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ABSTRACT 

Thermal stability is one of the major issues in the design and operation of 

superconducting devices. Due to a thermal disturbance, the superconductor may 

experience a transition from the superconducting state to the normal resistive s tate . 

a phenomenon known as quenching. The high electrical resistivity of the normal 

state superconductor and large energy stored in magnetic field contribute to an 

excessive amount of heat generation which may cause an irrecoverable damage. 

In a composite superconductor, a stabilizer is provided to alleviate the problem 

through a current sharing process. For a low disturbance energy, the conductor 

can reinstate its superconducting state. However for a large disturbance energy, 

irrecoverable quenching stiU occurs. The critical energy is referred to as a maximum 

energy required to initiate quenching. The one-dimensional heat balance equation 

based on the assumption of uniform cross-sectional tempera ture distribution has 

been used to calculate the critical energy in previous studies. Cryogenic stability 

criterion and the Minimum Propagation Zone (MPZ) theory have been typical tools 

to analyze the stabihty of composite superconductors. 

The present study investigates the effect of non-uniform temperature distribu

tion in a cross-section of a composite superconductor. Mathematical models of cur

rent sharing and Joule heat generation in the superconductor and the stabiHzer are 

formulated. The transient solution by finite-difference method reveals the scenario 

of the behavior of the conductor, starting from the deposition of initial disturbance 

energy, current sharing, quenching, and possible recovery of superconductivity. The 

analytical solutions of the critical energies in the superconductor and the stabiHzer 

are also obtained for special geometries, such as a tape/film superconductor sand

wiched between two stabilizers, and a wire superconductor imbedded in a stabiHzer. 

Based on the analytical calculation of the critical energies, a new stabihty criterion 

for the composite superconductor is proposed. In addition, a new approach to the 

one-dimensional stabihty analysis has been conducted by analyzing the effect of 

disturbance tempera ture profile. The concept of critical Joule heat generation is 

introduced to remedy the drawback of existing critical energy theory. To achieve 

a low hehum boiloff in the high-temperature superconducting current lead without 

danger of burnout the analytical and numerical analyses are performed. 
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A cross-sectional area, m" 

a half of the width of the superconductor, m 
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e thermal energy, J (Chap. I, V), J / m (Chap. II, IV), J / m " (Chap. I l l ) 

F Joule heat generation functional, nondimensional 
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Chap. II) transformed aspect ratio, dimensionless 
Chap. IV) radial coordinate, m 
Chap. V) effective resistivity, dimensionless 
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T temperature , K 
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U potential energy, dimensionless 

V stabihty functional, dimensionless 

V (Chap. V) tempera ture gradient, dimensionless 
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X (Chap. V) nondimensional coordinate, X/Xo 

X coordinate, m 

Greek 

a thermal diffusivity, m ' / s 

(Chap. V) Sterkly parameter, dimensionless 

ast Sterkly parameter 

/3 nondimensional thermal conductivity, ks/km 

r nondimensional Joule heating rate 

£ nondimensional thermal energy release 

77 transformed 7/-variable, y/d, dimensionless 

6 nondimensional temperature , (T — To)/{Tc — To), dimensionless 
A cross-sectional area ratio, As/{As — Am) 

(Chap. Vl) thermal conductivity, W / m - K 

fi parameter defined in Eq. (3.29) or Eq. (4.45) 

( transformed x-variable, dimensionless 

C transformed r-variable. r/vg, dimensionless 

p mass density, kg/m^ 

(Chap. VI) electrical resistivity, f^-m 

pg mass density of hehum gas, kg/m^ 

pf mass density of Hquid hehum, kg/m^ 
<T normal-state electrical resistivity, Q-m. 

T nondimensional time 

4) instabihty parameter , dimensionless 
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C H A P T E R I 

INTRODUCTION 

1.1 Superconductivity 

Superconductivity occurs only at temperatures that are extremely cold. Most 

materials do not exhibit superconducting properties until they are at temperatures 

approaching absolute zero. As a result, the discovery of superconductivity was pos

sible after development of cryogenic technology. KammerHngh Onnes succeeded in 

liquefying hehum, and he discovered the superconductivity of mercury. After repet

itive experimentation, KammerHngh Onnes showed that below critical temperature 

the mercury had passed into a resistance free state, which on account of its zero 

electrical resistivity was caUed superconducting state. The critical temperature is 

denoted Tc. KammerHngh Onnes also discovered that there was a threshold value 

of current density that can be carried by the superconductor before it reverts to 

its normal (metaUic) state. In modern terms, this is known as the critical current 

density, Jc.^ and it was found that this quantity is a function of temperature: X 

increased as the temperature of superconductor was lowered. The superconduc

tivity was also destroyed by increasing the external magnetic field. Just as with 

current, the critical field. He., necessary to destroy the superconductivity, varied 

with tempera ture . 

In 1933, Walter Meissner found that not only did superconductors possess zero 

resistance, but thej'' also immediately expel aU magnetic flux when cooled through 

the superconducting transition. The perfect diamagnetism of a superconductor 

is caUed the Meissner effect, and it is not a consequence of zero resistance. The 

Meissner effect is an independent property of superconductors and shows that su

perconductivity involves a change of thermodynamic state. The zero resistance and 

Meissner effect are two basic properties which characterize the superconductor. 

Since the early days of superconductivity research, it was obvious that an im

por tant goal was to find materials with high critical temperatures . Associated with 

a systematic search for new superconducting m.aterials, slowly the superconducting 

transition t empera ture was increased. Among these new superconductors, NbTi is 

of particular importance since most superconducting electromagnets are made from 

it. By the late 1950's. the critical tempera ture had been increased to 18 K with 

the discovery of superconductivity in NbaSn. 
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By the end of 1986, it was found that the compound Lai.85Bao.i.5Cu04 be

came superconducting at temperatures around 35 K. This discovery by MuUer and 

Bednorz initiated worldwide effort to discover superconductors with even higher 

critical temperatures . In January of 1987, Paul C. W. Chu and M. K. Wu were 

the first scientists to demonstrate that YBa2Cu307_x had a critical temperature of 

95 K. This was the first superconducting material whose critical temperature was 

high enough to be cooled by Hquid nitrogen which boils at 77 K. Because hquid 

nitrogen is an inexpensive and readily available cryogenic coolant, it appears that 

commercial apphcations of superconductivity may become more prevalent. 

1.2 Stabihty of Superconducting Devices 

The operation of even perfect superconducting magnet systems is accompanied 

by inherent generation of thermal noise. Its level is highest during current charging 

of a magnet , but sHght noise also existed in steady state conditions. The origin of 

noise is stiU not fuUy understood, and may depend on the material, manufacturing 

process, and operational conditions. Acoustic emission monitoring of supercon

ducting magnets was done in the late 1970's. It was estabhshed that the acoustic 

emission was the results of conductor motion, frictional motion, and epoxy fracture 

(Iwasa, 1992). Other proposed sources of thermal disturbances are more micro

scopic such as micro bending of a wire, micro deformation (Chechetkin and Sigov, 

1989), and the possible movement of Hne dislocation (FHk and Tien, 1990a). It is 

reasonable to assume that the energy of noise increases statisticaUy with magnetic 

field or current of superconducting winding. It is also assumed that the duration 

of heat pulse is shorter than the heat dissipation process (Keihn, 1992). 

Quantifying mechanical disturbance energy induced by coil movement is per

formed by employing low-temperature tribology (Iwasa, 1991, 1992). There have 

been several a t tempts to model conductor motion. Tsukamoto et al. (1988, 1989) 

tried to make a model which explained the relation between wire motion and quench 

initiation energy in liquid helium cooled windings. It was a common method to use 

an epoxy-impregnated magnet to ehminate the winding motion. In the epoxy-

impregnated magnet , the major source of disturbance is epoxy fracture. 

Quenching is a term used to describe the processes which occurs when part 

the of coil losses its superconducting characteristics and thus transitioning to a 

normal resistivity s tate . Two main issues of magnet design are stabihty and 



o o 

protection. The magnet must be operated at stable superconducting mode and 

if quenching occurs it must be protected from irrecoverable damage. These re

quirements impose constraints on magnet design. Stabihty may be quantified in 

terms of minimum energy required to initiate quench, maximum operating current. 

or stabihzer-superconductor ratio. Numerous works on the subject of stabihty are 

compiled by Wilson (1983) and Dresner (1984, 1991). The objective of protec

tion is to ensure the magnet suffers no permanent damage after quenching. The 

maximum tempera ture of magnet must not exceed a certain level (burnout temper

ature) which might damage the structural integrity of the magnet. The simplest 

way of protection is to reduce the overaU current density by adding the stabiHzer. 

However, dilution of current density with more stabiHzer is undesirable because it 

increases the size and cost. To reduce the mcLximum temperature level the thermal 

energy generated in the hot region must spread rapidly to cold region. Protection 

level may be quantified by the normal-zone propagation velocity which have been 

studied by Turk (1980), Kate et al. (1987), Ishiyama and Iwasa (1988), and Zhao 

and Iwasa (1991). 

1.3 Review of Stabihty Criteria 

The purpose of stabihzation of superconductor is to restore superconductivity 

subsequent to a major thermal disturbance. For a global disturbance, the entire 

length of conductor might be in the normal state. The cryogenic stabihty criterion 

explains how the conductor can revert to superconductivity and determines the su

perconductor/stabilizer ratio (Hassenzahl, 1989, Amemiya and Tsukamoto, 1991) 

or operating current density (CoUings, 1988). However, cryogenic stabihty criterion 

is too conservative for local disturbances because the axial thermal conduction also 

dissipates energy besides the direct convective dissipation to the coolant. The mini

mum propagation zone (MPZ) theory has been used to estimate the critical energy 

or minimum quenching energy (MQE) for a locaUy quenched magnet . Recently, 

the intrinsic stabihty criterion was proposed to consider the effect of nonuniform 

tempera ture distribution in a cross-section. These stabihty criteria are reviewed in 

this section. 



1.3.1 Cryogenic Stabihzation 

The most weU-known and most conservative stabihty criterion is the cryogenic 

stabihty criterion proposed by Stekly and Zar (1965) and Stekly et al. (1969). This 

criterion is apphcable to the high and widespread disturbance energy. A high dis

turbance may produce a wide normal zone which can recover if they are cooled 

effectively. Because of the large normal zone, the heat conduction through the con

ductor is not effective. By bringing the coolant into contact with the conductor by 

means of coolant channels in the magnet winding, the conductor effectively dissi

pates heat to coolant. If the available coohng capacity is greater than the maximum 

Joule heat generation, the conductor wiU eventually revert to the superconducting 

state . 

For a composite superconductor, the maximum Joule heating occurs when the 

entire operating current flows through the stabiHzer, we can calculate the maximum 

Joule heating rate per unit length as foUows: 

Og = Jl^mAm (1.1) 

where am is the electrical resistivity of the stabiHzer, and Jm is the current density 

of the stabiHzer. .4^ and Am are the area of the superconductor and the stabiHzer, 

respectively. If the operating current density is defined as Jo — lojAg and the 

fraction of the superconductor in the composite A = ^^ / (As — A ^ ) , the maximum 

Joule heat generation rate can be expressed as 

Q, = -^^JlcJmA (1.2) 

where A is the total area, A^-fA^. For a constant convective heat transfer coefficient 

/i, the heat dissipation rate per unit length is 

Q,,. = Ph{T-To) (1.3) 

where P is the coolant contact perimeter, T is the superconductor tempera ture , 

and To is the coolant tempera ture . The above equation assumes tha t T is uniform 

across a cross-section of the conductor. If we consider the non-uniform tempera ture 

distribution of a cross-section of the conductor, the temperature T should be tha t 

at the surface of the stabiHzer. The cryogenic stabihty is sustained if the max imum 



Joule heat generation rate is less than the convective dissipation rate: i.e.. qr < I 

with qr defined as 

= Q,/Q cv 

m y J;(Trr,A 

l-\Ph(T -To) 

6 
( lA) 

where Jr = Jo/Jco-, and J^o is the critical current density at the coolant temperature 

To. The dimensionless conductor temperature is defined as B = {T - To)/{Tc - To). 

ast is the Stekly parameter: 

''~ l-XPhiTc-ToY ^ ""̂  

The quenching steady state refers to the state with a balance between heat 

generation and convective dissipation, i.e., qr = 1. The conductor temperature at 

such state is ^ = astJ'-i and ^ > 1. Therefore, the condition that the quenching 

steady state cannot exist is 

ocstJr < 1. (1.6) 

For a high-intensity disturbance energy, the conductor may temporarily enter the 

quenching s ta te (T > Tc). However, if agtJr < I5 the conductor wiU finaUy revert 

to the superconducting state. 

The above cryogenic stabihty criterion is based on the assumption of constant 

t empera ture across a cross-section. Chapters III and IV of this work study the 

cryogenic stabihty criterion considering non-uniform cross-sectional temperature . 

A layer of superconductor sandwiched between two layers of stabihzers (Chap. 

I l l ) , and a superconductor wire coated with a layer of stabiHzer (Chap. IV) are 

investigated. 

1.3.2 Minimum Propagation Zone Theory 

The cryogenic stability criterion has been found too conservative for point dis

turbances . It was shown that the most possible thermal disturbance size in super

conducting magnet appeared to be smaUer than the minimum propagation zone 

(MPZ) size (Wilson, 1991, Iwasa, 1992). If the disturbance size is smaU, the heat 



conduction through the conductor plays a role to dissipate heat to the cold su

perconducting region. At the boundary between the hot and the cold regions, or 

the normal and the superconducting regions, the heat conduction is significant to 

improve the coohng in addition to the convective coohng. Due to such heat con

duction, the normal zone can shrink even though the cryogenic stabihty criterion 

is not fulfiUed in other parts of the conductor. 

Maddock, James, and Norris (1969) developed a method to consider the equi-

Hbrium between hot and cold regions of a long heat generating superconductor 

immersed in coolant. The equal area theorem employs the autonomous character

istic of the governing heat conduction equation of superconductor, which means 

that the heat generation, the heat dissipation, and the thermal properties of super

conductor depend only on temperature (independent variable). The steady-state, 

one-dimensional heat conduction equation for a superconductor is (Wilson, 1983, 

Wilson and Iwasa, 1978) 

i i^''^^^^) = ̂ "^^^ ~ -̂ (̂̂ ' (̂ -̂ ^ 
where H{T) is the convective heat dissipation and G{T) is the Joule heat generation 

of the conductor. H[T) is generaUy a highly non-hnear function of tempera ture 

because of the characteristic of boiHng heat transfer. If we define v = k(T)dTjdx., 

the heat flux. By the chain rule. 

dv dv dT V dv 

Ii " 'dTli " ^f)'dT' ^̂ " ^ 
The above heat conduction equation can be written as a first-order differential 

equation for v with T being the independent variable: 

v^ = k{T)[jH{T)-G{T)). (1.9) 

This differential equation can be integrated from Tm to To., where Tm is the hot point 

or the maximum tempera ture . Because of symmetry, the tempera ture gradient or 

heat flux at cc = 0 is zero. The MPZ theory assumes that the heat flux is also 

zero at the cold end where temperature equals the coolant tempera ture (Wilson 

and Iwasa, 1978, CoorneUisen and Hoogendoorn, 1984). Thus the integration of 

the above equation gives equal area theorem (Maddock et al., 1969): 

k{T) {PH{T) - AG{T)) dT = 0. (1.10) 
-I o 



The problem is to find the maximum temperature Tm which satisfies the above 

integral equation. The MPZ temperature profile can be calculated by integrating 

Eq. (1.9) with a known Tm'-

X ^Tr, k(T) 

A JT 2 ff^k(T){PH(T) - AG{T))dT'^"' 
dT. (1.11) 

The minimum energy needed to initiate quenching (the minimum quenching energy, 

MQE) is assumed to be the energy required to create the MPZ temperature profile: 

•̂ °̂ [2 j:^^ k[T) [PH(T) - AG[T)) dT] 

where C{T) is the specific heat and p is the density of conductor. 

Many studies found tha t the MPZ theory overestimates the actual critical initial 

disturbance energy. Romanovsky (1985) and Ito and Kubota (1991) found that the 

results of transient analysis cannot be predicted by the MPZ criterion, especicdly 

at a low heat transfer coefficient. Jayakumar (1987) and Chechetkin et al. (1990) 

discussed the physical defects of MPZ theory for adiabatic magnets, and proposed 

the minimum MQE concept based on a temperature profile without energy balance 

between the Joule heat generation and the convective heat dissipation. Mahnowsky 

(1990) referred to the Jayakumar ' s solution as TPZ (Transient Propagation Zone). 

The T P Z solution cured the defaults of the MPZ theory; however, it stiU does not 

agree with the transient solution (Chechetkin et al., 1990). 

The aforementioned cryogenic stabihty criterion and MPZ theory were based 

on the one-dimensional heat conduction equation. The one-dimensional analysis of 

the stabihty problem is based on the foUowing assumptions: 

• L'niform tempera ture across a cross section. Based on this assumption, the 

convective heat dissipation can be included in the governing differential equa

tion. 

• Average thermal properties. The thermal conductivity k and heat capacity 

pC are the volume-averaged values of the superconductor and stabiHzer. 

k = k^X ~ km{l - X) (1.13) 

pC = PsCsX -r PmCm{l - A). (1.14) 



• Average Joule heat generation. The Joule heat generation rates of the su

perconductor and the stabiHzer are different. However, uniform Joule heat 

generation rates are assumed across the cross sections of both the supercon

ductor and the stabiHzer. 

In the present work, the defects of one-dimensional analysis wiU be remedied by 

models which segregates the superconductor and the stabiHzer. A model including 

two conjugate heat conduction equations is developed (Chapter II) by considering 

Joule heat generations in the superconductor and the stabiHzer, separately. The 

convective dissipation now becomes a surface phenomenon in the new model, which 

is compared with the results of one-dimensional analysis. Temperature profile and 

critical energy can be calculated foUowing the MPZ and MQE concepts (Chapters 

III and IV). 

Chapter V of this work develops the critical Joule heat generation rate in addi

tion to the critical energy in order to predict the stability behavior more accurately. 

The stationary solutions including the MPZ and TPZ states are employed to predict 

the critical disturbance energy and the critical disturbance temperature shape. 

1.3.3 Intrinsic Stability Criterion 

Most of the previous stabihty criteria are based on one-dimensional heat con

duction analysis. Even though the diffusion time in the transverse direction is much 

smaUer than that in the longitudinal direction, the actual temperature distribution 

in a cross section is not necessarily constant. The non-uniform temperature dis

tribution in a cross section was considered by FHk and Tien (1990a), and they 

introduced the intrinsic stability criterion. The critical current density {Jc) of a 

superconductor is a decreasing function of tempera ture . If a portion of the cross 

section is heated by a thermal disturbance, the total current-carrying capacity also 

decreases. If the current-carrying capacity of a cross section is larger than the op

erating current lo, the superconductor can sustain the superconducting state, even 

though part of superconductor has become normal. The superconducting state can 

be maintained as long as the foUowing condition is satisfied: 

/ Jc{x.,y,z,t)dxdy > lo i^Ab) 

for a cross-section A,, in the a^y-plane, and z is the current flow direction. An 

instabihty parameter is defined as a measure of the reduction of the current carrying 



capacity of the superconductor. After introduced by FHk and Tien (1990a), intrinsic 

stabihty criterion was further investigated by Chen and Chu (1991), Unal et al. 

(1991). The appHcation of the intrinsic stabihty criterion to scanning electron 

microscopy was studied by FHk and Tien (1990b) and FHk and Goodson (1992). 

In the present work, the intrinsic stabihty criterion was employed to determine the 

current sharing of a composite superconductor (Chapters II, III, IV). 

1.4 Superconducting Current Lead 

Superconducting devices are energized from a power supply at the room tem

perature . A current lead runs between the room temperature and the Hquid hehum 

temperature to supply electric power to cryogenic system. Current leads are the 

primary source of heat leaking into the cryogenic system and add extra refriger

ation power requirement to a closed system and extra Hquid hehum replenishing 

requirement to an open system. The objective of current lead design is to minimize 

the heat leak introduced by the transmission of electric current into the cryostat. 

There are two modes of heat source in current lead: heat conduction from the room 

temperature and Joule heat due to electrical resistivity of lead material. The ther

mal conductivity (k) and electrical resistivity [p^) of a superconductor are inversely 

related by the Wiedemann-Franz law 

k{T)p,{T) = BT (1.16) 

where B is the Lorentz number (2.45 X 10~^ Wr2K~' ) . Based on the Wiedemann-

Franz law, the current lead can be optimized to obtain the minimum heat leak per 

transmission current (Buyanov, 1985). The benefit of a current lead made of the 

high-temperature superconductor is reduced heat leakage into the Hquid helium due 

to zero Joule heating in the superconducting section of the lead. HuU (1988) has 

shown that if the warm end of the superconducting part of a vapor-cooled lead is 

thermaUy anchored to a heat exchanger at 77 K (boiling point of Hquid nitrogen), 

it is possible to reduce the hehum boiloff to about 40% of the theoretical opt imum 

of a copper lead. Chapter VI of this work investigates the high-temperature current 

lead. A transient numerical solution of the burnout time and an analytical solution 

of the burnout condition provides the guideUne for the selection of the sheathing 

material . 



10 

1.5 Outhne of the FoUowing Chapters 

Each chapter of this work is in the format of a journal article except nomen

clature and reference. Because many references and nomenclatures are common in 

several chapters, these two parts are separated from each chapters and coUected in 

R E F E R E N C E S and NOMENCLATURE. 

The two-dimensional heat conduction equations of a composite superconductor 

is developed in Chapter II. This chapter includes the modehng of current sharing. 

Joule heating in the superconductor and the stabiHzer, and a complete solution 

of the heat conduction equations describing the stabihty behavior of a composite 

superconductor featuring a layer of superconductor sandwiched between two layers 

of copper stabihzers. 

Chapter III presents the steady state solution of a composite superconductor for 

a thin and wide superconductor sandwiched between two stabihzers. This simple 

geometry gives the analytical solution of critical energy and cryogenic stabihty 

criterion taking into account the non-uniform temperature distribution across a 

cross section. A new stabihty criterion was developed combining the cryogenic 

stabihty criterion and the minimum quenching energy in the transverse direction. 

The effects of operating current density and superconductor/stabihzer ratio on the 

stabihty performance are also investigated. 

Chapter IV is an extension of Chapter III to the wire type composite supercon

ductor with superconductor coated with a layer of stabiHzer. The stabihty criterion 

is the same as Chapter III. However, the different geometry gives a different form 

of solution. In this chapter, a thermal disturbance in the form of a Hne heat distur

bance is considered. The effect of disturbance energy on the stabihty performance 

is investigated. 

Chapter V of this work discusses the relationship between MPZ and TPZ solu

tion, and explains the importance of the stationary solution to predict the transient 

t empera ture evolution. The one-dimensional heat conduction equation which has 

been analyzed in many previous studies is re-analyzed by using dynamic analogy 

of heat conduction equation. The interpretation based on the dynamic analogy 

provides bet ter insight into the MPZ theory and the T P Z theory. This chapter 

also shows tha t the two-parameter (energy and Joule heat generation) method is 

be t ter than the method using energy alone with respect to predicting the stabihty 
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behavior, because the stationary Joule heat generation takes into account the effect 

of disturbance tempera ture shape. 

Chapter VI presents the issue of optimal design of a superconducting electrical 

current lead. The transient behavior of high-temperature superconducting current 

lead operating between Hquid hehum and Hquid nitrogen temperatures is analyzed 

for burnout conditions upon transition of superconducting state into the normal 

resistive s ta te . Leads composed of high-temperature superconductor and supercon

ductor sheathed with pure silver or silver aUoy are investigated numericaUy tak

ing into account temperature-dependent material properties, and analyticaUy for 

temperature-independent material properties. The analysis provides the preferred 

temperature dependence for thermal conductivity to accompHsh a low heHum boiloff 

rate without risk of burnout . 



C H A P T E R II 

STABILITY ANALYSIS F O R A COMPOSITE 

S U P E R C O N D U C T O R SUBJECTED TO A 

LINEAR THERMAL DISTURBANCE 

2.1 Abstract 

The operational stabihty of a composite film/tape type superconductor is stud

ied by considering the impact of a thermal disturbance distributed along a Hne. 

Issues addressed are failure of intrinsic stabihty, current sharing. Joule heating, 

and recovery of superconductivity. Mathematical models have been developed to 

describe the phenomena. Conjugate heat diffusion problem for the superconductor 

and the stabiHzer has been solved using the finite-difference method. The effects of 

current density and stabiHzer dimension have been investigated, resulting in iden

tification of three characteristic regions with regard to the operational stabihty of 

the superconductor. The composite superconductor was found to be intrinsicaUy 

stable, recoverably unstable, or irrecoverably unstable. Numerical data of instabil

ity parameter , convective coohng rate , Joule heating rate , and current sharing are 

presented for NbTi superconductors. 

2.2 Introduction 

Stabilization of superconductors for a power apphcations has been convention-

aUy analyzed based on one-dimensional consideration in the direction of electric cur

rent, as summarized by Wilson (1983) and Cornehssen and Hoogendoorn (1984). 

The basic assumption of a one-dimensional analysis is a uniform cross-sectional 

t empera ture for both the superconductor and the stabiHzer, respectively. However, 

in reahty, when a superconductor is subjected to a thermal disturbance, the tem

pera ture distribution is not necessarily uniform across a cross section. Cornehssen 

and Hoogendoorn (1984) discussed the vahdity of one-dimensional analysis for a 

copper/superconductor matrix. For a tape/fi lm type composite superconductor, as 

indicated by Chyu and Oberly (1990, 1991a.b), one-dimensional analysis may lead 

to excessively conservative results, particularly if the aspect ratio is large. Nonuni

form cross-sectional temperature distribution has been considered by FHk and Tien 

(1990a,b), Chyu and Oberly (1990. 1991a,b), Chen and Chu (1991), and Unal et 

al. (1991) for tape/film type superconductors, and by Unal and Chyu (1992) for 

12 
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cyHnder/wire type superconductors. Their analyses revealed important results be

yond tha t provided by the one-dimensional analyses. 

Stabihty of composite tape superconductor was studied by Ogasawara (1987a.b, 

1989) who t reated the coohng of stabiHzer and superconductor separately without 

solving the heat diffusion equations. Chyu and Oberly (1990) first studied normal-

zone propagation and heat transfer in a composite superconductor tape by solving 

conjugate two-dimensional transient heat diffusion equations for the superconductor 

and the stabiHzer, respectively, incorporating current sharing between the two. 

The equations were solved directly using a finite-difference numerical scheme. The 

present work presents, in addition to the numerical solution of the two-dimensional 

heat diffusion equations, a mathematical model including analytical solutions for 

intrinsic stabihty, current sharing, volumetric heating, and possible recovery of 

superconductivity. The tape superconductor studied by Chyu and Oberly (1990) 

was subjected to a thermal disturbance pulse distributed in an element normal to 

the electric current and covering the entire cross section of the superconductor. In 

the present study, a thermal disturbance distributed along a Hne paraUel to the 

electric current is considered. Such disturbance has been considered in previous 

studies on superconductors without stabihzers (FHk and Tien, 1990a, Chen and 

Chu, 1991, Unal et al. 1991). 

2.3 Analysis 

The present analysis considers the behavior of a composite superconductor sub

jected to convective coohng on the surfaces and a thermal disturbance simulating 

a centraUy located line heat source (Fig. 2.1). Such location is selected because for 

the same amount of thermal energy release, a centrally located heat source yields 

the largest possible normal zone in the superconductor. Due to symmetry, only 

one-quarter of the composite superconductor needs to be considered. The analysis 

covers the process from the instantaneous occurrence of the thermal disturbance, 

through growth of normal zone, failure of intrinsic stabihty, current sharing, to the 

recovery of superconductivity. 

2.3.1 Intrinsic Stabihty 

The criterion for intrinsic stabihty for a pure superconductor proposed by FHk 

and Tien (1990a) denotes that during heat diffusion within the superconductor, as 
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long as the superconducting region can accommodate the operating electric current, 

operation of the superconductor is always stable, and no current sharing with the 

stabiHzer wiU take place. If the superconducting region is not able to accommodate 

the entire electric current, intrinsic stabihty fails and current sharing occurs when 

<i>=l-Jr (2.1) 

where J^, the current density ratio, is JojJco, and </>, the instabihty parameter, is 

defined as 

m = - , I' r f(e,)dxdy (2.2) 
ad Jo Jo 

with 

e(.,y,t) = ^ ? 4 ^ (2.3) 

and 6s being the nondimensionahzed superconductor temperature (T^ - To)/{Tc -

To). The function / is defined as 

rO, v<Q', 
f{v)=lv, 0 < i ; < l ; (2A) 

l l , i; > 1 

with V being any independent variable. If the common assumption that for a given 

magnetic field strength, Jc Hnearly decreases with Tg, is adopted (Fig. 2.2): 

"^^ = l - f { O s ) - (2.5) 
J, CO 

Eq. (2.1) can be written as 

</> - Oco (2.6) 

where 6co is the critical value of (9.. corresponding to the operating current density 

Jo, above which the maximum intrinsicaUy stable current density starts to decrease: 

6co = l - Jr. (2.7) 

The above criterion applies to both failure and recovery of superconductor's stabil

ity. 
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2.3.2 Current Sharing 

After intrinsic stabihty fails, the total electrical current is shared between the 

superconductor and the stabiHzer. The current flowing through the stabiHzer during 

current sharing is 

Im=Io- Is- (2.8) 

The current divides resistively between stabiHzer and superconductor. Because 

the flux flow resistivity of the superconductor at the current sharing state is much 

greater than that of stabiHzer, it can be assumed that the current in the supercon

ductor continues to carry its critical current, and aU the excess current transfers 

to stabiHzer (Wilson, 1983, Bot tura and Zienkiewicz, 1992). Such current sharing 

model is the basis of most of the previous one-dimensional analyses. For the present 

two-dimensional analysis, the current of the superconductor Ig is determined by in

tegrating the local critical current density Jc across the superconductor, and can 

be expressed as a function of 4> by substituting Jc using Eq. (2.5): 

Is = I JcdA 
JAS 

= JcoAs{l-4>), Oco<4>< 1. (2.9) 

If a nondimensional stabiHzer current is defined as 

J-o 
(2.10) 

substi tuting Eqs. (2.8) and (2.9) into the above equation, one can write the foUowing 

expression for im'-

. _ f 0, 4><0co , 2 i n 
' " ^ - j {4>-0co)l[i-0co). Oco<4><i. ^ ' ^ 

The above expression shows tha t there is no current in the stabiHzer before (̂  

reaches 6co when intrinsic stabihty faUs. The stabiHzer current increases linearly 

with 4) untU the entire operating current goes through the stabiHzer ( i ^ = 1) when 

4) = 1. The function im can be expressed using the function / (Eq. (2.4)) with 

V = {4> — ^ c o ) / ( l — ^co)' 

''" = / ( r r | ; ) ' o ^ ^ ^ i - (2-12) 
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2.3.3 Joule Heating 

There is Joule heating in both the superconductor and the stabiHzer during 

current sharing. Within the superconductor, it is assumed that each location in a 

cross-section carries the critical current density foUowing Eq. (2.5). The electrical 

field along the current flow direction can be determined by the resistivity and 

the current of the stabiHzer. The superconductor can always match this field by 

adjusting the current it carries and the corresponding flux flow resistance (Wilson, 

1983, Bot tura and Zienkiewicz, 1992). Assuming the resistivity is constant across 

the stabiHzer metal, the voltage gradient everywhere in the stabiHzer is 

dV\ (Trrrim 

dz / A 
(2.13) 

m 

and can be expressed in the foUowing form by employing the parameter A: 

g j ^ = .„j„,„(_A_.) (2.14) 

where A is the ratio of the superconductor cross-sectional area to the total cross-

sectional area, 

'-oh- ^'-''^ 
The voltage gradient in the superconductor is 

d V \ . • W N . X 

-—1 = as[x,y,t)Jc[x,y,t). (2.16) 

By equating the voltage gradients in Eqs. (2.14) and (2.16), in accordance with the 

aforementioned assumption, the resistivity distribution of the superconductor can 

be solved: 

a,(x,y,t) = .„.„(<) ( ^ ) ( j ^ ( i ^ ) • (2-17) 

The above result is vahd only for ^^ < 1, because Jc = 0 if ^s > 1. Based on the 

above result of local resistivity, the distribution of volumetric heat generation rate 

within the superconductor is calculated: 

G,{x,y,t) = Jlamim [ j ; ^ yi-^Oco) ' ^^"^^^ 

Incorporating the function / ( ^ s ) , the above equation is vahd for ^s > 0. 



By assuming constant electrical resistivity throughout the stabiHzer. the volu

metric heat generation rate in the stabiHzer is 

Gm = ̂ . (2.19) 

m 
Noting that Im = imio, h = JoAs, and As/Am = A/( l - A), one can express Gm as 

Gm=J'oamil(-^] . (2.20) 

The average volumetric heat generation rate G can be obtained as below: 

G = —([ GJA^GmA 
s 1 ''^m ^^ Af 

\2 

- Jo^mZ—-rim' (2.21) 

In the conventional one-dimensional ancdysis, the volumetric heat generation 

was calculated from voltage drop per unit length and operating current (Cornehssen 

and Hoogendoorn, 1984). For a uniform cross-sectional temperature , the instabihty 

parameter d> = f{0), and the dimensionless current in the stabiHzer im becomes 

- = / ([5fe) • (2-22) 
Then Eq. (2.21) becomes identical to that used in the previous one-dimensional 

analyses with uniform cross-sectional temperature (e.g., Wilson, 1983, 1991, 

Cornehssen and Hoogendoorn, 1984, Mahnowsky, 1990a,b, 1991, Chechetkin et al., 

1989, 1990, Bot tura and Zienkiewicz, 1992). The present model of current sharing 

and Joule heating for a composite superconductor is therefore a general result of 

which the conventional one-dimensional analysis is a special case. 

2.3.4 Formulation of Heat Conduction Problem 

Two tw^o-dimensional transient heat diffusion equations are needed for the su

perconductor and the stabilizer, respectively. It is assumed that the superconductor 

is anisotropic in terms of heat conduction, and aU the properties of both supercon

ductor and stabiHzer are constant in the temperature range of interest. For the 

superconductor, the foUowing normahzed heat diffusion equation can be writ ten: 



18 

d-6s d^Bs y% X dB 

0 < ( < r , 0 < 7 7 < 1 (2.23) 

and for the stabiHzer, 

'^^kr'^^krUlj^A^X = ^.^''-

0 <i <r, 1 < 7 7 < 1/A. (2.24) 

The boundary condition for the superconductor is 

dB. 

dC 
= 0, e = 0, 0 < 7 7 < 1 (2.25) 

and 

M 

drj 

dBm . . _ ^ . 1 

- ( 3 ^ = BiBs, i=T, 0 < 7/ < 1 (2.26) 

= 0, 77 = 0, ^<i<r (2.27) 

^ . = 0 , e = 0. 1 < ^ < ^ (2.28) 

<9̂ m r- 1 
- - ^ = B\BmsJkr, i = T, ^<V<j (2.29) 

BB 1 
- - ^ = B i ^ ^ , 7/ = - , 0 < C < r (2.30) 

for the StabiHzer. The interfacial condition is 

/5 dB. dBm 
Bs = Bm, - ^ ^ - = - ^ , ^ = 1, 0 < ^ < r (2.31) 

^ykr OTj or) ^ ^ 

where it is assumed tha t there is no contact resistance between the superconductor 

and the stabiHzer. 

By assuming that thermal energy is initiaUy deposited in a centraUy located 

element with a cross-sectional area of 4A^A77. the foUowing initial condition can 

be written for the superconductor: 

» . U , ' ? , U i - | o_ A ^ < f < r , A , 7 < 7 , < 1 . (2.32) 
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It was found that the temperature solution becomes independent of A^ and AT/ as 

they become smaU. For the stabiHzer, the initial condition is 

^m(^,77,0) = 0, 0 < < ^ < 7 - , 1 < 7 7 < i (2.33) 
A 

The nondimensional variables and parameters for the above formulation are 

defined as 

ay Kr Kg^y a 

k h 
Oig = — Otrr, = 

m PsGg PmCr 

co^m^ a 

kg 

T 
0 

d^' 

^ V ^s.. 

Ri -

igt 

V r 

hd 

km(Tc - To) dy/Vr "^ km 

R- h . ft - ^dv _ ed 

^ km ' - A(Ar) '' - pgCg{Tc - To)Aad- ^'""^^ 

The above heat conduction problem was solved using a fully impHcit finite-difference 

scheme with control volume formulation (Patankar, 1980). The grid number is 50 

in the cc-direction, 15 in the t/-direction 10 for the superconductor and 5 for the 

stabiHzer. 

The behavior of superconductor is also studied by considering the variations 

of coohng heat transfer rate and Joule heating rate with time. The quantity qr is 

defined as the ratio of heat generation rate to convective cooHng rate, 

.. = J (2.35) 

where Og is the Joule heating ra te , 

Qg= f GgdAs ^ I GmdAm (2.36) 
J A, J Am 

and Qcv is the convective cooHng rate , 

Qc,= I h{T^-To)ds (2.37) 
J s 

with Tp being the tempera ture of the wetted perimeter where convection heat trans

fer takes place, and 5 being the perimeter length. 
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2.4 Results and Discussion 

The effect of current density on the superconductor stabihty is studied by con

sidering a typical NbTi composite superconductor with a copper stabiHzer operating 

at 4.2 K and aU the relevant parameters from reference (Tien et al.. 1989) as Hsted 

in Fig. 2.3. The data in Fig. 2.3 show that o increases with time toward 1. its 

maximum value, for Jr > 0.68. The increase in 6 is due to the large volumetric 

heat generation rate compared with convective cooHng rate throughout the process 

as shown by the qr da ta in Fig. 2.4. The im data in Fig. 2.5 also demonstrate a 

t rend of the entire current shifting to the stabiHzer {im = 1), which happens, for 

Jr = 0.8 for example, at r = 2.93. At the same instant, 4> reaches 1 (Fig. 2.3), 

and qr demonstrates a sudden change of slope (Fig. 2.4). In the large r range, qr 

decreases with time, because convective cooHng rate increases with surface temper

ature which in turn increases with time. EventuaUy, qr reaches 1 (data not shown 

in figure) when an equiHbrium is reached between heat generation and convective 

cooHng. The superconductor remains in the equiHbrium state and never resumes 

its superconducting operating condition. This is also supported by the 4> (Eig. 2.3) 

and im (Fig. 2.5) data which stay at 1 forever. 

For 0.66 < Jr < 0.68, data in Fig. 2.3 indicate that the superconductor is able to 

resume superconductivity after intrinsic stabihty fails. For instance, at Jr = 0.67, 

after the release of disturbance thermal energy at r = 0, ^ increases with time as 

a result of heat diffusion and consequent growth of normal zone. Intrinsic stabihty 

fails at point B when cD = 0.33 and Eq. (2.1) is satisfied. At this time ( r = 1.10), 

current sharing begins, causing both qr and im to increase from zero at points B 

in Figs. 2.4 and 2.5, respectively. Since the convective cooHng rate remains larger 

than the heat generation rate (i.e., qr < 1), both 4> and im eventuaUy decrease with 

t ime. The lower im in turn further decreases qr as weU as 6. untU intrinsic stability 

is resumed when Eq. (2.1) is again satisfied at point C (Fig. 2.3). At the same 

t ime ( r = 2.61), both qr and im decrease to zero (points C in Figs. 2.4 and 2.5), 

indicating the end of Joule heating and current sharing. Beyond point C, the entire 

superconductor is subjected to convective cooHng without internal heating. As 6 

asymptotically decreases toward zero due to lower temperature , the superconductor 

eventuaUy fuUy recovers from quenching. 
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For Jr < 0.66, the 4> value is always smaUer than tha t of Eq. (2.1) throughout 

the heat diffusion process, and the superconductor is always stable. Figures 2.4 and 

2.5 also show that both qr and im remain zero aU the t ime. The superconductor is 

insusceptible to the thermal disturbance under low operating currents. 

It should be noted tha t the boundary J^'s cited above are aU approximate values. 

In fact, as shown in Figs. 2.3, 2.4, and 2.5. the boundary between irrecoverable 

instabihty range and recoverable instabihty range is somewhere between 0.67 and 

0.68, and tha t between recoverable instabihty and intrinsic stabihty is somewhere 

between 0.66 and 0.67. More cases of different Jr values need to be computed in 

order to more precisely define the boundary \'alues if necessary. 

The effect of stabiHzer thickness on the superconductor 's performance is studied 

by varying A while keeping the other parameters constant. It is demonstrated by 

the present data that three characteristic regions in terms of the relative thickness 

of the stabiHzer can be identified. For a superconductor with a thick stabiHzer, 

corresponding with a smaU A, intrinsic stabihty is maintained. For medium A's, 

intrinsic stabihty fails, followed by recovery of superconductivity. For large values 

of A corresponding with thin stabihzers, stabihty fails and never recovers. 

The data in Fig. 2.6 demonstrate that at A = 0.15, for instance, ^ is always 

smaUer than 0.5, Eq. (2.1) never satisfied, and the superconductor is intrinsicaUy 

stable. Figure 2.7 also shows that there is no Joule heating (g^ = 0), and Fig. 

2.8 indicates that there is no current sharing {im = 0) at this low value of A. At 

A = 0.2, stabihty fails at point B when ^ = 1 — Jr = 0.5 (Fig. 2.6). At the same 

t ime, both qr (Fig. 2.7) and im (Fig. 2.8) start to increase from zero. Owing to the 

convective cooHng, both qr and im decrease to zero at point C, while © reaches 0.5 

again at the same time before as3^mptoticaUy decreasing toward zero. At a large A, 

0.5 for instance, after stabihty fails, 4> rapidly increases to 1 (Fig. 2.6), indicating 

the tempera ture of the entire superconductor is above T^ while im reaches 1 at the 

same time (Fig. 2.8), meaning the total current shifting to the stabiHzer. As 4> and 

im both remain at 1, qr asymptoticaUy decreases toward 1 (Fig. 2.7) indicating an 

equilibrium between convective cooing and Joule heating, and superconductivity is 

never recovered. 

The improved intrinsic stability at a small A is because the thick stabiHzer ef

fectively absorbs the heat due to the initial thermal disturbance and keeps the 
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superconductor tempera ture low. On the other hand, the recoverabihty of super

conductivity deteriorates with a thin stabiHzer because of the higher volumetric 

heat generation rate for both superconductor and stabiHzer with a large A (Eqs. 

(2.18) and (2.20)). It is thus concluded that a thick stabiHzer improves the stabihty 

of a composite superconductor. 

2.5 Conclusion 

The operational stabihty of a composite film superconductor is studied by con

sidering the impact of a Hnear thermal disturbance. The phenomena investigated 

include failure of intrinsic stabihty, current sharing. Joule heating, and recovery of 

superconductivity. It is found that for a composite low Tc NbTi superconductor, 

three characteristic regions with regard to superconductor stabihty can be identi

fied for both current density and stabiHzer dimension. In the low current-density 

region, intrinsic stabihty is sustained. In the medium current-density region, su

perconductivity recovers after intrinsic stabihty fails. In the high current-density 

region, stabihty fails and never recovers. Regarding the stabiHzer dimension, in

trinsic stabihty is sustained with thick stabihzers. Wi th stabihzers of medium 

thickness, intrinsic stabihty fails and recovers. For thin stabihzers, stabihty fails 

and never recovers. 
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Figure 2.1: A tape/film composite superconductor 
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Figure 2.2: Variation of current density with temperature 
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C H A P T E R III 

STABILITY CRITERION FOR A COMPOSITE 

S U P E R C O N D U C T O R OF A LARGE 

ASPECT RATIO 

3.1 Abstract 

The stabihty of a tape/film superconductor of a large aspect ratio is studied by 

considering the transverse normal zone behavior across a cross section subjected 

to an instantaneous thermal disturbance. Different types of behavior in terms of 

stable superconducting operation, current sharing, quenching, and superconduc

tivity recovery have been identified. A stabihty criterion was developed based on 

heat conduction analyses for the current sharing steady state and quenching steady 

s ta te . The criterion was tested with the transient stabihty behavior results for 

a NbTi superconductor obtained through finite difference method. The effects of 

operating current density and the composite superconductor's dimensions on the 

stabihty performance were also investigated. 

3.2 Introduction 

The phenomenon of operational instabihty of a superconductor due to distur

bances in the form of internal thermal energy release has been studied intensively. 

W^ilson (1991) indicated that the thermal disturbances that superconductors are 

susceptible to are most Hkely transient, locahzed point heat releases. If a normal 

zone is formed after a transient point heat release, the cross section where the point 

heat source is located wiU become normal first. Such normal cross section wiU sub

sequently grow into a normal zone covering a certain length of the conductor in 

the direction of electric current, if the heat released warrants such growth. Since 

the early works by Stekly and Zar (1965), Stekly, Thome, and Strauss (1969). 

Maddock et al. (1969) and Wipf (1978), until the more recent works by Cornel-

Hsen and Hoogendoorn (1984), Jayakumar (1987), Chechetkin and Sigov (1989). 

Chechetkin et al. (1990), Ito and Kubota (1989, 1991), etc., most of the studies 

have been focused on the normal zone behavior after the normal cross section is 

formed, based on one-dimensional heat conduction analyses in the longitudinal di

rection. Stabihty concerned with normal zone behavior in the transverse direction 

has seldom been studied. FHk and Tien (1990a) conducted such analysis for a bare 
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tape/film type superconductor and defined the condition for the formation of a nor

mal cross section, which leads to the intrinsic stabihty criterion. Unal et al. (1991) 

further studied the possibihty of superconductivity recovery after the formation of 

the normal cross section. Seol and Chyu (1991) investigated formation of normal 

cross section, subsequent current sharing with the stabiHzer, and possible recovery 

of superconductivity for a composite superconductor. A mathematical model was 

developed; however, only a numerical solution was obtained. 

In the present work, a one-dimensional analysis for a composite superconductor 

with a large aspect ratio (thin and wide) is conducted. The effect of temperature 

dependent properties is ignored, and aU properties are taken to be constant. Such 

assumptions aUow an analytical solution providing useful insights into the normal 

zone behavior in the transverse direction. 

3.3 Analysis 

3.3.1 General Analysis 

The present analysis considers a tape or film composite superconductor of a 

large aspect ratio, subjected to convective cooHng on the stabiHzer surfaces, and an 

instantaneous thermal energy release at the center plane, viz., y = 0, as depicted 

in Fig. 2.1. Due to symmetry, only one-half of the thickness, corresponding to the 

range of. 0 < y < d -^ D., needs to be considered. In order to write and solve the 

nondimensional heat conduction equations, the following parameters are defined: 

Jco'^md' Jo /O * -p " co^ rn— J - 'J n 

l^m^J-c J-o) ^ CO '^m 

OLJ Kg km 
r = - T : : - , ag — T ; - , Oim = 

d^ ' psCg' pmCr 

X V ^. hd 

"m 

By assuming temperature-independent properties, the heat conduction equa

tions for the superconductor and the stabilizer can be written as below 

/ ? ^ + ^ ^ ^ ^ ( l - / ( ^ . ) ) ^ J . = / ? ^ . 0 < 7 7 < 1 , r > 0 (3.2) 
a77' 1 — A or 
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for the superconductor, and 

d^^m ( X \ ... . ag dBm 1 

for the stabilizer, where i „ , the nondimensional stabilizer current is: 

''- = f ( r f y ^ l • 0 < •? < 1 (3-4) 
'CO 

with the function / defined as 

' 0 , i; < 0: 
f{v) =\ V, 0 < r < 1; (3.5) 

. 1 , v>l-

The boundary conditions are 

dB. 

drj 
0, 7̂  = 0 (3.6) 

^ + Bi^^ = 0, 7)= J. (3.7) 

Ignoring the interfacial resistance between the superconductor and the stabiHzer, 

the interfacial conditions are 

Bg = Bm, V = l (3.8) 

% = W ' = '• ('•') 

The above conjugate transient heat conduction problem is solved through the fuUy 

implicit finite difference method. The solution is then employed to calculate the 

following characteristic parameters in order to study the stability performance of 

the superconductor: the instabihty parameter, o. the ratio of heat generation rate 

to convective cooHng rate , g^, and the nondimensional stabiHzer current, im (Eq. 

(3.4)). 

The instabihty parameter 4>, defined as 

m = [' f{Os)dv, (3.10) 

Jo 

is related to the intrinsic stabihty of the superconductor (FHk and Tien, 1990a). 

which is maintained as long as 

4)<l-Jr. (3.11) 
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The heat ra te ratio qr is defined as 

qr = Qg/Qc, (3.12) 

where Qg is the total heat generation rate per unit area, 

Qg= / Ggdy^ / Gmdy (3.13) 
Jo Jd 

and Qcv is the convective cooHng rate per unit area, 

Qcv = h{Tm\y=d+D-To). ( 3 . 1 4 ) 

3.3.2 Quenching Steady State 

When a superconductor is quenched, the temperature throughout the super

conductor is above Tc, and aU the current flows through the stabiHzer; i.e., ^̂  > 1, 

4> = 1 and im = 1. A stabihty criterion can be developed by considering the quench

ing steady s tate defined by Eqs. (3.2) and (3.3) with zero heat generation rate in 

the superconductor, the maximum heat generation rate in the stabiHzer, and no 

transient te rm for either equations: 

- - f = 0, 0 < 7 7 < 1 (3.15) 
drj-

The solution to the above equations with the appropriate boundary conditions (Eqs. 

(3.6) through (3.9)) is 

Bs{v) = [c.g, ^^)jr, 0 < r/ < 1 (3.17) 

TX^{2Ti-r)-2X + l 
Bm — OCst ~ - J;, 1 < ^ < X - (̂ -̂ ^̂  2 ( 1 - A ) 2 

The above solution shows that at quenching steady state, the superconductor tem

pera ture is uniform, while the stabiHzer tempera ture is paraboHc. Such a solution 

describes the equiHbrium tempera ture distribution of a quenched composite super

conductor. No mat ter how the superconductor reaches quenching, such tempera ture 
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distribution wiU be eventuaUy reached at the equiHbrium state. Since quenching 

occurs only if ^, > 1, the above solution is vahd only when J , > ( J , ) , where 

{Jr)c = [agt -r -j . (3.19) 

From geometry's point of view, A needs to be greater than a critical value of 

A . = 
2J^T 2 r 1 -1 

For Jr < {Jr)c or A < A ,̂ the conductor wiU either not entering the quenching 

state at aU, or not remain at the quenching steady state even if it is temporarily 

quenched because of a high-intensity thermal disturbance. In other words, the 

conductor eventuaUy reverts to the superconducting state no mat ter how strong 

the initial disturbance is. This result serves as a useful stabihty criterion to be 

presented along with others later. 

It is noted tha t the condition Jr < {Jr)ci or 

Jr {^st + ^ ) < 1 (3.21) 

is similar to the cryogenic stabihty criterion proposed by Stekly and Zar (1965) and 

Stekly, Thome, and Strauss (1969), viz., 

JrOist < 1. (3.22) 

Invoking Eq. (3.18), it can be shown that 

^ m | r j = l / A = Jr'^st- ( 3 . 2 3 ) 

Therefore, the Stekly criterion simply denotes that stabihty is maintained if Bm at 

77 = 1/A is lower than 1, or the surface tempera ture of the stabilizer is lower than 

Tc Although this criterion may not sound physically plausible, it is pret ty accurate 

numericaUy compared with the criterion of Eq. (3.21), since F is usuaUy very smaU 

for composite superconductors. 

3.3.3 Current Sharing Steady State 

After the failure of intrinsic stability, current sharing begins. During the period 

of current sharing, Q<Ba<l,l-Jr<4><^, and 0 < i ^ < 1. The superconductor 



36 

subsequently may either revert to the superconducting state or precipitate into 

the quenching state . A criterion predicting the superconductor's behavior wiU 

be developed based on the concept of minimum quenching energy determined by 

solving the steady state heat conduction equations during current sharing. The 

equations to be solved are Eqs. (3.2) and (3.3) without the transient terms with 

fiSs) = Og-. 
d^B. 

/5 
drj^ 

d-B. + 

A 

1 - A 

A 

im{l-Bg)VJr = 0 , 0 < 7 7 < 1 

ilVJ: = 0. 
m " r 

l < , < \ . 

(3.24) 

(3.25) 
(i7/2 ' V l - A 

The solution of the above two equations along with the boundary conditions (Eqs. 

(3.6) through (3.9)) is 

Bg{r]) = 1 - (1 - Bg\r^=^) cosh(/i7;) (3.26) 

Om{r}) ^m\r]=\/X — ^m\r)=l — ^^n 1̂ 7=1 
1 - A 

A 

X ( I T A ) ( ' ' - I ) ' " ^ ™ I ' > = I ( ' ' - I ) + ^'"I''=' 

where 

Bs\r]=0 — 1 ~ dr\^ ^mj 
sinh ji 

fi = 
'B'lagtJrim 

0 

^m\r}^l/X — Jr'^mC^st 

Q \ — J-i 
f m \r]=\ — 'J r ^ 

agt-V (l 'm 

^'m\r)=l = -BiagtJrim{l " ^m)-

(3.27) 

(3.28) 

(3.29) 

(3.30) 

(3.31) 

(3.32) 

The nondimensional stabiHzer current im is determined by the following equation: 

/x tanh fi (3.33) 
(3{1 - Bmlr^^l) 

It is noticed tha t by substi tuting im - 1, Eq. (3.27) is reduced to Eq. (3.18), the 

stabiHzer t empera tu re function at quenching steady state. 
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The nondimensional energy content of the superconductor, e,,c, and that of the 

stabilizer, Cm.c, can be calculated by integrating the above temperature functions: 

£>•_ 

Jo II. ' ' 

^m.c — ^ 

p a 
a , 1 — A 

Woim X 

and the total energy is 

(3.34) 

^mi,= l/A + 2Bm\r,^, + " '^"^ , , (3.35) 

£ c ^s.c + ^m.ci (3.36) 

where £ is a nondimensional energy defined as 

e = (3.37) 
2dpgCg{Tc - To) 

with e being the energy per unit area. 

The total energy hereby calculated bears the significance that for any distur

bance releasing a lower energy than such critical energy, the operation wiU revert 

to superconductivity; on the other hand, if the disturbance energy Sd is higher, the 

superconductor will quench. Compared with the superconductor stability behavior 

da ta obtained by numerical solution of Eqs. (3.2) and (3.3), the above criterion 

based on the critical energy was found to be correct for most cases. However, it 

fails in the cases where critical energy is very close to e j . In those cases, quenching 

occurs when £d < Sc- Such inconsistency was also pointed out by Ito and Kubota 

(1991) in their analysis of normal zone behavior in the longitudinal direction. They 

found many cases where conductor experiences quenching although the disturbance 

energy is smaUer than the energy stored in the minimum propagation zone. It is 

considered tha t an energy gain is added to the energy content of the superconduc

tor during the heat diffusion process, due to a heat generation rate larger than the 

convective cooling ra te . For stabihty criterion, the critical energy actually should 

be compared with an energy higher than the disturbance energy, which, however, is 

difficult to assess. In the present study, by examining a large amount of numerical 

s tabihty behavior da ta , a modification was inductively developed to remedy the 

fault of the critical energy criterion, as presented as part of the stabiHty criterion 

below. 
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3.3.4 StabiHty Criterion 

Based on the above analysis, as weU as the numerical recovery/quenching be

havior data for numerous cases, the foUowing criterion is developed: 

(I) If Jr < {Jr)ci or A < Ac, the superconductor will eventuaUy operate in the 

superconducting mode by 

(a) remaining superconducting state throughout the process despite the ther

mal disturbance, if the disturbance energy is relatively smaU; 

(b) entering the current sharing mode then reverting to superconductivity 

for a medium disturbance energy; or 

(c) going through current sharing, entering the quenching mode, then revert

ing to superconductivity, if the disturbance energy is relatively large. 

(II) If Jr > {Jr)c', or A > Ac, the foUowing cases are possible: 

(a) If £d < £s.c: the superconductor wiU eventually operate in the supercon

ducting mode by 

(1) remaining superconducting aU the time, if £d is much smaUer than 

£s.c; or 

(2) entering current sharing mode then reverting to superconductivity, 

if £d is close to s^.c-

(b) If £s_c < £d < ^c, the operation may 

(1) enter current sharing mode; then revert to superconductivity; or 

(2) enter quenching mode and never recovers. 

(c) If £d > £c, the superconductor wiU enter the quenching steady state and 

wiU never recover. 

3.4 Results and Discussion 

The above criterion is vaHdated by the stabiHty performance data of a NbTi 

composite superconductor with a copper stabiHzer subjected to cryogenic cooHng 

by Hquid hehum. AU the da ta presented are based on kg = 0.11 W / m - K , km 

= 1000 W / m - K . (Tm = 10-^^n-m, Jco = 10 ' A /m" , Tc = 9.6 K, To = 4.2 K, 

r = 5 X 1 0 - ^ P = lAx 1 0 " ^ ag/am = 1.8 x 1 0 - ^ Bi - 8.57 x 10"^ (Chyu and 
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Oberly, 1991b). Equations (3.2) and (3.3) were solved simultaneously through fuUy 

impHcit finite difference method. The initial disturbance energy is concentrated 

within the range 0 < r] < 6rj with Srj, the grid size, of 0.01. For A = 0.3, the 

resulting (Jr)c = 0.2 and agt = 25. the total critical energy £c, the critical energy 

for superconductor sr̂ .c, and the critical energy for stabiHzer £m.c data are exhibited 

in Fig. 3.1. The performance data for the above superconductor subjected to a 

hypothetical instantaneous disturbance of £d — 0.5 are exhibited in Figs. 3.2, 3.3 

and 3.4. The effect of current density on stabiHty is demonstrated by the data of 

various J^s. It is shown that the superconductor is more likely to be quenched at 

a higher current density. 

At Jr — 0.1, according to the present criterion (I), superconductivity wiU eventu

aUy be restored. In Fig. 3.2, it is shown that at such J^, even though the instabihty 

parameter ^ is raised to a maximum value of 0.49 by the thermal disturbance, 

intrinsic stability as defined by Eq. (3.11) is always maintained, and there is no 

Joule heating, as indicated by ĝ  = 0 in Fig. 3.3. The data in Fig. 3.4 also show no 

current sharing; i.e., z^ = 0 throughout the process. This is in fact a case described 

in the present criterion ( la) . 

StabiHty is also maintained at Jr — 0.5, even though Jr > {Jr)c- It is given 

in Fig. 3.1 tha t £,..c = 0.5424 > £d for such Jr. According to the present stabiHty 

criterion ( I la) , superconductivity wiU be either maintained or lost first and restored. 

In this case, superconductivity is maintained, as described in case (Ha l ) , and <i>, gr, 

and im da ta are identical to that of J^ = 0.1, because without Joule heating, the 

superconductor 's performance is independent of Jr. 

The condition for Jr = 0.5363 is similar to Jr = 0.5; i.e., Jr > {Jr)c and £,.c = 

0.5001 > £d' Even though the conductor eventuaUy reverts to the superconducting 

operation. Joule heating occurs during the heat diffusion process. Figure 3.2 shows 

tha t intrinsic stabiHty fails at r = 0.0516 and ® = 0.4637, a condition described by 

Eq. (3.11). Joule heating and current sharing also begin, as shown by the qr (Fig. 

3.3) and im (Fig. 3.4) da ta starting to increase from zero at the same t ime. AU the 

da ta first increase due to the thermal disturbance energy, and soon decrease toward 

zero due to convective cooHng. Superconductivity recovers at r = 0.141 when o 

again reaches 0.4637, and qr and im revert to zero. The behavior agrees with case 

(IIa2). 



40 

At Jr = 0.63, Fig. 3.1 shows £c = 0.5414, and c,.c = 0.3944. According to the 

criterion ( l ib ) , the operation can go either recover or quench. In the present case, 

superconductivity is restored after an episode of current sharing, as described in 

case ( I l b l ) . The <p, qr, and im curves are similar to that of Jr = 0.5363, except 

current sharing occurs earher ( r = 0.024), and recovery occurs later ( r = 2.201). 

For a sHghtly larger value of Jr = 0.64, Fig. 3.1 gives £c = 0.5262, and e .̂c = 

0.3834. This is again a condition of ( l ib) . However, in this case, the superconductor 

is quenched (IIb2). Current sharing begins at r = 0.021 when 6 = 0.36 (Fig. 

3.2), and ĝ  (Fig. 3.3), and im (Fig. 3.4) starts to be positive. The ^ data then 

increases to 1, meaning Tg > Tc everywhere in the superconductor, at r = 5.501. 

At the same t ime, im also reaches 1, indicating superconductor carries no current, 

and the entire current is carried by the stabiHzer. Before such mode is entered, 

the heat generation ra te is rapidly increased because of the Joule heating in the 

stabiHzer. The increase in heat generation rate causes an increase of stabiHzer 

surface tempera ture as weU as the convective cooHng rate. Such increase of heat 

generation ra te and the subsequent increase of cooHng rate makes qr first increase 

and decrease. As the result, qr exhibits peak at the beginning of the quenching state . 

Data calculated for large r demonstrate that after the quenching state entered, qr 

decreases asymptoticaUy toward 1 indicating an equiHbrium reached between Joule 

heating and convective cooHng, and superconductivity is never restored. 

Behavior similar to Jr = 0.64 described above is also exhibited by the data of 

Jr = 0.7 and 0.9. In these cases, Jr > {Jr)c, ^d > £c, and the superconductor is 

quenched without recovery, as predicted by criterion (l ie) . 

The effect of stabiHzer dimension is studied by varying A for fixed Jr = 0.5 

and £d = 1.0. The critical energy data are exhibited in Fig. 3.5, and the stabiHty 

behavior da ta are in Figs. 3.6, 3.7, and 3.8. It is shown that the superconductor is 

less likely to be quenched with a smaUer A, viz., a thicker stabiHzer. For A = 0.05 < 

Ac, the da ta in Figs. 3.6, 3.7, and 3.8 demonstrate that superconductivity is restored 

after current sharing, as described in stabiHty criterion case ( lb) . For A = 0.08, 

Fig. 3.5 shows 0.8205 = £g_c < £d < ^d = 2.3505. Superconductivity is recovered 

after current sharing (case ( I l b l ) ) . Similar recovery behavior is demonstrated for 

A = 0.17 For a sHghtly larger value of A = 0.18, £d also faUs between £g_c and cc; 

however, recovery does not occur (case (IIb2)). For both A = 0.25 and 0.5, £d > £c; 
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and the superconductor is irrecoverably quenched, as predicted bv the criterion 

( l ie) . 

The above numerical results are only a portion of a large quantity of data vah-

dating the present stabiHty criterion. Every case of the criterion has been iUustrated 

by the above results except case (Ic). Such case occurs with low Jr and large £d. 

For example, for Jr = 0.1 and £d = 1.5, temporary quenching {4) = 1, and im = 1) 

occurs before superconductivity is restored. 

3.5 Conclusion 

A stability criterion based on the solutions of steady state of heat conduction 

equations for the quenching state and current sharing state has been developed. The 

solution of the quenching steady state leads to the definition of an unconditional 

stable condition under which superconductivity is either maintained or restored 

even if current sharing or temporary quenching occurs. The solution of the cur

rent sharing steady s tate enables calculation of a critical energy as the minimum 

disturbance energy for irrecoverable quenching, and another eventual recovery of 

superconductivity. The criterion was validated by numerical stabiHty behavior da ta 

obtained by finite difference solution of the transient heat diffusion equations for 

the superconductor and stabiHzer, respectively. The numerical results show that 

quenching is less Hkely with a smaUer current density or a thicker stabiHzer. 
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C H A P T E R IV 

STABILITY CRITERION FOR A COMPOSITE 

S U P E R C O N D U C T O R WIRE 

4.1 Abstract 

The stabiHty of a wire composite superconductor is studied by considering the 

radial normal zone behavior across a cross section subjected to an instantaneous 

and concentrated thermal disturbance. A stabiHty criterion was developed based 

on heat conduction equation analyses for current sharing steady state and quench

ing steady state . Different types of behavior in terms of stable superconducting 

operation, current sharing, quenching, and superconductivity recovery have been 

identified. The criterion was tested with the transient stabiHty results for a NbTi 

superconductor obtained through finite difference method. The effect of distur

bance energy on the stabiHty performance was also investigated. 

4.2 Introduction 

Most of the studies on operational instabihty of a superconductor have been 

focused on the normal zone behavior after a normal cross section is formed due 

to disturbances in the form of local internal thermal energy release, based on one-

dimensional heat conduction analyses in the longitudinal direction (e.g., Stekly and 

Zar, 1965, Maddock et al., 1969, Wipf, 1978, Cornehssen and Hoogendoorn, 1984, 

Jayakumar , 1987, Chechetkin and Sigov, 1989, Chechetkin et al.. 1990, Ito and 

Kubota , 1991, etc.) . Stability concerned with normal zone behavior in the trans

verse direction has received less attention. A stability criterion based on an analysis 

on the transverse normal zone behavior for a tape/film type composite supercon

ductor was presented in the last chapter. In the present work, a stabiHty criterion 

is developed for a composite superconductor wire featuring a superconductor core 

coated with a layer of stabilizer, based on a normal zone analysis in the radial direc

tion. The effect of temperature-dependent properties is ignored, and aU properties 

are taken constant. Such assumptions allow an analytical solution providing useful 

insights into the normal zone behavior in the radial direction. 

50 
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4.3 Analysis 

4,3.1 General Equations 

The present analysis considers a very long composite superconductor wire, as 

shown in Fig. 4.1. The conductor is subjected to convective coohng on the sta

biHzer surface, and an instantaneous thermal energy release at r = 0. The heat 

conduction equations for superconductor and stabiHzer can be written based on the 

two-dimensional conduction equations for constant properties derived by Seol and 

Chyu (1991): 

1 d ( dTg\ X . dTg 

0 < r < r , , r > 0 (4.1) 

for the superconductor, and 

Tg <r <rm (4.2) 

for the stabilizer. The boundary condition at r = 0 is 

dTg 

dr 

and at the stabilizer outer surface 

0, T = 0 (4.3) 

km^-^h{Tm-To) = 0, r = Tm. (4-4) 
or 

Ignoring the thermal contact resistance between superconductor and stabiHzer at 

r = Tg. the interfacial boundary conditions are 

Tg = Tm. r = Tg (4.5) 

kg^-^ = hJ-^. r = r.. (4.6) 
or or 

In order to write and solve the nondimensional heat conduction equations, the 

following parameters are defined: 
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T{r,t)-To ^ r fs 
2 

'^-'^ = ^i±Tf- ^ = 7: '=[t)' 

^ = T~4^, J. = !-«„ = A, 13=^' 
h (T —TV '" ''° 7 ' h ' 
'^m\-'-c •'•OJ "CO " 'm 

CX.sZ Kg Km 

Ps^s Pm^m 

1 A3/2 F _ . /ir. 
a , , = - - TZTT, B i - ^ . ( 4 . 7 ) 

2 1 - A B i ' k 

Based on the above definitions, the heat conduction equations for the supercon

ductor and the stabiHzer can be written as below: 

0 < C < 1 , r > 0 (4.8) 

for the superconductor, and 

1 d l,dBm\ ^ ( A V ., ^_ OLg dBm 

C ^ l ^ ^ j \l-X) '-''-- am dr 

1 < C < 1/VA r > 0 (4.9) 

for the stabiHzer. The nondimensional stabiHzer current im is: 

with the function / defined as 

0, -u < 0; 
f{v) = {v^ 0 < ^ < 1 ; (4.11) 

1, V > I. 

The boundary conditions are 

dB. 
= 0, ( = 0 (4.12) 

^ + Bi^^ = 0, C = 1/VA. (4.13) 
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The interfacial conditions are 

B, = Bm, ( = 1 (4.14) 

ndBg dBm 

The above conjugate transient heat conduction problem is solved through the fuUy 

impHcit finite difference method (Patankar, 1980). Parameters such as (/>, g^, and 

im are then calculated in order to study the stabiHty performance of the supercon

ductor. 

The instabihty parameter ^, defined as 

4>{r) = 2 f' f{Bg)CdC, (4.16) 
Jo 

is related to the intrinsic stabiHty of the superconductor (FHk and Tien, 1990a,b), 

which is maintained as long as 

4><l-Jr' (4.17) 

The energy, or the enthalpy rise from the operating condition, can be calculated 

by 

eg = r pgCg{Tg{r) - To)27rrdr (4.18) 
Jo 

for the superconductor, and 

rrm 
em = / PmCm{Tm{r) - To)27rrdr (4.19) 

'^ rs 

for the stabiHzer. The above energy equations can be written in terms of a nondi

mensional energy e, defined as £ = e/[7rrlpgCg{Tc — To)]: 

£g = 2 ['Bg{C)CdC (4.20) 

' ^ B^{0(d^. (4.21) 
- T u n I 

P OLm Jl 

If ^, < 1 for 0 < r < Tg, £g = 4). 

It is assumed tha t the initial disturbance energy £d is distributed uniformly 

within 0 < C < K- The resultant disturbance tempera ture profile Bd{Q can be 

determined by considering energy balance: 

«.(C) = ^ ( l - « ( C - 5 C ) ) (4.22) 
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where -u is a unit step function 

and the initial instabihty parameter 4'{T = 0) is 

*(0) = / ( ^ ) SC-. (4.24) 

If <̂C is very smaU, the thermal disturbance simulates a longitudinal hne heat source, 

and the initial instabihty parameter is very smaU: 

Hm < (̂0) = 0. (4.25) 

The Joule heat generation per unit length of the superconductor is 

Q9.S = r '^co^^--^ r^mJr{l - f{Bg))27rrdr (4.26) 
Jo 1 — A 

and the Joule heat generation per unit length of the stabiHzer is 

-rm _ / A ^ ^ 
Q,.^-|^ J^mlY^^j iiJ>rdr. (4.27) 

The above quantities can be nondimensionahzed by dividing with Trr^J^^am-, and 

the nondimensional Joule heat generations in the superconductor and in the stabi

lizer are obtained: 
Â  

qg.s = ^ 3 ^ ( 1 - <^)^rrrJr (4.28) 

q,.m = -^/mJl (4.29) 

The total nondimensional Joule heat generation qg is 

qg ~ qg-s "^ qgm 

X' 
^ _ ̂ imJf- (4.30) 

The convective heat dissipation rate per unit length is calculated by 

Qcv = 27rTmh{Tm\r=r^-To) ( 4 . 3 1 ) 



7 

0 0 

and can be nondimensionahzed by dividing with Trrl^J^^am'-

qcv ='^Y^^A-y^'- (̂ -̂ ^̂  

The total Joule heat generation over the convective heat dissipation is related 

to the Stekly parameter a^^: 

qg 
qr = 

i Ĵ  
Otst 

r2 
'm^ r (4.33) 

with agt defined in Eq. (4.7). For a steady state, ĝ  = 1, and the stabiHzer surface 

tempera ture can be calculated by 

B, I _ • 7-2 
\C=l/^/X ~ ^stl'm^r • 

(4.34) 

4.3.2 Quenching Steady State 

Part of the present stabiHty criterion is based on the steady state solution of a 

quenched superconductor wire. It is assumed that at such state, the temperature 

throughout the superconductor is above T^ and all the operating current flows 

through the stabiHzer; i.e., ^̂  > 1, 4> = 1 and im = I- The heat diffusion equations 

are Eqs. (4.8) and (4.9) with zero heat generation rate in the superconductor, the 

m.aximum heat generation rate in the stabiHzer, and no transient term for either 

equation: 

c dBg 

1 d c dBr 

dc V dc 
X 

= 0, 0 < c < 1 

TJ; = 0 , 1 < C < 1 / \ / A . 

(4.35) 

(4.36) 
CdC y dC I ' \1 - X 

The solution to the above equations with the appropriate boundary conditions (Eqs. 

(4.12) through (4.15)) is, for the superconductor, 0 < ( < 1, 

F A / A 
ctst -r 4 1 - A 

Os{C) = 

and for the stabiHzer, 1 < <̂  < l/VX. 

F / A 

1 -
1 - A 

In A J . (4.37) 

OmiC) O^st + 
1 - A 

1 
C^^ln(AC^) J: (4.38) 
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The above solution describes the equiHbrium temperature distribution of a 

quenched composite superconductor. No mat te r how the superconductor reaches 

quenching, such tempera ture distribution wiU be eventuaUy reached. Since quench

ing occurs only if ^^ > 1, the above solution is vahd only when Jr > {Jr)c where 

{Jr)c = 
r A / A ^ ^ 

• 1 / 2 

(4.39) 

From geometry's point of view, A needs to be greater than a critical value Ac which 

can be calculated numericaUy. For J^ < (-^r)c or A < Ac, the conductor wiU either 

not enter the quenching state at aU, or not remain at the quenching steady state 

even if it is temporarily quenched because of a high-intensity thermal disturbance. 

In other words, the conductor wiU eventuaUy revert to the superconducting state 

no mat ter how strong the initial disturbance is. This result wiU be included in a 

stabiHty criterion to be presented later. 

It is noted that the condition Jr < {Jr)c is similar to the cryogenic stabiHty 

criterion proposed by Stekly and Zar (1965) and Stekly, Thome, and Strauss (1969), 

viz., 

J^r^st < 1. (4.40) 

It can be shown by Eq. (4.38) that 

^m\^^l/^= JrO^st, (4.41) 

and this result is the same as Eq. (4.34) with z^ = 1. Therefore, the Stekly criterion 

simply denotes that stabiHty is maintained if ^„^ at C = l / v A is lower than 1, or the 

surface tempera ture of the stabiHzer is lower than Tc- Although this criterion may 

not sound physically plausible, it is pret ty accurate numericaUy compared with the 

criterion of Eq. (4.39), since F is usually very smaU for composite superconductors. 

4.3.3 Current Sharing Steady State 

During current sharing, 0 < Bg < 1, 1 — Jr < 4^ < I, and 0 < im < 1. Consider 

a steady s tate during current sharing; the equations to be solved are Eqs. (4.8) and 

(4.9) without the transient terms and with f{Bs) = Bgi 

^ im{l-Bg)TJr = 0, (4.42) 
1 - A 
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for the superconductor. 0 < ( < 1, and 

1 d ( dB, + , ^ , i ^ . r j ^ = o. (4.43) 
c dc y dc 

for the stabiHzer, 1 < ( < 1 / \ / A . The solution of the above two equations along 

with the boundary conditions (Eqs. (4.12) through (4.15)) is 

/ o ( K ) 
^ . ( 0 = l - ( l - ^ ^ l c = i ) -

Io{f^) 
(4.44) 

where IQ is the modified Bessel function of the first kind, of order 0, and the 

nondimensional parameter p, is defined as 

A2.773I Jr 

The interface tempera ture Bm\c-i can be determined by the foUowing equation for 

the stabiHzer t empera ture Bm{C)' 

«m(C) a„J,'i„(l--?iln(C\/A)j 

-kHi^.'" -J' m r ^(<-4 A 
ln(C\/A) (4.46) 

The nondimensional stabiHzer current im is determined by 

/^ 
Ii{p) B 

sm (4.47) 
Hfi) {l-Os'k=i)' 

where ' denotes the differentiation with respect to (, and / i is the modified Bessel 

function of the first kind, of order 1. 

The nondimensional energy content of the superconductor, Sg.c and that of the 

stabiHzer, £,„.c, can be calculated by integrating the above temperature functions: 

/ I ( M ) 
Ss.c = 1 — 2 ( 1 — ^ m | c = l ) 

/^^(M) ' 
(4.48) 

1 a 

X O^st 

'^m,c 

1 - A ^ . l - A - f A l n ( A ) 
+ b i — 

(3a 
' J-i 

<J r rn 

X 2A3/2 
Vi 

X V l - A ^ ^2Aln(A) 
m 1 - A 8A2 

(4.49) 
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and the total energy is 

•m.c (4.50) 

The total energy hereby calculated bears the significance that for any distur

bance releasing a lower energy than such critical energy, the operation should revert 

to superconductivity; on the other hand, if the disturbance energy £d is higher, the 

superconductor wiU quench. Compared with the superconductor stabiHty behavior 

da ta obtained by numerical solution of Eqs. (4.8) and (4.9), the above criterion 

based on the critical energy was found to be correct for most cases. However, as in 

the case of tape/film type superconductors addressed in Chapter III, it faUs when 

£c is very close to £d. Quenching was found to occur when £d < £c- Therefore, 

a modification inductively developed based a large amount of numerical data was 

necessary to remedy the fault of critical energy criterion. The stabiHty criterion for 

the tape/fi lm type superconductor presented in Chapter III is also apphcable here. 

4.4 Results and Discussion 

The aforementioned stabiHty criterion is vaHdated by the stabiHty performance 

result of a NbTi composite superconductor with a copper stabiHzer subjected to 

cryogenic cooling by Hquid helium. All the data presented are based on the same 

properties as used in Chapter III. Equations (4.8) and (4.9) were solved simultane

ously through fuUy impHcit finite difference method. The initial disturbance energj'' 

is concentrated within the range 0 < ( < (̂ ( with SC,, the grid size, of 0.01. It has 

been demonstrated tha t the numerical results are independent of 8T} for 8T}S smaUer 

than such value. Such smaller 8rj weU simulates a Hne heat source. 

For A = 0.3, and the resulting {Jr)c = 0.3822 (Eq. (4.39)) and a,, = 6.846, the 

total critical energy £,., the critical energy for superconductor e^.c, and the critical 

energy for stabiHzer s^.c da ta are exhibited in Fig. 4.2. For Jr = 0.8, and the 

corresponding Ac = 0.1296, the critical energy data vs. A are shown in Fig. 4.3. In 

Fig. 4.3, as A approaches to one, which means that the stabiHzer thickness becomes 

zero, the critical energy of stabilizer becomes zero {£mx -^ 0), and £c and £g_c both 

become 1 — Jr- Such results agree with Eqs. (4.48), (4.16), and (4.17). 

The performance of a superconductor with an operating current density ratio 

higher than the critical value {Jr > {Jr)c) is exhibited in Figs. 4.4. 4.5. and 4.6. For 

A = 0.3, {Jr)c = 0.3822 (Fig. 4.2) which is smaUer than J , if Jr = 0.8 is considered. 
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From Fig. 4.2 or 4.3, it is obtained that £,.,. = 0.2429 and Zc = 0.3326. If the 

disturbance energy is less than 0.2. £d < £,.c: Figs. 4.4, 4.5. and 4.6 show that 

4) < 0.2. qr = 0, and im = 0, and superconductivity is maintained aU the time, a 

behavior predicted by the present criterion (Ha l ) . For a sHghtly higher disturbance 

energy £d = 0.21 which is stiU less than £,.c, the 4) (Fig. 4.3), ĝ  (Fig. 4.4) and im 

(Fig. 4.6) show that the conductor enters current sharing state at r = 0.0382 and 

recovers superconductivity at r = 0.082. Joule heating also begins as shown by the 

qr (Fig. 4.4) and im (Fig. 4.5). This behavior agrees with the case (IIa2). 

For a higher disturbance energy £d = 0.31 for instance, c .̂c < £d < ^c-. the </», 

qr, and im da t a aU indicate a behavior of current sharing (beginning at r = 0.021) 

foUowed by recovery (at 3.69), as predicted by case ( I lb l ) of the present criterion. 

For £ — 0.32, £d again faUs between £g_c and £c as in the previous case; however, 

the superconductor is quenched and never recovers, as predicted in case (IIb2) of 

the present criterion. Current sharing begins at r = 0.021 when 4^ = 0.2 (Fig. 

4.4) while both qr (Fig. 4.5) and im (Fig. 4.6) increase from zero. © first increases, 

then decreases, and increases again to reach 1 at r = 5.23. Immediately after the 

thermal disturbance, the heat generation rate is rapidly increased because of Joule 

heating in the stabiHzer (Fig. 4.5), consequently raising the stabiHzer temperature . 

The convective cooHng rate is in turn increased by the high surface temperature . 

Therefore, qr increases first, then followed by a decrease. Data calculated for large 

T demonstrate tha t qr decreases asymptoticaUy toward 1, indicating an equiHbrium 

reached between Joule heating and convective cooHng, and superconductivity is 

never restored, im also demonstrates a similar trend as 4^, and reaching 1 when 

the superconductor enters the quenching mode (Fig. 4.6). A behavior similar to 

£d = 0.32 is also shown by the da ta oi £d = 0.40, where £d > £c- The superconductor 

is quenched without recovery, as predicted by criterion ( l ie) . 

The performance results with Jr = 0.8, and A = 0.1 subjected to different levels 

of instantaneous disturbance energy are exhibited in Figs. 4.7, 4.8, and 4.9. For 

Jr = 0.8, the critical value of A is Ac = 0.1296 as shown in Fig. 4.3. Therefore if 

the area ratio A is less than the critical one, A < Ac, the conductor wiU eventually 

operate at superconducting state for any level of disturbance energy, as predicted 

in the present stability criterion (I). Fig. 4.7 shows the instability parameter for 

different disturbance energy. For £d = 0.2, the da ta in Fig. 4.7 demonstrate that © 
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increases to a maximum value of 0.2 at r = 0.05 after heat release. The conductor 

does not enter current sharing mode because the intrinsic stabiHty as defined by Eq. 

(4.17) is always maintained, and there is no Joule heating, as indicated by ĝ  = 0 in 

Fig. 4.5. The data in Fig. 4.6 also show no current sharing; i.e.. im = 0 throughout 

the process. This is a case described in the present criterion (la). 

For £d = 1.0, intrinsic stabiHty fails at r = 0.011 (Fig. 4.7) when <̂  = 1-J^ = 0.2 

(Eq. (4.17)). The parameters ĝ  and im also increase from zero (Figs. 4.8 and 4.9) 

at the same t ime, indicating a current sharing operation. The conductor restores its 

resistance free state at r = 5.4. Such behavior is predicted by the present criterion 

( lb) . For a higher disturbance energy, £d = 3.0, the conductor enters the current 

sharing mode at r = 0.0085, and the quenching mode at r = 0.29 where 0 = 1 (Fig. 

4.7) and Zm = 1 (Fig. 4.9). During the quenching period, qr is always smaUer than 

1, denoting a heat dissipation is higher than the heat generation rate, therefore a 

net heat loss with respect to the conductor. Due to the heat loss, superconductivity 

is restored at r = 20 where 4> = I — Jr = 0.2, ĝ  = 0, and im = 0. The case with 

£d = 3.0 faUs into the case (Ic) of the present criterion. 

4.5 Conclusion 

The stabiHty criterion developed in Chapter III is examined for the wire type 

composite superconductor. Because of the difference in geometry the present critical 

energy solutions are different. However, the same stability criterion is apphcable 

to both types of composite superconductors. The numerical solution of transient 

stabiHty behavior is performed to vahdate the criterion. 
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STABILIZER 

SUPERCONDUCTOR 

Figure 4.1: A wire composite superconductor 

-^s « B^^^W^ilHWUmininiiUnii IP » 
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C H A P T E R V 

STABILITY ANALYSIS F O R A LONG SUPERCONDUCTOR 

S U B J E C T E D TO A LOCAL THERMAL DISTURBANCE 

INCLUDING E F F E C T OF T E M P E R A T U R E PROFILE 

5.1 Abstract 

Stability of a one-dimensional composite superconductor subjected to a thermal 

disturbance is studied by considering, in addition to the amount of disturbance 

energy, the effect of the disturbance tempera ture profile. An analysis is conducted 

for the stationary thermal condition, and the result is compared with the transient 

solution in terms of two characteristic funct ional , the convective heat dissipation 

and the Joule heat generation. It is shown that a map of Joule heat generation 

as a function of convective heat dissipation can precisely characterize the recovery-

quenching behavior of the superconductor. 

5.2 Introduction 

The critical energy of a superconductor is defined as the minimum amount of 

disturbance energy required to trigger quenching. It in fact defines the boundar}' 

between recovery and quenching. If the superconductor is so designed that the 

disturbance energy does not exceed the critical energy, quenching wiU never occur. 

The issue of critical energy has been pursued in many previous works. Several 

works considered that the critical energy is equal to the minimum quenching en

ergy (MQE) calculated as the enthalpy increase from the superconducting state 

to the stationary temperature profile corresponding to the state of the minimum 

propagation zone (MPZ) (e.g., Wilson and Iwasa, 1978, Cornehssen and Hoogen

doorn, 1984, Mahnowsky, 1990a,b, 1991). The MPZ stationary temperature profile 

is based on the boundary condition that the temperature gradient approaches zero 

at the cold end of the MPZ. Another type of boundary condition features tem

pera ture decreased to the operating tempera ture at a certain distance L from the 

disturbance center (Chechetkin et al., 1990). An infinite number of solutions exist 

corresponding to different values of L. Among these solutions, Jayakumar (1987). 

Chechetkin et al. (1990) and Chechetkin and Sigov (1989) proposed that the min

imum value of the energ)'' content corresponding to all the stationary tempera ture 

profiles provided a bet ter estimation of the critical energy than MQE. 
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The critical energy has also been determined through numerical experimenta

tion observing the stabihty behavior of the superconductor using different values 

of disturbance energy (Romanovsky, 1985, Ito and Kubota, 1991). The results 

revealed that MQE is not an accurate estimation of the critical energy. Ito and 

Kubota (1991) also found that the critical energy depends on the disturbance tem

perature profile. For a different disturbance temperature profile, the amount of 

Joule heat generation varies even if the disturbance energy that brings about the 

tempera ture profile, or the energy content associated with the temperature pro

file, is the same. Therefore, the recovery-quenching behavior of the superconductor 

depends on not only the amount of disturbance energy, but the disturbance tem

perature profile. However, characterization of the disturbance temperature profile 

is difficult. In general, the disturbance temperature profile depends on factors such 

as heat release mechanism, intensity, duration, heat source distribution, etc. In the 

present work, the Joule heat generation rate is employed to account for the effect of 

tempera ture profile. A new stabiHty criterion is developed, which involves, in addi

tion to the critical energy, the critical Joule heat generation. Such two-parameter 

(energy and Joule heat generation) criterion demonstrates improved accuracy over 

the one-parameter (energy) criterion compared with the result of transient analysis. 

5.3 The Energy Equation 

The present analysis considers a very long composite superconductor subjected 

to an internal thermal disturbance that a section of the superconductor precipitates 

into the normal s ta te , as shown in Fig. 5.1. The governing one-dimensional energy 

equation to be solved is (Cornehssen and Hoogendoorn, 1984) 

dT 8'T hP T-T, lo ^ n 

In the above equation, T is the cross-sectional average temperature of the conduc

tor. A" is the coordinate along the length of the superconductor with the origin 

at the center of the disturbance. A is the total cross-sectional area, and Ag.Am 

are the cross-sectional areas of the superconductor and the stabiHzer, respectively, 

with .4 = As + Am- The function r is the effective dimensionless resistivity of 

the composite, as defined in Eq. (5.4). Even though aU the properties as weU as 

the heat transfer coefficient in reahty vary with tempera ture , they are assumed 



to be constant in the above equation in order to obtain an analytical solution 

which provides a bet ter insight into the issue. Constant properties and heat trans

fer coefficient have been also assumed in numerous previous works (e.g., Keifin 

and Romanovsky, 1982, Cornehssen and Hoogendoorn, 1984, Jayakumar. 1987, 

Gurevich et al., 1989, Chechetkin et al., 1990, Mahnowsky, 1990, Fhk and Tien. 

1990, Chen and Chu, 1991, Chyu and Oberly, 1991a,b). Only numerical solutions 

were obtained if temperature-dependent properties and heat transfer coefficient 

were considered (Wilson and Iwasa, 1978, Bandos, 1991, Ito and Kubota, 1991, 

SchoUe and Schwartz, 1992). 

The above equation is transformed into a dimensionless form using the foUowing 

dimensionless parameters: 

B = 
T-To . J o I 

J T — T ' J T A ' 
•*• C -'- O ^ CO 'J co-^^s 

CO '-'co-'^s 

A. X 
X 

-^s I -Am -'^o 

k{T,-ToY 
The dimensionless energy equation in terms of the above parameters can be written 

as 

iJ = | j - ^ + "A(M (5.3) 
where 

r 0, o<i-j-
r{B,j) = { {B-l+j)/j, l-j<B<l; (5.4) 

1, B >1. 

5.4 The Stationary Solution 

In order to develop a stabihty criterion, the critical condition that the normal 

zone front is stationary needs to be considered. Such condition is determined by 

solving the dimensionless energy equation without the transient term: 

il-B^arr{BJ) = 0. (5.5) 

Due to symmetry, only the domain 0 < a:; < oo needs to be considered, and the 

boundary condition at a:; = 0 is dB/dx = 0. The other boundary condition is that 



B{L) = 0 for 0 < Z < CXD. Such so-called cold-end boundary condition indicates that 

the tempera ture solution of interest features temperature decreasing to the cryo

genic ba th tempera ture at a certain distance away from the center of disturbance. 

Equation (5.5) in fact can be considered as the equation of motion for a particle 

of unit mass subjected to a force of ^ — aj'^r{B,j), if B is considered displacement 

and X as time (Bandos, 1991, Pukhov, 1990, Altov et al., 1990). The original sym

metry boundary condition at x = 0 becomes an initial condition that the initial 

velocity is zero. Based on the definition of velocity v = dB/dx, after substitution 

and integration, the above equation can be written in the foUowing form: 

,2 ,fl 
V 

{B-afr{B,j))dB (5.6) 
2 JOr.. 

where Bm is the temperature at cc = 0, or the initial position at time zero in the 

dynamic analogy. The above equation bears the physical meaning that the change 

of kinetic energy equals the change of potential energy, with the potential energy 

U{B) defined as the work done by the force when the particle moves from ^ to a 

reference point. If the reference point is set to be zero for convenience, the potential 

energy is: 

U{B) = J' {aj'r{B,j)-B)dB. (5.7) 

The result of U{B) includes three equations for the three ranges involved in the 

r{B,j) function (Eq. (5.4)), as shown below: 

for 0 < ^ < 1 - i , 

U{B) = -
B-

(5.8) 

for 1 - i < ^ < 1. 

1 
u{0) = --[{i jf + (^ - 1 + j ) {(1 - j)[oiJ + 1) - ^{ocj - 1)} (5.9) 

for 1 < B, 

1 r 
u{e) = -i: ( 1 - j ) - i {(1 - J)[ocj 4- 1) - {aj - 1)} + {B' - 1) - 2aj-{B - 1) 

(5.10) 

By invoking Eq. (5.7), Eq. (5.6) can be writ ten in terms of the potential energy: 

V - = u(e„)-u(e). (5.11) 
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Because the initial velocity is zero, the potential energy at â  = 0. U{Bm) in the 

above equation, is the total energy with respect to the dynamic analogy. Solving 

for V, one obtains 
dB 

dx 
v = — = -V2sJu{Bm)-U{B) (5.12) 

where the minus sign was chosen because the temperature must decrease from the 

hot point {x = 0). Integration of the above equation yields 

1 f^rn 1 
x= —^ I =dB. (5.13) 

y/^^^ y/U{Bm)-U{B) 

The tempera ture profile B{x) can be obtained by solving the above equation. Equa

tions (5.7), (5.11), (5.12), and (5.13) are vahd only for aj- > 2-j, as to be explained 

later. 

Figure 5.2 shows the calculated potential energy U{B) for a fixed j = 0.6 and 

different a s , based on Eqs. (5.8), (5.9), and (5.10). Similar numerical results have 

been reported by Chechetkin et al. (1990), Bandos (1991), and Pukhov (1992). 

However, their results were not based on the present analytical solution (Eqs. (5.8), 

(5.9), and (5.10)). In Fig. 5.2, if a ; - < 1, the ?7(^) curve faUs below that for a j - = 1, 

and U{B) is a monotonically decreasing function. Since Bm > B, and U{Bm) < U{B). 

Eq. (5.11) can never be satisfied except for the special case that ^^ = 0 which 

means the entire superconductor is at the superconducting state with ^ = 0. This 

result agrees with the Stekly's cryogenic stabihty criterion (Stekly and Zar, 1965) 

tha t the superconductor is stable as long as a < l/j', or the Joule heat rate is 

lower than the convective cooling rate. 

For a > l/j', the U{B) curve faUs above that for aj- = 1. The U{B) curve has 

two deflection points a.t B = 1 — j and 1, respectively. The U{B) curve also has one 

local minimum and one local maximum, with the corresponding B determined by 

taking the derivatives of (5.9) and (5.10): 

^min = : :— (^-1^) 
aj - 1 

Omax = Oij-. (5.15) 

In the range of 0 < ^ < Bmmt U{B) is a monotonicaUy decreasing function. The 

same conclusion can thus be drawn as that for aj- < 1, and the superconductor is 
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always stable in spite of the thermal disturbance. Therefore, the temperature Bmm 

IS the maximum permissible overheating temperature of the thermal disturbance 

tha t aUows recovery of superconductivity. Keihn and Romanovsky (1982) obtained 

the above Bmm expression through a different method. Based on the above two 

equations, and Eqs. (5.9) and (5.10), respectively, the minimum and maximum 

values of the potential energy are 

U{Bm^n) = Jj^^'[^ - jf ^^-^g^ 
2 a j - 1 
•2 

U{Bma.) = ^{ccf-j-2). (5.17) 

From Eq. (5.17), it is clear that if aj- < (2 - j), U{Bmax) is negative; therefore, 

U{B) < 0 for every B. For Bmin < Bm < Bmax, Eq. (5.11) is satisfied only for 

Bi < B < Bm with Bi defined as U{Bi) = U{Bm) and 0 < B^ < Bm- Therefore, in the 

range of l/j- < a < {2 — j)/j^, there is no solution which satisfies the condition of 

the interested B solution with B decreasing to zero at a certain x. In fact, the B{x) 

solution in this range is periodic, a result supported by the dynamic analogy that a 

particle released at a certain Bm within the range of Bmm < Bm < Bmax wiU osciUate 

in the range oi Bi < B < Bm- It is thus concluded that operation of superconductor 

is eventually stable under any local thermal disturbance for aj~ < (2 — j) where 

the cold-end boundary condition exits. 

The condition of aj^ < {2 — j) can be stated as a < ap or j < jp with ap and 

jp defined below: 

a p - p 
(5.18) 

The operating current corresponding to jp, Ip = jpJcoAg, is the cold end recovery 

current which Maddock et al. (1969) derived using the equal area theorem, and 

is also the propagation current mentioned conceptuaUy by Chechetkin and Sigov 

(1989). Quenching will not occur under any local thermal disturbance if the oper

ating current is smaller than Ip. 

If aj- > 2 — j , U{Bmax) > 0 (Eq. (5.17)), and there is a ^ between the Bmm 

and the Bmax tha t U{B) = 0. Such B is the Bm tha t the conventional MPZ theory is 



based on. in which dB/dx = 0 and ^ = 0 as aj ^ oo. One can thus write 

U{BZn = ^. 0mm < BZ'' < Bmax- ( 5 - 2 0 ) 

From the perspective of dynamic analogy, a particle with a zero potential energy 

released from B^^^ wiU reach ^ = 0 at a velocity dB/dx = 0 (zero kinetic energy) 

after an infinitely long t ime {x -^ oo). B^^^ can be determined by solving Eqs. 

(5.9) and (5.10), respectively: 

nmpz 
m = ^ ^ ' ' ( l - V l - ^ ) ' ^^' ap<a<l/j' (5.21) 

1 - l/^/aJ 

In their analysis, without the above expressions for B^^^, Cornehssen and 

Hoogendoorn (1984) also reached the result that ^^^^ > 1 for ap < a < 1/j^ and 

B^^^ < 1 for a > 1/j^ through a different method. It is noted that at a = l/j^, 

the MPZ hot point tempera ture becomes the critical temperature; i.e., B^^^ = 1-

5.5 Energy and Stabihty Functional 

The thermal energy of the conductor can be calculated by 

e = 2 r pC{T - To)AdX. (5.23) 
Jo 

The dimensionless thermal energy is 

£ = 2nBdx (5.24) 
Jo 

where £ — [pCXoA{Tc — To)]~^e. The energy for the stationary temperature profile 

can be calculated by invoking Eq. (5.12). 

e = V2 /•"" ^ =de, BZ"' <0r„< Sma.- (5.25) 

•̂0 yc/(«„) - U{d) 

Cornehssen and Hoogendoorn (1984) calculated the energy for the MPZ temper

a ture profile by using the above equation with Bm = ^m^~- ^^^ took this energy 

as the critical initial disturbance energy tha t decides whether the conductor wiU 

eventually be in the superconducting or the quenching state . However. Jayakumar 

(1987), Chechetkin et al. (1990), Mahnowsky (1991), and Ito and Kubota (1991) 
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showed that the MPZ energy overestimates the actual critical disturbance energy, 

especially at large values of Stekly parameter. 

The inaccuracy with regard to the critical energy calculated based on the MPZ 

tempera ture profile may be due to, among other possible reasons, the zero temper

ature gradient at ^ = 0. A real initial disturbance temperature profile is considered 

to have a finite tempera ture gradient at ^ = 0. The MPZ temperature profile 

satisfies the energy balance in terms of the convective heat dissipation rate equal 

to the Joule heat generation rate. However, for a profile with a finite dB/dx at 

^ = 0, the energy balance further involves heat conduction at ^ = 0. Jayakumar 

(1987) and Chechetkin et al. (1990) considered stationary temperature profiles with 

finite values of tempera ture gradient at ^ = 0, and calculated the minimum pos

sible energy for these tempera ture profiles with the maximum temperature in the 

range of B^^^ < Bm < Bmax- The normal zone corresponding to such minimum 

energy condition was termed the transient propagation zone (TPZ) by Mahnowsky 

(1990b). 

For a stationary tempera ture profile with a finite dB/dx at ^ = 0, the distance 

from the center of the disturbance {x = 0) to the location where ^ = 0 can be 

determined by Eq. (5.13): 

L=-^ f'^ , ^ --dB, C " ' < ^^ < Bmax- (5.26) 
V2J0 Ju{Bm)-U{B) 

Such result agrees with that for a short superconductor by Altov et al. (1988) and 

Skocpol et al. (1974). The MPZ and TPZ temperature profiles are compared in 

Fig. 5.3 for the condition of j = 0.6 and a = 18. Profile 1 denotes the MPZ 

tempera ture profile, with dB/dx = 0 at ^ = 0, and i ^ 00. Profile 2 is the 

T P Z tempera ture profile of which the energy content is minimum among all the 

stationary tempera ture profiles given by Eq. (5.13). It is noted that the length 

L decreases as Bm increases from B^^^ and reaches a minimum value {Lmtn) at 

Bm = ^m'*- Profile 3 denotes the profile for such minimum length state (MLS). 

If Bm is increased beyond ^^'% L increases with Bm- Therefore, for every value of 

L > Lmint there are two corresponding stationary tempera ture solutions, one for 

Om < ^m'% ^^^ ̂ ^^ other for Bm > B^'^- For instance, profile 4 is a different profile 

with the same L as that of T P Z profile 2. Similar numerical result as Fig. 5.2 has 

been reported by Chechetkin et al. (1990) based on Eqs. (5.5) and (5.7). 
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The energy evaluated by Eq. (5.24) and the length by Eq. (5.26) both provide 

measures to characterize a given tempera ture profile. Other quantities can also be 

employed for the same purpose. The foUowing characteristic stabihty functional 

was defined by Chechetkin and Sigov (1989): 

^= L o b r - U{0) dx. (5.27) 

V defined above is in fact an integral of the difference between the kinetic energy 

and the potential energy from the perspective of dynamic analogy. The Hamilton's 

principle states that the trajectories of the object of a conservative system, as 

described by Eq. (5.5), render the integral of the difference between the kinetic 

energy and the potential energy stationary. In fact, aU the stationary tempera ture 

profiles in Fig. 5.3, based on Eq. (5.13), satisfy the Hamilton's principle. Chechetkin 

and Sigov (1989) showed that the functional V decreases with time. By invoking 

Eq. (5.12), V can be written as 

y ^ ± f^ uiM^meide, . - < . „ < . _ (5.28) 
v2Jo JTJ(R\-TT(Q\ V 2 ^ ^ ^U{Bm)-U{B) 

The results of stability functional V, along with £ and L which are also con

sidered as characteristic functionals, are exhibited in Fig. 5.4 for particular values 

of a and _;'. Each value of Bm in the figure uniquely corresponds to a stationary 

tempera ture profile. It is noted tha t , in agreement with the definition of MPZ, 

L -^ oo dA, Bm = ^m^^- ^^ ^̂  also showu that the Bm of Lmm corresponds to the 

maximum Vmax-, an obvious result by examining Eqs. (5.26), (5.12), and (5.28). 

The energy e has a minimum value at B^/^^, as calculated by Jayakumar (1987) and 

Chechetkin et al. (1990). No result is given for Bm lower than B'J'^^ 
m 

5.6 Convective Dissipation and Joule Heat Generation 

Stabihty of a superconductor is dominated by the convective heat dissipation 

ra te and the Joule heat generation rate subsequent to a thermal disturbance. In 

Eq. (5.5), the dimensionless convective heat dissipation appears as B. Therefore, 

the dimensionless thermal energy, c defined by Eq. (5.24), virtually denotes the 

tota l convective heat dissipation, while the actual convective dissipation rate is 

{hPkA)^''{Tc — To)£. The dimensionless Joule heat generation appears as aj-r{B,j) 



in Eq. (5.5). Hence the dimensionless total Joule heat generation can be defined as 

aj-r{B,j)dx (5.29) 

while the actual Joule heat generation rate is {hPkA)^'-{Tc-To)F. For a stationary 

tempera ture profile, F can be written in the foUowing form: 

F = V2ar ["^ -. 
Jo y 

""^ '̂•^^ -.dB. (5.30) 
U{Bm) - U{B) 

5.7 Disturbance Energy 

In the present work, transient stability behavior results are obtained by solving 

Eq. (5.3) for a superconductor subjected to an initial thermal disturbance with a 

rectangular tempera ture profile defined below: 

nf nN \ Od for \x\ < b / - o-. \ 
^(a;,0) = { ^ ! I I. (^-31) 

^ ^ [ 0 for i2;| > 6. ^ ^ 

The rectangular disturbance temperature profile was employed in a transient 

stabihty analysis by Romanovsky (1985). The disturbance energy with regard to 

the rectangular tempera ture profile, evaluated using Eq. (5.24), is £d = 2Bdb, and the 

stabihty functional V as defined in Eq. (5.27) is infinity because the temperature 

gradient at 2; = ± 6 is infinity. The Joule heat generation for this disturbance 

tempera ture profile, Fd, is 

( 0 ioi Bd < l - j 
Fd = I 2aj{Bd - 1 + j)b for 1 - j < ^^ < 1 (5.32) 

[ 2aj-b for 1 < Bd-

The transient behavior based on paraboUc disturbance temperature profiles are 

also investigated in the present work. The parabolic disturbance temperature profile 

is defined as 

B{x,0) = l^'i^-^''^^n ^^' 1 ^ 1 ^ ^ (5.33) 
^ ' ^ 1 0 for lâ i > 6 ^ ^ 

and the disturbance energy is 

£d = pdb- (5.34) 
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The Joule heat generation for this disturbance profile is calculated for three different 

regions. For ^^ < 1 - j , Fd = 0, ioi 1 - j < Bd < 1 

Fd = 2aj[{Bd-l^j)x,-^-0-] (5.35) 

for Bd > 1, 

1-i ^ ^ -' -' Ju ' tU 1 

F, = 2 a i - \^x, - —±(x, - x i ) j - 2aj6, [{x, - x,) - ^ ^ j (5.36) 

where Xi and Xj are defined as 

f iV'~ 

5.8 Comparison with Transient Analysis 

Since both V and e are functionals characterizing temperature profiles, a map 

of F as a function of £ can be helpful to better understand the superconductor's 

stabihty behavior. Such plot is shown in Fig. 5.5. This figure includes a curve 

for the stationary solution based on the £ and V result in Fig. 5.4. It is noted 

that starting from B^^^, the lowest Bm for stationary temperature profile, £ for 

the stationary tempera ture solution decreases and V increases as Bm increases. £ 

reaches the minimum at Bl^~, and V reaches the maximum at BZ^\ As Bm increases 

beyond ^J^'*, V decreases toward — oo. 

Also exhibited in Fig. 5.5 are transient V'(c) results obtained by solving Eq. 

(5.3) for a superconductor subjected to an initial disturbance in the form of rectan

gular tempera ture profile described in Eq. (5.31). Curves are plotted to trace the 

variation of V{£) with t ime during the entire heat diffusion process. Curves ai and 

a2 are for Bd = 0.494 and Bd = 0.495, respectively, and the same disturbance energy 

Sd = 1. V for the initial states can not be shown in the plot because dB/dx -^ oo 

at x = ± 6 in the rectangular disturbance temperature profile. As time progresses, 

for both curves, V decreases abruptly and merges into the lower portion of the 

stationary solution curve. V of ai then decreases tow^ard zero at e = 0, denot

ing the superconducting steady state, while £ of a2 increases toward infinity as V 
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decreases toward —oo, indicating the irrecoverable quenching of the superconduc

tor. Although not included in this figure, the present numerical transient result 

shows tha t , at e^ = 1. ] / and £ eventuaUy decrease to zero, indicating recovery of 

superconductivity, for every disturbance temperature profile with Bd < 0.494. On 

the other hand, £ increases toward infinity as V decreases toward - o o , indicating 

irrecoverable quenching, for every disturbance temperature profile with Bd > 0.495. 

The quenching-recovery boundary in terms of Bd in fact hes between 0.494 and 

0.495, which takes further numerical experimentation to define more precisely if 

necessary. According to the MPZ theory, superconductivity wiU be eventuaUy re

instated if £d < £mpz (or MQE) . The present result has disproved the MPZ theory. 

Similar conclusion has been reached by Romanovsky (1985) and Ito and Kubota 

(1991) based on the transient stabihty behavior results. 

Curves bi and b2 in Fig. 5.5 are based on rectangular disturbance temperature 

profiles with Bd = 0.572 and 0,573, respectively, and the same disturbance energy 

£d = 0.8, a value smaUer than £tpz. It is shown that bi eventuaUy reverts to 

superconductivity, while b2 ends up quenching. The present result suggests that 

£tpz cannot serve as a reUable critical energy to predict recovery-quenching behavior. 

Similar result was reported by Chechetkin et al. (1990). 

Also included in Fig. 5.5 is the numerical transient result for a parabolic distur

bance tempera ture profile (Eq. (5.33)). With such parabohc disturbance tempera

ture profiles, the initial states have finite values and can be shown in the present 

F as a function of £ plot. Cases Ci and C2 are for Bd = 0.552 and 0.553. respec

tively, and £d = I, same as that of ai an d a2. It was found that recovery of 

superconductivity occurs for Bd < 0.552, while irrecoverable quenching occurs for 

Bd > 0.553. Therefore, at £d = 1, the recovery-quenching boundary hes between the 

initial states of these two cases, which have the V values of 0.212 and 0.213 for Ci 

and C2, respectively. Further numerical experimentation can be conducted to more 

precisely determine the boundary V value. Also plotted are performance results of 

cases di and d2 with Bd = 0.656 and 0.657, respectively, and £d = 0.8. It is shown 

tha t recovery occurs to di and quenching occurs to d2. Therefore, the recovery-

quenching boundary runs between the initial states of these two cases. Thus, a 

recovery-quenching boundary curve can be drawn by searching for the recovery-

quenching pairs at different values of £d. Such recovery-quenching boundary curve 
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IS exhibited in Fig. 5.5. With this curve, the recovery-quenching behavior of the 

superconductor can be predicted. For a given parabohc disturbance temperature 

profile with £d evaluated by Eq. (5.34) and V by Eq. (5.27), if the {V,£d) point 

falls below the recovery-quenching curve, the conductor will revert to the super

conducting s ta te . If the {V,£d) point faUs above the recovery-quenching curve, the 

conductor wiU end up quenching. 

The present result on different types of disturbance temperature profile with 

different maximum temperatures reveals an important fact that , for the same dis

turbance energy, the stabihty behavior may be different for a different disturbance 

t empera ture profile. In other words, a rehable stabihty criterion should take into 

account not only the disturbance energy, but the disturbance temperature profile. 

It was demonstra ted above that the stabihty behavior of a superconductor is 

more precisely described by two parameters , T' and £, than £ alone as in the con

ventional theory. The V — £ plot exhibited in Fig. 5.5 weU serves the purpose 

with regard to development of a rehable stabihty criterion predicting the recovery-

quenching behavior of the superconductor based on the initial disturbance condition 

for parabohc disturbance temperature profiles. However, the V value of a rectan

gular disturbance tempera ture profile cannot be shown in such plot because it is 

infinity. This problem can be solved by replacing V with F, the dimensionless Joule 

heat generation functional (Eq. (5.29)). A plot of /" as a function of £ is in fact a 

plot of the Joule heat generation as a function of the convective heat dissipation, 

the two most important energy terms with regard to the stabihty behavior of a 

superconductor . In Fig. 5.6, the F{£) result of the stationary solution is compared 

with tha t of the transient solution. The stationary result is based on Eq. (5.30). It 

is noted tha t at the point of MPZ, F = £, indicating a balance between the Joule 

heat generation and the convective heat dissipation. For aU the other stationary 

solutions, F > £. The transient result is again based on a numerical solution 

of Eq. (5.3). The transient stabihty behavior of a superconductor subjected to a 

thermal disturbance in the form of a rectangular disturbance temperature profile 

is presented. In particular, the cases ai and a2 with Bd = 0.494 and Bd = 0.495, 

respectively, and £d = 1, as considered in Fig. 5.5, are reconsidered. It is shown 

in Fig. 5.6 t ha t , similar to the result in Fig. 5.5, ai reverts to superconductivity, 

while a2 ends up quenching, although £d < £mpz for both cases. However, contrary 
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to Fig. 5.5, the initial states can now be shown in Fig. 5.6. In fact, the F values 

are 2.055 for a\ and 2.073 for 0-2, which define the recovery-quenching boundary 

for the relevant £d = 1. The results of cases bi and b2 considered in Fig. 5.5 are 

also exhibited in Fig. 5.6, which demonstrate that for £d = 0.8, recovery occurs at 

F = 2.598 (bi) and quenching occurs at F = 2.609 b2. Thus the recover-quenching 

boundary at £d = 0.8 is defined. After determining the boundary F values through 

numerical experiment for more £s, a curve of recovery-quenching boundary can be 

drawn, as exhibited in Fig. 5.6. With this curve, the recovery-quenching behavior of 

the superconductor can be precisely predicted. For a given rectangular disturbance 

tempera ture profile, the convective heat dissipation rate £d is 2Bdb according to Eq. 

(5.24), and the Joule heat generation rate Fd is given by Eq. (5.32). If the {Fd,£d) 

point faUs below the recovery-quenching curve, the conductor wiU revert to the su

perconducting state. If the {Fd,£d) point faUs above the recovery-quenching curve, 

the conductor wiU end up quenching. The recovery-quenching boundary curve for 

the parabohc disturbance temperature profiles in the V as a function of £ plot of 

Fig. 5.5 is also plotted in terms of F as a function of £ in Fig. 5.6. 

Romanovsky (1985) also presented a recovery-quenching boundary based on 

transient solution in terms of £ as a function of a for different js. The present 

Figs. 5.5 and 5.6 suggest that for a particular condition defined by fixed values of 

a and j , the superconductor can either recover or become quenched depending on 

V or F. Therefore, a rehable recovery-quenching criterion should be presented in 

terms of two characteristic functionals, such as V and £,OT F and £. Romanovsky"s 

criterion involves only one functional, £. 

The fact that the recovery-quenching boundary based on the transient solution 

differs from the stationary solution, as shown in both Figs. 5.5 and 5.6, suggests 

tha t the entire stationary solution, including the conventional MPZ and TPZ as 

two special cases, cannot provide an accurate stabihty criterion. This agrees with 

and further expands the results of the previous studies by Romanovsky (1985), 

Jayakumar (1987), Chechetkin et al. (1990), Mahnowsky (1991), and Ito and Kub

ota (1991), which suggested that the MPZ and T P Z solutions do not agree with 

the transient solution. However, the stationary solution is important in that (a) 

all the transient performance results, irrespective of the disturbance tempera ture 

profile converge toward the lower portion of the stationary solution curve between 
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the MPZ point and the TPZ point, before going to recovery or quenching, as ex-

emphfied by curves a j , a2, b i , b2, Ci, C2, and di , d2 in both Figs. 5.5 and 5.6. and 

(b) the recovery-quenching boundary curves are near and tend to be paraUel to the 

lower portion of the stationary solution curve. 

5.9 Conclusion 

The stabihty of a very long composite superconductor subjected to a local ther

mal disturbance is investigated by calculating the stabihty functional V, the dimen

sionless Joule heat generation F and the dimensionless convective heat dissipation 

£ for both the stationary temperature profile and the disturbance temperature pro

file. It is shown that (a) the superconductor stabihty behavior depends on. not 

only the disturbance energy, but the disturbance temperature profile, (b) the su

perconductor stability behavior can be described in a V' as a function of £ or an 

i^ as a function of £ plot, (c) the stationary solutions, including MPZ and TPZ 

solutions, cannot provide a reliable stabihty criterion, and (d) a F as a function 

of £ or an F as a function of £ recovery-quenching boundary curve based on the 

transient solution can provide a precise stabihty criterion for a particular type of 

disturbance tempera ture profile. 

uijtixmwwmm 
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Figure 5.1: A thermaUy disturbed region along a superconductor 
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C H A P T E R VI 

TRANSIENT ANALYSIS AND B U R N O U T OF HIGH-

T E M P E R A T U R E SUPERCONDUCTING 

CURRENT LEADS 

6.1 Abstract 

The transient behavior of high-temperature superconducting (HTS) current 

leads operated between hquid hehum and hquid nitrogen temperatures is analyzed 

for burnout conditions upon transition of the HTS into the normal state. Leads 

composed of HTS only and HTS sheathed by pure silver or silver aUoy are in

vestigated numerically for temperature-dependent properties and analytically for 

temperature- independent properties. For lower values of shape factor (current den

sity times length) , the lead can be operated indefinitely without burnout. At higher 

values of shape factor, the lead reaches burnout in finite time. With high current 

densities, the leads heat adiabatically. For a fixed shape factor, low current densi

ties are desired to achieve long burnout times. To achieve a low hehum boiloff rate 

in the superconducting state without danger of burnout , there is a preferred tem

perature dependence for thermal conductivity, and silver aUoy sheaths are preferred 

to pure silver sheaths. However, for a given current density, pure silver sheaths take 

longer to burn out. 

6.2 Introduction 

Current leads are often used to energize superconducting magnets from a power 

source at room temperature . The advantage of high-temperature superconductors 

(HTSs) in this application is that because Joule heating is eliminated in the HTS 

part of the lead, heat leakage into the hquid hehum is reduced. It is desirable 

to minimize heat input to reduce the amount of cryogenic fluid boiled off in an 

open system or to reduce the power consumption in a cryostat cooled by a closed-

cycle refrigerator. Several researchers have discussed optimal current density and 

minimum heat leak of metal current leads (Buyanov et al., 1975, Buyanov, 1985. 

Nan, 1983, and Maehata et al., 1988). 

The superconducting state of an HTS lead has no such optimal value; by in

creasing lead length or decreasing cross sectional area, the hehum boiloff can be 

reduced to arbitrarily low values (Hull, 1989, 1993). TheoreticaUy, the HTS part 
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of lead can locaUy operate at the maximum current density attainable for the mag

netic field and tempera ture at a given point along the lead. Hull (1989) has shown 

tha t if the warmer end of a HTS part of the vapor-cooled lead is thermaUy anchored 

to a heat exchanger at 77K, it is theoretically possible to reduce the hehum boiloff 

to about 0.4 of the theoretical best for a copper lead, without danger of burnout. 

The burnout tempera ture is defined as an upper operating temperature hmit 

which corresponds, usually, to a temperature at which irreversible damage occurs. 

Further reduction of hehum boiloff in such a HTS lead is possible, if absolute 

lead safety is sacrificed for safety over a finite time (burnout time t^), determined 

mainly by the current density and length of the current lead. The danger of burnout 

comes from the possible change from the superconducting state to the normal state, 

together with the subsequent Joule heating of the lead. If the operating current 

density is high, the lead temperature wiU be raised to burnout temperature T^ at 

finite if,. However, if tb is large enough, the higher operating current density may 

be allowable in a practical lead, because there is time to reduce the current before 

burnout occurs. 

To calculate the burnout condition, Bejan and Cluss (1976) analyzed the steady-

state equation of conventional vapor-cooled current leads with different heat-transfer 

coefficients. Their static analysis showed the stable/unstable boundary in coordi

nates of hehum mass-flow rate and current-density, so the burnout time was not 

considered. Also in their study, a constant thermal conductivity and hnear resis

tivity approxim.ation was used. 

Similar work was done by Jones et al. (1978). who used two separate differential 

equations, one for the lead and one for the hehum vapor. Using a time-marching 

numerical method, they calculated a steady-state solution and established the static 

criteria of burnout (sometimes called burnup chart) . AdditionaUy, they calculated 

the maximum tempera ture as a function of t ime. They first calculated a steady-

state tempera ture profile for a given current density and then suddenly increased 

the current density 10 times, thus obtaining the burnout time for current overload 

conditions. 

The burnup chart, deals only with the steady-state equation of the lead, so this 

criterion is independent of the initial state. However, burnout time depends on the 

start ing condition. For copper leads operating between hquid-hehum temperature 
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and room tempera ture . Maehata et al. (1988) showed the usefulness of the adiabatic 

approximation in studying the burnout time. In that work, burnout time was 

defined as the time to at tain a certain temperature level after the hehum-gas flow 

is suddenly stopped. The initial temperature profile was tha t of a vapor-cooled lead 

with Joule heating. 

In this paper , we s tudy the transient behavior and burnup conditions of HTS 

leads. We review some of the steady-state solutions for normal metal leads, which 

we use in our burnout analysis. We assume the superconducting state as an initial 

condition and assume tha t suddenly aU of the lead enters the normal state, so 

the resistance-free state changes abruptly to temperature-dependent Joule heating. 

We further assume tha t during the transient, hehum vapor is no longer available 

to cool the lead. These conditions clearly result in a conservative estimate of lead 

performance. If the normal state 's maximum steady-state temperature is less than 

Tb, the lead is stable. If the maximum temperature is larger than T^, the lead is 

unstable and we can calculate the burnout time. In computation, we arbitrarily 

select Tb = 300 K. 

6.3 Analysis 

Fig. 6.1 shows a single current lead of length L and constant cross-sectional area 

A, with temperature-dependent thermal conductivity X{T), heat capacity C{T), 

and electrical resistivity p{T). Conducting current / is constant, and thus current 

density. J = I /A, is also constant. The lead is situated between heat sinks at 

temperatures Tc and TH, where TH > Tc- The lead is in thermal contact with a 

coohng gas, with specific heat Cg, temperature Tg, mass density pg, and mass-flow 

rate rh. 

For a vapor-cooled electrical lead, the transient energy equation for the lead is 

described bv 

dt dx \ dx I A 

an 
d the energy equation for the hehum vapor is 

AgPgCgdTg_ ^ _ ^^ ^ . 
hP dt hPdx^ g gj-^y g) \ ) 

In the above equations. Ag is the cross-sectional area of hehum gas passage, and P 

is the wetted perimeter of the lead. The boundary conditions are T = Tc at x = 0, 
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and T = TH a.t X = L. Initially, the current lead is in a superconducting steady 

s ta te , i.e., steady state without Joule heating. 

In this paper, the pure YBCO superconductor lead (HTS lead) and composite 

lead, HTS sheathed by pure silver (Ag) or Ag aUoy are analyzed. The sheathed 

cases are of interest because some of the largest current densities in HTSs have been 

measured for wires composed of HTS surrounded by Ag tubes (Haldar et al., 1992). 

Fig. 6.2 shows the thermal conductivity of YBCO (Fischer et al., 1989), Ag/YBCO 

(a sintered composite of YBCO and 15 volume % Ag) (Campenni, 1991), Ag, and 

Ag aUoy (Childs et al., 1973). We assume the values of YBCO are representative of 

HTSs in general. The Ag /YBCO composition has been used in several experimental 

leads (Wu et al., 1991, Niemann et al., 1993). W-2 and FRW-2 are pure Ag made 

by different heat t reatments , but their thermal conductivities are very close and 

very high. Ag-gold alloy CR-1 also has a high thermal conductivity but less than 

tha t of pure Ag. KKSW-1 is a Ag-palladium alloy, and its thermal conductivity 

is a monotonicaUy increasing function of temperature . The pure Ag and Ag aUoy 

show different thermal conductivities at low temperature . Because the thermal 

and electrical conductivities of Ag and Ag aUoy are much higher than HTS, the 

sheathed lead is treated as if it were a Ag lead, when the lead is in the normal state. 

For purposes of analysis, the HTS provides only additional thermal mass and we 

assume an equal cross-sectional area for the sheath and the HTS. 

The silver heat capacity is calculated from heat diffusivity data (CRC data 

series. Vol. 10) and thermal conductivity data by the relationship C = A/a . Silver 

aUoy's heat capacity is assumed to be the same as pure Ag, because the Ag content 

is 91% (by atomic weight) for CR-1 and 97.92% (by weight) for KKSW-1 and the 

heat capacity is a volumetric effect. The heat capacities of Ag and YBCO (Fisher 

et al., 1989) are of the same order of magnitude, as shown in Fig. 6.3, so we assume 

tha t the heat capacity of the Ag-sheathed YBCO lead is the same as that of silver. 

It is assumed that the electrical resistivity of HTS, Ag, and Ag aUoy obey a 

W^iedemann-Franz relationship with thermal conductivitj^, pX = BT, and that the 

Wiedemann-Franz coefficient B of HTS is zero when the HTS is superconducting. 

For A g / Y B C O , Ag, and Ag aUoy, the conventional constant B = 2.45 x 10~^ 

W Q / K - is used. We take B = 3.15 x 10"^ Wf i /K" for HTS in the normal state. 

• J M M J ^ ^ — - • ^ • f H i i m r n ll ll I I 
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6.4 Constant Material Property Case 

The thermal conductivity, electrical resistivity, and heat capacity of the lead 

materials are highly dependent on temperature; however, a lead with constant 

properties gives a simple analytical solution and provides a complete quahtative 

description of the general behavior of the HTS leads. We use the conduction-

cooled lead (with zero hehum gas flow) as an example. With constant A. p, C. and 

m = 0, /i = 0, the transient heat-conduction equation becomes 

^dT d^T 

By using the dimensionless variables and constants 

X at T-Tc 

L' ^ 2 ' TH-TC" 

^-X{Tn-Tcy " = C ' ('-^^ 

the solution with boundary conditions, ^ = O a t ^ = 0, ^ = l a t ^ = l , and initial 

condition, ^ = (̂  at r = 0, becomes 

« ( f , r ) = ((l + ^-^^^\ - 2 r f ; ^ " J " 3 ^ " s m ( n ^ O e x p { - ( n x ) V } . (6.5) 

The first term is the steady-state solution, from which we can obtain the steady-

state heat flow at the warm and cold end, respectively, 

^ = A ( T „ - T . ) ^ - ^ (6.6) 

^ = A ( T „ - T e ) J j . ^ . (6.7) 

The condition 0 ^ = 0 (F = 2) and Qc = G, is equivalent to d/d{JL){Oc/1) = 0. 

and gives the minimum heat leakage {Qc/I)mm and optimum {JL)opt value: 

{9f) =[2\P(TM-TC)Y'\ (6.9) 
\ I / mm 

From Eq. (6.7), we decompose the heat leakage at the cold end into two par ts . 

One is the conduction contribution, A(T// — Tc)/{JL), and the other is the Joule 
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heat contribution, pJL/2. At the optimal JL. these two parts are equal (approxi

mately equal with temperature-dependent properties); at JL below the optimum, 

the conduction part is dominant; for JL greater than {JL)opt, the Joule heat part is 

dominant. In the superconducting steady state, the heat input from the warm end 

is equal to that of the cold end, Qc = QH, and in the normal steady state, Qc is 

the sum of Joule heat generation and heat input from the warm end. Qc = QH^G. 

For higher Joule heat {JL > {JL)opt), QH becomes negative, so the heat is dissi

pated at both ends. Throughout the transient, the heat generation is higher than 

the total heat dissipation, Qc — QH < G. 

For high JL, the Joule heating is the dominant factor, and we can neglect heat 

conduction to calculate the burnout time, because there is not enough time to 

dissipate the large amount of heat generated in the interior of the lead. Then we 

need only consider adiabatic heating, where the heating time is governed by the 

following equation: CdT/dt = pJ-. If the burnout temperature is Tb and initial 

tempera ture is To, the burnout time becomes 

t6 = TT / -dT. (6.10) 
J^ JTO P 

For constant material properties, tb = C{Tb — To)/{pJ-). Equation (6.10) is only 

apphcable for high JL and does not depend on the lead geometry. For JL close 

to {JL)opt, the adiabatic heat assumption is no longer vahd, and we must consider 

the full heat-conduction equation. 

In the superconducting steady state the tempera ture is (T — TC)/{TH — TC) = 

x/L, and the helium boiloff rate is m = Qc/Ci, where Ci is the latent heat of 

helium. This becomes 

m ^ 1 X{TH - Tc) /g ^^. 

I JL CL ' 

The hehum boiloff ra te for the normal state is 

m 1 X{TH -Tc) IpJL 

I JL Or 2 C 
(6.12) 

L 

The heat leak in the superconducting state represents only the conduction part 

of the normal-state 's heat leak. Fig. 6.4 shows these two relations. The sohd hne 

represents the normal s tate , and the dotted line the superconducting state. Typical 

values of silver are used to show the results. A = 4 W^cm-K, /? = 4 x 10~' Qcm. 
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C = 1.5 J /cm^K, and the cold and warm bath temperatures are Tc = 4.2 K and 

TH = 77 K. The hehum latent heat is d = 2.36 x 10'' J / kg . 

The energy balance equation Qc = md was reexamined precisely for open 

systems by Cha et al. (1992) who showed Qc = mCL{l - Pg/pj) is a better ap

proximation, where pg is the density of hehum gas and pf is the density of hehum 

hquid. For our purposes, the correction would only result in a smaU change in the 

value of CL. 

For a constant shape factor JL, m is proportional to / . In the normal state 

there always exists a value of JL for which rh/I is a minimum, e.g., at Point a in 

Fig. 6.4, as given by Eqs. (6.8) and (6.9). For JL values less than this optimum, 

thermal conduction dominates the heat transfer, and the performance of the lead 

is nearly the same whether the lead is superconducting or in the normal state. 

For JL greater than the opt imum, boiloff is much greater when the lead is the 

normal state than when it is superconducting. If one takes a lead that is optimized 

for the normal state, e.g.. Point a in Fig. 6.4, and then operates the lead in the 

superconducting state, i.e., at Point b , the heat leak is reduced by a factor of two 

(about a factor of two with temperature-dependent properties). One may safely 

reduce the heat leak further by making the lead longer and operating at Point d 

where hehum boiloff is lower than at Point a. If the superconductive state somehow 

becomes unstable and the entire lead transits to the normal state, the heat leak 

increases to tha t of Point c. The helium boiloff is now higher than that of the 

optimized normial lead, but the tempera ture of the lead is stiU below the value at 

which the lead undergoes irreversible damage. The lead can operate in this normal 

state for as long as necessary. 

For the constant material property case, the minimum JL of burnout can be 

calculated analyticaUy from the steady-state part of Eq. (6.5). If the normal steady-

state maximum tempera ture equals the burnout temperature , the minimum JL of 

burnout is obtained. 

Let the burnout tempera ture be Tb = 300 K, the dimensionless temperature is 

Ob = 4.06. By equating Bb = Bmax, the value F = 28.36, or JL = 14.37 k A / m m is 

obtained. The burnout time is infinity at steady-state burnout , Point c of Fig. 6.4. 
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One may further reduce the heat leakage by making the lead even longer (or by 

increasing J ) , e.g.. Point e in Fig. 6.4. At this point, however, if the lead becomes 

normal, the steady-state tempera ture becomes much higher than the burnout tem

perature at some portion along the length of the lead, and the lead wiU burnout 

at some finite time. In Fig. 6.4, for JL = 50 k A / m m , the superconducting-state 

boiloff is jus t 0.03 mg/sA (Point e ) , but the normal-state maximum temperature 

is over 3000 K. 

Fig. 6.4 also shows the burnout time, tb/L'-. as a function of JL. From steady-

s ta te burnout Point c, the burnout time decreases sharply as JL increases, and for 

high JL the slope of the curve becomes constant. The ratio \o^{tb/L-)/\o^{JL) 

approaches - 2 as JL increases, so tb % l / J " and this relation is the same as the 

adiabatic approximation of Eq. (6.10). For these design points, one must either 

be capable of reducing the current rapidly or instaUing other means to make the 

system safe. 

6.5 Superconducting Steady State 

There are two extreme superconducting steady states: conduction-cooled and 

vapor-cooled. With conduction coohng there is no helium flow, {m = 0), and heat 

input Sut X = L conductively transfers to liquid hehum at 2; = 0. If the heat-transfer 

coefficient h is very smaU or the thermal contact between the exhausting hehum gas 

and the current lead is poor, the conduction-cooled case is a good approximation. 

Because conduction coohng is a severe condition, the analysis gives conservative 

results. Vapor coohng aUows the helium gas to flow along the current lead, so the 

heat input from x = L can be dissipated to the exhausting hehum gas, and heat 

leakage into hquid helium is much less than in the conduction-cooled case. If we 

assume perfect heat exchange between the hehum gas and the lead, by a high heat-

transfer coefficient, we obtain the most optimistic result. The true state of a current 

lead hes between the conduction-cooled and perfect vapor-cooled conditions. 

6.5.1 Conduction-Cooled Superconducting Steady State 

Omitt ing the transient, heat generation, and convection coohng term from Eq. 

(6.1), we get d/dx(XdT/dx) = 0 with two boundary conditions, T = Tc at x = 0 

and T = TH 3ii X = L, where A is a function of temperature . The resulting 
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tempera tu re along the lead can be calculated by 

I = Ir, (̂̂ '̂'̂  /jr" (̂̂ )'̂ ^ (̂ -1*' 
and the heat leakage into the hquid hehum, Qc = XAdT/dx at 2; = 0, is obtained 

by applying Leibniz's rule to Eq. (6.14). The amount of hehum boiled off is given 

by 
rh 1 1 r^H 

l = TLclL '^^^'^- ^'-''^ 
For constant A, Eq. (6.15) is the same as Eq. (6.11). 

6.5.2 Vapor-Cooled Superconducting Steady State 

In the high-heat-transfer-coefficient limit, h is infinity, and the lead temperature 

and helium-gas tempera ture are the same (T = Tg). Then Eqs. (6.1) and (6.2) 

combine to become 
d I ^ ,rr.sdT\ rh d , ^^ ,„ „ . 

where we assume Cg is constant. We integrate this ordinary differential equation 

and use the self-cooling condition, 

A A ( r ) ^ ^ =rhCL (6.17) 

to obtain the heat-flow equation 

A A ( T ) ^ ^rh{cg{T - Tc) ^ CL} - (6.18) 

By integrating again, we obtain the helium boiloff rate and lead temperature profile. 

rh 1 /"̂ ^ A(r) 
/ JL JTC Cg{T - Tc) ^ CL 

dT (6.19) 

T X{T) , ^ / [TH X{T) 
_ _ dT / / —77=— ' ^ , ^dT. (6.20) 

L JTC Cg{T - Tc) -i-CL I he Cg{T -TC)^CL ^ ^ 

Figures 6.5 and 6.6 show the superconducting steady-state temperature profile 

for different materials. With vapor flow, the overall temperature is lower than tha t 

of a conduction-cooled lead of the same material . The temperature of the KKSW^-1 

sheathed lead is higher than that of Y B C O , because the thermal conductivity of 
KKSW-1 is a monotonicaUy increasing function of tempera ture . 
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6.6 Normal Steady-State of Conduction-Cooled Lead 

Many papers calculate the normal-metal optimal JL and minimum heat leak. 

Because of temperature-dependent material properties, the solution has an inte

gral form and requires numerical calculation. From HuU (1989). the equations for 

{JL)opt and {rh/I)min of a conduction-cooled lead are calculated. The governing 

equation is d/dx{XdT/dx) -f pJ^ = 0, and with the variable v = XdT/dx the equa

tion changes to {v/X){dv/dT) — pJ- = 0. By integrating from T = Tc ^o T and 

use of the relation tha t XdT/dx at x = 0 is JCL'rh/L, the temperature gradient 

equation to become 

A ( T ) ^ =JU CL-r) - B ( T ' - n ) \ . (6.21) 

As in the case of constant material properties, the minimum rh/I is obtained when 

heat input from x = L is zero, or {{dT/dx)j:=L = 0), in Eq. (6.21). 

( T ) . = 7 ^ { ^ ( ^ H - T ^ ) r - (6.22) 

The opt imum JL is obtained by inserting Eq. (6.22) to Eq. (6.21) and integrating 

from T = Tc to T = TH, 

TH X{T) 

Tc {B{Tjj-T^)} 

where the Wiedemann-Franz relation is employed. For fixed B. {rh/I)mm is a 

universal value. The tempera ture profile at {JL)opt also can be calculated from the 

proport ionahty of integration as below 

iJLU = L " .^,J' L..n^ (6-23) 

X •T A(r) 
;dT. (6.24) 

L {JL)optJTc {B{Tf,-r-)y^' 

As in the case of constant material properties, for JL less than optimum value the 

maximum tempera ture is less than T//, and the temperature gradient is positive at 

everywhere. Integrating Eq. (6.21) from T = Tc to T = TH results in the rh/I and 

JL relation becoming 

'TH X{T) 

{{CLm/I)'-B{r--T^)} 
JL= _ ^ H 1 J _ _ _ _ _ - ^ ^ T . (6.25) 

JT^ 
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The temperature profile also can be obtained by the same procedure of {JL)opt. 

For JL greater than optimum, the maximum temperature of a lead is greater than 

TH, and the temperature gradient of the cold side is positive; however, that of 

the warm side is negative. So we must divide the integration range at Xmax where 

temperature gradient is zero {dT/dx = 0), and the temperature is maximum (T = 

Frnax)- Equatiou (6.21) at 2; = Xmax gives the relation between boiloff rate and 

maximum temperature. 

^ = ^ { S ( T 1 , - T ^ ) r - (6-26) 

For fixed B, rh/I and Tmax relation does not depend on the temperature dependence 

of material properties. This relation is similar to {rn/I)mm oi Eq. (6.22). To know 

the rh/I and JL relation, we must go back to Eq. (6.21) with Eq. (6.26); the 

combined equation is 

A ^ y = J ^ 5 ( T l , - r^ ) . (6.27) 

In the range 0 < a; < x^ax, {dT/dx > 0), integrating Eq. (6.27) from T = Tc to 

Tmax gives a following cold side equation: 

Jxmax = r^^^ — TndT. (6.28) 
J^c {B{Tl^^-T-)y'-

For Xmax < X < L, {dT/dx < 0), integrating from T = Tmax to T = TH gives the 

warm side relation. 

rTmax X(T) 
J i L - x )= - ^ dT. 6.29 

^ ^"^^ J^^ {B{TLx-rny^' 
Combining Eqs. (6.28) and (6.29), the relation of JL and Tmax-

'Tma. X{T) ^^ r^-^^ X{T) 

'^c {B{Tl,^-T^)V^'' L {B{Ti^^-r-)y 

We can calculate Tmax for a given hi/I from Eq. (6.26), and then JL from Eq. 

(6.30). With known JL, Xmax can be calculated from either Eq. (6.28) or Eq. 

(6.29). The temperature profile also can be calculated at two separated ranges. At 

U <C X <C Xmax 

JL- f^-__^[U ^^^ r - ^S^ dT. (6.30) 

X •r A(T) 
L JL he {B {Ti^, - T-)Y" 

dT (6.31) 

«, i i '^MMaaBaM 
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and at Xmax < x < L 

X Xmax 1 Z* '̂"" A(T) 
7 7~ = 7 7 / V~. —^ TT^dT. 6.32 
L L JLJT {B{Tl^^-T^^)y" 

6.7 Minimal Boiloff without Burnout 

From a practical view, we would hke to find a lead material for which the hehum 

boiloff in the superconducting state is as low as possible, and at the same time if 

the lead transits to the normal state, the lead should be able to operate indefinitely 

without danger of burnout . Referring to Fig. 6.4, we would like to make the ratio 

{JL)c/{JL)a as large as possible. MathematicaUy, this is equivalent to making the 

integral in Eq. (6.23) as low as possible, while making the integral in Eq. (6.30) as 

high as possible. This suggests that , as a first approximation, we want a thermal 

conductivity as low as possible for the temperature range within which the lead 

is expected to operate in the superconducting state. At the same time, for aU 

temperatures higher than the superconducting maximum temperature, we want 

the thermal conductivity to be as high as possible. 

Figure 6.7 shows the calculated rh/I and JL relations for different materials. 

KKSW^-1 sheathed lead shows the largest value {JL)c/{JL)a. The CR-1 sheathed 

lead shows a small {JL)c/{JL)a value because of its high thermal conductivity at 

low temperatures . Figure 6.8 shows the maximum temperature as a function of 

JL. The majdmum temperature of KKSW-1 is comparatively less sensitive with 

the change of JL than those of other materials. 

6.8 Burnout 

The superconductor is a bistable system depending on internal or external dis

turbances. If the disturbance energy is low enough, the lead may have a smaU tran

sient normal region and can recover to its original resistance-free state. For larger 

disturbances, the normal zone propagates and a new steady state may evolve with 

part of the lead normal at temperatures higher than the superconducting transition 

tempera ture , and part of the lead superconducting at temperatures lower than the 

transition temperature . 

In this paper, we consider a simple model to estimate the burnout time. It is 

assumed that the disturbance energy is high enough to quench the whole lead at 

t ime zero. In terms of lead performance, this assumption is conservative, because 

" " '̂BiWiUUJLILUi'̂ -v,-- - -r—; -— 
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the entire lead is unhkely to become normal. However, if the adiabatic approxi

mation is vahd. then the burnout time may correspond approximately to that part 

of the lead in which the normal zone initiates. The second assumption is that the 

initial t empera ture is that of the superconducting steady state, for which tempera

tures are always lower than the transition temperature. This is also a conservative 

assumption ii t = 0 corresponds to the time when a voltage drop is first measured 

across the H T S . The heat capacity at low temperatures is relatively low. and we 

shall see later that the burnout time is not very sensitive to the initial temperature 

profile. 

We consider two different superconducting steady states as initial conditions. 

However, we assume only conduction cooling during the transient, even for the 

vapor-cooled superconducting steady-state temperature. Then, the solution of Eq. 

(6.1) with /i = 0, and two initial temperature profiles, Eq. (6.14) or Eq. (6.20). 

with two fixed boundary temperatures, T = Tc at x = 0, and T = TH a.t X = L . 

describes the transient. 

The nondimensional form of the governing equation is 

fc(0)f^ = ^ ( / . ( « ) | ) + r m (6.33) 

where the nondimensional material properties are 

fc{8) = ^ , / . ( « ) = f . / . (« ) = f- (6-34) 
Oo ^o Po 

AU other dimensionless variables and constants are the same form as Eq. (6.4) with 

referred material properties, Co, A„, po-

To solve the problem, we use a fuUy imphcit control-volume finite-difference 

formulation (Patankar , 1980). The finite difference equation becomes 

0,-0' 1 i r ,n J,+i-0, B,-B,.,\ 
fc{0,)-hr^ = 7 -. /A(^,+I/2) _ , - fx{0,-v2)-r-rT- K/p(^')r. 

(6.35) 

The subscript i means center, and i - 1/2 and i + 1/2 are the boundaries of the 

i-th control volume. The primed tempera ture B' is the (n - l)- th and aU other B 

are the n- th time-step temperatures . The t ime increment AT is the difference of 

consecutive times r^ and r„_ i . For N control volumes. Eq. (6.35) gives N nonhnear 
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algebraic equations. The one-dimensional nature of the problem yields tri-diagonal 

equations which can be solved efficiently by the Thomas algorithm (Patankar. 1980). 

To solve this system of nonhnear equations, iteration is necessary with the previous 

time-step tempera ture as the initial guess. 

In our calculations, the number of control volumes was 100 and the time step 

number was approximately 1000 to reach the burnout state, Tb = 300 K. 

6.9 Discussion 

Figures 6.9 and 6.10 show the hehum boiloff rate as a function of JL for the 

conduction-cooled and the vapor-cooled superconducting steady state, respectively. 

These graphs show the burnout range of JL, so the left hmit of each hne corre

sponds to Point d of Fig. 6.4. Because of their higher thermal conductivity at low 

temperatures , pure silver W-2 and FRW-2 have larger heat leak. Of the sheathing 

materials examined in this study, KKSW-1 has the lowest boiloff without burnup. 

For the fixed JL, the pure YBCO has the least hehum consumption. 

Table 6.1 shows the characteristic integrals of each material. Column (a) is the 

integral value of Eq. (6.15), and column (b) is the integral value for Eq. (6.19). 

For the same JL, the helium dissipation of the vapor-cooled is much less than 

for the conduction-cooled lead. Both conduction-cooled and vapor-cooled leads 

have lower helium boiloff rates when they are composed of materials with lower 

thermal conductivity. The ratio (a) / (b) represents the performance of vapor flow. 

By allowing vapor flow, the helium boiloff rate is reduced 7.8 times for the YBCO 

lead. The sheathed lead KKSW^-1 gives the best performance among the materials 

calculated, which is related to the temperature dependence of thermal conductivity. 

Only KKSW-1 has a monotonically increasing thermal conductivity as a function 

of temperature , as shown in Fig. 6.2. 

Table 6.2 shows the values for each material of the different points shown in 

Fig. 6.4. Point a is the {JL)opt and minimum hehum boiloff rate of the lead in 

the normal s tate , which can be calculated from Eqs. (6.22) and (6.23). Point b 

represents the superconducting state for {JL)opt from Eq. (6.15). The {rh/I)a is 

a universal constant by using the same value of Wiedemann-Franz constant. In 

this paper, we use a higher constant for YBCO than for silver. Thus the YBCO's 

{rh/I)a is slightly higher than that of other material . Also shown in Table 6.2 

is Point d - v c . which has the same JL as that of the conduction-cooled case at 

•̂  . : ^ ..- - ••- T T ^ ^ ^7^.^^^^^ --^^ 
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Point d but has a boU off in the superconducting state that is associated with the 

vapor-cooled case. 

Burnout time {tt/L'-) as a function of shape factor {JL) is shown in Fig. 6.11 for 

different materials. The burnout times from initiaUy conduction-cooled and vapor-

cooled leads are almost the same because the burnout temperature (300 K) is much 

larger than the initial temperatures (Figs. 6.5 and 6.6) and most of the heat capac

ity occurs at higher temperatures . Numerical calculation shows shghtly different 

burnout times for the two initial temperatures: however, it cannot be distinguished 

on the graph. Leads made from materials with lower thermal conductivity burn 

out faster for the same JL. 

Once the shape factor is high enough to be in the adiabatic burnout range, 

burnout time is no longer dependent on length and is given by Eq. (10). Table 

6.3 provides the burnout integral tbJ^ for the materials discussed in this paper at 

To = 4.2 K and To = 77 K. For fixed J, the pure Ag-sheathed leads, with the lower 

electrical conductivities, have the longest tb. For the same burnout time, W2 can 

withstand a current density 16 times higher than pure YBCO. 

Figures 6.12 and 6.13 give the burnout time with respect to the operating helium 

boiloff rate of conduction-cooled leads and vapor-cooled leads, respectively. Here 

operating helium boiloff is the value in the superconducting steady state. Point e 

of Fig. 6.4. and the corresponding burnout time is Point g of Fig. 6.4. For the same 

hehum boiloff rate, YBCO gives the longest burnout time; however, the JL values 

for same rh/I are different for different material, as shown in Fig. 6.7. For a fixed 

rh/I, JL of YBCO is much smaller than silver and silver aUoys. For high operating 

hehum boiloff rates, which means a small shape factor at Fig. 6.7, burnout time 

also becomes long. 

6.10 Conclusions 

The transient behavior and burnout time of HTS and Ag-sheathed HTS leads 

were analyzed. Operating between heat sinks at temperatures below the critical 

tempera ture , HTS leads can provide heat leaks to the cold end that are significantly 

lower than those attainable by normal metal leads. For each HTS material, there 

exists a maximum shape factor for which the entire lead can operate in the nor

mal state without burnout . At this design point, the lowest heat leak is attained 

for materials with low thermal conductivity over the superconducting temperature 

*#<»«a 
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range and with higher thermal conductivities at higher temperatures. For each HTS 

lead, the heat leak can be made arbitrarily low with large values of shape factor, 

for which the burnout transient can be well approximated by adiabatic heating. In 

this design range, low current densities and high thermal conductivities give longer 

burnout t imes. 

aaacnTw 
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Table 6.1: Boiloff integrals for different materials 
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material 

YBCO 
KKSW-1 

CR-1 
FRW-2 

W-2 

(a) 

{rh/I){JL)CL 
of Eq. (6.15) 

(W/cm) 
1.4 

76.8 
476 
2685 
2748 

(b) 
{rh/I){JL)CL 
of Eq. (6.19) 

(W/cm) 
0.18 
9.4 
85 

1076 
1107 

ratio 
(a)/(b) 

7.8 
8.2 1 
5.6 i 

2.52 
2.48 1 

1 

Table 6.2: Selected values of JL and rh/I for different materials (The convention 
of point is corresponding to Fig. 6.4) 

material 

a 
b 
c 
d 

d-vc 

YBCO 
JL 

(A/mm) 
18 

rh/I 
(mg/sA) 

0.58 
18 1 0.34 
35 1 2.25 
35 1 0.18 
35 1 0.023 

KKSW-1 
JL 

(A/mm) 
1159 
1159 
5040 
5040 
5040 

rh/I 
(mg/sA) 

0.51 
0.27 

2 
0.06 

0.008 

CR-1 : 
JL 

(A/mm) 
5712 

rh/I 
(mg/sA) 

0.51 
5712 1 0.35 
7725 i 2 
7725 1 0.26 
7725 0.046 | 

Table 6.3: Burnout integral Eq. (6.10), tbJ^ in A^s/cm' for Tb = 300 K 

material 
W-2 

FRW-2 
CR-1 

KKSW-1 
YBCO/Ag 

YBCO 

To = 4.2 K 
1.1 X 10^ 
1.1 X 10^ 
7.5 X 10« 
3.5 X 10« 
1.9 X 10' 
2.3 X 10^ 

To = 77 K 
4.9 X 10« 
4.9 X 10^ 
4.7 X 10^ 
3.0 X 10« 
1.4 X 10' 
1.9 X 10^ 

ttytttaiM i^i 
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Figure 6.1: Schematic of heat transfer in current lead 
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