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NOMENCLATURE 

t - Time 

z - Distance above the tip of the root 

r - Radial distance, outward from the center of the root 

^ - Water potential 

^ar - Xylem water potential 

^ , - Soil water potential 

$ - Porosity 

Q - Total mass of water per unit time 

q - Total mass of water per unit time per unit length 

k - Hydraulic conductivity 

R - Resistance 

77 - Viscosity of water 

9 - Concentration of water 

p - Density of water 

L - Length of the root 



CHAPTER I 

PRELIMINARIES 

1.1 Introduction 

Landsberg and Fowkes [1] produced their mathematical model for the water 

uptake in plants by considering a single main root and laterals of cylindrical type. 

They considered the physical characteristics of the roots to be independent of 

distance from the root tip. In reality, cylindrical roots are rare and physical 

characteristics change along the length of the root. The main purpose of this 

thesis is to extend the work of Landsberg and Fowkes to roots of variable radius 

and to variation of physical parameters with distance from the root tip. 

The remainder of Chapter 1 presents background material for our study. 

First, we discuss the activities of plants in order to understand the function of 

water in plants. In Sections 1.3 and 1.4 we study how water flows through the 

soil, radial flow, and Richard's equation. In Chapter 2 we derive a mathematical 

model for the water uptake in a single main root by assuming that the relevent 

physical parameters are functions of distance from root tip. Chapter 3 is devoted 

to summarizing the results of the Landsberg and Fowkes model by using the 

derivation in Chapter 2. Chapter 4 applies the mathematical model of Chapter 

2 to the case of water uptake in a single root with variable radius, with all other 

physical parameters held constant. 

1.2 Plant Activities 

In order to develop a proper insight into the process of water uptake in plants, 

a brief description of the structure of a plant is considered in this section [3]. 

Plants absorb water through the roots. Roots absorb water from the soil. How 

soil receives water, the way water flows in soil, the process by which roots absorb 

water from the soil and the procedure by which the root system provides water 

to the plant, are important factors in understanding the response of plants to 

adverse weather conditions, such as drought. 
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In plants, water serves the following important functions. 

1. Growth of the plant: Growth takes place by division of cells. 

2. Manufacture of food: This is the reaction between water and carbon dioxide 

to produce sugar and oxygen. This takes place at the leaves in the presence 

of sunlight with the catalyst chlorophyll. 

chlorophyll 
QCO2 + 6H2O + Energy > CeHizOe + 6O2 

carbon water (sun) ^^^ ^^ ^ sugar oxygen 

dioxide 

Sugar converts to starch (sometimes immediately) in many parts of the 

plant. It also produces fats (oils) and proteins (amino acids) using nitrogen 

(N), sulphur (S) and phosphorus (P). These elements are obtained by the 

plant from the soil. This process is called photosynthesis and is restricted 

to daytime only, but can take place under artificial light as well. 

3. Transportation of essential substances: The plant receives all the vital 

nutrients from the soil in solution form. This migration takes place through 

the epidermis (thin outer layer of root, consisting of a single layer of brick-

shaped cells) from soil to the root by diffusion. 

4. Maintenance of rigidity of the plant: Water gives stiffness to the plant, 

especially to the softer parts. 

To understand the basic mechanisms of plants, the following activities of the 

leaves should be considered. 

1. Respiration: Respiration takes place in all living cells, especially in the 

leaves and stems that are in close contact with the atmosphere. During 

respiration, oxygen from the atmosphere is absorbed by the leaves through 

stomata (pores that are at the bottom surface of the leaves) and the fol

lowing oxidation reaction occurs. 

CsHuO^ -h 6O2 > 6H2O + 6CO2 + Energy 

sugar oxygen water carbon 

dioxide 



The energy released is used for all plant activities, including growth. It 

is clear that the process of respiration is the opposite of photosynthesis, 

however, they are not balanced operations. Furthermore, respiration takes 

place continuously, while photosynthesis is limited to daytime only. 

2. Transpiration: This is the process of evaporation of water into the atmo

sphere through the stomata of plant leaves. This is a continuous process 

which is responsible for flow of water from the roots to the leaves. The 

oval shaped guard calls on either side of the stomata regulate the open

ing and closing of the pores but they do not stop evaporation completely. 

Since the cell wall is permeable when the concentration of water in air is 

less than that of the outer layer of plant cells, the cells lose water into the 

atmosphere through diffusion. The outer layer cells receive water through 

diffusion from the inner cells whose water concentration is higher. This 

process continues up to the roots of the plant. By the same process, roots 

receive water from soil. When the cells of plant leaves are full of water, 

guard cells bulge outward, opening the stomata, and facilitating the evap

oration of water into the atmosphere. When the supply of water to the 

leaves reduces, as water is lost from the cells, the guard cells shrink and 

close the stomata to reduce evaporation. Thus evaporation of water from 

leaves causes the flow of water from soil to the roots and then to the plant 

leaves. 

Another important function of the stomata is to absorb carbon dioxide 

from the atmosphere and release oxygen into the atmosphere, which is the 

by product of photosynthesis. The operation of guard cells depends on 

external factors such as light, humidity, and temperature. Therefore, it is 

clear that for the proper functioning of plants, stomata of leaves should be 

kept open, thus requiring a continuous supply of water to the leaves. 

Plant leaves receive water from roots. Therefore, it is important to study 

the factors which govern the flow of water into and through the root system. 

These factors include the size and length of roots, the size of the xylem 

(diameter), the degree of root branching, and the resistances to flow of 

water into and through the root system. 
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Modern genetic engineering allows scientists to change the root structure of 

plants, thus effecting the way in which they respond to poor weather condi

tions such as drought. The purpose of this work is to look at the problem from 

a mathematical point of view and to devise a model that explains the impact of 

change of root characteristics on water transport in the soil plant system. 

To understand the structure of a root it is important to look at horizontal 

and vertical sections. A brief description is given below. 

Epidermis: The epidermis is a single layer of brick-shaped cells which is at the 

outer covering side of the root. This is a semipermeable membrane responsible 

for the absorption of soil solutions and the protection of the root. This layer acts 

as a protective barrier to reduce desiccation and prevent the entrance of harmful 

agent such as bacteria and fungi. 

Cortex: This is a layer of loosely packed cells with cavities filled with air 

between the epidermis as the inner boundary and the endodermis as outer the 

boundary. The main function of the cortex is to store food and water. 

Endodermis: The endodermis is a single layer of cells, often with thick walls. 

It has no special functions, but acts as a boundary layer for cortex and central 

cylinder of root. The central cylinder is the principal conducting and strength

ening region of the root. 

Pericycle: The pericycle is a layer of thin-walled cells lying just inside the en

dodermis. This acts as an origin for secondary roots that increase the absorption 

capacity of the root. 

Xylem: Xylem is composed of large rounded, thick-walled, long empty cells 

that resemble pipes. These cells live only for a short period of time but continue 

to serve as channels to conduct water (soil solution) even long after their death. 

Normally these pipes exist as a few bundles in the central cylinder and the number 

of bundles varies with different plant varieties. The main function of the xylem 

is to supply water and other nutrients (dissolved minerals) to the leaves for their 

activities. Xylem receives water from the soil (because of diffusion) after it passes 

through the epidermis, cortex and endodermis. 

Phloem: This is similar to the xylem, but lies outside the xylem bundles and 

within the central cylinder. Its main function is to transport food from leaves 

and stems downward for storage. 



The cells between xylem and phloem are called cambium. They are thin-

walled, very active cells that are capable of continued cell division. Because of 

their thin-walled and active nature, these cells exert no resistance for flow of 

water from cortex to xylem. The process of division of cells is responsible for 

the growth of xylem and phloem. The flow of water through the xylem can be 

explained with the help of a longitudinal section. 

1.3 Flow of Water in Porous Media 

A brief explanation of the flow of water in a porous medium is given in this 

section [2]. The soil consists of an aggregation of particles of different sizes and 

of varieties of substances. There are many empty spaces among the particles. 

These interstitial spaces are called "pores"' and are usually filled with air. The size 

and nature of pores vary according to the size of the particles in the medium. 

Any medium having this property is called a "porous medium." Some of the 

pores in a porous medium are interconnected (effective pores) and some are non-

interconnected. In the soil, interconnected pores are responsible for flow of water. 

The following definitions are commonly used. 

Pore volume 
Porosity ( $ = — — • . 

iotai volume 

Interconnected pore volume 

Total pore volume 

Pore volume $ 

Effective porosity = 

Void ratio(e) = 
Solid volume 1 — $ 

Soil porosity varies from 43%-54%. When the dry, ground surface receives water, 

it first diffuses slowly downward, wetting all the surfaces and making a thin film 

of water on the particles. The formation of this film and its thickness depend 

on the interaction between water and surface of the particles. Some of the void 

spaces become filled with water and water is retained in the soil because of 

capillary action. During this process, some air is displaced and the remainder 

is trapped in the voids. The capacity of soil to hold suspended capillary water 

and water as adsorbed layers around particles is called field capacity. When field 

capacity is satisfied, any excess water is free to travel downward under gravity. 

The movement of water is complicated because of the trapped air in the soil, 
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The movement of water is complicated because of the trapped air in the soil, 

which reduces the effective porosity. This activity takes place in the top layer of 

the earth's surface, which is usually the top few meters. 

The flow of fluid through a porous medium (such as soil, sand, lime, etc.) was 

studied by Darcy, and the result has come to be called Darcy's law. According 

to Darcy, if 

Q = Volume of liquid per second 

A = Area of cross section, through which fluid 

flows at a right angle. 

dP ^ 
—r— = Pressure gradient 
dx Tj = Viscosity of the fluid. 

Then 
1 dP 

Q (X A; (? oc - ; Q oc 

=> Q oc 

dx ' 

Q = 

Tj dx 

KAdP 

rj dx 

The proportionality constant K is called the permeability of the porous medium. 

Using dimensional analysis we can find the units of K. The dimension of 

dP MLT-^ 1 ,^^ ,^_2 
— = • — = ML T 
dx L^ L ' ^ ^ ^ • 

The dimension of viscosity could be obtained using the Hagen-PoiseuiUe formula 

for flow of liquid through a circular pipe. 

TTĴ ^ dP 

8r) dx 

Equating dimensions we have: 

^ = !^.ML-'T'\ 
T [n] 

=> [r;] = M I - ' ^ - ^ 



Now equating dimensions in Darcy's equation we have: 

L^ _ [K]L^ • ML-^T-' 

T ~ ML-^T-^ 

=> [K] = L\ 

Flow of water (always from high pressure to low pressure) through a porous 

medium is governed by the following factors: 

1. pressure gradient, 

2. gravity, 

3. capillary action (depends on the size and the nature of the surface of the 

particles). 

Thus the water in a porous medium has potential energy different from that 

of free water at the same temperature and elevation. The potential energy per 

unit mass of water in the medium compared to that of pure free water at the 

same temperature and elevation is called "water potential." This indicates that 

the flow of water depends on the potential gradients. Therefore the equation in 

Darcy's law can be written as 

Q = - ^ ' ^ , (1.1) 
7/ OX 

where 

1. -̂  = water potential, 

2. 1^ = potential gradient, and 

Z. K = proportionality constant. 

By carrying out a similar dimensional analysis, we have 

13 [K] . L^ . M L T - ^ 

T ~ ML-^T-^ 
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1.4 Radial Flow and Richard's Equation 

Consider a rectangular block of soil ( or any porous medium ) as shown in 

Figure 1.1. 

X 

X + Ax 

Q(x -h Ax) 

Figure 1.1: Rectangular Block of Soil. 

Q = 

9 = 

p = 

Volume of water per second perpendicular 

to the cross section whose area is A. 

Volume of water [ absorbed by roots j per second. 

density of water. 

According to Darcy's law 

and 
KA fdik 

Q{x + A i ) = 
77 \dx J ^. 

By considering the flow of water in a given direction at a constant temperature 

and time we can use the mass balance equation 

Flow in = Flow out -r Production + Accumulation. 



Flow in = Q{x). 

Flow out = Q{x + Ax). 

Production = ^(absorption by the roots). 

Accumulation is the retention of water by soil particles due to intermolecular 

attraction, nature, and capillary action. The capillary action depends on the 

size and surface area of soil particles. 

Thus, 

Accumulation = —(Volume of water in pore volume. 

Let 
Volume of water in pore volume 

Pore volume 

where 0 < 5 < 1, is called the degree of saturation. 
Using 

• /;f,\ Pore volume 
Total volume 

we have 

volume of water in pore volume = $ x 5 x Total volume 

= ^ X S X A X Ax. 

Therefore, 
d dS 

accumulation = —[^SAAx] = ^AAx—. 

By substituting into the mass balance equation, 

dS 
Q{x) = Q{x + Ax) + g + ^^^^~Q^ 

dS 
=» -lQ{x + Ax) - Q(x)] = q + ^ ^ A x — . 

Applying the mean value theorem to the left-hand side of the above equation we 

have, 
dQ{x) ^ ;^,^ 9S 

^^ ^ Ax = q + ^AAx-^. dx ^ di 
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Using Equation 1.1 (Darcy's law) 

A x -
ax 

KAd^ 

TJ dx 

dS 
= g + $AAx — , 

AAx d_ 

dx T) dx 
= q + $AAx 

dS_ 

dt 
(1.2) 

Let 

9 = 
Volume of water in the medium 

Total volume 
(1.3) 

where $ is assumed to be a constant. Dividing Equation 1.2 by A Ax and differ

entiating 1.3 with respect to time, we obtain 

d (Kd^ q d9 
+ (1.4) 

dx \r] dx j AAx dt 

We assume that 6, the water content depends only on the potential ^ and time, 

so that 

9 = 9{^(t)). (1.5) 

Using 
d9__ d9_ d^ 

dt~ d<^' di' 

Equation 1.4 becomes, 

d 
dx 

Kd^' 
7] dx 

where 

Setting 

-w-S^ 

(1.6) 

K{^) = ^ . 

where K denotes the conductivity of the soil and depends on ^ , Equation 1.6 

can be written as 

(1.7) _d_ 
dx 

5^ d^ 
= C ( * ) - + S, 
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where 

5 = ; j ^ = absorption per unit volume per unit time. 

To study the radial flow of water we consider a cylindrical layer of soil of 

thickness Ar and height Az as shown in Figure 1.2. We assume that the water 

flows toward the center and that there is no production. 

Q(r+Ar) 

Figure 1.2: Soil Cylinder. 

By considering the mass balance equation at a given time t. 

Flow in = Flow out -̂  Accumulation. 

Flow in = Q{r — Ar) , 

Flow out = Q(r) . 

Accumulation = -—(volume of water in porous medium). 
dt 

di 
(9 ' Total volume). 

Total volume = [iT{r ^ Ar)^ - 7rr^]Az, 

= 7r[2rAr ^ Ar- jAc , 

= 7rAr[r + Ar + r]A2, 

= 27rr^ArA2, 
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where 

Thus, 

r + Ar •+- V 
Tm = 

accumulation = — ( ^ • 27rr^ArA2:), 

O A A ^ ^ 

dt m' 

Using the mass balance equation. 

Q{r -f Ar) = Q(r) -f 27rr^ArA2 
di 
dt 

By applying the mean value theorem. 

Fin Q/j 
A r - ^ + 0{Ar^) = 27rr^ArA2—, 

or oi 

^ ^ + 0 ( A r ) = 2 x r „ A z g . 

Applying Darcy's law for the flow of water toward the center, 

KAd^ 
Q = 7] dr 

Using Equations 1.8 and 1.9 we have 

KAd"^ d_ 

dr 

d_ 

dr 

Tj dr 

d9 
+ (9(Ar) = 27rr^Az — , 

^ 2 7 r r A z a ^ d9 
+ 0{Ar) = 2TTr^Az— 

(1.8) 

(1.9) 

•q dr 

By taking the limit as Ar —* 0 and canceling the common constant term this 

equation can be written as 

r dr 

K_ d^ 

TJ dr 
di 
di 

By using 1.7 we have 

r dr 
'K{'^) 

d^ 

dr 
= C(9) 

at' 
(1.10) 
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where 
d9 
-— = C'(^) = specific conductivity, 

and 

— = •^ (^ ) = conductivity depends o n ^ . 
V 

Equation 1.10 is known as Richard's equation. 



CHAPTER II 

WATER UPTAKE IN A SINGLE ROOT 

This chapter is devoted to extending the mathematical model of Landsberg 

and Fowkes to the case where root parameters vary along the root. We consider 

a single main root and we assume that , 

1. root radius, 

2. radial resistance of the root, 

3. axial resistance of the root, 

4. soil water potential, and 

5. number of laterals, 

are functions of the distance z from the root tip. We also assume that there 

is no radial resistance in the xylem, no vertical flow through the root tip, and 

continuity of water potential at the endodermis and the epidermis. Consider a 

section of the as shown in Figure 2.1. 

stele 

endodermis 

cortex 

xvlem 

Figure 2.1: Cross Section of the Root. 
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For steady state radial flow ff = 0. Thus, under steady state flow, Richard's 

equation becomes 
l_d_ 

r dr or 
= 0. 

Considering a point in the cortex a radial distance r from the center of the root 

and integrating from r,t to r we have 

r-
Jr.t dr 

^KW dj^ 
dr 

(ir = 0 

rK{i,)^ ; . = o 

rKwf^=r.,m)[% 
r=r,t 

where r,^ is the radius of the stele. Since r,t is a function of z, this can be 

rewritten as 

Multiplying both sides by 27rA2 

dth (dib 
2izrAzK{il^)^ = 27rr,t{z)AzK{il;) ( - ^ 

dtp\ 

/ r ^ 

(2.1) 
r=r,t 

The above equation shows that the total flux through a ring of radius r and 

height Az is equal to the total flux through a ring of radius r,f and the same 

height. 

According to Darcy's law 

2Trr,t(z)AzK{i;)[^] =Q,u 
r = r , t 

(2.2) 

where Q^t denotes total flux through the stele. Substituting this result into 

Equation 2.1 yields 

27rrAzK{il;)^ = Q^ 
Or 
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By integrating with respect to r, 

fic(^M^=-%r'i.. 
U,t 21:Az Jr^tiz) r 

where r^z) is the radius of the cortex. We assume that i i ' ( ^ ) = iiT is a constant 

for steady state flow. 

Therefore, 

^l*-*-i = 5fe'-̂  
r^{z) 

or 

Let 

That is. 

g(-) = 

st{z)\ ' 

27rK_[%-J^ ^ 0^ 

ln[rc(z)/r,t(2:)] Az' 

Az ln[r,(2)/r, ,(2))] 

q{z) = K^{z)[^,{z)-^^{z)], (2.3) 

where ^ , (2 ) = ^ c , and ^^.(2) = ^^t, and 

ln[rc(z)/r,t(2;)] 

is the radial conductivity of the root and depends on z because of the term 

rc{z)lr,t{z). 

We have from the Hagen-PoiseuiUe equation that vertical flow through the 

xylem is given by 

where a^ = X!^f with summation over all the xylem elements, and with the i^^ 

xylem having radius a .̂ We assume that a^ is a function of z. 

Considering the conservation of water at steady state, we have 

d 
Az—Q:,{z) = 27ra{z)Az • q{z), 

az 

-> ^ ^ = 27ra(z),(z) (2.6) 
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where a{z) is the radius of the root. By substituting for Q^{z) and q{z) in 2.6 

using Equations 2.5 and 2.3 we have. 

_d_ 

dz 
1 dyjf^jz) 

Rx{z) dz 

2'Ka[z) 
[ * . ( z ) - * . ( z ) ] , 

where 

and 

Let 

R.{z) = ~ 
8rj 

7ra\z) (3{zy 

a(z) = 2T:a[z)IR,{z), 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

then we have 

A. 
dz 0(^) dz 

-a{z)^,{z) = -a{z)^,{z). (2.11) 

The remainder of this thesis will be concerned with differential Equation 2.11, 

which describes the flow of water in the xylem. When a{z) and P{z) are constants 

the corresponding equation of the Landsberg and Fowkes model [1] is obtained. 

The xylem potential at the top of the root is assumed known, with value ^x^, 

so that 

* x ( i ) = ^xL- (2.12) 

Since there is no vertical flow from the tip of the root we have the second bound

ary condition. 

dz = 0. (2.13) 

The differential Equation 2.11 together with the boundary conditions given 

by Equations 2.12 and 2.13 describe the xylem potential as a function of distance 

from the root tip. Much of the remainder of this thesis is concerned with finding 

solutions to this two-point boundary value problem for a variety of functions a, 

/?, and ^ , . 
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2.1 Existence and Uniqueness of Solution 

Equation 2.11 is solved by using the method of variation of parameters. 

T h e o r e m 2.1 Let ^i{z) and ̂ 2(2) be the homogeneous solutions with 

1. ^i(O) = 1 and *'i(0) = 0 

2. ^2(0) = 0 and ^'2(0) = 1 

then, the general solution of the two-point boundary value problem 2.11, 2.12, 

2.13 is given by 

*̂ (̂ ) = ^(o)ii(i)[^(^'^'r"«)*-(«*'(«)<^^ 
+-i,{z)j^G(i,L)a(0'iM)d^ + , , , \ ' (2.14) 

*:(X) 

wh ere 

G[z,L) = ^2{L)^i{z)-^,{L)^2{z). 

Existence is guaranteed by Theorem 2.1 provided ipiiL) 7̂  0. We have the 

following lemma. 

L e m m a 2.1 i/)i{L) > 0. 

Proof: By integrating the homogeneous equation corresponding to Equa

tion 2.11 with respect to z we obtain 

#1(2) 1 r ( M ( \j 

Therefore, ij\[z) is a monotonically increasing function (since V'i(O) = '^•,ot{z) > 

0, and i3{z) > 0) and thus xj^iiL) ^ 0. 

The homogeneous Equation of 2.11 has a unique solution in [0,L] if 

_d_ 
dz 

0i^) dz 
a{z)^:,{z) = 0, where ^',(0) = ^,(L) = 0 (2.15) 

has only the trivial solution ^1(2) = 0 for all z in [0,L][13]. 
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T h e o r e m 2.2 If a{z) > 0 and 3{z) > 0 the only solution of the above equation 

is the trivial solution ^x(2) = 0 . 

Proof: Multiply Equation 2.15 hy "^^{z) and integrate with respect to z from 

0 to L. Then, 

Jo dz 0{^) 
d^4^) 

dz 
dz- a{z)'^l{z)dz = 0. 

Jo 

Integrating the left term by parts we have 

^x /3 (2 ) 
dz 0- tpiz) 

Jo 

d;^z) 

dz 
dz- I a{z)^l{z)dz = 0. 

With the above boundary condition, the above equation reduces to 

Jo 

d^x(z) 

dz 
dz+ a(z)^l(z)dz = 0. 

Jo 

Since (3{z) and Oi{z) are positive, and ^1(2) is a real function the above equality 

implies that ^1(2) = 0 for all z in [0,L]. This completes the proof. 

To see the uniqueness let us consider ^1 and ^2 be two distinct solutions. 

Let ^x = ^1 — ^2- The linearity shows that ^3. is also a solution. Using the 

boundary conditions we have 

and 

< ( 0 ) = ^'i(O) - ^'2(0) = 0 

^x{L) = ^,{L)-^2(L) = 0. 

By substituting ^1 and ^2 in to the homogeneous equation and taking the dif

ference we have 

dz /3(^) dz 
- cc{z)^,(z) = 0, 

where *1(0) = ^x(i^) = 0. 

It follows from Theorem 2.2 the solution of the above equation is the trivial 

solution H^ = 0. This implies that ^1 = ^2- Thus the homogeneous Equation 

2.11 has a unique solution. 
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2.2 Flux at a Given Point of the Xylem 

Using the Hagen-Poiseuille Equation 2.5 and differentiating Equation 2.14 

d^:.{z) 

dz ^^^[G'iz.L)l\i0^.m.iOdi 

+ *;(z)jJ^G(^i)a(0*.(0'i^ 

* l ( J ^ ) 
(2.16) 

we have 

T h e o r e m 2.3 The flux at any point z in the xylem is given by 

'5'(̂ ' = -̂ (̂ )Mfc(i)H''̂ ^r"^ '̂*''̂ '*'* '̂'̂  
+*i(^)/'G(M)a(0*.(Od« 

/3(z)^,^$;(--) 

*i(i) 
(2.17) 

The flux at the top of the root is obtained by nnaking z = L, fi{z) = (3{L). 

Corollary 2.1 Let QL = Qx{L), denote the flux at the top of the root. Then, 

I3{L) 1 '^ 
QL = 

*i(i) 



CHAPTER III 

ROOT PARAMETERS INDEPENDENT OF DEPTH 

In order to compare our work with that of Landsberg and Fowkes, in this 

chapter we summarize the work of Landsberg and Fowkes [1] for water uptake in 

a single main root and with multiple levels of laterals. 

3.1 The Single Root Model 

In this section we summarize the result of Landsberg and Fowkes for the 

single root model. The following simpHfying assumptions are made: 

1. The soil water potential, ^a, is a constant. 

2. The xylem potential, ^x , depends only upon the distance z above the tip 

of the root. 

3. There is no radial resistance within the xylem. 

4. At steady state K ( ^ ) - radial conductivity of the cortex is a constant. 

5. There is no vertical flow from the tip of the root. 

If we assume steady state conditions the derivation in Chapter 2 can be used. 

Under the conditions stated above. Equation 2.11 becomes 

fMl>-a'^.{z) = -a'<l., (3.1) 

where ^ _, 
2TraR 

a' = 
2 _ ^ » ^ ^ ^2.2) 

Rr 

The general solution of Equation 3.1 is found using the method of undeter

mined coefficients to be, 

*x(2) = A cosh(a2) + B sinh(az) -f ^ , . (3.3) 

The constants A and B are found using the boundary conditions 2.12 and 2.13. 

The solution is, 
^ ,coshfa^) ,_ ,v 

^x(^) = * , + ^ L - ^^ . ry (^'^^ 
^ ' cosh(ajLj 
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where "^L denotes the potential at the top of the root. The flux((5r) at the top 

of the root is found as follows. Using the Hagen-Poiseuille Equation 2.5 and 

Equation 3.4 

When z = L, 

Thus 

where 

^ . . 1 ,^ ^ ,asinh(a2;) 

Q,{L) = QT = -^{"^L - ^s)at^inh{aL). 

<?r = - ; ^ ( * L - * . ) , (3.6) 

R. = -r^rr-r, (3-7) 
a tanh(aL) 

is the total resistance of the root. 

By replacing Rx-, using 3.2 and 3.7 we have. 

R. = „ " ^ , n (3.8) 
27ratan(ajLj 

and 

3.2 Lateral Roots 

The case of TV laterals per unit length was studied by Landsberg and Fowkes 

[1]. The laterals emanate from the cylindrical main root. 

It is assumed that 

1. the laterals are cylindrical, 

2. all laterals are of length Xf, 

3. all laterals are of radius Qi, 

4. each lateral has radial resistance = Rr,u 

5. each lateral has a.xial resistance = Rx,i' 

By application of the result on the single root model, that is, 

we see that the flux from a single lateral into the main root is given by 

(3,(^) = - ; ^ ( * x ( ^ ) - * , ) , (3.9) 
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where 

Qi{z) = total flux from the lateral at 

a distance z from the tip of main root, 

^^xiz) = xylem potential at a distance z 

from the tip of the main root, 

Ri = total resistance. 

Similarly, we can extend other formulas for flow in the main root to flow in the 

laterals. 

Thus 

=> 

Rs = 

Ri = 

a' 

->^? 

Rx 

a tan(aX) 

Rx,i 

aita.Tih(aiLi) 

27raRx 

Rx 

27raiilx,z 

(3.10) 
UCl lii.llU.\CXlljl) 

and 

(3.11) 

Now, considering the mass balance equation, 

flow up the root = flow through the cortex of the main root + flow through 

the laterals into the main root, we have 

Az—{Qx{z)) = 2Traqr{z) - Az-{-N • Qi{z)Az. (3.12) 
dz 

Using Darcy's law for the steady state flow (2.3) 

qr{z) = - ; ^ ( * x ( ^ ) - * . ) , 

dQJz) 27ra.^ , . _. . -^ / T / \ T \ 
^ ^ ^ - •(^x(z) - ^s) - s-i'^xiz) - ^s), 

dz 

which can be rewritten as 

dz Rr Ri 

( * . ( 2 ) - * . ) , ''^'^'^ = -2.a 
1 N 1 

^ 27ra * Ri 

^ = - ^ [ * . ( ^ ) - * . l , (3.13) 
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where 
1 _ 1 N I 

R; ~ Rr '^ 27ra ' Ri' ^^'^"^^ 

By carrying out the analysis as in the single main root, we have 

whe re 

D Rx 
Ra — :—T} r r ~ t^e total resistance of the root system. 

a n a n h ( a " X ) ^ 

and 

a"̂  = ? ^ = 2.aR 
R; " [Rr ^ 27ra ' Ri 

3.3 General Case 

The analysis of the above case can be generalized to case of m orders of 

laterals. 

Assume that 

1. Ni laterals per unit length are emanating from each lateral of order i-1, 

2. each lateral of order i has length Li, 

3. each lateral of order i has radial resistance Rr,i, 

4. each lateral of order i has a.xial resistance -Rx,t-

Using the previous derivation, the flux from an m-th order lateral to a 

( m- l ) th order lateral is give by; 

Qm = —^— ['^x,m-l{Zm-l) " ^s] , 

where Zm-i is the distance from the tip of the (m-l)th order lateral. 

The total resistance up the m th order lateral is given by 

XL, 
D ^x,Tn 

Q = m t a n ( " m ^ m ) ' 

where 
.2 27ramRx,m 

otrr, = ;; 
Rim 

x,7n 
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The flux from an (m-1) order lateral into an (m-2) order lateral is given by 

Qm-l = [ ^ x , m - 2 ( 2 m - 2 ) " ^ . ] , 
- f^a.m-l 

where 
jp _ l^x,Tn-l 

-fl-s.Tn-l — 

« m - l = 
2nam-iRx,m-i 

^ r , m - l 

and 
1 ^ Nm-l 1 

,m Rr,m-1 Rr,m-l 2'Jram-l RI,T 

In general, for the flux into (i-1) th order lateral from i th lateral is given by 

Qi = ^[^x,-l{zi-l)-^s], 

where 

a^ tanh(a,"Z/i)' 

_2 2'7raiRx,i 
o^i — — ^ ; 5 

R'r, 

and 
1 1 Ni + 

i2;_, Rr^i 27raiRi,i+,' 

where z = m, TTI - 1, m - 2 , . . . 1,0. Total flux at the top of the main root is given 

byQo. 



CHAPTER IV 

ROOT PARAMETERS DEPENDING ON DEPTH 

In this chapter, we consider roots whose radii vary with distance, z, from the 

root tip. We begin by considering the case where the root radius varies linearly 

with z. In this case, the solution can be written in terms of the well known Airy 

functions. Moreover, when the potential ^^ is constant, an explicit solution can 

be written in terms of the Airy functions. 

A numerical scheme is presented in Section 2 that is applicable for the general 

case when the root parameters depend on z. The results of Landsberg and Fowkes 

are extended to the case of laterals in Section 3. 

4.1 Root of Variable Radius 

In this section we assume the axial and radial resistances are constant, but 

the radius of the root varies linearly with distance z from the root tip. The radius 

of the root approximated by 

0(2) = ao + Oiz (4-1) 

where ao and a\ are constants. 

Assuming that the axial and the radial resistances are constants, 

L-i = Q{z\ = — = constant 
877 ^^ ^ Rx 

a{z) = ? ^ (4.2) 

where Rr, Rx are constants. 

Thus the differential Equation 2.11 becomes 

^ ^ _ M f ) * . ( . ) = zH^*.(.). 
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Then 

d^^xiz) 2'KR, 
(ao + ai2)^x(2) 

dz Rr 
2'KRX , N T / \ 

= B~(^o + ai2:)V,(2;). 
Kr 

Let 
2'KRX 

60 = —r—ao (4.3) 
Kr 

and 
2TZRX , . 

61 = ^ r — a i . (4.4) 
Kr 

The differential equation then takes the form 

^ - ^ - {bo + b,z)^x{z) = -{bo + b,z)^,{z). 

This equation can be changed to Airy's Equation by a change of variable. Let 

t = 6?(feo + b^z) = 5o + Biz, (4.5) 

where BQ = b^bo and Bi = b^^\ Let 

G{t) = G{b'i{bo-hb^z)) (4.6) 

where a = —2/3. The G satisfies 

d^G{t) 

dt^ 

The homogeneous equation 

d^G{t) 

-tG{t) = -t'^s{t)- (4.7) 

^^^ - < G ( 0 = 0 (4.8) 

is known as Airy's Equation. Airy's form of differential equation has a pair of 

linearly independent solutions, Ai{t) and Bi{t). 

Case 1: When ^ , is constant, the general solution of Equation 4.7 is found using 

the method of undetermined coefficients to be 

^ , = CiAi{Bo + B,z) + C2Bi{Bo + B,z) + ^ . . (4.9) 
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Using the boundary conditions 2.12 and 2.13 we have 

Bi'{Bo){^L - ^ , ) 

and 

where 

Ci = 

G2 = 

Ai 

Ai'{Bo){^L - ^s) 
Ai 

Ai = 
Ai'{Bo) Bi'{Bo) 

Ai{Bo + BL) Bi{Bon-BL) 

Case 2: When ^a is not a constant, we make use of the general solution to 

Equation 2.11 as given by Theorem 2.1. We set 

^ i ( z ) = C^,,Ai{b:'^^{bo + b^z)} + C,,2Bi{b-'^^{bo + b^z)}, 

^2{Z) = C2,lA2{b;'^'{bo + b,z)} ^ C2,2Bi{b;'^^{bo + b,z)}. 

Then, at 2 = 0 

1 = C,,^Ai(bob-''') + Cr,^Bi{bob:"% 

0 = C.bl^A'.ibob^''') + C,,2b\"Bl(bob:"'). 

Using Cramer's Rule 

Ci,: = b\"B',{bob^"')/A, 

b\"Al{b„b;"') 

(4.10) 

(4.11) 

C'1,2 — — 

where 

A = 
Ai{bob-'^') Bi{bob;'^') 

b\^'A[{bob^'^') bl^'B'i{bob:'^') 

Using the conditions ^2(0) = 0, ^2(0) = 1 and applying a similar analysis, we 

get, 

C2.1 = -Bi{bob-'^')/A, 

C2.2 = Ai{bob;'^')/A. 

Using Equations 4.1 and 4.2, we find 

" ( ^ ) = : ^ ( " » " " ' ^ ) - (4.12) 
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Let 

and 

Equation 4.13 becomes 

At 2 = 0, 

ao = 

a 1 = 

a{z) = 

27rao 

Rri^y 

2nai 

Mz)-

•• do -\- diz 

a{0) = do. 

At z = L, 

cc{L) = 00 + diL. 

Then 6o and 6i are computed as follows. 

a{L)-a{0) 
ai = 2 ' 

and, therefore, 
_ «(0) 

and 
a ( £ ) - a ( 0 ) 

'"- mi ' 
where 

W) = '^^'^-
By carrying out a similar analysis, the same solution as 2.14 is obtained with 

'^\{z) and 2̂(̂ 2̂ ) given by Equations 4.10 and 4.11. This equation was solved 

numerically choosing suitable values for Q:(Z) and Q:(0) as follows 
4 

"(0) = 3^=0, 

(3{z) = /3o, 

where ao and /3o are the constants used in the Landsberg and Fowkes 1] model. 

The choice of ao and /3o is rea.sonable since we assume constant radial and ajcial 

resistances of the root. 
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4.2 Numerical Solution 

In this section, a numerical scheme is described for solving Equation 2.11, 

This scheme can be applied to a root where any of the parameters vary with z. 

Let f(z) = - a{z)^,{z). The equation then becomes 

iW^Tz ~a.{z) * . ( ^ ) = / ( ^ ) . 

That is, in operator notation. 

(4.13) 

where 

^ [ * x ( z ) ] = / ( z ) , 

^ = IK)i^-'^(^)-
Since ^x(-Z^)=^L (given when z=L) and ^ ^ ^ | ^ ^ o =0, this is a two-point bound

ary value problem.We write the solution to the two-point boundary problem as 

a linear combination of three functions ^ i , ^2? and^a. 

Let \[^i, ^2? and^3 be defined as follows: 

1. L{^^{z)) = 0 with * i (0) = 1 and %{0) = 0 

2. L{^2{z)) = 0 with ^2(0) and ^'3(0) = 1 

3. i:(^3(-2)) = f{z) with ^3(0) = 0 and ^^(0) = 0. 

The solution of a differential equation is equal to the sum of a homogeneous 

solution and a particular solution. Thus, 

^^{z) = a^i{z) + b^2{z) + ^3{z). 

By applying the boundary conditions, we obtain the solution as, 

* . L - ^3 ( i : ) 
^x{z) = 

^ l ( ^ ) 
'^l{z) + ^3{z). 

The second order differential equation is converted to a first order system as 

follows. Let 

wi = '9x{z), 



W2 = /3(2) 
d^x{z) 

dz 

Thus w[ = -^W2. By substituting into 4.13 we have 

That is 

where 

and 

Y' = AY^ B. 

Y = 

A=\ ^ ^(^) 
a{z) 0 

B = 
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(4.14) 

(4.15) 

To find ^ i ( ^ ) we solve Y = AY with iUi|^=o = 1 and W2\z=o = 0 and set 

^1(2) = Wi. To find ^3(2) we solve Equation 4.15 with it;i|^=o = 0 and W2\z=o = 0 

and set ^3(2) = wi. These systems are solved by using the Runge-Kutta-Verner 

[14] method. 

4.3 Lateral Roots 

This section extends the results of Section 4.1 for the case of N Laterals per 

unit length emanating from the main root. The physical characteristics of laterals 

are assumed to be similar to that of main root. We assume that all laterals are 

of length Li and radius ai. Each has a radial resistance Rr^i, and ajdal resistance 

Rx,i. By the same argument as described in Section 3.3, 

% ^ = 27ra9,(z) + NQ,(z). 
dz 

(4.16) 

Using Equations 2.3, 2.5, and 4.16 we have, 

A. 
dz 

wa^{z)d^x{z) 
877 dz 

2'Ka 

'Mz) 
[*.(z) - *.{z)] 

N_ 

Rri 
1*.(^)-*.(Z)1, 
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dz 

1 d<ix{z) 

Rx{z) dz 
-a{z)^x{z) = -a{z)^,{z), (4.17) 

where 

a"(z) = 27ra 
1 N 

+ Rr 2'KaRr^i 

Comparison of Equation 2.11 with Equation 4.17 shows that the solution of the 

latter is given by. 

^̂  = ^^'^A''^''^'^ ̂  /?(o)^i(i:) 

+ ^,{z)j^G{i,L)a{i)^,{i)di + ^xf^l ( -2^) 

* l ( ^ ) 
(4.18) 



CHAPTER V 

NUMERICAL RESULTS AND DISCUSSION 

In this thesis, we have derived a model for water uptake in roots where root 

parameters are allowed to vary with distance from the root tip. We have also 

investigated several particular cases with the model. 

Case 1: Results of Landsberg and Fowkes model. It is obtained by setting the 

root radius a{z) to a constant value, and treating the radial and axial resistance 

as constants. 

Case 2: Extension of Landsberg and Fowkes model by assuming root radius 

is a linear function of root depth, and treating axizd and radial resistance on 

constants. 

Case 3: Using the numerical scheme discussed in Chapter 4 to compare numerical 

results with the analytic results obtained in Cases 1 and 2 and thus check the 

validity and accuracy of the numerical scheme. 

The following results are obtained from this analysis. (Figures 5.1 to 5.8) 

1. Case 1 (Landsberg and Fowkes model) and Case 3 (Numerical Solution) 

produce the same result, with soil water potential as a constant or linear 

function of root depth. This result matches the results of Landsberg and 

Fowkes' model. 

2. Case 2 (Root radius as a linear function of depth) and Case 3 give very 

close results, with soil water potential or a constant or linear function of 

depth. We have obtained identical results (to within machine accuracy) for 

Cases 2 and 3 when the soil potential is independent of distance from root 

tip. 

3. Variation of xylem water potential can be obtained for given XL,OC{Z) and 

soil water potential. 

4. Drop in xylem water potential is highest at the top of the root, and it 

reduces to zero exponentially with root depth. 
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5. As the number of Laterals increases, drop in xylem water potential gradu

ally reduces to zero and thus the absorbtion of water by the root becomes 

uniform. 

6. The xylem water potential difference between root top and root tip becomes 

smaller when the root radius is a linear function of root depth. Therefore 

there is more uniform absorption of water in the latter case. 
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LANDSBERG AND FOWKES MODEL 
SOIL WATER POTENTIAL = -1 .1 BARS 

XYLEM WATER POTENTIAL AT ROOT TOP = - 7 0 BARS 

< °? 
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O a. 

CD 

Alpha=.027 

0.0 0.2 0.4 0.6 
ROOT DEPTH(M) 

0.8 1.0 

Figure 5.1: Constant Root Radius and Soil Water Potential. 
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SOIL WATER P0TENTIAL=-1.1 BARS AND XYLEM 
WATER POTENTIAL AT ROOT TOP = -7 .0 BARS 

Alpha=.01 

Alpha=.0135 

^ 05 

O 

^ 00 

305, 

05 
05 

6 

Alpha=.027 

0.0 0.2 0.4 0.6 
ROOT DEPTH(M) 

0.8 1.0 

Figure 5.2: Numerical Solution of the Case in Figure 5.1. 
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LANDSBERG AND FOWKES MODEL 
XYLEM WATER POTENTIAL AT ROOT TOP = -7 .0 BARS 
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AIpha=.027 

0.0 0.2 0.4 0.6 
ROOT DEPTH(M) 
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Figure 5.3: Constant Root Radius and Soil Water Potential is a Function of Root 

Depth. 
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XYLEM WATER POTENTIAL AT ROOT TOP = -7 .0 BARS 
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Figure 5.4: Numerical Solution of the Case in Figure 5.3. 
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LANDSBERG AND FOWKES MODEL 
SOIL WATER POTENTIAL = -1 .1 BARS AT Z=0 

XYLEM WATER POTENTIAL AT ROOT TOP = -7 .0 BARS 
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Figure 5.5: Constant Root Radius and Soil Water Potential is Related to Gravity. 
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SOIL WATER POTENTIAL = -1 .1 BARS AT Z=0. 
XYLEM WATER POTENTIAL AT ROOT TOP = -7 .0 BARS. 
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Figure 5.6: Numerical Solution of the Case in Figure 5.5. 
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SOIL WATER POTENTIAL = -1.1 BARS 
XYLEM WATER POTENTIAL AT ROOT TOP = -7.0 BARS 
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Figure 5.7: Constant Soil Water Potential and Root Radius is a Linear Function 

of Root Depth. 
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SOIL WATER POTENTIAL = -1 .1 BARS 
XYLEM WATER POTENTIAL AT ROOT TOP - -7 .0 BARS 
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Figure 5.8: Numerical Solution of the Case in Figure 5.7. 
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