requirements for radio receiver 

coils are very low, which means that dielectric breakdown considerations will not 

greatly impact the tum-to-tum spacing of the coil. Due to the high frequencies in

volved, the inductance of the coil must be small, which means that the coil can be 

physically small. Conversely, coils for radio transmitters may be subjected to much 

higher voltages and may be required to handle large amounts of reactive circulating en

ergy. Radio transmitter coils may thus require relatively large tum-to-tum spacing to 

avoid dielectric breakdown and to aid in heat dissipation. Requirements for increased 

heat dissipation and ampacity may also necessitate the use of larger conductors. 

Thus, the physical size of transmitter coils tends to be directly proportional to power 

and inversely proportional to frequency. 

Thus far, the discussion has centered around applications in which the quantity of 

stored energy is relatively small (on the order of a few Joules or less). Steady-state en

ergy storage at levels exceeding a few Joules becomes complicated by the necessity for 

removing the heat generated by resistive losses in the coil conductors, as well as sup

plying sufficient power from the external circuit to compensate for the power lost to 

ohmic heating. Conventional water-cooled, high field strength, magnetostatic electro

magnets, used for research purposes, can generate continuous fields of 15-20 Tesla (T) 

in a 5 cm gap at a power penalty of 5-10 MW. The rate of coolant flow is on the order of 

1500 gallons per minute (Herlach, 1985, p. 7). In addition to the problem of power dis

sipation, the high field strengths of these coils cause significant structural stress in the 

coil. These high field electromagnet coils are not used for energy storage per se, in view 

of their high losses, but are used to generate high field strengths in spite of their 

losses. Use of superconducting coils can virtually eliminate ohmic losses, particularly 

in the direct-current case. The elimination of ohmic losses via superconducting coil 

conductors leads to the concept of using the "persistent current" effect of superconduc

tors to store magnetic energy. The stored magnetic energy could be used simply for its 

field effects, as in the Superconducting Supercollider, or for the storage and retrieval of 

electrical current, as in a superconducting magnetic energy storage device (SMES). 

SMES is discussed further in the next section. 



1-2 Superconducting Magnetic Energy Storage 

For storage energies on the order of tens-to-hundreds of Joules, inductive energy 

storage density (energy per unit volume) is two to three orders of magnitude greater 

than capacitive energy storage densities. An 18x10 Joule (J) inductive energy store 
2 

constructed from normal conductors would exhibit phenomenal I R losses, and would 

be able to sustain storage current only so long as the charging current source were 
2 

connected. For example, assuming a current density of 1000 A/cm for aluminum, 

and an electrical resistivity of 2.655x10 ohm-cm, a 5000 MWh inductive energy store, 

consisting of 556 turns of aluminum conductor and a diameter of 1000 m. would have 
2 

full charge steady-state I R losses of approximately 26 MWh per second, and an L/R 

time constant of approximately 6.5 minutes. As mentioned above, use of supercon

ducting coils can virtually eliminate ohmic losses. The elimination of ohmic losses via 

superconducting coil conductors is the basic concept behind superconducting magnet

ic energy storage (SMES). 

The great advantage of a SMES device is that the superconducting coil has very low 

storage losses, primarily in the form of refrigeration power. Refrigeration power losses 

are estimated to be on the order of 2% of the maximum storage capacity per day (Loyd. 

1988), versus the 450% storage loss per day of the normal conductor coil. 

Due to the tendency of superconductors to return to a normal (non-

superconducting) regime under the influence of an alternating field, SMES energy stor

age is accomplished via a static (non-time-vaiying) field. Consequently, the SMES con

cept includes a power conditioning system to convert from an alternating current (ac) 

source to direct current (dc) while charging, and from dc back to ac upon discharge. 

Power conditioning for coil charge and discharge is estimated to cost 3% of the maxi

mum storage capacity for utility scale SMES coils (Loyd, 1988). 

There are two primary groups interested in SMES: the electric utility industry and 

the high-energy physics community. The electric utility industry (Loyd, 1988) is argu

ably the largest industry in the nation (consider for a moment solely the installed plant 

nation-wide). Present-day central-station power generation technology works best 

when it supplies power at a constant rate. But, on average, nighttime power require

ments are less than 50% of peak daytime loads. Thus, one of the major problems of 

the power industry is matching supply to demand. Central-station power generation 

plants are enormously expensive. Spending billions of dollars on a plant which idles at 



50% capacity a great deal of the time is not a shrewd manner in which to maximize 

return-on-investment. A common utility industry strategy is to size the central-station 

generating units somewhat less than peak daytime demand and then use "peak-

shaving" units, such as pumped hydropower or gas turbines, to make up the differ

ence. This approach is better than having all generating capacity in the form of con

ventional central-station units, but it has the drawbacks that pumped hydro units are 

only 75% efficient and difficult to site, and that gas turbine units have relatively high 

fuel costs. Nuclear plants have even worse problems than conventional coal or oil 

burning plants in that nuclear plants cannot be cycled down every night. Nuclear 

plants must run at full output around the clock (Loyd, 1988). Thus, utility companies 

which use nuclear plants must absorb all of the demand cycling in the remainder of 

their system. Consequently, an efficient bulk energy storage technology is of interest 

to utilities because it would allow power-generating plants to operate at fixed capacity: 

charging a storage device at night when demand is low and using storage device dis

charge during the day to meet peak demands. 

SMES has several advantages over conventional large scale non-inductive energy 

storage technologies: most notably its high storage efficiency and rapid response to 

changing loads. SMES has a charge-discharge cycle efficiency of 94-95% versus 72% 

for pumped hydro and 65% for batteries (Loyd and Schoenung, 1986). With such a 

high storage efficiency, SMES can be used to absorb extra generating capacity during 

off-peak periods, and supplement generating capacity when needed, at essentially the 

same power-generating efficiency of a central plant. Current designs for SMES devices 

project that a SMES unit could go from charging mode to discharge mode in less than 

1 second (Loyd, 1988). This is several minutes (5-20 minutes) faster than any load 

peaking technology save lead-acid batteries, but the operating costs of an equivalent 

battery bank are roughly twice as high as a 5000 MWh SMES plant (Loyd and Schoe

nung, 1986). Capital costs are roughly 18% greater for lead-acid battery banks, and 

battery bank storage efficiency is only 65% (note that if the SMES plant were required 

to hold a charge for approximately 16 days, its storage efficiency would drop to roughly 

65% also, since refrigeration losses consume approximately 2% of its maximum energy 

storage per day). Since SMES can "ramp-up" in less than 1 second, it can be used to 

stabilize a system against power line disturbances. That is, ff for some reason (such as 

in the irffamous New York City blackout), the demand placed upon the utility grid 



Increased by a significant fraction of the central-station generating capacity, at a great

er rate than the central-station or the peak-shaving units could respond, SMES could 

almost instantaneously pick up the burden. Without SMES or a battery bank, the sys

tem would "brown-out" or "black-out." 

The high-energy physics community is interested in SMES as a burst-discharge 

source to power high-energy physics devices such as the FEL (free electron laser). Tar

get specffications for the FEL are approximately 10-100 MJ delivered in a 1 second 

pulse. Depending on laser efficiency and beam attenuation, power requirements will 

be approximately 400-20.000 MW for several minutes. Given the availability of an en

ergy storage device such as SMES, the concept of constructing a large dedicated power 

plant for occasional burst-mode use becomes extremely unattractive. Revenue screen

ing curves (Luongo and Loyd. 1987) indicate that for operating times less than 2 hours 

per day, a properly sized SMES unit has lower operating costs than conventional tech

nologies such as pumped hydro, gas turbines, lead-acid batteries, or compressed air 

energy storage. Thus, as long as storage requirements are less than a few days, SMES 

is an economically attractive alternative to conventional storage technologies, particu

larly since it could also be used as a peak-shaving device for the host installation to 

improve the SMES unit's return on investment. 

In addition, wide scale use of SMES in the utility industry alone would increase the 

overall utility industry efficiency, positively affecting the economy. Assuming that 

SMES attains 15% of U.S. capacity over the next 30 years, the average annual market 

for SMES construction and technology would be $3.5 billion (at a projected cost of 

$900/kW for plant construction), providing for growth in heavy construction and high 

technology (Loyd, 1989). 

SMES could also represent the largest market for superconductivity-related tech

nology. A single utility scale SMES plant represents a use of superconductivity equiva

lent to that of the SSC (superconducting supercollider), and ff SMES does attain 15% 

of U.S. capacity, there will be many SMES plants. Published concepts for a 5000 MWh 

SMES unit will require a 1000 m diameter coil containing approximately 1100 miles of 

superconducting cable (each cable consisting of some 120 strands of niobium-titanium 

superconducting filaments in copper stabilizing matrices) contained within a 10.4 mil

lion cubic foot cryogenic vacuum vessel (Loyd, 1989). Construction of a SMES plant 

will be very similar to construction of the SSC, thus as SMES technology matures 



(driven by private and federal funding), it could actually bring the future cost of the 

SSC down and demonstrate the viability of the technologies associated with the SSC (a 

beneficence to the high technology and particle physics communities). 

Environmentally, SMES appears to be a very benign energy-related technology 

(Loyd, 1989). It is as pollution free (energy-wise) as the central-station generating 

plant from which it charges. The only obvious signfficant envirormiental influence will 

be the magnetic fleld. A 5000 MWh SMES plant will have a magnetic induction which 

exceeds 1 T near the coll, but which rapidly drops off to 0.01 T at a distance of 710 m 

radially outward from the stmcture of the 1000 m diameter coil, and to 0.001 T at a 

distance of 2110 m (Loyd, Schoenung, and Nakamura, 1986). Note that the magnetic 

field of the earth is approximately 5x10 T at ground level. Biological effects are un

known, although people undergoing MRI (magnetic-resonance imaging) are exposed to 

fields of approximately 2 T. It will be a navigation problem for small aircraft (comme

rcial and military aircraft generally use inertial guidance rather than magnetic com

pass), however, a SMES unit can be placed on navigational charts as a magnetic 

anomaly. There is currently insufficient information, regarding avian migratory hom

ing mechanisms, to determine whether or not SMES will cause problems with avian 

migration. SMES should not cause communications problems since energy storage is 

via a static magnetic field, but SMES units could be a severe problem for anyone with a 

conventional pacemaker (fields as low as 0.0012 T can alter the mode asynchro

nous/synchronous of conventional pacemakers). 

The advantages previously discussed do not diminish the difficulties inherent in 

designing and building a SMES plant. Structural support of the coil is complicated by 

the large hoop (tangential) loads induced when the coil is cooled from ambient tem

perature, about 300 Kelvin (K), to cryogenic temperatures of 1.8 K, and by the large 

magnetically induced axial and radial forces generated when the coil is charged. Ade

quate and economical structural support for a large SMES unit requires that the unit 

be constructed underground using bedrock or earth to support radial loads (Loyd. 

Schoenung. and Nakamura, 1986). The superconducting cable windings will be cooled 

w^lh 1.8 K superfluid helium within a helium containment vessel which will be housed 
3 3 

inside a cryogenic vacuum vessel of roughly 10 million ft (0.28 million m ) volume. 

Further difficulties are involved in utilizing SMES as a burst-discharge energy store, 

because in this mode SMES must have the capability to discormect from the utility grid 



and operate as a stand-alone power source. When used as a stand-alone power 

source, the SMES power conditioning system must be able to maintain a constant-

voltage, constant-frequency, self-commutated 60 Hz bus for supplying loads which 

vary from zero demand to the peak capacity of the plant. 

1-3 Power Conditioning for Inductive Energy Storage 

The power conditioning system (PCS) for a full scale 5000 MWh 900 H SMES coil 

(Skiles, 1988) requires full load currents in excess of 200 kA direct current (dc). coil 

side operating voltages less than 16 kV dc, and a fast storage coil and PCS by-pass 

switch. For utility applications (dc operating currents from 30% to 100% of coil rating), 

line-commutated phase-controlled thyristor converters could be used. Burst-power 

applications require a more sophisticated self-commutated PCS capable of dc operating 

currents ranging from zero to 100% of coil rating. In addition, power conditioning for 

inductive energy stores is complicated by the necessity for maintaining a closed path 

for circulation of the storage current. 

Both utility and burst-power applications will require analysis to identify potential 

problems related to the disturbances generated by gating solid-state switches in the 

PCS. Alternating fields produce a hysteresis loss (Carr, 1983) in type-II superconduc

tors such as the niobium-titanium alloy considered for use in SMES. Excessive hys

teresis losses could cause the coil to "go normal." Additionally, dynamic interactions 

between the coil and the PCS could cause dangerous overvoltages. Alternating field 

disturbances may interact with the natural (seff-resonant) frequencies of the coil, or 

fast disturbances may propagate between windings in a transmission line style, caus

ing voltage multiplication. 

The actual harmonic content of the alternating current (ac) disturbances from a 

PCS is highly dependent upon the specffic type and implementation of the PCS. Given 

this information, the analytical procedures for determining harmonic content are well 

documented (see, for example, Rashid, 1988. pp. 564-566). However, analytical deter

mination of inductive coil seff-resonance is not so well documented. 
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1-4 Prologue 

Chapter 1 has been a brief introduction of various types of inductive coils, their ap

plications, and some of their design restrictions. A brief discussion of power condition

ing for inductive energy stores is also included in Chapter 1. Chapter 2 contains a 

detailed discussion of the magnetostatic forces which act upon induction coils, as well 

as design examples and discussion of design constraints. The example SMES coil, 

which is used in Chapters 3 through 5 in various models for analyzing coil behavior, is 

designed in Section 2-6. A network analysis using a lumped parameter model for the 

example coil is presented in Chapter 3. Chapter 4 contains a transmission line model 

for the example coil, and Chapter 5 uses a sheath helix mathematical construct to pre

dict self-resonant frequencies in the example coil. Chapter 6 is a survey of finite ele

ment numerical techniques for dealing with the problem of induction coil 

characterization. Maxwell's equations are also discussed in some detail in Chapter 6. 

Conclusions are presented in Chapter 7. Enjoy. 



CHAPTER 2 

INDUCTION COIL FORCES AND DESIGN 

CONSIDERATIONS 

The forces generated in an inductor do not begin to greatly impact the design of the 

coil until the magnetic energy storage density of the coil attains a level high enough to 

cause structurally signfficant stresses. These structural design considerations are ty-

pffied by large pulsed or steady-state inductive energy stores, or high field electromag

nets. The following analyses are based upon consideration of a superconducting 

magnetic energy storage (SMES) device. Various coil geometries are chosen for analy

sis based upon individual characteristics which are desirable in a SMES coil. The to

roidal geometry is considered because of the low external fields exhibited by toroidal 

coils. The Brooks coil (short thick solenoid) geometry is examined due to the high en

ergy density of this type of coil. Finally, the thin solenoid is studied due to its simplic

ity of design and construction. 

2-1 Energy Storage Requirements 

The total inductive energy storage of a SMES unit should be on the order of 

1000-5000 Megawatt-hours (MWh) to be economically feasible for electric utility load 

leveling or high-energy physics burst power applications. Converting the stored energy 

from units of Megawatt-hours to units of Joules yields the following results: 

1000 MWh = (10^ Wh)(3600 s/hr) = 3.6 Terajoules (TJ) . (2-1) 
5000 MWh = (5x10^ Wh)(3600 s/hr) = 18 TJ . (2-2) 

Note that 1 TJ is roughly equivalent to the chemical energy available in 240 Tons of 

TNT (Trinitrotoluene). 

2-2 Required Inductance 

The inductance required for the SMES coil is determined by the desired energy 

storage and the required coil current. Inductive energy storage is described by the re

lation 

W = LIV2 . (2-3) 

9 
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Increasing the current in the coil clearly reduces the required coil inductance for a giv

en quantity of stored energy. Reduced inductance, other considerations aside, reduces 

coil size and reduces the voltage rise across the coil for a given time-rate-of-change of 

current. Conceptual designs for a utility scale SMES plant have used 200 kiloamperes 

(kA) as a design value for coil conductors (Loyd, Schoenung, and Nakamura. 1986). 

This value has been chosen in order to keep coil voltage to practical levels, for inter

winding insulation requirements, during discharge (Loyd, Kimmy, and Dick, 1988). 

Consider the relationship between coil voltage and current for a constant output 

power, 

Pc = VI , (2-4) 

where the minimum coil current is given by the maximum allowable coil voltage as, 

Imln = Pc /V_ . (2-5) 

Since l^i^ is fixed by the required output power and the maximum coil voltage, the only 
2 2 

way to decrease the fraction of energy (I max/I mm) remaining in the coil when the dis

charge reaches the cutoff condition V̂ .̂ ^ is to increase the maximum charge current 

Ijnax. Increasing the maximum charge current thus increases the discharge efficiency. 

Accordingly, for a 1000 MWh coil, using the 200 kA value for coil current, the in

ductance is given by 
L = (2W)/(P) = 2(3.6x10^2 j)/(200xl0^ A)̂  = 180 Henry (H) , (2-6) 

and for a 5000 MWh coil, the inductance is 

L = 2(18xl0'M)/(200xl0^A)2 = 900H . (2-7) 

The inductance of a coil is given by the rate-of-change of magnetic flux linkage with 

respect to the inducing current in the coil. The deferential vector magnetic flux densi

ty, dB, at a vector position, r, due to a differential line current element Idl, is given by 

the Biot-Savart law as 

ulxr 
dB = = - ^ ^ d l , (2-8) 

where pi= 3.14159---. 

Consider an N turn solenoid of axial dimension, h. and radius, a, as shown in Fig

ure 2-1, for which h » 2a. Assuming that the solenoid windings consist of closely 

spaced, fine (filamentary) wire, a mathematical model may be constructed in which the 

actual windings have been replaced by a current sheet of density Nl/h per unit axial 

length of the solenoid. This mathematical model is depicted in Figure 2-1. Application 
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of the Biot-Savart relation to the axial fleld on the center-line of the solenoid results in 

the differential magnetic flux 

ViNIâ  
dB = dz , (2-9) 

2 h ( a 2 + z2)3/2 

where Nl /h is the current density per unit axial length of the coil. Integration with re

spect to z, from z = - h / 2 to z = + h / 2 . yields the axial field at the center of the coil, 

pNI 

(4a2 + h2)i/2 

while integration from zero to h results in the axial field at one end of the coil, 

ViNI 

(2-10) 

Bp.= 
(4a2 + 4h=^)i/2 

(2-11) 

h/N 

H dz 

N turns 

PHYSICAL SOUINOID 

T 
a 

JL 
z 

" ] h/2 - ^ 4 - h/2 

MATHEMATICAL MODEL 

Figure 2-1 : Physical solenoid and mathematical 
model. 

Note that , for a long coil (h » 2a), BE = Bc/2, while for a short coil (a » h). BE = Be-

This reduction in axial field at the ends of the long solenoid is due to "flux leakage." 

The flux leakage of the long coil is largely corffined to a short distance near the ends of 

the coil (Kraus, 1984, p. 166): an observation which leads directly to the approximation 

tha t the axial flux density of the long solenoid is constant. Assuming that the flux 

density is constant over the interior of the solenoid, the total flux linkage is given by 

the product of the number of turns , the axial flux density at the center of the coil, and 

the coil cross-sectional area. The inductance of a long solenoid (h » 2a) is then given 

by 

d f \ d f 2{pi)a.^\}NH^ 2(p)a2pN2 
- . (2-12) 4(. L = I N B c ( 2 m a ) 

dl ^ ^ ^ dl ^ 
• ) -
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Inductance formulae for coils of various geometries, including correction factors for end 

effects and insulation spacing, have been published by Grover (1973) and Knoepfel 

(1970), among others. Use will be made of these existing formulae. 

The physical size of an induction coil is dependent upon such factors as the coil 

shape chosen, the conductor size, thermal and electrical insulation requirements, and 

s t ructural considerations (which are a function of the maximum allowable stresses in 

the coil materials). Consider, now, the structural effects of magnetic pressure. 

2-3 Magnetic Pressure 

A conductor, with vector current density j . , exposed to a vector magnetic flux densi

ty, B, experiences a force per unit volume (magnetic stress), 

F = i x B . (2-13) 

where F is known as the Lorentz force. For linear isotropic media, 

curl H = curl ( B / p ) = i + dD/d t . (2-14) 

where H is the magnetic field and D is the electric flux density. In a good conductor at 
15 

frequencies less t han the order of 10 Hz (see the section on Conducting Media in 

Chapter 6 of this thesis), the time-rate-of-change of electric flux density can be ne

glected in what is known as the quasi-stationary field approximation. The two curl 

equations become, in Cartesian coordinates, 

F = IxB = (j,B, - j,By)x - (j,B, - j ,BJy + (j.B^ - j^BJz , (2-15) 

and, 

curl H = i = (dH,/dy - dHy/dz)x - (dH,/dx - dHJdz)x 

+ (dHy/dx - dH,/dy)z . (2-16) 

Consider the one-dimensional plane case in which a z-directed magnetic field is inci

dent on a thick planar conductor, as depicted in Figure 2-2. The current density in

duced in the planar conductor due to the applied field is 

X = (dH,/dy)x - (dH,/dx)y . (2-17) 

Substi tut ing this current density into the Lorentz force relation results in the following 

expression for force per unit volume (or pressure gradient) in the planar conductor. 

F = - B,(dH,/dx)x - B,(dH,/dy)y . (2-18) 

The z-directed magnetic field is seen to cause a pressure to exist in the x- and y-

directions of the conductor, which is proportional to the gradient of the fleld in those 
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directions. Consider the x-component of the Lorentz force as a pressure gradient in the 

X-direction. 

dp(x.t) = - B,(dH,/dx)dx = - iiHzdH, . (2-19) 

Integration from the surface to a depth x (zero to x) yields the hydrodjmamic pressure 

(Knoepfel, 1970, p. 105) at depth x, which results from the interaction of a magnetic 

field with an incompressible conducting body, 

p(x,t) = ^2 [ pH2(0,t) - viH2(x,t) ] . (2-20) 

^ 
: ^ 

V \ i ; jy(x. t : )=^N 

H(t) = H(O.O.Hj(t) 

Free space 

Boundary plane x = 0 

Figure 2-2: Magnetic field applied parallel to 
thick planar conductor. 

Note that a magnetic field which varies only slightly in the x-direction, as in the case of 

a time-invariant magnetic field from a source of large physical dimension, may produce 

a smaller pressure gradient than a source of lower amplitude which varies a great deal 

in the x-direction. For a time-varying field, the conductor experiences essentially the 

full pressure gradient, 

p = y2ViH'(0,t) , (2-21) 

within a distance on the order of the magnetic flux skin depth. 

Thus, assuming the full pressure acts on the conducting surface, the surface pres

sure on a cylindrical, non-ferromagnetic, conducting wall due to a unfform axial mag

netic field (see Figure 2-3), in the limit of static containment, is given by (Knoepfel. 

1970. p. 109), 

p=J/2|i„H2 . (2-22) 

This surface pressure is directed from regions of greater magnetic flux density toward 

regions of lesser magnetic flux density. 
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p. r 

H.z 

^ ^ = - ^ 

' H = Hz 

-^^r% 
^ - - ^ ^ 

St.J^.$ 

*~^o 

Figure 2-3: Magnetic pressure on conducting 
cylinder. 

Consider a long thin solenoid of length h and radius r̂ . The magnitude of the axial 

field is given by 

H = NI/h , (2-23) 

where the length of the coil h » r̂ , N is the number of turns, and I is the conductor 

current. The pressure due to this magnetic field acts radially outward with magnitude 

p=i/2Vi„H2=V^>io(NI/h)2 . (2-24) 

Assuming radial pressure only, for a thin-wall cylinder with radius r̂  and wall thick

ness do << T„, the mean tangential stress (hoop stress) is given by (Singer and Fytel, 

1980, p. 25), 

S, = vioH^r„/(2d„) = pr„/do . (2-25) 

Equation (2-25) provides a relation between the design value for the tangential stress 

St, and the magnetic field H. Note that the expression (2-25) for tangential stress 

scales the magnetic surface pressure (p) by the ratio r„/do. This expression for hoop 

stress yields an average value for stress in the cross section of the cylinder wall. For 

cylinders with a wall thickness to inner radius ratio (d^/rj < 0.1. the average hoop 

stress (or mean tangential stress) is approximately the same as the maximum stress at 

the inside surface of the cylinder (Singer and Pytel, 1980. p. 26). Thus, hoop stress in 

a long thin solenoid can be expressed as 

N Î̂ r̂  
St = vio • (2-26) 

2h2d„ 
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The inductance of a thin solenoid can be written as (Knoepfel. 1970, p. 316) 

L = vioN2 KL . (2-27) 

h 

where KL is a correction factor for solenoid length. K̂  approaches unity for long 

(h » r j solenoids. Setting KL = 1, and rearranging terms, results in an expression for 
2 

N , 
hL 

N2= , (2-28) 

which can now be substituted into the relation for hoop stress to yield 

Pr„ hL IX L 
St = lio = . (2-29) 

2hM„ p„pr„=^ 2d„ piT^'h 

Note that the last fractional term is the inductance per unit volume of the solenoid: 

thus, tangential stress in a long thin solenoid can be represented as 

\ = ^Inductance per unit volumey ^ , o (2-30) 
do " " 2 

Maximum hoop stress for cylinders which are not thin is given by (from Singer and Py

tel, 1980, pp. 564-567), 

( r, d, \ 
Su„^ = p l — + — J . (2-31) 

"̂o 

where r̂  is the average radius, r̂  + do/2 is the outer radius, and ro - do/2 is the irmer 

radius. This maximum stress occurs at the inner radius, and can be signfficantly 

greater than the average tangential stress. 

-A^~) Ŝ avg, = P I-^^ —) . (2-32) 

The accompanying graph (Figure 2-4) represents the tangential stress of a long sole

noid, for various values of inductance densities, as a function of the solenoid diameter 

to wall thickness ratio (ro/do). The different inductance densities plotted in Figure 2-4 

represent the inductance densities of the coils which are examined in Section 2-4. The 
-5 3 

plotted inductance densities range from a low value of 5.5x10 H / m (single-layer 

900 H short solenoid with CSA) to a high value of 0.93 H/m (900 H Brooks coil). Val

ues of hoop stress above 73 kpsi represent stresses which exceed the yield strength of 

2219-T87 aluminum, one of the most likely structural materials for a commercial 

SMES unit. The yield strength of 2219-T87 aluminum alloy at a temperature of 1.8 K 
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(73 kpsi) is plotted in Figure 2-4 as a benchmark. Aluminum alloys are the only struc

tural materials seriously considered for use in the SMES coil because aluminum is not 

ferromagnetic, has high tensile strength, is not excessively brittie at cryogenic tempera

tures, and is relatively inexpensive (Loyd, Schoenung. and Nakamura, 1986). Struc

tural considerations are discussed in more detafl in Section 2-5. 
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Figure 2-4: Hoop stress vs. ratio of mean radius 
to wall thickness of conducting cylin
der. 

2-4 Coil Geometry 

Some of the factors which irffluence coil geometry are magnetic pressure and con

tainment, required energy density, and refrigeration requirements (essentially the same 

factors which irffluence coil size). Inductance formulae, for the wire-wound geometries 

of interest, are a function of permeability ]i, the number of wound conductor turns N, 

and the coil geometry itseff. Ignoring structural considerations, the number of conduc

tor turns N can be found as a function of the conductor dimensions and the dimen

sions of the cofl of interest. The minimum required dimensions of the conductor can 

be found from the cofl design current and the maximum allowable conductor current 
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density. This yields a simplffied design relation solely in terms of permeability, con

ductor dimensions, and coil dimensions. 

A design conductor current density can be determined from consideration of the 

properties of the conductor. Superconductors are commonly ranked according to their 

so-called critical temperature T̂  (that temperature at which their resistance approaches 

zero). This critical temperature, however, is generally determined in such a manner 

that the superconductor is exposed to low current densities and relatively low magnet

ic fields. In practice, superconductor temperature may have to be maintained at a level 

signfficantiy lower than T̂  in order to achieve superconductivity at useful current den

sities and magnetic field strengths. It has been demonstrated (Kunzler, Buehler, Hsu, 

and Wemick, 1961) that the conventional niobium tin superconductor can remain in a 
2 

superconducting state whfle approaching current densities of 100 kA/cm in a field of 

8.8 Tesla (T). The conductor being considered for SMES use is a copper/niobium-
2 

titanium (Cu/Nb-Ti) composite with a critical current density of 35 kA/cm (Luongo. 

Loyd, and Chang, 1988). Niobium titanium approaches the high field and current den

sity of niobium tin while being more ductile. Tradeoffs between the cost of the conduc

tor and a sufficient margin of operational safety suggest that the current density of a 

fully charged cofl should be approximately 80% of the critical current density. Howev

er, the critical magnetic field (that field which will quench superconductivity at a given 

temperature and current density) is well defined only when the conductor is in the 

form of a long cylinder which is coaxial with the applied magnetic field (Allen. 1969). 
2 

Thus, limiting the current density to a value of 10 kA/cm helps to insure that the seff-

magnetic field due to the current in the conductor remains below the critical field (Gar-

win and Matisoo, 1968). Following is an examination of several different coil shapes, 

ignoring thermal and electrical insulation requirements. 

2-4-1 Torus fSingle-Laver) 

The torus is an excellent choice of coil geometry for containment of the magnetic 

field and the concomitant reduction of possible environmental effects, since the exter

nal field of a torus tends to be small (Grover, 1973. p. 169). In contrast to the advan

tage of having an essentially negligible external field, toroidal coils are characterized by 

the disadvantage of requiring a large length of conductor in proportion to the 



18 

inductance obtained. The geometry of the torus is given by ao for the minor radius and 

Ro for the major radius, as shown in Figure 2-5. 

4 R 
^ - o 

©-— 
_ ^ I 

r / ^ . . j c x i l n h l ^ ^ \ 

Figure 2-5: Toroidal cofl geometry. 

The inductance of a torus is given by (Knoepfel, 1970, p. 321), 

L = vioN^lRo-(R,=^-ao')i/2] . (2-33) 

Setting ao = Ro/2 (this aspect ratio maximizes inductance with respect to ao: see Ap

pendix C) and substituting into (2-33) yields, after simplffication, 

L= V^PoNXl 2 - 3 /̂2 ] = (0.1340)poN^Ro • (2-34) 

In order to generate an expression for the major radius Ro in terms of the coil in

ductance L, a relationship between the number of turns N and the major radius Ro 

must be found. This relationship between N and Ro (ignoring thermal and electrical in

sulation requirements) will involve the size and cross-sectional shape of the cofl con

ductor, which in turn is related to the conductor current density and the cofl design 

current. 
2 

Assuming a superconductor current density of 10 kA/cm , the cross-sectional area 

required for a 200 kA coil is given by the ratio of the coil current to the current density 

of the conductor, 
A, = (200kA)/(10kA/cm2) = 20cm2 . (2-35) 

2 

The diameter of a round conductor of cross-sectional area \ = pi {DJ2) is 
D, = 2(A,/p)i/2 . (2-36) 

2 

A round conductor of cross-sectional area Â  = 20 cm therefore has a diameter 
-2 

D,. = 5.05x10 m. The limiting factor for the number of turns of conductor which can 

be wound on a single-layer toroidal coil is the number of conductor diameters which 

will fit around the inside circumference of the coil. In such a case (ignoring thermal 

and electrical insulation requirements, and structural considerations), the number of 
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turns of conductor is given by the ratio of the inside circumference of the cofl to the di

ameter of the conductor, 

N = 2pt(Ro-aJ/D, . (2-37) 

Recalling that ao = Ro/2, the relation for N can be simplffied as foflows, 

N = 2;,t(R„-Ro/2)/D, = piRo/D, . (2-38) 

Substituting the relation for the number of turns (2-38) into the relation for the induc

tance of a single-layer toms (2-34), and solving for Ro yields, 
( 2LD,2 X 1/3 . U)2 1/3 

^ = ^ ^.piH2 - 3̂ /̂ ) f - 0 . 9 1 1 l l ^ ^ J . (2-39) 

The 180 H (1000 MWh) single-layer toroidal cofl with aspect ratio ao = R„/2, permeabfl-
-7 -2 

ity |io = 4pi -10 H/m, and conductor diameter D^ = 5.05x10 m, therefore has a major 
radius and a minor radius, 

Ro = 65.1 m . 
ao = 32.5 m . 

The 900 H (5000 MWh) cofl has a major radius and a minor radius, 

Ro= 111.3 m . 
â  = 55.7 m . 

Note that the major radius Ro varies as the one-third power of inductance. L. 

The length of conductor required for a single-layer torus is determined by taking 

the product of the number of turns N and the minor circumference 2p i a^. The volume 

of the conductor is found by calculating the product of the conductor length and cross 

section. Thus, the 180 H torus requires, 

conductor length = (4050 turns)(204.2 m) = 827 km . 
conductor volume = (8.27x10^ m)(0.002 m )̂ = 1654 m^ . 

The 900 H torus requires, 

conductor length = (6924 tums)(350.0 m) = 2423 km , 
conductor volume = (2.42x10^ m)(0.002 m )̂ = 4846 m^ . 

The magnetic field within the toroidal coil as a function of r is proportional to the 

amp-turns of the cofl and inversely proportional to the circumference 2p i r (Knoepfel. 

1970. p. 321), 

H^(r) = Nl/[2piT] = [lpi Ro/D, ] / [ 2;; i r ] = IRo/(2rDJ . (2-40) 

Maximum magnetic pressure occurs at that point on the coil at which H^̂  is maximum. 

Since Hp̂  is inversely proportional to r, H^̂  is maximum at r = R̂  - ao. Therefore. 

H (̂nu«) = IRo / [ 2(Ro - ao)DJ = IRo / [ 2(Ro - Ro/2)DJ = I/D, . (2-41) 
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Note that, for the aspect ratio ao = Ro/2. H ^ , ^ , is independent of the cofl dimensions. 

The maximum static magnetic pressure p,„^ can now be found as. 

P(inax) =^^lioH%,„^ = violV(2D,2) . (2-42) 

Substituting I = 200 kA and D, = 5.05x10"" m into (2-41) yields. 

Ĥ (max) = 3.96x10^ A/m = 4.98x10^ Oersted (Oe) 

for both the 180 H cofl and the 900 H cofl. This corresponds to a magnetic flux densi

ty (magnetic induction) of, 

B^(n^ = 4.98 T . 

in the absence of ferromagnetic materials (relative permeability 10^=1)- Likewise, sub

stitution of these values into (2-42) yields for both cofls, 

P(in«) = (9.86x10^ N/m2)/(6896 N-inVlbf-m^) = 1429 psi . 

This pressure acts to increase the minor radius of the torus, ao. 

2-4-2 Torus (Four-Laver) 

Cofl size could be reduced by layering the windings on the cofl. Assuming that 

D^ << Ro, the relation for the number of turns of conductor about a four-layer coil be

comes, 

N = 4[ 2pi (Ro - a J / D J = 8pi (Ro - Ro/2)/D, = 4piR,/D, . (2-43) 

Substituting the relation for the number of turns (2-43) into the relation for the induc

tance of a single-layer torus (2-34), and solving for Ro yields. 

/ 2LD,2 y /3 f LDê  y/3 
R„ = I ) = 0.36161 I . (2-44) 
^ ^ 16^oPt^(2-3^/2)^ ^ Po ^ 

A 180 H (1000 MWh) four-layer toroidal cofl with aspect ratio ao = Ro/2. permeabflity 

radii. 

-7 -2 

Po = 4;>i -10 H/m, and conductor diameter D^ = 5.05x10 m. has major and minor 

Ro = 25.8 m . 
ao= 12.9 m . 

The 900 H (5000 MWh) cofl with the same aspect ratio, permeabflity. and conductor 

diameter has major and minor radii, 

Ro = 44.2 m , 
ao = 22.1 m . 

The length of conductor required for a four-layer torus is found by taking the prod

uct of the number of turns N and the minor circumference 2p i a^. The volume of 
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conductor is determined by finding the product of the conductor length and cross 

section. Thus, the 180 H toms requires. 

conductor length = (6420 turns) (81.05 m) = 520 km . 
conductor volume = (5.20x10^ m)(0.002 m )̂ = 1041 m^ . 

The 900 H torus requires. 

conductor lengtii = (11000 tums)( 138.9 m) = 1527 km . 
conductor volimie = (1.53x10^ m)(0.002 m )̂ = 3055 m^ . 

The magnetic field within the four-layer toroidal cofl is given by the same general 

relation as for the single-layer cofl, 

H^(r) = NI / I 2;, i r 1 = [ 4p I IRo/D, ] / [ 2;; t r ] = 2IRo/(rDJ . (2-45) 

H^ for the four-layer cofl is maximum at r = Ro - ao- Substitution of this r into (2-45) 

yields, 

H^,n^, = 2IR, / ((Ro - aJD, 1 = 2IRo / [ (Ro - Ro/2)D, 1 = 4I/D, . (2-46) 

The maximum magnetic pressure for the four-layer toroid can be determined by substi

tuting (2-46) into (2-42) as foUows, 

Pimax, = ^^lioH%,^ = >io(4I)V(2D,̂ ) = 8>iolVD,2 . (2-47) 

Substituting I = 200 kA and D, = 5.05x10"" m into (2-46) yields. 

H (̂max) = 15.8x10® A/m = 1.99x10^ Oe 

for both the 180 H cofl and the 900 H cofl. This corresponds to a magnetic flux densi

ty (magnetic induction) of, 

Bpftdnax) = 19.9 T . 
-2 

Likewise, substituting I = 200 kA and D̂ . = 5.05x10 m into (2-47) results in a value. 

P(max) = (157.7x10® N/m2)/(6896 N-inVlbf-m^) = 22.9 kpsi . 

Increasing the number of layers by a factor of 4 decreases the major and minor ra-
-2/3 

dii by a factor of 4 . increases the magnetic field by a factor of 4. and increases the 
2 

magnetic pressure by a factor of 4 . As with the single-layer solenoid, this magnetic 

pressure acts to increase the minor radius ao. 

2-4-3 Thick Solenoid (Brooks Coil) 

This coil corffiguration minimizes the length of conductor required for a given value 

of inductance, a property which could be of great value in an application which re

quires superconducting wires. A Brooks coil is a short thick solenoid which has the 

advantage of a large inductance in proportion to the length of conductor used, and the 
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disadvantage of a large extemal fleld (although in some applications the external field 

may be considered an advantage). The axial height of the cofl is h. the inside radius is 

ao, and the outside radius is bo, as shown in Figure 2-6. Assuming a conductor of 

square cross section, the dimension of a side of the conductor is. 

s = (A,)̂ /=̂  . (2-48) 

•z 
1 

h 

' 

1 
t>o 

• 1 
h , • 

- ^ 0 
^2 1 

( 

^%-' 
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^̂ ^̂ \̂ 3 s 
» B 

\ conductor 
) cross section 

Figure 2-6: Brooks coil geometry. 
2 

Conductor cross section A .̂ from (2-35), is 20 cm , yielding a size for the square con-
-2 

ductor of s = 4.47x10 m = 1.76 inch on a side. The inductance of an N turn thick 

solenoid of height h, annular radius ao, and total radius bo is given by (Terman, 1943, 

p. 61), 

h^ (bo-aj^+h^ \ r 4(bo + ao) Lo = 0.03193 ( - ^ ) N ^ [ ( - 8(bo+ao)" 24(bo+ao)= 
u 

((bo-ao)'+h2) 1/2 J 

- y i + 72 ] (2-49) 
4(b„+aJ^ 

where dimensions are in inches and y^ and y2 are constants dependent upon the ratio 

h/(bo - ao) as given in Table 16, of Terman (1943, p. 63). Thick solenoid inductance 

can be maximized for a given length of conductor by choosing aspect ratios such that 

bo - ao = ao = h (Terman. 1943. p. 61). The actual maximum occurs for 

bo - ao = 1.017ao = h, but the maximum is very flat (Grover. 1973, p. 98). Accordingly, 

B. Brooks proposed that a cofl of aspect ratio bo - ao = ao = h is essentially of optimum 

form, thus a cofl of this aspect ratio is known as a Brooks Cofl (Grover, 1973, p. 97). 

Substitution of the Brooks cofl relations into (2-49) yields the following equation in 

terms of ao. 

.o = 0.03193( JaoN l̂ 
221 

ln{72^''} - y, + 
72 

2 ' " ^ 2 1 6 
= 0.047895aoN'[ 2.1878 - y, + y2/36 ) . 

36 ) 

(2-50) 
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where y, = 0 .8483 and yj = 0.8160 for the Brooks cofl aspect ratios. The number of 

t u r n s of conductor is determined by multiplying the number of rows by the number of 

t u rn s per row, 

N = [ (bo - ao)/s H h / s ] = h(bo - ao)/s' . (2-51) 

Incorporatflig the aspect ratio relations into (2-51) and solving N ui terms of ao yields, 

N = aoVs2 . (2-52) 

Combining (2-52) with (2-50) and the values for yi and y2. and solving for ao. results in 

( L \^^^ 

0.64215°H/m- f ' ' ' - ^=" 

where inches have been converted to meters (39.37 in = 1 m). The 180 H thick sole

noid therefore h a s dimensions, 
ao = 3.09 m , 
bo = 6.17 m . 
h = 3.09 m . 
N = 4765 t u m s . 

The 900 H thick solenoid has dimensions, 

ao = 4.26 m , 
bo = 8.52 m , 
h = 4.26 m , 
N = 9070 t u m s . 

The length of conductor required for a thick solenoid is determined by taking the 

product of the average length of a row and the number of rows, (bo - ao)/s. The average 

length of a row is found by taking the product of the circurrfference of the average ra

dius, 2pi [(ao + bo)/2], and the number of t u m s in a row. h / s . Conductor length is 

t h u s expressed by. 
2 „ 2 

/ ao + bo h w bo - ao \ bo^ - ao' 

•(^-rJ(^^^"^—s" conductor length = 2pi( — ; ; ^ ) • y ;̂ — ) = pi h -^— . (2-54) 

The volume of conductor is found by taking the product of the conductor length and 

cross section. Thus , the 180 H thick solenoid requires. 

conductor length = 1 3 9 km . 
conductor volume = (1.39x10' m)(0.002 m '̂) = 277 m^ . 

The 900 H thick solenoid requires, 

conductor length = 364 km . 
conductor volume = (3.64x10' m)(0.002 m^) = 729 m^ . 
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The axial magnetic field within the thick solenoid is determined from the following 

relation (Knoepfel, 1970. p. 29), 

1 NI r r bo+(bo2+hi=̂ )>/̂  I r bo+(bo=̂ +h2̂ )'/̂  11 

^ ' - T l ^ i ^ : : ^ ^ ^ - ^ - ! ao.(ao-.h.T-- J ^ "-^^^ ao.(aoW)--- ^^ " ^ '" ' '^ 

Setting hi = ha = h / 2 in (2-55), and using the Brooks cofl aspect ratio relations, re

sults in the foUowing expression for the maximum axial magnetic field. 

NI r 4 + 17^/2 1 
H.(n^) = — l n | ^^^1/2 1 = 0.3255(NI/aJ . (2-56) 

The magnetic pressure acting upon the solenoid in the radial direction, as deter

mined earlier, is given by, 

p = '/2VioH^ . (2-57) 

Substituting (2-56) into (2-57) yields the following relation for the maximum magnetic 

pressure, 

1 N Î̂  r 4 + 17 /̂2 i\n" r 4 + 17"^ 1 
P(max) = Y'^° ~^~^ ^""'l -TT-TTTT- i = 0.05299po(NI/aj' . (2-58) 

Substituting N = 4765 turns, I = 200 kA, and a„ = 3.09 m into (2-56) yields, 

H,(n^)= 1.004x10^ A/m = 1.26x10® Oe . 

This H2(max) corresponds to a value of B^i„^^ = 126.2 T for the magnetic flux in the 

180 H cofl. Substituting N = 9070 tums , I = 200 kA, and ao = 4.26 m into (2-56) 

yields 

H^n^) = 1.386x10® A/m = 1.74x10® Oe (B,(„^, = 174.2 T) 

for the 900 H cofl. Evaluating (2-58) for ]i„ = 4pi-10^ H/m, N = 4765 t ums , 

I = 200 kA, and ao = 3.09 m results in a maximum magnetic pressure 

P(max) = (6.34525x10^ N/m2)/(6896 N-inVlbf-m^) = 920 kpsi 

for the 180 H solenoid. Evaluating (2-58) for N = 9070 tums . I = 200 kA. and 

ao = 4.26 m results in 

p ,^) = (1.2074x10^° N/m2)/(6896 N-inVlbf-m") = 1750 kpsi 

for the 900 H cofl. These pressures in a charged cofl act to increase the radius of the 

cofl. The force exerted by the magnetic field on the cofl is given by the product of the 

pressure exerted at the surface of the cofl and the area of the cofl surface. Thus, ff 

pressure were a constant function of axial position along the cofl. the 180 H thick sole

noid would experience a total radial force (at 920 kpsi) on the order of 85 miUion tons 
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(short), and the 900 H thick solenoid a total radial force (at 1750 kpsi) on the order of 

310 mfllion tons (short). 

2-4-4 Single-Laver Solenoid 

The single-layer solenoid is perhaps the most basic of the inductive cofls. Simplic

ity of design and construction is the motivation for examining this particular cofl ge

ometry, which is depicted in Figure 2-7. The radial dimension of the cofl. from the 

center of the cofl to the centerline of the winding, is denoted by ao. The axial height of 

the cofl is denoted by h. The radial dimension of the rectangular conductor is denoted 

by d, and the axial dimension by s. Thus the cross-sectional area of the coil conductor 

is given by, 

Â  = sd . (2-59) 

I 

h E io conductor 
cross section 

Figure 2-7: Single-layer solenoid geometry. 

The inductance of the single-layer solenoid can be calculated using the relation 

(Knoepfel. 1970, p. 316). 

L = ]i,NHpi)aio'^Jh , (2-60) 

where KL is given as a function of the ratio h/2ao l̂ i Appendix A. The number of tums 

is given by the ratio of the coil height, h, over the axial conductor dimension, s. assum

ing that the thickness of the insulation is negligible compared to the conductor thick

ness. Choosing aspect ratios (arbitrarfly) such that h = 30d and ao = 5h. the number 

of t u m s can be found as follows: 

N = h / s = h/(A,/d) = (ao/5) / [ A,/{(ao/5)/30} ] = aoV(750A,) . (2-61) 

Substituting the relation (2-61). the aspect ratio h = ao/5. and the value KJO.l) = 0.20 

into (2-60) j^elds the following simplffied equation for single-layer solenoid inductance, 

L = ao'(1.7546xl0®H/m') , (2-62) 
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2 

where A^ = 20 cm . Rearranging terms to obtain an equation for ao as a function of in

ductance resul ts in the relation, 

"° = f 1.7546x10-^ H/m- ^ ' ' " - ' 3 ' 

The 180 H single-layer solenoid therefore has dimensions, 

ao = 40.0 m , 
h = a„/5 = 8.00 m , 
d = h / 3 0 = 26.7 cm . 
s = (150A:/ao) = 7.50 mm , 

N = h / s = 1067 t u m s . 

The 900 H single-layer solenoid h a s dimensions. 

ao = 55.2 m , 
h = ao /5= 11.0 m . 
d = h / 3 0 = 36.8 cm . 
s = (150A^/ao) = 5.43 mm . 
N = h / s = 2032 t u m s . 

Conductor length for a single-layer solenoid is found by taking the product of the 

average solenoid circumference and the number of t u m s . The length of the conductor 

is t h u s given by, 

conductor length = 2p i aJSi . (2-64) 

Conductor material volume is determined by the product of conductor length and con

ductor cross section as follows, 
conductor volume = 2p i aJ>iA^ . (2-65) 

The 180 H solenoid t h u s requires, 

conductor length = 268 km . 
conductor volume = 536 m^ . 

The 900 H solenoid requires. 

conductor length = 705 km . 
conductor volume = 1410 m^ . 

The maximum axial magnetic field within the single-layer solenoid is found using 

the relation for axial field at the center of a cofl (see Section 2-2 of this thesis). 

NI 1 
H , , ^ , = . (2-66) 

^"^' h [ (2ao/h)^+l]^ /^ 
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Substituting h = ao/5 into (2-66) results in the following expression for maximum axial 

magnetic field. 

5NI 1 
H4™x) = = 0.4975(NI/ao) . (2-67) 

a, (101)^/2 

Given the previous assumption that insulation thickness between windings is negli

gible, and substituting (2-67) into (2-57), the following relation for the maximum mag

netic surface pressure on this single-layer solenoid is obtained as, 
1 25N2I2 

P(max) = —Po = 0.1238po(NI/ao)^ . (2-68) 

2 1013,=̂  

Substitutmg N = 1067 tums , I = 200 kA, and ao = 40.0 m into (2-67) yields, for the 

180 H solenoid, 

Hz(n ,̂ = 2.654x10® A/m = 3.335x10* Oe (B,,^, = 3.335 T). 

Substituting N = 2032 turns. I = 200 kA, and ao = 55.2 m into (2-67) yields 

H,(„^) = 3.663x10® A/m = 4.603x10* Oe (B,,^, = 4.603 T) 

for the 900 H solenoid. Evaluating (2-68) for the 180 H solenoid results in. 

P(max) = (4.42657x10® N/m=')/(6896 N-inVlbf-m^) = 641 psi . 

The maximum magnetic surface pressure for the 900 H solenoid is computed as. 

P(max) = (8.43000x10® N/m2)/(6896 N-inVlbf-m^) = 1222 psi . 

As with the Brooks coil, these pressures act to increase the radius of the cofl. ff the 

magnetic pressure were a constant function of axial position along the cofl. the total 

radial force exerted on the 180 H single-layer solenoid (at 641 psi) would be on the or

der of 1 miUion tons (short), and the radial force exerted on the 900 H single-layer so

lenoid (at 1222 psi) would be on the order of 3.6 million tons (short). 

2-5 Structural Considerations 

As it t u m s out, the choice of cofl geometry is driven to a large extent by the struc

tural requirements inherent in containing the magnetic forces of a large (terajoule) fully 

charged magnetic energy storage cofl. Consider the single-layer 900 H toms. Maxi

mum magnetic field, and thus maximum pressure (p,̂ â , = 1429 psi), occur at the in

ner radius r = Ro - a<, = 55.7 m. Minimum magnetic pressure occurs at the outer 

radius r = R„+ ao= 167 m. Using this outer radius r in (2-40) and (2-22) results in a 

minimum magnetic pressure, ?(„,,„, = 159 psi. acting radially outward. A midpoint 

pressure acting in a direction parallel to the axis of the torus can be found at a radial 
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distance r = R„ = 111.3 m. This corresponds to a pressure p(r = 111.3 m) = 357 psi. 

Now. 357 psi may not appear to be a signfficant stmctural pressure, but consider that 

the surface area of this 900 H single-layer torus exceeds 244 thousand square meters 
2 

{ A = 4pi Roao ). and consider that a pressure of 357 psi applied over a surface area of 
2 

1 m amounts to a force of 277 tons (short). At sea level. 357 psi is equivalent to a 

unfform colunm of aluminum 305 ft high, of reirfforced concrete 343 ft high, or of dry 

packed earth 542 ft high (material densities found in REA Handbook, p. 711 and p. 

844). The minimum required wall thickness, do, for a cylinder of inside radius ao sub

jected to an intemal pressure, p, is given by (from Singer and Pytel, 1980. pp. 564-567) 

do = aol {T„/(T^ - p)}̂ /2 - 1 1 , (2-69) 

where T^ is the allowable working shear stress according to the maximum shear stress 

theory. For a pressure vessel, the approximate design safety factor for norfferrous met

als is 4 (Hicks. 1985, p. 3.114). Assuming aluminum 2219-T87 as the structural mate

rial, the approximate working stress at cryogenic temperatures is found as 

T^ = 18.25 kpsi. The required wall thickness for the 900 H single-layer torus, at the 

midpoint pressure of 357 psi, is easfly calculated as 55.2 cm (21.8 in). The required 

wall thickness at the inner radius (p = 1429 psi) is 231.9 cm (91.3 in) and the thick

ness at the outer radius (p = 159 psi) is 24.4 cm (9.6 in). As an estimate on tiie ex

treme low side of the quantity of structural material required, application of the outer 

radius thickness of 24.4 cm to the entire torus yields a requirement for approximately 
3 

178 thousand tons of structural aluminum (168.6 lb/ft) for magnetic pressure con

tainment. 

The required waU thickness for either the 180 H or the 900 H thick solenoid 

(Brooks cofl) cannot be calculated by the above method, since the working shear 

stress, T^ = 18.25 kpsi, of the structural aluminum is greatiy exceeded by the magnet

ic pressure. p(n,ax) > 900 kpsi. Structural aluminum, as well as all other common 

structural materials, is apparentiy inadequate to the task of containing the magnetic 

forces of such a high-energy-density storage device. 

The required wall thickness for the 900 H single-layer solenoid (p = 1222 psi) is 

found to be 194.6 cm (76.6 in), ff this thickness is applied to the entire solenoid, the 

required amount of structural aluminum is found to be 22 thousand tons, roughly 

12% of the amount estimated for the 900 H toroidal cofl. An additional point in favor 

of the single-layer solenoid is that, due to the geometry of the cofl. the radial 
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component of magnetic pressure could be partially contained by burying the solenoid 

ui suitable sofl or bedrock. Such partial contairmient by the earth would reduce the 

reqiured metallic s tmc ture . offsetting a portion of the constmction cost. The toroidal 

s t ructure does not benefit from earth burial, since the pressure in the torus pushes 

outward in all directions. For example, in order to fully compensate for the 357 psi 

along the upper surface of the torus by earth burial, assuming the torus axis is placed 

perpendicular to the ground surface, the 900 H single-layer toroidal cofl would have to 

be buried 542 ft below ground. Conversely, containment of solenoidal radial pressures 

by earth burial should pose fewer fundamental problems, as sofls with bearing pres

sures of several kpsi are common. 

2-5-1 Forces Acting on a SMES Cofl 

Radial tensile forces. F^, acting on charged induction coils have been discussed in 

some detafl. In addition, charged Induction coils experience axial compression forces, 

F^c, and SMES cofls experience added radial compression forces. F^ .̂ due to thermal 

contraction. The magneticaUy induced radial tensile forces and axial compressive 

forces tend to expand a solenoidal cofl radially and compress it axially towards its mid-

plane, as indicated in Figure 2-8. An estimate of the axial forces acting on a charged 

cofl can be made by using the principle of virtual work (Knoepfel. 1970. p. 114). 
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FORCES ACTING ON SMES COIL AXIAL FORCES BY PRINCIPLE OF VIRTUAL WORK 

Figure 2-8: SMES cofl forces and the principle of 
virtual work. 

The mechanical work done on a body by a constant linear force is given by the 

product of the force and the displacement of the body, due to the force, in the direction 



30 

of the force. This work has uni ts of energy and represents a change in the energy state 

of the body. Applying this concept of mechanical work to a charged induction cofl of 

magnetic energy W. the virtual displacement dz is foimd to cause the virtual work 

dW = F^dz , (2-70) 

where F , is the axial force acting on the cofl (F, is assumed constant through the dis

placement dz), as shown in Figure 2-8. Consider the single-layer solenoid for which 

the magnetic energy is given by 

W=V^U2 : (2-71) 

inductance is given by 

L = ]i,N^ pi a,^K^/h : (2-72) 

and the correction factor KL is given as a function of h / 2 a in Appendix A. Assuming 

tha t the current I remains constant during the displacement dz = dh. the virtual work 

of the solenoid is found as 

dW= 1/2P(dL/dz)dz = [ V2 ]i^ p i aj" N^ IVh ] (-KL/h + dKL/dz)dz = F^dz . (2-73) 

Whfle for a long cofl (h /2a » 1) dK^^/dz is much less than KL/h and can be ignored 

(Knoepfel, 1970, p. 114), for a short cofl (h /2a < 1) dK^^/dz is on the same order as 

KL/h and can not be ignored. The approximate magnitude of the axial force on the end 

winding is t h u s given by 

I F J = I V̂  po P t 3,2 H,M -KL + h(dKL/dz) ) I , (2-74) 

where H^ = Nl /h is the axial center field of the solenoid, and KL and h(dKL/dz) can be 

obtained, as functions of h / 2 a , from the graph in Appendix A. F^ decreases from this 

end winding value, for windings closer to the midplane of the solenoid, by about a fac-
2 

tor (2z/h) where z is the axial distance from the midplane. Note that F^ is proportional 

to the product of the midplane magnetic pressure Pi^ax) 2ind the cross-sectional area of 
2 

the solenoid pia^ , 

I F J = I Pt̂ ax, /̂  t aoM -KL + h(dKL/dz) ] I . (2-75) 

For the 900 H single-layer solenoid with p,n,3̂ , = 1222 psi, ao = 55 .2 m = 2 1 7 3 in, 

KL = 0.20, and h(dKL/dz) = 0.14. the total axial force on the end winding is approxi

mately 

I F J = 1.15x10^ Ibf = 573 thousand tons (short) . 

and the force per unit distance along the end winding is given by 

I F J / [2 pi aol = I V2p,^^, ao I -KL + h(dKL/dz) ) I = 41.9 tons / in . 

To pu t this axial force into perspective, consider that the cryogenic working shear 
2 

s t ress of 2219-T87 s tmctura l a luminum is 9.13 tons / in . 
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Due to the structural requirements previously considered, and to thermal and elec

trical flisulation requirements, a feasible 900 H (18 terajoule) SMES solenoidal cofl wfll 

be on the order of 1000 m in diameter (Loyd. Schoenung. and Nakamura. 1986). Con

sider a SMES cofl of radius 500 m as it is cooled from ambient temperature (300 K is 

about 80° F) to 1.8 K. For 2000 series aluminum, the average coefficient of linear ex

pansion from 300 K to 1.8 K is approximately 14.3x10^ per °C. This amounts to a re

duction in radius of 7 ft. Published design concepts constraui the cofl so that it can 

not shrink in size. This approach avoids many potential problems which could occur ff 

the cofl were to move 7 ft inward at every point on the circurrfference. such as the cofl 

puUing loose from refrigerant and power lines, or torquing inward at the top because 

the base of the cofl is constrained by friction with the ground. Constraint of the cofl 

does lead to persistent cool-down stress due to thermal contraction. The cool-down 

stress can be calculated (Loyd. Schoenung. and Nakamura, 1986) as the product of 
6 

Young's modulus for 2219-T87 aluminum at 1.8 K (approximately 11.6x10 psi) and 

the fractional linear contraction for 2000 series aluminum from 300 K to 1.8 K. This 

calculation jrields a cool-down stress of 50 kpsi. which is 68% of the yield stress of 

2219-T87. Note that Young's modulus is the slope of the stress-strain curve, up to the 

proportional limit, and is sometimes called the modulus of elasticity. Stress is defined, 

by Singer and Pytel (1980. p. 34), as the unit load applied to the sample (force per unit 

area), whfle strain is defined as the resulting unit elongation (total elongation divided 

by total original length of sample). Figure 2-9 is a generalized stress-strain diagram 

depicting the location of the proportional limit in comparison to other points of inter

est. 

s t r e s s 

Ult imate s t r e n g t h 
Actual 
Rupture 
s t r e n g t h 

Yield point 

Elast ic l imit 
Proport iona l l imit 

Rupture s t r e n g t h 

O S t r a i n 

Figure 2-9: Stress-strain diagram. 
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2-6 Final Design 

Previous discussions of cofl design, herefli, have ignored stmctural considerations, 

electrical insulation requirements, and refrigeration requirements. Published design 

concepts (Loyd. Schoenung. and Nakamura. 1986) utilize a rectangular aluminum con

ductor support assembly (CSA) to position the conductor, support the conductor 

against radial and axial magnetic forces, provide refrigerant channels adjacent to the 

conductor, and resistively dissipate electrical energy during a cofl energy dump. The 

axial dimension of the CSA is denoted by s = 13 cm. the radial dimension of the CSA 

is denoted by d = 25 cm, and adjacent CSA's are separated by slabs of NEMA grade 

G-10 laminated insulator of thickness s, = 0.75 cm. The previously considered con

ductor of cross-sectional area Â  = 20 cm easfly fits within the 325 cm CSA. Consid

er now a short, N turn, single-layer solenoid of radius ao and axial height h, as shown 

in Figure 2-10, which employs the CSA specffied above. 

h Cross section 
of CSA 

Figure 2-10: Single-layer short solenoid with 
CSA. 

N t u m s of the CSA results in a single-layer solenoid which has an axial height giv

en by 

h = N(s -H Sj) + s = (N + l)s + Ns, . (2-76) 

Using this h in the relation for inductance given in Section 2-4-4 yields 

L = vio N^ P^ ao' KL / [ (N + l)s + Ns, ] . (2-77) 

For N » 1. inductance can be written approximately as 

L = PoN;;tao=^KL/[s + s,] . (2-78) 

Thus, the number of tums required for a given diameter, a„, and a given inductance. L. 

can be found as 

L(s + s,) 
N = 

Po P i So' KL 
(2-79) 
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where KL is a function of h/2ao (see Appendbc A). Solving for N is complicated by the 

fact that KL is a function of N (through the quantity h). A straightforward iterative ap

proach can be used in which an initial KL is chosen, N is calculated, and h is found 

from N. This h is then used to find a new KL. which is used to calculate a new N. and 

thence a new h. This iterative process continues until a stable solution is reached. 

Given ao = 500 m, L = 900 H, s + s, = 13.75 cm. and an initial guess KL = 1. eight 

iterations yield a stable value of N = 660 tums and h = 90.88 m. Usflig the single-

layer solenoid relations from Section 2-4-4 yields H^,,^, = 1.315x10^ A/m and 
4 2 

P(inax) = 1.086x10 N/m (1.575 psi). The minimum required wall thickness for struc

tural support against this outward radial pressure, assuming aluminimi 2219-T87 as 

the structural material, is found as 

do = (500 m)l (18250/(18250 - 1.575)}^/' - 1 1 = 2.157x10' m = 0.849 in . 

The total axial force on the end winding is approximated by 
IFJ = 1(1.575 psi)(pi)(19,685in)M-0.190 + 0.133)1 

= 1.10x10® Ibf = 55 thousand tons (short) , 

where ao = 500 m = 19,685 in, and KL and h(dKL/dz) are found from Appendix A as 

functions of h/2ao = 0.09088. The force per unit distance along the end winding is 

given by 

IFJ /[2pi (19.685 in) 1 = 890 Ibf/in . 

Table 2-1 summarizes the characteristics of the induction cofls addressed in this 

chapter, as weU as a 4-layer short solenoid which is analyzed in Appendix B. The sim

plffied cofl designs of Section 2-4 are very compact due to the neglect of structural con

siderations, electrical insulating requirements, and refrigeration requirements. 

Examination of Table 2-1, for these simplffied cofls, shows that the thin single-layer so

lenoid has reasonably small conductor requirements, low axial fields and magnetically-

induced pressures, and minimal structural requirements. The 900 H single-layer sole

noid with CSA (designed above) has greater conductor requirements than the simplffied 

900 H solenoid, due to the greater conductor separation required by the presence of 

the CSA (and the concomitant effects on cofl radius). However, the axial field and mag

netic pressure are less for the CSA solenoid and the quantity of structural aluminum 

required for radial containment is less, even though the surface area of the CSA sole

noid is much greater. This 900 H single-layer short solenoid, with CSA. is the cofl 

which shall be considered in subsequent analyses of electrodjmamic behavior. This 
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cofl embodies the physical nature of a practical SMES cofl while providing a single-

layer geometry which is somewhat amenable to electrodynamic analysis. 

Note tha t a multi-layer cofl (see Appendix B) may have certain constmction and op

erating advantages over a single-layer cofl. such as a smafler axial dimension which re

duces the required burial depth for earth support, and a lower cofl voltage during a 

loss of coolant event or an emergency energy dump (Loyd et al.. 1987). Note also that 

there is a correction formula to the calculated inductance, by E. B. Rosa (Grover. 1973. 

p. 149). which compensates for errors due to the insulating space between windings, 

bu t tha t in the case of the 900 H single-layer short solenoid, the correction amounts to 

less t h a n 1 part in 10.000. Some applications may benefit from a more rigorous ap

proach to magnetic pressure calculations based on off-axis values of magnetic field. 

Expressions for off-axis magnetic fields may be found in Montgomery (p. 237. 1969) in 

terms of elliptic integrals, and in Chao (1931) in terms of "zonal harmonics" (or Le-

gendre polynomials). 

Table 2-1: Summary of induction cofl characteristics. 

TYPE OF INDUCTION 

COIL 

1 - U y c r Torus (180 H) 

1-Layer Torus (900 H) 

4 - U y e r Torus (180 H) 

4-Layer Torus (900 H) 

Brooks Coil (180 H) 

Brooks Coil (900 H) 

1-Layer Solenoid (180 H) 

1-Layer Solenoid (900 H) 

1-Layer Short Solenoid 

with CSA (900 H) 

4-L«yer Short Solenoid 

•with CSA (945 H) 

OUTER 

SURFACE 
AREA 

83,500 

245.000 

13.100 

38.600 

120 

228 

2010 

3820 

286,000 

60.400 

CONDUCTOR 

LENGTH 

(km) 

827 

2423 

520 

1527 

139 

364 

268 

705 

2073 

1747 

CONDUCTOR 

VOLUME 

(m^) 

1854 

4846 

1041 

3055 

277 

729 

536 

1410 

4147 

3493 

MAXIMUU 

AXIAL 

MAGNETIC 

FIELD 

(T) 

4.98 

4.98 

19.9 

19.9 

126 

174 

3.34 

4.60 

0.165 

0.140 

MAXIMUM 

MAGNETIC 

PRESSURE 

(kpsi) 

1.43 

1.43 

22.9 

22.9 

920 

1750 

0.641 

1.22 

- 3 
1.58x10 

- 3 
1.13x10 

AXIAL 

COMPRESSIVE 

FORCE PER 

UNIT 

LENGTH OF 

END 

WINDING 

(Ibf/in) 

N/A 

N/A 

N/A 

N/A 

6 
11.2x10 

6 
29.4x10 

60,800 

83.900 

890 

136 

MAXIMUM 

REQUIRED 

WALL 

THICKNESS 

FOR RADIAL 

PRESSURE 

CONTAINMENT 

(cm) 

135 

232 

N/A 

N/A 

N/A 

N/A 

72.2 

195 

2.16 

1.54 



CHAPTER 3 
LUMPED PARAMETER COIL MODEL 

The lumped parameter cofl model, composed of discrete circuit components, is 

based upon estimates of cofl capacitance using paraUel-plate capacitance relations. 

The model allows prediction of the electrical behavior of a cofl in terms of ffs equivalent 

network impedance function. The single-layer 900 H SMES coil described in Section 

2-6 shaU be used as a conceptual device fli the following development of the lumped 

parameter model. 

3-1 Cofl Capacitance 

Cofl capacitance is a function of the physical properties of the cofl conductor and 

insulation, as weU as the geometry of the cofl. Present concepts for the SMES cofl 

(Loyd and Schoenung, 1986) have the superconducting cable contained within a rect

angular aluminum conductor support assembly (CSA). Adjacent support assemblies 

are separated by a slab of G-10 (NEMA grade for laminated insulators). The cable is in 

electrical contact with the aluminum support assembly, and the windings are arranged 

as a set of parallel helices. The windings are contained within a helium containment 

vessel (HCV). and the entire assembly is housed inside a vacuum vessel. A simplified 

geometry consisting of a single-layer solenoidal cofl. as shown in Figure 3-1. wfll be 

used in this treatment (an expanded view of the CSA is shown in Figure 3-2). The ana

lytical techrflques discussed herein should be equally applicable to the multiple-layer 

windings of present design concepts. 

h 

Figure 3-1: Single-layer 900 H SMES example 
cofl with CSA and HCV. 

35 
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The dc supercurrent wiU essentially flow only in the superconducting cable. 

Whether ac disturbances from the power conditioning system (PCS) flow in the super

conductor or in the aluminum support assembly is irrelevant insofar as the determina

tion of cofl capacitance is concemed. This irrelevance is due to the fact that the 

induced potentials which store energy in the cofl capacitance are coupled to the mag

netic flux by the relation 

V = d£/dt . (3-1) 

where V is the induced electric potential, and L is the magnetic flux linkage. Since alu

minum is paramagnetic (relative permeabflity pr approximately 1.0). the magnetic flux 

linkage is essentiaUy undisturbed by the presence of the aluminum. However, since 

aluminum is a conductor, the electric flux lines from the induced electric field wfll exist 

orfly between adjacent aluminum support assemblies, and wiU not penetrate to the su

perconductor. Thus, in terms of determining approximate cofl capacitance, it appears 

to be immaterial whether the ac current flows in a skin depth of the aluminum support 

assembly, or in the superconductor. 

Aluminum CSA 
Superconducting 
cable 
HCV inner wall 

HCV outer wall 

G-10 insulator 

w///^M/wm^//^w. 

o 
^o 

y///////////////y////M 

o 
>//W//M/J/W//////\ 

I 
i 

- H H H ^ 
Wl wo 

Figure 3-2: Expanded view of CSA and HCV. 

Cofl capacitance also depends upon whether or not the cofl is grounded, and if so. 

whether or not the helium containment vessel is grounded. This treatment assumes 

that both the cofl and the helium vessel are grounded. This assumption results in two 

conceptually separate components of coil capacitance, capacitance-to-ground and in

terwinding capacitance. The two capacitive components are depicted schematically in 

Figure 3-3. 
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3-1-1 Capacitance-to-Ground 

Capacitance-to-ground exists primarily between the cofl windings and the 

grounded helium containment vessel. Assume that a potential is applied between the 

top-most winding and the grounded bottom-most winding. Since the voltage-to-

ground of the top-most winding is greater than the voltage-to-ground of the remaining 

windings, the capacitive energy stored between the top-most winding and ground is 

greater than the capacitive energy stored between any other individual winding and 

ground. This observation leads to the concept of an eqiuvalent capacitance referred to 

the potential, V^, applied at the top-most winding. 

m 
rei 

^^^^^-^^^.-^.^-..^^ ^ q 
fe^ 

rg2 

Ci2 ^ q rg3 

• 1 3 '^ 

• • — - •• ^ 

' -^^^^S-^F^ s 
y>^yy^x>y 

Figure 3-3: Schematic of interwinding capaci
tance and capacitance-to-ground. 

Assuming that potential is linearly distributed along the coil, the differential ca

pacitive energy of a differential length of cofl is given by 

dW=i/2V^dC , (3-2) 

where 

V = V J / / 0 . (3-3) 

and, 

dC = (es/sJd/' . (3-4) 

V„ is the potential applied to the cofl. 4, is the total length of the cofl windings, ris the 

location of the differential energy element (measured as distance along the coil from the 

grounded end), e is the dielectric permittivity of the insulation between the coil and the 
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heUum vessel, s is the height of an flidivldual conductor support assembly (CSA), and 

s^ is the spacing between the CSA and the HCV. Thus. 

V^^s 
dW = t i-'di . (3-5) 

2Cs„ 
Integrating with respect to i, from zero to C. results in the relation 

= ̂ (^vjc) W = — t — V ^ ' C J , (3-6) 

where C = t sC^/s^. Therefore, the effective capacitance-to-ground referred to the top

most winding is one-third of the capacitance computed as ff the voltage were unfform 

rather than linearly distributed along the cofl. 

The effective capacitance to ground of the example cofl is thus 

2 f 1 1 ^ 
Ci = -;^lpi)eaJ:i{ + ) . (3-7) 

3 s^ s wo 

where â  is the cofl radius, h is the cofl height, ŝ i is the spacing between the cofl wind

ings and the inside wall of the HCV, and ŝ o is the spacing between the cofl windings 

and the outside wall of the HCV. 

3-1 -2 Interwinding Capacitance 

Determination of interwinding capacitance is not quite so clear-cut as determina

tion of coil-to-ground capacitance. The methodology chosen for the present discussion 

is a straightforward computation of the capacitance between the bottom of one turn of 

the CSA and the top of the adjacent turn of the CSA. Visualize the insulating slab of 

G-10 as it winds in a helical manner from the top of the cofl to the bottom. The G-10 

Insulator is sandwiched between adjacent layers of the CSA for its entire length. 

Assuming again that the voltage is evenly distributed along the coil, the potential 

difference between any two adjacent windings is V^/N where N is the number of wind

ings. The interwinding capacitive energy stored across the G-10 insulator is given by 

W=i/2C(V^/N)2 , (3-8) 

yielding an effective interwinding capacitance, referred to the top-most winding at the 

applied potential V^, of 

C 
C, = . (3-9) 

N2 
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Thus , using a capacitance formula for long parallel strips (Terman. 1943. p. 113). 

1 2pida,N 2pida, 
^^ = ~ ' ^^ = ' ^c . (3-10) 

N^ s, s,N 
where 

^ c = l + - ^ ( l + l n ( 2 p . - - — ) ) . (3-11) 

F, is a factor which compensates for fringe fields, d is the radial depth of the CSA. s, is 

the thickness of the G-10 insulator, and the remaining symbols are as previously de

fined. 

The value of permittivity to be used depends not only upon the Insulation used be

tween windings, bu t also upon the flisulation used between the cofl and the HCV. This 

additional dependence is due to the existence of fringe fields in the area between the 

cofl and the HCV. If the insulation between the cofl and the HCV is something other 

t han G-10. the mean value of e used in determining C, could dfffer signfficantly from 

that of G-10 (Terman. 1943, p. 113). 

3-2 Lumped Parameter Cofl Model 

Inductance is a dynamic phenomenon of interaction between the applied electro

magnetic field and the property values and geometry of the bounding material (i.e.. the 

cofl). In the case of a solenoidal induction cofl. inductance cannot be said to be a true 

distributed parameter phenomenon (in the sense of being associated with the conduc

tor itself on a per-unlt-length basis as is the case with coaxial transmission lines) due 

to the mutua l inductance between t u m s . Solenoidal coil mutua l inductance differs 

from the end t u m s to t u m s near the coil center. If the magnetic field were to link every 

tu rn in the cofl equally, then inductance could be accurately described in a distributed 

per-unit-length manner . Likewise, the capacitive effects of the electric field are not 

corffined to adjacent t u m s , bu t extend to the entire coil, even ff only to a small degree. 

Nevertheless, the following analysis shaU assume that inductance and resistance can 

be adequately described as distributed series quantities, and capacitance as a distrib

uted s h u n t quantity. 
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3-2-1 Model Parameters 

The storage cofl used for this example shaU be a 900 H single-layer solenoid with 

660 t u m s of conductor, a radius of 500 m, a height of 90.88 m. and cofl to HCV spac-

fligs of 0.1 m. Terminal voltage is considered to be applied at the top t um of the coil, 

whfle the bottom t u m is grounded. The model primarily consists of lumped sections 

representing the lumped series inductance and resistance of 10 tums. and a lumped 

shunt capacitance-to-ground which is equivalent to the sum of contributions of the 10 

tums. The top 10 tums . as well as the center 10 tums and the bottom 10 tums. have 

been separated into a 1 t u m section in series with a 9 t um section. The lumped pa

rameter model has been developed in this manner in order to limit its size whfle retain

ing the capacity to emulate the electrical behavior of a single tum. 

The required lumped inductances are easily computed as follows: 

1 t u m inductance = (900 H)/(660 tums) = 1.364 H/ tum . (3-12) 
9 t u m inductance = 9(900 H)/(660 tums) = 12.27 H/ tum . (3-13) 

10 t u m inductance = 10(900 H)/(660 tums) = 13.64 H/ tum . (3-14) 

Resistance per unit length can be found by dividing the cross-sectional area of the con

ductor into the resistivity of the conductor. The required cross-sectional area can be 

found by dividing the allowable conductor current density into the required total cur

rent. Using aluminum as the conductor material, the cryogenic resistivity is found to 
-7 

be 1.21x10 ohm-cm (Bremer. 1962, p. 171). Assuming an allowable current density 
2 

in the aluminum conductor of 1000 A/cm , the resistance per unit length is calculated 

as 
(1.21x10 ^ ohm-cm)(1000 A/cm2)/(200 kA) = 6.05x10^ ohm/m . (3-15) 

and using the radius of the cofl to compute the length for each lumped resistance, the 

required lumped resistors are computed as: 
1 t u m resistance = (6.05xl0« ohm/m)(2p500 m) = 0.1916x10=^ ohm . (3-16) 
9 t u m resistance = (6.05xl0« ohm/m)(18pi500 m) = 1.725x10=^ ohm . (3-17) 

10 t u m resistance = (6.05x10 « ohm/m)(20pi 500 m) = 1.916x10^ ohm . (3-18) 

The interwinding capacitance shaU be modeled as a single capacitor across the cofl. 

whfle cofl-to-ground capacitance shafl be modeled as a distributed shunt quantity. In

terwinding capacitance is calculated from (3-10) and (3-11) as 
2m (25 cm)(500 m) 

C, = ^ 1.0606 = 1.4900x10^ F . (3-19) 
(0.75 cm)(660 tums) 
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where 

0.75 cm f f 25 cm \ \ 
<̂== ^ '^~7^ r U +1^12^-^^;^ J ) = 1.0606. (3-20) 

pi(25cm) ^ ^ "^ 0.75 cm ^^ 

Computation of distributed cofl-to-ground capacitance, for the model, is complicated 

by the fact tha t the voltage-to-ground is not unfform along the length of the coil. As

suming a relative permittivity of unity, total effective cofl-to-ground capacity can be 

calculated as 

Cg = 2(p)e,(500 m)(90.88 m)(2/3)/(0.1m) = 1.685x10^ F . (3-21) 

ff V is the potential applied to the cofl, and ff the potential divides evenly among the 

windings, then the energy stored in the coil-to-ground capacity can be represented as a 

summation of the contributions of each winding in the following manner: 
WcAP. = 0.5(Co/N)V^ + 0.5(Co/N)[ (N-1)V/N 1̂  + 0.5(C„/N)[ (N-2)V/N 1̂  

+ 0.5(Co/N)I (N-3)V/N ] ' + . . .+ 0.5(Co/N)[ V/N 1̂  
= 0.5(Co/N)(V/N)2[ N^ + (N-l)2 + (N-2)2 + ... + 1̂  ] 
= 0.5(Co/N)(V/N)2l N(N+l)(2N+l)/6 ] = 0.5CgV^ . (3-22) 

where Co = 2[pi)c^a^[2/s^) = 3Cg is the cofl-to-ground capacitance computed as ff the 

voltage-to-ground were the same for each winding. Thus the capacitance to ground 

can be v^nritten as 

Cg = Co[ N^ + (N-l)2 + (N-2)2 + ... + 1̂  ] / N^ . (3-23) 

The lumped shun t capacitance of the first winding is t hus 

Cgi = Co/N = 7.660x10 « F . (3-24) 

Likewise, the lumped shun t capacitance of the next 9 windings is 

Cg2 = Col (N-l)2 + (N-2)2 + ... + (N-9)2 ] / N^ = 6.790x10"^ F . (3-25) 

whfle the lumped shun t capacity of the next 10 windings is given by 

Cg3 = Col (N-10)^ + (N-11)^ + ... + (N-19)2 ] / N^ = 7.328x10^ F . (3-26) 

and so on. Shun t capacitance is t hus modeled as a function of position in the coil. 

The remaining 66 capacitance values, as well as the balance of the network, are given 

in the SPICE listing of Appendix D. 

Electrical loads applied to a charged storage cofl wfll change the current in the cofl 

relatively slowly; however, the terminal voltage of the coil can change very rapidly in 

accordance with the relation 

E = L(dI/dt) . (3-27) 

An 11 A/sec discharge on a fully charged (200 kA) 900 H cofl will cause an instanta

neous terminal voltage of 9900 V. bu t only a 0.0055% decrease in current in the first 
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second. Thus , the source used in the foflowing analysis of resonant frequencies shall 

be a voltage source rather than a current source. 

These component values are incorporated into a model for a circuit analyses pro

gram such as SPICE (a widely used circuit analysis program developed at U.C. Berkeley 

in the mid-1970's). Resonant frequencies predicted by the model can then be easily 

detected as singularities, in the frequency response of the source current, which coin

cide with a 180-degree phase reversal (resonance criteria are discussed in the foflowing 

section). A schematic indicating the network topology and node numbering of the 

SPICE model is shown in Figure 3-4. 
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:CG67 ;CG68 CG69 

Figure 3-4: Schematic of SMES multi-section 
lumped parameter model. 

3-2-2 Resonant Behavior of Model 

The lumped parameter coil model is a network composed of resistors, inductors, 

and capacitors, all of which are lumped, linear, finite, passive, and bilateral (LLFPB) 

components. The ratio of input voltage to input current is 

Z[J7v) = R{zJl+jX{'uj) = E/l , (3-28) 

where ID is the radian frequency, resistance R{w) is the real part, and reactance X(u) is 

the imaginary part, of the network impedance Z(jzf). The ratio of input current to input 

voltage is 

Y(jzi') = G(zî ) +jB[w) = I/E . (3-29) 

where conductance GM is the real part, and susceptance B{zv) is the imaginar>^ part, of 

the network admittance Y(jzî ). Networks composed of LLFPB elements are 
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characterized by admittance (and impedance) functions which satisfy the requirement 
(Van Valkenburg. 1960. p. 72) 

Re [ Y(.j) 1 > 0 for Re [ i 1 > 0 . (3-30) 

Functions which satisfy the requirement that Y(̂ ) be real when s is real are caUed real 

functions. Functions which are real and which also satisfy (3-30) are caUed positive 

real functions, and were so named by Otto Bmne (1931). 

The admittance function Y[s) for a LLFPB network can be expressed as a ratio of 

polynomials in s, where s is the complex frequency of the Laplace transform (Desoer and 

Kuh. 1969, p. 528). In factored form, the numerator and denominator of Y(s) become 

products of individual factors 

5 - ẑ  = M^exp(jaJ . (3-31) 

and 

5 - p^ = mkexp(jbk) . (3-32) 

where Zy, is a numerator root (zero) and p^ is a denominator root (pole). Expressed in 

polar form, the admittance function becomes 

MiMa-'-Mn 
Y{s) = K expl j(ai + aj + - + a„ - bj - bj b J 1 . (3-33) 

mimj- ' -m^ 

where K is a positive real number. The real part of Y(5) is thus 

M,M2"-M„ 
Re Y{s) = K cos(ai + aj + - + a„ - bi - ba b J . (3-34) 

mim2"-m^ 

Therefore, in order for the real part oiYls) to be positive as required by (3-30). it is nec

essary that 

I a, + a2 + ••• + a„ - bi - ba b„ I < 90° (3-35) 

for Re s >0. It is easfly shown (Van Valkenburg. 1960. p. 74) that the impedance 

function Z{s] for a network is positive real (PR) ff the admittance function Y{s) is PR. and 

all statements made above concerning the character of the admittance function apply 

to the impedance function. 

Consider an admittance function Y{s) which is PR and which, in addition, has the 

property that Re Y{jzi>) = 0 for afl w (Van Valkenburg. 1960. pp. 121-123). The set of 

LLFPB networks which correspond to this admittance function are purely reactive, 

composed entirely of inductors and capacitors, without resistive (lossy) elements. This 

admittance function further has the properties that Y[s) is always the quotient of even 

to odd or odd to even polynomials, and that the degree of the numerator polynomial 
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dfffers from the degree of the denominator polynomial by no more than one (i.e.. 

I n - m I = 1). Furthermore, all roots of the numerator and denominator polynomials 

of Y(5) lie on the imaginary axis of the 5-plane. and these roots are simple (i.e.. not mul

tiple), complex conjugate, and interlaced (i.e.. poles and zeros alternate along the axis). 

This property of interlaced poles and zeros is known as the separation property for 

reactance functions and is credited to Otto J . Zobel and Ronald M. Foster (1924). 

Thus , for a purely reactive network, the condition (3-35) becomes 

ai + az + ••• + a„ - bi - b2 b„ = ± 90° . (3-36) 

Recafl tha t the series inductance of one turn of the example cofl is 1.364 H. whfle 
.3 

the series resistance of one tu rn is 0.1916x10 ohm. The lowest resonant frequency of 
the coil can be estimated as 

1 1 
f= = (3-37) 

2pi[ (Cg + Q)L]^/2 2pi[ (1.685x10-5 F)(900H) Ĵ /̂  

= 1.29 Hz . 

At 1.29 Hz, the series inductive reactance of the example coil is over four orders of 

magnitude greater t han the series resistance of the cofl. As frequency increases, the 

series resistance becomes even less signfficant. Thus, the admittance of the example 

coil can be approximated as 

Y{s) = Bis) . (3-38) 

or 

Y(j«/) = jB(zi/) . (3-39) 

Consequently, the example SMES cofl approximately satisfies the criteria 

Re Yijiv) = 0 for afl VJ , (3-40) 

of a purely reactive network admittance function. 

Resonance occurs at frequencies at which network susceptance B[w) or reactance 

XM is zero (Desoer and Kuh. 1969. pp. 304-310). For a purely reactive network. 

MiM2---M„ 
Y{s) = B[s) =X{s)-' = K exp[j(ai + "- + a „ - b , b J ] . (3-41) 

m,m2"-m,„ 

BizJj is zero when the excitation frequency zi^ corresponds to a root of the numerator 

polynomial of B(z '̂). X{u] is zero when -UJ corresponds to a root of the denominator poly

nomial of B(a'). Thus, recalling that all non-zero roots of B{-u) are complex conjugate, 

there wfll be (m + n - l ) / 2 finite resonant frequencies. Consider the characteristics of 
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the polar form of a zero factor ẑ  when the excitation frequency increases from a value 

just below ẑ  to a value just above z ;̂ 

for s = z^". M^ ~ 0 and â  = -90° ; (3-42) 

for5 = ẑ ŵ  M^ ~ 0 and â  =+90° . (3-43) 

where ẑ  denotes a value slightly less than ẑ  and ẑ '"' denotes a value slightly greater 

than z .̂ The same relations hold tme for pole factors in the denominator of B. Accord-

fligly. for a constant amplitude voltage excitation, the source current will go to zero at 

frequencies corresponding to zeros of B and will go to very large values at frequencies 

corresponding to poles of B. As the frequency Increases past a pole or zero value, the 

phase of the source current wiU shfft by 180°. 

3-3 Results of SPICE Simulation 

The frequency response of the lumped parameter model is depicted in Figure 3-5 as 

a plot of the source current versus frequency for a 1 volt harmonic (sinusoidal) excita

tion. Figure 3-6 is a frequency response plot (also known as a Bode plot, after Hendrik 

W. Bode) of a single-section model, consisting of one 900 H inductor in paraUel with 
-6 

one 16.85x10 F capacitor. Figures 3-7 and 3-8 are Bode plots of a 900 H inductor 
-6 

and a 16.85x10 F capacitor, respectively. Note that the frequency response of the 

900 H inductor, the single-section model, and the multiple-section model are virtuaUy 

identical up to 1 Hz; afl three decrease at the rate of 20 dB/decade and all three have a 

phase of -90° up to approximately 1 Hz. The frequency response of the 900 H induc

tor, of course, continues to decrease at a constant rate of 20 dB/decade. since the ad

mittance of the Inductor is Inversely proportional to frequency. The two lumped 

parameter models experience resonance just past 1 Hz; the single-section model reso

nates at 1.29 Hz. and the multiple-section model resonates at 1.57 Hz. The frequency 

response of the single-section model now increases at a rate of 20 dB/decade. with a 

phase of +90°. in a manner virtually identical to that of the capacitor frequency re

sponse in Figure 3-8. The multiple-section model experiences resonance three more 

times between 1.57 Hz and 10 Hz. and then resonates many times between 10 Hz and 

100 Hz. Beyond 100 Hz, the multiple-section model resonates only twice more, at 

176 Hz and 519 Hz. Thereafter, the frequency response of the multiple-section model 

parallels that of the capacitive frequency response, with a slope of +20 dB/decade and 
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Figure 3-5: Source current Bode plot of SMES 
multi-section lumped parameter model. 
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Figure 3-6: Source current Bode plot of SMES 
single-section lumped parameter model. 
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Figure 3-7: Source current Bode plot of an in
ductor. 
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Figure 3-8: Source current Bode plot of a capaci
tor. 
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a phase of +90°. although the multiple-section response is some 47 dB down from the 

capacitor response. Note that, although the high and low frequency response of the 

multi-section model rises and fafls at 20 dB/decade. the slope of the response between 

1.57 Hz and 519 Hz is always greater than 20 dB/decade. particularly in the region 

between 10 and 100 Hz where it becomes several hundred dB/decade. Frequency re

sponse slopes greater than 20 dB/decade are indicative of high-order roots in the ad

mittance function. 

There are two interesting observations to be made at this point. The first is that the 

lowest resonant frequency of any of the individual inductor-capacitor combinations in 

the multi-section model is 35.9 Hz. yet the SPICE simulation predicts resonance dov̂ m 

to 1.57 Hz. The second observation is that over one-third of the inductor-capacitor 

sections in the multi-section model have resonant frequencies greater than 100 Hz (see 

Figure 3-9), yet SPICE predicts only two resonances at frequencies greater than 

100 Hz. These observations imply that, at low frequencies, where series inductive ad

mittance is much higher than shunt capacitive admittance, an ac (alternating current) 

disturbance can propagate deep into the cofl, linking many tums, and generating low 

frequency resonances. High frequency signals, on the other hand, are quickly shunted 

to ground before they can travel very far into the coil, via the shunt capacitive admit

tances (which are much greater at high frequencies than the series inductive admit

tance). Thus, at high frequencies, the cofl acts as a shunt capacitor rather than a large 

inductive energy store. Figure 3-9 shows that the resonant frequencies of the lumped 

sections increase with "distance" from the source point (see Figure 3-4) due to a de

crease in effective capacitance of the lumped sections at lower voltages. Note that the 

resonant frequencies of sections 1, 35, and 69 are higher than those of the adjacent 

sections solely because these are single-turn sections, rather than 9- or 10-tum sec

tions. 

The multi-section lumped parameter model, analyzed herein, appears to be a rea

sonably accurate representation of the 900 H single-layer SMES coil below 1 Hz. and 

above 1000 Hz. Between 1 and 1000 Hz. the lumped parameter model provides at 

least a qualitative measure of the frequency response of the 900 H example coil. The 

detafled character of the frequency response of the model must, to some degree, be a 

function of the number of sections comprising the model. Paraphrasing Rayleigh's 

principle (Glasoe and Lebacqz. p. 179. 1948). the degree of approximation of the 
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Figure 3-9: Resonant frequencies of individual 
LC sections in SMES multi-section 
model. 

distributed parameter physical system, by the lumped parameter model, improves as 

the number of lumped sections increases. Thus, in order to improve the degree of ap

proximation of the lumped parameter SMES model, a "finer" model consisting of more 

lumped sections must be used. Such a "finer" model would provide an improved mea

sure of the frequency response of the cofl in the dynamic region between 1 Hz and 

1000 Hz. 



CHAPTER 4 
MULTIPLE TRANSMISSION LINE COIL MODEL 

The multiple transmission line (T-line) coil model is based upon the approach of 

modeling each t u m of the cofl as a transmission line. The T-line model aUows predic

tion of transient electrical behavior on the cofl for times which are short compared to 

the time required for signfficant inductive current (current due to flux which links es

sentially the entire coil) to flow. As in Section 3-2, the foUowing analyses assume that 

inductance can be adequately described as a distributed series quantity, and capaci

tance as a distributed shunt quantity. Ignoring the effects of the helium containment 

vessel (HCV). the sfligle-layer 900 H SMES cofl of Section 2-6 shall be used as an ex

ample cofl. 

4-1 Lossless Transmission Lines 

Consider the step response of a lossless transmission line (Reintjes and Coate. 

1952. pp. 139-150). Let the transmission line be initially uncharged, and let a DC (di

rect current) step voltage be applied to the line at time t = 0. The step voltage does not 

appear instantaneously at all points along the line, rather, the voltage wave V(x) propa-
-1/2 

gates along the line with velocity c(pr^) , and the current wave I(x) travels along the 

line exacUy in step with the voltage wave (see Figure 4-1). The voltage wave can propa

gate orfly as fast as the line current can charge the distributed shunt capacitance of 

the line. Simflarly, the current wave advances only as fast as the potential at the wave-

front can induce current flow in the distributed series Inductance of the line. I(x) flows 

away from the source in the direction of the positive voltage wave in the upper conduc

tor, and returns to the source via the grounded conductor. On a lossless transmission 

line, the magnitude of I(x) varies according to the relation 

Zo = [ delta V(Xk) 1 / I delta I(xJ ] . (4-1) 

where Zo is the characteristic impedance of the line, delta V(xJ is the change in poten

tial at a point x^ on the line, and delta I(xJ is the change in current at x^. On an initial

ly uncharged line, there wifl be no current flow ahead of the leading edge of the voltage 

pulse. 

50 
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Figure 4-1: Step response of lossless transmis
sion line. 

4-2 Modeling SMES as a Parallel Stripline 

Consider a single-layer solenoidal coil with a rectangular conductor, such as the 

example SMES cofl of Chapter 3 (see also Section 2-6). Envision the cofl insulator as it 

winds in a helical pattern from the top of the cofl to the bottom. The insulator is sand

wiched between adjacent layers of the coil conductor for its entire length, much like a 

parallel strip transmission line. Figure 4-2 shows the development of the transmission 

line cofl model from a single-layer solenoid. Now. consider the effect of applying a step 

input across the cofl terminals. A step voltage input. V„ with an infinitesmal rise-time 

wfll divide evenly among the N tums of the cofl, launching waves around the cofl in 

both directions in a transmission line manner. Conceptually, at least for a short time, 

the cofl can be visualized as a set of transmission lines connected in a series-type ar

rangement, with a source of magnitude V,/N connected between each of the N v^ndings 

as shown in Figure 4-3. The transit time, for a wave to travel the length of a paraUel 

stripline, is given by the ratio of the length of the line to the velocity of electromagnetic 

propagation on the line. Velocity of propagation on the stripline is given by (Liao. 

1987. p. 219) 

v=(^e )^/^ = c(e,)'/2 . (4-2) 
a 

where c = 3x10 m / s is the velocity of light in vacuum, the relative permeabflity \i, = I. 
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Figure 4-2: Development of T-line model from 
single-layer solenoid. 

Figure 4-3: T-line model with sources, 

and t, is the relative permitiivity of the dielectric in the stripline. Accordingly, the 

length of time required for a wave to propagate around the example SMES cofl is 

T = 2pi(500 m)(5^/2)/(3xl0« m/s) = 23.4 microseconds . (4-3) 

where the radius of the cofl is a-o = 500 m. and the relative permitiivity of the G-10 in

sulation is e, = 5. The characteristic impedance of a lossless parallel stripline is given 

by (Liao, 1987, p. 219) 

377 d 
Z = 

W [Cr) 1/2 
(ohm) , (4-4) 
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where d is the separation between the paraUel strips, w is the width of the strips, and 

w » d. For the example SMES cofl. d = 0.75 cm. w = 25 cm. and c, = 5, yielding a 

characteristic impedance 

Zo = 377(0.75)/(25 • 5̂ ^̂ ) = 5.08 ohm . (4-5) 

4-3 Predictions of T-Line Model 

Let a step input voltage, of amplitude V„ be applied to an initially uncharged exam

ple SMES cofl at time t = 0. and let the resulting circuit be modeled as N step sources 

of amplitude V,/N across N transmission Unes as shown in Figure 4-3. For time 

0 < t < (T/2), where T is the time for an electromagnetic wave to propagate once 

around the cofl, there wfll be step voltage waves of amplitude V,/N propagating around 

the cofl, between each winding, in both directions from the source point. In response 

to the change in voltage, and in accordance with equation (4-1), a current of amplitude 

-1 

Vj(NZo) wfll be induced in the cofl as the voltage wave charges the distributed capaci

tance. The equivalent circuit for determining the ampUtudes and directions of the volt

age and current waveforms during this time interval, as weU as the waveforms 

themselves, are shov^m for a single t u m in Figure 4-4. The total potential difference 

across the cofl at any circurrfferential point is either zero or V„ depending upon the lo

cation of the circumferential point and the time at which the measurement is made. 

V(x) 

4 

V; 

N - r -

-(pi)ac 

EQUIVALENT CIRCUIT 

FOR 

0 < t < (T/2) 

+ (pi)a^ 

m^. 
(pi)ao 

wmmm 
0 + (pi)a. 

Figure 4-4: Equivalent circuit and step response 
of one t u m of T-line model for 
0 < t < (T/2). 
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At time T/2, both voltage and current waves have traveled haff-way around the cir

cumference of the cofl. Transmission line inductance and capacitance are now fully 

charged, yieldmg the equivalent circuit of Figure 4-5. Current sources represent the 

charged inductance of the line. Analysis of the equivalent circuit shows that the po

tential difference across the center nodes is 2V,/N whfle the current is zero. As the 

voltage waves meet on the back side of the cofl. they add to a value of 2V,/N for each 

winding, whfle the oppositely traveling current waves cancel each other. This behavior 

is due to the fact that the voltage wave is a phenomenon of the Une shunt capacitance, 

whfle the current is associated with the series inductance of the line. Thus the oppo

sitely traveling voltage waves add in paraUel. yielding 2V,/N. whfle the oppositely trav

eling current waves add in series, yielding zero net current. Physically, the energy 

which went into charging the series inductance is now being put into the line capaci

tance, leaving the line inductance once more uncharged, and the Une capacitance 

charged to twice the source value. The voltage and current waveforms for one tum for 

time (T/2) < t < T are shown in Figure 4-5. The total potential difference across the 

cofl at any circurrfferential point is now either V, or 2V,, depending upon location and 

time. 

V, 
tVW^>VV\A 

v(x) 

^ @ J -^V_ 

N I I 

o 
^ N 

-(pi)ac 

( ^ ) 

0 + (pi)aj 

EQUIVALENT CIRCUIT 
FOR 

(T/2) < t < T 

-(pi)ac + (pi)a. 

Figure 4-5: Equivalent circuit and step response 
of one t um of T-line model for 
(T/2) < t < T. 

When the voltage and current waves reach the start point at time T. the line induc

tance is uncharged and line capacitance is charged to twice the source magnitude. 

The source(s) are stifl connected, however, and the equivalent circuit becomes that of 

Figure 4-6. Current in the equivalent circuit is seen to be negative. The energy which 
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previously went into overcharging the line capacitance is now moving back into the 

line inductance. Waveforms for this time interval. T < t < (3T/2). are shown in Figure 

4-6. 

V; 

° I 
•A/V\^>-

V(x) 

+ 

N -^ N 

EQUIVALENT CIRCUIT 

FOR 

T < t < (3T/2) 

-(pi)ac 

-(Pi)ao 

0 

I(x) 

+ (pi)a^ 

+ (pOao 

^ - / - V j 

NZ, 

Figure 4-6: Equivalent circuit and step response 
of one t u m of T-line model for 
T < t < (3T/2). 

At time 3T /2 the line inductance is once more fuUy charged, bu t with opposite po

larity from the previous fully charged state. Line capacitance is also fuUy charged at 

V,/N per winding. The equivalent circuit is shovm in Figure 4-7, along with the current 

and voltage waveforms. Current and voltage are seen to go to zero on the interval 

(3T/2) < t < 2T. At time 2T. the cofl is once more fully relaxed. In the ideal, lossless 

case, the step response is periodic with period 2T; thus , the voltage and current on the 

interval 2T < t < (5T/2) is given by Figure 4-4. 

This simple model t hus predicts that cofl voltage wiU at most double, due to an in

cident transient. The net effect, in terms of the voltages and currents which are pre

dicted to be on the cofl due to this model, is that of applying a source of voltage V, 

across the terminals of a transmission line of characteristic impedance NZo. which has 

the input terminals connected to the output terminals. However, this model does not 

include the effects of inductive coupling between windings. This omission has been 

accomplished, a s indicated in Figure 4-8, by neglecting the inductive current i(t) which 

begins to flow throughout the entire coil once complete flux lirflcage is established. The 

inductive current i(t) should be negligible for times on the order of 2T. where T is the 

time required for an electromagnetic wave to propagate around the circumference of 
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the cofl. Note tha t the dotted Unes in Figure 4-8 represent the zero-length connection 

between the end of one t u m and the beglrming of the next t u m . 

V(x) 

V; V: 

N -r- -,- N 

-o-

EQUIVALENT CIRCUIT 
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( 3 T / 2 ) < t < 2T 

•(pi)e 

-(pi)ao 

+ (pi)ac 
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Figure 4-7: Equivalent circuit and step response 
of one t u m of T-line model for 
(3T/2) < t < 2T. 
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Figure 4-8: T-llne model with inductive current 
i(t) included. 

This t reatment has Ignored the additional transmission line effects which wfll also 

exist between the grounded heUum containment vessel and the SMES cofl. These ad

ditional effects should be not unlike those discussed above for an isolated coil, involv

ing at most a doubling of the applied voltage. 



CHAPTER 5 
SHEATH HELIX COIL MODEL 

A sheath helix is a mathematical abstraction of a physical helix, such as a solenoi

dal induction cofl. Sheath helices are commorfly used, in antenna and microwave ap

plications, to analyze the electromagnetic behavior of heUcal stmctures for frequencies 

at which the helix pitch is much smaller than a wavelength. Analysis of the sheath he-

Ibc model results fli a range of possible resonant frequencies. The single-layer 900 H 

SMES cofl of Section 2-6 shaU be used in the sheath helix analysis, ignoring losses 

and the effects of the heUum contairmient vessel. 

5-1 Analysis of Helical Structures 

Many investigators have examined the electromagnetic properties of heUcal struc

tures (Sensiper, 1955). The earUest published work appears to have been done by H. 

C. Pocklington, whose discourse on "Electrical Oscfllations in Wires" appeared in the 

Proceedings of the Cambridge Phflosophical Society in 1897 (note that Pocklington's 

integral equation is stiU used today in antenna theory, see Stutzman and Thiele. 1981. 

pp. 307-310). PockUngton assumed that his wires were very thin and had infinite con

ductivity. He then derived an integral equation which he applied to perfecUy conduct

ing thin wires in various geometries. The helical case led to approximate solutions to 

the integral equation for the free electromagnetic modes. These solutions predicted a 

traveling wave which propagates in the axial direction at approximately the speed of 

light at low frequencies, and whose axial propagation velocity is reduced by the multi

plicative factor sinipfU) at high frequencies (where pfU is the pitch angle of the helical 

winding). This reduction in axial velocity is a property which became of intense inter

est in the middle of this century. The advent of the traveling wave tube led to renewed 

interest in the helix, and other topologically simflar geometries, as so-called "slow wave 

structures" or delay lines. 

Another approach to the solution of the helix is to model the cofl as a 'sheath helix' 

in which the helically wound conductor is conceptually replaced by a cylindrical aniso

tropic current sheet. Application of the homogeneous Helmholtz equation to the 

sheath helix, in a manner simflar to that of a cylindrical waveguide, yields an eigenva

lue equation for the phase constant J3 for each mode (Collin, pp. 401-405, 1960). The 
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sheath helix model is limited to frequencies at which the cofl pitch is much smaller 

than a wavelength (Collin, 1966, p. 393). Additionally, the sheath helix ignores the pe

riodic structure of the physical helix as well as the finite conductor dimensions. A 

more sophisticated model called the tape helix accounts for the periodic nature of the 

helix (which leads to passband/stopband frequency characteristics) and the finite axial 

dimension of the conductor. As with the sheath heUx. the conductor is still assumed 

to have infinite conductivity and infinitesimal radial thickness, and the helix is as

sumed to have infinite extent in the axial direction. The tape helix model gives better 

agreement v^ t̂h experiment at high frequencies than the sheath heUx model, due to its 

inclusion of the effects of spacial harmonics and the so-called forbidden regions of the 

propagation phase constant J3 (Sensiper. 1955). A thorough analytical solution is ap

parentiy not available for the helix, as the Helmholtz equation is not separable in heli

cal coordinates (Collin, 1960, p. 401). 

The follov^ng analysis shall use the sheath helix model to determine the condition 

for resonance in the fundamental mode for the case of a large energy storage cofl. using 

the example cofl of previous chapters (see Section 2-6). The sheath helix model is used 

in this case rather than the tape helix because the resonant frequencies of a large in

ductive energy store can reasonably be expected to be low. Thus, for the pui-poses of 

this thesis, the increased accuracy of the tape helix model at high frequencies is not 

considered to be worth the additional agony level inherent In its solution. 

Analysis of the sheath helix has been published, in varying degrees of detafl. by R. 

E. ColUn (1960, pp. 401-405. and 1966. pp. 392-395). J. R. Pierce (1950. pp. 23-34). S. 

Sensiper (1955. pp. 150-152). D. A. Watkins (1958. pp. 40-45). and others. This treat

ment shafl use the approach of CoUfli (1960, pp. 401-405). 

5-2 The Sheath HelLx Model 

Consider a heUcal cofl of radius, a, and pitch, p, where radius a is much greater 

than the radial thickness of the winding. For frequencies at which the pitch, p. is 

much less than a wavelength, the coil can be approximated by a sheath helix. The 

sheath helix is a cylindrical tube which has Irffinite conductivity in the direction of the 

winding of the helical coil, and zero conductivity in a direction normal to the winding. 

Figure 5-1 depicts the tape helix, the developed tape helix, and the sheath helix. 



59 

Defining coordinates on the surface of the sheath helix such that Sp is a unit vector in 

the dfl-ection parallel to the windings and a„ is a unit vector normal to the windings, 

the boundary conditions of the electromagnetic field can be given in terms of these 

coordinates. The solutions of the homogeneous Helmholtz wave equation. 

de l2E-h2E = 0 , (5-1) 
2 2 2 

where h (h = J5 - k̂  ) is the radial wave number, wfll be given in terms of the fields 

fliterior (E ) and exterior (E*") to the surface of the sheath helix. 
i e 1 e 

Let Ep, Ep , En, and £„ be the interior and exterior tangential components of the 

electric field which are parallel to unit vectors ap and ^ at the surface of the helix. 

Electromagnetic boundary conditions require continuity of the tangential electric field 

across the boundary at r = a, and the assumption of infinite conductivity in the direc-
i e 

tion ap requires that components Ep and Ep vanish. Thus, the tangential components 

are 

Ep' = Ep'==0 and E„'= Ê "̂  . (5-2) 

or, in cyUndrical components, 

E ; = E,'= , (5-3a) 
E 'theta = E ''theta . ( 5 - 3 b ) 

E,' SinipfU) + E'theta cosipfU) = 0 . (5-3c) 

E,'̂  SinipfU) + E'̂ theta cosipfU) = 0 . (5-3d) 

^ P K 

TAPE HELIX 

ph i ' f (J = <o 

-L=° 

SHEATH HELIX 

2(pi)a 

DEVELOPED TAPE HEUX 

Figure 5-1: The tape helix, developed tape helix, 
and sheath helix. 
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Equations (5-3c) and (5-3d) are the conditions imposed on E, and E^,^ so that Ep = 0. 

The tangential magnetic field is allowed to be discontinuous across the boundary at 

r = a, so long as the discontinuity is equal to the current flow on the boundary in a di

rection perpendicular to that of the tangential magnetic fleld. Thus, a discontinuity in 

tangential Hp m u s t be equal to current flow in the direction a„. except that conductivity 

normal to the winding is zero, so that 

H ; = Hp«= . (5-4) 

or, in cyUndrical components. 

H ; SinipfU) + H'theta cosipfU) = H.-̂  sinipfU) + H'theta cosipfU) . (5-5) 

The component H^ is discontinuous across the boundary by a quantity equal to the 

current flow on the sheath in the direction Sp-

Expressing the transverse magnetic (TM) field in terms of E^, and the transverse 

electric (TE) field in terms of H ,̂ the expansion of the field in the region r < a is given 

as: 

E ; = AnlnC-J"'*'̂ '-!^ , (5-6) 

— - A„I„' + - — B J J e-̂ "'*̂ '̂ '-̂  , (5-7) 
h " " h-̂ r 

r n3 i'uVo \ 
(5-8) 

H,* = BJne-J"'**^ '̂-^ . (5-9) 

-nu/e^ ji3 
-Jn(theta)-j^ f S - 1 O^ —^KK^ — BX) 

( itvc^ nJ3 \ 

- j - A , V . - j ^ B „ l J e « - - ' ' - . (5-11) 
The field in the region r > a is: 

E ' = C K^e"^"'* '̂*''̂  , (5-12) 

4 - CA- ^ TJ- D„K„Je'"'-'"'* . (5-13) 
h h^r 

- — C„l^ - - — D A j e ' " " * " " ^ . (5-14) E*" 
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H," = DnK„e-J"<*«=̂ '-i«̂  . (5-15) 

-nzfe^ jJ5 
-Jn(theta)-jBz ( -nwe^ jj5 \ 

^,^ - „ _ ^ _ „ _ ; e ^ " - " " - ^ . (5-16) 

( j-u^e^ nJ5 \ 

— — C„K„' + -—- D„K„J e-̂ "'̂ ^"' ̂  . (5-17) 
h h^'r 

An, Bn, Cn, and Dn are unknown constants whfle In(hr) and K^dir) are modffied Bessel 

functions of the first and second kind, respectively. In'(hr) and Kn'(hr) are first-order de

rivatives of I„(hr) and Kn(hr) with respect to the argument, hr. 

From equations (5-3c) and (5-3d). the foUowing relationships at the boundary are 

found; 
B„(jz4ioha)I„'(ha) = ^.(h^a tanipfU) + nj3)I„(ha) , (5-18) 

D„0«4Joha)K„'(ha) = CJh^a tan(p/«) + nJ3)K„(ha) . (5-19) 

The interior and exterior field components can be used to form the foUowing impedance 

functions: 

E„' E,' cosipfU) - E 'theta sin(p/u) 
Z, = = , (5-20) 

Hp' H ; SinipfU) + H 'theta cosipfU) 

E^" E^^ cosipfU) - E'̂ theta SinipfU) 
Ze = = . (5-21) 

Hp' H,' SinipfU) + H 'theta cosipfU) 

Equating these impedance functions at r = a insures continuity of the fields across the 

boundary. Setting (5-20) equal to (5-21), substituting for the required field compo

nents , and simplifying, yields the eigenvalue equation 

Kn'(ha)In'(ha) (h^a^ tanipfii) + nj^a)^ 
2„2v,2_2 

(5-22) 
K„(ha)I„(ha) kô â̂ ĥ â  

2 2 2 
forJ3 and h, where J3 = h + ko . 

The eigenvalue equation (5-22) yields field solutions, which satisfy the boundary 

conditions, for each integer n. The solution n = 0 is the dominant mode, due in part to 

the circular symmetry of this mode (Collin. 1966. p. 394). and yields the eigenvalue re

lation 

Ki(ha)I,(ha) h^a^ ianHpfU) 
= . (5-23) 

Ko(ha)Io(ha) koV 

where Io' = Ii and KQ' = - Kj. Using the example SMES coil value 

pfii = t a n '[ (s + s,)/(2 pi ao) ) = 0.00251°. equation (5-23) is used to generate a plot of 
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phase constant 3 versus the free space wave number k̂  = ivjc (where c is the speed of 

light). Figure 5-2 shows a plot of k^a versus J5a for the example SMES coil. This k„-^ 

plot is known as a dispersion, or Brillouin diagram, and is the traditional goal of the 

sheath helix analysis. 

Examining the impedance relations (5-20) and (5-21). it is seen that, by setting the 

denominators equal to zero, resonance conditions may be found. Equating the de

nominator of (5-20) to zero, substituting for Ĥ  and H 'theta . and using n = 0, yields 

Bolo s\nipfU) + j(a;eo/h)AoIi cosipfU) = 0 . (5-24) 

Solving (5-18) for A ,̂, where n = 0, yields the relation 

Ao = Bo(jzi4io/h)(Ii/Io)cot(p/«) , (5-25) 

which can be substituted into (5-24) to produce 

Bo [ lô^ tan2(p/U) - eoW,(a;/h)2l,2 ] = Q . (5-26) 

0 OOOdS 

0 0004 -
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0 -| 

c ) 1 < ) ; 3 ^ \ ; 

B 

> i 

a 

^ 8 9 1 0 

Figure 5-2: The sheath helix k^a-JSa diagram for 
the n = 0 mode for pfii = 0.00251°. 

The nontrivial solution of (5-26) results in the resonant frequency relation for the inte

rior field. 

a/, = c-h-do/Ii) tan(p/u) . (5-27) 



63 
-1/2 

where c = (^p^) is the speed of light in vacuum (free space). Repeating this proce

dure with the exterior impedance relation (5-21). using n = 0 and the relation (5-19). 

yields the exterior field resonance equation 

iv^ = c-h-(Ko/Ki) tanipfii) . (5-28) 

Equating the resonance relations (5-27) and (5-28) at the boundary r = a. in order to 

insure continuity of the fields at the surface of the helix, the dominant mode (n = 0) 

resonance condition is found to be 

Ko/Ki = lo/Ii . (5-29) 

5-3 Predictions of the Sheath Helix Model 

Figure 5-3 shows a plot of K^/Ki versus J3a. IQ/II versus J3a. and frequency versus 

j3a. J3a is the abscissa in Figure 5-3. while the unitless ratios KQ/K, and IQ/II are ordi

nate values. Frequency in Hz is also plotted as an ordinate value versus J3a. It is seen 

tha t Ko/Ki approaches IQ/II for frequencies over 40 Hz. Thus, the sheath helix model 

predicts tha t resonance can occur for the fundamental mode for frequencies over ap

proximately 40 Hz. in reasonable agreement with the results of the lumped parameter 

model of Chapter 3 . Note that, although the sheath helix model appears to predict 

resonance for any frequency above 40 Hz. there wfll be losses in a physical coil which 

go unaccounted in the sheath helix model. The results of Chapter 3 indicate that high 

frequency losses will prevent resonance in the example SMES cofl at frequencies above 

a few kilohertz. 

The shea th helix model fits the SMES example cofl reasonably well, with two major 

exceptions involving the axial length of the cofl and its electrodynamic interaction with 

the helium containment vessel (HCV). Conductivity of the aluminum conductor sup

port assembly (CSA) is not irffinite. but it is high; likewise, the radial thickness of the 

CSA is not infinitesmal. but it is small compared to the radius of the cofl. The SMES 

example cofl is electrically smooth as required by the sheath helix model; for frequen

cies lower than 22 MHz. the coil pitch is more than two orders of magnitude less than 

a wavelength. However, the SMES cofl departs from the sheath helix model in that it is 

not long in the axial dimension, as assumed in the sheath helix analysis. Additionally, 

the shea th helix model ignores the effects of the HCV. RecaU that the HCV contributes 

to the presence of cofl-to-ground capacitance (see Chapter 3). and that, for the example 

SMES cofl, this cofl-to-ground capacitance is four orders of magnitude larger than the 
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fliterwinding capacitance. Inclusion of the effects of the HCV upon electromagnetic 

propagation in the sheath helix model should shfft the predicted range of resonant fre

quencies toward the low frequency end of the spectrum. 

Figure 5-3: Plot of IQ/II, KQ/KI. and frequency 
versus J3a for the SMES example coil. 



CHAPTER 6 

FINITE ELEMENT MODEL 

AppUcabflity of the finite element model is general, and not limited to mduction 

cofls. This model is considered principaUy because it offers the possibflity of solving 

Maxwell's equations on the cofl (or virtually any other boundary) in a general manner 

with essentially no more approximation than that which is necessary to define the fi

nite elements themselves. The literature is rich with work done on two-dimensional 

(2-D) finite element models, electrostatic models, magnetostatic models, time-varying 

models which ignore displacement current, and time-varying models which ignore 

sources. For many physical systems, these types of analyses are sufficient. Inductive 

energy storage cofls, however, do not in general have any tme symmetry which may be 

exploited, nor can source terms, magnetic induction, or displacement current be ig

nored. The apparent dearth of general three-dimensional (3-D) time-domain electro

magnetic solvers cannot reasonably be expected to be due to a lack of capable code 

developers. The most obvious obstacles to the generation of a general 3-D solver are 

the sheer memory and computational requirements of a 3-D time-domain problem. 

Herein lies the rub: ff the computational scope of a 2-D static scalar problem can be 
2 

represented by a number, n , where n is analogous to the physical dimension of the 

problem, then a 3-D static vector problem of equivalent physical dimension, n, wiU 
3 

bear a computational load of 3n . For example, let a certain computational platform 
2 

have a performance of X operations per second. Then ff a 2-D problem requires n 

computations, the time required to reach the solution wiU be given by 

T^.^ = nVX . (6-1) 

Suppose now that this computational platform were to be used to solve a 3-D problem 
3 

requiring 3n computations. Solution time is now 
T3.0 = 3nVX = 3nV(nVT2.D) = SnT^.^ . (6-2) 

Thus, given a 20 MHz personal computer which can solve a 14,500 node static 2-D 

problem in 75 minutes (Anderson, 1989), it is estimated that a static 3-D problem con

sisting of n^ = 1,746,000 nodes wfll take almost 19 days to solve. If this problem were 

now made to be time-varying, with 100 time-steps required for the solution, the time 

necessary to achieve the solution will exceed 5 years. 
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The following sections of this chapter constitute a survey of the finite element 

method and its application to second-order dffferential equations in space and time. 

MaxweU's equations are examined, in vector and scalar potential form, for both dielec

tric and conducting media. The finite element method is then discussed as it applies 

to electromagnetic (and mathematically related) systems. 

6-1 Maxwell's Equations 

James Clerk Maxwell, known by many as the father of classical electromagnetism. 

was bom the son of a minor Scottish nobleman in 1831 (Paris and Hurd. 1969 pp. 

47-48). Intrigued by the phenomena of electricity and magnetism, and inspired by the 

work of Michael Faraday. Maxwell applied his considerable mathematical skflls to the 

study and theoretical description of these phenomena. Maxwell unffied electricity and 

magnetism through the set of equations now known as Maxwell's equations, predicted 

electromagnetic wave motion and the existence of electromagnetic radiation, deduced 

that light is electromagnetic in nature and that light propagation is an electromagnetic 

phenomenon, and calculated the velocity of light using purely electric and magnetic 

means (Halliday and Resnick, 1974, pp. 421-422). MaxweU first pubUshed his sjmthe-

sis of electromagnetism in a work entitled 'Treatise on Electricity and Magnetism" in 

1873 at the age of 42. In the preface to his treatise. Maxwell wrote 

The intemal relations of the dffferent branches of the (electrical) sci
ence which we have to study are more numerous and complex than 
those of any other science hitherto developed. Its extemal relations, on 
the one hand to djmamics, and on the other to heat, light, chemical ac
tion, and the constitution of bodies, seem to indicate the special impor
tance of electrical science as an aid to the interpretation of nature. 

It appears to me, therefore, that the study of electromagnetism in aU 
its extent has now become of the first importance as a means of promot
ing the progress of science. 

...and in diffusing among practical men a degree of accurate knowl
edge which is Ukely to conduce to the general scientffic progress of the 
whole engineering profession. 

The scope of MaxweU's equations is indeed phenomenal, describing the principles of aU 

macroscopic electromagnetic and optical devices such as motors, cyclotrons, radio. 

television, radar, microscopes, telescopes, and the non-quantum aspects of devices 



[volt/meter] , 
[Ampere/meter] , 
[Coul/meter^ = Amp-sec/m^J . 
[Tesla = volt-sec/meter^] . 
[Ampere/meter^l , 
[Coulomb/meter'] . 

is expressed as 

(6-3) 
(6-4) 
(6-5) 
(6-6) 
(6-7) 
(6-8) 

(6-9) 
(6-10) 
(6-11) 
(6-12) 
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such as electronic computers, transistors, lasers, and gas discharge devices. The basic 

variables of MaxweU's equations (in MKS units) are given as follows; 

E electric field intensity 
H magnetic field intensity 
D electric flux density 
B magnetic flux density 
J electric current density 
rho electric charge density 

The dffferential form of Maxwell's equatio: 

curl E = -dB/dt , 
c u r i H = J + dD/d t . 
div D = rho . 
div B = 0 . 

where curl • is a vector operation resulting in the vector curl of the vector argument, 

and div • is a vector operation resulting in the scalar divergence of the vector argu

ment. These four vector dffferential equations, in a separable coordinate system, con

stitute a set of seven independent scalar relations among sixteen scalar quantities. 

The remaining nine independent relations arise from the physical properties of the me

dium. These are the constitutive relations 

D = eE . (6-13) 
B = | i H . (6-14) 
J = sigmaE . (6-15) 

where. 

e = electric permittivity of medium. 
\i = magnetic permeabflity of medium. 
Sigma = conductivity of medium. 

which describe the macroscopic properties of the medium. An important relationship 

which is implicit in Maxwell's equations is the continuity relation 

d i v J + d(rho)/dt = 0 . (6-16) 

which describes the concept of conservation of charge. Note that the continuity equa

tion, taken together with the two curl equations and the constitutive relations, com

pletely defines the field. 

Maxwell's equations can be re-written using potential functions. The advantage of 

working with potentials (versus field intensities and flux densities) is that these are the 

quantit ies which are commonly measured and used. Employing the fact that the 
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divergence of a curl is zero, magnetic flux density can be represented as the curi of a 

vector potential A; 

div B = div curl A = 0 . (6-17) 

Thus , the curl of the electric field intensity becomes 

curl E = -dB/dt = -d(curi A) /d t , (6-18) 

which can be re-v^oitten, so long as the spatial coordinate system is time-invariant, as 

curl (E + dA/dt) = 0 . (6-19) 

Given the fact tha t the curl of the gradient of a scalar function equals zero, and the fact 

tha t the electrostatic field due to a charge distribution is found from the negative gradi

ent of the scalar electric potential, relation (6-19) can be re-v^n:itten as 

curl (E + dA/dt) = - curl grad V = 0 . (6-20) 

or 

E = - grad V - dA/dt . (6-21) 

where grad • is an operation upon the scalar argument which results in the vector spa

tial gradient of the argument. Taking the divergence of this relation yields 

div E = - div (grad V) - div (dA/dt) = - deP V - d(div A)/dt 
= div (D/e) = rho/e . (6-22) 

or 

- deP V - d(div A)/dt = rho/e . (6-23) 

Taking the curl of magnetic flux density yields 

curl B = curl curl A = grad (div A) - del^ A 

= yLid +dD/dt) = ]iid+edE/dt) . (6-24) 

In order for the vector potential to be unique, the divergence as weU as the curl must 

be specffied (Arfken. 1985. p. 78). Choosing the Lorentz gauge (Jackson. 1975. p. 221) 

divA = -viedV/dt . (6-25) 

the scalar and vector potential equations can be simplffied to 

deP V - ]ie d^V/dt^ = -rho/e . (6-26a) 
deP A - >ie d ^ d t ^ = - p j . (6-26b) 

These two potential equations, along with knowledge of the source terms J and rho, 

yield four scalar equations in four unknowns. Note that the choice of gauge is arbi

trary. The Lorentz gauge yields a symmetric set of equations in V and A. When 

sources are not present, the Coulomb gauge (del A = 0) is often used. 

Unique solutions to the potential equations require the application of boundary 

conditions. Determination of appropriate boundary conditions is dependent upon the 



69 

behavior of Maxwell's equations at the boundary. Maxwefl's equations yield the foUow-

flig boundary relations (Kraus, 1984, p. 351): 

^ti = Et2 . (6-27a) 
Dm - D„2 = rho, , (6-27b) 
^ni = B„2 . (6-27c) 

nx(Hti - H J = K , (6-27d) 

where subscript n denotes a component normal to the boundary, subscript t denotes a 

component tangential to the boundary, n is the unit normal vector to the boundary, 

rho^ is a surface charge, and K is a surface sheet current normal to both n and H. 

Applying Stokes' theorem (which states that the integral of the curl of a vector func

tion F over a surface S is equal to the line integral of F around the closed curve G 

which bounds S) to equation (6-9) yields the Integral form 

INTe( E-dl} = - (d/dt) INTsi B-ds } , (6-28) 

where INTe( • } represents the flitegral of the argument around the closed curve € , and 

INTs( • } represents the integral of the argument over the surface S. Consider a bound

ary between two materials as shown in Figure 6-1. Application of (6-28) to a closed 

rectangular path in the x-z plane, for which the path length in the z-direction ap

proaches zero, results In the relation (6-27a). Because the path length in the z-

direction approaches zero, the area of the surface S also approaches zero, and thus the 

right side of (6-28) becomes zero. Likewise, since the components of E normal to the 

boundary are multiplied by the infinitesmal extent of the path in the z-direction, the 

normal components of E drop out of the equation. The only non-zero components of 

(6-28) which remain after integration around G are 

Eti delta x-E^ delta x = 0 = Eti - E,2 . 

where delta x is the extent of the path in the x-direction. Likewise, application of the 

remainder of Maxwell's equations, in Integral form, to the boundary of Figure 6-1 yields 

the remaining boundary relations (6-27b) through (6-27d). 

6-1-1 Dielectric Medium 

In a good dielectric, conductivity sigma is so small as to be practically infinitesimal. 

Additionally, unless the dielectric is stressed to the point of failure, charge density 
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rho and current density d are also essentially infinitesimal. Application of the poten

tial equations (6-26) to a sourceless (rho = 0 and J = 0) dielectric yields the relations 

deP V - pe d=^/dt2 = 0 . (6-29a) 

deP A - vie d^A/dt^ = 0 . (6-29b) 

Many problems of practical interest involve fields (or potentials) which exhibit a spa

tially invariant harmonic time dependence. Such a time-harmonic potential. 

V(x,y,z,t) = V(x,y,z)cos(3 + nA.), can be differentiated with respect to time without re

quiring knowledge of the spatial dependence V(x,y,z). Thus, for sinusoidal time depen-

dence e , equation (6-29) becomes the homogeneous Helmholtz equation 

deP V + pezt/2Y = 0 , (6-30a) 
deP A + pea/^A = 0 . (6-30b) 

Figure 6-1: Boundary between two dissimilar 
media. 

6-1-2 Conducting Medium 

Conducting media generally do not contain source charge distributions rho(x.y.z). 

Charge accumulation is generally the result of an extemal applied field, and is general

ly limited to a boundary between the conductor and a dielectric. Thus, for many prac

tical problems, the scalar potential equation (6-26a) in conducting media may be 

considered to be sourceless as described by equations (6-29a) or (6-30a). Using Ohm's 

Law at a point (si = sigma E). the vector potential equation (6-26b) can be written 

deP A - pe d^A/dt̂ ^ = -pJ = -\iisigmaE) = -p sigma (-grad V - dA/dt) . (6-31) 

Assuming a sinusoidal time dependence e , equation (6-31) becomes 

deP A + yieu/ (a/ - j Sigma/e )A = p sigma (grad V) . (6-32) 

file://-/iisigmaE
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Consider that, for aluminum, sigma/e = 3.95x10^* s \ Thus, for frequencies less than 
15 

about 10 Hz in conducting regions, the displacement current term can be ignored. 

The vector potential equation (6-32) then reduces to the inhomogeneous Helmholtz 

equation 

deP A - j p Sigma ivA^yx sigma (grad V) . (6-33a) 

The corresponding non-sinusoidal equation is 

deP A - p Sigma (dA/dt) = p sigma (grad V) . (6-33b) 

Equations of the form of (6-33b) are known as dfffusion equations. 

6-2 Finite Elements 

Finite element analysis proceeds by developing an approximate expression (Sflves-

ter and Ferrari. 1983, p. 2) for the stored energy associated with the desired potential 

field. The potential in each element Is assumed to be given by a combination of suit

ably chosen, simple functions with undetermined coefficients. These functions are 

employed in an expression for energy stored in the potential field, called a functional. 

Minimization of the stored energy functional determines the unknov^m coefficients and 

thus implicitiy estabUshes an approximation to the potential distribution. An advan

tage of the finite element method is that the finite element solution is uniquely and 

precisely defined everywhere (Sflvester and Ferrari. 1983. p. 10). because the solution 

surface is assumed to have a particular shape, unlike the finite difference method 

which reaches a solution only at certain discrete points in the problem space. 

The inhomogeneous Helrrflioltz equation is expressed as 

div (p grad u) + k^u = g , (6-34) 

where p(x,y,z) represents the material properties of the medium. u(x,y,z) is the potential 

function, g(x,y,z) is the driving function, and k is a constant which is invariant with 

position. The required minimization functional for the inhomogeneous Helmholtz 

equation is given by (Silvester and Ferrari, 1983, p. 44), 

F(U) = »/2 INT( [ p(grad U)̂  - k^U^ + 2gU 1 }dWvoL . (6-35) 

where U(x,y,z) is the approximation function, INT{ • }dWvoL represents integration with 

respect to the dffferential volume element dWvoL. and WVOL is the volume of integration. 

F(U) is the required functional provided that U(x,y,z) is restricted to functions which 

satisfy the necessary Dirichlet conditions on the bounding surface. The homogeneous 
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Neumann boundary condition (du /dn = 0 where d u / d n represents the gradient of po

tential, u . normal to the boundary) is automatically satisfied. 

It can be shown (Silvester and Ferrari. 1983. p. 145-155) that tetrahedral scalar 

elements (such as the element shown in Figure 6-2) with an appropriate accompanying 

set of interpolation polynomials, satisfy the above requirements. Written in matrix 

form, the stored energy functional becomes 

F( [ U ]) = i/2[ U F [ S ] (U ] - y2kM U ]M T ] [ U ] + I U ]M T ] [ G ] . (6-36) 

Minimization of the functional (Sabonnadiere and Coulomb. 1987. p. 43) yields the fol

lowing matrix equation for potential U: 

[ S ] [ U ] - k M T ] [ U ] + [ T ] [ G ] = 0 . (6-37) 

where 

S„„ = p INT{ (grad a J (grad a j jdWvoL. 
= p INT{ (da^/dx)(da„/dx) + (da„/dy)(da„/dy) + (da^/dz)(da„/dz) }dWvoL. 

T^„ = p INT{ a^a„ }dWvoL, 
m.n = ijkl (multiple indices), 
aijki = interpolation polynomial, 
WVOL = volume element. 

The source term. g. and potential, u, are approximated within the finite element by us

ing the nodal values ĝ î and Uy,,, (which occur at regularly spaced interpolation points 

within or on the faces of the tetrahedron) in conjunction with the interpolation polyno

mial, as follows. 

g = SUM '̂̂ ^ J g^a„ } = S U M V = i( gykia.jw } , (6-38) 

u = S U M ^ \ J u^a^ } = S U M V ._ J u,,,a.j.i} . (6-39) 
N 

where SUM^, = J • } represents a summation over the indices. A simple first-order te

t rahedron is shown in Figure 6-2. Note that this first-order tetrahedron is defined 

solely by its vertices, which correspond to the interpolation points of the approximation 

polynomial a„. A second-order tetrahedron would have additional interpolation points 

along the edges of the tetrahedron half-way between each vertex. The potential matrix 

[ U ]. in general, contains some vertex potentials which wfll be free to vary with the so

lution, and some which wiU be prescribed as Dirichlet boundary conditions. 

Qualitatively, the finite element method, as appUed to 3-D problems, may be ex

plained as foUows (Sflvester and Ferrari. 1983, pp. 79. 80. 145-149). The problem re

gion is approximated by a union of (tetrahedral) finite elements. On each element, the 

potential function u (see equation (6-39)) is represented as a linear combination of the 
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approximating functions a„. The forcing function g (see equation (6-38)) is approxi

mated over each finite element by a Unear combination of the same basis poljmomials 

a„ as the potential function. The Dirichlet matrix [ S ] and the metric ( T ] are square 

matrices which are associated with a particular set of approximating polynomials. 

Comparing the potential equations of Section 6-1 to the form of the inhomogeneous 

Helmholtz equation (6-34). and the matrix equation (6-37). it is seen that the physical 

properties (p. sigma, e) of each finite element are flicorporated into the constant k and 

the source term G of the matrix equation (6-37). Solution of the problem-space matrix 

(6-37) then incorporates these physical properties flito the matrix solution [ U 1. 

* 6 = = ( a . O . O ) , 

K. 

^>s^ 

* 8 = ( ' 

—"•̂ '̂  1 ^.^^^^Btf^tflP^^^ 

* g = ( O . b . O ) 

a . b . O ) 
z 

-^^ = ( O . O . c ) 

Figure 6-2: Tetrahedral finite element. 

In general, ff the number of elements in the model is decreased to make a courser 

grid, whfle the order of the approximation polynomials is increased in such a manner 

that the size of the solution matrix remains constant, the higher-order model wiU yield 

better solutions than the finer grid model (Silvester and Ferrari, 1983, pp. 88-90). 

6-2-1 Finite Element Eigenvalue Equations 

Laplace's equation can be used to describe a large number of analogous fields such 

as the electrostatic field in a source free region, magnetostatic fields, gravitational 

fields in mass free regions, incompressible fluid fields, and steady thermal fields in a 

source free region (Babister, 1966, p. 37). Laplace's equation can be considered to be a 

special case (k = 0) of the homogeneous Helmholtz equation; thus a general solution 

procedure for the Helmholtz equation Is of interest. Analytical solution of the homoge

neous Helmholtz equation 

(deP + k=')u = 0 (6-40) 

yields an irffirflte set of eigenvalues. k<. which may correspond to cutoff wavenumbers 

or resonant modes depending upon the nature of the problem. Equation (6-40) 
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corresponds to a time-varying problem in which the temporal dependence is harmonic. 

The discretized finite element form of this equation is 

[ S ] [ U l - k M T ] [ U ] = 0 . (6-41) 

The finite set of eigenvalues, k^. from the matrix equation above, which corresponds to 

the irffinite set of eigenvalues from the Helmholtz equation, is found by setting the de

terminant equal to zero as follows 

I [ S ] - kM T ] I = 0 , (6-42) 

and then solving for the roots of the resulting polynomial in k. The number of roots of 

k (number of roots equals number of degrees of freedom of finite element model) is a 

function of the number of finite elements used in the problem, and the order of the ap

proximation polynomials (Sflvester and Ferrari, 1983. pp. 154-162). 

6-2-2 Time-Varving Finite Element Eouations 

Solution of time-varying finite element problems can be introduced through a con

sideration of the diffusion equation. The dfffusion equation is used in thermal analysis 

for the s tudy of the dfffusion of heat, and in electromagnetics for the study of magnetic 

diffusion or eddy currents in conductors. Note that elimination of the time variation 

from the dfffusion equation leaves Poisson's equation, which can be regarded as a spe

cial case (k = 0) of the inhomogeneous Helmholtz equation. Consider Poisson's equa

tion 

d e P u = i . (6-43) 

which has an equivalent matrix representation 

I S ] [ U ] + [ T ] [ J ] = 0 . (6-44) 

Now consider the time-varying case, which has the form of the dfffusion equation. 

deP u - Sigma d u / d t = j . . (6-45) 

Applying the static case solution (6-44) to (6-45) yields 

[ S ] [ U 1 + [ Ts ] (d[ U ]/dt) = - [ T ] [ J 1 . (6-46) 

or. 

[ Ts 1 (d[ U 1/dt) + ( S ] [ U ] = - [ T ] [ J ] . (6-47) 

where 

Ts m.n = P INT{ Sigma a^an }dWvoL. 
J (source term corresponding to G as previously defined), 
Tmn.Smn (as prcvlously defined). 
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The solution to (6-47) is obtained by dividing time into discrete intervals of length 

delta t. smafl enough to obtain an accurate solution (Sabonnadiere and Coulomb. 

1987, p. 50). Let u"* be the value of U at time (n + 1)(delta t). and u" be the value at 

time n(delta t). The time rate-of-change of U is t hus approximated, at time n(delta t). 

by 

dl U ]/dt = (I U ]"*^ - [ U ]" )/(delta t) . (6-48) 

Thus , assimiing the problem is linear with constant coefficients, equation (6-46) can be 

approximated, using an implicit integration method, as 

I T , ^ 1 ( I U r' - I U 1" )/(delta t) + [ S ] [ U 1"*' = - [ T ] [ J 1" , (6-49) 

or. 

( I S 1 + I T , ^ l/(delta t)) I U r' = - IT ] [ J ]" + [ Ts 1 [ U ]V(delta t) . (6-50) 

This yields a relation for the new time step quantities in terms of the previous time step 

quantities. For nonlinear problems, an Iterative method, such as the Newton-Raphson 

method, m u s t be used (Sabormadiere and Coulomb, 1987, p. 50). 

6-2-3 The Retarded Potential Equations 

For systems whose physical size is large enough so that electromagnetic propaga

tion delay becomes a factor, the potential equations 

deP V - ]ie d ^ / d t ^ = - rho/e , (6-51a) 

deP A - pe d^A/dt^ = - p J . (6-5lb) 

can be solved in terms of the retarded Green's functions (Sflvester and Ferrari, 1983, p. 

38) 

dV = [ rho L dWvoL/(4 p e ri) , (6-52) 

dA = p[sJLdWvoL/(4;^trj . (6-53) 

where T^ is the magnitude of the radius vector from the point P, at which the potential 

is sought, to the source volume element. The brackets I • 1̂  signify that rho and J must 

be specffied at a time ri( \ie )'^^ earUer than the time for which V or A is being evaluated, 

in order to account for the time it takes for the electromagnetic field to proceed from its 

source to the point P. 
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6-3 ApDlicabilitv of the Finite Element Model 

A 3-D time-varying finite element solver, based upon the solutions to the inhomo

geneous Helmholtz equation, has wide applicabflity. The linear Laplace equation ap

plies to potential fields in homogeneous source free regions such as electrostatic, 

magnetostatic. gravitational, thermal, and incompressible fluid flow fields. The nonlin

ear Laplace equation appUes to potential fields in inhomogeneous source free regions 

analogous to the case of compressible fluid flow. If body forces can be neglected, the 

dilitation of a mechanical stress-strain field, the sum of the principal stresses, and the 

s t ress function of a pure torsion field satisfy the Laplace equation (Babister, 1966. pp. 

64-70). Poisson's equation occurs in the theory of electrostatic and steady thermal 

fields in which there are distributions of sources (Babister. 1966. p. 91). The Helm

holtz (or wave) equation occurs in electromagnetics and the theory of waves. Equa

tions of the form (6-45) occur in the theory of magnetic dfffusion. heat conduction in 

solids, and dfffusion of liquids (Babister. 1966, pp. 98). 

The examples cited above are not necessarily mutually exclusive; indeed, many of 

these fields follow as special cases of the Helmholtz equation. Physical systems such 

as a SMES device, which experience substantial mechanical stresses due to the 

applied electromagnetic field, are examples of coupled magneto-elastic problems which 

would benefit from the use of a general, coupled, finite element solver (Yuan. Moon, 

and Abel. 1984. p. 527). The solver could be written so that the user provides as input 

the geometrical description of the system, including the necessary physical properies 

(electromagnetic, thermal, mechanical, etc.). and a specffication of the desired forcing 

functions and boundary conditions. The solver would then provide the resulting dy

namic response (electromagnetic, thermal, mechanical, etc.). Note that, in the case of a 

coupled magneto-elastic problem, the mechanical forces due to the applied electromag

netic fields could cause movement of the structure ff it is not sufficiently constrained. 

If the s t ructure of the model is allowed to move in response to electromagnetic forces, 

the solver mus t in some way compensate for the fact that the finite elements which 

comprise the structure are experiencing spatial coordinate shffts and possibly changes 

in size and shape. Actual implementation of a general finite element solver is beyond 

the scope of this thesis. 



CHAPTER 7 
SUMMARY AND CONCLUSIONS 

The purpose of this thesis has been to develop an improved characterization of in

duction cofls. primarily for the purpose of aiding the design of power conditioning sys

tems for large-scale mductive energy storage devices. Since a functional large-scale 

SMES plant is not avaflable to test the models developed herein, a determination of the 

degree to which this goal has been successfully achieved must rely heavfly upon the 

agreement between the various models, concordance with the analytical approaches 

taken, and "common" sense. 

The mifltiple-section lumped parameter model of Chapter 3 predicts that the 900 H 

(single-layer solenoidal) example SMES cofl has the frequency response of an inductor 

below 1 Hz, and has a frequency response above 1000 Hz which parallels that of a ca

pacitor. Between 1 Hz and 1000 Hz. the lumped parameter model predicts many reso

nant frequencies, approximately one resonance every 2 Hz between 1 Hz and 100 Hz, 

and two resonant frequencies (176 Hz and 519 Hz) between 100 Hz and 1000 Hz. 

These results imply that, at low frequencies, where series inductive admittance is 

much higher than shunt capacitive admittance, an ac (alternating current) disturbance 

can propagate deep into the cofl, linking many tums, and generating low frequency 

resonances. High frequency signals are quickly shunted to ground, via the shunt ca

pacitive admittances, before they can travel very far into the cofl. Thus, at high fre

quencies, the cofl acts as a shunt capacitor rather than a large Inductive energy store. 

The lumped parameter model can be readfly Improved by improving the estimates of 

capacitance, and by increasing the number of lumped sections used in the model. 

The multiple transmission line model of Chapter 4 predicts that coil voltage wfll at 

most double, due to an incident transient. The net effect, in terms of the voltages and 

currents which are predicted to be on the cofl due to this model, is that of applying a 

source of voltage V, across the terminals of a transmission Une of characteristic im

pedance NZo (which has the input terminals connected to the output terminals), where 

Zo is the characteristic impedance of one t u m of the N tum cofl. Note that this treat

ment has ignored the transmission Une effects which wiU exist between the grounded 

heUum containment vessel and the SMES cofl. These effects should be not unlike 

those discussed above for an isolated cofl. involving at most a doubling of the applied 
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voltage. The predictions of this model cannot be readily compared to the predictions of 

the lumped parameter model, as the model regimes do not coincide. 

The sheath helix model of Chapter 5 predicts that resonance can occur for the fun

damental mode for frequencies over approximately 40 Hz. in reasonable agreement 

with the results of the lumped parameter model of Chapter 3. Note that, although the 

sheath heUx model appears to predict resonance for any frequency above 40 Hz. there 

WiU be losses in a physical cofl which have not been considered in the sheath helbc 

model. The results of Chapter 3 indicate that high frequency losses wiU prevent reso

nance in the example SMES cofl at frequencies above a few kflohertz. Note that the 

sheath helix model ignores the effects of the helium containment vessel (HCV). which 

contributes a value of capacffance to the lumped parameter model (Chapter 3) which is 

4 orders of magnitude higher than the interwinding capacitance. Usuig the fact that 
-1/2 

the resonant frequency of an LC section is ~ (LC) . an order-of-magnitude estimate 

can be made for the range of resonant frequencies which would be predicted by a 

sheath helix model which included the effects of the HCV. This order-of-magnitude es

timate places the sheath helix prediction (with HCV) in the range of 0.4 Hz. Both this 

estimate, and the sheath helix prediction without HCV, are reasonably close to the re

sults of the lumped parameter model of Chapter 3. The sheath helix model can be im

proved by analyticaUy considering the effects of the HCV and the finite axial extent of 

the cofl. 

The most promising approach for a detailed solution of Induction cofl electrody

namics appears to be the use of a general, three-dimensional (3-D), time domain, finite 

element (FE) solver, as discussed in Chapter 6. A 3-D time-varj^ng FE solver, based 

upon the solutions to the Irihomogeneous Helmholtz equation, has wide appUcability. 

The Laplace and Polsson equations, which occur in a wide range of physical systems, 

can both be treated numerically as special cases of the Helmholtz equation. Physical 

systems such as a SMES device, which experience substantial mechanical stresses due 

to the appUed electromagnetic field, are examples of coupled magneto-elastic problems 

which would benefit from the use of a general, coupled. FE solver (Yuan. Moon, and 

Abel. 1984. p. 527). The solver could be written so that the user inputs a geometrical 

description of the system, including electromagnetic and mechanical material proper

ties, and a specffication of the desired electromagnetic and mechanical forcing func

tions and boundary conditions. The solver then provides the resulting electromagnetic 



79 

and mechanical dynamic response. Such a system need not be limited to strictiy elec

tromagnetic and mechanical coupled phenomena; ff could also include thermal phe

nomena, hydrodynamic phenomena, or any other physical phenomena which can be 

described by the Helmholtz equation. 

SMES cofl seff-resonance appears to occur in a narrow enough frequency band that 

direct excitation of cofl seff-resonance by the power conditioning system (PCS) can be 

avoided by designing the PCS thyristor networks so that they are switched at frequen

cies outside the resonance region of the SMES cofl. Destmctive interaction v^th loads 

which switch at very low (~ 2Hz) frequency may be possible. Also, due to the low seff-

resonant frequencies of the 900 H example cofl, fast transients should not excite the 

natural frequencies of the 900 H SMES cofl, but flistead appear to result in a doubling 

(transmission line style) of the appUed transient voltage at worst. Conservative design 

of the cofl could mitigate adverse effects due to fast transients v^dthout ffltering or 

otherwise altering the operation of the PCS. Thermal losses in the superconductor due 

to AC disturbances may have a greater influence upon SMES power conditioning than 

the apparentiy minor dangers of over-voltage due to fast transients. 

Extension of the above results, in terms of "real-world" usefulness, is probably best 

done in terms of the numerical. 3-D time-varying FE solver. Much work has been done 

on static FE solvers, and some work on coupled solvers (Yuan, Moon, and Abel, 1984). 

A considerable amount of work has also been done on dynamic (time-varying) systems 

which can be expressed independently of their physical construction, such as the 

SPICE circuit analysis program. The general, coupled, FE solver discussed in Chapter 

6 is the natural nexus of these independent efforts. Development of such a solver wfll. 

of necessity, pace the evolution of microprocessors over the next decade. In the mean

time, the lumped parameter model could be improved by increasing the accuracy of the 

capacitance values used in its development, possibly through use of a 2-D static FE 

solver to study the electric fields on the coil. The number of lumped elements could 

also be increased, perhaps yielding further insight into the cofl response, particularly 

in the dynamic region between 1 Hz and 1000 Hz. The sheath helix model could be 

extended to include the solution for higher-order modes, and to include the effects of 

the helium containment vessel (see. for example. Stark. 1954). Perhaps the greatest 

improvement to the sheath helix model would be an analytical consideration of the fi

nite axial extent of the physical cofl. 
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Characterization of induction cofls was begun in past centuries with descriptions of 

the magnetic induction of the solenoid. A great deal of work has since been done to 

characterize the magnetic induction of various geometries. Relatively little has been 

done, however, to systematically and analytically characterize the electrodynamic be

havior of induction cofls. This thesis is a step on the path towards fuU induction cofl 

characterization. 
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APPENDIX A 

INDUCTION COIL CORRECTION FACTOR K̂  

In Chapter 2 of this thesis it was shown that the flux density of a long solenoid is 

less at the ends than at the center. This is due to flux leakage at the ends of the sole

noid. Thus, induction formulae which use the value for the field at the center of the 

cofl must be corrected for this flux leakage end effect. The induction formula correc

tion factor for flux leakage. K .̂ is found as a function of the ratio of cofl length to cofl 

diameter, (h/2a) = B, by the series formula (Grover, 1973, p. 143) 

KL = 

2B 

pi 

Tf 4 I \ B^ f 4 I N B ' ^ ^ 

I I In - — I + I In + J t i n 
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This correction factor formula is plotted in Figure A-1 for short (B < 1) single-layer so

lenoids of circular cross section. 
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Figure A-1: Induction formula correction factor 
for short solenoids. 

The magnetic axial force on a charged solenoid was found to be a function of the 

axial-rate-of-change of the correction factor. d^KJdz. Dffferentiation of the series for

mula for KL with respect to axial displacement z, where dz = dh. yields 
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The normalized axial-rate-of-change h(dKL/dz) is plotted in the accompanying graph 

(Figure A-1) with the correction factor K .̂ KL can be read directiy from the graph as a 

function of h/2a. but the normalized h(dKL/dz) must be divided by the length of the 

cofl, h, in order to obtain 6^/dz. 



APPENDIX B 

MULTI-LAYER SMES COIL 

Consider a short. N t u m . four-layer solenoid of radius ao and axial height h. which 

employs a conductor support assembly (CSA) of axial dimension s = 13 cm and radial 

dimension d = 25 cm. Adjacent CSA's are separated by slabs of NEMA G-10 insulator 

of thickness s, = 0.75 cm. The radial thickness of the four layers is given by 

d, = 3(s + s,) + s = 3(13.75 cm) + 13 cm = 1.0225 m . (B-1) 

N t u m s of the CSA results in a four-layer solenoid of axial height 

h = V4N(s + s,) + s = (1/4N + l)s + 1/4NS, . (B-2) 

Using this h in the relation for inductance given in Section 2-4-4 yields 

L = poN2(F)ao'K/[(i/4N+l)s + y4Ns,] . (B-3) 

For N » 1. inductance can be written approximately as 

L = PoN4(pt)ao2K'/[s + s J . (B-4) 

Thus , the number of t u m s required for a given diameter, ao. and a given inductance. L. 

can be found as 

L(s + s,) 
N = . (B-5) 

Po(p)4ao^K 

where K' = KL - k. KL is a correction factor for flux leakage end effects as a function of 

h/2ao (see Appendix A), while k is a correction factor for the finite radial dimension of 

the winding as a function of dr/2ao and d y h (Grover. 1973. p. 105). 

Derivation of the basic solenoid induction formula assumes unfform axial field (no 

flux leakage at the ends of the cofl) and a "current sheet ' winding of infinitesmal radial 

thickness. Intuitively, the fact that the outer winding is at a greater radial distance 

from the axis t han the inner winding suggests that the flux Unkage of the outer wind

ing may dfffer from that of the inner winding. The factor k compensates for this devi

ation of the physical coil from the mathematical model. 

Solving for N is t hus complicated by the fact that K is a function of N through h. In 

a manne r simflar to that of the short single-layer solenoid of Section 2-6. an iterative 

approach can be used in which an initial h is chosen. K' is found, N is calculated, and 

a new h is computed from N. This new h is then used to find a new K'. which is used 

to calculate a new N, and so on. This process continues until a stable solution is 

reached. 
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Given ao = 500 m. L = 900 H. s + s, = 13.75 cm. d, = 1.0225 m. and an initial guess 

h = (90.88 m ) / 4 = 22.72 m; the solution is found as N = 540 t u m s and h = 18.69 m 

(where KL = 0.057985 and k = 0.0000353). Note that this is the closest solution to 900 

H for which N is evenly divisible by four; the actual inductance for this cofl is 898 H. 

Using an inductance of 945 H. the number of t u m s is found as N = 556. and the 

axial height is t h u s h = 19.24 m (where KL = 0.059244 and k = 0.0000343). The 945 H 

value is used in published designs for a four-layer SMES cofl (Loyd. Schoenung. and 

Nakamura, 1989). The additional 45 H represents a minimal energy storage which is 

required in order to discharge the fufl 900 H (18 TJ) design energy without exceeding 

the maximum allowable cofl voltage (see Section 2-2). The dimensions of the CSA used 

in this thesis were taken from this published design, which consists of a four-layer, 

556 t u m solenoid of height 19 m and radius 500 m. 

Note tha t the factor k amounts to less than 1 part in 1000 of the factor K for this 

four-layer short solenoid. This factor could also have been used in the calculations for 

the single-layer short solenoid, bu t k is even less signfficant for the single-layer sole

noid t h a n for the four-layer solenoid. 



APPENDIX C 

TOROIDAL COIL ASPECT RATIO 

Inductance of the toroidal coll can be easfly optimized with respect to the aspect ra

tio ao/Ro by developing an expression for inductance in terms of the ratio of ao/Ro. and 

then finding the maximum value of this expression. The inductance of a torus is given 

by the expression (Knoepfel. 1970, p. 321) 

L = poNMRo-(Ro'-ao^)^ ' ' l . (C-1) 

and the number of conductor t u m s , neglecting insulation and structural consider

ations, is found as (see Section 2-4-1) 

N = 2;, t(Ro-ao)/D, . (C-2) 

where aU quantities are as defuied ui Chapter 2. Substituting the expression (C-2) for 

N into (C-1), and re-arranging terms, yields 

L = po i2pi/Dr RoMl - ao/Ro)=̂  [ 1 - d - aoVR.')^/^ 1 

= Lo (1 - ao/Ro)^ [ 1 - (1 - aoVRo')^^' 1 . (C-3) 

where Lo = i2pi )^PoRo^De^ Let X = aJR^, then the normaUzed inductance L/Lo can be 

written in terms of the aspect ratio X as 

L / L o = ( l - X ) M l - ( l - X ^ ) ^ / " ] . (C-4) 

Dffferentiating (C-4) with respect to X yields 

d(L/Lo)/dX = (1 - X) I X(l - X) - 2(1 - X^)''"" + 2(1 - X )̂ 1 . (C-5) 

Equating (C-5) to zero, to find the critical points, immediately yields the root X = 1. 

Dividing the right-hand side of (C-5) by (1 - X) and setting the remaining expression 

equal to zero results in the relation 

X(l - X) - 2(1 - X^)^/" + 2(1 - X )̂ = 0 . (C-6) 

Multiplying (C-6) by (1 - xV^^ and rearranging terms yields the expression 

(1 - X) (2 + 3X) = 2(1 - X^)^/" . (C-7) 

Squaring both sides of (C-7) and dividing by (1 - X) results in the equation 

(1 - X) (2 + 3X)2 = 4(1 + x) . (C-8) 

Equation (C-8) can be simplffied and rewritten as 

XOX^'+ 3X - 4) = 0 , (C-9) 

which yields the roots 

X = 0 . 
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X = (-1 - 17"^)/Q = -0.853850938... . 

X = (-1 + \7"'')/Q = +0.520517604... . 

Figure C-1 shows a plot of normaUzed Inductance (L/Lo) versus the aspect ratio ao/R^. 

This plot clearly shows that tiie root X = aJR, = 0.5205-.. maximizes toroidal induc

tance with respect to the aspect ratio aJR^. Figure C-1 also shows that toroidal induc

tance varies slowly witii respect to aJR^ near the maximum. Use of an aspect ratio 

ao/Ro = 0.5 results in a reduction of only 0.3% from the maximum value of normalized 

inductance. 
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Figure C-1: Plot of normalized inductance versus 
aspect ratio aJR^. 



APPENDIX D 

SPICE LISTING OF LUMPED PARAMETER MODEL 

SMES COIL DYNAMIC MODEL 

* 

* 

* 

* 

* 

* 

* 

* 

* 

* 

* 

* 

* 

* 

* 

* 

* 

* 

* 

(SMES002.CIR) 

Lossy elements are included 

SMES Cofl SPICE Model: Short Solenoid. 1-layer, with 

Conductor Support Assembly (CSA) 

Total SMES capacity-to-ground = CG(total) = 1.68913E-5farad 

Total SMES interwinding capacity = CI = 1.489974E-9farad 

relative permeabflity used is k = 1 

COIL DATA: 

L 

a 

h 

N 

d 

s 

si 

dwO 

dwi 

900.05 Hy 

500 m 

90.88 m 

660 

0.25 m 

0.13 m 

0.75 cm 

0.10 m 

0.10 m 

(cofl inductance) 

(major radius) 

(cofl height) 

(number of cofl tums) 

(radial CSA dimension) 

(axial CSA dimension) 

(thickness of G-10 insulation) 

(separation between outside wall of HCV & coil) 

(separation between inside wall of HCV & cofl) 

.OPTIONS ACCT LIMPTS=8000 

.TEMP 25 

* Analysis is done 1 decade at a time, from 0.01 Hz to 0.1 MegaHz 

* AC smaU-signal analysis at 200 pts per DECade on the interval 

.AC DEC 200 IHZ lOHZ 

VIN 1 OAC 1 

VMl 3 4 

VM2 72 73 

VM3 141 142 
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RS 
R l 

R2 

R3 

R4 

R5 

R6 

R7 

R8 

R9 

RIO 

R l l 

R12 

R13 

R14 

R15 

R16 

R17 

R18 

R19 

R20 

R21 

R22 

R23 

R24 

R25 

R26 

R27 

R28 

R29 

R30 

R31 

R32 

R33 

R34 

R35 

R36 

R37 

R38 

1 

2 

5 

7 

9 

11 

13 

15 

17 

19 

21 

23 

25 

27 

29 

31 

33 

35 

37 

39 

41 

43 

45 

47 

49 

51 

53 

55 

57 

59 

61 

63 

65 

67 

69 

71 

74 

1^ 

78 

2 lOHM 

3 191.6UOHM 

6 1725UOHM 

8 1916UOHM 

10 1916UOHM 

12 1916UOHM 

14 1916UOHM 

16 1916UOHM 

18 1916UOHM 

20 1916UOHM 

22 1916UOHM 

24 1916UOHM 

26 1916UOHM 

28 1916UOHM 

30 1916UOHM 

32 1916UOHM 

34 1916UOHM 

36 1916UOHM 

38 1916UOHM 

40 1916UOHM 

42 1916UOHM 

44 1916UOHM 

46 1916UOHM 

48 1916UOHM 

50 1916UOHM 

52 1916UOHM 

54 1916UOHM 

56 1916UOHM 

58 1916UOHM 

60 1916UOHM 

62 1916UOHM 

64 1916UOHM 

66 1916UOHM 

68 1916UOHM 

70 1916UOHM 

72 191.6UOHM 

75 1725UOHM 

77 1916UOHM 

79 1916UOHM 
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R39 80 81 1916UOHM 

R40 82 83 1916UOHM 

R41 84 85 1916UOHM 

R42 86 87 1916UOHM 

R43 88 89 1916UOHM 

R44 90 91 1916UOHM 

R45 92 93 1916UOHM 

R46 94 95 1916UOHM 

R47 96 97 1916UOHM 

R48 98 99 1916UOHM 

R49 100 101 1916UOHM 

R50 102 103 1916UOHM 

R51 104 105 1916UOHM 

R52 106 107 1916UOHM 

R53 108 109 1916UOHM 

R54 110 111 1916UOHM 

R55 112 113 1916UOHM 

R56 114 115 1916UOHM 

R57 116 117 1916UOHM 

R58 118 119 1916UOHM 

R59 120 121 1916UOHM 

R60 122 123 1916UOHM 

R61 124 125 1916UOHM 

R62 126 127 1916UOHM 

R63 128 129 1916UOHM 

R64 130 131 1916UOHM 

R65 132 133 1916UOHM 

R66 134 135 1916UOHM 

R67 136 137 1916UOHM 

R68 138 139 1725UOHM 

R69 140 141 191.6UOHM 

LI 4 5 1.36371HENRY 

L2 6 7 12.2734 IHENRY 

L3 8 9 13.63712HENRY 

L4 10 11 13.63712HENRY 

L5 12 13 13.63712HENRY 

L6 14 15 13.63712HENRY 

L7 16 17 13.63712HENRY 

L8 18 19 13.63712HENRY 
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L9 20 21 13.63712HENRY 

LIO 22 23 13.63712HENRY 

L l l 24 25 13.63712HENRY 

L12 26 27 13.63712HENRY 

L13 28 29 13.63712HENRY 

L14 30 31 13.63712HENRY 

L15 32 33 13.63712HENRY 

L16 34 35 13.63712HENRY 

LI7 36 37 13.63712HENRY 

L18 38 39 13.63712HENRY 

L19 40 41 13.63712HENRY 

L20 42 43 13.63712HENRY 

L21 44 45 13.63712HENRY 

L22 46 47 13.63712HENRY 

L23 48 49 13.63712HENRY 

L24 50 51 13.63712HENRY 

L25 52 53 13.63712HENRY 

L26 54 55 13.63712HENRY 

L27 56 57 13.63712HENRY 

L28 58 59 13.63712HENRY 

L29 60 61 13.63712HENRY 

L30 62 63 13.63712HENRY 

L31 64 65 13.63712HENRY 

L32 66 67 13.63712HENRY 

L33 68 69 13.63712HENRY 

L34 70 71 13.63712HENRY 

L35 73 74 1.36371HENRY 

L36 75 76 12.2734IHENRY 

L37 77 78 13.63712HENRY 

L38 79 80 13.63712HENRY 

L39 81 82 13.63712HENRY 

L40 83 84 13.63712HENRY 

L41 85 86 13.63712HENRY 

L42 87 88 13.63712HENRY 

L43 89 90 13.63712HENRY 

L44 91 92 13.63712HENRY 

L45 93 94 13.63712HENRY 

L46 95 96 13.63712HENRY 

L47 97 98 13.63712HENRY 
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L48 99 100 13.63712HENRY 

L49 101 102 13.63712HENRY 

L50 103 104 13.63712HENRY 

L51 105 106 13.63712HENRY 

L52 107 108 13.63712HENRY 

L53 109 110 13.63712HENRY 

L54 111 112 13.63712HENRY 

L55 113 114 13.63712HENRY 

L56 115 116 13.63712HENRY 

L57 117 118 13.63712HENRY 

L58 119 120 13.63712HENRY 

L59 121 122 13.63712HENRY 

L60 123 124 13.63712HENRY 

L61 125 126 13.63712HENRY 

L62 127 128 13.63712HENRY 

L63 129 130 13.63712HENRY 

L64 131 132 13.63712HENRY 

L65 133 134 13.63712HENRY 

L66 135 136 13.63712HENRY 

L67 137 138 13.63712HENRY 

L68 139 140 12.27341HENRY 

L69 142 0 1.36371HENRY 

CI 2 0 1.489974E-9farad 

CGI 4 0 7.66042E-8farad 

CG2 6 0 6.79042E-7farad 

CG3 8 0 7.32767E-7farad 

CG4 10 0 7.10240E-7farad 

CG5 12 0 6.88064E-7farad 

CG6 14 0 6.66240E-7farad 

CG7 16 0 6.44767E-7farad 

CG8 18 0 6.23647E-7farad 

CG9 20 0 6.02878E-7farad 

CGIO 22 0 5.82460E-7farad 

CGI 1 24 0 5.62395E-7farad 

CG12 26 0 5.4268 lE-7farad 

CG13 28 0 5.23319E-7farad 

CGI4 30 0 5.04309E-7farad 

C G I 5 32 0 4.85650E-7farad 

CG16 34 0 4.67343E-7farad 
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CGI7 36 0 4.49388E-7farad 

CGI8 38 0 4.31784E-7farad 

CG19 40 0 4.14533E-7farad 

CG20 42 0 3.97632E-7farad 

CG21 44 0 3.81084E-7farad 

CG22 46 0 3.64887E-7farad 

CG23 48 0 3.49043E-7farad 

CG24 50 0 3.33549E-7farad 

CG25 52 0 3.18408E-7farad 

CG26 54 0 3.03618E-7farad 

CG27 56 0 2.89180E-7farad 

CG28 58 0 2.75094E-7farad 

CG29 60 0 2.61359E-7farad 

CG30 62 0 2.47976E-7farad 

CG31 64 0 2.34945E-7farad 

CG32 66 0 2.22266E-7farad 

CG33 68 0 2.09938E-7farad 

CG34 70 0 1.97962E-7farad 

CG35 73 0 1.9151 lE-8farad 

CG36 75 0 1.67187E-7farad 

CG37 77 0 1.75065E-7farad 

CG38 79 0 1.64144E-7farad 

CG39 81 0 1.53575E-7farad 

CG40 83 0 1.43358E-7farad 

CG41 85 0 1.33492E-7farad 

CG42 87 0 1.23978E-7farad 

CG43 89 0 1.14816E-7farad 

CG44 91 0 1.06005E-7farad 

CG45 93 0 9.75464E-8farad 

CG46 95 0 8.94393E-8farad 

CG47 97 0 8.16839E-8farad 

CG48 99 0 7.42803E-8farad 

CG49 101 0 6.72283E-8farad 

CG50 103 0 6.0528 lE-8farad 

CG51 105 0 5.41796E-8farad 

CG52 107 0 4.81828E-8farad 

CG53 109 0 4.25377E-8farad 

CG54 111 0 3.72443E-8farad 

CG55 113 0 3.23027E-8farad 
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CG56 115 0 2.77128E-8farad 

CG57 117 0 2.34746E-8farad 

CG58 119 0 1.95881E-8farad 

CG59 121 0 1.60533E-8farad 

CG60 123 0 1.28703E-8farad 

CG61 125 0 1.00389E-8farad 

CG62 127 0 7.5593 lE-9farad 

CG63 129 0 5.43141E-9farad 

CG64 131 0 3.65523E-9farad 

CG65 133 0 2.23077E-9farad 

CG66 135 0 1.15803E-9farad 

CG67 137 0 4.370lOE-lOfarad 

CG68 139 0 6.75299E-l lfarad 

CG69 142 0 1.75859E-13farad 

.PRINT AC VDB(4) VP(4) IDB(VM1) IP(VM1) 

.PRINT AC VDB(73) VP(73) IDB(VM2) IP(VM2) 

.PRINT AC VDB(142) VP(142) IDB(VM3) IP(VM3) 

.END 
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